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ABSTRACT

We consider the s c a t t e r i n g of two charged tiodies (such as heavy ions)

a t energies below t h e Coulomb b a r r i e r . By solving the r a d i a l Schrodinger

equation in a simple model we find t h a t the phase s h i f t s a re indeed c lose to

those due to point charges,and the c ros s - sec t i on i s very well reproduced by

the Rutherford formula. The f i r s t - o r d e r Born approximation, however, d i f f e r s

v i o l e n t l y from the corresponding Born amplitude due to point charges , and

achievement of the Rutherford l i m i t in the momentum space i s a d i f f i c u l t t a s k .

We ind i ca t e a method of summing up the Born s e r i e s and suggest i t s evaluat ion

in the semiclassical limit.
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I. IHTRODUCTIOH

Over the last several decades a very extensive amount of theoretical

and experimental effort has gone into the subject of electromagnetic effects

in the scattering of atomic, nuclear and elementary particle systems. Broadly-

speaking, these investigations have covered the following areas: i) the study

of formal properties of wave functions and amplitudes in the presence of the

Coulomb Interaction [1-3], i i) Coulomb corrections to low-energy phase shifts

of UN, TTH, etc. systems f1*,?], i i i ) Coulomb interference effects in S-

nucleus, n-nucleus, etc. scattering [6,7], iv) radiative corrections and

infra-red effects at relativistic energies [8,9], v) determination of form

factors/structure functions by electron scattering [10,11] and,finallyj

vi) the role of the Coulomb interaction in heavy-ion reactions [I2il3]. The

present work is concerned with heavy-ion systems having energy below the

Coulomb barrier.

As is well known, heavy ion scattering data can be satisfactorily

explained by a ssniclassical treatment of the interplay between the nuclear

and Coulomb interactions. If the CM energy of the projectile-target system

is much less than the height of the Coulomb barrier Vc, then one can neglect

both the nuclear interaction and electromagne \v structure effects, and hence

the differential cross-section 0(9) must be close to the classical, Rutherford

value <j (e) corresponding to point charges. The classical reason for this

assertion is that the distance D of the closest approach for head-on

collision happens to be much larger than the sum F of the charge radii of

the two nuclei which therefore cannot "see" each other's electromagnetic

structure. In fact, this assertion is very well borne out by experiments,

& typical experimental result having been shown in Pig.l . Here we have the

0 + Au system at E, . = 27 MeV corresponding to the distance of least

approach D = 36 fm, and the sum of radii R = 10 fm. The f i t by a pure

Rutherford cross-section formula is indeed excellent up to angles as large

as 120°.

I t is very desirable to have. a quantum-mechanical Justification of the

above result,viz. cr(e) + CT,,(8) when E << V • A semiclassice.1 Justification
n C

is already provided by the WKB approximation for phase shifts [I1*]. Since
WK"R

6 depends upon the values of the potential only "outside" the classical
WKBt u r n i n g p o i n t , hence i n the p re sen t case & is automatically identical

to the WKB phase shifts due to point charges. A strictly quantum-mechanical

analysis, however, requires the solution of the SchrSdinger equation in the

co-ordinate space, or analysis of the Born series in momentum space. Such an
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analysis does not seem to exist in the literature and is very ncn-trivial

to undertake because of the following reasons:

i) A first-hand expectation is that short-distance structure effects

should be felt by lov-lylng partial waves up to a maximum angular momentum of

the order of kE , where k is the relative momentum (units 1i = c = 1) . Hence

it is necessary to examine carefully from the Schrbdinger equation whether

a(8) and o (e) can differ significantly at sufficiently large angles.

Neither the WKB nor the classical theory can answer this question.

ii) If one computes the first-order Born amplitude assuming, for

example, spherical charge distributions for the colliding nuclei,one gets a

result which is several orders of magnitude smaller than the point Coulomb

Born amplitude at any reasonable angle. This is well illuminated in Table I,

which displays the Born form factor versus angle for the 0 + Au system.

One observes at once the complete failure of the Born approximation as regards

the Coulomb cross-section of heavy ions, a feature in sharp contrast to

situations such as electron scattering. This feature is, of course,understandable

because, firstly, the energy is smaller than the potential height (E < V )

and,secondly,due to the extended nature of the charge distributions, the

product RA can be significant even at small momentum transfers A . What

is not understandable, however, is the reason vhy a potential.vhich is

violently different from the point Coulonfb potential in momentum space, leads

to a cross-section close to the Rutherford value. The answer to this question

lies in the structure of the Born series and not in the classical or the WKB

frameworks, because the latter deals only with the co-ordinate space.

The present paper is an attempt to answer the above questions in an

analytical fashion, vithout going in for computer solutions. The plan of the

paper is as follows. In Sec.II we summarize our conventions and list some

elementary properties of Coulomb amplitudes. Sec.III deals with the solution

of the radial Sehrodinger equation when the potential at short distances (r < R)
simple

has a^square well form. By analysing some limiting situations in Sec.IV a

Justification for the result 5(9) + 0 (s) is provided, in See.V we re-

capitulate the first-order Born amplitude for two charged spheres, and then

examine the Lippmann-Schwinger equation in momentum space. By using an

analogue of the eikonal method the Born series is summed up approximately,

and it is suggested to evaluate it in the semiclassical approximation. The

results and main conclusions are discussed in Sec-VI.
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II. PHELI Ml* ABIES

Me consider the scattering of two non-relativistie spinless objects

in the CM system from the initial state |k > to a final state |k > .

