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ABSTRACT 

Encouraging results with neutral beam heating and adiabatic com-
pression of tokamak plasmas have prompted new experiments which will 
study the approach to high g states. As projected tokamak B values 
become nonnegligible (average B of 4% is the goal), the models pre-
viously used for transport calculations will become inadequate. These 
models will be required to account for the evolution of the magnetic 
geometry, along with the change in plasma parameters. 

We present an axisymmetric transport model which should be useful 
for studying the approach to higher 0 values in tokamak experiments. 
Results from transport calculations with this model allow us to draw 
a parallel between observed behavior in seemingly unrelated experi-
ments: electron heating by neutral injection in the ORMAK device and 
adiabatic compression in the ATC experiment. Finally, we find that 
the nature of cross-field transport may be expected to change as sig-
nificant 0 values are reached. Enhanced transport from ballooning 
instabilities is likely to play a role as important as that now played 
by sawtooth (m = 1) and saturated (m = 2) instabilities. New techniques 
for describing this transport are required. 

v 



1. INTRODUCTION 
Neutral beam heating and adiabatic compression have successfully 

produced high temperature, dense tokamak plasmas. Taken with encour-
aging preliminary results from the present generation of ohmically 
heated large machines (T-10, PLT) 1 and with the achievement of high 
nx values at high density,2 the outlook for attaining interesting 
thermonuclear regimes in tokamaks seems promising. In a concomitant 
development, however, tokamak reactor design studies have emphasized 
the desirability of operation at 6 values more than four times higher 
than the best yet achieved. The production and maintenance of a high 6 
plasma state is thus posed as a challenge for the next generation of 
heating experiments in large tokamaks. 

In the present work, we discuss the accessibility of high f5 toka-
mak states by means of neutral beam heating and adiabatic compression. 
The calculations of Clarke and Sigmar3 and Peng and Dory1* have demon-
strated the existence of a class of equilibria predicted on fundamental 
grounds by Mukhavatov and Shafranov.5 These newly calculated equilib-
ria have 3 values which are high enough to satisfy reactor economics 
criteria. The experimental successes of neutral beam heating and 
adiabatic compression and, moreover, the success of fundamental models 
in predicting the outcome of these experiments, give us a means to 
study the feasibility of reaching these flux conserving tokamak (FCT) 
equilibria. 

The models which have proved successful for injection are the 
neoclassical theory of ion confinement5 and the Fokker-Planck descrip-
tion of the thermalization of injected fast ions.7 For compression, 
scaling laws® based on the Grad-Shafranov equation9 have been borne 
out by experiments. 1 0 However, with both neutral injection and com-
pression, there have been some anomalies. In each case the electron 
temperature was observed to fall below predicted values. As we shall 
see, the discrepancies have a natural resolution, meaning that our 
models are valid and can be used for extrapolation over a limited range. 

1 
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Section 2 begins with a description of our plasma transport model; 
This model represents an advance over previous calculations of transport, 1 1 

in that we solve an axisymmetric problem and include the solution of the 
Grad-Shafranov "equilibrium" equation as an integral part of the compu-
tation. The solution of the equilibrium, or force-balance, equation is 
a necessity for consideration either of high 3 injection or of major 
radius compression, because the most important variables are the char-
acteristics of the magnetic geometry. 

In this report we will emphasize the accessibility of high g equi-
libria by injection and compression. Thus, we will cover the injection 
and equilibrium models somewhat more fully than, perhaps, the detailed 
atomic physics calculations needed for neutral gas and impurity transport. 

In Sect. 3 we review the results of typical injection and com-
pression experiments and compare them with our model calculations. Of 
special interest to us are the results of two case studies: electron 
heating in the ORMAK tokamak 1 2 and major radius compression in the 
Adiabatic Toroidal Compressor (ATC). These cases illustrate the validity 
of the models we use for injection and compression. We also show three 
important examples of extrapolation to larger devices of the injection 
and compression techniques which have been used in the experiments. In 
the first two examples, we study the use of injection and adiabatic com-
pression 1 3 to "clamp" fast ions at high energy and to produce high den-
sity and temperature plasma. 1 3 In the third example, we show the 
attainment of an FCT high 3 state by means of neutral injection, includ-
ing transport effects. The calculations lead us to expect that high 0 
states in tokamaks should be accessible if present trends in confinement 
scaling continue. 

