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Résumé

On décrit brièvement les méthodes couramment disponibles
pour l'analyse des ruptures se produisant dans les matériaux ductiles. On
envisage l'incorporation éventuelle, dans des codes structurels, des
déplacements donnant lieu à des fissures, des courbes R et des intégrales J,
On signale les domaines courants de recherche qui influenceront probable-
ment les organismes chargés d'établir les codes. La théorie des intégrales
J, ses limitations et ses amplifications font l'objet d'une attention
particulière. On donne un aperçu des techniques numériques permettant
de calculer J dans le cas de structures complexes.
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ABSTRACT

A brief description of the current methods available for the
analysis of fracture in ductile materials is qiven. Crack-opening
displacement, R-curves and J-integrals are discussed and their future
incorporation into structural codes assessed. The current areas of
research which will probably influence code making bodies are also
described.. Emphasis is made on J-integral theory and a description
of i'cs limitations and extensions. Numerical techniques for calcu-
lating J for complicated structure are outlined.
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FUTURE TRENDS IN FRACTURE MECHANICS THEORY AND APPLICATIONS

by

R.R. Hosbons

INTRODUCTION

Linear Elastic Fracture Mechanics (LEFM) has been used for
many years and its limitations are known. Early attempts to extend
the analysis into a region where fracture is accompanied by
appreciable plastic deformation failed. The reason for this failure
is now understood and over the past 10 years work has gone into
extendinq a LEFM type of approach into the plastic deformation
range.

Linear Elastic Fracture Mechanics has been incorporated into
the ASME Boiler and Pressure Vessel Codes pertaining to nuclear
components. In Section III, Appendix G, LEFM can be used to
determine at what temperature a vessel can be pressurized. Section
XI, which governs in-service inspection of nuclear components, allows
analysis of defects found during inspections by LEFM methods to
decide whether the component is safe, needs repair or must be
replaced. The approach used is conservative but is a step in the
right direction. Hopefully, the method will be extended to other
oarts of the Boiler and Pressure Vessel Code and even into some of
the other codes.

Nuclear vessels are fabricated from tough steels which, at
operating temperature, fail by ductile tearing. When there is a lot
of plasticity LEFM is usually conservative, but not always. One
famous case is in the U.S. Heavy Section Steel Technology Program
where half size pressure vessels containing machined flaws were
pressurized to failure. LEFM predictions were made on one vessel and
v/ere found to be non-conservative which is unacceptable. Conse-
ouently, the Electric Power Research Institute (EPRI) are sponsoring
a large program to characterize and quantify ductile failure.

DUCTILE FAILURE

There are three* methods of analysis of ductile failure:

1. crack opening displacement,

2. resistance (R) curve,

3. J-integral.



First the plasticity near the crack tip must be considered.

The crack tip stress field is usually represented as a two
zone area, one plastic the other elastic. It is better, from the
point of view of ductile fracture, to represent it as a three zone
area as shown in Figure 1. The three zones are:

1. Elastic

2. Elastic-Plastic

3. Intense Plasticity.

Zone 1 is the same as the elastic zone in LEFM but Zone 2 is
where small amounts of plasticity exist. In Zone 3 large plastic
strains and rotations exist and the fracture process operates. The
relative size of these zones to the crack size and other dimensions
governs the method of analysis which can be used. If Zones 2 and 3
are small then LEFM is adeauate provided the plastic zone correction
factor is used. If Zone 3 is small then the methods which will be
described for plastic analysis can be used, but if it is large then
there is no present method for fracture analysis.

1. Crack Opening Displacement (COD)

The relationship between COD and critical crack sizes in wide
plate tests has been determined for various steels. In this test
pre-cracked plates 905 mm wide are pulled to failure in tension and
the crack opening displacement is measured. Stresses in the plates
can be above the yield stress. The Welding Institute in the U.K.
has produced correlations so that the acceptable crack size for any
stress can be obtained from the crack opening displacement measured
in small tests (1).

The maximum acceptable crack size a is related to the crack
opening displacement by:

a - c r ^
ys

where £ s is yield strain,
and C is a function of a /a

yswhere cr is total applied stress

and a is yield stress,
ys

The relationship between C and c/0yS is shown in Figure 2.



2. R-Curve

As a crack propagates in a ductile material, K, the stress
intensity factor, increases and the plastic zone becomes larger, thus
more work needs to be done to propagate the crack. This is reflected
by an increasing load as the crack extends. To characterize ductile
failure, a crack resistance, R, curve is produced for a given
material. R is basically K for a specimen taking into account the
crack extension, Figure ?. Fracture occurs when the applied load is
greater than that which makes the K curve a tangent to the R curve.
For example, if the R curve shown in Figuie 3 is used, then the R
curve and K for specimens of different values of a/W for a given load
L can be plotted on tne same graph, Figure 4a, where W is the
specimen width. The R curve starts at the initial value of a/W for
the specimen. The K curve starts at the origin and increases as a/W
increases. In Figure 4a the K curve is below the R curve; therefore,
the crack needs more energy to propagate than the load supplies. If
the load is increased to Lj, Figure 4b, so that the K curve is
now tangential to the R curve, the value of K at the tangent point is
K£, the critical value of Kj at that specimen thickness.
Thus a K type of approach can be used even though plastic deformation
is occurring.

