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ABSTRACT

It is shown that quantum fluctuations can act as the driving mechanism

for the spontaneous breakdown of both scale and the discrete <p + -y symmetries
k

In a A<p theory vhich is massless and scale Invariant in the tree approximation.

Consequently dimensional transformation occurs and the dimensionless and only

parameter \ in the theory is fixed and replaced by the vacuum expectation

value of the field. These results are shovn to be consistent with the appropriate

renormalization group equation for the theory. A scalar electrodynamics vhich

is masslesE and scale Invariant in the tree approximation is also considered,

and It is shovn that the Higgs meson in such a theory Is much heavier than the

vector aeson for snail values of the gauge coupling constant e . Another

Interesting consequence of such a theory is that it possesses vortex-line

solutions only when quantum fluctuations are taken Into account.
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I. INTRODUCTION

1}The demonstration by Coleman and Weinberg, using the loop expansion

approximation of the effective potential,that radiative effects act as the

driving mechanism for spontaneous symmetry breaking in massless gauge theories,

has been vieved with some skepticism. Doubts have been expressed regarding

the physical significance of the result on tvo grounds. First, it was pointed
2)

out that the effective potential was gauge dependent. However, later
•3) 111

investigations have established the gauge independence of physical

matrix elements. Second, it has been claimed, on the basis of analyses

carried out in the X<p theory with a bare mass term,that the result is an

artifact of the rertorsaalizatlon procedure used in Ref .1 and that no spontaneous

symmetry breaking occurs in the one-loop approximation unless the bare mass

term is negative. Further, it has been pointed out, on the basis of the

renormalization group equation,that in Infra-red stable theories, such as

massless Xcp theory or scalar electrodynamics,the Coleman-Welnberg mechanism

leads to paradoxical results for small values of X .

The purpose of this paper Is to show that quantum fluctuations can

cause the spontaneous breakdown of both scale and <p + -Cf symmetries

simultaneously in the massleas X<p theory. We define a massless theory as

one vhich is scale invariant in the tree approximation; note that no anomalies

occur in this approximation. This definition is different from that given by

Coleman and Weinberg and has different consequences. Dimensional trans-

mutation occurs as a result of the spontaneous symmetry breaking: the

dimensionless coupling constant \ is replaced by a dimensional parameter,

the vacuum expectation value ^<p"^ of the field. These results will be shown

to be consistent vith the appropriate renormali2e.tion group equation for the

theory, vhich is different from the conventional one, in the one-loop

approximation >

We Bta&ll also consider a scalar electrodynamics vhich is massless

and scale invariant in the tree approximation and shov that the Higgs meson in

such a theory has a much larger mass than the vector meson when tbe gauge

coupling constant e is email. This should be a, general feature in massless

gauge theories and should be of considerable importance for unified gauge

theories of fundamental interactions. Further, the theory will be seen to

possess vortex-line solutions not at the semiclassic&l level but only when

quantum fluctuations are taken into account

-2-



II. FULLY MASSLESS X<p THEORY

2.1 Green function approach

Let us consider the theory of a real massless scalar field defined

by the unrenormalized Lagrange density

(2.1)

vhich possesses scale symmetry as well as the discrete symmetry under <p -*• -m

in the tree approximation. The Feynman rules for tha-theory generate the

divergent self-energy graphs of Fig.l in higher orders. It is clear that apart

from logarithmically divergent wave function and vertex renormalization

constants one also requires a quadratically divergent mass counterterm. Al-

though it might appear at first sight that one can formally regularize such

a. counterterm to zero by using, for example, dimensional regularization ̂ ''°\

one must use such a result with care. The divergent integral in question

("tadpole graph") exists , and it would he "begging the question to regularize

it to zero by invoking purely formal arguments of scale invariance, since it

is precisely the dynamical breaking of such symmetries due to higher order

corrections that we wish to study. Thus the theory defined by (2.1) has a

quadratic divergence which cannot be removed without in some way breaking its

scale invariance. One way of doing this would be to break, this symmetry ab

initlo by adding a mass counterterm and this was what was done in Ref.1. But

then no spontaneous breaking of the tp •*• -<p symmetry would occur. There is,

however, another way in which the theory can achieve this by causing a

spontaneous breaking of both scale and <p -*- -<p symmetries simultaneously

through the dynamics. The quantum fluctuations which cause the divergence

in question to arise can also generate a vacuum expectation value of the field

beyond the tree approximation and in the process generate the counterterms

necessary to render the theory renormalizable and meaningful. It is this

subtle inter-relationship between renormalization and spontaneous symmetry

breaking in the massless X<p theory that we wish to study in this paper,

Suppose spontaneous symmetry breaking due to higher order quantum

corrections occurs in the theory. Then the renormalized field <p would be

replaced by (p +

(2.2)

Using (.2.2) in [2.1), defining *Q[l t A) = X t c and adding a further mass

counterterm B and a linear driving term d(p , one would get

(2.3)

The driving term dtp is required to justify the perturbation expansion in

powers of the number of loops U. The question that we should like to

address ourselves to now i s : does an acceptable solution with a non-vanishing

((cp1) exist in the one-loop approximation when the driving term dqp is

switched off? We shall now show that with an appropriate choice of re-

normalization conditions the answer is yes.