In Sect. 4 we use these models, which correspond with observed 
behavior in present injection and compression experiments, to show that 
interesting high (3 equilibria could be achieved with feasible heating 
power. There are possible hindrances, hov:ever, which are related to 
stability and to the attendant enhanced transport which could appear at 
high g. We exhibit the corresponding change in plasma stability cri-
teria as FCT equilibria are achieved, and we see that a more detailed 
treatment of this possible anomalous loss will be needed for the inter-
pretation of high power injection experiments. 
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2. MODELS FOR AXISYMMETRIC TRANSPORT 

Many groups have developed computational models for transport pro-
cesses in tokamak devices. 1 1 These models conventionally employ a one-
dimensional (radial) description of the magnetic geometry, assuming that 
the flux surfaces are circles concentric with the magnetic axis. Further-
more, these models ignore the multispecies additive momentum balance 
(i.e., VP = j x B), while treating the subtractive momentum balance 
through a simplified Ohm's law. Since the models .:.re constructed to 
study qualitative trends in experiments, as much as to reproduce quan-
titative features, this simplification of the magnetic geometry has not 
caused the neglect of any process thought to be important in the "maximal 
ordering" spirit in which tokamak transport models are used. 

Several areas of study have recently appeared, however, which require 
a new treatment incorporating the magnetic geometry as a variable equal 
in importance to the transport process variables: 

(1) High g — Operation at the highest possible g is a necessary 
condition for the economic feasibility of eventual tokamak 
reactors, and high 3 FCT equilibria have been shown to exist.3 

(2) D and Doublet shapes — A significant program of experimentation 
has begun on plasma with noncircular cross section, 1 1 4' 1 5 both to 
examine the ohmic heating (OH) properties of such plasmas and to 
study the effects of supplemental heating in a noncircular 
geometry. 

(3) Divertors — Large divertor experiments are being constructed and 
the study of conditions required for the provenance of an effec-
tive divertor configuration, under the action of intense neutral 
beam heating and plasma transport, is an important experimental 
project. 1 6 

(4) Impurity production — Recent studies in plasmas with a circular 
cross section have emphasized the importance of the plasma hori-
zontal displacement, as determined by equilibrium magnetic 
fields, to the question of impurity production. 1 7 
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(5) Fast-ion "clamping" — A scheme has been proposed to ameliorate 
the effects of impurities, and to clamp an injected deuterium 
beam at high energy in a tritium plasma, by means of a slow 
adiabatic compression in major radius.1® 

All these problems require that the momentum balance of the plasma 
be compuced self-consistently with the transport processes. We note 
further that these applications all permit the assumption of axisymmetry 
in the treatment of the equilibrium. As is well known, this means that 
we must solve the Grad-Shafranov equation for the poloidal flux function 
on a two-dimensional grid. The transport equations, on the other hand, 
can remain one-dimensional, as long as we use the appropriate flux surface 
variable as the "radial" label. Only the classical theory of transport 
has been, worked out in any detail for the axisymmetric geometry; 1 9 how-
ever , we shall also wish to consider various models of anomalous trans-
port in collisionless plasmas, as well as empirical models. These 
requirements, therefore, imply that the transport model be left flexible 
to allow the testing of these various models. 

With a two-dimensional treatment of momentum balance, we can explore 
the interrelationship of various transport hypotheses with the experi-
mental control variables: plasma position, field shaping by external 
coils, divertor configurations, etc. 

Since comprehensive descriptions of the many plasma transport pro-
cesses which are treated in our calculations have been presented else-
where, we will restrict our discussion mainly to those changes in the 
conventional models which are introduced by our axisymmetric treatment. 

2.1 EQUILIBRIUM 

The one-dimensional (radial) model for tokamak transport has been 

amply described. 2 0 Our study extends this model by introducing non-

circular plasma shapes and by adding the equilibrium equation to the 

set oi equations which we solve. 

Our procedure is to modify the geometry, changing from cylindrical 

variables to those describing an arbitrary axisymmetric magnetic field. 
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Figure 1 defines the geometric variables. We introduce the usual mag-

netic flux functions, (J/ i--id f: 

B = fV4» + Vcj> x Viji . 

Adding the electron and ion terms in the momentum balance, 2 1 and neg-

lecting anisotropy* and viscosity, we must solve the Grad-Shafranov 

equation. 

a**5*2* = - * o R 2 f r f If • (1> 

where P is the total plasma pressure. We distinguish the pressure con-

tributed by the thermal plasma n T + n T from that carried by injected e e p p 
fast ions. The "thermal" pressure is described by the transport equa-

tions, while the stored beam pressure is calculated from the Fokker-

Planck equation. Thus, 

P(r,t) = n e(r,t) T e<r,t) + n (r,t) T p(r,t) + | J d 3 V | m^V 2 

X f b e a m ( I ' V ' t ; » ( 2 ) 

where r is the minor radius coordinate. 