3. J. Integral

In 1968 Rice (2) devised a line integral which he found was
path independent. Hence this enabled the stress situation at the
crack tin as well as paths away from the crack to be represented
mathematically, Figure 5. The integral is

j =J (w-dy - T • |H . ds)
r

where r is the path

W is strain energy density

ds is distance along path

T is traction on contour
is displacement

If the crack moves a distance da

then J da =/W-dy-da - T • -=—• • ds • daJ ax

and Jda is the total energy coming through the contour and W.dy.da is
strain energy gained and T-^-ds-da is the work done.

J is therefore equivalent to G, the energy release rate, in
LEFM and therefore related to K, i.e.,



where E' = E for plane stress

E1 = E/l-v^ for plane strain

E = Modulus of elasticity

v = Poissons Ratio

and Jda is the total energy. If load elongation curves are plotted
for two crack lengths a and a + da, Figure 6, the area between the
curves is Jda and thus this method can be used for measuring J.

Zone 2, Figure 1 is elastic-plastic and Hutchison (3) and also
Rice and Rosengren (4) have shown that the stress in this region is:

N
\ i

J

where o = yield stress

e = yield strain

r, 6 = polar coordinates measured from crack tip

N = work hardening coefficient from

Thus J describes the crack tip plastic stress term end Landes
and Begley (5) have argued that J should therefore be a fracture
criterion like K. They went on to prove that there is a JJC similar
to KJ C , and devised a method for measuring it.

These are the three best-established methods for elastic-
plastic analysis. At present only one (COD) is being considered in a
formal method of analysis. The International Institute of Welding
and the British Standards Institution have rules under consideration
to allow the use of crack opening displacement at stresses above the
yield stress. A constant based on wide plate test results is used in
an equation relating maximum acceptable crack size and crack opening
displacement.

A Task Group of ASME is making rules to extend LEFM analysis
to more components and materials and also to extend it so it can be
used for ductile materials. However, the first rules for ductile
material will just be to make sure that no yielding occurs in a
cracked component.



At present there are the three criteria described for quanti-
fying elastic-plastic fracture and there is s t i l l much discussion on
which of the three is best. These three cr i ter ia , as well as others,
are being considered by EPRI in their analysis (6) and there will be
no significant change in a formal method for ducti le failure unti l
results of the EPRI work are known.

The use of the R curve or COD for analysing any deformation in
the plastic region other than ductile tearing has not yet been shown
but J - i n t e g r a l can be used to describe other forms of crack
extension.

USE OF J-INTEGRAL THEORY

Some of the limitations of J-integral theory as well as some
of its latest extensions will be discussed.

Specimen Thickness

There is a thickness limitation for Diane strain based on the
ratio of the thickness to the plastic zone size. Similarly there
will be a thickness limitation for J-integral based on the ratio of
the size of the intense plastic zone to the thickness. The length of
this zone, w, (Zone 3 in Figure 1) is:

w = 2 ays

And to be consistent with LEFM analysis, Paris (7) suggested that for
plane strain fracture conditions

ys

where B is specimen thickness.

This is the thickness criterion for valid J analysis.

Crack Extension

The uses of LEFM in fatigue crack growth have already been
described in this seminar. Dowling (8) reasoned that if there is a
relationship between da/dN and AK there must similarly be a
relationship between da/dN and AJ at least in the elastic range.

o
AK

Since AJ = E, (elastic)

, da n . T,n
a n d dN = C A K



n
then g| = C (E'AJ)2

where C and n are material constants.

However, in J-integral theory the deformation must be rever-
sible, i.e., nonlinear elastic, but no material in the plastic range
is, and no plastic unloading can occur during fatigue; therefore the
theory should break down. But, during fatigue crack growth the crack
propagates into relatively unstrained material compared to the
intense plastic deformation the material will receive during its next
cycle. Thus during the next cycle the past history will have little
effect on crack tip behaviour and it is possible that the crack
growth rate equation could be extended into the elastic-plastic
region. Dowling tested specimens in the elastic and elastic-plastic
range and obtained the results shown in Figure 7 ̂ A power law
relationship above a AJ of 483 Pa.m or AK of 10 MPa.m* exists for
both types of tests. More important is that in the region where the
two types of tests overlap, the crack growth rates are virtually
identical. Thus it appears that AJ can be used as a parameter for
characterising fatigue crack growth rates.

