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'~ STELIING:|,N r.i-, ;--.;.-;;-

Voor het berekenen van struktuurfaktoren uit totale korrelatié funk-
ties met een beperkte reikwijdte R (zoals verkregen uit komputer si-
mulaties) verdient gebruik van de Omstein-Zernike vergel ij king'mét
c'Cr)\=_,0 voor r.'> R de voorkeur boven de toepassing van/.analytische
uitbreiding vande totale korrelatie funktie.

.Zie Hoofdstuk V en VI van dit proefschrift. .. -..-.. ;

Z. Ter bepaling ,yari:de elastische ;könstanté:.vóör; twist,' K^Z'
 va

tischeiyïóëibkre ircistaï^
; keur boven 'de indirëkte;methode waarbijv de /transmissie.; vw'j'monqdircêna-

-'. tisch licht, vallend doorheen pianaire tiematische"":ïaagftüssen'Jgekruis-
te polarisatoren, gemeten wordt als funktie 'van'-hét" magnetisch^yëld.'-

3. Bij de verklaring van de zeer grote verandering van de Curie-tempera^.^:-
tuur^van amorf FeoQB2Q bij toevoeging van enkele atoomprocenten Mo
laten Chien en Hasegawa ten onrechte mogelijk'grote verschillen\in.de
struktuur buiten beschouwing: '- - . - . '

CL. Chien en R. Hasëgcolla, J. Appl. Pfrys., 49, 1721 (1978).

4. Aan de studie van mogelijke "korrelati.es. tussen de geleidirigselektro-
nen in een vloeibaar metaal uitgaande van; bestaande röntgen _èn' neutron .
diffraktie experimenten behoort een nadere beschouwing van-de, gebruikte
opstellingen vooraf.te gaan. . _ r . : .

P.A. Egelëtaff, N.H. Marah en N.C. MeGill, Can. J. Phys., 5S,
( 1 9 7 4 ) . : : - - - ' • ' - _ . - ' - . — - - - - - • " - - . - - - " • : • - _ - • - • _ ' - • ; - - • • - -
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5. Ten onrechte schrijft Langededodr Mderson ét al ; gemeten absorptie-
lijnen bij 12.5 on" en 15.3cm" in het ver-infrarood spektrumvan

2+- • -• - ' ."' -' - •" : " - ' ' ' '""- • • • - •" ' • ' ' • .- :'-'. • ' • - . - -"• ' * - - .- - ? • • • • -.'

Cr in MgO toe aan, overgangen, van..het vrijwel 'onbezette^ hivb,naar
. h e t E 2

; n i y q . .''"- . , "_. *"-. _ • --' : - y^ - - y A;" . . ; : - v .-• . --•-;•;

J. Lange, Phys. Rev. B, 14, 4791 (1976). \ '.".'. , .'-:'.; ['• .

B^R. Anderson, L.Ji Challis, J.H.M. Stoelihga en P. Wyder, J. Phys. C,

7, 2234 (1974).
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ó. Het door Ichikawa vervaardigde eai bestudeerde "zuiyer" Fe in de

amorfe toestand kan zeer onzuiver zijn, jï i.' ". ': •-'"•'

T.ilehikaua, Phya. Stat. Solidi (a), 29,70? (1973)1 ,

7. De conclusie van Grube en Wolf dat er bij het afkoelen van indium-
rijke vloeibare lithium-indium legeringen Liln gevormd wordt, is
niet in overeenstenming met hun metingen. -

G.Grvbe en (/. Wolf, Eleótroohem. t 41t6?5 (193S). : -

f
•il

3. De aanname dat de molekulen vrij roteren om hun'Iangeas j[as met mi-
nimaal traagheidsmoment) i s konsistent met de eigenschappen van de
cholesterische fase van vloeibare kristallen;; r

B.U. vanj^p.Meex'i{G.'yei^geriyA.J.'Dekl^enJ.G.J.
Phya., 65, 3935(1976)./ • : . ;

ma, J. Chsm.

3. Afgezien van het feit dat door Ruppersberg en Egger, ter koWektie
voor inelastische verstrooiing van neutron diffraktiemetingen, een
foutieve formule wordt overgenomen van Yarnell et a l . , is het disku-
tabel dat de door Yarnell et al. gebruikte benaderingswij ze toepas-
baar is op lithium. ' '-. "'••",'" ' : - ".'='.-

H. Ruppersbevg enB. Egger, J.,Chem. Phy8.,63/4Ö95 (1975).
J.L. larnell, M.J. Xqiz, B.G.Wer^tehS.H.ltaeTdg^Phya.Rèv.A, 7,
2130 (1973).

1ü. De ejqperimentele: resultaten voor̂  de elektronen: toèstandsdichtheid in
vloeibaar indium (Norris et al.j.rechtvaardigen^niet dejgevolgtrekking
gedaan ^oria^andykoyët 'alTdat er sprake is van éentwèe-bahden
model. " -" :' " - "•'• '" '-"" -"• '\ " "; ' • ' - "

C. Noivia, p.C. Ttoduay "en G.P. \WiiliamB,froa. Second Int. Cohf. Liquid'
Met^,Tók^,^81(1972). . , '"- V-'" ;

b.K.Kuvandykoo, R.T. Tagaev, SiA. SadyJtooen I.'.ST&khcmkulö», Izvestyq

VysshiKh Vahe^Kh Zavedenid., FiaiTm, 11, 152 (Ï97S). ;:. . _
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11. De door iidfaer gevonden overeenstemming tussen experimentele en
theoretische vaarden van Cy i s geen goede indikatie voor de juist-
heid van zijn benaderingen.

J.

12. In het pleidooi voor verhuizing van de natuurkunde afdelingen van
het "Westersingelkomplex" naar Paddepoel klinken de argumenten van
de komputergebruikers onvoldoende doof.

13. Nog beter dan het boykotten van de wereldkampioenschappen voetballen
in Arg¥ntinië zou de stopzetting zijn van de wapenleveranties aan
dit land.

14. Aan de "beruchte" nachtelijke onveiligheid in de binnenstad wordt
bijgedragen door de diskriminerende selektie-procedure, uitgevoerd
door enige bars, met betrekking tot het al dan niet toelaten van
personen.

15. De manier van rijden van de stadsbussen in de binnenstad verlaagt
de verhoging van de verkeersveiligheid door het verkeerscirkulatie-
plan.

12 juni 1973
M.J. Huijben
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C H A P T E R I

INTRODUCTION ;'[ . \: •• > : ; ; ,-/; , •"• - ";

In almost.any discussion of liquid metals, the structure (i.e.

the atomic arrangement) of the liquid enters as an-importantproperty.

This is mostadequately \uiustrated by considering the so-called dif-

fraction model^or simple^iiKtals, which boils down !io '. the ̂ statement,

that a matrix element-of the interactionbetween conduction electrons

arid the assembly of positive ions can bè factorized as \

W(r) = A(q)<Ê+qJ w(r):V*> (1.1)

Here W(r) = t w(r - 5y) is the total potential as seen by an electron,

written as avsuperposition of potentials localized on the individual

ions v at positions ftu; the conduction electrons are represented by

plane wave states | S >. A(q), defined by

A(q)
N -it
Z e

v=1
(1.2)

is the structure factor. Obviously, for any quantitative calculations

involving matrix elements of the kind as given by eq. (1.1), accurate

knowledge of A(q) is required. Electronic: transport properties and

electron energies are examples of physical properties depending on

Formulae (1.1) and (1.2) are quite general, they apply to the

solid as well as to the liquidI state. In the solid/state, it\is"some-

times allowed to neglect the thermal motion,.the $ then correspond

to ideal lattice positions and A(q) reduces to a set of Kronecker ó-

symbois situated.at reciprocal lattice vectors; the role of A(q) cor-

responds to that of a selection rule imposed by th? crystal symmetry.

If lattice vibrations are admitted; the selection rule' is, weakened,

satellite peaks arise about the original 6-neaks, contributing a quasi-

•/!
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continuous background to A(q). Moreover, as the ï^ are now time-depen-
dent, suitable statistical averages have to be taken. In a liquid, the
structure can not any longer be described in terms of deviations from
lattice positions. Accordingly, the 6-peaks have disappeared completely
and only a continuous spectrum remains. Radial distribution functions,
reflecting the spherical symmetry of the liquid, are introduced for
describing the atomic arrangement.

The purpose of the work described in this thesis is to determine
A(q) (or, more precisely, S(q) = ^ . < A*(q) A(q) >) experimentally for
a number of simple liquid metals and alloys. This can, in principle,
easily be done, as S(q) is proportional to the diffracted intensity in
an x-ray or neutron diffraction experiment. The words "in principle"
are added because in practice the experimentally measured intensity
is contaminated by a significant spurious contribution for which elab-
orate corrections have to be applied.

When actually using structure factors in calculations of nhysical
properties of liquid metals, one easily introduces sizeable quantita-
tive errors. As an example, we consider the calculation of the elec-
trical resistivity p which, according to the diffraction model, is pro-
portional to

0
t |2 S(q) q3 dq

In fig. 1.1 we have, for a typical, monovalent, metal, plotted S(q) and

< 5 + q | w(r) | lc > as a function of q/kp. Considering that

1) the factor q lends a heavy weight to the contributions to the in-
tegral from values of q just below 2kp and

2) in that particular region < ïc + \ | w(r) | t. > has a node and S(q)

is an extremely steep function of q,

it is clear that small errors in either < t + q | w(r) | R* > or S(q)
produce relatively large errors in the final result. But just in the
small-angle region, the experimental difficulties in determining S(q),
indicated briefly above, prove to be serious. Indeed Devlin and Van

i -J
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der Lugt [l] have ..shown .that .one^easily^obtains;, the .correct resistivity
by combining wrong structure"f^actors m t h ^ n g iptentials!

Accordingly, we may "specify as ^heffirst of;,oür main-objectives:
the search £oir^experimental techniques and correction procedures, which
allow a reliable and accurate determination of the^structure^Hfactors
of simple liouid "metals iïparticularlyjin 'the: small-anglëlregion.

For^this purpose,-we haveidargely adoptedl&!techniques, introj-
ducediy.Greenfield, Wellendorf and Wiser [2]. A transmission geometry
was used,7a sample holder with variable sample thickness was construct-
ed and the procedures for the different corrections were refined.'afet,
although the results are encouraging,t i t ïsjdifficult to assess, -whether

Cautions". areicoiuDletelv?adequate: for~'̂ ^̂ reasonsT'ofSmathematical

'<•'•;

our
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tractability many of the. corrections are based on simplifications, the

influence of which is difficult to recover.

A second move apeeific objective of this work is'the study of bi-
nary liquid alloys. Here the structure is described in terms of three
independent, so-called partial structure factors, the determination of
which requires three independent measurements. In practice, only two;
of such measurements were available: x-ray and neutron diffraction. We
hoped to overcome this difficulty by an analysis in terms of existing
theories of the liquid state. Although considerable progress in this
direction has been made, this aim has not been achieved completely. In
fact, the analysis was still in progress, during the time this thesis
was written. After all, we perhaps aimed too high when making our
choice of the liquid alloys system to be investigated: sodium-caesium.
This is an appealing system because there exist a number of indications
that interesting structural effects take place in this; otherwise rath-
er simple, system. The occurrence of these effects could also be pre--
dieted- from the large size difference of the atoms: the ratio of the
atomic volumes of Na and Cs is 1:3. But just this property makes the
system less accessible to some of the modern theories of liquids, like
the conformal solution theory.^ ': rfiT^f .:•;:?:. .-.'•'

In chapter X a diversity of approaches to a comprehensive under-
standing of this system will be put. forward. In the chapters VIII and
IX a particular aspect of the experimental results is discussed: the
behaviour of the scattered intensity at small angles. It is clearly
demonstrated, that clustering of like atoms (a tendency to phase sep-
aration) occurs in the liquid alloy, thus confirming the supposition
of special structural aspects.'

^Perhaps the simplest structural property is the density.'As this
quantity was almost unknown for liquid alkali alloys systems and as it
is a fundamental quantity, indispensible for theoretical calculations
and for the interpretation of the experimental data, we have carried
out a series of measurements on Na-K, Na-Cs and K-Kb alloys.

It follows from this "introductory^cte^iter^tiat 9-^hë/invëstïgations

"'Ê
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described in this thesis were primarily intended to be a contribution
to metal physics. Kit the more we got involved in the subject, the
more we realized how interesting the study of liquid structure is in
its own right [3]. More recently, successful attempts have been made
to relate the two fields of investigation more closely: interionic po-
tentials are calculated from electron theory, using the diffraction,
model. Subsequently, radial distribution functions and, with some re-
strictions, structure factors can be derived from the interionic po-
tentials using computer simulation techniques [4] or approximate ana-
lytical methods. This is, evidently, a most interesting development in
the theory of simple liquid metals and in several sections we will pay
a t t e n t i o n t o i t , ' '.;-"' -' .•.'•-•.•-

R e f e r e n c e s . . "--"••- •---". ------ --'•• ••'_•..'*..• .•-•-_.--:-'; -.-..-..-_-.

_ [1] J.F. Devlin and W. van der Lugt, _*z%8.' Rev. B, 6, 4462 (1972).
[2] A.J. Greenfield, J. Wellendorf and N. Wiser, Pfe/e. Rev. A, £, 1607

(1971).
[3] J.A.. Barker and 0. Henderson, Rev, Mod..Phya.t 48^ .587. (1976).
[4] T. Lee, J . Bisschop, W; van der Lugt and W.F. van Gunsteren, Physioa,

93B. 59 (1978).
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CHAPTER II

STRUCTURE AND DIFFRACTION PROPERTIES OF LIQUID METALS AND BINARY LIQUID

ALLOYS

IX. 1. Introduction.

The structure of l iqu ids can be most appropriately expressed in
terms o f structure f a c t o r s * ) . For a s ingle component l iquid one s truc-
ture factor i s su f f i c i en t for an adequate descr ipt ion , whereas for a
binary system, three s o - c a l l e d part ial structure factors are required.
A c l o s e analogy e x i s t s between the formalisms for describing scat ter ing
of x -rays , neutrons and e lectrons by a l i q u i d - l i k e arrangement of atoms.
This enables us t o use the experimentally determined structure factors
for the calculat ion of e lec tron transport propert ies within the d i f f r a c -
t i o n model developed by among others Ziman [ 1 ] . In t h i s sect ion we w i l l
introduce the di f ferent structure factors and d i scuss the ir re la t ions t o
other physical quant i t i e s .

II. Z. General diffraction formula for an arbitrary system.

The basic formula for the anplitude o f s ca t ter ing of radiation from
an arbitrary sample i s

ACq) (2.2.1)

where f (q) is the atomic scattering factor of the atom labeled v, $

is a position vector and q represents the scattering vector. The in-

tensity of the scattered radiation then reads, using eq. (2.2.1):

1

^ f

as*

i?

j
r

i-i

'S

{

a
•a

j

i

1

?

I ) Some authors use the word structure factor in connection with ampli-

tudes and use the word interference function in connection with in-

tensities. In this thesis we will not be strict in this respect.
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A(q) |2

v - E fy(q)e

< E E fv(q) fM(q)e
(2.2.2)

v u

Formulae (2.2.1) and (2.2.2) have been written down specifically for
the case of x-ray diffraction, but, as we will see later (section II.S
and II.6) analogous expressions exist for scattering of electrons and
neutrons. The brackets < > indicate that, what we observe, is a ther-
mal average.

For a liquid, because of the spherical symmetry, the atomic scatte-

ring factor f (q) and the intensity I(q) depend on the magnitude q of q

only-

A

^

*;

fi

"J

II. 3. Diffraction theory for a one-component system.

For a one-component system, eq. (2.2.2) reduces to

I(q) = f (q) < z E e (2.3.1)

and we define the interference function (also called structure factor)
as

*3

S(q) = N"1 < E E e v " >
v v

If we define a particle number density n(r) by

(2.3.2)

its Fourier transform, n(q), is given by

n ( q ) = / e n(r) dr = Z e ^
V v

(2.3.3)

(2.3.4)
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and, accordingly,

S(q) N"1 < n'(q) nCq) > (2.3.5)

N being the total number of atoms.

Two contributions to S(q) require special attention. First, the
double sura in eq. (2.3.1) contains N terms for which i = j; their con-
tribution to S(q) is just 1. We will indicate these terms as the "self-
terms". Secondly, for q = 0 an intensity is obtained equal to f (q).N ,
corresponding to a contribution of Nfi+ Q to the interference function.
This contribution corresponds to forward scattering, and is confined
to an extremely narrow beam. It coincides with the central beam and is
often neglected in actual calculations.

II. 3.A. The long-waoelength limit of S(q).

The long-wavelength limit (q •+ 0) of the structure factor needs
some closer investigation. For this purpose, we consider the local de-
viations of the number density n(r) from the averaged number density.
Let us focus attention to the fluctuations in a small subsystem, which
forms part of the total sample. The volume of this subsystem is V and
it contains N atoms. For the larger system, these quantities are Vt and
Nt, respectively. N is not a fixed quantity, but can vary in time.

The number density fluctuations 6n(r) can be written as

6n(r) = n(r) - n = S «(? - ft ) - n (2.3.6)

Taking the Fourier transform of the number density fluctuations
we get
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6n(q) = ƒ ón(r)e dr
V

(2.3.8)

\ - n.VS•5.0

•;:ÏÏS-

m
m

:MM

tt'f<
(2.3.9)

For the subsystem, we define as follows a structure factor s(q) per-
taining to the number density fluctuations (cf.>2.3.5) .; . •-.;

S(q) = (N)' 6n(q) (2.3.10)

For | -6n(q) | we obtain:

ft | 6 n ( q ) | 2 = , | E e

u+ z e q,o

f-

= z z e
v y

z z e
v p

Then S(q) becomes )

>_.r«°q.O
(N + N)

-2NN6+
q,0

N2
6-»-
'q,0

(2.3.11)

i5

Si

f
f
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S(q) = (N)"—. -< z -z e —:—
V 11

> - N S
q,0

(2.3.12)

Comparing this definition of S(q) with the
that in S (q) the forward scattering term is

definition of s(q) we see
included; apart from

0 For typographical reasons, statistical averages are indicated by a'
bar or by the symbol < >.
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>•

i

t
i

f
j

K
i
h
•s-

,-

f

f

(2.3.13)

contains only the "meaningful part" of the scattered intensity. From

eq. (2.3.11) it is evident that, when taking the limit q •>• 0, we obtain

lim I 6n(q) |2 = N 2 - 2NN • N2

q*0

(4N),2 (2.3.14)

Substituting this in the definition of the structure factor S(q) (eq.
2.3.10):

(2.3.15)

We see that the long-wavelength limit of the structure factor is di-
rectly related to the mean square fluctuations in the particle number.

II. 3.B. The relation between the radial distribution funbtion g(r) and
S(q).

In this section we will relate the structure factor to the actual

liquid structure in real space.

To start with, we introduce ir •* (r̂  ,r 2), being the density of pairs

:oms at positions r1 and ?2 for a given configuration 3i iti

of the N particles in a volume V:
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The two-particle distribution function p̂  (r-j,^) i s obtained by aver-
aging the two-particle density with the probability distribution of
the grand canonical ensemble (see e.g. March and Tosi [2]). Indicating
p(r) as the density of atoms a t position r from an atom Situated at
the origin (P(r) = p ( 2 ) (r^r 2 ) /p 0 ) , the result for p(f) i s :

as-

PC?) 1
= N . < z « < ? - : (2.3.17)

By including the v = H term in the simulation, p(r) can be written al-

ternatively as .

P(*)=I. (2.3.18)
v v

The pair distribution function g(r) is defined by the relation

p(r) = P0.g(r) = 1 . < E ï 6(r - (5, - S^)) > - 6(r)
v v (2.3.19)

where pQ (= n) is the mean atomic number density; pQ = y • For large
values of r the positions of the atoms are uncorrelated and tKerefore
p (r) will tend to pQ and, accordingly, g(r) to 1. Rewriting the left
hand side of eq. (2.3.19) as

• \ - (2.3.20)

P(r) - po(g(r) - 1) + PQ

we find for eq. (2.3.19) with the help of eq. (2.3.20)

1 . < Z Z fi(r -
v u

- ^ " • - P o " ? ^ ) + P 0 ^ t r ) - 1) .
(2.3.21)

Miltiply both sides of eq; (2.3i21) by e~1<l"r and integrate over the
sample volume V;

1 < Z Z ƒ 6(T - i& - 1 1 ) e ^ ' r d ? > - P ƒ
v yV v u V

e dr

= ƒ «(r) e
V

P0 ƒ (g(r) - 1) e
(2.3.22)

il

m
;M5

•'h

'i
:!

4



It:

JAS'

Making use of

ƒ 6(r - = e
-í-^-v

"I e
V

dr
9,0

and
-iq.r .

e dr -a 1

(2.

(2.

3.

3.

3.

23)

24)

25)

l
Í

'Í

!

i{ij

we obtain

< £ l e
v u

* - Nfi5,o

and from the definition of S(q)

S(q)

. - * • ->•

1 + P 0 ƒ (g(r) - 1) e 'dr
V

(2.3.26)

(2.3.27)

One should notice that the term N6-> n originates directly from the term
q,u

P 0 in eq. (2.3.20) and it corresponds with the number -1 in the inte-
grand of eq. (2.3.27). It arises from scattering by a sample of uniform
density and therefore gives rise to the forward scattering in an extreme-
ly small solid angle about 0 = 0.

Because a liquid metal is isotropic the two-párticle distribution
function and the radial distribution function depend on the magnitude
r of r only.

II. 4. Diffraction theory for a two-component system.

We now calculate the scattered intensity for a binary alloy sys-
tem with atomic fractions c-j = N-j/V and C2 = ^ / V where N. represents
the number of atoms i and N is equal to the total number of atoms in a
volume V.

The amplitude of scattering of radiation from a two-component sys-
tem is

12
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N- -iq.R! N 2 -iq.R2u
A(q) = f^q) T e lv + f2(q) r e 4W . (2.4.1)

v=1 y=1

The intensity of the scattered radiation as given in eq. (2.2.2) re-

d u c e s t o ' "• '••"-----".'- -- •,.•:-•"' ---.-'r' ';-: '..--'' '••'--.''•'' :' '

N, -iq.51v 2 7 " % •^•'^2u' 2
: | Z e . | > + f,(q) < \ t e | >

2f1(q) f2(q) (2.4.2)

The partial structure factors can be defined in terms of the three

double sums in eq. (2.4.2). The actual definitions are subject to. some

arbitrariness. As a consequence, in the literature one encounters sev-

eral sets of partial structure factors. The sets are mutually related

by linear transformations. ;

II.4.A. The Ashe&ofb-Langreik (AL) -partial attuotvæe factors.

The definition of the partial structure factors S^.(q) given by
Ahscroft and Langreth [3] is analogous to the definition of the struc-
ture factor for a one-component liquid (cf. eq. (2.3.12)):

S4,(q)
. 1 _ i

N i 2 N
N,
E e

-iq.(% v - t.) j ,
? - Ni Ni • 6o* 0 '

.. (2.4.3)
In this definition the forward scattering terra is deliberately exclu-
ded. The AL structure factors can be easily substituted in eq. (2.4.2)
yielding an expression for the total intensity minus the forward scat-
tering (see below in this section). The AL partial structure factore are
the ones most frequently used in this thesis.

Likewise, three radial distribution functions g.. (r) are required
for a complete description in r^spáce of the structure of the binary
mixture. As a generalization of p(r), defined for the one-component
case in eq. (2.3.17), we introduce now p--(r) as the density of atoms
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of kind i at distance r from an atom of kind j situated at the origin.

The positions of the atoms are now specified by ft^ and ft.p, where v

labels the atoms of kind i and y labels the atoms of kind j. But in

the generalization a complication arises fronuthe fact that terms with

ft.y =8- do not occur if i j4 j. So, the ô-functiqn appearing in eq.

(2.3.18) does not occur for the case i f j. As a consequence, depen-

ding on i =;j or i f j, two definitions are required. For the case

i - ' j : - • . . . . , " " , • : - ' ' " '- ""' - - <.-" •• '•".

IV'

For the case i f j:

P j i í r ) = N" 1 . < z z fi(r - (ft , , , - S 4 i . ) ) > .
v u

Obviously, p- -(r) is then given by

v iv jy '

PyW = NT1 . < EI fi(r - (5 jy - 5iv))

which, for an isotropic liquid, reduces to

. (2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

If we combine eq. (2.4.4), (2.4.5) and (2.4.7) we can write

< z z 6(f - (5iv - 5 )) > = N.(Pi,(r) + ô.,6(r)) . (2.4.8)

I-I
•I
1
I
I

Í

3z}íi£i-

' :!I'Í- V

ase í

"' .',ï--*

Next, the partial radial distribution functions _gj. (r) are defined,
once more, as a generalization of the one-component case, as

Pi i CO = c. pn g^-ir) = Æ1 . < £ E S(r - (5, - ft. )) > - 6..
v v

(2.4.9)

where p0 is the mean atomic number density of the alloy: p . = N/V. We
obtain from eq. (2.4.5) and (2.4.7)

14

" I " • 3*

W

I
I
II

«ÍS

fl

BfSti-j--



fee...»ir

pi'-

Nj p j i ( r ) = N i p i j ( r )

OT c i

Together with the definition of the

(2.4.J0)

^ (2.4.11)

in eq. (2.4.9) we find

(2.4.12)

•/J-k

'1

I I

For large r, p — fr) tends to (Nj/V) = C-PQ and as a consequence gy (
tends to 1.
Rewriting p.-(r) as

I
i

c jp0 (2.4.13)

••is

we obtain for a binary system

v -"" 1V U 3 13 (2.4.14)

Taking the Fourier transform of both sides of eq. (2.4.14) and multi-

plying both sides with-OWN.)* yields

I

-lq.r
i"--1)e-"-. dr.

V Jl
(2.4.15)

On the left hand side of eq. (2.4.15) we Tecognize the ALipartiál struc-

ture factors. So, the relations between tte ALpartialrstructure fac-

tors S—Cq) and the actual liquid structure expressed \sy the partial

radial distribution functions g^jirjjare given by the following equa-

ition:

*ij * Ci * cj p0 ̂  (

-lq.r
a (2.4.16)

life now write the total intensity (minus forward scattering) in terms
of t h e ^ structure 'factors. FromT (2.4.2) and/(2.4^3) follows

'i
I
1

15
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r

(2.4.17a)

or

I(q) c|c{ fj= N £ E c|c{ fjiq) f.(q) S ^
ij

(2.4.17b)

Using eq. (2.4.16) I(qj can also be given in terms of the g-l

2 2 N1 2 ••' :~"l'* V
1 \, .-• 2 2 N 1 ° V V

or

p 0 ƒ

= N(<f2(q)> + t ï cicjfi(q)fj(q) pQ ƒ

T(g12cr)-::i)

(2.4.18a)

-lq.r
df)

(2.4.18b)

where

< f (q) > =-c1f^(q) + c2f2(q)

The scattered intensity per atom is

i j x. J -1- J
 7?r

1J

For large values of q, i.e. for short-wavelength disturbances, the

atoms scatter independently and the total intensity approaches then

(2.4.19)

(2.4.20)

la(q * -) = C2f^(q) = < f
2(q) > (2.4.21)

Accordingly, the AL structure factors S y (q) tend to 6 y . We now de-

fine the "total AL interference function" as:

Ia(q)

<f2(q) > i j 1
. (2.4.22)

I
i$3

i

Í
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We notice that this total interference function is normalized such as
to become equal-to 1. at larger values of q. Also, we want to emphasize,
that it is riot possible todefine completely thé structure .by-the total
interference 'function and that; accordingly,ithere"is nó unique/pre-
scriptiori f of constructing "the" tptøli interference fjunçtion. Indeescriptiori f of. constructing "the" tptøli interference fjunçtion. Indeed, in

the next section we will encounter a different -'definition.

fí

II,4,B. The Fabei—Ziman (FZ) partial structure factors. . .

Faber and Ziman [4] have defined a set of partial structure fac-

tors by an equation analogous to eq. (2.3.27): ' .. ---_-__: í

aij(q) = r + p o n ^ 1)e "; d? ;(2.4.23)

Note, that the factor PQ appears in front of the integral and not
c? . c? . PQ as f or the AL partial structure factors (eq. (2.4.16)).
This different normalization has to be accounted for when calculating
the total diffracted intensity. On the other hand the FZ structure
factors have the advantage of being completely mutually comparable
quantities: they become identical as'the properties of;the atoms i and
j approach each other and, more particularly, they:do >o independently of
the concentration of the components i and jtin the alloy. So,' 'for a
substitutional alloy, in which a soiute.atomVcan replace, a.solvent
atom without causing the neighbours ̂ o^inove or thé •volume of the sam-
ple to change, all the partial.radial distribution functions g^fr)
and all the partial structure^factors ;a--(q) are tihé' same. Using eq.
(2.4.16) and (2.4.3) the a^iq) can be written as follows:

1
'fe'
I

(2.4.24)

From this relation we notice that the forward scattering term is not
included in the FZ structure factors. Alternatively, we can say that by
subtracting the number 1 from g.j.(r) in eq. (2.4.23) we have excluded
the forward.scattering.

Thé total intensity (minus forward scattering) in terms of these

a y (q) can be easily derived from eq. (2i4.18b);

17 i
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= N( < f2Cq) > -

O-
tf

ir'

where

and

< f2(q)

+ Z z C i c .
1 5

C2f2(q)

f,(q)
(2.4.25)

(2.4.26)

(2.4.27)

Z c.c, f.(q) f.(q) a .(q). (2.4.28)

=ic^íq) + c2f2(q)

The scattered intensity per atom is:

Ia(q) = < f2(q) > - < f(q) >2

"•'- " 7 ' r'1'.-'- "' '2 - -. . -._ _ _

The term < f (q) > - < f(q) > can also be written as clç2(f1(q) - £2(q)) ,
and is often called the. Laue monotonie scattering. It decreases monoto--
nicly for increasing wavenumber q arid tends to 0 for large q-yalues.:
For binary liquids, it can>bè regarded as an incoherent scattered in-
tensity due to the difference between the^ atomic scattering factors of
the atoms involved.

Knowing that, for large values of.q, Ia(q) approaches < f (q) >,
it is clear that ç ç CjC- ^(q) f .(q)ai;.(q) must approach < f (q) > .-•
for large q. As a consequence, the FZ\ structure factors are normalized
to 1. A total interference function expressed in the FZ structure fac-
tors and normalized to 1 can be defined as: -•.--:..•'

Ia(q) -,(< f
2(q) > - <f(q)> 2)

<£(q) >Z
(2.4.29)

(2.4.30)

We have baptized this total interference function as FZ interference
function, although it is not explicitly mentioned by Faber and Zimah.
However^ this expression is. of ten encountered in ;the literature, inking
a comparison between the two definitions of tiie AL and FZ total inter-
ference function, we obtain the following relation:

w

ai
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- 1 < fCq)

and we

a^lqj

conclude

1 - 1 -

that

1 - 1

< f^q) >

1

1 _

- 1 -

(2.4.31)

(2.4.32)

We can infer from this relation that, when

aFZ(q) > 1 , S^Cq) £ á F Z ( q )

and

aF2(q) < 1 ,

= 1 ,

iaFZ

= 1

(q)

For a liquid binary system with a large difference between f-jfq) and
f,(q) the possibility exists for ap^Cq) to become negative for small
q-values. This turned out tò be the case for the Na-Cs system (see
fig. 2.1).

i
•-•%
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í.¥?af

II. 4.C. The'Bhatia-Thomton (BT) partial stvwstwee faatoTS. .

Bhatia and Thornton [s] show that, for a binary alloy, the scat-
tering function is generally, expressible in terms of three alternative
structure factors Sjyjj.(q),;^p(q) and S-p(q). These structure-factors. .
are constructed from the Fourierjixanrf011115 of the local íiumber̂ ^ dénsi-
ty and concentration*) in the alloys They M v e the property that, in
the longTwayelength lindt (q + Ö), ̂ ( 0 ) "and S-^ÍO);represent, res-̂
pectively, the mean square fluctuations inVthe particle "number and in
the concentration, and S«p(0)T&è: correlation :bebíeèn these two fluc-

tuations. This long-wavelength limit will be discussed "ih* detail in
chapter VIII; : ;•••'':•.

To introduce the BTstructxire factors, we start f rom the anplitude
of scattering from a two-component system .-",-'•"-•

*) The word concentration pertains, to the conçosition of the alloy

(see the definition, jeq. (2.4,42)).
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Fig. 2.1.. The total interference function at T = 100 C,
obtained, fr om x-ray' diffraction experiments* of a liquid .
sodium-caesium alloy containing SO. 75 at% sodium. The sol-
id curve is the Asharoft-Langreth total interference .-.'
function (eq.(2.4.22))3 whereasthe brokencurve is the.
Faber-Ziman total interference function (eq. (2.4.29)).
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Fig. 2.2.
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A(q)
S.1v

(2.4.33)

Next, we want to derive expressions for the local number density and

the local concentration and their respective deviations from the aver7
age density and the average concentration. As a matter of fact, what

follows is a generalization of the discussion in section II.3.A to the

case of a binary alloy. ..-.'• S-~- '..-; ,

We consider a binary liquid alloy with N t i (i = 1,2) atoms of the
type i in a volume Vt containing a total amount of N t atoms. We now
focus our attention to a subsystem with a volume V « V t and with
N(N1« Nt) atoms (see figure 2.2). There are N^ atoms of type i in our
subsystem. We further assume that Nt, Nti, Vt and V are all fixed quan-
tities, whereas N and N- can vary in time. : .-. .-.--

The mean total number, density and .the mean number densities of the

atoms of kind i óf the subsystem are given by

n =N t/V t = ÍJ/V

The number densities n^(r) and n(r) can be written as:

v=i 1Vni(r)

n(r) = + n 2(r)= Z_ «(r-Sy)

(2.4.34)

(2.4.35)

(2.4.36)

(2.4.37)

We define the deviation of the number density from the average densi-

ty by

6n±(r) = ;n i(r)~-,n

Making the Fourier expansion;

q

which defines N- (q) as

1£l*r

(2.4.38)

(2.4.39)

. S i ••

'1

•1
M

i
t
1
'38

•ßt

i
1

1

21



ƒ e
-iq.r N. - iq . l

lv - N , (2.4.40)

Analogously, if N(q) denotes the Fourier transform of the local devia-

tion 6h(r) in the total number density,, then :

N(q) -Njtfl) +N 2(q) = S e ̂
 v - . (2.4.41)

It is worth noting already here that N(q = 0) = N - N + 0. We see that

N(q = 0) gives the deviation:of the number of atoms in a volume V frön

the averaged. This same comment,.applies also to N-(q.= 0).; .

In accordance with thé notation of [5] , we denote the mean concen-
tration of type 1 atoms in V by c = c1 with

c = Nt1/Nt = N^N'-..".., .(2.4.42)

Then the local deviation from the mean concentration c is:

lic(r) = c(r) - c . (2.4.43)

which gives, after some algebra (and neglecting lower order terms)

^0?) - c 6n2(r) ] . (2.4.44)6c(f) = r . [ (1 -

We notice that if fin. (r) and 6n2(f) change in proportion to their res-
pective mean concentration, namely, c and 1 - c, then 6c(r) = 0, as it
is required. . ' • '-

If we make the Fourier expansion

6c(r) = Æ C(q) e
q

then C(q) is defined as

ïq.r
(2.4i45)

C(q)
-ïq.r

i ƒ 6c(r) e -. dr = - [ (1 - c) N,(q) - cN,(q) ] • (2.4.46)
V V N ] Z
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From eq. (2.4.40) it is clear that we can replace ^Tj e in eq.

(2.4.33) by Njiq) + ^ 6 * Q. The term Nj.fi* 0 gives rise to forward^

scattering, and this contribution is to be excluded from the BT struc-

ture factors as defined below. But we have noticed already that also

the term Nj(q) may give a contribution to the scattered amplitude in

• t h e l i m i t q.-»;0.•'•••. ' . .