In the units H = c = 1 we denote the magnitude of the relative momentum

by k, scattering angle ~by 9, reduced mass by u and the charges by

p p e
p
 i s th(5 proton charge {e2/kv = a » 1/137). If the

partial wave phase shift is 6£ , the amplitude has the usual expression

Zl ep' Z2 ep ' v h e r e

(2JL+1) e

I = 0

Pjj(cos8) (1)

In the special case when the objects are "point" charges, the potential between

them is simply

V (r) (2)

Let us introduce the quantities

v = Sommerfeld parameter

o£ = arg T(l + 1 + i y ) , Jl

- tf , A2 sin2e/2
C3J

The potential in Eq.(2) gives r ise to a regular solution F»(r) and an

irregular solution

asymptotic forms
of the Sehro'dinger equation satisfying the

where

( r) = kr - W 2 - v log (2kr) + ct.

If r is fixed and the Sommerfeld parameter is large enough these solutions

can be approximated [2] by



(5)

where

(6)
and I and K being modified Bessel functions of the first and second kind,

respectively.

Suppose the Coulomb potential Is cut off at a very large distance r^.

From the asymptotic behaviour, Eq.CO, we then get the s-uave phase shift

6° and the general Coulomb phase shift S^ as

$Q = -v log aQ ,

We also note that

(7b)

and the differential cross-section reads

(7c)

III, EFFECT OF SHOET-DISTAHCE STRUCTOBE

In practice the projectile and target do not behave like point

charges and, therefore,the potential at short distances must take into

account the effect of their electromagnetic structure, or the presence of the

nuclear interaction, or both of them. To be general, let us take the

potential as V(r) = U(r) for r < R and V(r) = Z-Z^a/r for r > R ,

where the size parameter E is of the order of the sum of the charge radii

of the colliding particles. The solutions In the two regions can be written as

u,(r) = NuT(r) , 0 $ r < R

= cosx^ P £ ( r ) - sinx^ . r > B (8)

where N is an arbitrary constant, U (r) Is a regular solution corresponding

to the potential form U(r), Fn and Go are the Coulomb solutions defined

by E q . W , and the quantity x can be determined by matching the two solutions

at r = R In the usual way

tanx. (9)

Here the prime denotes the derivative with respect to r at R . Examining
the asymptotic behaviour of UAT) as r

the phase shift

• with the help of Eq.(U) we get

(10)

To proceed further we need to specify U(r) . Even if we assume the ions

not to have any nuclear interaction at the given energy and regard them to

be Just uniformly charged spheres, the electrostatic potential energy between

them has a rather complicated form as given in Ref.7- The Schr8dinger

equation, of course, cannot be solved analytically In that case. We recall,

however, that we have assumed the classical turning distance D for head-on

collision to be much larger than the size parameter H, i.e. D = 2v/k » B,

and,therefore,physics cannot flepend too much on the "precise" form for the

potential chosen In the classically "forbidden" region r < D. We can hope

to gain enough physical insight into the problem by replacing U(r) by a

simple (repulsive) square well: U(r) • UQ for r < R,
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The Schro&lnger equation then reads

dr
0 ,

whose solution is

(11)

where B = Y2uU0 - k
2 > 0, X = i. + ̂  and I is the modified Bessel function.

The quantities Y« a n d Ko * " then known, in principle, from Eq.(9).
*• A.

IV. LIMITING SITUATIONS AMD VALIDITY OF a(8) ~ cr_(9)
it

Let us now evaluate 6 , Eq..(10), in cases of special interest. We

assume that the following conditions hold

> 0; BR >> 1,

2v » » 2 (2kRv)
1/2

(12)

Case i) 1 << 1 << SB

Using the standard form [2] of the modified Bessel functions, i.e.

(!+•••} ,

we find that in Sq..(9)

d
2

(13)

where yQ = 2{2vkR) and the dots stand for the terms of "non-leading"

order. Recalling the definition of Cf , Eq.(6), and using the condition

"V » y« we find that x is very close to zero, i.e.

-7-

«£ « 5^ , 1 « t « SR

Case ii) (2vkR)1/2 « t < »

Using the standard forms of modified Bessel functions of large order [2],

i.e.

ve find that In ~Bq..{.9)

r R

the dots again representing terms of non-leading order

definition of

close to zero Indeed, I .e .