Begley and Landes (9) have also tried to correlate creep crack
growth rates to some function of J. As under creep or visco-elastic
conditions the stress and traction remain constant, the derivative of
J with time J*(=dJ/dt) can be thought of as the rate of deformation
at the crack tip.

Figure 8 shows the results of tests on compact tension (CT)
and centre cracked specimens (CC) pulled under creep conditions and
there is very good relationship between the crack growth rate and J*.
Once again a situation exists where J (or a parameter related to J)
describes the growth of a crack when material is unloaded. However,
in this case, the unloading occurs behind the crack tip and not in
the region where creep cracking is occurring.

It appears that some function of J can describe both creep
crack growth and fatigue crack growth. These examples show the
versatility of the J-integral or related criteria and a summary of
its uses is given in Table 1.

The J-inteqral type of analysis can be used in all hhe cases
given in Table 1, and in all these cases the tests were performed
using standard types of fracture specimens. The relationship of J
with the applied loads and crack length has been calculated and is
well known. But the main use of the J-integral should be, as with
LEFM, in the fracture analysis of working components or structures.
Thus the analyst is faced with the problem - how do I determine J for
a crack in my structure? What methods are there available?

In some cases it is possible to calculate J from theory. For
example, from compliance



J = -
where P = load o

p = displacement

Under limit load condi t ions , load i s ' n o t a function of
displacement and

J = " ^ F ' 6p

where PL is the limit load.

Thus if the change of PL with crack length is known J can
be calculated.

Thus the disadvantage of J - i n t e g r a l a n a l y s i s i s t h a t
specialist knowledge, such as f ini te element methods or s l ip line
field theory, is needed to calculate J for cracks in engineering
structures.

A similar difficulty existed with LEFM analysis 15 years ago
in finding K for a crack. Now things have changed as equations for K
are available for many conditions, hopefully a similar expansion of
knowledge will occur in integral theory.

FINITE ELEMENT METHODS

Under many circumstances there is no analytical solution for
the stress distribution in a structure. Until the advent of the high
speed computer, there was not a method to calculate these d i s t r i -
butions. The best method was called f in i te difference, but this
s t i l l needed many calculations. However, in the early 60 's f in i te
element methods appeared. Basically, the structure is made up of a
continuum of elements, each connected to i ts neighbour by one or more
nodes; Figure 9 shows a dam as an example. The boundaries of the
elements are represented by the solid lines and their points of
intersection are the nodes. Each node has various degrees of freedom
depending on what type of element is being used. For example, a node
in 2-D isoparametric element has 2 degrees of freedom with movement
in the direction of the two axes, whereas a node in a 3-D she l l
element has 9 degrees of freedom, movements in 3 d i r e c t i o n s ,
rotations and strains in shell co-ordinate direct ions. The f in i te
element program makes up simultaneous equations using mater ial
properties for the elements based on element energy and nodal
displacements, one eauation for each degree of freedom in each node.
The dam example shows that there are a lot of equations to be solved
and that is why this method was not developed un t i l high speed
computers were in general use.



The example of the dam had one node at each corner and with
this a linear variation of stress in each element can be obtained.
If there is a node in the centre of each side, the parabolic stress
distribution in each element can be obtained. Also, curved sides can
be made. The nodes are usually in the centre of each side and are
therefore termed mid-side nodes. If the two mid-side nodes are moved
to 1/4 point, see Figure 10, then a l / / r stress singularity occurs,
where r is the distance from the crack t ip . This is the type of
stress field at a crack tip.

Thus the stress field near a crack can be simulated. One
other point is that the larger the stress gradient the finer the mesh
must be to adequately represent i t . Therefore, to represent a crack
she mesh must become progressively finer as the crack t ip is
approached and in the crack tip elements the mid-side nodes must be
moved to the 1/4 points. This takes many elements but the properties
of symmetry can be used. Figure 11 shows a double edge-notched
specimen and it can be seen that only 1/4 of the elements need be
used.

As energies and tractions need to be calculated for both
finite element stress analysis and J- integrals , the value of the
J-integral can be obtained from a finite element analysis. Some
finite element programs have the facil i ty built in so that if a
contour path is specified the J-integral will be calculated. Thus by
choosing path 1 or Dath 2 in Figure 11 the J - in tegra l for the
specimen can be calculated. However, even if the finite element
program does not calculate J, there are programs available which can
calculate J from the output of a finite element analysis.

The disadvantage of this method is cost as finite element
analysis can be expensive in computer time.

The finite element method will be used more as i t is the
easiest, if more expensive, method of determing J and, as J and K are
related in the elastic case, K for geometries for which no equations
exist can be obtained. Usually to obtain cr i t ica l crack sizes more
than one run must be used and this increases the costs but finite
element methods will become more and more used with time especially
with elastic-plastic fracture.