Therefore^ i defining Ä(q) as the scattered amplitude after correc-

..tion fõríthe 6+Q-term, we find

Ã(q) = f^q) Nf(q) + f2(q) N2(q) .

With eq. (2.4.41) and eq. (2.4.46) we can express N1

terms of N(q):àndC(qj; •:./•- -.--•-.-

Nt(q) = cNÖ) + NC(q)

N2(5) = (1 - c) N.C5) - fC(q)

which gives for X(q) .

Ã(q) - < £(q) > N(q) + Nif^

using

< f(q) > = c ^ í q ) + c2f2(q)

For the total scattered intensity

I(q) = < | X(q) |2 >

we obtain

< f(q) >2 . < N(q)

(2.

andN2(5)

(2.

(2.

4.47)

in

4.48)

4.49)

C(q) (2.4.50)

(2.4.51)

(2.4.52)

• (fjíq) - £2(q))
2 . N 2 •'. < Ç(q) C*(q)

N . < N(q) C*(qj + C(q) N*(q) >. ."

V (2;4.53)

The BT partial structure factors are now defined as

23

'•••$

1

Hi

If

fi

TÄ

' • %

3̂



| - < N*(q) >

. C*Cq)

2.<f (q)>. (f j(q) - 2
•.'.". . : (2.4.57)

(2.4.54)

'-.. •-•;-,•..:-•..- ( 2 7 4 7 5 5 )

Re(N"(q) . C(q)) > . (2.4.56)

The total intensity expressed in these BT structure factors becomes:

I(q) = N(<f(q)>2SNN(q) + (f,(q) -:

The scattered intensity per atom is

oL i ' Fir* I £t - . w-«. ,

".-'•• - -•:- "--."v": .•"-•,"-"-• - : " ; \ . . y . ' - "•- ( 2 . 4 . 5 8 ) /

The definition of the normalized total interference function expressed

in the BT partial structure factors is:.. \ ;

Í (q) <f(q)>2 (f1(q)-f2(q))' ' - , - « .
S ~ r ( q ) = — | — =-7 S (q)-t- '"-,-* S r(q>2<f (q)>. • ' ?
B1 <r(q)> <f (q)> ^ <f (q)> LL <£ (q)>

(2.4.59)

We remark here that according to this (rather arbitrary) definition

S~p(q) is equal to S„ (q).

The physical significance of the BT structure factors is further
illustrated by their long-wavelerigth limit. By taking the limit q •* 0,
it follows from eq. (2.4.41) and (2.4.46) that

N(0) = N - N = AN

C(0) = - [ (1 - c) AN4 - cAN7 ] = Ac
N •

So we fiiid for the BT structure factors when q = 0:

(2Í4.60)

(2.4.61)

ww- < [AN)- >

1 (2.4.62)

fj

•SNC<'

'M

a
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N . < (AC)2 >

< AN . AO"-,-.

(2.4.63)

(2.4.64)

We conclude that in the long-wavelength limit 5^,(0) and Scc(0) repre-

sent, respectively, the mean square thermal fluctuations in the parti-

cle number and concentration and Sj.c(O) represents the correlation be-

tween these two fluctuations.\Eqs.; (2.4.62), (2.4.63) and (2.4.64) en-

able us to relate the BT structure factors directly to the thermodynamic

properties of the]mixture. fhtí/'willj-'bè/shi^..e^teitly7,to;cli^tér VIII.

II. 4. D. Relations betueen the different sets of etruatuee factors.

-- R^tioiB^betHem;;^"diffn^t..so^>pï''struaim factors can be
deduced from:equations (2.4:20), (2:̂ 4>28) and (2.4.58) by equating the
coefficients of fj(ajf.(q) in these expressions.

We call Sj-iq) the Ashcroft-Langreth partial structure factors
aij (q) the Faber-Ziman partial structure factors

etc. the Bhatia-Thornton partial structure factors.

(2.4.65a)

(2.4.65b)

(2.4.65c)

(2.4.66a)

(2.4.66b)

S22(q) = 1 +c2(a22(q) - 1)

Si2(q)=cj . 4 • (a12(q) -

sn ( <p
= C2

* 2

" 2

* scc(c«)/ci

S12(q) = cj cf

an

._.ci:-;cL

1 x

- c2)/cr

- Scc(q)/c| c| (2.4.66c)

a
22(q) = (s22(q) -

a
12(q) = s12(q)/c| . c| +

(2.4.67a)
'l

(2i4.67b)

(2.4.67c)
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a22(q)

Scc(q)

- a12(q)) -

Sn(q) + c2S22(q) •' 2cjc|s i 2(

q) = c1c2(S1l(q) "i S22(q) •' 2 , ^ . S12(q))

(2.4.68a)

(2.4.68b)

1 (2.4.68c)

(2.4.69a)

(2.4.69b)

(2.4.69c)

(2.4.70a)

- a17(q))) (2.4.70b)

Scc(q) = c1c2(1 + c1c2(a11(q) + a22(q) - 2a12(q))) (2.4.70c)

JX.S. ifeuiron diffraction.

U.S.A. Introduction.

Compared with x-ray diffraction, the theory of neutron diffraction
entails, some extra. complications.. these are due tò, the neutrons being
scattered by nuclei instead of electron clouds. The most' important con-
sequence is the appearance of a substantional1 incoherent scattering,
which has to be accounted for analyzing the exnerimental results. This

• xøOé
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effect will be treated in the next section.

The neutron scattering amplitude f(lc,3s'), which is related to the

differential cross section ..; .;-:. : ^

do

is chosen to be

\'

m . <t< r«

(2.5.1)

(2.5.2)

where | S > and | S' > are the in i t ia l and final states of the neutron
scattered by an interaction potential V(r). (See e.g. Marshall and Lo-
vesey [6]). The sign of the scattering amplitude is defined such that
f ($,£') is negative for the scattering by an impenetrable sphere.
Usually the scattering potential of the nucleus is represented by a
6-function. This is allowed because the nuclear radius, R, is much
smaller than the wavelength of the neutrons

•vw = . b . (2.5.3)

This potential gives rise to a scattering amplitude -b and a total

cross section

a = 4TT | b |Z . (2.5.4)

When there is only potential scattering (and this will be the case '
when the neutron energy is sufficiently large with respect to thé

energy of the resonant states in the compound nucleus), b is always
'2positive and equal to the nuclear radius R, and a = 4TTR . b is often

called the scattering length. When there are resonant states suffi-
ciently close in energy to the neutron energy, the~ calculation of b
becomes more complicated. Then, b can be complex, and the real part
may be either positive or negative depending oh the. energy of the in-
cident neutron arid the particular nucleus involved in the scattering.
The imaginary part of b repfesentg ^ |

3
I

•si
,»(
••A
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The neutron scattering amplitude shows no variation with q. This iso-

tropic nature of the scattering is due to the small dimensions of the.

nucleus incomparison withthe ̂ neutron wavelength;- This has tp_ be con- 7

trasted'with the x-ray case, where/the; dimensions o f the electron

clouds, which give rise to the scattering, are of the same order of

magnitude as the wavelengths of the x-rays. '-• "• ' -".i- -._-._

- Different isotopes Jiaye, of course, different scattering properties

for neutrons. Additionally, as the neutron carries a magnetic spin-

moment, magnetic effects irifluaice the/scattering, process. Both ef-

fects give rise to the appearance of incoherent scattering, even in a

sample consisting of a single chemical element'. Fortunately, the iso-

-tope effect is absent in our case because the. investigated metals, so-

dium and caesium, consist practically of only one isotope with 100% .

abundance. . .- - ; -

H
: 'fm.

>:pfi

11

Sf-'Bfe

II. 5.B.. Neutron scattering of a one-oomponent system.

If.a nucleus, carries a spinmoment I, the. scattering depends on

the state of a. compound nucleus which is formed in the process of the

interaction between:the neutron and the nucleus. This/intermediate

state may have spin quantum numbers I + \ or I - |.. With these two

states are associated two scattering.lengths, b + and b . For ah arbi-

trary spin quantum number J the number of substates is 2J + 1 and ac-

cordingly the probabilities for the occurrence of b+'and b_ are pro-

portional to I + 1 and I,-respectively:

(2.5.5)

We will now determine the intensity of a neutron beam as scattered by

a pure liquid metal as a function of q. The scattered amplitude is giv-

en by _ ... .'_'•. 'y; "- .„

N+ -iU.
A(q) + b

(2.5,6)

v=1

•A-M.

Ü
28
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where N+ and N_ are the number" of atoms" with a scattering length of b +

and b , respectively, v and \i indicate atoms with scattering length b +

and b_, respectively. -•[

The scattered intensity is ,;

I(q) - < I A(5) | 2 > = bJ< | f e•- • ̂ |2 > + b2_ < \,f é • • V |2 >
v=1 . . -. . P=1

;. N + N_ -
+ 2b b" •< E.- Z e

+ - : v=r y=1
(2.5.7)

tfaking useof eq. (2.4.15), and neglecting the small angle scattering

term, we find:

•"Vt#
•'-•fe'

4 Ü

N -
E e

v=1
N [ w+

2 iS-?^,
+ wfp0 ƒ (g++(r) - 1)e dr ] (2,5.8)

V " . - . - _ • "

N -iq.í , , -iq.r - .
E" e p I2 > = N [w + w^pn ƒ (g (r) - 1)e dr ] (2.5.9)

- ' " " V "u=1

N+ N_ -iq.(5v-5)
s e
u=1

-iq.r
Nw.w p n ƒ (g (r) - 1)ë dr . (2.5.10)

" U V

",fi"4

l i

Because N+ and N_ refer to atoms of the same chemical species (but with,
different scattering lengths), they are associated with the same radial
distribution function: .- -

g.n.0") = g__W = g+_Cr) = g(r)

Then we find for the scattered intensity per atom

(2.5.11)

Ia(q)

Together with

2w+w_b+b_)p0 ƒ (g(r) - 1)e

(2.5.12)

dr
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1

i

< b >

w+b 2

w.b. + w b
- + • - " "

and S(q) = 1 + P Q ƒ (g(r) - 1)e dr

we obtain for I a(q); -'-""•• •

Ia(q)

(2

(2

(2

.5.

.5.

.5.

13)

14)

15)

á

1
'3

b2 > - < b >2 b >2 S(q) (2.5.16)

The coherent, incoherent and total cross section are now defined as:

4ir < b

°inc - < b

and = 4ir < b >

C2.S.17)

(2.5.18)

(2.5.19)

Eq. (2.5.16) tells us, how to derive the structure of a pure liquid
from the. measured neutron intensities:

S(q) < b2 > - < b >2
(2.5.20)

The correction for the incoherent scattering, represented by ths last

term of the ri^it hand side of/eq; (2.5.20) does not appear in the cor-

responding fonmila for x-ray diffraction (eq. (2.3.5)).

II.S.C. Neutron scattering of a two-component system.

Turning now to binary alloys, we can apply the same kind of analy-

sis, but the situation isïafüiré^öinpléx.' r "'-''" —

Taking the NaCs system as an exanple, we now have to deal with

f our kinds of conçound nuclei (as we have seen,A the isotope effect can

be neglected). Labeling the two components, Na and Cs, by the indices

1 and 2 we have, by definitionr

M atoms of type 1 of which M+ atoms have a scattering length b+

and M " " " » " b

iß.
30
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P atoms'of kind 2 óf which P+ atoms have a scattering length d+

. and P_ " " " " " d„.

The scattered amplitude i s : :

M,; -iq.S M -iq.Sa ' P̂ . -iq.R" V -iq.5
A(q) = b+ ï+ e " + b f e e + d+ ï+e -V + d f e

1 - " Y=1 "6=1j a = 1 -. " 6=1 ..-.;•••--

( 2 - 5 ' 2 1 )

Here a and 3 refer to atoms of the first component with scattering

lenghts b + and b_, respectively, while y and fi refer to atoms of the

second component with scattering length d+ and d_, respectively;

We can now write the scattered intensity as

|A(q)l'

2b

a=1

P +

Y=1

A
a=1M

,< f

-iq.Sa 2

- ï q - ^ 2

f e lq

£ e

2 M -

" e=r
2 P

> + d < | Z~
6=1

•Ca" ÏJ>.

>

-iq.^

+ —

! l 2 >

! i 2 >

M+

o=1

M
+"2b-d < f

" • " ß = 1

+ 2b b <

+ 2d d <+ —

P- - i
f e

6=1
P - i
f e

6=1

a=1

P +

Y=1

q.O

M_ -iq. (R -
f e . a

S=1

P_ -iq.(S-
£ e Y

6=1

a" 6 ^

>

- f2.5.2:

Si

I
'I

" • ' • 1

I
I

j^'rCa1- ' f

U4 i:i

'r^if '-

As M + and M_ both refer to atoms of the first component^ they are as-

sociated with the same radial distribution function. The same applies

to the P + and P_ atoms of the second component. Making^use of/thé''-for-

mula (2.4.15), and neglecting the forward scattering term, we obtain:

9

i
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i(q) =
-iq.r

5*-]

ty M
bf' [ T

•7'
pO ƒ ( g i 1 W - D e

-iq.r
dr

+ 2NbJ)_ . V P0
- D e

-iq.r
dr

1'
t pO ƒ (8• 2 2 l

-iq.r
d?]

-iq.r•
d?]

r

p'

2N

+ 2Nd̂ d

4.^+bJ

P0 i (g22(r) - D e dr

M

-ir •

3y definition
M. M
"N"~N ' -TT" c r

M_
and -^- =

M P
D-a-ir ;

(2.5.23)

vftere c1 i s the atomic fraction of atoms of kind 1 in the binary system.

Likewise,

t- IT
Then we find

Ia(q) =

= c, and -rr- = c2v_

2c1c2(w+b++w_bJ(v+d++v_dJ-Po (

'7
-iq.r.

dr

-lq.r
ƒ (g22Cr)-1)e dr

V ••*• • * --ïq.r^.
)-1)e dr.

:(2.5.24)
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Using the formulae for the AL partial structure factors (eq. (2.4.16)),
vie obtain - . .

Ia(q) - <b>2) + c2(<d
2> - <d>2) <b>2 S n(q)

2c!c| <b> <d> S12(q)

:2 <d> S22(q)

(2.5.25)

The first two terms at the right hand side of eq. (2.5.25) correspond

to the incoherent scattering, whereas the last three terms contain the

structural information. '.-.._"

Accordingly, we define, the total:interference function as:

S(q) .'•

c2<d>
2S22(q)

(2.5.26)

c-,<

This definition corresponds with the AL total structure factor, given

in eq. (2.4.22) for x-ray diffraction.

In terms of the total intensity, S(q) can be formulated by

S(q)
Ia(q)

c^bi >

c1(<b
2> - <b>2) * c2(<d

2> - <d>2)

Cn<b> _+ c2<d>
. (2.5.27)

Once more, we see that the incoherent scattering has to be subtracted

from the measured intensity in order to obtain the -structure factor.

.The. following remarks should be kept in mind when applying eq.

(2,5.27). V - -""'••"•

1) The definition of S(q) is subject„tot.some arbitrariness,. There^does
not exist a ̂single unique structure factor for an alloy. More par-
ticularly, the normalization, here obtained by dividing byc^<b> +c2<d>
may be chosen different. Also tíie division in coherent and incohe-
rent ..scattering is not unique. Consequently/ other definitions of

the structure "factor; can be foundin the literaturey

2) Ia(q), refeiTöi to as thé measured intensity, is in f act derived
froh themeasüred intensity by application öf numerous experimental
corrections (see chapter IV).

I f
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J J ;6 . Electron scattering. - .

U.6.A. Introduction. - : •...-. - -,- . ., "--. r

In a nëarly-freë elektron lindei, the conduction,electrons are ^
scattered^ by".'0» electrostatic, potential of,thë~ positive} ions. It has
been shown Jthat, under; cèrtairi'conditions, the ä c ^ l i scattering poten-
tials may beíreplaced by pseudopotentials, which are .much weaker. Then,
the first Bom ^approximation applies;" This;has;led "to •tiiérdéveíopment
of the so-cailed^ diffraction :moder forsimple netals.

For further détails on this topic, the reader is referred to the
existing literature (Harrison [7]; Ziman [l]; Feitsma [a]). ;

II. 6,B. Electron diffraction model f or a one-component system.

The matrix elements involved in electron scattering are

< S +q I-W(r) I S > . (2.6.1)

We assume, that thé,total potential W(r) may be written as the sum of

the siiigíe eíectron-íòn potentials: .

W(r) = Z w(r - (2.6.2)

This is an important, simplification which plays a central role in the

diffraction model as developed by Ziman. The wavefunction | S >,of the

electron is in zeroth order approximation chosen tò be a plane wave:

1 -ÜC.Í

í A

. e (2.6.3)

where V is thé volume of the system.

It is easily shorn that the matrix elements can be factorized in
the following way

W(r) > - X e
V

. w(q). C2.6.4)

/ r
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where w(q) is defined ás

w(q) = < t + q | w(r) (2.6.S)

The "form factor" w(q) contains all relevant information concerning an

individual ion and may be calculated; by applying pseudo- or model po-

tentii^^ra^\(Shw :^Hãrr'isçai'V[9]). Note, thatteq- (2.6.4) is equal-
ly applicable to'ordered of disordered (liquid) arrangements o£ the .
atoms. Thé analogy between eq. (2.6.4)áhdyeq. (2.2.1).is apparent.
This analogy between^electron srattèririgaiidà-ráy diffráctiqnjhas giv-
en rise to the.hame "diffraction mode;íy. Evidently, the;diffraction
model is meaningful only when w nay be considered as a small perturba-,
tion. In many cases, pseudopotentials or model potentials fulfil this
requirement. ,

With the help'_of the-factorized matrix elements we can ̂ calculate,
for example,1 the electrical resistivity, p. The standard theory,; f or
electronic transport properties.of simple metals provides the follow-
ing expression for p: -,.."..--•_.

fe } i *
(2.6.6)

With the help of eq. (2.6.4) we can write

< | < 1c * q | W(r) |-t > |2 > = E e"lq" v |2 > - | w(q) |2

Using the definition of the structure factor S(q) (eq. (2.3.2)) we_
find

< | < t + q | W(r) | lc > |2 > = N . S(q) . | w(q) |2 . , (2.6.0)

Combining eq. (2.6.8) and eqi (2.6.6) we obtain Ziman's expression Cor

the electrical resistivity p of a liquid metal: \

12mn m 1
w(q) (2.6.9)

SSV.'
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íl.à.Ç. Electron diffraation model for atuo-component system.

For a binary liquid alloy matrix elements of the same kind as giv-

en in eq. (2.6.8) can be expressed;ln;terms of the two;,appropriate '"

form f actors and tHe?partial structure factors. Chice.more it is assum-

ed that the total potential.' W(r) can be written as the sum of the

single electron-ion potentials ~ ' •--".'•"-•-..

W(r) = 21 Wi(r - Í.J + i w,(r - %•) : ff . (2.6.10):

V = 1 • • ' . . ' y = 1 Ä -

By factorizing those matrix elements we obtain -.-_ .

- -- V "--N.-" -iq.^.: •}'- . •>
v=i

• < • ! * |2 > . |w(q) |2 1
N 7: -iq.(57 -S, ) i
i? e -. ...1u 2 M >..-

1
;j|

l

••»3.

1

it a

v=1 y=1

£.

si
r.--

(2.6.11)

where w- (q) is defined, in accordance with the definition of w(q) in

eq. (2.6.5), as,

wt(sú = < % * 5 |--Ŵ (r) ;| S > • (2.6.12)

With the def initition'of the AL partial structure-factors (see eq.

(2.4.3)) and neglecting the 6-peak occurring for q = 0, we can write

for eq. (2.6.11): - -.- ---— - - _, -_. --,. _.-_// : . r .1. :,...

W(r) | t> |2 > = N { |

w|(q) + w"(q) W2(q)) "}.' .(2.6.13)

N N21 2using c.| = -ĵ - and c 2 = -^- . Notice the strong similarity with the for-

mula describing the scattered x-ray intensity, as given-in eq. (2.4.17a).
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Accordingly, the electrical resistivity p for a binary alloy sys-

tem is given by . .-_•-

'1-T •

NV + c 2 S 2 2 (q) ,-.'• | w2(q) •1-2-.

W*(q) w2(q)) } (2.6.14)

"Die neglect of the 6-peak at q = 0, corresponding to forward scattering,:
is permitted hert-, because i t does not contribute to the resistivity.

l'ir
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CHAPTER III

THE EXPERIMENTAL ARRANGEMENT.

JJJ.2. Introduction.

There are several possibilities of designing the experimental ap-

paratus for measuring the diffraction of x-rays or neutrons by a liquid

m e t a l . • ; ..".-.•_•'' ' :•,.!'"' " •"• :;' ' " " " - ' . •• "• -:"_

; 1. Reflection geometry. — ~
. One can,measure the angle dependence of the radiation reflected at
the surface of the liquid, rotating the sample with half the angular
velocity of the radiation detector. . - ~~ :i'"

2. Transmission geometry. .

Depending on the scattering properties and the absorption of the sam-
ple, a transmission geometry; may be used. In that case, one can still
distinguish two versions^ a and b.
a. During the whole measurement of the angle dependence of the dif-

fracted intensity, the disk-shapëd liquid sample is held perpendi-
cular to, the incoming* beam. ".".",

b. The sample is rotated with half the angular velocity of the detec-
tor. This is called the 0-20i method.

We have followed .the .transmission method. The advantages of the O-2o
method will' become evident in. the section on ronqchrpmatizátion. Our
choice of the transmission method is justified as follows:

1. In the reflection geometry, for small diffraction angles the beam
just skims the surface of the liquid. Under these conditions the
geometry of the. experiment; tends "to .become illrdefined and .the accu-
racy of the measurement may be seriously impaired. Moreover, the. '•
area of the liquid surface needs to be inconveniently large in that
case. ,

"I
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2. The reflection geometry technique requires, notch more than the trans-

mission geometry, an extremely clean surface of the liquid sample.

3. In the reflectionlgeometry. the, surface of -the Jiqüid;,tends.- to be cur-

ved due to forming of a meniscus. This impairs the accuracy of the

measurements, unless, once, more, the areaof the surface is chosen

- sufficiently large.

It will be shown that the small angle scattering of the liquid alloys is
of particular interest to investigate sonie of the physical properties. .':,
In 1971 Greenfield, Wellendorf and Wiser [l] published a paper in which
the transmission geometry was extërisivelyidiscusséd. As their experi-
mentai results were encouraging, this paper stimulated us to apply simi-
lar methods. -•-" .-- -:i •••"-:-:..,•• .-. = .-. , :. : -"
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III. 2. The experimental apparatus for x-ray diffraction.

III.2.1. The sample holder. .

First, a liquid metal sample holder, is designed to carry out dif-
fraction experiments on highly reactive alloys. This Lsàmpié holder: (see
figure 3.1) has to fulfil a couple of conditions. Thereis a need for
varying the thickness of the sample. Because of the large difference in
mass absorption coefficient between the alkali metals, i the^optimum layer
thickness of the sample varies strongly from one sample?tp;.the other.
The vacuum tightness of the sample holder has-to be very good in order
to prevent air from entering the sample holder and from reacting with
the liquid sample.. The windows of the sample holder"are chosen such.
that the transmission of the radiation through the windows is as high
as possible and the diffraction pattern of the windows consists of on-
ly a few harrow Bragg peaks.

It is not easy to fulfil all Æese conditions in one and the same
goniometer.;Especially the requirement that sometimes very thin^(down-'.
to 0.1 mm) samples are needed of fers some mechanical problems^:this
problem -is Solved by soldering^aythin beryUium sheet (0.^; mm thick
and 18.0 mm in diameter (12) ) t o a kovar holder (7) ás depicted in the
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Fig. 3.1. Liquid metal sample holder-for x-ray dif-
fraction using the transmission method. Some:of the
numbers indiaaied in the figure ave explained in the
text. .

(enlarged) inset in figure 3.1. This "Be-hblderr';cán be screwed into a ;

bigger part (9) of the sanpïe holder. Thê  other Be-window (0:1 -mm;thick
and 55.0 mm in diameter (20)) is pressed (by means of (19) arid (21))
against the-backside of the sanple holder (18) .(This^ window is later
oh replaced by a mica one). The sample holder itself, made of brass,
is plated with nickel to avoid corrosion by the reactive alkali metals.
By screwing the two parts into each'other, sitr is possible to vary the
distance between the too windows continuously. The adjustable distance
permits us to fill the sample holder with a spacing of 4 mm between

40

sag



•«il

•få

Ä-l

I:
I

the two windows and, afterwards, to reduce the sample thickness appro-
priately. The facility of a continuously adjustable sample thickness pro-
ves to be valuable to carry out a series of measurements on different
samples. The optimum thickness óf the sample is determined by the con-
ditions that the scattered intensity has; to be sufficiently high and
the absorption is not too strong. Thé,sample holder- can ;be filled via
two tubes 0(2) and (15)) on top of it. A set of "viton" rings ((s)>
(8), (13), (17) arid (22)) prevents air from entering the sample holder
during adjustment of the spacing between the windows as well as during
the actual diffraction experiment. A heating wire (11) is winded around
the sample holder and can be connected with a temperature controlling
unit. An NTC resistor is screwed into the holder (by means of (25)) to
measure the temperature and after calibrating this NTC resistor, the
temperature can be adjusted within ±0.5 °C utilizing this controlling
unit. Additionally, to determine accurately the temperature of the sam-
ple, a copper-constantäh thermocouple (23) is mounted in a narrow cy-
lindrical hole, close to the sample (see figure 3.1).

III.2.2. The production of x-rays. -

A Philips PW1010 generator is the high voltage supply for a hot
cathode x-ray tube with a molybdenum anode. In a hot cathode tube, ther-
mal electrons, emitted from a heated filament which forms the cathode,
are accelerated towards the target by the electric field between the cath-
ode and the target. Depending on the; accelerating voltage, the elec-
trons, when colliding with the target atoms, produce a white spectrum
of x-rays accompanied by a few characteristic lines. Figure 3.2 gives
the intensity of the generated radiation as a function of the wavelençrth
for a molybdenum tube. The K and'K lines are the strongest characte-
ristic lines. For an explanation of Tthe symbols the reader is referred
to the book of Klug and Alexander [2]. Theouter dimensions of the fil-
ament determine the shape of the radiation area. In our experiment a.
'line-focus'' of 10 ijim x i mm is used.
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Fig. 3.2. 2%e intewsitj/ a s a function of the wavelength
from a molybdenum-x-ray tube. Ons notices the aharaa-'
teristia Vines on a "white" background.

III. 2.3. The monoohroma.tiza.tion. of the radiation.

For an accurate determination of the scattered intensity of the
radiation an extremely narrow wavelength range has to be singled out.
Brady and Greenfield [?] make clear that a:higlvdegree of monochroma-
ticity is essential for reliable results, particularly in the low-an-
gle region. They point out that thé usual pulse height discrimination
technique (the pulses are generated by the x-ray detector) in combina-
tion with a ß-filter (a filter absorbing the K -radiation) is inade-
quate for this purpose. 'A muchTbetter:resultrcan^be;obtained when mo-,
nochromatization is accomplished by crystal reflection. We have chosen
for an adjustable curved crystal monochromator as designed by De Wolff
[4] and as used nowadays in the Guinier-De Wolff camera no. II of
Enraf Nonius Delft.

The monochromator, a quartz crystal, is of the so-called parafo-
cussing type. Parafocussing refers to the geometrical arrangement which
causes diffracted reflections from a specimen of finite area to converge
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to a line in space. The parafocussing condition is produced by dif-
fracting incident radiation 'from théliiOTl planes ;òf •äquartz.crystal. -.'' -
For reasons of ëxperimentai-convenienceiythe surface of the crystal is
cut atanangle of2oJd.th respect itoithë^OTl planeV^ri order, to ob-
tain the parafocussing condition";tirè:':ÍÓ7i "reflecting"; planes* must" be
curved. "IMs 'is;caused by mechanicailyTbending the quartz crystal. The
bending is'not symmetric with respectltò';a."circle passing "through: the
anode-mondcln-omator^focálfspot.ï^e^qpartz crystal isVbentVin a way
such thati.åjt -conforms ;to.a"lògaritlmiic; spiral"j;withvthé'origin at
the focal-'spot'. JFor maintaining; ̂ ct^oc^stógatjàiiscatteríhg an-
gles, the sample has to. be fotated about "its own axis, with, an angular
velocity that is half of tiiat of the detector. The, advantage of using _''
this type of mbnochromator is that it implies a large distance between
the monochromator and the focal spot. This is required by the large di-
mensions of our sample holder. ..-. /._._•_ ^ ...".-... .•-„.•

III. 2.4. Determination of the diffraction pattern. ~ =

The entire optical system used for the x-ray transmission, measure-

ments is illustrated in figure 3.3. The x-ray beam f rom a tfo-line source

Fig. 3.3. The optical system for the x-ray transmis-
sion measurements. ..-•'•
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and mpnochromatized .with a curved quartz crystal is ..limited by a . , - -

diaphragm-in:the..inonochrömator house and ;a slit-system atvthe. end of -\

the monqchromatòr house. The scattered beam is collimated by .a system

of two slits.jof iihichi-the pre-siitVis large enough to"'accept.all ra-

diation scattered-f rom the ;sample at any angle 2© for;which measure-

nients are peiïormèi. The divergence ;of vthis pre-slit; is^í°; A' 0.2 mm

receiving slit:is:used. Horizontal; Soller^slits prevent spurious scat-

tering from .entering; the 'detector. Ã7scatter :'siit with: an:opening of

approximately 2 mm is-placed/jüst in;frönt of ?tie detector. ;

It is necessary to provide helium sdong thé path ̂pf the incoming

and scattered beam, to minimize air scattering i Therefore the. equipment

(apart from 'the detector; andmonochrõmator) isrplàced)ih;a container ;

in which a helium atmosphere is maintained.. Mylar'windows- with a^thick-

ness of 6um allow the x-ray beam to penetrate the.; container without ap-;

preciable absorption. -

In the experiment a scintillation detector is used.This detector
consists of a crystal that fluoresces visible light when struck by x-
ray photons and a photomultiplier which converts the light to electri-
cal pulses. After^re-amplification, ithese relatively low-voltage pul-
ses f rom the scintillation detector are transmitted" tö a linear;, ampli-
fier and pulse shaper, which emits pulses of ̂square shape; TheiT ampli-
tudes are proportional to the energy of. the incident x-ray photons.
These pulses are sent to a pulse-height discriminator accepting;those
pulses which correspond with the energy of the K -line of tiie-tfo-.tar-
get. The output of this discriminator is sent to a digital display and
after averaging by an RC-filteTr to ar recorder. r — _- -- .

III. Z. 5. Ttie goniometer. . . .

First a precise but hand-rotated goniometer was used, but in this
way the step-scanning determination of a diffraction pattern was so time
consuming-that, after a few promising experiments, it has been ̂decided to
purchase an automatic ;goniometer. With the^ horizontal Philips goniome-
ter the whole diffraction pattern can be recorded automatically.
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JIX.2.Ö. Measuring, technique.

The sample is prepared in.a glove-box under;an argon or helium at-
mosphere. After filling ^elsample holderjãnd adjusting the;thickness
of the^sample, the sample holder -is^-closed;i taken out! of the glove-box
and mounted on^the diffractometer.. There,,therequired temperature is
adjusted with the temperature controlling unit :and a 'helium atmosphere
is prOTided^The^temperâtíife is monitored by means of à-copperrcbnstan-
tan thermocouple. ..-.-".•

The absorption of the radiation-in the sample is. determined by f"
: measuring the intensities of thé central beam attenuated/by an empty
saniplè holder "and íby a filled sainprelr holder, respectively. Next, the .
actual measurements are started."'Wei useytiíè fixèà^hümber-ofrcounts meth-
od, vdiirh reduces the intensity measurement to' a time measurement.
Data are taken at intervals of J° covering a range of 2ø =::í.75° to
29 = 55°. The automatic, accurate readjustment of the angle-after a
preset number of counts belongs'to the facilities,of the automatic go-
niometer. A computer program is organized.to calculate the interference
function using the experimental data.

III. 3. The experimental apparatus for neutron diffraction.

1
m
1
-1

F-.

II

III.3.1. The sample holder.

For this experiment a quite different sample holder is designed
(see figure 3.4). With this special sample holder neutron diffraction
experiments can be carried out, also in the transmission geometry, on
highly reactive alloys: À neutron^beam with í cross section of 2̂ 5 x
2.5 cm is used. For reasons of technical convenience aVfixed sample
thickness of 10.0 ran is chosen for the heucron diffraction experiment.
This is provided for by clamping a spacer (17) of 10.0 mm thickness be-
tween two brass blocks ((5) and:(15)). Once more, to:avoidxorrosiòn
the sample holder is plated with nickel. Ä set of 'Vitori' rings ((1),
(6), (7), (8), (16) and (17)) prevents air from entering the sample
holder. The filling technique is the same as in the case of the x-ray
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Section B-B

Fig. 3.4. Liquid-metal sample holder for neutron dif-
fraction using the transmission-method., Some -of"the
numbers indicated in the figure are explained in the
text. •- _ . •,-,•"-•

I'

experiments. The windows ((9) and (19)) are made of vanadium sheets;
because vanadium is an incoherent scatterer and produces only a con-?
stant background intensity. A heating wire (4) canjbe}:winded around •
the sample holder and a temperature controlling'system, provides a con-
stant (±0.5 °C) temperature. In order to reduce the temperature gra-
dient alongr.the7sampíey>.two ;• aluminium^ foils ~:(O Ò) ;and"(20)), each stretch-
ed in a framework ((11) and^CIZ)), are screwed against the outside>of
the sample holder. Then the_ air enclosed between the vanadium sheets
and the aluminium foils-is heated/up to -approximately the sanie tempera-
ture as the.sample holder. In this;:way, :à;smaller temperature, gradiéint
over the sample is obtained. Two thermpcpuples (21), one for automatic
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adjustment o f the temperature and the other one for measuring the tem-

perature, a r e mounted each in a cylindrical hoie, d o s e t o the sam-

ple. •".-'; - -.;-. - =•,- •'"•-. ..-. -•.••"--. •• .'•- -.;• ""••""' ' ' .

III.3.2. The production of'neutrons. •-•

The neutron beam is provided by the static Tèactor of ,the?ECN, Pet-
ten. The neutrons, which come out with high energy by fission in ihe
reactor core, ;loose their energy by making collisions with the modera-
tor atoms (in our case the hydrogen atoms in water) and gradually come
into equilibrium at the moderator temperature. These neutrons have a
Maxwellian distribution appropriate to the n»derator temperature (see
e.g. Bacon [5])i If we define * ( A ) ; by stating that^(A)dAv5is jÉhefnani-
ber of;iieutrons; emerging from the; reactofi per- secimd with wayeiengths
between \ and V + d A, it can be shown that :

• 00 = '- ^ exp(-h?/2mKTA2)

and the peak òf this curve occurs at a wavelength A = h/ZSmKT. This
function * (A) is given in figure 3.5. It is clear that the spectrum is
•white" and contains nothing which corresponds to the characteristic
lines in the spectrum from an x-ray tube.

QOO
- -,'. " «fentanglh 1*1—r—

Fig. 3.5. The intensity ao aftmetàonof ths wavelength
fop the neutron beam, emerging .•from a reactor. The mode-
rator temperature'is taken to be -20 °C. -- -
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III.3.3. Themotwoiiroimtimidonóf.thejvadfatíon. ' ''-'-.."/• . •-:

With;thë~dëveiopment"of ä highly'-oriented pyrolytic graphite, a
low energy neutron monochromator has become available with a high?,re- -
flectivity''and ^satisfactory momentum and energy resolution. Thismo-
nochrõmatof is cylindrically bent (R = 60 cm); the axis of the cylin-
der is in the plane of diffraction defined by the incoming and outgoing
waveïyectorsiiThe purpose of this bending of the monochromator is;to
increase^üüie;neutron flux it; the position of the sample [«,7]. .The bent;
mbnöchfomator redirects; thervertically diverging beam to become-a xoh-
verging beamj íessèntiáliyícompressing the neutron f lux at the saneie
posltipn?fStacèí only'/thé 'vertical divergence of the monochromator^sys-
tem .:is^affected,^momentum and energy resolution; which are mainly de-
termined by horizontal beam divergence, are not substantially changed.
Though exact vertical focussing occurs for only one combination of mo-
nochromator bending radius and incident neutron energy, the flux gain
can still be; sufficient even f or imperfect focussing.^ ": ?

