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Summary 

We show that the sizes of the positional error boxes for 
•i 

x-ray sources can be determined by using an estimation 

method which we have previously formulated generally and 

applied in spectral analyses. He explain how this method 

can be used by scanning x-ray telescopes, by rotating 

modulation collimators, and by HEAO-A. 
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I. Introduction 

The sizes of the positional error boxer of x-ray sources play a 

key role in the dicoveries of new classes of x-ray emitting objects, 

and in the optical identifications of such sources (see e.g. Murray 

et al., 1977, Bradt et al., 1977). The standard method applied so 

far for calculating the error boxes using observations from scanning 

x-ray telescopes, involves a numerical integration of a normalized 

likelihood function (see e.g. the recent 4U catalogue, Forman et al., 

1977, the recent 2A catalogue, Cooke et al., 1977,and references 

therein). In that method, the likelihood function is interpreted as 

a probability distribution for the source position. 

In this paper we point out that the positional error boxes can be 

determined by using an estimation method, which is numerically simpler, 

and which is based on the common statistical approach wherein the 

source position is considered an unknown but fixed entity. We have 

previously formulated this method formally and generally, and applied 

it in the analysis of the spectra of x-ray clusters of galaxies 

(Avni 1976). Here we describe the estimation method in practical 

terms, and explain how it can be used to determine the uncertainties 

in the source positions. 

In III we give a general description of the method. The calcula

tion of error boxes for scanning x-ray telescopes, where each obser

vation yields one line of position, is explained in §111. The case 

of rotating modulation collimators is discussed in ilV. In particular 

we show how an RMC experiment can be formulated as yielding simultan

eously two lines of position. A simple case of circular error boxes 
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is used to demonstrate the reliability of the method (§IVa). The 

applicability of the method for HEAO-A is pointed out in §V. 

II. The General Method 

Consider a source characterized by a number of parameters, such 

as its position on the sky (two angles, a and 6), intensity, spectral 

index, and possibly others. For any given scientific question, the 

parameters are classified into two groups. Those parameters whose 

actual values must be known simultaneously for answering that question, 

are called the "interesting parameters", while the others are called 

the "uninteresting parameters'*. When the source position is estimated!, 

there are two interesting parameters, a and 6. The observational 

program consists of several independent measurements of quantities, 

whose expected values depend on the source parameters. These 

quantities may be, e.g., lines of position, or numbers of photons 

recorded in different energy bins, etc. The actual observed values 

in the different measurements are denoted by 0., the expected values 

by Cj, and the r.m.s. dispersions by a., where i is an index 

to denote repeated observations. The basic statistic used in 

2 2 
the estimation method is S * ^[(Oj-C^) /o\]. One constructs a grid 

of values for the interesting parameters» and at each grid point 

minimizes S with respect to the uninteresting parameters. We denote 

this minimum value by S , which is now a function of the interesting 
' m 

parameters only. We denote by S . the minimum of this function. 

("S • is also the minimum of S when considered as a function of all 
min 

parameters). The values of the interesting parameters where S . is 

obtained are the best estimates for these parameters. A confidence 

region in the subspace of interesting parameters, witrt a given 
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confidence B (e.g. 9 5 % ) , is the set of points for which S -S - 5 * 
r m m m ^ 

2 2 
X (3). Here p is the number of interesting parameters, and x (8) *s ^ 
taken from a x table for p degrees of freedom (see Avni 1976 for 

2 
further details and references). The x increment is therefore 

calculated using the number of interesting parameters only. 

This method was also discussed by Lanpton, Margon and Bowyer (1976) 
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(LMB), in an important paper which highlighted many aspects of x esti

mation techniques. These authors gave a constructive criticism of this 

method. Our numerical simulations (Avni 1976) have convincingly demon

strated the validity of the iiiethod for finite samples in nonlinear pro

blems. More recently, Cash (1976) has noted that Wilks (1938) had 

proven the validity of this method in nonlinear problems for asymptoti

cally large samples. The method preferred by 1MB involves using always 

2 
Y (6), where n is the total number of parameters that characterize 

the source. Their method yields, for a given B, an unnecessarily 

large region in the subspace of interesting parameters, whose confi

dence is appreciably larger than (3, especially when there are many 

uninteresting parameters. 

III. Scanning X-ray Telescopes 

A single observation of a source by a scanning x-ray telescope 

(such as those used in the Uhuru and Ariel V satellites), yields one 

line of position. The direction of the line is determined by the 

orientation and geometry of the satellite. The distance d. of the 

line to the true source position is determined by fitting the observed 

counts in successive time bins to the collimator response function. 

We therefore assume that d. has a Gaussian distribution, the same 
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assumption as made in all previous position determinations* (see Cooke 

et al., 1977; Forman et al., 1977 and references therein), dj is dis

tributed with mean zero (the distance can be both positive or negative 

with respect to some fixed direction), and a dispersion a. that depends, 

among other things, on the source intensity and on the background rate 

2 2 
during the period of observation. The statisitics S = Z(dj/Oj) can 

thus be used to find the positional error box as described in §11. 