Assuming, for the moment, that P and f are known, we solve Eq. (1) 

by the technique introduced by Grad, Hu, and Stevens. 2 2 We introduce 

the stability "safety factor" q to replace f. Our terminology is 

conventional: 

V(i|0 represents the volume contained within a flux surface labelled by 41-

/ I v v l A . = 3 * - = a * 

R 2 / 9 V W 

The Fokker-Planck equation described in Sect. 2.2.6 distinguishes P^ and 
Pjl in the fast-ion component. However, banana-orbit diffusion effects 
are neglected in this version of the Fokker-Planck operator. Thus, we 
will use an "isotropized" f ^ e a m in Eq. (2). 



O R N L / D W G / F E D - 7 7 5 5 9 

^ M A X 

AXIS OF 
SYMMETRY 

TOKAMAK GEOMETRY 

Fig. 1. Tokamak geometry and definition of geometric symbols. 
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fdZ B 
4 ^ ( 4 ) H AfV ' =J jJL ^ ; X 

where is poloidal distance, B̂  = |ViJj|/R, and B̂  = f/R. In addition, 

we introduce an effective radial coordinate p, defined in terms of the 

volume enclosed within a magnetic surface labelled by 

p =VV(<K)/2tt2R , 

where R^ is the major radius location of the magnetic axis. We note 

that <A*^/R2> = (K^')f and, from Eq. (1), we find the constraint 

(K*') ' = -u P - Aff . (3) o 

This may be viewed as an ordinary differential equation for 4>(V) , 
and the combined system Eqs. (1) and (3) is called a "general differ-
ential equation" by Grad and co-workers. We must insure that the con-
straint [Eq. (3)] is satisfied by any solution ijj(x,y). This constraint 
is expressed as the ordinary differential equation, 

(K + q 2/A) tp ' ' + [K» + P / V + q/A (q ' - A 'q/A) ] ip ' = 0 , (A) 

and the equilibrium solution iterates between solutions of Eq. (1) for 
iKx,R) and Eq. (4) for t|j(V) until they coincide. 

2.2 PLASMA TRANSPORT EQUATIONS 

The functions P and q in Eqs. (3) and (4) are changed as the plasma 
evolves. The evolution of these variables is, in general, described by 
a three-dimensional set of equations. However, the great disparity in 
time scales between diffusion parallel with and perpendicular to Che 
magnetic surface allows considerable simplification. We may assume that 
temperatures are constant on a flux surface. Since the total pressure 
must also be a surface quantity3 it follows that the density may also be 
assumed to be invariant for cases without injection. With injection, 
however, we must consider the possibility that beam and background pres-
sures can vary poloidally. This possibility will be neglected in the 
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present study, since the deposition of the beam is determined by the 
background density (constant on a flux surface) and since orbit ex-
cursions are relatively small for the cases we will consider. 

Under these assumptions, the plasma transport evolution of P and 
q was considered originally for an isothermal transport model. 2 3 

Since that time there has been an extensive elaboration of this con-
ceptual model, 2 4 treating adiabatic compression 2 5 and neoclassical 
diffusion of a low-collisionality plasma. 1 9 The relation of the toka-
mak diffusion problem (xj j ^ Xĵ  :X : thermal conductivity) to more 
general transport problems with x|j ^ X^ has been discussed by Pao 2 6 

and Taylor. 2 7 

The calculation of collisional transport in nonaxisymmetric 
systems has been attempted 2 8 and the evolution equations derived and 
solved for a fixed-pressure model by Shafranov, Pereversev, and 
Zakharov. 2 9 Byrne and Klein, 3 0 Miller, Rawls, Helton, and Dobrott, 3 1 

and McCoy, Mirin, and Killeen 3 2 have constructed axisymmetric trans-
port codes for an idealized model of the tokamak. 

Since the equations for the neoclassical model have been given the 
most ample treatment, 1 9 we will use them as a starting point. We will, 
however, often replace the neoclassical expressions with empirical or 
anomalous models, in just the way this is done for coaventional radial 
transport calculations, as it suits the question at hand. 

We will discuss the model, and the changes in solution algorithm 
which are needed, equation by equation, and then we will summarize the 
model. 

2.2.1 Density Equation 

The equations for electron density and for impurity density are 
advanced in the transport calculation, and the hydrogen ion density is 
then computed to maintain charge neutrality. The generalized form for 
the electron density equation is 

3/3t [V'Ojj) <n e>] + 9/3p V'(^) <r £> = V'(ijO <T.^> , (5) 
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where r is the diffusion flux relative to the flux surface, and £ is e e 
the source of electrons from hydrogen and impurity ionization and the 
source from injected beams. 

The transport equation gives the change of < n e >^ ~ n e both as the 
diffusive processes operate and as the geometry V'(\J;) changes. For com-
putational purposes, the transport advance is interleaved with the re-
calculation of equilibrium, so that these different processes are 
decoupled in practice. 