We shall determine the constants A, B and C by imposing the

renormalization conditions:

= cL

- ; f
- o = d

>:
the

where M is an arbitrary but non-zero, renormalization mass,^symmetric point

stands for p7 = - *• ~klt , s = t - u = - g- M A . The second condition (2.lib)

differs from the corresponding one used in Ref.l. While Coleman and

Weinberg required the renormalized mass to vanish to all orders, we consider

this to be unnecessarily restrictive and relax it to admit a non-zero re-

normalized mass beyond the tree approximation. We shall ensure masslessness

in the tree approximation by imposing the tadpole condition <Co|<p|o]> - °

and switching off the driving term dtp s

d (.(<?>, = do = o
ta.5)

In the tree approximation the tadpole condition gives

(2.6)



The only solution to C2.5) is then <(p) = 0 and therefore no symmetry
breaking occurs in the tree approximation.

The Feynman graphs required to evaluate the constants C and B from

conditions (2.1*a) and (S.Ub), respectively, are shown in Figs.S and 3i
U)

respectively. We find, on using dimensional regularization,

c =
and

Ca.7)

(.2.8)

1
Thus the quadratically divergent piece of the mass counterterm (B + g-

is generated only If there is a spontaneous symmetry breaking, i.e. <C<p^ ̂  0.

Finally, the wave function renormalization constant A can Toe evaluated from

the condition (2.1te)j we find

A = 0 (2.9)

in the one-loop approximation.

Having determined the counterterms, we can now compute d(^<f>^ > X, ft)

in the one-loop approximation by imposing the tadpole condi t ion . The re levant

Feynman graphs are shown in Fig.1*. We obtain, on imposing condit ion ( 2 . 5 ) ,

= o (2.10)

The spontaneously broken solution is

- 1
(2.11)

Since M is a completely arbitrary parameter, the simplest choice is to take

H = ^<py , and this determines \ . One thus obtains

71 = -

il

(.2.12)

The solution that is consistent with our perturbative expansion in povers of

•H (= 1) is

X = 3 + (2.13)

Two remarks are in order concerning Eq.(2.10). F i r s t , the symmetric

solution ^<p^ = 0 is unacceptable because i t would render the mass counter-

term f ini te . In other words, either the theory contains divergences or i t is

spontaneously broken symmetric. Second, one no longer hftB to balance a term

of order \ against a term of order X in«q>"> /M) in order to obtain a

spontaneously broken solution to Eq.(2.10); there is nov another term <<p>

in Eq.(a.XO),which is essentially arbitrary but non-aero and i t has a solution

for the effective coupling parameter X /61tir << 1 ; this broken symmetric

solution Is therefore no longer il lusory.

2.2 The effective potential approach

In order to clarify the points further and bring out the similarities

and differences of our approach from that of Ref.l, we shall now translate the

above considerations into the effective potential language. Our starting point

is the Lagrange density

(2.l

which Is obtained from (2.3) by putting<<p>= 0 = a . Consequently the inter-

relationship between renormali2atlon and spontaneous symmetry breaking will

not be as transparent as in the Green function approach. It has been shown

in Ref.L, using a conventional cut-off A for regularization, that the

effective potential in the ane-loop approximation is given by

C2-15)

-6-



where a> ia the classical field. The constant C will be determined from

the condition
1)

C2.16)

vhich corresponds to the condition (2.lfa);

arbitrary but non-zero renormalization mass

ia, as before, a completely

One obtains

4*
t2.1T)

The constant B will be determined by requiring

t2.l8)

which corresponds to the condition (2.1sh) and differs from the corresponding

condition used in Ref.l, i.e. that the second derivative, evaluated at

ip = 0 , vanishes; ve have already remarked that this condition ia too

restrictive. Using (2.l8)fwe obtain

Using the results {2.IT) and (2.19) in (2.15), we obtain

~f\z "h Cp

^rtrr*

(2.19)

- 3 (2.20)

1 2 7 71
If <C<p̂  is the position of the minimum of this effective potential, then we

must have

- 7 -

JL
= o<<*> (2.21)

which gives

(2.22)

Since M is completely arbitrary, we can choose it to tie <<p^ • as already

remarked earlier, and then we obtain a restriction on X , i.e. that it mu8t

be a solution of the quadratic equation

(.2.23)

The acceptable solution is therefore

3 +

which is in agreement with (3.13) in the one-loop approximation.

(2.13)

We started with one artiitrary parameter \ which was dimensionless,

and we have ended up with one arbitrary dimensional parameter <̂  <p^ , X having

been fixed as a result of the dynamical symmetry breaking. This is dimensional

transmutation, an inevitable feature of spontaneous symmetry breaking in mass-

less theories . Notice that if we had chosen a different renormalization

mass H' instead of M, we would have had to choose a different position

of the minimum of the effective potential in order to determine A , whose

value would therefore have remained unchanged. This is the content of the

appropriate renormalization group equation for this theory, which we shall

consider in the next section.