A second block of pyrolytic graphite removes the half-wavelength,
contamination transmitted by the monochromator. This is accomplished
with^ only a small reduction of the number of neutrons of the wavelength
desired, which have an energy of 12-15 meV [8^9]. Pyrolytic graphite'
exhibits.a pronounced preferential orientation, with all crystallites
aligned along hexagonal axes, but with a random orientation in the ba-
sal plane. "This property, in addition to the highly anisotropic pack-
ing of the carbon atoms in the graphite lattice, makes the material
nearly transparant for neutrons of some particular energies travelling
along the c-axis, whereas the half-wavelength neutrons are attenuated --
appreciably by the thermal diffuse scattering and by a cumulation of
single Bragg-reflections of the "mosaic" polycrystal... • V •

In this experiment neutrons of two different energies (12.3 and
44.2;meV corresponding with 2.58 and 1.36 X) are used in order to in-
crease the accuracy of the total interference function in the entire
range of scattering waveveçtors from q = 0.1 8" to q = 6.5 %".. The
pyrolytic graphite filter- (5 cm diameter and 6 cm=long) is employed as

I
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| V a half-wavelength neutron filter for the neutrons with an energy of

fe 1 2 . 3 m e V . '• .-'.-" '"-"-"•"•- -: ""/•• ' . - V : ' - "" " " ""''"'- '• --
't': - • • . " • - . ' '.' - --"'

|s III.3.4. Determination of the diffraction pattern. .

f- The optical system for the neutron measurements is shown in figure

fe 3.6, After monochromatization of the coliimatécl beam, two vertical Sol-

f

P

'ri

Fig. 3.6. The optical system for the neutron transmis-
sion measurements. 0) aollimator in reáòtõr waVL 1)
haLf-ioavelength. filter 2) monoahromator'3) Sailer slits
4) small-^àbsorptioh.iiêtéãtõr• 5) opening to limit the •
beam 6) sample 7). Soller slits 8) detector.

ler s l i ts are used in order to limit the horizontal divergence o£ the
beam. These Soller sl its consist of cadmium coated nickel-plates. The
angular aperture of any pair of adjacent plates is 30'- arid 40' for the
first and second set of Soller s l i t s , respectively.

2' The beam has to pass through a 2.5 x 2.5 cm opening in a cadmium
plate situated between the first set of Soller s l i ts and the sample.
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For detection of the scattered radiation a BFj gas-counter is used. ..
This counter hasa diameter of ̂5 cm and̂  á length of approximately -60 cm;
in order to achieve fa good'counting efficiency.\The incoming neutrons
react .with thé ,'"B atoms, /producing helium and lithium nuclei.These nu-
clei havefa'short mean free path in BF3 gas at normal temperature and
pressure and they ionize the BF3 gas producing free electrons and posi-
tive ions.-The electrons; possessing the higher mobility,: are accelerat-
ed towards itheanodê ånd produce more electrons by collisions witii; gas
moleciáes. Thus íeâch neutron ^tCTii^^^^cbm^lproducés^an'ieiéctri

caL pulse and;this;palsé is,handled! electroiucaily;^tiie;same way as ;
in the x^ráy deitectipn-system, _---- ,;- - - _•• - v , .;~ . .'

JIT.3.5. The goniometer. , . . ;..•""...-.-

An automatically driven goniometer with a step-scan facility was
put at our disposal. Each step is initiated by an electrical pulse... The
time interval between the pulses depends on the neutron flux:: each in-
terval corresponds to an equal,'preset number óf incoming neutrons." In
order to achieve this, the incoming,neutrons are counted by a second
detector,'which absorbs only a small fraction of the neutronflux. When
the- appropriate number of neutrons has passed, :a pulse is given to.,ah ;.
on-line computer, which takes" care óf the correct rotation rof: the de-
tector and the sample. The angle óf rotation of the sajipleas just half
the angle of "rotation of the~detectory''The angies;of,rotation are cal-
culated by the conpitér, such that each 'step̂ ^ corresponds to 0.04 Ar

in the case that the wavelength x = 2.58 A and to O.i'Xin the case
that \ = 1.36 X. -- v

III.3.6. Measuring technique. / - '

The sample is prepared in the argon glpye-box available at, the So-
lid State.Physics Laboratory Groningen.":Àfter filling the sample;.holder.
in the, glove-box^ it.-is closed.^taken oiitfpf: the glove-box and'trans- ...
ported xa the EGN in Petten by car. There, the sample holder is mounted
on the-goniometer. The/required temperature ;is; adjusted using -the ̂tem-
perature controlling unit. The temperature is nmitóredíthrpughoüt the
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whole measurement by means of a chromel*alumel thermocouple.

Theabsorption óf the radiation in the sainpíe v ^ determined in

the same way as in the x-ray experiment and compared to the absorption

as expected on theoretical grounds. As these two are in close agree-

ment, we decided to use the theofetically obtained absorption factors

in our calculation. .;__.--•-"

To obtain ""the'.-.total: interference, function betweenTo, = 0.1 and
6.5 A", iwithä reasonable accuracy ;••?. two measurements of; the-.diffracted
intensity have' to.be carried out.iFirst;1 several runs óver?thé;,arrange
between'i;Ò and 6.5 A"- -are performed to méasure.tat-each selected:tem-
perature, Ithe dif fraction intensityofEradiation with\a wavelength of
\ = 1.36;ArAt^á certain iemperatufe^íin.íeach series ;therspurious.inten-
sity ofI the fast-neutrons,; which have not suf f iciently^ interacted with

moderator atoms to becomeíthermaf,? ià determined:in-one run^ with a.cad-
•" 2 ' •""•""

mium plate covering the 2.5 x 2.5 cm opening to stop the thermal neu-
trons. Next, the monochromator is adjusted to the angle corresponding
to Bragg-reflection for radiation with A = 2.58 X. In addition, the
half-wavelength filter is brought into the beam. Once more, afterde-=
termining the intensity of spurious fast neutrons, the diffracted in-
tensity is obtained for X = ;2.58 A by.carrying out several runs over
the q-range, now between 0.1 and 3.^6 A" • at the same temperatures as
f o r x = ï . 3 o X . ••'•.,.

The averages of the scattered intensities are obtained from seve-
ral runs and these data are used in a computer program to calculate
the interference function. ------

I'- *ƒ;)

III. 4. The metais. .

Pure potassium and caesium were commercially- obtained from -Kawecki
with a nominal purity of 99.9998% ;and 99.98V, respectively. Sodium metal
was obtained f rom Merck with à nominal purity of 99.931.
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CHAPTER IV

ANALYSIS ÒF THÉ -EXPERIMENTAL: nATA

W:

m

IV, 1, Analysis of..the: x~ray diffraation measurements.

IV. I.A. Introduction.

to

The e^erimenially\dètërinined-x-ray;:ihtehsitiës'-have to be subject
o a large number of correctionsï before theycan" bë kbhvërtedAintb struc-
tureifactors. Correctioris^are, required "for "'effects ..ofabsorption, polar-
ization, Corapton scattering '(also referred toíàs incoherent 'br inelas- _
tic scattering) and multiple scattering.1 Additionally; a normalization
procedure has to be applied.' Since the mathematical procedures are quite
laborious, computer programs were organized to carry out these corrections.
In the next sections we will restrict ourselves to the analytical formu-
lae, which form the basis of these programs, ̂without dealing in detail
with-the structure of;the programs. - ' ,

IV.T.B. Copreaiions'forabaorption, polarization and empty-aell adatte-

Smeiser; et ali,:[l] have investigated the efficiency of several mo-
nochrbmatizing techniques. .From tiieirwork^it;follows, that,;the'effect;
of the angle dependence of̂  the radiation ^tensityi, caused fbyrtheimnp

chromátizing procedure, ris negligible in studies^ "of theÍ liquid structure
usiiig/ä curved, crystal monòchxomator; - .:•' ., ^. :/ -

The x-rays are scattered not only by the sampie'butalso,by tíiès •;
container and other auxiliary parts. Therefore we have to carry out "two
different experiments, one with an empty sample holder (intensity 1^(20))
and one with the sample holder filled with the liquid metal (intensity
1^(29)). As a matter of course, 1^(29) forms part of the Ics(2o) but=it
is modified by the absorption in the liquid sample. ;An important quanti-
ty] entering the calculation of „the absorption and„scattering corrections

a
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is the path length of the radiation within the sample. If tg is the
thickness -of the sample,- this distance is ts/cos0; where e is the angle
of incidence, defined in chapter III .Ms a 'consequence, both absorp-
tion and scattering corrections depend on 0. ''._-

When x-rays, are used," polarization of; the jradiàtion is caused by

the mbnochromator crystal and by the.sample;; The "expressionfor the

polarization factor is discussed by Kerr and Àshmorej;[2lHfòr different

mondchfomatór;-crystals^ and two conrawn desig^'fpr'ithCdiffractoinëter.

In our case (i.e. for the geometry described in chapter III) we have

to apply the following expression (eq. (3) of ref. 2):

P(20)
cos220

.1 + I cos26_
(4.1.1)

where 2e is the Bragg angle of the monochromator crystal. The intensi-

ty scattered by the sample only, expressed in arbitrary units, is given

by the following formula:

)"1(1ïs(20) (P(20J.Asc(2O))" - AS(2O).IC(20)) ,(4.1.2)

where A (2e).and.A (2ej are. the correction: f actors for radiation absorb-

ed in the sample + cell-windows i and scattered in. the sample and for ra-

diation absorbed in the sample only, respectively:
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As(2ø) = exp(-wsts/cosø)

(4.1.3)

(4.1.4)

The quantities t ts and are the thicknesses and linear absorption

coefficients, respectively.

The product p_t_; and p_t can be readily obtained from experiments
by measuring the intensity of the central beam before and after intro-
ducing the cell-windows and the liquid sample:.in the cell, respectively.
One has to reduce the voltage of the generator to. such.ä low .value, that
the -j- wavelength is not excited, because any absorber;"which'• is! intro-
duced for attenuating the central beam, leads to preferential hardening

7a
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of the radiation and consequently to an incorrect determination of the

linear absorption coefficient.

IV.l.C. The baaia formula for evaluating the strueture fautor from ex-

perimental data.

, In this section we will give a general outline of the procedures

to determine the structure factor from the experimental x-ray data as

given by;«[. (2.3.5) or (2.4.22) for a pure liquid metal and a binary

alloy, respectively. For that purpose the measured intensity has to be

reduced to an intensity per atom; this intensity is expressed in the

same units as the atomic scattering factor f(q).

This normalization procedure will be explained in more detail in

section IV. 1.D and yields a normalization factor ß;

l£Ot(q) = ß.Is(q) , (4.1.5)

where q = 4nsin9/X.

Any^-dependence of ß, due to the geometrical configuration of the

experiment, proves to be negligible.

In our experimental arrangement the intensity I * ( q ) contains the

intensity due to elastic scattering
el

I„f (q), which is the quantity we
* * " " ' _inel

are interested in, the intensity due to inelastic scattering I~ (q)

and the intensity due to multiple scattering
Therefore

(q)

(see fig.

- I>) (4.1.6)

The inelastic and multiple scattering terpjs must be eliminated and this
is accomplished by calculating

The structure factor SÇq) of tjie liqi|i

S(q)

according to eq. (2.3.5) and eq.
one-component and two-component syssel

^ ä|jtirppriate approximation.
is tjien given by:

(4.1.7)

f
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Fig. 4 .1 . The vænous acmpéibutions to the. total scat-
tered intensity obtained from our normalized-x-ray
transmission data at T = 100 "°C'for asodium-caesium
allay containing 50.71 at% sodium. Notice the small
change in the zero-level of the vertical axis.

ing factors and the Compton scattering factors are taken from the l i t -
erature (see sections IV.liE arid IV.l.F, respectively).

I V . I . D . The n o r m a l i z a t i o n - p r o c e d u r e . : . . .._..--.

A few normalization procédures are .summarized by Wagner [a]. We
have used the radial distribution function method as developed by Fd-
rukawa [4]. • - - - • .. _ • • - . . • . - . - '

We s tar t from the Ashcroft-Langreth definition of the total inter-
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ference function in terms of the partia^ radial distribution functions
which is given by

2 2 fj
S(q) - 1 • -E - E c.c. l

: ; ; ; :

f.(q) ,
? -..- P 0 . ƒ

V
- 1)e dr.

Inking use of the Warren-Krutter-Morningstar approximation [s] in which

£-(q) f-(q)/< f2(q) > is assumed to be independent of q, we can calcu-

late the Fourier transform of S(q) - 1:

i q . r v

ƒ (S(q) - 1)e dq
2 2 f.(q)' f "(q)'

p0 . (g..(r) - 1),
- J

: -:>•.- •---•-.•• -r ( 4 . 1 . 9 )

The normalization procedure makes use of the fact that the partial ra-

dial distribution function gji(r) is 0 when r goes to 0:

L (4.1.10)ƒ (S(q) - 1)q2 dq = -2,r2 p.;.
0 < f*(q) > '

We can find the normalization constant ß by substituting the total in-

terference function (eq. (4.1.7)) into eq. (4.1.10):

lf(q))/<
B

< f (q) >

(4.1.11)

The upper limit of integration can be replaced by the value q m a x

being determined by the condition that, with sufficient accuracy,

j 2
S(q) = 1 for q > = < f2(q) > for q >

IV. I.E. X-ray scattering factors.

The electrons which are responsible for the scattering of x-rays

are distributed throughout the volume of an atom. Evidently, the scat-

tered waves originating from,different positions yiithin the atom have not

exactly the same phase. Consequently, interference occurs and the scat-

tered amplitude depends on the'scattering angle. This is expressed in the
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q-dependence of the atomic scattering factors f(q), a quantity which
is defined as the ratio of the amplitude scattered by anVátom to that
scattered by a single electron. For zero-angle scattering.tiie^sçatter-
ing amplitude is proportional to the total number of'electrons Z in
the atom, and f (0) is'chosen to be equal to Z. For q > 0, f (q) decrea-
ses rapidly as a function of q. .-••.,• .'.--" --: : '.-'-•'

The mathematical relation between the atomic scattering factor.

f(q) and the electron distribution in the atom is:

fí!2-
'3-4

«I

13

ffc

fo(q) dr (4.1.12)

I

The quantity 4ur p(r)dr expresses the probability of finding an elec-
tron between r and r + dr from-the center of the spherical atom. We
have adopted scattering factors calculated by Doyle and Turner [ô] based
on relativistic Hartree-Fock atomic wave; functions. They are .listed in
table I.

The atomic scattering factor is in general not much dependent on
the wavelength used, but.it .shows-sharp fluctuations Iforjyavelengths in
the vicinity of one of the absorption edges of the atoms. This phenom-
enon is called anomalous dispersion. The atomic scattering factors were
calculated unider the assumption that the x-ray photon energy "is- large
compared to the binding energy of the electrons, that is",, the electrons
are considered as free -electrons. When'tíie wavelength of 'the-x-rays
approaches an absorption edge óf the atom, the.scattering^ãmpíitude
shows a sharp change. To account for this effect one has 'to introduce
a complex scattering factor:

£(q) (4.1.13)

where Af' and Af' are the real and imagiharj' dispersion corrections.
For Na, K and Cs these corrections are expected to be independent of
the scattering angle (see also i[7])^Cromer and Liberman [s] present
a relativistic calculation, óf anomalous scattering factors; for x-rays
of different wavelehgths. We have used their results which are listed

r v
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Table I . The values of the scattering factors as cal-
culated by Doyle and Tumep [e] given as a function
o f s = s i n Q / \ . - . ' ; . •-: >• •'••'••'. .'. '.._ -'--,-

s

0.00

0.05
0.10

0.15
0.20 :-
0.25
0.30
0.35

0.40
0.45
0.50
0.60

0.70

0.80
0.90
1.00
1.20
1.40
1760

"•-" . M a :; ̂ >

11.000 '

10.658

9.760 f

9.027
8.335
7.618

6.881

6.156
5.471
4.848
4.293
3.398

2.754
2.305

1.997

1.784
1.524
1.367
1.247

K

19.000

18.204

16.733

15.243
13.728

12.268

10.977

9.908
9.061
8.403
7.889
7.125
6.523

5.961

5.406

4.859
3.855
3.045

T.450

Cs

55.000:
: 53.527

50.603

47.291
43.888

40.713

37.904
35.440

33.241
31.236

29.382

26.072
23.303

21.072
19.310

17.900

15.676
13.759

Ï1.956

t
f 3

•w

1
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in Table II.

Table II. The anomalous scattering factors as calculat-
ed by Cramer and Lïbérman [8] for the Mok^aoelength.

Greenfield et al. [9] pointed out that the scattering factors measured
until now are in good agreeihent with the calculated ones. They also de-
monstrated that the difference between, the scattering-factors for a
free atom and an atom in a liquid metal is always small (much less than

As the core electrons of Na, K and Cs atoms are tightly bound,
thermal effects on f ̂q) are negligible.

IV.l.F. Compton scattering factors. ;

In many cases, the Compton scattering [10] constitutes a large
fraction of the total measured intensity. Ah accurate correction is
required if one wants to obtain reliable values of the coherent scat-"
tering. The wavelength of the incoherently scattered'-radiation is larger
than that of the incident radiation by an amount AX given by

X' - X = JjL . (1 - COS20) (4.1.14)

where h is Planck's constant, m is the mass of the electron, c is the
velocity of light and 20 is the scattering angle.

The shift in wavelength can be considered ás the result of a col-

i

Ï
Sä

'I
i
Ï

I
I

', y.í
) We can imagine that their arguments do not apply to lithium, which is

one of the interesting materials for further investigations.
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lision of an x-ray photon with a loosely bound electron. The electron

recoils slightly and absorbs a small amount of thé energy of the x-ray

quantum, which thereafter continues itsii*ay as â; photon of slightly

larger, wavelength. ;

The best procedure to correct for itoeÇomptoh scattering is to
calculate it rather than to eliminate it experimentally. The theoreti-
cal values have been computed by Cromer and Mann [ii]ifram numerical
SCF Hartreé-Fock functions ;'f The most accurate Í formula for the incohe-
rent scattering by a collection of free atoms is that given, already
in 1929, by Waller and Hartree [12]: J

if161^) = z - z Ï (4.1.15)

where f.- = < i | exp(iq.r) I j > and | i > and | j > are one-electron

wavefunctions. The results for Na, K and Cs are given in table III.

These tabulated incoherent scattering factors do not include the
Breit-Dirac recoil factor. These tabulated data must; be multiplied by
the factor R =• (X'/A) when counters land sealers: are used as detectors

'É
'?á

'À

••s

-'J
't-

According to Greenfield et al. [9] agreement within a few percent

exists between the experimentally determined data, as far as known, and

the calculated values for the incoherent scattering.

The intensity due to inelastic scattering, however, is attenuated

by a different absorption factor (see Hajdu and Palinkas [15]), because

the wavelength of the Compton radiation changes under scattering which

gives a slightly different linear absorption coefficient after scatter-

ing. If the linear absorption coefficient is written as

u(X) = vs + Au(X) , (4.1.16)

where v$ is the linear absorption coefficient at the wavelength of the
incident radiation, one can calculate the absorption factor for the in-
tensity due to inelastic scattering to be:
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Table III . Incoherent soattering factors as caloulated
by Cramer and Mann [ll] as a /fcHctiow <?ƒ a = i /

s ;

0.00

0.005

0.01
0.05
0.10

0.15

0.20
0.30

0.40
0.50
0.60

0.70
0.80

0.90
1.00
1.50

.*' -,.' Na - -'- • •"

0.000

0.009

0.036i
0.674

1.503 ;
2.160
2.891

4.431

5.804
6.903
7.724

8.313
8.729
9.028

9.252
9.939

K

-••: 0.000

0.016

0.062
1.105

2.500
3.905

5.301 ,

7.652
9.405

10.650

11.568
12.329

13.014
13.645

14.220
16.212

Cs

: o.ooo
i 0.027

0.105

1.793:

4.320
;7.023;
9.615

14.217

- 17.753

20.612
23.228

25.691
27.981

30.064

31.914
38.232

r ;'
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"Pi'-.
^c exp(-(uctc + psts)/cos0) . (1 - exp(-Au . ts/cose))/A».

:.: . 7 . .. . ... : -;•__-;-•; ... (4.1.17}

Evaluating the correction for the inelastically scattered radiation we
first multiply the intensity of the Compton radiation by the factor

t
ë
j
3|

S2g . (1 -- . ts/cose)) (4.1.18)

and next we apply the absorption correction as given in eq. (4.1.3). So
we are left with the calculation of Aji(x). ."''."

Using Victoreen's formula (given in the Int. 'Jabl. for x-ray Cryst.
[7]) we can write the wavelength dependence of the linear absorption
coefficient as '.-

i

= p . (3CX2 - 4DX3) (4.1.19)
i

where p is the density of the absorber and C and D are functions of the

atomic number.

For small changes in X we have:

Au-|H.-. AX"' .

Substituting AX = — . (1 - cos2e) in eq. (4.1.20) we %Tite
mc

Au = p . jj£ . 2sin2e . (3CX2 - 4DX3)

(4.1.20)

(4.1.21)

C and D are constant for a given element and wavelength and are given
in table IV for those elements, which are of interest for this inves-
tigation

Table IV. The constants C and D used in Viatoveen's
formula for the respective elements and MpK radia-
tion. a

|

I
1
i

í
I 1 -

Na
K

Cs

C

8.67
47.4

139

D

• 0.330
5.59

33.6 .
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For an alloy Ay i s given by:

fin = c-|fiui + (4.1.22)

where c „ ŷ  and ̂ yVj are the concentration and the change in linear

absorption coefficient for atoms of kind 1 and kind 2, respectively.

IV.l.G. Multiple scattering of x-ray8, -_ ... ; , •-.-... ;

- The, mathematical description of the process of^multiple scatte- ;,•

ring in a rèalJphysicàl; system is .extfemeiy,complicated. For this rea-

son, actual calc^ations;OTe T e s t r ^

of an amorphous material. The.procedure for the calculations is given

-: by Malet et-àl> [ie] .We .restrict ourselves tòrqubting- the nein re-

sults obtained by these authors. For details, .ihèirëader is_referred

to the original paper. Figure 4.1 gives :the geometry o£ a beam scatter-

ed twice by the sample in the transmission geometry used byjus.'

Starting with an intensity I Q monochromatized by a crystal monò-

chromator the intensity due to single dif fraction by the sample is

calculated to be:

1(1) = C . a
1 + cos2ø_ I ços 20

cos2em
cose

exp(-ud/cose) .

(4.1.23)

where a = e /m c is the scattering cross section of an electron

C = a constant for a particular geometry of the goniometer

n = number of scattering elements per volume unit

1(20) = < f2(2e) > S(2ø)

with S(2e) being the structure factor of the liquid.

The intensity due to double scattering can be given in the used trans-

mission geometry by the relation:

, , f=ir *=
1(2) =C.2a^.n£. ƒ ƒ

/c
ƒ

=rM 1
ƒ M A,drdJl P2K20,) 1(20»)

(4.1.24)

ll
•f=r|
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when

when

> 0

< 0

P- = polarization factor for radiation scattered by a monochroinator
crystal over an angle 20 and scattered twice in the sample over
201 and 20,, respectively. ;

A7 = absorption factor for radiation travelling the traject NOiĈ T̂
' (see figure 4.2). . .. ' \ ; ^ ; :\ .

Jf

v.,
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i
.

t
a/~r'2

h

Fig. 4.2. The geometri-
cal path of an x-ray
scattered once or ixn.ce
in the sample material
in an xrray transmission
experiment. -

I u i
In order to correct the intensity due to multiple scattering in the

correct way for polarization, absorption and path length of the ra-

diation within the sample, we first-multiply-:I(2) by: ;. ~

1 1 + I cos20
m

1 +" I cos20„ cos 2ø
. exp(pd/cosø)

" • ' - • , " • • , ' • • . . C 4 . 1 . 2 5 )

and subsequently we apply the respective corrections as given,in eq.
(4.1.2). The double scattering , which has to be subtracted
from the normalized, corrected, total measured intensity (see eq.
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• ü fe

(4.1.7)), can be computed with the following integral equation;

*a <2o) = ~7u2d(1 cos2

F(P2) 1(26,) I(202) cos* d* d«f , (4,1.26)

'pHIs--

I-

where 20.,, 2ø2, F(A2), F(P2), P 2 and A2 are given by rather complicat-

ed expressions involving geometrical factors and the absorption coef-

ficient. The expressions are given in the work by Malet et al. [17];

To obtain the intensity due to multiple scattering one assumes-
that the ratio between the (n + 1 ) order scattering and the n or-
der scattering is of the same order as the ratio between the'second ~"~
and the first order scattering:

(20)
(4.1.27)

TrasThen I (q) can be found by summing a geometrical s e r i e s :

d - -

(4.1.28)

As the structure factor in 1(20,) and I(2o2) is, in fact, unknown,
Ia (20) has to be found by an iteration procedure starting with a
structure factor which is taken 1 at all scattering angles.
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JV.2. 4naZy8-£e of the neutron diffraction measurements.

TV.2.A. íhtrõduõtiõh. ., . _ = - -

In the same way as tiie x-ray data, the neutron dif fraction data

require numerous experimental corrections before.ah accurate struc-

ture factor can be determined. In this case, the-experimental, results

have to.be corrected, f or. absorption, incoherent scattering, inelastic

scattering and multiple scattering; also a different;nòfmaiization

procedure: is needed. In the following sections the various con actions

are discussed in more detail. •

IV.2.B. The corrections for background radiation and absorption.

? To start with, the total scattered intensity must be corrected
for background radiation. The background scattering originates from
cell scattering and f rom spurious fast neutrons. The contribution
from the fast neutrons:is measured with the 2.5 x 2.5 cm, opening
covered by cadmium plates. With the absorption corrections applied
we come to the following formula: , .

m

it-;

(Ics(20) -As(20)(Ic(20) -Is(26)

where Ics, I ™
1 " and Ic, I™

1- are the total intensity and the fast

neutron intensity scattered by sample + cell and cell only, respective-

ly.

Asc(2ø) and As(2ø) are the correction factors for neutrons absorbed

in the sample + cell-windows and scattered in the sample and for the

neutrons absorbed in the sample only, respectively:
t ' ' ~~':~- "•

(4.2.2)Asc(20)

and Ag(2ø) = exp(-rs/cosø).

In the present case T aT,s • *s
cross section of the sample, tg is the thickness of the sample and

ps where

(4.2.3)

is the total
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p is the number of atoms per volume unit of the sample. tc

is defined analogously for the windows.

For an alloy the total cross section is given by

•:.""'"•.." °T,s = C1 "VBT,1.* C2' °T,2 ' T ,;

where c-_ is the atomic fraction of atoms of kind i,

and = C Tcoh,1 + + a.abs,1

.(4.2.4)

(4.2.5)

The coherent and incoherent cross sections are defined in chapter II

and will be given in a following section. The cross sections used for

"true absorption" are listed in table V for sodium and caesium.

Table V. The absorption arose sections for Ila and
Cs at the wavelengths used' . . _.--.;_.• •;.--.

The cross section a is usually (also in table V) expressed in barns,

with 1 bam equal to 10 cm-.

IV.2.C. The basic formula for evaluating the structure factor from

experimental data.

The structure factor, of a liquid sample can be calculated from

the^neutron experiments byi the ^following; procedure.;The 'corrected,

scattered intensity is multiplied by a normalization factor B:

;,;
•Si

• - ' .

i

•jl

•i

1

1
i
I

• IsCq) (4.2.6)

tot,For a particular Na-Cs alloy the various contributions to I, (q) are

shown in fig. 4.3. Next, the intensities due to incoherent, inelastic
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Fig. 4.3. Thé various contributions to the total
scattered intensity obtained from our normalized
•neutron transmission data at T = 100 PC for a so-
dium-caesium alloy containing SO.75 at% sodium.
The'neutron"wavelength Used, in this experiment is
2.58 A.

t i

and multiple scattering must be subtracted from this total scattered
intensity, which gives for S(q):

• <P(q)> inc) -S(q) = &I8(q) - % inc f ^ ^

(4.2.7)
vihich is a consequence of expression (2.5.27). Ail the correction fac-
tors can be'calculated.

the inelastic scattering arises from collision processes in which
energy is transferred from the neutron to'a nucleus or vice versa.
These processes can be described in terms of the dynamic, structure,
factor S(q,ti>) (see e.g. Marshall and Lovesey [25]).";The inelastic
scattering is of ten referred to as Placzek correction and is given by:
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<PCq)>coh= (Cr°coh,r P1 í q ) + c2-acoh,2-P2tcl))/(crtJcoh,1 + c2-°coh,23

C4.2.8) .

. • (4.2.9)

"inc *" eq" (4.2.7) are the averaged coherent and incoherent°coh
cross section, respectively:

cTacoh,1 + c2-°coh,2

- C1'ain C2'ai

(4.2.10)

(4.2.11)oinc,~ uruinc,1 T.>7"inc,Z

The functions P,(q) and P,(q). are.discussed below in section IV.2.F.

'Â
f

M
•"I
^

IV.2.:D. The normalization procedure. -" • ,' .

The neutron experiments are carried put for two different neutron
wavelengths, X = 1:36 A for higher q-vaiues and X = 2.58 A f or the low-
er range of/q-values. For this reason, the normalization "procedure in-
cludes matching of the two kinds of'.experiments. First, the normaliza-
tion constant 8 is determined from the experiments at X = 1.36 A. From
the expression (4.2.7) for the neatron interference function one finds

"coh, + ^ W W <P(q)>inc)

"min
(4.2.12)

where is the minimum value of q beyond which the structure factor
is essentially constant (or 3!!~(q) JsTëquat/to a I}./4Tr), and cT^ is"
the maximum q-yalue covered by the experimental data.

With Ulis normalization factor the neutron interference function
is defined for the small-wavelength neutron experiment. The normaliza-
tion factor for the long-wavelength neutron experiment cari.be calculat-
ed by comparing the two measurements in Jthe region of overlap, because
they must coincide to give the-same neutron interference function."

i
i
I
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I
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IV. S.E. The coherent and incoherent ovoss section. - ; —-

.The particular values of c„. for sodium and caesium are taken -.
from a neutron cross section table [17]. The incoherent cross sections
are determined by experiment.

; The structure factors for Na 'and Cs are known accurately from our
x-ray experiments. These structure factors can also be measured in
neutron scattering experiments. The neutron interference function is
compared with the x-ray interference function with the incoherent cross
section as an adaptable parameter. From these measurements we obtain a
ratio between the incoherent cross section and the coherent cross sec-
tion. The values of these ratios are also listed in table VI.

Table VI. The incoherent cross section obtained from
the experimentally determined ratios ̂ ina/^aoh /or Na

and Cs,'respectively. The cólwms 2 and S give acoh
and o-inc from [li]. . __

Na

Cs

°coh

1.

3.

[17]

55

8

ainc /ocoh

1.20

0.025

°inc

1.85

0.095

^inc

1

3

[17]

.85

.2

•s

•4
%

I
1

%

The experimentally obtained incoherent cross section for Na is in
agreement with the value given by the neutron cross section table,
whereas the one for caesium is quite different. In our analysis, we
have used the v^lue following from our own^experiment. ^ 1 ,

In figure•4.4. the cross' sections :for.coherent and, incoherent

scattering as a function..of concentration for the Na-Cs system are

depicted. For an alloy these cross sections^ are defined in eq. (4.2.10)

and (4.2.11). The total scattering cross section defined by

coh inc (4.2.13)

is also added to figure 4.4 and is found to be only weakly dependent

on concentration in comparison with separate contributions from the

"é

M
1

i --'
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coherent and. incoherent _cross. sections.

: The total cross section o_ (absorption + scattering), which ap-

pears in the absorption correction^factors, is distinctly concentra-

tion dependent (see figure 4.5) and is quite different for the two

wavelengths used. ,

4.0 F

Fig. 4.4. The concentra-
tion dependence of the
coherent, incoherent and
scattering cross sections
of the sodium-caesium al-
loys system. The cross
sections are expressed in

- barns/atom^' ~ ~ :'" ~~

Fig. 4.5. The concentra-
tion dependence of the
total cross section of
the sodium-caesium alloys
system at thetuo neutron
wavelengths used.

Í
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IV.2.F. The Placzek correction or inelastic scattering.

Many authors have given attention to the calculation of the con-
tribution from inelastic scattering. A^few of them are.Placzek [is],
Powles [l9t2q],Rahman et al. [21,22], Ãscarelli and Gagliotti [23]
and Yarnell ef-al. [24]. The method of Yarnell et al. differs from
those of the other authors in that the energy dependence of the ef-

i!
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ficiency- (E(k)) of-the-radiation detector ~is introduced more explicit-

ly. Their result can be adapted most easily to our work. We;have taken

into account the Placzek corrections for coherent scattering as well

as for incoherent scattering. " • ;-"..•.. -_,"

The experimental counting rates of the coherent and the incohe-

rent scattering by a liquid are proportional to differential cross

sections which are related to the dynamic structure factors by the

e q u a t i o n s : -..---'. • " , • • - = • . - . . ' • .-'-...- '-.-•-.•

(4.2.14)

ainc _ ainc

a ?r
finx , k , (4.2.15)

with the scattering angle 20 constant (as is used in the experiment);

tiiü^ is the incident neutron energy E Q and k. = 2ir/X. S(q,u) is the

dynamic structure factor and Sgeittai111) is the "self í part of Sfqäü')

(pertaining to the time correlation of one and the same particle; see

Marshall and Lovesey [25] and Hansen and McDonald, page 217 [28]). In

the analysis of Yarnell et al. [24] the S(q,(u) and S ,£(q,u) as well

as k/kß and E (k) are expanded as functions of u and they take into ac-

count the first few moments of S(q,u)) and S ^(q,^, which involve

recoil effects to second order. The expression used for the correction

of the inelastic scattering can be written as (eq. (AÍ4) in the paper

by Yarnell et al.):

m
i

(4.2.16)

where m is the mass of the neutron and N^ is the mass of atom i. The

constants C 1 and C^ are related to the energy dependence of the detec-

tor. For the kind of detector used:

= 1 - exp(-A-£l (4.2.17)
fo.f
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Ki-
where A is a constant typical for the detector- employed, and

(4.2.18)

C3 (!k0 ' (Ut, >?t*(P ÍkO

The experimental differential cross sections for the coherent and in-

coherent scattering including effects of recoil are given by the fol-

lowing expressions:

coh F.S(q)

(4.2.20)

and

(4.2.21)

This effect of inelastic scattering is less important for caesium than

it is for sodium because of its small atomic mass. In table VII the

used constants EQ, A, C1 and C^ are given.

•3
I
I
•I

- i

Table VII. The values of the eonsttmts Eg, A, C%
and C3 needed to evaluate the inelastic scatter-
ing.

IV.Z.G. Multiple scattering of neutrons.

For calculating the multiple scattering of thermal neutrons, the

formulation of Vineyard [26] (see also Cocking and Heard [27]} has
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been evaluated for a plane sample geometry in the approximation of an
Isotropie cross section. Following thenoüitiõn ox Vineyard's paper,
we define P_(r,s)dn as the number of neutrons per volumerunit at r j
which have already been^scattered n times. (ri = 0,1,2,3;;....) and
which are now moving within a solid angle di! in the direction of the
unit vector ?. a_ is the cross section per atom for coherent + inco- '
herent scattering and a™ is the total interaction cross section per
atom (absorption + scattering). The scattering of the thermal neu-
trons in the liquid sample is given by a set of transport equations:

s.VPn(r,s) +>T.Pn(?,s) (4.2.22)

si

i

-lit

UiM'

);;••;.>;•

whers s and s' are unit vectors in the direction as given in figure

4.6. Ih~eq. (4.2.22) we have introduced o(s',s) as:

inel,
(as(s',s) = n

x(s',s) + I (s',s)
o a SL

acoh.s(I',I) + 'inc

(4.2.23)

(4.2.24)

A formal set of solutions of equation (4.2.22) may be shown to be

ï
Ja

I
•aj

1

•a

- :M
••JÊÊÏ-'

Pn(r,s) = p 0 ƒ dQ'^^'.s) ƒ dç exp(-aT.ç) P ^ ^ f - ç.s.s') (4.2.25)

for n = 1,2,3,.

where L is the distance from point f to the surface of the sample in
the direction -s.