In other words, we calculate the solution of Eq. (5) according to 
the following procedure: given initial data for i|;(x,R), P(x,R), and 
q(x,R) we can construct P(î ), q(t|0 , V(i|i), etc. This, in turn, provides 
initial data for a transport step, which is taken with fixed geometry. 
If we define 

+ <Ee> > <6> 

taking the result of the transport step at the "new" time is 
(schematically) 

nN = n + LAt . (7) e e 

A detailed description of the diffusion algorithm is given in Ref. 20. 
By advancing the other transport variables at the same time, we will 
thus receive PN(t|/), q̂ (ij/) in terms of the old geometry. With this 
N N 
P 0i>) i q W > we find a new equilibrium ijj(x,R). The equilibrium calcu-
lation corresponds, both in a physical sense and mathematically, to a 
small adiabatic transformation of plasma variables. Thus, from Eq. (5), 
we require that 

F ^ C V ' N J - 0 , ( 8 ) 

for the equilibrium calculation, so that at tneW = (t0^ + At) + transport 
» , > 

geometry N 
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(V')new n n e W = (V')nN . (9) 
Q. e 

This insures conservation of particles between adjacent flux surfaces 
before and after the recomputation of the equilibrium. These two steps, 
transport with fixed geometry and change of equilibrium seen as an adia-
batic transformation, combine to give us the solution of Eq. (5) in com-
plete generality. 

From the transport step, we find 
N , i . n = n + LAt . e e 

From the equilibrium step, we find 

n n e w = nN V'/CV')N . (10) e e 

Thus, the value for n^ after both transport and equilibrium steps is 
(schematically) 

[(V')n6W n£ew = (n°ld + LAt) (V')] , 

i.e., the solution of Eq. (5). 
For the form of the flux, <Te>, we will choose the "diagonal" model 

for the transport matrix for all calculations in this report. That is J 

V ' < V = ne f (Ve - . dS = -^DVne - dS = -D ̂  f dS . V* . 

Thus, for the diffusion term in Eq. (6) we take 

This is similar in form to the usual radial transport equations, except 
that the "metric" quantity <jVp|2> must be computed as a property of the 
equilibrium. 
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Thus, for the transport cycle of the combined transport-equilibrium 
step, we solve 

|^ne(p,t) = [pD(p,ne,...) 3ne/3p] + oe(p,t) , (11) 

for 0 < p <\/V /2 t t2R , where a (p,t) is the flux surface average source * max o e 
of electrons. 

We apply the usual boundary conditions to n (p ); the simplest 6 niflx f c 
being to prescribe either ng or the flux at the last confined flux surface. 

Our choice of solution algorithm (alternating diffusion and geometry 
steps) might lead to confusion in terminology. In fact, we are choosing 
a constant-x coordinate system for the evolution; but since the transport 
step is taken at fixed geometry, we have some flexibility in adopting a 
coordinate system: 

With the toroidal flux, 
f 

X = / dip q(ij>) , 
m m 

as a flux surface label, the density equation is, for example, 

f ^ [V'(p)ne] [V'(P)<re>] = V'(p)<Ee> , (12) 

where p = ̂ x/irB_ and B^ is an arbitrary reference value of the toroidal 
o o 

fxeld. 
For a transport step, at fixed geometry, we may use i|»o(x,R) (the 

last computed equilibrium) as a reference. 
Since the density equation is 

3V y-f 
3n 
3t~ + W re ' VX) = < V ' 

for the transport step, we denote p = \V0jT)/2TT2Ro, with Vx° = Q^qJ at*d 
find 
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3n 
a r + T ^ r (p"<re» = < v , 

P 9p 

which is the equation we solve. 

2 . 2 . 2 E n e r g y E q u a t i o n s 

The plasma energy balance equations have also been derived for the 
neoclassical case by Hinton and Hazeltine.19 For the hydrogen ion energy 
balance, we have 

f k k ( v ' ) 5 / 3 l + < v ' > 2 / 3 + f V i ) - < v ' > 5 / 3 

(r 3P \ 
+ I T " W i ) + < v ' > 5 / 3 (<«> l n j , ° ' " <«> J . 

where Q^ is the electron-ion equilibration term [3(me/nu)(ne/Te) * 
(T - T.)], T. is the ion flux relative to a flux surface, u- and Ai. 
are nondiagonal fluxes, 19 and Qinj'a, Q are the injection, alpha cx 
heating and charge-exchange terms, respectively. 

(k) 
We choose F = T. + ET , where the summation is taken over all 

e 1 k 
the impurity ion species. <Q> represents the surface averaged source 
(loss) of energy due to the processes of neutral beam and alpha heating 
and charge-exchange energy transfer. 