SUMMARY

T h e r e a r e a t p r e s e n t t h r e e m e t h o d s f o r a n a l y s i n g d u c t i l e
fracture in the elastic-plastic range. One, the J-integral , has a
sound theoretical base but the other two, R curve and COD, are
concepts from LEFM which have been extended into the plastic range,
although the strict reauirements for linear elasticity required for K
derivations are not necessary for them. However, for the COD
derivation, the general stress levels should be below gross yielding
and the extension of COD to stresses above the yield stress is based



.:.'>lelv on experimental c o r r e l a t i o n s . I t s use in any codes takes th i s
into .3ceouat and nenerous safety factors are used.

A p r o c e d u r e for a n a l y s i n g f a i l u r e w i t h l a r g e a m o u n t s of
p l a s t i c d e f o r m a t i o n w i l l p r o b a b l y not be i n c l u d e d in any N o r t h
American codes u n t i l the EPRI work i s completed and from the i n i t i a l
r e s u l t s i t a p p e a r s t h a t any p r o c e d u r e w i l l r e q u i r e f i n i t e e l e m e n t
a n a l y s i s .

For i n i t i a l crack e x t e n s i o n (up t o 6%) t h e J - i n t e g r a l i s
a d e q u a t e but for large crack e x t e n s i o n o ther c r i t e r i a may be n e e d e d .
• i - i n t e q r a l does have the a d v a n t a g e of b e i n g v a l i d for f a t i g u e and
creep crack e x t e n s i o n .

There w i l l s t i l l be d i s c u s s i o n s on each of the t h r e e c r i t e r i a
and probably one or two more from the r e s u l t s of EPRI work f o r some
time y e t .

A more likely development is the extensigp—e-f the LEFM rules
for the analysis of defects from the one section of the Boiler and
Pressure Vessel Code into other sections and even other codes. Along
with this is the specification of fracture tfouqhness values into
material standards. The U.S. Armed Forces have these requirements
now and so does the aerospace industry. It is likely that the
nuclear industry will too. This development is being resisted by
fabricators as fracture toughness testing is expensive.

Finite element techniques are being used more and more for
general purpose stress analysis and at present there is no alter-
native to its use in analysing ductile failure. But it should be
remembered that elastic-plastic failure is at the same stage of
development as LEKM was 15 years ago, and many developments may occur
to produce analytical ways of calculating J or R. It is quite pos-
sible that because J-integrals can be easily, if expensively, calcu-
lated by FEM that there will be no incentive to develop analytical
methods. As it can often take a week or more to calculate J just in
the time needed to generate a mesh and obtain the necessary time on a
computer, alternative methods to calculate J should be developed.
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TABLE 1

COMPREHENSIVE NATURE OF J-INTEGRAI. At'UYSIS
OF CRACKING PHENOMENA

Bi'haviour (material)

Nonlinear elastic

Assumptions Relationship to J Analysis Methods

Linear elastic

deformation theory: J = G (Griffith theory)solutions to defor-
crack-tip fields exact mation theory

problems

elasticity theory:
crack-tip fields

J = G = K /E exact usual LEFM solu-
tions for K and
estimates

Elastic small-scale elasticity theory: J = G = K /E
yielding crack-tip fields: corrected crack

correction for length approxi-
plastic zone mate

Elastic plastic

Rigid plastic

Time-dependent
plastic creep

Cyclic plasticity
(fatigue)

deformation theory: J = integral or
crack-tip fieldsa compliance form

(identity)

limit analysis:
slip-line fields

= (9PL/aa)6p
exact

deformation theory: *J = integral or
compliance form
*J = dJ/dt ap-
proximate

linear rate de-
pendence or
purely viscous-
crack-tip fields

deformation theory: AJ = compliance
no unloading form
history effects
crack-tip fields

usual LEFM solu-
tions for K and
estimates plus
plastic zone cor-
rections

plasticity solution
for J and esti-
mates

limit load analysis
with cracks and
estimating

used experimentally
only to date

AJ plays same role
as AK2/E in
elastic case: used
experimentally
only to date

NOTE - G = energy per unit area made available for crack extension,
E = effective modulus of elasticity,

P L = load limit,
6p = load point displacement, and,
t = time.

Agreement with incremental theory is good.
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CRACK GROWTH

FIG.3 THE EFFECT OF CRACK EXTENSION
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Path of Integral

FIG. 5 AN EXAMPLE OF A J-INTEGRAL
AT THE TIP OF A CRACK
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FIGURE 9: Finite Element Mesh of a Dam
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FIG. 11 FINITE ELEMENT IDEALISATION OF
A DOUBLE EDGE NOTCH SPECIMEN
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