Supposing the sample to be a plane slab of infinite lateral ex-
tent and thickness d, Vineyard finds f or a 0-2e transmission geometry
that the equations for P^d.e) and P2(d,e) (i.e. lie number of neu-
trons at the bottom of the slab which are scattered once and twice, res-
pectively) can be written as:

1
Ia
i
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Fig. 4.6. The geometrical -path' of a neutron saattered
once or tiúioe in the sample material in a neutron
transmission experiment.

• FÍSÕ • exp(~t/cosø) (4.2.26)

P2(d,0)

where

16ir a-"
exp(-T/cosø) . Jda'a (s",s)ã (so,s')f(e');

(4.2.27)

' ) = l s e c e ' l ? . [expCt. |sec6' I
(secø-sece') u

and e' is explained in figure 4.6.

Tsecø'

(secQ-seco')

(4.2.28)

J1(2ø) and J2(20) are obtained from P..(d,o) 'and P2(d,0), respec-
tively, by

(4.2.29)
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S^^itT/V^í^^v^

ü. '

and we can substitute in this equation that O = öQ in our geometry and

that v = VQ because we consider elastic scattering only. If we assume

that the angle-dependent cross sections are functions of the scatter-

ing angle only, we obtain the relations

1
COS0

exp(-t/cosø)

J2(2O) =
16n •-T ' coiø '

expC-r/cose)

(4.2.30)

'f(e1) ,

--:.--' - V ' " :-:_'-.-_," •-:-•'".-. '"-:>. "'•'-V •-;,-,' - - • ( 4 . 2 . 3 1 )

where the angles 2a-j and 2<*2 are defined in the same way as 2G^ arid
2ø2 in the case of x-rays (see fig. 4.6). i

Applying now the isotropic approximation, the intensities of'the

single and double scattered neutrons become:

J2(2ø)

.1,(20)

16ir2

4Í • .õf • cåe ' exp(-x/cosø)

1
" COSØ

. exp(-T/cosØ) . fan' f(0') .

(4.2.32)

(4.2^33)

if

3f

i

• 1
-si

f

ÏÏI
1

When os(2ap |o^ is a^ or c^) is taken isotropic, we have to evaluate
the integral Jdø'sinøf (01). According to Cocking and Heard [27]
f(ø')sinø' proves to be strongly peaked about 0' = 90°. This provides
a further justification of choosing a (2a.) isotropic. We want to re-
mark here, that' for x-rays the situation is different. In that case
the value_pf J2{2e) depends on all 0' because of the fact that_
<f (2ai)>.5(20-) is decreasing with the angle 2ø' and f(ø')sinø' is
increasing with 2ø' (0 < 2ø' < 180°).

In order to correct in the right way for absorption and path
length of the radiation within the sample we first multiply Jo (20) by

COSØ . exp(t/cos0) (4.2.34)

1

1
ill

i
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and then we can apply the corrections for the total scattered intensi-

ty, as given in eq. (4.2.1).

The intensity due to double scattering which has to be subtracted

in eq. (4.2.7) can be calculated with the following equation:

16ir
(4.2.35)

It is very difficult to calculate the third and subsequent orders of

multiple scattering exactly. Assuming that the. radiation scattered

twice dominates the intensity due to multiple scattering and that the

component scattered twice.is isotròpicaííy distributed} one can imag-

ine that I, &0(26) i s approximately constant and indepen-a v—•" *a
-dentof h for n = 2,3,4, .....The constant ratio is taken to be

^1 ^ ( 2 0 )
(4.2.36)

where a /4TT.

If Î 2-* (20)/ (1^(20) is small (at least <. 20t') the multiple scat-

tering can be given approximately by the relation:

JSJ.

I

I
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CHAPTER V

THEORIES OF LIQUID STRUCTURE

V.l. Introduction. '-.-'•'• -'- - -.--.•; _• ".. ,, •• .•_..-.-'

In chapter II we have provided the mathematical framework for the

description of the structure of a liquid metal or alloy in real space

and of the diffraction pattern associated with it. The actual struc-

ture of the liquid, at given temperature and pressure, is largely de-

termined by the forces acting between the particles. In a metal, the

ions have taken over the role of the particles whereas the mobile con-

duction electrons are mainly responsible for the interionic forces.

In this chapter we will deal with the problem of calculating (in
terms of a radial distribution function or a structure factor) the
structure of a liquid, when the pair potential is given. The exact so-
lution of this problem still offers a major challenge to the theory
of statistical mechanics. As long as such a solution has not been ob-
tained, methods of computer simulation are generally believed to
yield the best'approximation, but, as we will see later (chapter VI)
the application of these methods is bound to practical limitations.

Besides, several approximate theories ior relating the pair po-
tential and the structure have been developed. We will discuss a few
of them, the ones most often encountered in the literature. They carry
the names Born-Green (E.G.), Hyper-Netted Chain: (H.N.C.), Percus-
Yevick (P.Y.) and Mean Spherical Approximation (M.S.A.). Even these
approximate theories are~ often of considerable complexity. The approx-
inations .can be obtained in various.ways: by neglecting sets of clus-
ters in a cluster, expansion, by. generalizing asymptotic behaviour .
(r -* «0 to the whole range of r-values' or by:;an harmonic analysis.
Sometimes the justification of an approximation, can even be given ,
from more than one point of view. Still it remains extrénielydiffi-

'rf'i

i

I
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cult to assess the validity of any one of these approximations or to

establish the superiority of one approximation over the other.

A detailed discussion of: these theories is considered to be en-

tirely beyond the-scope of this thesis i The reader is referred to a

number of excellent textbooks and review papers dealing with this sub-

ject (March [l], March and Tosilfc]? Hansen and McDonald [a];- Rowlin-

son [4] and Barker and Henderson [s]). We will give;only an extremely

superficial review stating the approximations ás they are and indicat-

ing some of their mutual relationships. ,. .• : . . ,

1

ö

7.2. The relation between the mean forae and the atimatwe of a liquid.

:'". One of the assumptions underlying most of the theory of liquid

structure is that the potential energy can be written as a supèrposi-

tioh of pairwise, spherically symmetrie, terms. . ̂," \ , \

A central role in the theory is played by the three-atom distri-

bution function p ̂ (r^r 2,r 3). By definition?
(3) (?1 ,r2,r3)dr1dr2d?3

is the probability that atoms are present in each of the volume ele-

ments d?j about r;. We recall that the one-atom (singlet) distribu-
fit - - -" •

tion function p*- J is the number density pQ., The two-atom (pair) dis-

tribution function p '•'••' is a function only of | r 1 - ? 2 | and it ;.de-

fines the radial distribution function g(r) = p l ^(r)/pQ
2. The radial

distribution function can also be expressed in the Boltzmann form:

g(r) = e
-W(r)/kBT

(S.2.1)

where W(r) plays the role of a potential of mean force. It is often

convenient to use correlations instead of distribution functions. In

contrast to distribution f unctions .„correlation functions -become zero

when the volume elements are far apart!, The pair correlation function

h(r) is obtained from the radial distribution'function g(r)'by

h(r) = g(r) - (5.2-. 2)

I
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In the literature two other functions are often introduced: the Mayer
function f(r) and the function y(r). They are defined by the following
formulae:

(5.2.3)

(5.2.4)

f(r) = exp(-Kr)/kBT) - 1

y(r) = exp(*(r)/kBT).g(r)

where $(r) is the pair potential originating from the pair force be-
tween two atoms.

It was first proposed by Ornstein and Zernike [6] to divide the

correlation function h(r), which gives the total correlation between

two atoms at a mutual distance r, into two parts, a direct correlation

function c(r) and an indirect part:

h(r) = c(r) + p0 . ƒ c(r, r') h(r') dr'
V

(5.2.5)

Eq. (5.2.5) is called the Ornstein-Zernike relation. It constitutes

the definition of c(r). For isotropic liquids it can be written as:

h(r) = c(r) + p0 ƒ c( | r - r' | ) h(r') dr' . (5.2.6)
u V

We now proceed with the derivation of an exact relation between g(r),

p *• -* and the force, using the assumption that only pairwisë potentials

<t>( [ r^ - r. | ) contribute. The total mean force (equal to minus the

gradient of the potential of mean force W( | f-| - ?2 | )) acting on

atom 1 can be split up in a part due to the pair force between atoms

1 and 2 and a part due to the remaining atoms. The probability of find-

ing an atom 3 in dr, about ?,, when dr\ and

already occupied, is

about r.. and r, are

(3) , r3)
dr, (5.2.7)

Consequently, we may write for the total mean force
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-*,.-([Ví2i)--V(M2i)-íV™-*,.P 0 -gClr1-r2|)

Using eq. (5.2.1) and introducing ^ r3) by

1> ?2, ? 3 ) = P 0
3 . g ( 3 )(? r

we find the exact equation

(5.2.8)

(5.2.9)

-kBT v1 ui íd^-f^) + P0 /

(5.2.10)

This equation, called "the force equation", is a starting point for

calculations of the liquid structure. The problem is now essentially

reduced to constructing suitable approximations for g . Then eq.

(5.2.10) enables us to calculate g(r) from a given pair potential <fi(r).

V.3. Born^Green (B.G.) theory.

In the B.G. theory the function g^ ' is related to the pair dis-

tribution function g(r). A useful approach is the so-called superposi-

tion approximation proposed by Kirkwood [7]. In this approximation, it

is assumed that g*- ' can be written as a product of pair terms:

g{5\ry r2, ?3) = g( I ?! - ?2| ) . g( I f, - ?3 I ) . g( I ?3 - ?2 I ) .

(5.3.1)

(The term superposition obviously applies to the quantities W( |r- - r. ] )

in eq. (5.2.1), not to the g( | ?i - f̂  | )).

In the following we adopt the notation r and r' for r, - Xj and

r2 - r^, respectively.

Substituting eq. (5.3.1) in eq. (5.2.10), the following equation

84



can be obtained:

-kBT g(r) = P 0 ƒ -r'I) • g(r') v1 í.(|r-r'|)dr'

(S.3.2)

It can be shown (see e.g. March and Tosi, pag. 12 [2]) that in eq.

(5.3.2) g(r') can be replaced by g(r') - 1, without altering signifi-

cantly the result of the integral. This substitution is convenient,

because, as we have seen, the total correlation function, h(r') =

g(r') - 1, tends to zero for large r'. With this substitution, Rush-

brooke [a] has shown that integration of eq. (5.3.2) yields:

-kRT to g(r) = <Kr) - kRT pn ƒ E( | r - f' | ) h(r') dr' , (5.3.3)

where

E(s) = TTV • ƒ g(t)
KB s

dt (5.3.4)

Eq. (5.3.3) is the B.G. equation, which gives an explicit integral

equation connecting the structure, in terms of g(r), and the pair po-

tential $ (r).

A property of E(s) is its asymptotic approach to -ij>(s)/kgT for

large s, because lim g(t) = 1.
t-w>

V.4. Pereus-Yevick (P.Ï.) theory.

The P.Y. approximation can be justified in several ways. It boils

down to the assumption that the direct correlation function c(r) can

be approximated by

c(r) = (1 - exp(ß4>(r))) g(r) (5.4.1)

for all densities, whereas it is exactly true only at low densities.

For a shorter notation we have sometimes introduced e as 1/kRT. Eq.

(5.4.1) can be justified by expanding c(r) in powers of the density

and by noticing that at low densities the higher order terms are small

(see Barker and Henderson, page 624 [5]).
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By combining eq. (5.4.1) with the Ornstein-Zernike relation (eq.

(5.2.Ò)), one obtains a nonlinear integral equation involving only

4>(r) and g(r):

exp(ß*(r)).g(r) p0 ƒ
V

(1-exp(ß<K|r-r'

(5.4.2)

This relation is called the P.Y. integral equation. From eq. (5.4.1)

we can directly derive an explicit relation which expresses <t>(r) in

terms of g(r) and c(r) in the P.Y. approximation:

= kBT(m(g(r) - c(r)) - «i g(r)) (5.4.3)

In their original paper, Percus and Yevick [9] derived eq. (5.4.2) from

an analysis in terms of collective coordinates.

V.S. Hypemetted Chain (H.N.C.) theory.

From the density expansion mentioned above an alternative rela-

tion can be found (see Barker and Henderson, page 635 [5]):

c(r) to + g(r) - 1 - Jin g(r) (5.5.1)

It is strictly valid only in lowest order in the density. In the H.N.C.

approximation eq. (5.5.1) is assumed to be valid also at higher densi-

ties. Substituting eq. (5.5.1) in the Ornstein-Zernike relation gives

a nonlinear equation:

g(r) ƒ
V

r'|) + g(|r-r'|)-1-*n g(|r-r'|)dr'

(S.S.2)

This relation is called the H.N.C. equation. We notice that E(r) (as

defined in eq. (5.3.4)) and c(r) (in either of the approximations

(5.4.1) and (5.5.1)) have similar asymptotic behaviour. Both functions

approach -6$(r) for large r. So we see that the H.N.C. equation can be

obtained from eq. (5.3.3) by replacing E(r) by c(r) for all r and not

only for r •* °°. Such a procedure seems to lead to a less accurate

theory, although the possibility exists that the errors from the as-
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sumption of replacing E(r) by c(r) for all r counteract those from the

superposition assumption as used in the B.G. theory. There seem to

exist indications that this partial cancelling occurs indeed, (see

March and Tosi, p. 20 [2]). In a following chapter eq. (5.5.1) will

be used to calculate ^(r) from measured structure factors.

V.6. The mean spherical approximation (M.S.A.).

We have seen that for large r the direct correlation function

c(r) has the following asymptotic form:

c(r) = -*(r)/kBT . (5.6.1)

One may suggest to use this relation not only for large r, but for all

r in the region beyond the core. This approximation is called the mean

spherical approximation and has been applied in the literature almost

exclusively, until now, to potentials with a hard sphere core of dia-

meter d.

When describing the liquid by hard sphere cores, the structure of

the liquid can be derived in the M.S.A. by the two following equations:

h(r) = -1 for r < d (5.6.2)

(5.6.3)

which must be supplemented by the Ornstein-Zernike relation

and c(r) = -4>(r)/kßT for r > d

h(r) = c(r) + ƒ c( | r - r' |) h(r') dr'
V

The importance of the M.S.A. lies in its mathematical simplicity which

enables us to calculate the structure factor analytically for a number

of model pair potentials.

V.7. Computer simulation techniques.

The advantage of computer experiments above the available theories

is that they provide essentially exact, quasi-experimental data on the

basis of well-defined models. More particularly, calculations are not

restricted to the use of analytically simple model pair potentials;
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physically more realistic potentials may be introduced. If the inter-

particle potential is known, a number of quantities can be obtained

with an uncertainty of less than a few percent. The pair distribution

function, albeit within a limited r-range, is one of them. The behav-

iour of the system can be simulated in two ways: by the Monte Carlo

method (which is restricted to static properties) or by Molecular Dy-

namics .

V.7.A. The Monte Carlo (M.C.) method.

The M.C. method is a random sampling technique from which equili-

brium properties are evaluated as averages over a set of atomic config-

urations, which are generated by the computer. In an M.C. calculation

the system represents a fluid of N particles confined to a cubic box

with edges of length L at fixed volume V = L and temperature T. Perio-

dic boundary conditions are imposed by surrounding the central box on

all sides by periodically repeating replicas. So, interactions between

the atoms are not confined to the central box and it is even possible

for atoms to leave and to enter the central box.

Now, the configurations, over which the averages are taken, are ge-

nerated by random displacements of the atoms in the system. Each atomic

configuration is accepted or rejected according to a criterion which

ensures that the configuration occurs with a probability proportional

to the Boltzmann factor exp(-ßit>N(j)), where *M(J) denotes the total

potential energy for that given configuration j. An equilibrium prop-

erty < x > is then calculated as the canonical ensemble average over

a whole set of configurations

(5.7.1)

V.7.B. The Molecular Dynamics (M.D.) method.

In the M.D. method, the Newtonian equations of motion are solved

numerically for a system containing N interacting atoms. Macroscopi-
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cally, the system considered in an M.D. calculation is identical to

the system described in the section on M.C. calculations. To begin

with, the atoms in the system are placed at initial positions r^(t).

Each atom starts moving under the influence of the force exerted by

all the other atoms in the system. By solving the Newtonian equations

of motion for each atom, the positions and velocities of the atoms

at subsequent time intervals are then computed.

The used algorithm can be described as follows. Let the position

of atom i at time t be r^(t). Its position at t + At and t - At can be

found from a Taylor expansion of r^t) about t:

r".(t±At) = r,(t)±át .??(
X X X

. ïf(t) ±
X

o((At)4)

(5.7.2)

By adding the two expansions we find that r^(t + At) can be given by

(when neglecting higher order terms):

2 ï*(r^t + At) = 2ri(t) - r^t - At) + (At)
2 ï*(t) (5.7.3)

For r.(t) we can write

ri(tJ" H líi
where

(5.7.4)

* i j ^ = "Vi •iiW • (5.7.5)

fji(t) is the force exerted by atom j on atom i at time t, which can

be calculated from the known pair potential *.. = $( | rj. - r. | )•

By subtracting the two expansions we find that vi(t)(= r^(t)) can be

calculated from

TSÍ • A t ) * ?i
(5.7.6)

where terms of order (At) are neglected.

A static equilibrium property < x > is now evaluated by means of
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a time average:

< X > = M

M
(5.7.7)

Of course, the averaging procedure is started at a time the system is

certainly in thermodynamic equilibrium. To achieve this, the proper-

ties of the system are observed during a large number of steps preced-

ing i = 1. M is chosen large enough to allow reliable determinations

of the required averages.

With the M.D. method also time-dependent phenomena may be studied,

since a dynamical sequence of states of the system is generated. This

is a great advantage of the M.D. method over the M.C. method.

The property which we are mainly concerned with in this thesis,

is the radial distribution function and it can be generated by both

computer methods. However, as mentioned in the introduction of this

section, the radial distribution function computed by these computer

techniques is confined to an r-range up to r = R , where R = j is the

'cut-off distance". This cut-off distance is generally too small for

g(r) to have reached its asymptotic value 1. The long-range oscilla-

tions in g(r) are of particular importance for the determination of

the small-q range of the structure factor, which is related to g(r)

by eq. (2.3.27). So there is a need for extending g(r) beyond R . In

the literature one finds several schemes to solve this extrapolation

problem. We only indicate here two of them.

a) The tail part of the calculated g(r] is fitted to a suitable asym-

ptotic form of g(r) given by an analytic expression. The form of

this analytical continuation is usually based on no more than a

reasonable guess.

b) The approximate expressions for c(r) in the various theories of liq-

uid structure are used in the range of r > R . The theory which is

found to yield excellent results is the mean spherical approximation

(see Verlet [io]). The direct correlation function c(r) in this ap-

proximation is represented by
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c(r)

and it is used for r > Rc> So, we are left with the problem to de-

termine g(r) from the Ornstein-Zernike relation knowing g(r) for

r < R and c(r) for r > Rc. This is not an easy mathematical task.

/.8. Hard-sphere solution of the Pevous-Yevick equation.

The approximate theories mentioned in the sections V.3, V.4 and

V.S lead each to an integral equation relating the structure factor

(or the radial distribution function) to the pair potential. The Per-

cus-Yevick theory takes a special position in that, for hard-sphere

potentials, the integral equation can be solved exactly and yields a

closed-form expression for S(q). (Indeed, such a solution exists also

for the M.S.A., but it is considered to be less accurate). For the

P.Y. equation this result was obtained independently by Wertheim [ll]

and Thiele [12]. The hard-sphere solution of the P.Y. equation (H.S.P.Y.)

was introduced by Ashcroft and Lekner [13] into the theory of liquid

metals and since has played an important role in cases where more accu-

rate structure factors were not available. Indeed, Greenfield et al.

[14], carried out an extensive comparison between the H.S.P.Y. struc-

ture factors and experimental results for Na and K and showed that,

by suitable choice of adjustable parameters, a semi-quantitative agree-

ment could be obtained.

Lebowitz [15] further extended the range of applications of the

P.Y. approximation by deriving expressions for the three partial struc-

ture factors for a liquid binary mixture of hard spheres. As these

partial structure factors are much more difficult Co obtain experimen-

tally than the structure factor for a pure liquid, this result is of

large interest to the study of liquid alloys. This was first realized

by Ashcroft and Langreth [l6a].

The H.S.P.Y. structure factor has been improved upon by the appli-

cation of perturbation methods. Weeks, Chandler and Anderson [17] in-

troduced a correction for the difference in steepness between the pair

91



potential of the real metal and that of the hard sphere potential. A

second theory was developed by Verlet and Weis [is], and takes care

of some inadequacies in the hard-sphere radial distribution function

and structure factor of a simple liquid. These two corrections on the

hard-sphere model are included in the Verlet-Weis structure factor,

which will be calculated later for the pure liquid metals. Furthermore,

a correction to the small q-part of the hard-sphere partial structure

factors due to the long range part of the potential is given (see sec-

tion V.8.F).

V.8.A. Hard-sphere solution of the Perous-Yevick equation (H.S.P.Ï.)

for pure liquids.

Ashcroft and Lekner [13] were the first to recognize the impor-

tance of the H.S.P.Y. approximation for the theory of liquid metals.

Indeed, the actual interionic potentials in a metal are typically lonrç

range (this follows, e.g. from the analysis of phonon spectra) and in

that respect deviate essentially from a hard-sphere model. Moreover,

the infinite discontinuity at the interparticle distance gives rise to

a corresponding singularity in the pair distribution function g(r).

Since the structure factor S(q) is related to g(r) by Fourier transfor-

mation this will lead to spurious oscillations in S(q) at high q. This

was pointed out for Na and K by Greenfield et al. [14].

The hard-sphere solution obtained by Wertheim and Thiele contains

two parameters: the hard-sphere diameter d and the packing fraction n,

which may be related by

1 J3
po

(5.8.1)

where p„ is the number density of ions in the liquid metal. The expres-

sion for S(q) is obtained as follows. The direct correlation function

c(r) is found to be:

c(r) = -a - for r < d (5.8.2)
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with a = (1 + 2n)2/(1 - n) 4

6 = -6n(1 + in)/(1 - n)"

« = inO + 2n)
2/(1 - n) 4

and c(r) = 0 for r >_ d

(5.8.3)

(5.8.4)

(5.8.5)

(5.8.6)

From here it is possible to obtain the hard-sphere structure factor

using the Ornsje^n-Zernike relation. Multiplying this relation on both

sides with e"1^"1" and integrating with respect to r over all space,

one finds

h(q) = c(q) + p0 c(q) h(q) , (5.8.7)

where h(q) and c(qj are the Fourier transforms of h(r) and c(r). Notic-

ing that

S(q) = 1 + p0 h(q) (5.8.8)

we get for S(q):

1
- P

0

(5.8.9)

The Fourier transformation of the direct correlation function can be

performed analytically and this gives for S(q):

•[S(q) = 1 + 6 6 { (1 + 2n)
2 q3d3(sin qd - qd cos qd)

- u) q d

- 6n(1 + in)2 q2d2(2qd sin qd - (q2d2 - 2)cos qd - 2)

2ti)2((4q3d3 - 24qd)sin qd - (q4d4 - 12q2d2 + 24)cos qd + 24)

(5.8.10)

In this expression there is no temperature dependence except for the

small variation of PQ with T. In general, H.S.P.Y. is not very suitable

-1
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to calculate temperature-dependent properties of liquid metals. This

is the reason why, in a following chapter, the H.S.P.Y. structure fac-

tor will be compared with the experimental structure factor at only

one temperature. In order to apply the H.S.P.Y. to a particular liquid,

appropriate values of n and d are required. In case relation (5.8.1)

holds, we can confine ourselves to determining one of these parameters.

For n, we can proceed along the following way. As we have seen, the

zero-wavevector limit of the structure factor is related to the par-

ticle number fluctuations and, consequently, to the compressibility.

The appropriate fhermodynamic expression reads

S(0) =
U B T

- n ) (5.8.11)

where xT is the isothermal compressibility. The last equality of eq.

(5.8.11) follows from (5.8.10).

If the structure factor is known from experiment, alternative meth-

ods for determining n may be applied. Then, n may be adjusted to fit

the experimental and theoretical (hard-sphere) values of S(q) at the

position of the first peak. This procedure has been applied, first for

comparing the experimental and H.S.P.Y. structure factors, secondly to

obtain suitable values of n and d for substitution in the formulae per-

taining to binary alloys. Ignoring eq. (5.8.1) and adjusting n and d

separately slightly improves the agreement between theory and experi-

ment, but it remains impossible to obtain satisfactory agreement for

low as well as high values of q (see Greenfield et al. [l4j).

V.S.B. H.S.P.Y. for binary liquids.

The applicability of the P.Y. approximation can be extended to

binary systems. The hard-sphere solutions for the three correlation func-

tions are given by Lebowitz [is]. Defining g..(r) to be the radial

distribution function for a binary mixture, the P.Y. equation may be

written (cf. eq. (5.4.1))

= (1 - exp(B*i;j(r))) 8 i j (r) (5.8.12)
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where c.. (r) are the direct correlt Lion functions and (j>. - (r) are the

pair potentials.

First we introduce the following definitions;

* The hard-sphere ratio a = dj/c^, where component 2 of the mixture

possesses the larger hard-sphere diameter d2.

* The concentration x of spheres of type 2: x = ^/(N^ + N 2) =

p2/(p-| + P2) = P2/P0' w n e r e Pi is t n e number density.

* The total packing fraction n for the mixture: n = n-. + n->, where

1 3 it1
ni = 6 * pi ^'

gives

(1 - x)a
n, = —^ r

1 x + (1 - x)a

(5.8.13)

and
x + (1 - x)a

3
(5.8.14)

The variables a, x and n completely specify the hard-sphere system.

The solution of eq. (5.8.12), given by Lebowitz, for the special case

of hard-sphere interactions between the components of a binary mixture

are:

„3
c n ( r ) = -a} - B,r - ôr"

c22(r) = -a2 - B2r

C12(r) = -a,

r < d

r < dn

r < l(d, - d.)

where R = r - j

-a} - (BR2 + 46XP3 + SR4)/r

and \ =

(5.8.15)

(5.8.16)

< r < l(c

(5.8.17)

The coefficients a^, B-, B and 6 are expressions of considerable

length in terms of n, a and x and are given in the appendix of the pa-

per by Ashcroft and Langreth [l6a,i6b].

The partial structure factors S^•(q) defined as (see eq. (2.4.3)):
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, , -iq.fÜ -ít. ) i i
= N"ä NT* < I E e lv J" > - Nj N?

J y ia
> - Nj N? fi* „ (5.8.18)

can be expressed in the Fourier transforms c— (q) of the direct corre-

lation functions c-(r):

S1l(q)=(1-p2c22(q))/DCq);S22(q)=(1-p1c11(q))/D(q);S12(q)=p{p|c12(q)/D(q)J

(5.8.19)

where D(q) = (1-p1c11 (q)) (1-P2c22(q))-p.|p2c12(q).

These relations are known as the Pearson-Rushbrooke relations [is].
They form the counterpart of eq. (5.8.9) for binary alloys.

Finally one has to evaluate the c - (q) which are again

expressions of considerable length in terms of n, a and x. Once more,

the reader is referred to the papers by Ashcroft and Langreth [l6a,l6b^.

V.8.C. Weeks, Chandler and Andersen (W.C.A.) model.

Weeks et al. [li] studied the role of the repulsive forces in de-
termining the static structure factor of simple liquids. The importance
of these forces in determining the structure and thermodynamics of simple
liquids was put forward earlier by, e.g. Verlet [lo] and Barker and Hen-
derson [20,21]. For this purpose, Weeks et al. separated the pair poten-
tial into a part containing the strong repulsive force (mainly consis-
ting of the Born repulsion) and a part containing the remainder of the
pair potential. One may proceed and argue, that more particularly the
part of the pair potential between the first zero and the minimum of
this potential is important. Indeed, due to their direct interaction two
nearest neighbours want to be separated by a distance r ^ correspond-
ing to the minimum in the pair potential, whereas in reality the near-
est neighbour distance is found to be smaller than r . , because all
the other ions try to push the neighbours closer together.

W.C.A. are dealing with a Lennard-Jones fluid which has a much
steeper repulsive potential than the ions in a liquid metal. But their
statement that, at intermediate and larger wave vectors, the quantita-
tive behaviour of S(q) is dominated by the repulsive forces, whereas
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the attractive forces are primarily manifested in the small wave num-

ber portion of the structure factor, is true also for liquid metals.

With W.C.A., we separate our pair potential into two parts

with

and

fo(r) =

) + f(r)

- *(rmin)

0

f(r) = *(rmin)

r

r

r

r

rmin

— rmin

< r •

— rmin

(5.8.

(5.8.

(5.8.

20)

21)

22)

This division of the pair potential (>(r) is shown in fig. 5.1. We call

ifijj(r) the reference system pair potential and f(r) the perturbation po-

tential; if (r) proves to be important for thermodynamic calculations but

not for the calculation of the intermediate and larger wave-vector part

of the structure factor. So, for these wavevectors, the structure fac-

tor S(q) of the liquid metal is approximated by S,,(q) calculated for

the reference system.

To calculate SQ(q) the radial distribution function of the refer-

ence system (gQ(r)) is written as (cf. eq. (5.2.4)):

go(r) = yo(r) (5.8.23)

Since the pair potential of the reference liquid is strongly repulsive,

we replace Yø(r) by a similar function corresponding to a hard-sphere

system of diameter d, yj(r). For this yj(r) we use the analytic solu-

tion of the Percus-Yevick approximation given by (cf. eq. (5.4.1)):

yd(r) = gd(r) - cd(r) (5.8.24)

where gj(r) and c,(r) are the radial distribution function and the di-

rect correlation function, respectively, for a hard-sphere system. With

this replac.ement, eq. (5.8.23) becomes

go(r) = yd(r) . expf-tyM/kgT) . (5.8.25)

The structure factor of the reference system is then given by
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Kig. 5.1. Separation of the pair potential 4>(r) into
a part containing the strong repulsive forces, <fg(r),
and a part containing mainly the attractive forces,
Kr).
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S0(q) = Sd(q) + P 0 ƒ yd(r)

(5.8.26)

where íd(r) denotes a hard core potential of diameter d. To obtain d

we assume that for long-wavelength disturbances the response of the

reference system is equal to the response of the hard sphere system:

(5.8.27)

or

S0(0) = Sd(0)

|yd(r) [exp(-fo(r)/kBT)-exp(-Td(r)/kBT)]d?=O . (5.8.2S)

Eq. (5,8.28) provides a temperature and density dependent criterion

for determining d. The packing fraction n is obtained, not by eq.

(5.8.1), but by adjustment to give the correct S(0) value (of the real

system) or the correct fit at the top of the first peak.

Two approximations are involved in this theory. The first approxi-

mation is the use of the Percus-Yevick equation for the hard sphere

distribution function. The second approximation consists in approxima-

ting, for larger values of q, the structure factor of the real system

by the structure factor of the reference system. But Weeks et al. [17]

showed that together these approximations work very well for a dense

Lennard-Jones fluid. We will see in chapter VI, that for actual liquid

metals, the W.C.A. approximation is more puzzling.

V.8.D. Verlet-Weis model.

Verlet and Weis [is] examined the theory of liquids as developed

by IV.C.A. in more detail. As a result, they improved upon the solution

of the hard-sphere model in the Percus-Yevick approximation by intro-

ducing an empirical parameter n and a short range correction term

6g1(r). This allowed them to fit this solution to the radial distri-

bution function, g (r), obtained by computer simulation for a hard-

sphere system. This procedure was suggested by the following observa-

tions. The computer experiments show that the H.S.P.Y- gd(r) and Sj(q)

suffer from a few defects:

ï '
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1) gj(r) is too small near the core,

2) the main peak of S^q) is too high and

3) gj(r) oscillates out of phase.

Verlet and Weis showed that the last two defects can be corrected for

by approximating, for r > d:

g c « = gd (r) , (5.8.29)

where d is given by

d 3 j3 ,
w _ d_ _ 6

and n is obtained from the empirical formula:

^ = n - _^ r,
2 . (5.8.31)

To correct g<j(r) near the core, a short range term Sg^r) is added:

gc(r) = gd (r) + 6gl(r) for r > d , (5.8.32)

where ig,(r) = f • e . cos(v(r - d)) . (5.8.33)

A is determined such that gc(r) gives the correct value at the core

(5.8.30)

a == gcW) - g, (d) . (5.8.34)

Carnahan and Starling [22] suggest the following empirical relation

for gc(d):

gc(d) =
C d - n)

3 (5.8.35)

Since d/d is nearly equal to 1 we can expand g, about d. After some

algebra one obtains (neglecting small terms):
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(1 - 0.7117 n,,- 0.114 nj)/(1 - (5.8.36)

To obtain the parameter y a Fourier transformation of the total corre-

lation function is made:

6h2(q) (5.8.37)

where,

M < 0 = ƒ (gc(r) - D e "drc v c (5.8.38)

(q) = ƒ (gd Cr) - 1) e " d ?
i V dw

(5.8.39)

= ƒ 6gi(r) e dr and (5.8.40)

ôh2(q) = - ~ . ƒ gd (r) sin qr . r dr (5.8.41)

and can be obtained after substitution of eq. (5.8.33)

into eq. (5.8.40) and by equating gj (r) to the H.S.P.Y. solution. The

results are extensive expressions in terms of A,u, q,d and r^, dw, q,d

for ih^q) and äh2(q), respectively.

To determine p we assume that the analytic solution of the P.Y.

equation fits the real hard-sphere struct1 re factor (as obtained fron

computer experiments) well for small q:

61^(0) + 6h2(0) = 0 . (5.8.42)

Then the following equation for u is found:

(5.8.43)

where a, ß and S are given by eq. (5.8.3), (5.8.4) and (5.8.5), res-

pectively, with n replaced by n .
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For q > 0 the term Sh^q) + <5h2(q) is still quite small, and gives

rise to correspondingly small changes in the structure factor. Combin-

ing the Verlet-Weis procedure with the W.C.A. approximation, we arrive

at the following expression for the structure factor:

S(q)=1+po(hd (q)+6h1 äh2(q)+/yd(r)|exp(-fo(r)/kBT)-exp(-«fd(r)/kBT)ji

(5.8.44)

The diameter d is determined as in the W.C.A. model.

-lq.r

V.8.F. A correction to the hard-sphere partial structure factors for
weakly interacting binary systems.

The hard-sphere solution of the Percus-Yevick equation for a bi-
nary system as discussed in section V.8.B proves to give reasonable
results for values of q close to the first peak. Because of the neglect
of the long range interaction between the atoms in the liquid, the
hard-sphere model fails to describe appropriately the long-wavelength
limit of the partial structure factors. A number of authors [23,24,25,
26,27] suggest to use a weak long range potential 4>-!̂ (r) as a pertur-
bation on the hard sphere system:

* i j W = * i ^ r í + *r( r) • (5.8.45)

Prom eq. (5.8.12) we find for the direct correlation function c--(r)
for larger r:

c r(r) = -•i.(r)/kBT . (5.8.46)

By substitution of eq. (5.8.45) into eq. (5.8.46), the long range as
well as the short range effects of the potential on the direct corre-
lation function are incorporated:

ci-(r) = c^?(r) - 4>fT(r)/kBT . (5.8.47)

To avoid spurious oscillations inc-• (q) the perturbation potential is

taken to be continuous and following Bhatia [26] we choose:
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•ij« = (5.8.48)

r > d i j

f T

where d- • is the value of r at which $..(r) has a minimum. After

Fourier transformation of o . (r), the partial structure factors are

obtained by means of the Pearson-Rushbrooke relations (see eq. (5.8.19)).