The form for the flux surface averaged q^ is diagonal (i.e., there are no Vn , 7T , or E contributions); so e' e 

< V ' ) * / 3 f ^ ( V q . ) - ( V ' ) 5 / 3 i | - ( p „ . X ; L < | Vp ^ ) . ( 1 4 ) 

The procedure for advancing this equation is, as with the particle 
balance, to compute a transport step (in fixed geometry), and a new 
geometry with the accompanying "adiabatic" transformation of the 
plasma variables due to the change in geometry; i.e., 
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3 

2 at P.(Vr)-/3 = 0 (15) 

during the recalculation of the equilibrium. 
The electron energy equation is treated the same way, and again the 

metric coefficient <|Vpj > is required from the geometry to advance the 
transport calculation, and the condition 

3 
2 3t P (V') 5/ 3 

e = 0, (16) 

is used during the recalculation of the geometry. 

2.2.3 q-diffusion 

With the energy equations just discussed, we can advance the vari-
able P between equilibrium calculations. We must now discuss the ad-
vancement of q, which is also needed in Eq. (1). 

We note that q h dx/d<|> = AfV'/47r2, and so we introduce an 
auxiliary function B(p) = l/Ro(di{j/dp) . In terms of this variable, q = 
16iT1+Af x pB(p) ; thus, we may advance q (in fixed geometry) by advancing 
B(p). The equation for B is found from the Maxwell equations in axisym-
matric variables22'29 

3B 
9t 

9_ 
3p 

n_ f l JL_ 
yQ A p 3p ( 1 7 ) 

where < j v p | /R2> is the metric coefficient. 
Note again, that B is advancing in the transport step relative to 

the most recent two-dimensional ijjo(x,R). x is the flux surface label, 
and V(\p ) has been chosen for convenience as the volume. This descrip-o 
tion is useful for most toroidal applications, where the total toroidal 
flux is roughly constant because of the difficulties in producing large 
changes in the longitudinal field. For toroidal compression, however, 
such as done in the Tuman device,33 the equation for the analog toroidal 
field should be followed, with \)j as the flux surface label. 

With x chosen as the flux surface label for our calculations, the 
evolution eauation is 



3iHx,t) _ 
at " nn (3V/3X)2A2 8X 

1 8 (18) 

During the transport time step, with fixed geometry, we use the most 
recently computed ijj (x.y) as a reference. With dx = qdi|), we find 

Ihus, we follow the evolution of i|> with respect to ; this leads to 
Eq. (17) with the choice of 

P « \/V(ip )/2tt2R . * o o 

The external conditions are assumed to control the total plasma 
current for the calculations shown in the present work. Thus, we con-
trol the q-value of the plasma edge by boundary conditions on B(p ). max 
The value is changed to control the current according to the strategy 
desired [i.e., strongly raised for major radius compression — roughly 
constant ('VP1/3) for FCT heating]. The edge value of §T is programmed 
for toroidal field (TF) compression studies. 

The total plasma current is 

The solution to the Grad-Shafranov equation requires the specifica-
tion of boundary data, which corresponds to choosing t-he external coil 
programming in experiments. The model employs one of the two possibil-
ities allowed by the ADIABAT code: 

(1) the specification of currents in an arbitrary number of external 

o 

(19) 

coils, whose flux is added to that produced by the plasma to 
compute the value of ip needed at tj.e square boundary for the 
Buneman Poisson inversion, or 
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(2) the specification of \[> on this boundary, to model externally 
applied fields. In the calculations presented here, which deal 
with nearly circular plasmas, we choose 

iJ/(0 or xw,R) = a 1 - 2 
R - R. > inner 
R 4- ^ ~ R-outer inner > 

+ 6 , 

R. - 1 
inner, 

/R \n I outer \ 
. R. j \ inner / 

- 1 

and 

i|i(x,R = R. „ ) = a 11 - 2 inner 
x' 
x* w 

*(X>R = ^outer^ = « I 1 ' 2 + ' 
* w ' 

where r| is the field index parameter. 
Thus, in compression studies shown later, 

= go + ABlt , 

so that the vertical field rises in time to produce the compression. 
For injection studies, 

0. = 3„ + A0. (R - R ) |R - R | , 

so that the vertical field is programmed to fix the magnetic axis as 
the plasma 3 rises. 