C from Eij.(6), we again find using Eq..(15) that

(.15)

Recalling the

is very

(16)

1/2
Case ill) Transition region 0R < I < (2vkR)

The treatment of partial waves in the transition region is much more

mathematically involved, tut the physical result & <S remains eventually

unaffected. Hence it follows from the partial wave expression, Eq..(l),

that the amplitude must ve very close to the point Coulomb amplitude. In

other words, a{B) must be very veil approximated Dy a (9) at all angles,

provided the conditions (12) are satisfied.
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V. MOMENTUM SPACE CONSIDERATION

Let us now assume that the interaction between the heavy ions is

specified in momentum space as

dr V (rj .

t. | =
where V(r) is spherically symmetric. The transition matrix element for

scattering from the i n i t t a l state |1 \> to a final state |£>( \t |

is given by the Lippmann-Schvinger equation

lit

(18)

Analytical solutions of this equation are not available in general (unless V

Is separable), and numerical solutions are not of interest to us since the

latter do not give physical insight into the problem. Of course, dispersion

theoretic methods are available but these are also inconvenient because,firstly,

the analytical properties of amplitudes in the nresence of the Coulomb force

are very complicated [3] and, secondly, dispersion integrals must be evaluated

numerically. Hence the only course open to us is to analyse the pertur"bation

series

(19)

The first-order term

The first-order Born approximation is simply

Vit) = {d3r , t

If we regard the projectile and target to he uniformly charged spheres of

radii E, and Eg, respectively, having only the electrostatic interaction

between them, then
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T

(20)

Here tj (6) is defined by Eq.(Tc), and the Born form factor B(e) is

vith

B(9) = FC^A) F(E2i) ,

F(x) = -̂ r [sinx - x cosx] , F(0} = 1
x

(.21)

To see the behaviour of Eq.{21) In a typical ease we consider the

scattering of X 0 on 1 9 T A u at E.j, = 27 HeV. Taking k = U.22 fm"1,

v = 77, ^ = 3.02 fm and R = 6.98 fm, we display B(e) versus the

scattering angle in Table I. We observe the remarkable feature that at

most of the angles the Born factor differs from unity by several orders of

magnitude. This means that, unlike the electron scattering situation, the

first Born approximation completely fails to give the right cross-section

for heavy ions.

The nth order term

thThe n u" order Born amplitude can be treated along the lines of Eef.9,

where a fully relativistic eikonal amplitude was derived. In our case the

momentum transfers at successive vertices are called q.., q.p a and a

special approximation is made for the energy denominators,

one writes, for example,

According to this.

i.e. the ^ - T o 'term iE dropped. This is justified because,firstly,the

quantity, Eq..(22), is large when |i|'s are small and, secondly, our potential

in Eq..(l7) is very small If any |qj becomes large.
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Making the approximation (P2) in the expression for T1-11' , and

carrying out a detailed combinatorial analysis (see Ref.°) we arrive at

d3r

and

r e
•i-A.1T

A(r; <-
e -

where

-W

C23)

The elkonal and semiclassical limits

We have not been able to evaluate the integral (23) in a general case.

However, some progress can be made in the eikonal limit which applies when

i) the energy E is. large everywhere compared with the potential, ii) the

de Broglie wavelength of relative motion is small compared with the distance

parameter E, and iii) the relative change of the potential is negligible over

one wavelength. In that case the expression for T given above corresponds

to a phase shift having precisely the elkonal value [lit]

.eik j1" dr r V(r) 1/2 {2lt)

However, the case of interest to us is only semiclassical [and not

eikonal) because the energy is smaller than the potential barrier. Although

again we do not have a simple method to evaluate A{r), or the T matrix,

Eq..(23), we do hope that the resulting phase shifts will have their WKB values.

Work along these lines is under progress.
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VI. CONCLUSIONS

In the present paper we have attempted to give a strictly quantum-

nechanical explanation of the well-known classical result that scattering cross-

section of two extended charged bodies at energies below the Coulomb barrier

should be given by the Rutherford formula. A sufficient condition for the

validity of the result tr(e) •* a (6) at all angles seems to be (see Eq.(12))

a/2

where v is the Sommerfeld parameter and R is the sum of the radii of the

colliding objects.

We followed two different methods. In the first method (.Sees.III and

IV) we considered the radial Schrodinger equation for the case when the

potential r < R was a square well, and showed explicitly that the phase shifts

are equal to the point Coulomb values to a very good accuracy. In the second

method (Sec.V) the Lippmann-Schwinger equation for the full amplitude was

considered. It was found that the first Born approximation is totally

inadequate to explain the cross-section( and therefore the Born series had

to be summed up using a special approximation (Eq.(22)) for the propagators.

The exact evaluation of an integral, Eq.(£3), encountered in the theory was

not found to be possible; however, it was suggested that in the semiclassical

limit a result corresponding to the WKB phase shift should be obtained. This

point requires further investigation, which is under progress.

We should repeat our earlier remark that a quantum-mechanical

treatment of the Rutherford limit is lacking in the available literature, and

it is a problem which is by no means trivial. Furthermore! as our aim has

been to employ analytical methods so as to gain physical insight into the

problem, we have not appealed to more elaborate techniques such as numerical

solutions and dispersion relations.
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1
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+2.21 x 10"6

+3.81 x 10"6
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Values of the Born form factor B(8) at different angles for the

0 + Au system. For the definition of B and values of

parameters see Sec.V of the text.
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