V.9. Partial structure factors in aonfovmal solutions.

A model for binary systems which is not specifically based on

hard spheres is the conformai solution theory. This theory is intro-

duced by Longuet-Higgins [28] and is a statistical approach to calcu-

late the thermodynamic properties of liquid multi-component systems.

Parrinello et al. [29] employed this model to derive the partial struc-

ture factors S--(q) of a binary liquid. Earlier, Bhatia et al. [3o]

had applied the same theory to certain alloys exhibiting a strong con-

centration dependence of the partial structure factors in the long-

wavelength limit q •* 0. The assumptions underlying the conformai solu-

tion model are the following.

a. It is possible to write the total interionic potential as the sum

of pair terms, as is assumed throughout this thesis.

b. The pair potentials <j>"(r) between atoms of components i, j in a

(r) of a refe-binary system can be derived from a pair potential

rence liquid by the relation

• ijM-A.. •CA-.r) (5.9.1)

It is possible to find a reference system such that A-- and X.. de-

viate only slightly from unity, which means that the mixture has

force laws which are only slightly different from those of the re-

ference liquid.

For different components in the binary liquid,

from x.. and \~~

12

can be calculated

(5.9.2)
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This la<:t assumption is essentially a property arising from the

hardness of the cores exhibited by realistic potentials. Un-Ier these

assumptions, Parrinello et al. start from the definitions of the pair

distribution functions g--(r) for a binary liquid in the grand canoni-

cal ensemble in order to derive the gjiM in terms of the *(r) and

g(r) of a reference liquid. From the pair distribution functions the

partial structure factors can be calculated.

A particular advantage of this approach is that S^(q) can be di-

rectly expressed in the i)>(r) and g(r) of the reference liquid:

. - » • - * -

Scc(q) = c(l - c) + p0 c
2(1 - c) 2 Cd12/kBT) ƒ *(r) g(r) e " dr

(5.9.3)

where c = N,/N, p0 = N/V; N is the total number of atoms in the bina-

ry liquid confined to a volume V. d., is defined by

. (5.9.4)-A
22

For an ideal solution we find

c(1 - c) for all q (5.9.5)

as j2 is zero according to eq. (5.9.4).

The partial structure factors Sj-j(q) and S..p(q) are also deter-

mined by Parrinello et al. These partial structure factors are func-

tions of g(r), <j.(r) and their derivatives with respect to r, T and p

but we doubt whether a reference liquid can be found for which g(r)

and <f>(r) are well-known in such detail.

The form of S^fq) for liquid mixtures in the conformai solution

approach is discussed by Johnson et al. [3l]. They choose reference

liquids appropriate to liquid mixtures of rare gas atoms and some liq-

uid metal alloys. In the case of liquid metal alloys, they calculate

Scc(q) from two sets of input data. The first set is derived from x-ray

experiment: g(r) and c(r) are obtained from experiment by Fourier trans-

formation and by using eq. (5.8.9). Next, <j>(r) is calculated from the
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experimental g(r) and c(r) via the Percus-Yevick equation. The second
set consists of a theoretical $(r) and a g(r) derived from <j>Cr) by com-
puter simulation. The two sets lead to rather different results for
S™,(q). Until now, however, no measurements of the q-dependence of
Spp(q) are available for liquid mixtures, which can be described by
the conformai solution model. So, no accurate comparison between this
theory and experiment is feasible at this moment.

The small-angle limit of Spp(q) can also be obtained from confor-

mai solution theory. From eq. (5.9.3) we find for q = 0 for Scc(q)

Scc(0) = c(1 - c) + p0 c
2(1 - c ) 2 . (d12/k£T) . ƒ <Kr) g(r) dr.(5.9.6)

The configurational energy E Q per particle of the reference liquid is

Eo = *(r) g(r)

With eq. (5.9.7) we can write Scc(0) as

Scc(0) = 2c(1 - c)(d12/kBT) . Eo)

(5-9-7:)

(5.9.8)

The long-wavelength limit of Scc(0), S^ÍO) and ^ ( 0 ) will be derived

in a later chapter from statistical thermodynamics. We indicate here

only the agreement (up to linear terms) of eq. (5.9.8) with the ex-

pression for SpC(0) to be obtained later:

Ç( )
- 2c(1 - c)w/kßT)

(5.9.9)

where w can be set equal to d-^Eø and is called the interchange enerpy.

The conformai solution theory for the q = 0 case has been employed

extensively for the NaK system by Bhatia et al. [3o].

To discuss the small-q expansion of the partial structure factors,
one can start with the already mentioned Pearson-Rushbrooke relations
(eq. (5.8.19)). In the reference liquid, the direct correlation func-
tion c(r) can be approximated asymptotically by

c(r) j - *(r)/kBT , (5.9.10)
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while in the binary mixture the appropriate forms are

= " Aij / kB T '

Therefore the Fourier transform c— (q) can be found to be

(5.9.11)

(5.9.12)

Substitution of eq. (5.9.12) into the Pearson-Rushbrooke relations re-
sults in three expression the low-q part of the partial structure
factors of the binary mixture in the conformai solution model.

V. 10. The S.T.L.S. theory.

Recently, Ailawadi et al. [32] applied a modified version of the
Singwi-Tosi-Land-Sjölander (S.T.L.S.) theory [33]. This theory was orig-
inally developed to calculate the density response function for an
electron gas. Ailawadi et al. modified this theory to take into account
the fact that the pair correlation function is zero for values of r
smaller than the hard-sphere diameter. This enabled them to apply the
S.T.L.S. theory to atomic liquids and the structure factor is then ob-
tained from the equation

S(q) = j-r
0

(5.10.1)

where ijj(q) is the Fourier transform of H r ) , the effective field. This
theory can be regarded as a generalization of the mean spherical approx-
imation, (see V. 6), where ij/(r) is replaced by the pair potential <f(r).
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C H A P T E R VI

X-RAY DETERMINATION OF THE STATIC STRUCTURE FACTOR OF LIQUID Na, K AND Cs

VI.1. X-ray measurements.

The experimental structure factors of Na, K and Cs have been deter-
mined with the x-ray transmission technique. The experiments on Na and K
are performed as a check of the x-ray equipment, since accurate measure-
ments of the structure factor were already performed by Greenfield, Wel-
lendorf and Wiser [l]. An x-ray measurement of the structure factor of
Rb could not be realized with our geometry. In a scattering experiment
using MoK -radiation, Rb shows a much larger scattering intensity due to
fluorescence scattering than due to elastic scattering, while in the
case of CuK -radiation the absorption by Rb is too strong for applying
the transmission technique.

The numerous corrections and the normalization procedure have been car-
ried out as described in chapter IV. The experiments have been performed
in a temperature range from the melting point up to 150 °C. Figure 6.1
shows the structure factors of Na, K and Cs, each for a few temperatures,
the lowest temperatures being close to the melting point. Foi n < 0.31 A"
the structure factors are found by extrapolation.

With rising temperature, the height of the first peak decreases
gradually, whereas its width increases correspondingly. More generally,
we see that the oscillations in S(q) become progressively more damned at
higher temperatures. This is a consequence of the blurring of the liquid
structure at higher temperatures. In figure 6.2 this effect is demonstrat-
ed more specifically for the low-q range. On the contrary, the position
of the first peak of the structure factor is independent of temperature
within the limits of accuracy.
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Fig. 6.1. The experimen-
tal structure factors of
liquid Na, K and Cs at
several temperatures in-
dicated in the figures.
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Figure 6.2. LoW-q range
of the structure factors
of liquid Na, K and Cs,
at several temperatures
indicated in the figures.
For q < 0.31 ft'1, the
measured structure fac-
tors have been obtained
by extrapolation. For
this purpose, the exper-
imental data were suita-
bly smoothed.
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VI. 2. Comparison of S(0) with isothermal compressibility data.

We have shown in chapter II that the zero-wavevector limit of the
structure factor S(0) is related to the particle number fluctuations.
According to thermodynamics these fluctuations can be expressed in the
isothermal compressibility xT' The proper relation between S(0) and xT

will be derived in chapter VIII and reads

2
S(0) = * (ANJ > = p kBT xT (6.2.1)

with p 0 the number of atoms per volume unit; kg the Boltzmann factor;
T the temperature in degrees Kelvin and \~, the isothermal compressibi-
lity.

A comparison is made between the values of S(0) as obtained by

extrapolating the smoothed experimental data to q = 0 and p„ kßT xT-

Instead of taking xT from direct measurements, which suffer from rath-

er large experimental errors, x-
data by the following relation:

where

calculated from sound velocity

(6.2.2)

(6.2.3)

Here vg is the sound velocity, p the density, V m the molar volume, C

the heat capacity, a the thermal expansion coefficient and xs the

adiabatic compressibility.

From the density measurements by the author [2,3] (see also chap-
ter XI) we know p, V and a . These data compare favourably with the
ones quoted by Pasternak [4].

Kim et al. [5] have measured the sound velocity v and they also
reported values for the heat capacity C . Table I gives a summary of
the used values.
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Table I. The data fop a„, C„, vs and p as used to aalculate Xf f
op

alkali metals Na, K anaCs at a few different temperatures.

Na

K

Cs

T(°K)

373

423

338

373

423

303

338

373

423

a (V1)*™4

2.82

2.86

2.84

2.87

2.91

3.00

3.03

3.07

3.11

Cp(cal/g°K)

0.3300

0.3243

0.1962

0.1939

0.1909

0.0644

0.0632

0.0620

0.0605

vg(on/sec)

2514

2487

1875

1856

1830

983

972

961

945

p(g/cm3)

0.9269

0.9139

0.8267

0.818S

0.8068

1.833

1.813

1.794

1.767

In table II we compare our experimental S(0) with calculated values

of pQ kgT xT, while also some values of pQ kJT xT as mentioned by Faber

[6] (obtained from other velocity of sound data) are included. The dif-

ference, in percentages of S(0), between S(0) and pQ kßT xT is also giv-

en in this table.

We find our S(0) values to be 5 to 201 higher than those calculat-

ed from the sound velocity data, but a comparison with the zero-wave-

number limits of the structure factor as mentioned by Faber [e] gives

an impression of the scatter in the sound velocity data. Sound veloci-

ties as measured by Novikov et al. [7] and Chan [s] in liquid Cs pre-

dict values of pQ kßT xT which are 4 to 5% higher than those calculat-

ed from the data given by Kim et al. [s], but we have reasons to be-

lieve that the sound velocities as measured by Kim et al. are the

most accurate ones. However, the deviations of S(0) from pQ k_T xT are

so small that the used x-ray transmission technique can not be disqua-

lified by these discrepancies. It should also be recognized that the

extrapolation of the x-ray data to q = 0 is subject to some arbitrari-
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Table II. XT' s(°) and P/̂ fiïXT for *t, K and Cs at a few temperatures.
The sixth column gives the deviation of S(0) from pnkgTxf. Additional-
ly, some values of P(jkßTxf as mentioned by Faber [6] are listed.

Na

K

Cs

T(°K)

373

423

338

373

423

303

338

373

423

2
xT(cmsec /g)

0.194

0.205

0.384

0.401

0.426

0.620

0.649

0.679

0.725

* 1010 S(0)

0.0256

0.0302

0.0241

0.0279

0.0335

0.02S6

0.0292

0.0348

0.0379

P0kBTxT

0.0242

0.0286

0.0228

0.0260

0.0309

0.0215

0.0249

0.0284

0.0339

S(0)-p0kgTxT

S(0)

(t)

5

5

5

7

8

16

15

18

11

P0kBTxT

(Faber)

0.024

0.023

0.028

ness. An error in S(0) of 5 to 101 is easily introduced.

VI.3. Comparison of S(q) with other measurements.

We will compare the structure factors of Na and K with the x-ray

diffraction measurements presented by Greenfield et al. [i] obtained

with a slightly different x-ray geometry. The structure factor of Cs

will be compared with the neutron diffraction results obtained by

Gingrich and Heaton [9].

When comparing our data with those of Greenfield et al. (G.W.W.)

for Na and K, we should be aware of the difference between the respec-

tive experimental equipments. G.W.W. worked with a symmetrically bent

monochromator crystal and detected a divergent beam, whereas we worked

with an a-symmetrically bent monochromator crystal enabling the detec-

tion of a focussed beam which results in a better resolution. Also with
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respect to the correction of the measured data, G.W.W. used a slightly

different procedure. The most important difference originates from our

including the multiple scattering correction. For the structure fac-

tor at q = 0 this term appears to give a difference of approximately

17%, m and 321, for Na, K and Cs, respectively, at their respective

melting temperatures. The influence of the multiple scattering correc-

tion for larger q-values is rather small, especially for the Cs case,

and it never exceeds 2% of the total intensity for q-values beyond the

first peak.

Nevertheless, the structure factors obtained by G.W..W. and the

ones obtained in our experiments compare favourably (see figure 6.3)

as the deviations never exceed 109o for Na and 16$ for K (see figure 6.4),

ql»V

Fig. 6.3. Comparison of our
data of S(q) (+) for Na at
100 °C and K at 65 °C with
those obtained by Greenfield
et at. [l] (A).

Fig. 6.4. The ratio of our
data of S(q) for Na at 100 °C
and K at SS °C to the data
determined by Greenfield et
at. [1].
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the largest differences occurring for q-values up to and including the
first peak in the structure factor. For sraall-q values the discrepan-
cies can be attributed to the different treatment of the multiple scat-
tering, whereas at the first peak the difference in resolution of the
two detection systems may be the main cause of the discrepancies.

G.W.W., in their figure 4, compare their structure factor for Na
at 100 °C with those obtained previously by different authors. Rather
large discrepancies exist between the various sets of data. The dis-
crepancy between our data and those of G.W.W. is much smaller. Schier-
brock et al. [ïo] and Kollmansberger et al. [li] employed an x-ray re-
flection technique to obtain the structure factor of Na at 114.3 C
and 102.1 °C, respectively. In both geometries the monochromator crys-
tal is placed in the reflected beam. Both authors obtain somewhat lar-
ger values for the structure factor for q < 1.0 A , but it must be ack-
nowledged that the G.W.W. structure factor for Na is obtained experimen-
tally and theoretically (as far as the corrections are concerned) more
carefully.

In figure 6.5 the sta-
tic structure factor of
liquid Cs at 30 °C is com-
pared with the neutron
diffraction results of
Gingrich and Heaton [9].
A remarkable phase shift
between the two results is
observed. Also, the norma-
lization procedure used by
Gingrich and Heaton is not
entirely correct. The
graphs representing the
neutron diffraction results
obtained by Oehme and
Richter [12] are unsuitable
for quantitative comparison,

Fig. 6.5. The present x-ray diffrac-
tion results ( ) compared with the
neutron diffraction data by Gingrich
and Heaton (1961) (+++) for liquid
Ca at 30 °C.
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As far as we know, our determination of the static structure factor
of liquid Cs is the first experiment of this kind performed by means
of x-ray diffraction.

Figure 6.6. demonstrates
the result of an attempt to
let the structure factors
for Na, K and Cs coincide as
precisely as possible by
scaling the q-values. Evi-
dently, this attempt is rath-
er successful even for the
low-q values. All data in
figure 6.6 pertain to the
melting points. Like Waseda
and Suzuki [13] in their dis-
cussion of the published
data available at that mo -
ment, of the structure fac-
tor for alkali metals, we find
a constant ratio between ^
(the position of the second
maximum) and q1 (the position

Fig. 6.6. The structure factor
S(q) of Na, K and Ce .juat above
their melting •pointe after scal-
ing the q-values. The scale of
the abscissa correapo.tdi- to Cs.

of the main peak) for Na, K and Cs. This ratio is equal to 1.83 within
a O.SI.

Additionally, the temperature dependence of the height of the
first peak is shown in figures 6.7 and 6.8. For figure 6.7 we have nor-
malized the height S(q.|) of the first peak to that (S^fq^) observed
close to the melting point T of the liquid metal and we have plotted
the ratio S(q1)/S

mp(q1) as a function of the reduced temperature T / T .
We obtained a single curve through the data points of liquid Na, K and
Cs. The curve is reasonably well represented by a straight line. Wagner
[14] observed the same behaviour for Sn, Ga, Zn and Cd, although the
common versus T/T curve shared by these elements is

different from the one found for the alkali metals. An alternative way
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1.0

Fig. 6.7. Ratio of the height
S(qj) of the first peak at
different temperatures to
that observed close to the
melting point as a function
of the reduced temperature
T/Tffjp. The data are represen-
ted by 0 for liquid Na3 o for
liquid K and A for liquid Cs.

Fig. 6.8. The height S(qj)
of the first peak plotted
as a function of (T-T^)/
(T-Tfrp). The data are repre-
sented by 0 for liquid lia, o
for liquid K and A for liquid
Cs.

to display the temperature dependence of S(q.|) is given in figure 6.8.

Now SCq^ is plotted as a function of (T-T )/(Tb -T ), where T. is

the temperature of the boiling point of the liquid metal. Also here,

we notice that straight lines can be drawn through the data points,

which once more illustrates the existence of a common temperature coef-

ficient for the height of the first peak for the three liquid alkali

metals.

VI.4. The radial distribution function and the direct correlation func-

tion.

Starting from the experimental structure factor, the radial dis-

tribution function g(r) and the direct correlation function c(r) can be

calculated. The radial distribution function is obtained by Fourier

transforming S(q)-1 according to eq. (2.3.27):
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g(r) = 1 + —j ƒ (S(q) - 1) q sin qr dq
O

(6.4.1)

The errors which may arise in calculating g(r) from the measured S(q)

are fully discussed by Paalman and Pings [is] and by Wagner [i6].

From eq. (5.8.9) we find after Fourier transformation the following

result for c(r):

c(r) q sin qr dq (6.4.2)

figure 6.9 shows the results for g(r) for Na, K and Cs, respectively.

The deviations from zero at small r as well as the irregularity at

the right hand side slope of the first peak result from the truncation,

at a large value of q, of the experimental structure factors.

From g(r) the number of nearest neighbours (coordination number)

can be calculated by computing the integral

N = 4np0 I
2 r 2 g(r) dr

r1

(6.4.3)

where r, is the point of intersection with the abscissa found by ex-

trapolating the slope of the left hand side of the first peak. T^ is

chosen in two ways. First, we have extrapolated the slope of the right

hand side of the first peak down to the abscissa (giving N. for the

integral). Secondly, we take ^ at the first minimum in g(r) after the

main peak (giving N ß for the integral). The respective numbers N^, N ß

obtained in this way from our experiments are

Na

K

Cs

NA

10.5

10. b

10.2

NB

13.8

13.4

13.2

The error in N, and N R can be estimated to be ±0.5 and originates from

the experimental error in g(r) and the error introduced by the extrapo-
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Fig. 6.9. The radial distribution functions of liquid
Na, K and Cs, at several temperatures indiaated in the
figures.

120



lation. We see that the average of N. and N» is approximately 12, the
number of nearest neighbours in the f .cc. closed packed structure
(which is not the common crystal structure of the alkali's: they are
usually b.c.c). Within the limits of the error, the coordination num-
bers for Na, K and Cs are equal. This could have been surmized from
figure 6.8. Indeed provided S1(q) is found from S2(q) by scaling from
q-values and, additionally, the following equation holds:

q- (position of the main peak in S-j (q))

^2 (position of the main peak in S2Iqj J

V2 1/3

V (6.4.4)

it is easily demonstrated, that N1 = ̂ . Here 1 and 2 indicate two
different pure liquid metals and V^ and V2 their respective molar
volumes. The following values are deduced from the density measure-
ments by Huijben et al. [2,3 and chapter XI of this thesis] and from
figure 6.11.

V
"O.

JÍÍLV
1.443 1.430 1.239 1.240 1.164 1.153

We notice that eq. (6.4.4) is obeyed within 14. So, the coordination
numbers for the alkali metals Na, K and Cs must be equal within a few
percent.

The coordination number for Na can be compared with the ones cal-
culated by Schierbrock et al. flo] and a good agreement exists between
our value and the values quoted in their paper.

The results of the calculation of the direct correlation function
c(r) from the experimental S(q) data are shown in figure. 6.10. One
has to notice the change of scale introduced when c(r) passes zero.

In chapter V the H.S.P.Y. solution of c(r) is given by eq. (5.8.2).
In figure 6.11 an illustration is given of the comparison of c(r) ob-
tained from experimental data and c(r) given in the H.S.P.Y. approxima-
tion. The data are taken for Cs at 100 °C and the theoretical curve is
obtained for n = 0.416 and d = 4.763 X (see section VI.7). The hard-
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Fig. 6.10. The direct corre-
lation functions of liquid
Na, K and Cs3 at several
temperatures indicated in the
figures. The change of scale
when a(r) passes zero is in-
dicated in the figures.
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Fig. 6.11. Our data of
a (r) f ) for Cs at
100 °C compared with
c(r) obtained from the
B.S.P.Y. approximation
( ; for n = ft.416
and d = 4. 763

sphere theoretical curve is very sensitive to changes in n: e.g. for

n = 0.43, c(r = 0) = -32.8. In the H.S.P.Y. approximation we notice

that increasing temperature corresponds to decreasing n and, in turn,

to increasing c(r = 0) (i.e. decreasing | c(r = 0) | ) , which is in

agreement with the experimentally obtained limits of c(r) for r = 0.

VI.S. The determination of $(r) in some approximations.

The pair potential can be obtained from the experimental data in

the following models:

1) M.S.A.-model <|>(r) = -kßT c(r) (6.5.1)

2) B.G.-model *(r) = kßT { P(j } E(|r-r' |) (g(r')-1)dr'-m g(r)} (6.5.2)

where E(t) = ̂  ƒ dr g(r) ̂  <(.(r) (6.5.3)

3) P.Y.-model cfr) = kßT ui (1 - |fe|) (6.5.4)

4) H.N.C.-model *(r) = kRT (g(r) - c(r) - 1 - in g(r)) (6.5.S)

In the M.S.A. model the form of the pair potential is proportional to

-c(r) (figure 6.10, no separate figures for the M.S.A. potential are

added).
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The computation of the pair potential in the B.G. theory is

very complicated because one has to calculate a twofold integral and

because in eq. (6.5.3) d<Kr)/dr and not ij>(r) is required. An itera-

tive calculation of if(r) in the B.G. theory is carried out by Aila-

wadi et al. \li] and by Howells and Enderby [is] for Na and K starting

from the experimental structure factor data given by Greenfield et al.

[l]. Using a different calculation technique Ailawadi et al. find,

unlike Howells and Enderby, a not strongly temperature dependent pair

potential, which still has nodes at higher temperatures. Also Waseda

et al. [l9,20] used the B.G. method, applying it to the neutron dif-

fraction data of Gingrich and Heaton [9] for liquid alkali metals. At

the first glance, the Waseda et al. results look most beautiful of

all and, moreover, are almost independent of temperature, but they

are still in contradiction with those obtained by Howells and Enderby

and Ailawadi et al. Because of these conflicting reports, numerical

investigations of the B.G. equation have been carried out by Kumara-

vadivel et al. [21]. They could not find a unique solution using the

procedures of Waseda et al. The method of calculation used by Howells

and Enderby yields unique solutions, but these solutions are strongly

temperature dependent. Kumaravadivel et al. conclude that the tempera-

ture independent pair potentials for liquid metals which have been

obtained by Waseda et al. from the B.G. equation are not reliable. As

far as the results of Ailawadi et al. are concerned, Kumaravadivel et

al. state that they use a wrong starting-point in the iteration pro-

cedure. Furthermore, the analysis of Kumaravadivel et al. supports the

conclusion of Howells and Enderby that the B.G. method is not suitable

for liquid metals as the resulting pair potentials have unacceptable

temperature variation.

The pair potentials calculated from the P.Y. and H.N.C. approxi-

mations are shown in figure 6.12. For Cs at 30 °C we have not included

the P.Y. pair potential for 6.0 A < r < 7.0 A, because, in that region

(near the minimum of the potential), the argument of the logarithmic

function at the right hand side of eq. (6.5.4) approaches zero and

even becomes negative. The same difficulty was encountered by Breui]
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and Tourand [22] for the P.Y. pair potential of liquid copper. A side

effect of this mathematical inconsistency is that the P.Y. pair poten-

tial is strongly temperature dependent. The H.N.C. pair potential on

the contrary is not temperature dependent within the experimental error

and the depth of the pair potential is nearly equal for all of the in-

vestigated liquid alkali metals. So, we can conclude, with Howells and

Enderby [l8j, that the H.N.C. approximation is to be preferred for cal-

culations of the pair potentials of liquid metals.

The pair potential in the H.N.C. approximation for Cs at 100 °C is

compared in figure 6.13 with a pair potential derived from Heine-Abaren-

kov-Shaw type [30] electron-ion model potential where the hard core of

the ions is described by a Born-Mayer repulsion term. (This is the same

model potential as is used in the Molecular Dynamics calculations by

Lee et al. [23]; see also section VI.8). Apart from the difference in

the depths of the two potentials, the H.N.C. pair potential is shifted

over approximately 0.2 A towards

larger r-values with respect to

the theoretical potential.

Fig. 6.13. The pair potential
obtained from over x-ray diffrac-
tion results for Cs at 100 °C in
the H.N.C. ( ) approximation
compared with a pair potential
derived from a combination of a
Heine-Abarerikov type and Shaw
type model potential ( ).

VI.6, The electrical resistivity.

With the help of Ziman's

diffraction model (see chapter

II) the electrical resistivity

p and its temperature depen-

dence can be calculated. These

calculations were carried out

by T. Lee along the same lines
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as those by Hallers et al. [24]. They have used a mixture of Heine-

Abarenkov and Shaw model potentials. These potentials are used to cal-

culate the form factors. Three corrections were taken into account: a

core shift was introduced and the influence of effective mass correc-

tions and many electron effects were considered. In accordance with the

previous calculations by Hallers et al., Lee chose both the Toigo-

Woodruff and the Vashishta-Singwi screening approximation. The diffe-

rence between the resistivity results obtained for these two approxi-

mations never exceeds 21. The calculated resistivities and their tem-

perature derivatives are listed in table III together with the experi-

mental results. Taking the form factors and their corrections for grant-

ed, it is interesting to investigate the influence of the multiple

scattering correction (the most important correction to the low-q part

of the structure factor) on the final resistivity results. If we denote

by S(q) the structure factor including the multiple scattering correc-

tion, and by ?>(q) the structure factor ignoring the multiple scattering

correction, we may define the following quantities:

' S ( 0 )

lo]

and

<5p

Ap

- P(S(q))

p(SCqJJ

(Pexp - P(S(q)))/Pexp,

(6.6.1)

(6.6.2)

where p is computed with the Vashishta-Singwi screening method. For a

few temperatures, 6S(0), Sp and Ap are listed in table IV.

We notice that the largest differences in S(0) occur for Cs whereas

the changes in the resistivities are smallest for Cs. This originates

from the important differences between, on the one hand, the form fac-

tor of Cs and, on the other hand, the form factors of Na and K. The

form factors for Na and K have- a node when q is approximately 2 kp,

whereas the form factor of Cs stays negative for q = 2 kp. The range

kp < q < 2 kp contributes the larger part to the resistivity, first,

because of the factor q3 in the resistivity integral, and second, be-
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Table H I . Calculated resistivities (in \iü cm) and their temperature derivatives (in vü cm/°C) making use of
structure factors in which the multiple scattering correction is included, respectively, ignored. Experimen-
tal resistivity results are added for comparison. Calculations for p using the structure factor obtained b>j
Greenfield et al. \x\ are also presented for Na and K and are given in parenthesis.

Na

K

Cs

T(°C)

100

150

65

100

150

30

65

100

150

Toigo-Woodruff

Multiple scatt.

p

8.32

9.75

11.14

12.87

15.49

36.8

41.5

46.6

51.8

Ap
AT

0.0286

0.0494

0.0524

0.134

0.146

0.104

Vashishta-Singwi

corr. included

p

8.27

9.71

11.38

13.15

15.82

37.6

42.4

47.6

•52.9

Ap

AT

0.0288

0.0506

0.0534

0.137

0.149

0.106

experimental

p

9.6

11.5

13.1

15.0

17.6

38.3

42.1

46.0

51.5

dp
dT

0.0380

0.0543

0.0520

0.1033

0.1096

0.1112

Toigo-Woodruff

tálltiple scatt

p

8.92
(8.56)

10.36

12.20
(12.57)

13.94

16.50

40.4

43.3

47.2

53.3

Ap
AT

0.0288

0.0497

0.0512

0.084

0.111

0.122

Vashishta-Singwi

corr. ignored

p

8.88
(8.51)

10.33

12.47
(12.85)

14.25

16.86

41.3

44.3

48.3

54.5

Ap

AT

0.0290

0.0509

0.0522

0.086

0.114

0.124



Table IV. &S(0), óp and Ap as calculated for the alkali metals f/a, K
and Cs at a few temperatures.

Na

K

Cs

T(°C)

100

ISO
65

100

150

30

65
100

150

fiS(0)(l)

17

13

18

17

14

32

28

20

26

fip(t)

7.4

6.4

9.6

8.4

6.6

9.8

4.5

l.S

2.8

APÍI)

13.9

15.6

13.1

12.3

10.1

1.9
-0.6

-3.5

-2.6

cause S(q) takes relatively large values in that region. However, for

large-q values the structure factor is changed only slightly by the

multiple scattering correction.

A comparison is also made between the calculated results and the

experimental values as obtained by Feitsma et al. [25] and Hennephof

et al. [26]. The agreement between the measured and calculated values

for p is excellent for Cs, but it is worse for Na and K. If one con-

siders, however, the approximations used in the calculation of the

model potentials and the screening corrections (see e.g. Devlin and

Van der Lugt [27]) one has to admit that any agreement between theory

and experiment within, say, 10% must be considered as fortuitous. The

agreement between-calculated and measured values for dp/dT, a quantity

which depends on small variations of the structure factor with temper-

ature, is encouraging. For Cs, the deviations are largest (up to 351)

while for K the dp/dT is predicted correct within a few percent.

For Na at 100 °C and for K at 65 °C, p can also be calculated with the

G.W.W. structure factors. Then, the results are slightly better, but

the reason why is hard to find. We may recall, that particularly in
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the region in front of the main peak, discrepancies of the order of
101 between the experimental data of G.W.W. and ours were found. As
this is exactly the region which contributes to the resistivity inte-
gral, the differences in the corresponding resistivities are easily
explained. We might conclude that one can obtain the structure factor
of a liquid metal on each particular x-ray apparatus within a few
percent of statistical experimental error, but that determinations on
different instruments with different diffraction geometries still
give rise to discrepancies of 5-10% in the region in front of the
first peak. The validity of this conclusion is weakened somewhat by
the circumstance that our treatment of the experimental data is diffe-
rent from that of G.W.W.

VI.7. Comparison of S(q) with theoretical structure factors.

We have performed for Na, K and Cs at 100 °C some calculations
of the H.S.P.Y. structure factor and the Verlet-Weis structure factor,
where the latter includes the W.C.A. approximation (V.W.-W.C.A.). The
structure factors were determined for two sets of (n,d) parameter
couples. Values of n are determined by adjusting either S(0) or the
height of the first peak (SCq^) to their experimental values. Next,
eq. (5.8.1) is used in order to find d for the H.S.P.Y. approximation.
The values of d listed in the table for the Verlet-Weis structure fac-
tors are obtained from the W.C.A. theory. For the Verlet-Weis struc-
ture factor, nw is used to adjust S(0) or Støp. In Table V the dif-
ferent (n,d) couples are given.

For a particular case, Cs at 100 °C, the difference between the
H.S.P.Y. structure factor and the Verlet-Weis hard-sphere structure
factor, without the use of the W.C.A. criterion, is illustrated in
figure 6.14. We notice the small difference in the phase of the os-
cillations between the two structure factors and the slightly diffe-
rent amplitudes, particularly at the fist peak.

Figure 6.15 shows the H.S.P.Y. structure factors for the (n,d)
parameter couples obtained as described above, while figure 6.16 shows
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Table V. (x\,d) -parameter couples for the H.S.P.Y. and V.W.-W.C.A. strue
ture factor for the three alkali metals Na, K and Cs at 100 °C.

H.S.P.Y. structure factor

S(0) adjustment S(qp adjustment

Na

K

Cs

n

0.449

0.440

0.416

d

3.281

4.055

4.606

n

0.490

0.479

0.460

d

3.378

4.171

4.763

V.W.-W.C.A. structure factor

S(0) adjustment S(qjJ adjustment

nw

0.449

0.440

0.416

d

3.427

4.223

4.999

\

0.490

0.479

0.460

d

3.422

4.217

5.009

4 00 6 00
qlÅ'1-

Fig. 6.14. The expe-
rimental structure
factor Í...) for liquid
Cs at 100 °C compared
with the H.S.P.Y. struc-
ture factor ( ) and
the Verlet-Ueis hard
sphere structure fac-
tor ( ;.

the V.W.-W.C.A. structure factor; for comparison the experimental S(q)

data are included in all the figures 6.14-6.16. Comparing the two H.S.P.Y.

structure factors (based on different (n,d) parameter couples] in figure

G.15 we observe a large mutual phase difference. As the two sets of pa-

rameter couples for the V.W.-W.C.A. structure factors are more similar

than those for the H.S.P.Y. structure factors, such phase differences

do not occur in the V.W.-W.C.A. case. Comparing the H.S.P.Y. structure

factors with the experimental ones we see that, beyond the first peak,

not only the phases but also the amplitudes of the H.S.P.Y. structure
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Fig. 6.15, Structure
faotovs of liquid Na,
K and Ce at 100 °C.

S.S.P.ï.j adjust-
ment of S(0);
H.S.P.Ï., adjustment
of S(qj); .., experi-
ment.
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Fig. 6.16. Struature
factors of liquid Na, K
and Ce at 100 °C.
V.W.-W.C.A., adjust-
ment of S(0);
V.W.-W.C.A., adjust-
ment of S(q})i ...
experim&nt •

wot
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factors deviate strongly from the experimental values. As we have
seen before, the hard sphere model quite generally leads to an exag-
gerated oscillatory behaviour. The oscillations of the V.W.-W.C.A.
structure factors, at the other hand, are much better damped and,
therefore, approach the experimental results much closer. But for these
V.W.-W.C.A. structure factors, a big hump appears in the small-q part
of the structure factors, which arises from the W.C.A. correction term.
A similar hump was reported by Ailawadi et al. [28] when calculating
the W.C.A. structure factor for liquid Na and Rb. Ailawadi et al. ap-
plied also a modified version of the S.T.L.S. theory (see section V.10)
to the calculation of the structure factor of an atomic liquid. The
results for Na at T = 200 °C are given in figure 6.17. Generally, the
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Fig. 6.17. Theoretical
and experimental struc-
ture factors of liquid
Na at 200 °C. ex-
periment, G.W.W. \l];

W.C.A.; — Ailawadi
S.T.L.S.

agreement with experiment is comparable to that of the V.W.-W.C.A.
theory. We have to conclude that, for describing the small-q region,
the H.S.P.Y. structure factor works best and for the larger-q region
the V.W.-W.C.A. structure factor is more suitable. So, if one is in-
terested in an accurate description of the structure factor in a lim-
ited range of q-values (e.g. for resistivity calculations) a proper
choice between the two approximations should be made.
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VI. 8. Comparison with computer experiments.

The experimental structure factor for the pure metals can also
be compared with computer experiments as performed by Murphy [29]
(Monte Carlo) for liquid K and by Lee et al. [23] (Molecular Dynamics)
for liquid Na and Cs.

In order to calculate g(r) of a pure liquid metal with this method,
the effective potential has to be introduced into the computer experi-
ments. The effective ion-ion interaction for K is calculated by Murphy
using a one-orthogonalized-plane-wave (O.P.W.) calculation of the elec-
tron-ion matrix element and the Geldart-Taylor electron gas screening
function. Lee et al. used a pair potential derived from the Heine-
Abarenkov-Shaw type [30] model potential with an effective mass correc-
tion and Toigo-Woodruff screening. They added a Born-Mayer repulsion
term to take care of the hard core of the ions.