2.2.4 Neutral and Impurity Processes 

We briefly discuss the neutral gas and impurity models used in these 
calculations. These variables enter through source or loss terms in the 
particle and energy balance equation, and describe the complicated atomic 
physics components of tokamak transport. 
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Neutrals 

The neutral gas distribution in the plasma is calculated with a 
Boltzmann kinetic equation for the function f (x,v,0) . 3If This distri-
bution function is computed in a slab geometry to give the nQ(r), Qcx(r) 
spatial distributions of neutral density and charge-exchange transfer 
needed for the transport equations. The ANISN neutral gas transport35 
model gives results in adequate agreement with the slab model calcula-
tions for the cases shown, but is not used for these evolution calcula-
tions. We assume fixed edge values for the neutral gas density, 
corresponding to values assumed to be characteristic of edge conditions 

3 for the cases we discuss [n (a) - 3.109 cm ]. 
° H The hydrogen ionization source is then £ = n n <ov(T )>. , where e o e e ion' 

the cross sections for ionization (as well as all the other atomic 
physics data used) are described in Ref. 20. 

The charge-exchange transfer rate is 

Qcx = / d 3 v ! m v 2 t V i ^ ' ^ ~ fo<^>J ' (20) 

Impurities 

In the cases studied, we have not employed the most sophisticated 
impurity equations, but follow instead the evolution of one impurity 
at a time. That is, we consider the plasma to have either a light or 
a heavy impurity, but not both. 

For diffusion, we solve the neoclassical equations derived by 
Hinton and Moore36 and by Rutherford.37 The metric coefficients used 
in the electron density equation are used here as well. We follow the 
evolution of the "average ion" density, and the rate equations for 
collisional ionization and radiative recombination are solved for the 
light impurity, to determine the average ion charge state and Z , from 
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Here, the summation is taken over all positive ions. 
For heavy metals we adopt a coronal equilibrium prescription, fore-

going a detailed examination of the nonequilibrium rate equations. We 
use radiative cooling rates calculated by Jensen et al.38 The diffusion 
equations for the average ion are taken to be neoclassical, as with light 
ions; their charge state is determined, in these calculations, by assum-
ing local coronal equilibrium. 

The study of the accessibility of high 3 states requires that we 
distinguish between the different qualitative features of light and 
heavy ions, chiefly regarding their radiative properties. A detailed 
solution of nonequilibrium rate equations and/or inclusion of mutually 
interacting light and heavy impurities is not needed for these quali-
tative studies. 

2.2.5 Injection: Fokker-Planck Model 

The Fokker-Planck model for neutral beam injection has also been 
thoroughly described.39 In our most detailed calculations of injection 
we compute the solution of the two-dimensional velocity-space distribution 
of the injected ions for n (usually 10) flux surfaces. Finite poloddal 
gyroradius flux surface coupling is neglected in these calculations. 
Thus, along with the transport and equilibrium equations, we also solve 
n two-dimensional equations for the fast-ion distribution. 

2.2.6 Fokker-Planck Equation 

The derivation of the equation describing the fast-ion velocity-
space time evolution on a flux surface has been reported previously. 
The resultant form of the Fokker-Planck equation is due to Cordey and 
Core. Our calculations employ the code module developed by Fowler and 
Smith40 which solves the equation: 
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The description includes the effects of drag due to thermal protons and 
electrons, charge exchange, diffusion in pitch angle, the source of 
injected particles, and acceleration by the electric field. The equa-
tion is solved by successive overrelaxation, by the alternating direction 
implicit (ADI) method, or with an application of a strongly implicit 
technique reported by Stone.41 

There are several other aspects of neutral beam injection theory 
which must also be incorporated. 

2.2.7 Moments Description of Fast Injected Ions 

For some applications it has been found that a less detailed picture 
of fast-ion thermalization will suffice. In these cases, where bulk 
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heating is the most important concern, we may take a quasi-steady-state 
solution of Eq. (22) and represent f, as 

D 

- h VB h<p> t t ~ 7 p c x ^ . V + v° 

where 1 - P is the probability of charge exchange during thermalization 
C X 

from the injected energy (V ) to V (see Callen et al.7 for details). 
The bulk heating properties of this distribution are also described 

in Eq. (7). For our present calculations we need, in addition, the beam 
pressure. Neglecting charge exchange, 

*b 5 3 / d3vfb mv2) = § H(p)IbxsEo * F(V^,Vo) , 
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2.2.8 Fast-Ion Deposition 

The deposition of the injected beam is calculated, for tangential, 
injection, according to the prescription of Rome e". al.42 For near-
perpendicular injection, we use as a module a deposition code developed 
by Beckett et al.43 which properly accounts for the spatial variation 
of trapped particle orbits in the initial deposition calculation. Some 
calculations are also performed with the Freya neutral beam deposition 
module, which calculates the initial beam trapping by a Monte-Carlo 
technique.44 The Freya code has been modified to calculate deposition 
in an arbitrary axisymmetric geometry by Fowler and Rorae.45 Particle 
orbit effects in flux surface averaging are not included in this module 
the total number of particles trapped between surfaces labelled by ip 
and ip + Atp is divided by V'(ijj)Aiji to obtain the density of fast ions 
born at p (ij>) . 