2.3 The renormalization group equation

The unrenormalized 1PI Green functions in the theory are functions

of the external momenta p , the bare coupling constant \n and the cut-off

n (or A): r (p,A ,n/A). Dimensional transmutation implies that the re-



normalized 1PI Green functions r^ are functions of p, </i>\ and K but
(m)

not of X , vhich is a fixed number: fir (p, <<\3 > > M ) . Thus the appropriate

renormalization group equation for this theory may be written as

vhere r((p ) is the effective action

(2.2>*)

In terms of the effective potential

V one would obtain

V S = o
(2.25)

The constants a and y are defined by

C2.26)

C2.2T)

Let us now consider

4t 1MZ

+
3AM' - c

(2.28)

which i s obtained from (2.20) by using (2 .22 ) . Now \ has been defined

previous ly through Eq..(2.l6) as V (<p = M), and since i t i s fixed through

dimensional t ransmutat ion i t should turn out to be an invar iant of the r e -

normalizat ion group. This can be ve r i f i ed by applying the renormalizat ion

group operator ft on v ' '(<pc = M). I t follows from (2.9) and (2.11) or

(£.22) t h a t in the one-loop approximation

a = 1

y = o

(2.29a)

(2.29b)

Using these values, one finds in a straightforward manner that

= o C2.30)

Next let us consider the equation

= o . (2.31)

Using the results (2.29), one can write down the solution to this equation in

the one-loop approximation as

W

(2.32)

which is consistent with (2.18).

We thus see that the results obtained in the previous sections are

consistent with the correct renormalization group equation for the theory.

Finally we note that the lowest order value for the mass turns out to be

1 _ (2.33)

III. MASSLESS SCALAR ELECTRODYNAMICS

We shall now consider massless scalar electrodynamics defined by the

Lagrange density,

(3.1)



Using the unitary gauge ana defining the renormalized fields and constants by

l3.2a)

(3.2b)

(3.2c)

(3.2d)

and,as before,adding an extra mass counterterm B and a linear driving term,

one can rewrite (3»l) as

(3-3)

Figs.5 and 6 show the contributions to the two-point function and the tadpole

condition, respectively, in the one-loop approximation in the unitary gauge.

The advantage of the unitary gauge is that it clearly shows the effect of

the gauge field as simple radiative corrections to the neutral \<p theory.

However, in view of (2.13) it is no longer possible to neglect X and X

in comparison with e . On the contrary, for sufficiently small e the

radiative corrections become negligible. Thus in the weak coupling limit

(e << X) we obtain

(3-M

i.e. the result derived in the previous section for the neutral X<p theory

remains practically unaltered. Since

(.3.5}

from (3-3) we obtain the result

f = (3-6)

This is a new result which shows that the Higgs meson mass should be much

larger than the vector meson mass in weakly coupled gauge theories. This should,

in fact, be a general feature of fully maasless gauge theories, and has

implications of considerable practical importance for unified gauge theories

of the fundamental interactions.

We should like to point out another interesting consequence of this

type of theory- Since the Lagrangian density (3-3) is of the Higgs type, it
9 ) • •

is well known to possess vortex-line solutions . However, since there is

no symmetry breaking in thetree approximation in these theories, such solutions

vanish at the semi-classical level. In other words, vortex solutions emerge

purely as effects of quantum fluctuations in fully massless scalar electro-

dynamic s.

IV. SUMMARY AND COIfCLUSIOHS

We have shown that the scale as well as the discrete (p->• — Qp symmetries

of a A<p theory which is massless in the tree approximation break down

spontaneously as a result of higher order quantum fluctuations! Explicit

calculations have been performed in the one-loop approximation using both the

Green function method and the functional approach. Dimensional transmutation

occurs in the theory as a result of this dynamical breaking of the symmetries:

the only parameter X in the theory is fixed and replaced by an arbitrary

dimensional parameter ^cp^ 1 ib-e vacuum expectation value of the field.

These results are shown to be consistent with the appropriate renonnalization

group equation, which differs from the conventional one. In particular, X

is shown to be an invariant of the renormalization group. The similarities

with and differences from the assumptions and results of Eef.1 have been clearly

exhibited, the principal differences being that i) we require the theory to

be scale invariant in the tree approximation but Coleman and Weinberg do not,

and ii) they require the renormalized mass to vanish even beyond the tree

approximation, vhereas we do not. We also considered massless scalar electro-

dynamics in the unitary- gauge and showed that for a weak gauge coupling the

gauge contributes negligible radiative corrections to the simple \tf theory.



Consequently, the Eiggs meson gets a much larger mass than the vector meson.

This reault has Important implications for unified gauge theories if they are

required to Tse massless ana scale invariant in the tree approximation. Another

interesting feature of masaless scalar electrodynamics is that it possesses

vortex-line solutions not in the tree approximation hut only when higher order

quantum corrections are taken into account.
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