To find the liquid structure factors, Murphy and Lee et al. had
to carry out a Fourier transformation of the calculated g(r). But as
we have seen (section V.7) the range of r in computer experiments is
limited for practical reasons. For a proper Fourier transformation,
g(r) has to be extended analytically. Both, Murphy and Lee et al.,
fitted the tail of the calculated g(r) to a theoretial asymptotic form
(Fisher [31]):

g(r) -* 1 + - . e"ar . cosfsr + 6) (6.8.1)

This is a rather arbitrary approximation and one may not expect to ob-
tain, in this way, accurate structure factors, especially not for low-q
values. The static structure factors obtained from the computer results
are presented in figure 6--18 for liquid Na, K andCs, respectively, to-
gether with our experimental structure factors. As expected, the results
at low q-values derived from the computer calculations are not reliable
(and extremely sensitive to the choice of the asymptotic continuation),
but those at high-q are in agreement with experiment (within approxima-
tely 31). This is approximately equal to the total error arising
from the experiment and from the statistics of the computer simulations.
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Fig. 6.18. The struc-
ture factors of liquid
Ha and Ce at 100 °Cand of
liquid K at 65 °C. The
solid curves represent
the computer results
and the broken curves
the experimental results.

(in ÍÕ S SO Ul 50 60

136



Although the low-q results are not reliable, the theoretical results

are oscillating about the experimental ones for all of the three liquid

metals. From these results one can conclude that, at high q, reasonable

structure factors can be obtained from Monte Carlo or Molecular Dynamics

computer calculations, provided a suitable ion-ion interaction potential

is used.

One may also go the other way around and calculate, by Fourier

transformation, g(r) from the experimental S(q) data. This is even pre-

ferable as the measured S(q) usually extends to the fourth oscillation,

and the g(r) only to the second. Moreover, one certainly knows, that

g(r) is exactly zero for small values of r. The results of the Monte

Carlo calculation by Murphy of g(r) for K at 65 °C are shown in figure

6.19, together with our experimental g(r). The g(r) for liquid Na and

Cs, both at 100 °C, obtained with the Molecular Dynamics method by Lee et

al. also agree well with our experimental results (see figure 6.20).

f
K

rli) •

Fig. 6.19. Radial distri-
bution function of K at
65 °C. The dots represent
the computer results and.
the solid curve our expe-
rimental g(r) determined
from a Fourier transforma-
tion of S(q). Spurious os-
aillations in front of the
main peak are ignored.

Fig. 6.20. Radial distri-
bution functions of Na and
Cs at 100 °C. computer
results; x [fa experiment,
Fourier transformation of
S(q); o Cs experiments Fou-
rier transformation of S(q).
Spurious oscillations in
front of the main peak are
ignored.
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CHAPTER VII

X-RAY AND NEUTRON DIFFRACTION OF Na-Cs LIQUID ALLOYS

VII.1. Introduction.

The diffraction measurements have been extended to liquid alloys

of Na and Cs. This system was chosen because the atomic volumes of

the components differ widely (by a factor of 3), so that, of all binary

alkali systems, these alloys are the most likely to exhibit structural

effects. Several investigations of different physical properties pro-

vide indications in favour of such effects occurring on alloying,

whereas others do not. A review is given by Feitsma [l] (see also XI.1).

As mentioned in chapter II, for obtaining the three partial struc-

ture factors, three independent measurements are required. "Independent"

means here, that the corresponding equations (2.4.17) for the S^.(q)

can be considered as independent. As the ratio of the scattering fac-

tors of Na and Cs is quite different for x-ray and neutron diffraction,

these two techniques provide us with two independent equations for the

S—(q) but still leaves us with insufficient information for a straight-

forward analysis.

An other way of varying the scattering factors is isotopic re-

placement of one (or both) of the two components in the liquid alloy,

but this is not feasible for Na or Cs as there exists only one stable

isotope of both of them.

In this chapter we will present measurements of the total inter-

ference function for the liquid Na-Cs alloys system obtained with the

x-ray as well as the neutron transmission technique. The calculation

of the interference functions of the liquid alloys from the measured

intensities is performed along the same lines as described in chapter

IV.
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VII. 2. X-ray diffraction experimenta for 20 >_ 1,75°.

With the monochromatized MoK -radiation the total interference
functions of the Na-Cs alloys are measured at different compositions
and at a number of temperatures ranging from the melting point (or a
temperature just above room temperature when the alloy is liquid at
room temperature) up to 150 °C. The x-ray measurements were performed
for the alloys and temperatures listed in table I. The results are
given in figure 7.1.
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Fig. 7.1. T?!e eæperimen-
tal x-ray total interfer-
ence function S(q) of a
number of Na-Cs alloys at
different temperatures
indicated in the figure.

From the figure one can see that with increasing Ma concen-

tration Cj. , the oscillations in the diffraction pattern are progres-

sively damped, but from c,, =0.9 there is again a rise in the oscilla-

tion amplitude. We also notice that the peaks of the interference func-

tion of all the alloys become lower and broader with increasing tempe-

rature, but the positions of the peaks are independent of temperature

within the limits of accuracy. For some concentrations about cNa =0.85

the figures show a rise in the structure factor when q approaches zero.
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Table I

at % Na

10.01

19.96

30.00

40.79

50.71

60.09

67.31

75.18

80.19

85.01

89.92

95.01

98.01

43

30

43

Temperature i

65

65

50

60

70

75
80

80

80

n°C

100

100

100

100

100

100

100

100

100

100

100

100

100

150

150

150

150

150

150

150

150

150

150

150

150

This proved to be an interesting physical effect, which is discussed

in more detail in the next section (experimental aspects) and in chap-

tei VIII and IX (interpretation).

VII. 3. X-ray diffraction experiments for 0.45° <_ 20 <_ 4°.

The experiments carried out to obtain the total interference func-

tion of the Na-Cs system, were not specifically arranged for obtaining

reliable small-angle x-ray intensities. Nevertheless, for alloys with

Na concentrations between 67 and 98 at % , it was observed that the in-

tensity passes through a minimum near q y_ 0.39-0.46 Å"1 (20 = 2.5°-3°)

and rises to appreciable values when q approaches zero. It was ascert-

ained that the rise of the intensity did not originate from the central

beam. But with the experimental configuration used, the width of the

central beam did not allow us to penetrate sufficiently deep into the

small-angle region. Consequently, a meaningful extrapolation to q = 0

of the intensity was not feasible. After readjustment of the slits the
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experiments could be extended down to 20 = 0.4S . For practical rea-

sons, the narrow-beam experiments had to be restricted to small values

of q.

In the region of overlap the small-angle results were fitted to

the larger-angle results. In the same way as for the large-angle mea-

surements, S(q) is calculated from the measured intensity Is(q) by

means of a formula of the form:

S(q) = (C . Is(q) - f2(q) C7.3.1)

For the small-angle measurements, C is determined from the fit of the

small-angle results to the larger-angle results in the region of over-

lap.

The x-ray small-angle measurements were performed for the alloys

listed in table II.

Table II

at % Na

7S.19

80.22

85.01

89.93

95.01

98.01

Temperature

75

80

80

80

100

100

in°C

100

100

100

100

150

The measured data together with the first part of the larger-angle

scattering experiments are shown in figure 7.2. The smooth curve through

the experimental points is obtained by using a spline function technique,

which was present in the computer in the I.M.S.L. library [2].

The overall fit of the curves representing the large-angle scatter-

ing data and the small-angle scattering data is considered to be rather
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03 06
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Fig. 7.2. Small-angle part of the experimental x-ray
total interference function S(q) of a number of Na-Cs
alloys at different temperatures indicated in the fig-
ure- O: larger-angle measurements, A: small-angle mea-
surements. For q < 0.0? A'1 the total interference
functions have been obtained by extrapolation.
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unsatisfactory. This applies particularly to the alloys with 75 and

98 att Na, which have only a small intensity increase for decreasing

q. The small-angle measurements of S(q) were extrapolated to q = 0.

The experimental inaccuracy of values of S(0) is difficult to assess,

but presumably it will not exceed ± 10'».

VII.4. Neutron diffraction experiments.

Neutron diffraction measurements on liquid Na-Cs alloys were car-

ried out in parallel with the x-ray experiments in order to obtain a

second independent determination of the interference function of each

Na-Cs alloy. For the neutron measurements we have used the facilities

of the ECN (Energie-onderzoek Centrum Nederland) offered by the Solid

State Physics group in Petten. As the structure factors for pure Na and

Cs are known from our x-ray data, we could obtain the ratio of o. and
acoh* ^or u n^ n o w n reasons, the small-angle results proved to be disturb-

ed by the experimental geometry used. Once more, using the x-ray re-

sults, we were able to correct the measurements for this effect. From

the ratio of o ^ and a ^ we found that o^nc for Na was equal to the

tabulated value (a. = 1.85 b), but the value o. = 0.095 b obtained

for Cs was in strong disagreement with formerly reported values of

oinc = 3.20 b (see section IV.2.E).

The neutron diffraction measurements of the structure factor for

Na and Cs are shown in figures 7.3 together with the x-ray data. The ex-

Fig. 7.3. The experimental neutron diffraction data of
the structure factor of liquid Na at 100 °C and Cs at
30 °C compared with our x-ray diffraction data ( >.
The measurements with \ - 2.58 A are represented by A,
with X - 1.36 A by D.
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perimental error bars indicate that the accuracy of the x-ray measure-

ments is much better.

Next, the measurements were extended to some liquid Na-Cs alloys,

each at one or two temperatures as listed in table III.

Table irr

at % Na

0.00

30.00

50.75

60.08

75.17

85.01

89.92

95.01

100.00

Temperature

30

42

50

60

75

80

in°C

100

100

100

100

100

100

100 150

100

rt—
UD &00
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Fig. 7.4. The experimen-
tal neutron scattering
total interference func-
tion of a number of Na-Cs
alloys at different tem-
peratwpes indicateãoin
the figure. A:2.58 A,
Q: X = 1.36 #.

For these investigations we have chosen the same compositions as

for the x-ray experiments. The total interference functions are illus-

trated in figure 7.4.

The neutron diffraction results and the x-ray data exhibit a few

common properties. First, the neutron total structure factors exhibit

a progressive damping as cNa increases from 0 onward. Second, the po-

sitions of the peaks are independent of temperature within the limits

of accuracy. Third, for concentrations between cNa = 0.60 to 0.95 a

minimum appears about q % 0.8 Å"1 and the structure factor rises again

if q approaches zero. Those interference functions which have a fairly

sharp main peak, exhibit a pre-peak at q = \ q ^ . This peak originates

from incomplete filtering, by the pyrolytic graphite crystal, of

the half-wavelength radiation produced in the neutron source. The ef-

fect of the half-wavelength radiation on the rest of the structure

factor is negligible, so we simply ignored the pre-peak.
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VII.S. A genepal discussion.

In this section we will describe some general features of the

measured total interference functions.

In figure 7.5 the position of the x-ray main peak is shown as a

function of the sodium concentration c^a. This relation is represented

Fig. 7.5. The posi-
tion of the main
peak of the x-ray
total interference
function as a func-
tion of the sodium
concentration <?„ .

o <n on 0.6 os to

by a curve which increases slowly for 0 < o, < 0.8 and fast for

0.8 < o, < 1.0.

In figure 7.6 we see this behaviour repeated for all the maxima

and minima of the x-ray interference function, where q,, q,, qr and q,

are the positions of the maxima and q2, q^ and q^ are the positions of

the minima. In the neutron data the sudden increase of the slope takes

place already at about cNa =0.6 (see figure 7.7), but this change can

be explained from the different ratio of the scattering lengths of Na

and Cs for neutrons.

In figure 7.8 the peak intensities S(q^) from the x-ray results

are plotted against cNa and we find a similar behaviour- Starting from

pure Cs, S(q^} decreases slowly as more Na is added to Cs until we have

an alloy with 90 at% Na. Then, the intensity starts increasing very fast.

Also, when going from 0-90 at! Na, we observe a decrease in dS(q..)/dT.

For the neutron case a similar plot (see figure 7.9) exhibits a strange
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Fig. 7.6. The positions
of the maxima and minima
of the x-ray total in-
terference function as a
function of a .

Fig. 7.7. The positions
of the maxima and minima
of the neutron total in-
terference function as a
function of r .
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Fig. 7.8. The heights of the
main peak of the x-ray total
interference function as a
function of o„ . The symbols
refer to the measured values
at the following temperatu-
res; à: T = 150 °C; o: T -
100 °C; •.•!•% Tmp or a tem-
perature just above room tem-
perature when the alloy is
liquid at room temperature.

Fig. 7.9. The heights of the
main peak of the neutron to-
tal interference function as
a function of a^a. The sym-
bols refer to the measured
values at the following tem-
perature; •: T = 100 °C;
o: T fy Ï™, (see the caption
of figure 7.8).

hump at 60 at! Na, which has remained unexplained as yet. At this stage

we recall a formula from chapter II, which expresses the structure fac-

tor S(q) in the partial radial distribution functions g- (r):

2 2
S(q) = 1 + t E c.c.

f2(q)
Cg«(r) - dr

(7.5.1)

Because of the smooth variation of the position of the main peak of

S(q) as a function of concentration, and the fact that the total in-

terference functions of the Na-Cs alloys do not show any unusual fea-

tures (except for the small-q part), such as a splitting of the first

peak, it was felt that the assumption of concentration independence

of the integrand in eq. (7.5.1) might be a quite reasonable one. This

conjecture, which implies that also the F.Z. partial interference func-

tions (a^-(q)) are independent of composition was also put forward by

a number of authors [3 to 12] in their analysis of Al-Mg, Na-K, Ag-Mg,
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Au-Sn, Al-Au, Mr-Sn, Ag-Cu, Cu-Mg, Cu-Sn, Cu-Sb and In-Ni-alloys. This con-

jecture is corroborated by the following line of reasoning. If the con-

centration independence of aj[. (q) holds, we expect that at the position of the

main Cs peak in S(q) (1.40 A 1 ) , arsrs(<0 ̂ m 8^ve ty ̂ ar t^le largest

contribution to S(q), while at the position of the main Na peak in

S(q) (2.02 X" ) aNaNata)
 wil1 do the same. Because there appears no

splitting of the first peak of S(q), we expect V rgfa) t0 have i-ts

main maximum at a position appproximately halfway between the positions

of the main maxima of the pure components (1.71 A ).

In figure 7.10 we plot the calculated coefficients CjCjfj.(q)fj(q)/
< f2(q) > at q = 1.71 S"1 as a function of c^. For 1.40 A ' < q <
2.02 X"1 these coefficients are independent of q within 21.
In figure 7.11 the values of S(q) at

Fig. 7.10. The coefficients
eic;ffi(q)fj(q)/<fã(q)> at
q = 1.71 A for x-vays as
a function of <fya.

Na

<fS(q)>.

Fig. 7.11. The experimental
total structure factor, de-
termined by x-ray diffrac-
tion, as a function of c^a

at q = 1.40 ft'1 (o), at
q = 1.71 T1 fa; and at
q = 2.02 T1 fø).
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1.40 X~ , 1.71 Å"1 and 2.02 S"1 are plotted as a function of c~. We

observe a remarkable resemblance between the curves in fig. 7.10 and

7.11, which provides a confirmation of the assumed concentration in-

dependence of the F.Z. partial structure factors. The two figures can

not be identical, because at each of the three selected values of q,

contributions from the "other" two partial structure factors have been

ignored. If our conjecture is correct, strongest deviations between

the curves of fig. 7.10 and 7.11 may be expected at the position of

the Na-peak (2.02 8" ) at small sodium concentrations, and this is

exactly what is observed experimentally. The reasons for this discrep-

ancy are first, that the x-ray atomic scattering factor of sodium is

considerably smaller than that of caesium, second, that the contribu-

tion from a„ „ (q) to the intensity at the position of the Na peak cor-

responds to wavenumbers beyond the first maximum in the CsCs-structure

factor, where this structure factor takes appreciable values. Still the

overall similarity between the curves of fig. 7.10 and 7.11 is striking.

The same procedure has been carried out for the neutron diffrac-

tion experiments and this is illustrated in figure 7.12 and 7.13. Here

1.0

Fig. 7.12. The coeffi-

cients a .a .b .b ./<b >
t j t- 3

for neutrons as a f una-

if >• —
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Fig. 7.13. The experimen-
tal total structure fac-
tor, determined by neu-
tron diffraction, as a
function of c^a at q -
1.40 T1 (o), at q -
1.71 T1 (hi and at q =
2.02 T1 (•).

the coefficients of the integrals in eq. (7.S.1) are constant with
respect to q; the neutron scattering lengths are independent of the
scattering angle. Also for these curves we notice the strong similarity
between the two figures. The assumption of the concentration indepen-
dence of the F.Z. partial structure factors offers a first approxima-
tion for calculating these partial structure factors. This will be
discussed in chapter X.

VII.6. Outline of the theoretical analysis.

We have obtained, albeit with different accuracies, neutron and
x-ray results for the sodium-caesium system. We have seen, that this
provides an insufficient basis for the straightforward analysis of the
structure in terms of partial structure factors. Therefore, we are
needed to invoke the help of existing approximate theories. It appears
that different theoretical approaches are appropriate to different in-
tervals of the wavenumber q. Therefore, the theoretical analysis is
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distributed over three chapters, dealing with the limit q •+ 0, with

Ü < q < 0.45 A and with the larger wavenumbers, respectively.
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C H A P T E R VIII

DISCUSSION OF THE LONG-WAVELENGTH LIMIT OF S(q)

VIII. 1. Introduction.

In this chapter we will deal with the long-wavelength limit S(0)

of the total interference function. In the preceding chapter, values

of S(0) were found by extrapolation of the small-angle results. Plot-

ting S(0) as a function of composition yields a curve, given in fig.

8.1, with a pronounced maximum at c,, = 0.85. It is the aim of this

chapter to provide an explanation of the relation between S(0) and cNa

100

Fig. 8.1. S(0) values
for several Na-Cs alloys
at T - 100 °C found by
extrapolation of the
experimental x-ray data.

For a one-component liquid, S(0) is proportional to the mean

square fluctuations (AN) of the number density. Here, thermostatis-

tics enters our discussion and it will be shown, that (AN) is, in

turn proportional to the isothermal compressibility xT- In a binary

alloy, we have fluctuations of the number density of either of the

components ANJ and AN^, or, equivalently, fluctuations in the total

number density and in the composition. As we have seen, this leads to
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the introduction of three partial structure factors S^,, S ™ and S„p

each of which contributes to the total intensity. This complicates the

calculations considerably and for this reason we will restrict oursel-

ves to give only the outline of the derivation. The final expression

for S(0) contains not only Xj but also the Gibbs free energy and a

dilatation factor 6. These calculated values for S(0) are compared with

our experimental values, where an interchange energy parameter W is

used to fit the calculated values to the experimental data. Finally,

the value of W obtained in this way is compared with values for W de-

duced from other experiments.

VIII.2. The long-wavelength limit of S(q) for a one-oomponent system.

For a pure liquid metal we have obtained (chapter II):

(8.2.1)

where N is the average number of particles in volume V.

These particle number fluctuations can be described in a grand

canonical ensemble. The probability for a system to have N particles

in a volume V in a grand canonical ensemble is proportional to (see

e.g. Huang, p. 165 [l]):

W(N) = (8.2.2)

where F is the free energy of the system, u is the chemical potential

and g = 1/kgT. The volume V, considered to be a subsystem of a much

larger volume Vt, may contain ft + AN particles as a consequence of

particle number fluctuations. The probability for this subsystem to

possess N + AN particles is proportional to W(N + AN) being

W(N + AN) = W(N)
iN»V'T) - FCN.V.T) - PAN)

(8.2.3)

Expanding F(N + AN.V.T) in a Taylor series about AN:
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3 F s2p 7
F(N + AN.V.T) = F(N,V,T) + trO • AN + H--Í) . (AN)

à " v,T 3N V,T

When we make use of the relation

(8.2.4)

(8.2.5)

we can write for W(N + AN):

W(N + AN) = W(N) . e
V,T

(8.2.6)

This is a Gaussian distribution of N = N + AN, centered about N. We

may directly calculate the mean square fluctuations in N in the grand

canonical ensemble:

< (AN) 2 >
ƒ (AN) W(N + AN) d(AN)

ƒ W(N + AN) d (AN)
0

(8.2.7)

Direct integration gives when substituting eq. (8.2.6):

3N V,T
(8.2.8)

V,T
(8.2.9)

In several textbooks (Huang [l], Landau and Lifshitz [a], Tolman [3])

the following thermodynamic equality is proved to be valid:

riüi v _L
V,T ~ F ' *r

(8.2.10)
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where the compressibility xT is defined by

1
XT " V ' N,T

(8.2.11)

So, we find for the mean square fluctuations in the number of parti-

cles

N2
< (AN)' > = ̂  . kBT xT (8.2.12)

Defining pQ as the mean atomic number density, we obtain for the long-

wavelength limit of the structure factor

S(0) = (8.2.13)

VIII.3. The long-wavelength limit of S(q) for a tao-aomponent system.

To obtain the long-wavelength limit of the total interference

function for a two-component system we make use of the definition of

the so-called Bhatia-Thornton partial structure factors. We found in

chapter II that the long-wavelength limits of these B.T. partial structure

factors have simple physical meanings. The respective relations are:

(AN)Z>/N

< AN AC >

Scc(0) = N < (AC)' >

(8.3.1)

(8.3.2)

(8.3.3)

By means of thermostatistics we can express these fluctuations in terms

of thermodynamic quantities. To find these relations we need the pro-

bability in the grand canonical ensemble for a system of volume V to

contain N1 atorcs of kind 1 and N2 atoms of kind 2. This probability

is proportional to:

-ß(F(NrN2,V,T) - ntN, - P 2N 2 (8.3.4)
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The probability of this system to have N^ + AN1 atoms of kind 1

and N 2 + AN2 atoms of kind 2 can, as a consequence, be written as

being proportional to:

-g(F(N, + AN,,N2 + AN2,V,T) - W1(N, + AN,) - P2(N2 + AN,))
e I I <! ^ 1 I 1 ^ z ^ _ (8.3.5)

With the help of eq. (8.3.4) we can write for the probability of a

system to have f5̂  + AN-| atoms of kind 1 and N 2
 + AN2 atoms of kind 2:

,N2+AN2)=W(N1,N2).e
-B(F(N1+AN1,N2:AN2,V,T)-F(N1)N2>V,T)-y1AN1-w2AN2)

(8.3.6)

In a similar way as for the one-component c?se we expand F(N.,+AN.,,

N2+AN2,V,T) in a Taylor series about AN-AN.:

- - - - aP

FCN1+AN1,N2+AN2,V,T)-F(N1,N2,V,T) + _E (ß-) .

because

3 ,3F
2 2

=F(N1,N2,V,T)+ E
1 l i 1

_3F_,

3 Ni V,7,S. i

)
V,T,N.

2 2

)
j V,T,N.

.AN-AN. + ..

(8.3.7)

(8.3.8)

So, we obtain for eq. (8.3.6) the form:

2 2
z Z F.-

(8.3.9)

where ( 31
(8.3.10)
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Eq. (8.3.9) is our fundamental formula, comparable to eq. (8.2.6). it

is a long way from here to the final eq. (8.3.18), (8.3.19) and (8.3.20)

and we will mention only a few intermediate steps. For a full account,

the reader is referred to Hill [4] or Bhatia and Thornton [5]. Changing

from the variables AN. and AN2 to AN and Ac we arrive at

2 2
Z z F.-AN,AN.

where

N4

1 P,T,N2

(8.3.11)

)(Ac)

6 =
T,P,N2

 3N2 T.P.N

and xT has been defined in eq. (8.2.11).

It can be proved that:

w4 ^1
I.—7)
3C P,T,N

dN1 T,P,N2 dN2 T.P.N.,

(8.3.12)

(8.3.13)

where c is the atomic concentration of component 1. Now we make use of

the integral:

I(h,k,l) - ƒ ƒ e
0 0

2rr

2kANAc + 1(AC)2)
d
)

d(AN)d(Ac)

"hi - r
(8.3.14)

2 2
We can write for the average values of (AN) , ANAc and (Ac) in the
grand canonical ensemble in analogy with eq. (8.2.7):

(AN)2 = -2
<3C IT y 1 jl

(8.3.15)
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Ä N A C

P,T,N
(8.3.16)

< (ie)2 > = -2 d In I(h,k,l) = 1 (íüt T/(3_Gj j
3 1 N B 3c P,T,N

(8.3.17)

This gives for the long-wavelength limits of the B.T. partial struc-

ture factors:

Srr(0) =

S (0) = -RVTí/tà = -6S (0)
NC B 3c P .T .N CC

3c' P.T.N

»2n

(8.3.18)

(8.3.19)

P T N

The total interference function at q = 0 can be obtained from eq.

(2.4.59). After elimination of S^fO) and SN„(0) one finds:

(£,(0) - f7(0))
2

< f (0) >

2 < f(0) > .

< £ (0) >

(£,(0) - :
. (-5Srr(0)).

(8.3.21)

Writing f-(0) as f - we obtain for the zero-wavenumber limit of the to-

tal interference function, S(0) (see Huijben et al. [6])

f, - f-
S(0) = i i ^ f (6 - I t J-)

2 Scc(0) + P k TxT I . (8.3.22)
< f > L. J
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We still have to evaluate S^c(0) from thermodynamics. Therefore, we

need information about the Gibbs free energy G and its variation with

respect to the concentration c. For a solid or a liquid solution we

can write G as:

r rG = G r° * A r
G, + A G
I m

V? V3

= N (.1 -

where and G,,)^ a r e t n e

+ A G , (8.3.23)

free energy and the chemical po-

tential of component 1 and 2, respectively, and A G is the free energy

of mixing. This A G arises from the changes in energy and entropy under

mixing. Further we can make use of

A G
m

A F
m

(8.3.24)

where AmF is the Helmholtz free energy of mixing. The equality in eq.

(8.3.24) holds for liquids sufficiently far from the critical point

and at ordinary pressures. Under these conditions the terms PdV and

VdP are negligible.

32G
For the evaluation of (—j] N

 w e o n l v need to know A G or AmF,

because the first terms in the Gièbs free energy of a mixture (given

in eq. (8.3.23)) do not contribute to (—i)
3c P,T,N

VIII.4. Evaluation of the Helmholtz free energy A F.

The problem of evaluating the change in the free energy under

mixing, is extensively discussed by Guggenheim [7]. Following Guggen-

heim we make the following assumptions.

1) We distinguish the degrees of freedom of the system in a) in-

ternal degrees of freedom of each of the particles, b) acoustical de-

grees of freedom and c) configurational degrees of freedom. The diffe-

rent degrees of freedom are supposed to be independent (separable).
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2) The internal and acoustical degrees of freedom do not change
when the components are mixed. Accordingly, if the total partition
function is written as

Zint* Zac* Zconf

and the energy as

- Eint + Eac + Econf

CS.4.1]

(8.4.2)

only the last factor, respectively term of eq. (8.4.1) and (8.4,2) is

essentially changed on mixing. Recalling that the free energy is

-kT In Z

we find, by definition, for the free energy of mixing

AmF = -kgT(ln n m - c In n" - (1 - c) In

where

a = Zconf

(8.4.3)

(8.4.4)

(8.4.5)

and a. is the configurational partition function for the pure component

j-

3) Finally, in order to facilitate calculations of the configura-
tional partition function, we will use a lattice model for the liquid
structure. Indeed, for liquids such a lattice cannot be defined but we
know that considerable short-range order is preserved on melting. For
the investigated metals, the volume change on melting is only a few
percent and the (average) coordination number is approximately equal
below and above the melting point. Also the fluctuations which occur
in the liquid are assumed to be not sufficiently serious to disturb
the short-range geometrical arrangement. The assumption of a lattice
model often implies that the same lattice is used for the pure substances
and for the mixtures. Of course, if the atoms differ considerably
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in size, this model breaks down completely and the model has to be

adapted accordingly.

We will now calculate A F for several models of increasing com-

plexity.

1) Mixing of two isotopes.

As the isotopes are chemically equivalent, there is no energy

effect and the free energy is entirely determined by the configura-

tional entropy i.e. the number of possible distributions over the

lattice-sites. This number is given by N!/{(cN):((1-c)N)I} for the

mixture, whereas it is 1 for each of the pure components. So, the

configurational entropy is

and

AmS = -NkB { c In c + (1 - c) ln(1 - c) }

AmF = NkBT { c In c + (1 - c) ln(1 - c) }

(8.4.6)

(8.4.7)

From eq. (8.3.18), (8.3.23) and (8.3.24) we then obtain for Scc(0):

Scc(0) = c(1 - c) . (8.4.8)

2) An ideal mixture.

Now we consider two systems which contain atoins of sufficiently

similar size and shape to be interchangeable on the lattice of the

mixture. When we introduce z as the average number of nearest neigh-

bours in the liquid mixture, we may regard -l-^^/z, -i-x^'1 ani^

("X, -XT + w ) / z as the mutual configurational energy of neighbouring

atoins, both of kind 1, both of kind 2 and one of kind 1 and the other

of kind 2, respectively, x-| and Xi a r e defined as the configurational

energy per particle of an atomic arrangement in the pure systems.

Here, we have also defined the interchange energy w, which is twice

the energy increase when, starting from two pure liquids A and B, an

interior atom of kind A and an interior atom of kind B are interchan-

ged. Per definition, for an ideal mixture w is zero and A F is once

more given by
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A F = NknT { c In c + (1 - c) ln(1 - c) }

Then,

Scc(0) = c(.i - c)

(8.4.9)

(8.4.10)

just like for the isotopic mixture.

3) A regular mixture.

A mixture is called regular if w / 0 but otherwise all the condi-

tions for an ideal mixture are fulfilled. As a consequence, &mF results

not only from the entropy of mixing but also from the energy of mixing:

V = ^ B 1 Í c !n c + O - c) ln(1 - c) } + Nc(1 - c) w.

(8.4.11)

(see ref. [7], page 31). Then the expression for Scc(0) is obtained to

be

S c ( 1 " c)
1 -^c(1 - c) w7kgT

(8.4.12)

4) A binary mixture of particles of distinctly different sizes.

This section is largely based on a paper by Bhatia and March [14].

If the size difference between the atoms in a binary mixture be-

comes so large as to inhibit the free interchange of atoms of different

kind, further approximations have to be introduced. In the following,

this is accomplished by generalizing a theory developed originally for

mixtures of polymers and monomers. For describing this system, we work

again with the lattice model. Once more, each mono-atomic particle

occupies one lattice site. The polymer molecule consists of y atoms

(or monomer units), each atom occupying I lattice site. The fraction of

monomer atoms is c; 1 - c is the fraction of polymer molecules. It is

assumed that the poly-atomic particles are completely flexible. The

calculation of the free energy of mixing for this model system is far

more complex than it is for the regular solutions. It can be found in

several textbooks (Guggenheim [7] and MacClelland [s]) and will not be

repeated here. According to MacClelland we obtain for A F:
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cq f1-c)

(8.4.13)

where q is defined as the ratio of the number of nearest neighbour

lattice sites of a y-atomic particle and the number of nearest neigh-

bour lattice sites of a one-atomic particle:

q„ = Y - f . (Y - D (8.4.14)

For our purpose, we extend this theory to large atoms which have

the same volume as the poly-atomic particle. For these homogeneous

atoms, Y can be calculated from the ratio of the atomic volumes of the

two components:

Y = V2/V, (8.4.15)

From eq. (8.4.14) we can obtain Flory's approximation (see Flory [9]

and Guggenheim, p. 229 [7]) by making z ->• ». Then we obtain

(8.4.16)

and Flory's formula for the free energy of mixing becomes

- N[kB T ( c

(8.4.17)

This equation can be written in a much simpler form by introducing <J>

as the volume fraction of the total volume occupied by the atoms of

kind 1, where $ has the form

- c)
(8.4.18)

So, we obtain for eq. (8.4.17) by substituting <t>:

AmF = N kB T [ c ln W ] , (8.4.19)
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where W is defined by:

W = w/kBT (8.4.20)

Thus, for a mixture of atoms which differ strongly in volume (y > 2)

we find as a result for SCp(0):

- c) f(c))
(8.4.21)

where f(c) = (2Y
2W - (Y - J)

2(Y - c(Y - 1)))/(y - c(Y -I))
3 . (8.4.22)

VIII.5. The sodium-eaesium system.

With respect to the sodium-caesium alloys system we know, first,

that the volume ratio of Cs and Na atoms is large (y % 3); secondly,

from calorimetric measurements, performed by Yokokawa and Kleppa [12],

that w differs significantly from zero. So, we have to apply Flory's

approximation to the case of the Na-Cs alloys system. Summarizing,

the long-wavelength limit of the total interference function as a

function of the sodium concentration c is obtained from the following

equations:

S(0) = ̂ i - [ (S - I f J- . Scc(0) + pokBTxT ] (8.5.1)

Scc(0) = - c) f(c)) (8.5.2)

f(c) = (2Y
2W - (Y - 1)

2(Y - c(v

Y = V2/Vi

- c(Y - I))

(8.5.3)

(8.5.4)

ó =
T,P,N2

 m2 T.P.N, T,P,N2 T,P,N
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where V = V. + V...

Before we can calculate S(0) we have to know the concentration

dependence of & and pQkgTx-,.

a) To calculate the so-called dilatation factor 6 we have to

take into account the volume contraction occurring in the Na-Cs alloys

system. From the definition of the volume contraction used in chapter

XI

Av =
V i d " V

vid

we can write for the real volume V, which contains N atoms

V = Vid(1 - AV)

(8.5.6)

(8.5.7)

where V., is the volume of the liquid alloy when additivity of the

volumes of the pure components is assumed.

Substituting eq. (8.5.7) into the definition for 6 (eq. (8.5.5)) gives

for 6:

(8.5.8)

where v. = V./N.

When we change to the variables c and N we can write for (|~̂ )

,3AV 3C

N1 N2

(8.5.9)

From c = N-j/N we obtain

(8.5.10)
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Because the volume contraction AV does not change when the concentra-

tion is kept constant, we have

• » (8.5.11J

Then we have found

, 3AV . _ 2 f 3 A V ,

1 S V N 7 ' N

and similarly

,3AV,

V1 N

(8.5.12)

(8.5.13)

Substitution of eq. (8.5.12) and eq. (8.5.13) into eq. (8.5.8) gives

after some algebra

(8.5.14)
"id o<- N

From this relation we see that 6 can also be written in the form

, _ 1 ,3V,« - v (—)
N

(8.5.15)

If no volume contraction occurs in the liquid alloys system, the dila-

tation factor & reduces to

6 =
V1" V2

(8.5.16)

This formula is used e.g. by Bhatia and Thornton [5]. So, we notice a

correction term in ä accounting for non-ideal behaviour. This is appro-

priate to the Na-Cs system, which exhibits volume contraction.

b) The isothermal compressibility occurring in the term p„kRTxT

(eq. (8.5.1)), is not a simple function of the concentration. Experi-

mental values of x-r a r e n o t available for the Na-Cs alloys system, but

we may obtain estimates of this quantity from the adiabatic compressi-

bility. As we have seen in chapter V the adiabatic compressibility x.

is related to the sound velocity v . From x , the isothermal compres-

sibility x T can be calculated using the relations
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1
v

(8.5.16)

(8.5.17)

For a further explanation of the various symbols, see chapter VI. For

Na, K and Cs at 100 °C the values of y are found to be almost the same.