Some fast ions are created on orbits which directly intersect the 
wall or limiter. While a self-consistent calculation would require a 
treatment which includes finite banana-width effects, the process is 
modeled to low order by annihilating the fast-ion distribution function 
in the appropriate area of velocity space.46 

2.2.9 Multienergy Sources 

The injectors provide beam particles at energies Eq, E^/2, and 
Eq/3. In addition, the deposition properties of particles injected 
parallel and antiparallel to the plasma current are different. Parti-
cles trapped at different radial positions have different angular dis-
tributions with respect to the field. Tlius, the injection source is 

S(V,6) = 
vv3 o 

2 

I 4=1 

3 

I m=l 
H h 

I 
I, m ^m 
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where 

= total be^m current 

V = total plasma volume 
V = "V/2E /m- = mrzt.s of fast ions o * o f 

= deposition factor [H(X), for X = p/a; for direction X 
SL( = 1 Co, = 2 - counter), and for energy m( = 1 for 
E , = 2 for E /2, = 3 for E /3) 

U™(v,h) = e 

= beam current in mth energy component, direction £ 

, „-(v - vm)2
 a _ C9 . eX)2 g 

V = V2E /m m > m f 

0e = angle of beam tangency at X = p/a, direction £ 

a, B = width of source in V, 9 . 

2,2.10 Compression 

Adiabatic compression introduces new terms. The canonical angular 
momentum P, and magnetic moment y are conserved in compression. In <P 
addition, the local density on a flux surface obeys the aciabatic scal-
ing, PV^ = constant. Thus, we take the Fokker-Planck Eq. (22) and add 
the term 

R 
R •(1 - 1/2 sin 8) v + ̂  sin 0 cos 6 |f-dV do (24) 

to the right-hand side. The quantity R/R is the ratio of compression 
speed of the major radius to the instantaneous value of the major radius. 

2.3 SUMMARY OF THE MODEL 

For reference, we write the set of equations used for calculations: 

= - R "aR + — r = ^ 3R2 3X1 2 R 3R ' Po" 3tp * dip 
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where a r e the energy sources from neutral injection and alpha 
particle thermalization, and Pz represents the loss due to ionization 
of impurities and to inelastic electron collisions with impurities 
leading to radiated energy loss. 
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where a r e the ion energy sources from injection and alpha particle 
thermalization, and is the charge-exchange transfer term. (For small, 
relatively low density plasmas, this is a loss term throughout the plasma 
volume.) 
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These equations must be supplemented by relations for q ., D, and e, 1 
Tl. The forms used in the present report are described in the Appendix. 

3. MODEL FOR AXISYMMETRIC TRANSPORT — SOME EXPERIMENTAL CASE STUDIES 

The model described in Sect. 2 incorporates phenomena occurring in 
tokamak discharges. To study the accessibility bf high B equilibria, we 
will explore further the parts of the model most strongly influencing 
the injection and compression processes. The chief components are the 
neoclassical ion thermal conductivity, the Fokker-Planck description of 
fast injected ions, and the Grad-Shafranov equation for equilibrium; the 
radiative losses, due to heavy metal impurities, will be seen to play a 
crucial role as well. 

Two experimental cases seem well suited to such a discussion: 
(1) the injection heating experiments on the ORMAK device in which the 
nature of electron heating was studied by injecting 330 kW into a 70-kA 
discharge47 and (2) the adiabatic compression experiment in the ATC 
device10 which tested the validity of the Grad-Shafranov equation. 

There are three typical cases of extrapolation which are worthy of 
study to illustrate potential approaches to high 3 configurations. In 
the first two cases, compression is used in a beam-injected plasma to 
clamp injected ions at high energy and to produce enhanced D-T neutron 
production. In the third case, large amounts of neutral injection power 
are used to provide high 3 FCT equilibria, which should have satisfactory 
economic benefits for reactor operation. 