The source position is specified by the simultaneous values of a and ii 

which are therefore the two interesting parameters in this problem. 

One constructs a two dimensional grid of points (a,6), and minimizes S 

at each grid point with respect to the uninteresting parameters, that 

include the source intensity and the background rate for each obser

vation. The resulting values S (a,i) define a function whose minimum 

S . yields the best estimate for the source position. A positional 

error box with confidence 3 is the set of all points (<*,<5) for which 

2 
SaCa,6)-Sm.n^ X2(B). This procedure is numerically simpler than 

normalizing and integrating the likelihood function exp(-S/2), as done 

in the method used so far. In our procedure the source position is an 

unknown but fixed quantity, as it really is in Nature, whereas in the 

method used so far one associates with it a probability distribution 

proportional to exp(-S/2). The method described here yields error 

boxes that possess more correctly the confidence levels assigned to 

them. 

•It would be useful to test this assumption using control data for 

some optically identified sources. This remark is due to an 

anonymous referee. 



IV. Rotation Modulation Col Unators 

(a) Circular error boxes 

In the sinplest approximation, a single observation of a source 

by a rotating modulation collimator (RMC) yields an estimate for the 

source position, which is distributed around the true position with a 

two dimensional, circular, Gaussian distribution having a known dis

persion (Ooxsey et al., 1977). If we choose on the sky a local, 

Cartesian coordinate system x,y, near the source position, this means 

that the x and y coordinates of the source are estimated independently, 

each with a Gaussian distribution, and with o "O . It follows that 

each such observation can be formally described as yielding simulta

neously two independent lines of position, one parallel to the x-axis, 

the other to the y-axis, that intersect at the estimated position. We 

now use the results of the previous section to calculate the error box. 

Let us denote by (x , y ) the true source coordinates, by (x-.yp the 

coordinates of the estimated position in observation i, and by 

d< „Mi „) the distance of a general point fx.y) to the x(y) line of 
i»x i,y 

position of observation i. The statistic S is given by 

2 2 2 2 S • E(d, „/o. •dj to. „), where the sum extends over all observations 
i,x i,x i,y i,y 

i. We denote by a. the common value of a. and o. , and we note 

2 2 2 2 
that df x+d£ » (y-yj) * (x-xp . By minimizing S we find that the 

best estimate for the source position is t - ECx./oTVECl/o?), 
A 2 2 

y * EO^/op/ECl/o^), and that an error box with confidence B is 

defined by a circle around (x,y) with radiusfajCBVECl/o-j)]'1. 

The same result can be obtained without using the notion of lines 

of position. Each observation yields a Gaussian estimate x,(y.) for 

W with * dispersion a r The best estimate xCy) is therefore the 
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2 « « 
weighted average of the x.'3(y.*s) with weights X/a.. x(y) has a 

2 -J* 
Gaussian distribution around x (y) with a dispersion[Z(l/a.)J . 

Therefore [(x-x ) +(y-y 1 ][2(1/0^] is distributed like x2 with two 

degrees of freedom. The radius of the error circle follows immediately. 

This example demonstrates the validity of the general method in a 

special case. It also illustrates the formulation of an RMC observation 

as yielding two lines of position. 

(b) Generalization 

An RMC observation of a source defines a special direction on the 

sky, namely the relative direction of the satellite spin axis to the 

source. It may be expected that the dispersion of the "radial" 

positional error, parallel to the above direction, is different from 

the dispersion of the "azymuthal" positional error, orthogonal to the 

above direction, since such errors cause different variations in the 

transmission pattern of the collimator. The unravelling of this 

difference must await a better understanding of possible systematic 

errors, which may also be different in the radial and azyauthal direc

tions (Bradt 1977). We can take into account the difference in the 

two dispersions, as well as the dependence of these dispersions on the 

source and background parameters. We consider each RMC observation as 

yielding simultaneously two orthogonal lines of position, one parallel 

to the radial direction, with dispersion o. 4,the other parallel to 

the azymuthal direction, with dispersion o. . Radial (or azynuthal) 

lines of position from different observations will not, in general, 

be parallel to each other. The procedure described in IIII can be 

directly applied here, since the problem is reduced to a set of lines 

of positions with different dispersions. The resulting error box will 

in general not be circular. 
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V. HEAO-A 

The modulation collimator aboard HEAO-A yields from a single 

observation, two simultaneous lines of position with a fixed angle 

between them, and with equal dispersions (Schwartz 1977). Different 

observations yield pairs of lines of position at different directions, 

and with different dispersions. The general aethod can therefore be 

used to calculate the positional error box for a single HEAO-A obser

vation, as well as the positional error box when several HEAO-A 

observations are combined together. 
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