For all alloy compositions of the Na-Cs system we adapt the same value,

Y = 1.13. The sound velocities, vg, are taken as smoothed values of

the data determined by Kim and Letcher [lo]. The densities, p, are

taken from chapter XI of this thesis. The results for pgkgTx-p obtain-

ed in this way, are shown in figure 8.2. For comparison we have added

0.024
0.0 0.2 0.4 0.6 0.8 1.0

c N a

Fig. 8.2. Values of
PßkgTxT oalaulateâ
in different approxi-
mations, ø ø ø from
sound velocity data
and density measure-
ments. by inter-
polation of the molar
volume and the -isother-
mal compressibility
between the values of
the pure components.

by interpolation
of ç>okBT&T itself be-
tween the values for
the two pure components.

values of pQkgTxT obtained in a much simpler way: namely, by assuming

additivity of atomic volumes when calculating p„ and by linear inter-

polation of xT between the values of the pure components. In figure

8.2 we notice a peak in pokpTx~. with a maximum at 60 at! Na. This

peak finds its origin for a small part in the concentration dependence

of the volume contraction occurring in the Na-Cs system (this leads to

a deviation of at most 6% at 60 at4 Na in the density p). More impor-
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tant is the deviation of xT from linearity with respect to the concen-
tration. At 60 at! Na this deviation is maximal and equal to approxi-
mately 19!. For the following reasons we have decided to neglect the
deviation of pgkgTxT from the linear interpolation. The main purpose
of our calculations is to explain the peak in S(0) (fig. 8.1). The
term pQkgTxT in eq. (8.5.1) gives only a minor contribution to S(0) at
the position of the peak, and a correction of only 26! is unimportant
anyhow. But, moreover, the magnitude of this correction as calculated
via eqs. (8.5.16) and (8.5.17), is no more than a reasonable guess. So
we finally substituted values for p^kpTx^ obtained by linear interpola-
tion between the values of S(0) for pure Na and Cs.

Now, using the substitution of eq. (8.5.14) for 6 and the linear
interpolation for P Q ^ B T X T into eq. (8.5.1) for S(0), we can calculate
S(0) for the Na-Cs system as a function of the composition. In figure
8.3 and 8.4 these theoretical values are shown as a function of the Na

1.00

Fig. 8.3. Values of S(0) for
liquid Na-Cs alloys obtained
by x-ray diffraction as a
function of lila concentration.

theoretical results; ooo
experimental results.

Fig. 8.4. Values of S(0) for
liquid Na-Cs alloys obtained
by neutron diffraction as a
function of Na concentration.

theoretical results; ooo
experimental results.
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concentration a, for the x-ray diffraction and neutron diffraction

case, respectively, together with the corresponding values of S(0).

The quantity W appearing in the theory is adjusted to adapt the theo-

retical results to the experimental values determined by the x-ray

transmission experiments. For W = 1.04 the experimental curve is in

fair agreement with the theoretical curve. The peak in the theoreti-

cal curve is slightly shifted towards the caesium-rich side of the

alloys system. The neutron data are also in reasonable agreement with

the theoretical curve, though the scatter of the experimental points

is much larger.

The experimental error in the extrapolated x-ray diffraction data

is estimated to be 101. This error is caused by counting errors, fit-

ting of the small-angle curve to the large-angle one and the extrapola-

tion to q = 0. The experimental error in the extrapolated neutron dif-

fraction data is estimated to be 201 due to the larger scatter in the

small-angle part of the measured intensities.

For W = 1.04 we have determined S^CO) and from S^(0) we can

calculate S-^CO) and S^CO). The resulting curves are shown in figure

8.5.

Fig. 8.5. The theore-
tieal B.T. partial
structure factors at
T = 100 °C at q - 0
as a function of eßa.
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As a consequence of the relations between the B.T. partial structure

factors at q = 0, the three curves are rather similar. The maximum in

the curves is found at 80 atl sodium. So, at this composition the lar-

gest particle number and concentration fluctuations occur.

The peak height of the S™(03 versus c curve is extremely sen-

sitive to changes in W. E.g., when W changes from 1.04 to 1.09 S^(0)

changes from 0.68 to 0.88. More particularly, an increase in W produ-

ces a more pronounced peak.

The sign of W is important in discriminating between either com-

pound forming or concentration fluctuations to occur: A negative value

of W corresponds to compound formation, a positive value to concentra-

tion fluctuations in the liquid mixture. The sign of W is roughly re-

flected in the Spp(0) curve in the following way: A negative sign of

W leads to an Sc(-.(0) versus cNa curve which does not exceed the ideal

curve for Sç^CO) (=c(1 - c)), a positive sign of IV corresponds to an

Spp(0) curve with a pronounced peak. Small deviations from this rule

may originate from the term arising from the entropy of mixing.

So, we may conclude that we have found experimental evidence for

concentration fluctuations to occur in liquid Na-Cs alloys in the

vicinity of 80 at°s Na. It can be considered as a slight tendency to

phase separation. It must be noted that the peak in Sc(,(0) as a func-

tion of the composition is much more pronounced in the Tl-Te system

(see Ichikawa et al. [il]), which exhibits a irascibility gap. Also

the Na-Li system exhibits a irascibility gap, which makes it an inter-

esting candidate for further x-ray scattering experiments.

VIII.6. The interchange energy w.

The interchange energy can also be determined from other experi-

ments. We mention here two properties in which the interchange energy

is involved.

1) Heat of mixing in the Na-Cs alloys system.

Yokokawa and Kleppa [12] have measured the enthalnies of mixing

in all the binary liquid alloys systems formed by the alkali metals

175



Aa, K, Rb and Cs, by reaction calorimetry at 111 C. For the Na-Cs al-

loys they obtained positive enthalpies of mixing. The enthalpies of

mixing appeared to be asymmetric with respect to c = 0.5.

When neglecting the terms pdV and Vdp, as we have done in previous

sections, the energy of mixing is equal to the enthalpy of mixing. For

binary systems with a large difference between the atomic volumes, like

the Na-Cs system, the following approximate equation is derived for the

energy of mixing (see eq. (8.4.17)):

AH = AE = Nc(1 - *) w = N C
C
+
( 1

Y ( " 1
C - ) C ) • W • k B T • ( 8 - ° - 1 )

Then the parameter W is obtained from the calorimetric measurements

with the formula

AE
YC(1 - c)

(8.6.2)

For the compositions mentioned in the paper by Yokokawa and Kleppa, W

is obtained by using eq. (8.6.2). The values are tabulated in table I.

A small increase in W is found when increasing amounts of sodium are

added to caesium. The adoption of W = 0.77 in eq. (8.6.1) at all com-

positions gives a fair description of the asymmetric curve of the ener-

gy of mixing (see figure 8.6).

250 F '.

200

_1S0

j i 100

50

1
Fig. 8.6. The energy of
mixing at T - 111 °C of
liquid Na-Cs alloys as a
funotion of Ofja. The ex-
perimental points are
taken from ïokokawa and
Kleppa [ l2] . The full
curve corresponds to eq.
(8.8.1) after substitu-
tion of W = 0. 77.

0.0 0.2 0.4 0.6 0.8 1.0
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Table I. The values for W calculated from the energy
of mixing whiah are experimentally determined by lo-
kokaua and Kleppa [12] at different sodium concentra-
tions at 111 °C.

at% Na

21.1

22.8

34.6

38.4

46.8

53."

57.7

66.9

72.4

81.2

86.3

89.2

AE (cal/mol)

106

118

167

190

JI1

221
232

243

232

197

170

151

Vf

0.717

0.745

0.744

0.783

0.764

0.747

0.766

0.796

0.787

0.775

0.800

0.832

There exists a rather large discrepancy between this value for

!V (W = 0.77) and the value for W obtained from our experiments (W =

1.04). When W = 0.77 is substituted in the formula for S(0) (eq. 8.5.1)

the maximum in the S(0) versus concentration curve is reduced to 0.21.

A substitution of W = 1.04 in AmE (eq. 8.6.1) yields a maximum of 317

cal/mol in the energy of mixing.

Even when the experimental errors and the theoretical assumptions

are taken into account, a serious discrepancy remains between the two

results for W.

2) Chemical potential measurements of Na in Na-Cs alloys.

The chemical potential of Na in liquid Na-Cs alloys was obtained

by means of an electrochemical cell by Ichikawa et al. [ll]. The sche-

matical representation of the concentration cell is

Na (liquid) | NaS-alumina | Na-Cs alloy (liquid).
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The electrochemical volatge e can be related to the chemical potential

of the Na atom in the liquid mixture by

0
»Ná

(8.6.3)

where p" is the chemical potential of the Na atom in the pure compo-

nent, F is the Faraday constant and N, is AvogadTo's number.
2

The following thermodynamic relation between e and < (Ac) > can be

derived:

§

Then

7 ? 1

(Ac)2 > = k T . -§ /(-gJ.)

can be written as

P.T.N

3Ui
Scc(0) = kRT(1 - c)/(-^i)

P.T.N

(8.6.4)

(8.6.5)

where the index 1 indicates the Na atoms in the binary liquid. By com-
bining eq. (8.6.3) with eq. (8.6.5), we notice that SQ,(0) can be de-
termined also from electrochemical voltage measurements by the follow-
ing equation:-

Scc(0) = -
P,T,N

Therefore Sçç(O) can be obtained from the slope of the experimental
e(c) curve. Ichikawa et al. [il] find, at 110 °C, an Scc(0) curve
with a pronounced peak at 80 at°a Na and a broad shoulder between 50-70
at5« Na. The peak in S™(0) originates from a rather flat part in the
cell-voltage versus concentration curve, where the measurements have
been performed for only a few concentrations. A comparison of their
first letter on this subject [l3] with the final publication [ll]
gives an idea of the scatter appearing in the cell-voltage measurements.

Bhatia and March [l4] have compared the cell-voltage versus con-
centration curve with the curve resulting from the theoretical model
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discussed in section VIII.4. Once more, W was adjusted to fit the two
curves. The best fit is found for W = 1.14; the obtained agreement
between theory and experiment can be assessed from figure 8.7. The

Fig. 8.7. Scc(O) for
the Sa-Cs alloys sys-
tem at T = 110 °C as
a fvenation of c^a.

f vom cell-voltage
measurements;
theoretical results.

broad shoulder close to 60 az% Na is neither predicted by the theore-
tical model nor confirmed by our x-ray transmission measurements. The
value of 1.14 for W, however, is in satisfactory agreement with our
value, especially when the experimental inaccuracies in the e(c) curve
are taken into account.
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CHAPTER IX

GUINIER-MODEL FOR SMALL-ANGLE SCATTERING FROM CLUSTERS

IX. 1. Introduction.

In chapter VIII we have provided experimental evidence for con-
centration fluctuations in the liquid mixture. This conclusion was
based on the behaviour of S(q) at q = 0. Actually, we have observed
that the rise of S(q), for decreasing values of q, sets in already at
q = 0.4 A . Evidently this is a consequence of the finite size of
the fluctuations. Accordingly, the discussion in this chapter is based
on the assumption that clusters of atoms, with a short lifetime, exist
in the liquid. We will introduce a model developed originally by
Guinier [l] for explaining the effect of homogeneous clusters in sam-
ples consisting of one component. The application of this model to
binary liquid alloys, in 'vhich simultaneously different kinds of clus-
ters may be present, constitutes an oversimplification of the state of
affairs. Also, the assumption of Guinier, that the system be dilute,
is not realized in our case. Nevertheless, the Guinier-model has
proved to be useful for obtaining rough estimates of the size of the
clusters occurring in liquid alloys [2,3,4].

IX. 2. Scattering by one cluster.

As the system is supposed to be dilute we can confine ourselves
to calculating the intensity of one, independent, cluster. The ampli-
tude of the radiation scattered by the cluster is, in electron units,
(see also eq. (4.1.12)):

.-»- -*-
-ïq.r

A(q) = ƒ p(r) e dr , (9.2.1)

where p(r) is the electronic distribution function within the cluster,

which is supposed to be spherically symmetric. The integration is limit-

/ "Si
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ed to a volume containing no more than one cluster. Then the inten-
sity scattered by the cluster has the form

I(q) = < I A(q) I2 > = < ƒƒ P(r) p(r') e dr dr' >

q | r - r'
(9.2.2)

Here we have assumed that all the cluster orientations are equally
likely.

For small values of q | r - r' | we can write down sin(q | r - r ' |)

in a Taylor expansion, neglecting the term with (q | r - r' |) and

higher order terms:

I(q) = ƒƒ P(r) p(r') (1 - -ß q
2 | r - r' |2) dr dr' . (9.2.3)

(9.2.4)

For | r - f' I we can write

| r - r' I2 = r2 + r'2 - 2rr' cos* ,

where $ is the angle between r and r'.

Sunstitution of eq. (9.2.4) in I(q) yields:

I(q) = ƒƒ P(r) P(r') (1 - I q2r2 - 1 q2r'2 + 1 rr' cos*) dr"dr'.f9.2.5)

Taking as origin the electronic center of mass of the spherically sym-
metric cluster, we easily find

ƒ p(r) r cos* dr = 0

This results in a scattered intensity

Kq) = ƒƒ P(r) p(r') (1 - 1 q2r2) d? dr'

(9.2.6)

(9.2.7)
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where Z = ƒ p(r) dr is equal to the total number of electrons within

the cluster. Now we define R by

ƒ r 2 d?/Z (9.2.8)

R can be considered as the electronic radius of gyration of the clus-
ter about its electronic center of mass. Substitution of R in I(q)

results in the following equation

Kq) =Z2C1 - J A (9.2.9)

According to Guinier, a better approximation can be obtained by using

the exponential form:

I(q) = Va . e (9.2.10)

instead of eq. (9.2.9) (see ref. [i], page 186).

The radius of gyration can be calculated for different shapes of

clusters. Assuming that the clusters are spheres with radius R and ho-

mogeneously filled with electrons, we find for R :

R2 _ 3 „2R g " 5 R (9.2.11)

i i , the intensity scattered by a single cluster over small angles can
be written in these approximations as

2 4
I(q) = V1 . e *

(9.2.12)

IX. 3. The total small-angle scattering.

The intensity scattered independently by all the clusters present
in the mixture is given by

IG(q) = C . e
 s

where C is Z times the total number of clusters.

(9.3.1)
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The total intensity at small angles due to elastic scattering by
the mixture can be separated into two parts. First, we have the con-
tribution 5' Cq) from the regions outside the clusters; it is approxi-
mately given by an extrapolation to small wavenumbers of the large
angle scattering experiments (see,fig. 9.1). Secondly, we find an in-

Fig. 9.1. Extrapolation
of the large-angle scattering
results to small-q values.

tensity scattered by all the independent clusters in the mixture. Ac-
cordingly, the total intensity is given by:

ICq) = < f^(q) > S'(q) + C . e

Writing I(q) as in chapter II as

K q ) = < £2(q) > S(q)

we can calculate the Guinier intensity from

4q2R2

(9.3.2)

(9.3.3)

C . e = < f'(q) > (S(q) - S'(q)) . (9.3.4)

Taking the logarithm of both sides of eq. (9.3.4), one finds

In C - 1 q2R2 = In (.< f2(q) > (S(q) - S'(q))) . (9.3.5)

Plotting In (< f2(q) > . (S(q) - S'(q))) versus q2 yields a straight

line. The slope of this line determines the radius R of the cluster.
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Asanexaimle, in fig. 9.2, we have given this plot for an alloy at 100 C

'' V

C N a =0.8501

T=100°C

0.04 0.08 0.12 0.16 0.20

Fig. 9.2. The slope of
the straight line, shown
in this figure, determines
the radius R of the clus-
ters present in the liquid
at the indicated eompoíition.

containing 85.01 at! Na. The straight line in this figure is fitted

to the points between 20 = 0.625° and 20 = 1.50°, because for these

scattering angles the measured intensities are most reliable and the

intensity contribution from cluster scattering is still sufficiently

large.

For each of the investigated alloys the radius of the cluster
was determined frem the slope of the lines according to eq. (9.3.5).
Fig. 9.3 shows the radius of the clusters versus the Na concentration.
The radius of the cluster at a certain concentration is obtained as
the average of the radii at different temperatures, where we have as-
sumed that the radius does not vary appreciably with a small change in
temperature. The error in the radii is estimated to be ±0.5 A. We find
that the radius R of the clusters is approximately 10.4 A. This number
is fairly constant in the entire composition range of 80-98 at! Na.

The results for S(q) are shown in fig. 9.4. A discrepancy between
the theoretical structure factor as calculated by eq. (9.3.2) and the
experimental S(q) exists at small values of q. In our experimental data
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0.7 0.8 0.9 1.0

Fig. 9.3. The radius R of the clusters appearing in
the Na-Cs alloys as a function of the Na concentra-
tion.

0.32

0.22

0.12

(^=0.8022

\

-..•. '"•-. u t .

" % , . B0°C.-

azo

0.«

t
S-032
t/l

022

0.12

•

\

\
\ V

\ "•-?.

:N a=08501

eo'c

.'.^.^ -•**""

100'C

• - . ^ ' "

MO OÍO 0.20 0/0 0£0

186



000 020 , 0.40 060

V

012

0«2

0J2

0.22

012

• .

*#

'X
X

•

'"'•"•Vvrvf •

0.9502

100"C

150"C

000 O20 . OU 060

Fig. 9.4. Guinier plots for several fla-Cs alloys at
temperatures indicated in the figures. A; experimen-
tal results; — ." Guinier model.
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we did not find an indication for a flattening of the scattered inten-
sity if q approaches zero. Also, the division of the total intensity
in Guiriier "intensity and "normal" intensity is rather arbitrary;

We have to admit that this description of the small-angle scatter-

ing is not completely adequate. The Guinier method was applied with

much better results to the Bi-Cu alloys system by Zaiss et al. [4J.

The accuracy obtained by Hoehler and Steeb [3] in their treatment of

Al-In alloys is comparable to ours.

Finally, it should be remarked that the radius of e.g. a Cs-atom
(2.4 A) is not extremely small compared with the observed cluster ra-
dius (̂  10 A ) . This questions the validity of the supposition of a ho-
mogeneous cloud of electrons, which lies at the basis of the Guinier
method.

IX.4. Lifetime of irihomogeneities in the liquid mixture.

When a certain concentration fluctuation is built up within a re-
gion with diameter L, the mean decay time for this fluctuation is pro-
portional to L and inversely proportional to the diffusion coefficient
Ü (see e.g. Landau and Lifshitz [5]):

T iL 2/D . (9.4,1)

Substituting L = 20 Å and D = 4.10 cm /sec, wliat is typical for liquid
alkali metals, we obtain for T:

T 2L 10~9 sec

This is of the same order as the rcean decay times of the inhomogeneities
in Bi-Zn alloys (see Egelstaff and Wignall [6]) and in Bi-Cu alloys
(Zaiss and Steeb [7]]. The inhomogeneities in these alloys possess a
somewhat smaller lifetime due to smaller radii of the clusters.
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CHAPTER X

MODELS FOR THE PARTIAL STRUCTURE FACTORS OF Na-Cs ALLOYS

X.I. Introduction.

In previous chapters we have provided some theoretical approxima-
tions to describe the long-wavelength limit and the small-q part of
the total interference function. The aim of this chapter is to give an
idea of the difficulties arising in the determination of a unique set
of partial structure factors for the entire range of wavevectors q. The
two different experiments are insufficient to obtain these three inde-
pendent partial structure factors. Therefore, we have to introduce
theoretical models to solve this problem. From the partial structure
factors, thus obtained, the total interference functions for x-ray r-s
well as neutron diffraction are constructed and compared with experi-
ment. One of the models introduced can be extended to include the small-
q range and constitutes a useful supplement to the discussion in the
preceding chapter. At the end of this chapter we will, for each parti-
cular range of q-values, indicate, the model which is, to our opinion,
the most suitable one for describLig the partial structure factors. All
total interference functions, discussed in this chapter, pertain to T =
100 °C.

X. 2. Concentration independent F.Z. partial structure factors.

As mentioned in chapter VII some observations lend support to the
assumption that the F.Z. partial structure factors be independent of
the composition of the alloy. This assumption has been worked out in
two approximations.

a) A first approximation is to assume that the F.Z. partial struc-
ture factors ajjajføCq) and a c s c s ^

 are identical to the structure fac-
tors Støa(q) and S^s(q) of the respective pure components. This assump-
tion leads to the following equation for the total interference function
S(q):
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. . s 2 ( q )
Z

fi(q)f2Cq)
+ 2C.C, 1 M í . a12(q), (10.2.1)

«here 1 and 2 indicate Na and Cs, respectively.

So, ajj. /vCq) can be calculated by substituting the experimental

S(q), S^Cq) and S2(q) in eq. (10.2.1). This is carried out for compo-

sitions close to the one for which the contribution from a^sta) t0

S[q) is a maximum, more particularly 80, 85 and 90 at% Na for the x-ray

case and 50, 60 and 75 atl Na for the neutron cise. The results for

ajtøpfq) are shown in figure 10.1 and 10.2 for the x-ray case and the

neutron case, respectively. Apart from the region in front of the first

_ i o -

-1.0 -

ao

Fig. 10.1. O-íjaçs(q) aaLoulat-
ed by means of eq. (10.2.1)
from S(q) data obtained by
x-ray diffraction for the
following Na-aonaentrations:

80.19 at%Na;
85.01 at% Na; 39.92
at% Na.
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F-ig. 10.2. aflaCs(q) aa.lau.lat~
ed by means of eq. (10.2.1)
from S(q) data obtained by
neutron diffraction for the
following Na-concentrations:

SO. 75 at% Na;
60.08 at% Nas 75.2?
at% Na.
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peak the curves in the two figures are rather similar. Within a few per-
cent the positions of the maxima and the minima of all the curves are
equal. The largest discrepancy occurs at the first minimum beyond the
main peak, which minimum is situated at the slope on the right hand
side of the pure sodium structure factor. The wiggle in front of the
main peak appears at the position of the slope on the left hand side of
the pure caesium structure factor and is therefore presumably due to
the strong q-dependence of S~s at that position.

The partial structure factors, ̂ 3^(1)» depicted in fig. 10.1
and 10.2 are used to reconstruct S(q) via eq. (10.2.1) for several com-
positions for the x-ray case (30, 50, 60, 67 and 75 at& Na) and two
compositions for the neutron case (30, 90 at£ Na), respectively. The
results for S(q) are given in figures 10.3 and 10.4 for x-ray scatter-
ing and neutron scattering, respectively, together with the experimen-
tal S(q) data. We find that reasonable agreement is obtained for the
neutron measurements, bus that, for a number of concentrations, signi-
ficant discrepancies occur at the main peak of the x-ray results.

b) Assuming once more, that the F.Z. partial structure factors are
independent of concentration, one may derive them from the measured in-
tensities at three different concentrations. This has been carried out
for the x-ray as well as the neutron results, but proved to lead to
less consistent results than were obtained by the method mentioned un-
der a).

Other authors have passed similar criticism on this method. Korsun-
sky and Naberukhin [l], using the H.S.P.Y. theory, constructed total
interference functions for some compositions of mixtures of hard spheres.
Starting from three of these total interference functions and going the
other way around, it appeared to be possible to decompose these total
interference functions into three concentration independent F.Z. partial
structure factors, with which the total interference functions could be
described satisfactorily for a number of concentrations. Although the
original hard-sphere F.Z. partial structure factors were strongly con-
centration dependent, they ended up with three concentration independent
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60

CNa=03000

Fig. 10.3. The x-ray total
interference function (for
several compositions) obtain-
ed, fron eq, (10.2.1) using
the results for a[facs(q)
shown in fig. 10.1.
experiment; theory.

CNa=03000

60

Fig. 10.4. The neutron to-
tal interference function
(for two compositions) ob-
tained from eq. (10.2.1)
using the results for
anaçs(q) shown in fig. 10.P..

experiment;
theory.
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F.Z. partial structure factors, which beared no resemblance to the
"true" original ones. They also found that the concentration indepen-
dent F.Z. partial structure factors were strongly dependent on the
choice of the three starting compositions. Nevertheless, each set of
partial structure factors describes quite well the true total inter-
ference function S[q) at compositions differing from those utilized to
calculate the set. So, Korsunsky and Naberukhin conclude that accurate
reconstruction of the experimental S(q), is a necessary but not suffi-
cient condition for the correctness of the initial assumption and it
even seems possible that the three concentration independent F.Z. struc-
ture factors bear no physical meaning at all.

X.3. Partial structure factors in cluster-forming molten alloys.

The method, described in this section, is based on a model develon-
ed by Bhatia and Ratti [2]. In this model, the liquid is supposed to
contain molecular aggregates, called compound atoms by the authors. The
compound atoms are treated as being hard spheres with an effective scat-
tering factor. Finally, H.S.P.Y. theory is applied to the mixture of
single atoms and compound atoms. Bhatia and Ratti obtained satisfactory
results for the Li-Pb and Cu-Cl systems. In the Na-Cs system no compound
forming, but a tendency to phase separation occurs. We could easily
adapt the Bhatia-Ratti procedure to this case. We have seen that at cer-
tain compositions (̂ 85 at% Na) concentration fluctuations exist in the
liquid phase of Na-Cs alloys. So it is a reasonable approach to con-
struct compound atoms out of one of the components and treating the
atoms of the other component as single particles. For the cluster we
choose (rather arbitrarily) one atom surrounded by 12 atoms of the same
kind situated on an f .cc. lattice. When we consider the amplitude of
scattering caused by N^ atoms of kind 1 and Nj clusters formed by 13
atoms of kind 2, we obtain

A(q)
N1 -iq.iL
Z e +
v=1

N,

u=1
(10.3.1)
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where

f3Cq) =
13 -i

a=1
(10.3.2)

with cR the vector from atom a of kind 2 to the center of the cluster.

For the total interference function we find in terms of the A.L. partial

structure factors:

SCq) =

where

f?(q)
Zcfc1

i ^ ( g ^ C g )
Á<ú,

(10.3.3)

N1 + N3M-j/N, c 3 = Nj/N and N - n^ •* i\y

The A.L. partial structure factors are calculated from the usual

U.S.PiY. model. For the packing fraction n we took i t s customary value

for a liquid metal: n = 0.45. The hard-sphere diameters are chosen as

3.25 A and 4.70 8 for the Na-atom and Cs-atom, respectively, and TO,70

X and 15.30 A for a Na-cluster and a Cs-cluster, respectively. The coeffi-

cients f3(q) and f3(q) are calculated from eq. (10.3.2) and from the

following equation, respectively:

, , 13 13 sin q d"
ffo) = f;Cq) E E ~

a=i ß=l q CT

(10.3.4)

where d^ is the distance from atom a of kind 2 to atom 8 of kind 2,

both atoms forming part of the same cluster. Eq. (10.3.4) constitutes

an average over all orientations of the cluster with respect to q. We

have, for a concentration of 85.01 sti Na, calculated S(q) from the

H.S.P.Y. theory for the case Na-clusters + free Cs-atoms, as well as for

the case Cs-clusters + free Na-atoms. The results are compared with the

x-ray diffraction data in fig. 10.5. We see that in no way the liquid

can be described by such quasi hard-sphere systems. More particularly,

the oscillations at small q indicate that we have incorporated too

much crystallinity in our model. We will show in the next section that
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Fig. 10.5. H.S.P.Y.
S(q) results when
eithep Ha—cluster's
or Cs-alusters are
assumed to ocawr in
the liquid.
x-ray diffraction
results; theory.

a description of the liquid mixture by simply taking hard spheres for
the Na and Cs atoms themselves gives a much better agreement with the
experimental results.

A'. 4. The H.S.P.Í. theory for a binary random mixture.

he have already seen in chapter VI that, for the pure components,
the H.S.P.Y. approximation is not able to reproduce satisfactorily the
experimental data over the whole range of q. In this section we present
not only a straightforward application of the H.S.P.Y. theory, but also
a slightly more refined version of it.

a) H.S.P.Y. method with fixed n and a.

For a straightforward application of the H.S.P.Y. theory, the (n,a)
'larameter couple is chosen in the following way. For n we take its cus-
tomary value for liquid netals (n = 0.45) throughout the whole composi-
tion range. The ratio a of the two hard-sphere diameters is taken to be
indcnendent of concentration and nut equal to 0.656, in accordance with

: ~-':-X
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Hafner [3] and Ratti and Bhatia [4]. The resulting H.S.P.Y. total in-
terference functions are shown in fig. 10.6 and 10.7 together with the

50
X-RAY CASE

50-
NEUTRON CASE

00 60

Fig. 10.6. H.S.P.Y. results
for S(q) ( ) together
with experimental x-ray data
f— ) for some Na-oonaen-
travions.

Fig. 10.7. H.S.P.Y. results
for S(q) ( ) together
with experimental neutron
data ( ) for some Na-
conaentrations.

values obtained from x-ray and neutron experiments, respectively. The

agreement between theory and experiment is satisfactory for values of q

up to and including the main peak (except for q + 0 at some concentra-

tions), but, as expected, the oscillations for larger values of q are

much too strong.

b) H.S.P.Y. method with variable n and a.

A refinement can be obtained by introducing q-dependent d and n-
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The physical meaning of doing so is questionable, and this procedure
should be considered mainly as a mathematical trick to find explicit
expressions for the partial structure factors.

First, for pure Na and Cs, n(q) and d(q) are obtained by adjust-

ment of the H.S.P.Y. structure factor to the experimental one at a

number of maxima and minima of S(q). Between the maxima and minima the

(n,d) parameter couple is obtained by linear interpolation for each

q-value; For the binary mixture the packing fraction n and the diame-

ter ratio a are given by:

n(q) = (10.4.1)

and a(q) (10.4.2)

For a number of compositions the H.S.P.Y. total interference func-

tion is compared with the experimental data obtained by x-ray diffrac-

tion (fig. 10.8) and by neutron diffraction (fig. 10.9). Reasonable

so-
X-RAY CASE

C N Q =0.3000

CNa=0.6009

C., =0.8501
Na

6.0

FiG. 10.8. H.S.P.Ï. results
(n and a. being q-dependent)
for S(q) ( ) together
with experimental x~ray re-
sults ( )fov some oompo-

198 sitions.

5.0-

1.0

NEUTRON CASE

CNa=0.3000

ÇNQ=0.600B

00

Pig. 10.9. H.S.P.Y. results
fn and a being q-dependent)
for 3(q) ( ) together
with experimental neutron
results ( ) for some com-
positions.
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overall agreement has been obtained. In the region up to and including

the first peak the "straightforward" H.S.P.Y. S(q) is slightly better,

but the strong oscillations beyond this peak are considerably diminished

and the phase of the remaining oscillations is described much more cor-

rectly.

From the figures we remark that neither of the two H.S.P.Y. ap-
proaches is able to describe satisfactorily the long-wavelength limit
of S(q) when strong concentration fluctuations are present (at c ^ *
Ü.8S).

X.5. Perturbation theories on the H.S.P.Y. model.

As neither of the two hard-sphere models dealt with in the prece-
ding section can account satisfactorily for the small-angle behaviour,
we may try to improve this situation by adding a long range interaction
to the hard-sphere pair potential (see section V.8.F). This long range
interaction, $— (r), is then treated as a perturbation in order to ob-
tain modified partial structure factors. According to Ratti and Bhatia
[*], we choose the following form for <(•-T(r):

•5« -
d¥ (10.5.1)

After some algebra we obtain, taking the Fourier transform of eq.
(5.8.47):

HS, , 4ir A. .

4 sin u - u cos u + u (sin u ̂  u cos u)
1 +u'

(10.5.2)

where u = q d...

Two approaches for obtaining a reasonable guess at the *•-(r) have
been considered.

a) Ratti and Bhatia [4] simply put
only the effect of *

= °> considering
T h i s sinï>lification implies that the H.S.P.Y.

structure factors of the pure coimjonents are unperturbed. For n and a
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ue take the values 0.45 and 0.656, respectively, while d12 is set equal
to -=-(d2 + d^)t where d̂  and d2 denote the hard-sphere diameters of the
pure components as determined in chapter VI. I t was found by Ratti and
ahatia that, for c» = 0.8501, A^/kgT = 0.0608 gives the best f i t of
the theoretical S(q) to the experimental S(q);"tne results are shown
in fig. 10.10. We remark that this model accounts for the increase in

Fig. 10.10. S(q) re-
sults for aNa = 0.8501
derived from a pertur-
bation model on the
H.S.P.Y. theory ( ;
proposed by Ratti and
Bhatia; experiment.

3(q) for decreasing small-q values. The positive value of A,2 indicates
that each atom is preferably surrounded by atoms of its own kind, which
is consistent with O U T earlier findings.

b) The second approach is to determine the ratio's A«,/A.., and
A22^A12 from P a i r P ° t e n t i a l calculations obtained from model potential
theory. (For these calculations see Lee et al. [5] and section X.7).
The A y are chosen to be proportional to the depth of the minimum in
the pair potential. A^2 is used, once more, as a parameter to adjust
the theoretical S(q) to the experimental S(q). It follows from calcu-
lations carried out by T. Lee that A ^ / A ^ and A22/A1Z are equal to
1.259 and 0.616, respectively, for c N a = 0.8501 (component 1 indicates
the Na-atoms); d.. is given by the position of the first minimum in
í y W ; n and a have the values 0.45 and 0.656, respectively.

The best agreement between theory and experiment (particularly the
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x-ray experiment) is obtained when A^/kgT is set equal to -0.1910. Fig.

10.11 shows the results together with the experimental data for c ^ =

zo-

0Q

Fig. 10.11. S(q) re-
sulta for oua = 0.8501
derived from a pertur-
bation model on the
H.R.P.Y. theory ( ;
to explain the law-q
behaviour of S(q);

experiment.

0.8501. The agreement between theory and experiment is slightly better
for this method than it is for method a). However, we have to admit
that the use of perturbation theory breaks down for small values of q,
because the correction can not be considered any more as a perturbation,
i.e. on the right hand side of eq. (10.S.2), the second term becomes of
the same order as the first term.

X.S. Partial structure factors in conformai solutions.

We have seen in chapter V.9 that, for application of the conformai
solution theory, the parameters A. • and A^. (defined in that section)
are allowed to deviate only slightly from unity. Taking potassium as
reference liquid, and using the results of the pair potential calcula-
tions (see section X.7), we have obtained numerical values of X-• and
A y for two Na-Cs alloys, containing 60 and 85 at! Na, respectively.
They are listed below.

\ti
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a « Na

60
85

0.800

0.810

AI2

0.991

0.987

A22
1.172
1.165

"11
2.736
1.074

1.706
0.853

0.985

0.529

The indices 1 and 2 indicate Na and Cs, respectively. We notice that
particularly the A.- may take values which deviate appreciably from 1.

The inadequacy of the conformai solution theory is also demonstrat-
ed by the following observations. In section V.9 we have found that
w = d ^ f ) , where E Q is independent of the composition of the alloy.
From measurements of the heat of mixing of Na-Cs alloys (see VI11.6) it
is found that w can be regarded to be almost independent of the concen-
tration. However, according to the pair potential calculations d ^ =

^12 " ̂ 11 " ̂ 22 var*es' strongly with respect to the concentration (d^2
= -0.309 for c^ = 0.60; d12 = 0.103 for c N a = 0.85). On the contrary,
if å,2 is not dependent on the concentration, it is seen from eq. (5.9.3)
that Spç(q) is symmetric in the concentration, but this is in distinct
contradiction to the experimental results for Sçç(O), which exhibit a
-leak at c», = 0.80 (see fig. 8.5). For these reasons we consider it to
be meaningless to apply the conformai solution theory to calculations
of the partial structure factors of Na-Cs alloys.

X. 7. Comparison of experimental results with M.D. results.

Lee, De Hosson and Bisschop have performed Molecular Dynamics cal-
culations on two liquid Na-Cs alloys, with c., = 0.60 and c = 0.85,
at T = 100 °C. For this purpose, pair potentials were derived from
mixed Heine-Abarenkov and Shaw model potentials. The procedure amounts
to calculating the energy of the conduction electrons up to second or-
uer. As the second-order term is structure dependent, it is possible to
construct effective ion pair potentials due to the polarization of the
conduction electrons. For details, the reader is referred to Harrison
[s] and Lee et al. [s].

The M.D. ĝ .̂ (r) results for 60 at°s Na and 85 at! Na are shown in

figure 10.12. The number of ̂ articles in the model system is 216 for
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Fig. 10.12. The partial radial distribution functions
gi--(v) obtained from M.D. calculations for two compo-
sitions.

c. = 0.60 and 1728 for c^a = 0.85. We observe that, going from gjjCr)

via g12(
r) t0 S22Ír^' the n e i g n t of the first peak decreases gradually,

whereas the width increases correspondingly ( g 2 2 M
 for 85?° Na iS Per"

liaps an exception). This means that Na-atoms being nearest neighbours

of a Na-atom have much better defined positions than Cs-atoms being

nearest neighbours of a Cs-atom.

The purpose of this section is to compare the M.D. results in some
way or the other with our experimentally measured total interference
functions. This comparison can be carried out in two ways, as was point-
ed out in section VI.8 for the pure liquid metals. Both methods are
anproximate ones for the x-ray case as will be shown in the following.

a) By means of the relation between S(q) and g-^(r) (eq. (2.4.18a),

we can derive the following relation, by taking the Fourier transform of
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S(q) - 1 and by using the Warren-Krutter-Morningstar (W.K.M.) approxima-

tion (see section IV.1.D):

G(r) = 1 + — - r — • ƒ (S(q) - 1) q sin qr dq
2TT por 0

= c
<£*(q)>

, <f2iq)> - <f(q)>2

<f2(q)>
(10.7.1b)

When S(q) is determined by neutron scattering, eq. (10.7.1) is exact
because for this case the scattering lengths are independent of q. When
x-ray scattering is performed to obtain S(q), eq. (10.7.1) is an approx-
imate one. In that case the coefficients in front of g— (r) are calcu-
lated for that wavenumber for which S(q) has its main maximum; the va-
lues of the coefficients found in this way are used for the entire
range of q. It is hard to assess the error in G(r) introduced by the
W.K.M. approximation, but from the normalization procedure used for the
x-ray experiments and described in section IV. 1 .D we know that it pro-
bably is less than a few percent.

The results for G(r) as calculated from x-ray and neutron diffrac-

tion data are plotted in fig. 10.13 for 60 and 85 at% Na, together with

the M.D. results for G(r). The agreement between the two curves in each

figure is satisfactorily as far as the positions of the maxima and mini-

ma in G(r) are concerned, but the agreement is bad if one considers the

values of G(r) at these extrema. It is strange that the M.D. method

seems to exaggerate the oscillations in G(r) in these alloys, whereas

this was not the case for the pure components (see section VI. 8).

b) Going the other way around one can calculate the F.Z. partial
structure factors by Fourier transformation of g— (r) in the same way
as S(q) from g(r) for the pure components. From these a..(q) one can

obtain S(q). The results for 0.60 and c = 0.85 are shown in fig.
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Fig. 10.13. G(r) given by eq. (10.7.1) for two compo-
sitions. obtained by Fourier transformation of
experimental diffraction data (eq. 10.7. lai];
from M.D. calculations (eq. 10.7.1b).

205



30r
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NEUTRW CASE

00 ZO

31-

60 Bli

Fig. 10.14. The experimental diffraction results ( )
together with S(q) data obtained by Fourier transforwa-
tion of the M.D. g^i(r) results ( ) for too concen-
trations *

10. U and they are compared with our experimental data. We notice that
the positions of the maxima and minima compare favourably, whereas the
values for S(q) at those wavenunibers differ strongly. Like for G(r),
the M.D. method exaggerates the oscillations in S(q).

X.8. The partial structure factors for three Na-Cs alloys.

In the preceding chapters and sections we have proposed several
models for interpreting the experimental data, and we have compared
the results with the neutron and x-ray diffraction measurements. The
aim of this section is to compare the different approaches and to se-
lect the most promising ones for each interval of wavevectors. There-
fore we will compare, for three concentrations, 30, 60 and 85 atí Na,
the partial structure factors deriving from the models which are con-
sidered the best.

To start with, the approximation, in which the Faber-Ziman partial
structure factors are taken to be independent (section X.2), is disquali-
fied. The main reason for doing so is its failure to describe the S(q)
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erom q = 0 up to the first peak for some concentrations (fig. 10.3).

Another reason will be mentioned below in this section. The model based

on "molecular" clusters (section X.3) is rejected bacuse it fails com-

pletely to reproduce the experimental S(q) for neutron as well as x-ray

scattering,

a) c ^ = 0.30.

For this composition two theoretical models are left to calculate

the total interference function: the H.S.P.Y. theory with fixed n and a

and the H.S.P.Y. theory in which n and a are taken to be q-dependent in the

•.;ay as explained in section X.4b. For either of the two approximations

we have depicted the three partial structure factors S.^ (q) in fig.

10.15, and we see that there exists a satisfactory overall agreement.

Indeed, for all three partial structure factors, the curves with n and

a fixed exhibit the larger oscillation amplitude for large values of q.

Pig. 10.15. A.L. par-
tial structure factors
obtained from different
models: H.S.P.Y
(n,a); H.S.P.Y.

q , q
sCsCs(<J} NaCs^
from the experimental
ot-ray and neutron dif-
fraction data, assuming
that SNaNa(q) = 1 for
all values of q.
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This phenomenon was already observed for the total interference func-

tion (compare e.g. fig. 10.6 and fig. 10.8).

Additionally, for c ^ = 0.30, Sc-Cs(q) and SNaCs(q) may be obtained
directly from experiment, using the following arguments. From fig. 10.15
we notice that the amplitude of the oscillations of the Na-Na partial
structure factor is much smaller than that of, the other partial struc-
ture factors. The value of S^^Cq) never deviates strongly from 1.
Taking into account that for a, =0.30 this component gives only a
minor contribution to the x-ray as well as to the neutron total inter-
ference function (which can be deduced from fig. 7.10 and fig. 7.12),
we may approximate S^a^fa) by the value 1 for all values of q. Then,
SCsCs(q) and Sj^gCq) can be calculated from the experimental x-ray and
neutron total interference functions. These results will be referred
to as "quasi-experimental"; they are also included in fig. 7.15. We
notice that S„sçsCq)> obtained from this approximation, is similar
to the corresponding curves from both' hard-sphere models. SMarv (q),
however, shows some deviations from the hard-sphere ones. These dis-
crepancies are not the result of the approximation SNaNa(q) = 1 • Dis-
crepancies with the H.S.P.Y. results also occur for small values of q

To give some idea of the scatter in SCs„ (0) and S„ Cs(0) origi-

nating from the experimental error in S(0), the following examples

have been evaluated. Supposing SNaNa(0) = 1 and varying S (0) be-

tween 0.027 and 0.031 (the experimental result is 0.029) and Sneutron(0)

between 0.05 and 0.10 (the experimental result is 0.074), we obtain

that S^giO) and ^ - ( 0 ) varies between 0.048 and 0.068 and between

-0.13 and -0.22, respectively. Allowing also S^gVaC0) t0 vary between

0.90 and 1.10 the variations increase to 0.043-0.073 for SCsCs(0) and

-0.10.-0.25 for Stø^gCO). The long-wavelength limits of the partial

structure factors are in the "straightforward" H.S.P.Y. approximation:

SNaNaÍO) = °'982> ̂ a C s ^ = "0-246 anå sCsCs t 0 ) = °-087- We see that
the H.S.P.Y. result for SCsCs(0) is outside of the limits of error of

the quasi-experimental (i.e. from SfJaNa(0) = 1) value for it.
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For this composition, three sets of partial structure factors are
considered: besides the two hard-sphere models, mentioned above, M.D.
calculations for g--(r) are available for deriving a third set of par-
tial structure factors. All three sets are shown in fig. 10.16. Like

\ ; •

0.0 2.0 4.0 6.0 8.0

Fig. 10.16. A.D. par-
tial structure faatovs
obtained from different
models: H.S.P.X.
fn,^; H.S.P.X.
(r\(q),a(q)); M.D.;
+++++ SflafigCq t from ex-
perimental S(q) (neutron
data) and H.S.P.X. (j\(q)3

SNaCs(q) and

for c N a = 0.30 we notice that SCsCs(q) exhibits the same behaviour in
all three models. The agreement between the different S ^ (q) results
is slightly worse. The dip in the M.D. results for small q-values in
^ C s C s ^ aa^ ̂ N a C s ^ ar^ses ̂ rom spurious oscillations introduced by
the Fourier transformations of the computer results for g. .(r).

On the contrary, a strongly diverging set of curves for (q)
is found. Particularly the large oscillation amplitude of the 14. D. data
is remarkable. Because of the scatter in the (q) data (for the two
H.S.P.Y. models this may be due to the strong n-dependence of the partial
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structure factor for the component with the smaller hard-sphere radius),
we have performed the following calculation to obtain a reasonable
guess at SMava(i) • Starting from the observation that the curves for
S_ ps(q) and S., £S(q) seem to be quite well described by the H.S.P.Y.
theory with variable n and a, we can calculate Sv-v-OO with reasonable
accuracy from the neutron total interference function. These results
for Sj. v (q) are included in fig, 10.16. They will be denoted as the
"quasi-experimental" values for this concentration. Some discrepancies
between this and the other curves are noteworthy. Particularly the dip
in front of the first peak is shifted towards smaller q-values. It is
not possible to apply this method to the x-ray scattering results. This
is a consequence of the Na-Na component giving only a minor contribution
to the x-ray total interference function.

O = 0.85.

Three sets of partial structure factors, obtained by the same pro-
cedures as for c N a = 0.60, are considered. They are shown in fig. 10.17.

Fig. 10.17. A.L. par-
tial structure fac-
tors obtained from
different models:

H.S.P.Y. (n,u)
with Ratti-Bhatia
correction;
H.S.P.Y. (n(q),a(q));

M.D.; i m i
S[iaifa(q) from experi-
mental S(q) (neutron
data) and H.S.P.Y.

csCsW *****
Sfjana(q) from experi-
mental S(q) (x-ray da-
ta) and H.S.P.Y. (r\(q)3
a(q)) SffaCsfq) and

20 ^ 4.0 6.0
q(Å" ) — -

8.0
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For this concentration, the Ratti-Bhatia correction (section X.Sa) is
included in the H.S.P.Y. model with fixed n and a. It describes the rise
in S(q) for decreasing small values of q. As a consequence, the partial
structure factors show a steep rise (or drop) for q approaching zero.
The M.D. results exhibit some spurious oscillations. Once more, agree-
ment exists between the results for S^ ~(q) and S C s C s(q), whereas the
SLjaN (q) results differ considerably among themselves. Therefore, like
for c =0.60, Sj-rgCq) and S„ „ (q) seem to be described satisfacto-
rily by the H.S.P.Y. model with variable n and a, and "quasi-
experimental" values of SMgMa(q) can be calculated from the x-ray as
well as from the neutron diffraction data. Both results are included
in fig. 10.17 and both agree rather well with the H.S.P.Y. theory with
variable n and a as well as with the M.D. results. For q < 1.5 A ,
^aNa'cO as derived from the neutron experiments follows almost exactly
the H.S.P.Y. data with fixed n and a, in contrast with the x-ray results
for S^j, (q). Indeed, S^-jaCq) gives a much larger contribution to the
neutron intensities than to the x-ray intensities. For neutron diffraction,
the coefficient in front of Sj. ., (q) in eq. (2.4.22) exceeds its value
for x-ray diffraction by a factor of 3.7.

d) Concluding remarks.

When comparing the figures 7.15, 7.16 and 7.17 we see that the po-
sition of the main peak of S-.(q) is not independent of the composition.
This is an additional reason for discarding the approximation of concen-
tration independent F.Z. partial structure factors.

Additionally we want to compare the long-wavelength limits of the
"straightforward" H.S.P.Y. partial structure factors with the values
obtained for those limits from the thermodynamical approach (chapter
VIII). The results for S ^ O ) and S ^ O ) etc. are given in table I, to-

gether with quasi-experimental values for these limits, for Cj. = 0.30
and 0.60, according to the preceding discussion. At c N =0.85 the Ratti-
Bhatia correction is included in the H.S.P.Y. model. For c = 0.30 the
quasi-experimental limits are obtained from the x-ray and neutron experiments
assuming that S^^ÍO) = 1; for Cj. = 0.60, the quasi-experimental curve
Eor SNaNa(q) (indicated by crosses in fig. 10.16) is extrapolated to q = 0,
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ignoring the increase at small-q values, and that value for SNaNa(0) is

used to calculate S~ c (0) and S..açs(0) from the x-ray and neutron dif-

fraction data; for Cj, = 0.85, no quasi-experimental values for the long-

wavelength limits of the oartial structure factors are included, because

we were not able to determine these values with a reasonable accuracy

from fig. 10.17.

Table I. The long-wavelength limits of the A.L. and B.T, partial struc-
ture factors calculated from different models: A) H.S.P.X. theory, in
which n and a are fixed, with Ratti-Bhatia correction included for
alia = "-SSj B) thevmodynanrtaal considerations (chapter VIII); C) quasi-
experimental approaches.

c

0

0

0

Na

.30

.60

.85

model

A
B

C

A
B
C

A
B

0

1

1

0

2

0

6

3

.982

.349

.00

.908

.135

.88

.34

.28

SNaCs

-0.246

-0.218

-0.17

-0.419

-0.852

-0.42

-5.66

-2.83

SCsCs

0.087

0.063

0.06

0.220

0.366

0.22

5.66

2.47

SNN

0.130

0.249

0.19

0.225

0.593

0.20

1.25

0.59

SNC

0.142

0.230

0.17

0.206

0.508

0.20

1.50

0.81

SCC

0.198

0.244

0.18

0.217

0.456

0.21

2.20

1.14

For the composition with 30 and 60 at! sodium, S^CO), S^CO) and Scc(0)

are mutually rather similar in magnitude for the H.S.P.Y. model as well

as for the thermodynamical model, but the H.S.P.Y. values differ from

the thermodynamical values by roughly a factor of 2. For these composi-

tions we believe that the thermodynamical theory is not entirely adequate

to describe the long-wavelength limits of the partial structure factors

with sufficient accuracy. On the contrary, we think that for c^ =0.35

the thermodynamical approach yields satisfactory results for the partial

structure factors at q = 0; the maximum in S(0) is fairly well described

by this model (see fig. 8.3).
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Finally, we conclude that for values of q up to the main peak in
S(q), of all theoretical models for the partial structure factors S^-(q),
the H.S.P.Y. model with fixed n and a yields the úest results in spito
of its simplicity. Even better results can be determined from this model
by adapting n such as to obtain the best fit to the exnerimerital data.
For large values of q, both the H.S.P.Y. model with variable n and o
and the calculations of S — (q) from M.D. and M.C. results are adequate.

We have, for want of anything better, chosen for an opportunist
approach to the problem of establishing partial structure factors for
the Na-Cs mixtures, adapting our analysis to the particular alloy com-
oositions and ranges of q. For each of these cases, we can recommend 'i
certain set of partial structure factors as being most favourite. The
definitive determination still waits for a more fundamental approach
to the understanding of typically non-ideal mixtures, of which the Na- '
Cs system is an example.

Finally, at the risk of starting a cyclic process, we may refer
the reader to the front cover of this thesis. The picture represents a
slice of a model Na-Cs liquid (85$ Na) generated by molecular dynamics.
It clearly illustrates the clustering of sodium and caesium atoms. It
has been obtained by De Hosson and Visser and it forms a nice counter-
part to the many radial distribution graphs in this thesis.
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CHAPTER XI

DENSITY OF LIQUID Na-Cs, Na-K AND K-Rb ALLOYS

XI. 1. Introduction.

For a quantitative analysis of a number of physical properties of
simple metals, knowledge of the density is of primary importance. Often,
these properties are calculated starting from free-electrons as a
first approximation (see e.g. section II.6, Harrison [l] and Van der
Lugt and Dekker [2]). For a free-electron system all relevant physi-
cal quantities like the Fermi-energy, the Fermi-wavevector and the
density of states are entirely determined by the mean atomic volume,
which is directly related to the density. Furthermore, in the diffrac-
tion model, most properties can be expressed in the form factors and
structure factors. The form factors are matrix-elements of the poten-
tial between free-electron states with the Fermi-wavevector. The struc-
ture factors depend on the density in a not very transparant way; any-
how, an anomaly in the density points to a corresponding anomaly in
the structure factor.

Additionally, apart from being a useful quantity for the calcu-
lation of electronic porperties of metals, the density is an interest-
ing thermodynamic property in its own right, which is accessible for
theoretical verification (see section XI.4).

Focussing our attention to liquid metals, the liquid Na-Cs system
seems to be a good candidate for structural anomalies. The atomic
volumes of the two components are in the proportion of 1 to 3 and ul-
trasonic measurements have provided indications for ordering effects
in liquid alloys containing approximately 75 at9» Na [3]. Anomalies in
the temperature derivative of the electrical resistivity [4], in the
pressure dependence of the electrical resistivity and thermopower
[5] are reported. The Na-K system is chosen because it is the most
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common binary alkali system, which has been more widely investigated
than the other ones, partly because of its technological importance.
Olsen and Blough [ß] have compiled the density data obtained as yet
and it results from their work that there exists some need for a new
set of measurements for a relatively large number of concentrations.
As far as the K-Rb system is concerned, measurements of the Knight
shift [7] and of the resistivity [8,9] in this binary system showed
that the ionic potentials of the K and the Rb ions are rather similar.
Therefore, one expects the volume contraction to be accordingly small.

XI. 2. Experimental methods and accuracy.

For density measurements of liquid metals a number of methods may
be applied, most of which are discussed in papers by Veazy and Roe [10]
andbyCrawley [ll]. For our purpose, two experimental aspects were of
particular importance: (a) the relatively high price of commercial
high-purity alkali inetals necessitating us to look for a method requir-
ing only small amounts of the alloys; (b) the particular difficulties
in handling alkali metals, due to their chemical reactivity.

For both reasons our attention was attracted to a method developed
by Kratky, Leopold and Stabinger [12], not discussed by refs. [10] and
[ll] but extensively described by the authors. In principle, it con-
sists of a freely vibrating, U-form, glass capillary to be filled with
the liquid metal. A simple equation relates the period of the vibration
to the density of the metal. Rigorous temperature controlling and accu-
rate frequency counting are required, but rather easily performed with
modern electronic equipment. Unfortunately our attempt to modify this
system for making it suitable for the appropriate range of densities
(0.8 to 1.9 g/cm ) and for application to alkali metals broke down on
the chemical activity of the alkalis, the fragility of the capillary
and a not completely understood lack of reproducibility. Perhaps pro-
longed efforts e.g. by changing the material of the capillary, might
have resulted in a more manageable apparatus, but we preferred to
change over to the more classical dilatometer method at the cost of a
higher expenditure of pure alkali metals.
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A carefully calibrated pipette-shaped glass dilatometer (see fig.

11.1) of approximately 13 cm is almost entirely enclosed by a fumace

Fig. 11.1. A pipette-shaped glass
dilatometer used for our density
measurements. 1: reservoir, 3;
filling tube, 3: tap, 4: sample-
holder, S: pipette tube and 6:
small bulb to close the pipette
to avoid evaporation.

providing sample temperatures from
room temperature to 130 °C with fair
homogeneity over the sample. For the
Na-K and K-Rb density measurements,
the temperature range of the dilato-
meter was extended up to 200 °C. The
narrow pipette tube (inner diameter
2.19 mm) protruding from the furnace
is heated by a separate winding pro-
vided with a vertical slit. The slit
allows us to determine the position
of the meniscus by means of a cathe-
tometer. The pipette is filled in a
VAC argon glove box and left there

during the measurements. The cathetometer is placed in front of the
glove box.

Below, we will discuss in slightly more detail the sources of in-
accuracy inherent to the dilatometer method. There exist four of such
sources.

1) Given the fixed volume of the dilatometer (approximately 13 cm )
the relative error in the weight determination is ±0.0451, ±0.0401,
±0.025^ and ±0.0201 for K, Na, Rb and Cs, respectively. This cor-
responds to an absolute error of ±5 mg arising from the argon cir-
culation in the glove box.
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2) The volume of the dilatometer is known with a relative error of
±0,035%.

3) The temperature is measured with a cõpper-cónstantan thermocouple
mounted with its end in an introversion of the glass bulb of the di-
latometer. We have checked, that, as a consequence of the non-ideal
thermal contact between the thermocouple and the liquid metal, the
temperature of the liquid metal may be higher than that measured by
the thermocouple by at most 2 °C; the actual difference is depen-
dent on a number of circumstances. For this reason, we have correct-
ed the measured temperature by adding 1 °C. The remaining inaccuracy
in the temperature is equivalent to a relative error of ±0.03% in
the density.

4) The inpirity of the constituents of the binary alloys has negligible
effect on the resulting accuracy.

The maximum total errors resulting from the sources 1-4 are always
within a range from 0.11% (for K) to 0.085% (for Cs), the standard de-
viations in a range from 0.064% to 0.050%. When determining the volume
contraction, one and the same dilatometer is used for all the measure-
ments in the whole concentration range. Consequently, in that case, the
inaccuracy arising from the dilatometer volume (2n source) can be con-
sidered as a systematic error, which cancels in the calculation. The
resulting maximum absolute error in AV = (V(linear) - V(alloy))/V(linear)
(see XI.3) is estimated to be 0.13%, while the absolute standard devia-
tion is 0.09%.

XI.S. Density resulta.

Densities were obtained for the pure metals (Na, K, Rb and Cs) and

the alloys-systems Na-Cs, Na-K and K-Rb. For each sample the volume was

measured in a temperature range from the liquidus temperature (or room

temperature when the alloy is a liquid at room temperature) up to 130 °C

for the Na-Cs system and to 200 °C for the Na-K and K-Rb systems. A

balance is available in the glove box for weight determination. By de-

finition, additivity of atomic volumes applies to an ideal system. In
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that case, the volume of an alloy is given by V(linear) = c.V(1) +

(1-c.).V(2). Here V(l) and V[2) are molar volumes, c is the molar con-

centration of the component labeled with 1. If V(alloy) is the real

volume, Av = (V(linear) - VCalloy))/V(linear)Vis~defined as the volume

contraction for any temperature. The results for Na-Cs, Na-K and K-Rb

are listed in Table I, Table II, and Table III, respectively.

Table I. Densities (p) as a function of temperature and volume contrac-
tion {t\v)3 at 100 °C, of' liquid sodium-caesium alloys. T is the tempera-
ture in degrees Celsius.

Att Na

0

15.18

30.00

50.23

60.31

70.14

80.00

90.00

100

P Cg/cm )

'1.7937 - S.SO.IO'V-IOO)

1.7817 - 5.5V\10~4(T-100)

1.7549 - 5.59.!0~4(T-100)

1.6676 - 4.79.10"4(T-100)

1.5920 - 4.73.10~4(T-100)

1.4929 - 4.19.10~4(T-100)

1.3593 - 3.71.10"4(T-100)

1.1778 - 3.04.10~4CT-100)

0.9274 - 2.60.10"4(T-100)

Av (t)

0

2.1

4.0

5.5

5.7

5.4

4.5

2.9

0

The densities for pure Na and Cs are also determined with the vibra-

ting capillary method mentioned above: for Na: p = 0.927 - "2.6.10~4

CT-100), for Cs: p = 1.795 - 5.4.10"4CT-100), in fair agreement with

the dilatometer result.
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Table I I . Densities (p) as a funation of temperature and volume oontraa-
tion (àv)3 at 100 °C, of liquid sodiian-potassiim alloys. T is the temper-
ature in degrees Celsius.

Atl K

0

11.14

20.00

29.83

40.16

49.99

61.06

70.03

80.01

89.50

100

P

0.9269 -

0.9142 -

0.9018 -

0.8907 -

0.8790 -

0.8680 -

0.8574 -

0.8464 -

0.8366 -

0.8271 -

0.8185 -

Cg/cm3)

2.61.10~4(T-100)

2.49.10~4(T-100)

2.39.10"4(T-100)

2.34.10~4(T-100)

2.49.10~4(T-100)

2.32.10~4(T-100)

2.35.10"4(T-100)

2.32.10~4(T-100)

2.30.10~4(T-100)

2.29.10"4(T-100)

2.35.10"4(T-100)

AV (I)

0

0.73

1.13

1.41

1.51

1.44

1.29

0.97

0.68

0.29

0

Table I I I . Densities (p) as a funation of temperature and volume contrac-
tion (bo), at 100 °C3 of liquid potassium-rubidium alloys. T is the temper-
ature in degrees Celsius.

At% K

0

20.22

39.98

50.04

60.05

68.40

85.14

100

1.

1.

1.

1.

1.

1.

0.

0.

P

4601 -

3517 -

2366 -

1741 -

1089 -

0525 -

9328 -

8185 -

(g/cm3)

4.61.10~4(T-100)

3.79.10"4(T-100)

3.54.10"4(T-100)

3.34.10~4(T-100)

3.28.10~4(T-100)

3.18.10~4(T-100)

2.62.10~4(T-100)

2.35.10"4(T-100)

AV (t)

0

0.19

0.24

0.26

0.26

0.25

0.16

0
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The density at 100 °C is plotted as a function of the atomic concentra-

tion of the lightest element in figures 11.2, 11.3 and 11.4 for the

Na-Cs, Na-K and K-Rb system, respectively. Figures 11.5 and 11.6 give

the volume contraction of each of the systems as a function of the

O 0.2 0.4 0.6 0.8 1.0
C N Q — -

0.2 0.4 0.6 0.8 1.0
cK(at%! -

Fig. 11.2. Density of liquid Fig. 11.3. Density of liquid
sodium-caesium alloys at 100 sodium-potassium alloys at
°C as a function of the ato- 100 °C as d function of the
mic concentration of sodium: atomic concentration of pptas-

experimental, o ideal. sium: 0 experimental, o ideal.

atomic concentration of the lightest component. The volume contractions
are smooth functions of composition with a maximum at a concentration
of 60 at9» of the component with the smaller atomic volume.

Already in 1911, the densities of Na, K, Rb and Cs were determined
by Hackspill [l3]. At their respective melting points, he obtained the
following density results for the liquid metals: 0.924 for Na, 0.825
for K, 1.475 for Rb and 1.845 for Cs. We notice that his density values
differ from ours by no more than 0.31 for Na and K and 11 for Rb and Cs.
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Fig. 11.4. Density of liquid
potassium-rubidium alloys at
100 °C as a function of the
atomic concentration of po-
tassium: 0 experimental, o
ideal.

1.60

0 0.2 0.4 0.6 0.8 1.0
CNQ "

Fig. 11.5. Volume contraction
bv for T = 100 °C as a func-
tion of the atomic concentra-
tion of sodium for the Na-Cs
system. The experimental points
are provided with error bars.

Fig. 11.6. Volume contraction
Au for T = 100 °C as a func-
tion of the atomic concentra-
tion of potassium for the Na-K
and K-Rb Systeme. The experi-
mental points are provided
uith error bars.
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Our results for the density of Na-K alloys compare favourably with
those obtained by Liu [14] and those mentioned in the AEC Liquid Metals
Handbook [is]. Olson and Blough [el, in their compilation, mention a
few other results but the scatter in the data is too large for making
them serious candidates for comparison. Our data for pure Na and K are
in fair agreement with those of Gol' tsova [i6]. Our results for pure
Rb agree well with those of Basin [l7,is], but deviate from those of
Shpil'rain [19] by approximately 1.6%. The density of pure Cs is in
satisfactory agreement with the values reported by Basin [17,18]. The
comparison of the results for Cs with those of Shpil'rain [19] can be
considered as excellent. The volume contraction in liquid Na-Cs alloys
has been measured already in 1939 by Böhm and Klemm [20]. In their pa-
per they do not give exact results but they state that the contraction
has a maximum of 5%.

XI.4. Comparison of the experimental volume aonbraations with theore-

tical results.

In 1965-1967, Christman [21,22,23] carried out theoretical calcu-
lations of the volume contractions in alkali alloys, using single aug-
mented plane waves. In his approximation, the structure of the liquid
does not enter explicitly in the calculations. For the Na-K as well as
for the Na-Cs system the shape of the Av(c) curve is rather similar to
our experimental curve. For the Na-Cs system, he found the maximum
value of Av to be 6.8$ at a sodium concentration of 60%; for the Na-K
system his maximum amounts to 31 at about 60 at% K in contrast to our
experimental value of 1.54. For the K-Rb system, Christman found an
extremely small volume expansion, whereas our data point at a small
but distinct contraction.

In his paper about structure and thermodynamics of liquid metals
and alloys Hafner [24] uses pseudopotential theory to obtain the free
energy of the liquid alloy. A system of hard spheres is used to de-
scribe the liquid structure and to calculate the structure dependent
energy terms. The effective hard-sphere diameters are determined by
minimizing the free energy at constant volume and temperature. To de-
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rive the equilibrium value of the volume the variational procedure is
repeated, at constant temperature, for different volumes. Hafner cal-
culates the volume contraction only for the 50-50 at% alloys. For this
composition he arrives at the following results for the volume contrac-
tion: Na-K: 1.8-1.9%; Na-Cs: 7.1-8.4%; K-Rb: 0.16-0.19».. The two
values indicate different approaches. For the first value the compres-
sibility equation [25] is used to calculate that part of the entropy
which is dependent on the packing fraction n> whereas for the second
value the Carnahan-Starling empirical formula [26] is used. We see
that the agreement between experimental and theoretical results for
Na-K and K-Rb is excellent, while the theoretical volume contraction
for the Na-Cs alloy is found to be too large in comparison with the
experimental value.

A similar theory as used by Hafher is applied by Yokoyama et al.
[27] to obtain the excess volumes of mixing of some liquid metal alloys
including Na-K. The main difference between the two authors is the fact
that Yokoyama et al. have parametrized empty core Ashcroft [28] pseu-
dopotentials in such a way as to explain the experimental entropy data
for the pure liquids and their alloys, whereas Hafner uses an O.P.W.-
based first-principles pseudopotential approach. Yokoyama et al. find
for the 50-50 at% Na-K alloy a volume contraction of 1.21, which is in
fair agreement with our experimental value of 1.44%.
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S A M E N V A T T I N G

Het in dit proefschrift beschreven onderzoek is een logische con-
sequentie van de probleemstelling die ten grondslag ligt aan het werk
binnen de werkgroep "Vloeibare Metalen" van het laboratorium voor Vas-
te Stof Fysica, nl. de interpretatie van de eigenschappen van eenvou-
dige vloeibare metalen en legeringen met behulp van het diffractiemodel
van Ziman. In dit model wordt het matrixelcment voor de verstrooiing
van geleidingselectronen. aan de "kristalpotentiaal" geschreven als een
product van enerzijds de structuurfactor, die betrekking heeft op de
onderlinge rangschikking van de ionen en anderzijds de vormfactor die
de verstrooiing door één ion beschrijft. Voor het uitvoeren van aller-
lei berekeningen aan vloeibare metalen moet de structuurfactor nauwkeu-
rig bekend zijn. De structuurfactor kan gemeten worden door het uitvoe-
ren van geschikte röntgen- en/of neutronendiffractie-experimenten.

Metingen van deze aard worden in dit proefschrift beschreven, niet
alleen voor het geval van de pure alkali metalen (waarbij we ons om
technische redenen moesten beperken tot Na, K en Cs) maar ook voor het
Na-Cs legeringssysteem. De experimentele diffractie-methoden worden
uitvoerig uiteengezet. In navolging van Greenfield, Wellendorf en Wiser
is gekozen voor een transmissie-geometrie. Voor een nauwkeurige bepa-
ling van de structuurfactor moeten verscheidene correcties nauwgezet
worden uitgevoerd.

Uit de structuurfactor van de zuivere metalen kan door Fourier
transformatie de paardistributiefunctie worden bepaald, die weer ver-
geleken wordt met computerberekeningen. Ook kan, in bepaalde benade-
ringen, de paarpotentiaal berekend worden uit onze experimentele gege-
vens. Uitgaande van Ziman's diffractiemodel kunnen theoretische waarden
gevonden worden voor de electrische weerstand, waarbij de experimentele
structuurfactor gebruikt wordt in combinatie met berekende electron-ion
model potentialen.
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Een binaire legering wordt beschreven door drie onafhankelijke
partiële structuurfactoren. Deze partiële structuurfactoren kunnen op
verschillende manieren gedefinieerd worden: een uitvoerige behandeling
van de verschillende definities wordt in dit proefschrift gegeven. Om
de drie partiële structuurfactoren te bepalen zijn drie onafhankelijke
metingen noodzakelijk, waarvan we er slechts twee hebben kunnen uitvoe-
ren, nl. een röntgen- en een neutronendiffractie-experiment. Met behulp
van vloeistoftheoriën is getracht inzicht te verwerven in de manier
waarop de partiële structuurfactoren toch nog gevonden kunnen worden.
Een sluitende interpretatie van de experimentele totale interferentie
functies blijkt nog niet mogelijk te zijn, zodat alleen aangegeven kan
worden welke theorie voor welk q-gebied het geschiktste is. De dif frac-
tie-experimenten aan Na-Cs legeringen leveren echter wel het experimen-
tele bewijs op dat in dit systeem een neiging tot fasescheiding bestaat,
die tot uiting komt in het optreden van grote thermodynamische fluctua-
ties in de aantallen deeltjes en in de samenstelling.
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NAWOORD

Het nawoord wil ik graag besteden aan het uitbrengen van een woord
van dank aan een ieder die een bijdrage geleverd heeft tot een groot of
klein gedeelte van dit proefschrift. Maar voordat ik enkelen met name
noem, wil ik eerst alle medewerkers van het Laboratorium voor Vaste
Stof Fysika bedanken voor de prettige tijd die ik samen met hen op de
afdeling heb doorgebracht.

Mijn promotor Wim van der Lugt ben ik erkentelijk voor zijn inte-

resse in mijn onderzoek en tevens voor zijn intensieve begeleiding tij-

dens het op schrift stellen van mijn werk.

Frans van der Horst wil ik niet alleen dank zeggen voor de manier
waarop hij mij heeft ingewijd in de Röntgen-diffraktometrie, maar vooral
voor de ontzettend prettige en nauwe samenwerking die er bestond bij het
uitvoeren van de Röntgen-diffraktie metingen.

Jan Roode is verantwoordelijk voor de preciese construering van de
preparaathouders. Tevens heeft hij, uitgaande van een kale horizontale
goniometer en een vertikale Röntgen-buis, een nauwkeurig werkende hori-
zontale diffraktie-opstelling gemaakt, die aan allerlei hoog gestelde
eisen voldoet.

Het glaswerk, benodigd voor de dichtheidsmetingen, en de glas-metaal
verbindingen, verwerkt in de vulbuisjes, werden vervaardigd door Peter
Jacobs.

De elektronische appara- ar, verbonden met de Röntgen-diffraktie-
opstelling, werd op deskundige wijze vervaardigd, en als het moest ge-
repareerd, door Jan Numan.

Het eerste ontwerp van de preparaathouder met variabel instelbare
preparaatdikte werd geleverd door de heer Leenstra, waarvoor mijn har-
telijke dank.
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De heren Bergsma en Van Dijk van het ECN te Petten ben ik erkente-
lijk voor de faciliteiten die zij mij boden voor het uitvoeren van de
aeutron-diffraktie experimenten. Deze metingen werden technisch begeleid
Joor Wim van der Gaauw.

Jan Hennephof heeft een bijdrage geleverd door vele nuttige discus-

sies over een verscheidenheid aan onderwerpen. Samen met Gerrit Jan Vinke

heeft hij zorg gedragen voor een goede werking van de onontbeerlijke

glove-box.

Jan Hallers wil ik bedanken voor zijn belangstelling als theoretisch
fysikus voor mijn werk, evenals Teasul Lee die tevens berekeningen van
allerlei aard voor mij heeft uitgevoerd. Samen met Jaap Bisschop heeft
Teasul de M.D. berekeningen verzorgd.

In de loop van mijn promotie-onderzoek heb ik zeer prettig kunnen
samenwerken met een aantal studenten, die hun experimentele periode in
onze werkgroep verrichtten: Harold Klaucke, Hajo van Hasselt, Karel van
der Weg, Wim Reimert, Bob van Heyst en Eelco Visser. De experimentele
resultaten van sommigen van hen zijn terug te vinden in dit proefschrift.

Voor het technisch vervaardigen van dit proefschrift ben ik veel
dank verschuldigd aan Janneke Reitzema, Ferry Wieland en Gerrit Jan Vinke,
'ïedrieën hebben zij veel tijd besteed aan het gereed komen van de tal-
rijke figuren, waaraan altijd de laatste, vakkundige, hand werd gelegd
door Ferry. Janneke heeft daarnaast dit proefschrift getypt en de lay-
out verzorgd.
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