3.1 ORMAK ELECTRON HEATING EXPERIMENTS 

The first high-power injection experiments on ORMAK produced a 
puzzling result. While the ion temperature was raised, often dramatically, 
electron heating appeared to fall below predicted values.47 Thus, a 
series of experiments was planned whereby large (^330 kW) injection power 
levels were applied to discharges with relatively low current ("VLOO kA), 
In this way the achieved by ohmic heating would be artificially low, 
and the mechanisms which limited the rise in T would stand out more e 
clearly. 
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The injection case parameters are given in Table 1. For our calcu-
lations of this case, we shall describe the transfer of energy from the 
injected ions to the background by taking moments of the Fokker-Planck 
equation. The procedure has been described elsewhere,7 and is satis-
factory in this instance because we are concerned only with bulk-heating 
phenomena. For transport we assume that the -ions have the neoclassical 
thermal conductivity derived by Hinton and Hazeltine.19 We shall assume 
that electron thermal conductivity is pseudoclassical,1*8 but we find that 
the radiative losses from impurities are the dominant mechanism. For 
these losses we use the radiative cooling rates calculated for tungsten 
by Jensen et al.38 

In Fig. 2, we show the calculated results with the assumption that 
there are no heavy metal impurities. The temperatures predicted by our 
model are seen to be far in excess of those measured, and the relaxation 
after the termination of injection takes far too long. This is a typical 
result from a classical model applied to injection, in that confinement 
times are predicted to improve with temperature. The saturation of Te> 

as shown in the experiment, could be due either to worsening transport, 
or to enhanced radiative losses from impurities. Isler, Neidigh, and 
Cowan1+9 have shown, however, the strong influence of line radiation from 
partially stripped tungsten ions in these experiments. The measured con-
tinuum radiation spectrum in the 40-70 A range has been identified by 
means of the predictions of a relativistic Hartree-Fock calculation of 
the tungsten emission spectrum, and bolometer measurements record a strong 
correlation between injection and radiative losses. This-suggests that 
we recalculate the conditions of Fig. 2, now adding a tungsten density 
of 3-1010 cm-3, as suggested by Isler et al.1*9 The results are shown in 
Fig. 3, and we see that the model produces much better agreement with 
experiment, at least regarding bulk heating. Thus, the model for neo-
classical ion thermal conductivity can reproduce the trend shown in this 
high-power neutral injection experiment. 

While the pseudoclassical confinement model is consistent with the 
results of the experiment, we should note that radiative losses are domi-
nant. Since the tungsten emission characteristics have been identified 
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Table 1. Parameters for the ORMAK electron heating case 

Device, plasma characteristics 
Minor radius 23 cm 
Major radius 79.5 cm 
Toroidal field (axis) 18 kG 
Discharge current 70 kA 

Plasma variables 
Initial central, boundary n 
Initial central, boundary n^ 
Initial central, boundary T^ 
Initial central, boundary T^ 
Average impurity density (0) 
Edge neutral density 

2 • 1013, 5 • 1012 cm-3 
2 • 1013, 5 • 1012 cm-3 
300, 20 eV 
300, 20 eV 
6.7 • 1011 cm-3 
3 • 109 cm"3 

Injection characteristics 
Coinjection 
7.3 amps @ 30 keV 
7.3 amps @ 15 keV 
Starts at 20 msec, ends at 70 msec 
Beam tangent to radius 75 cm 

Transport model 
X£ pseudoclassical 
X^ neoclassical 
D pseudoclassical 
n neoclassical 



26 

ORNIL/DWG/ FED-78-261 

TIME(msec) 

Fig. 2. Electron heating in the ORMAK neutral beam experiments. 
It is assumed that there are no heavy metal impurities present, and 
the resulting temperature rise exceeds the experimental values. In-
jection is assumed to begin at 20 msec, and the injection current is 
cut off at 100 msec. 
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Fig. 3. OBMAK heating experiments as in Fig. 2, except now the 
tungsten line radiation loss is included. The T rise saturates 
quickly and holds down the T heating as well. e 
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only recently, this may suggest a reinterpretation of the identification 
of pseudoclassical transport in earlier ohmically heated tokamak 
experiments. 

3.2 ATC COMPRESSION EXPERIMENTS 

The original ideas of Furth and Yoshikawa,8 as calculated analyti-
cally by Greene, Johnson, and Weimer,50 were tested on the ATC tokamak. 
Subsequently, a comparison of the experimental results with a simplified 
(skin current) plasma model was performed by Stevens.25 It has been 
shown that, in most respects, the Furth-Yoshikawa scaling arguments 
(based on the Grad-Shafranov equation) were validated by the experiment. 
The electron density and ion temperature obeyed the scaling relation-
ships quite well. An anomaly has remained, however, in that electron 
heating lagged behind the adiabatic predictions. 

With the discussion of Sect. 3.1 in mind, we may now recalculate 
the adiabatic compression case and examine the effects of a small amount 
of heavy metal impurity on the compression scaling. The ATC device had, 
at the time of the experiments reported in Ref. 10, molybdenum limiters. 
We again employ the radiative cooling rates gx\ m by Jensen et al., this 
time for Mo. 

In Table 2, we give the parameters for the compression case to be 
studied. The neoclassical and pseudoclassical thermal conductivities 
are used here, and we assume that the edge neutral density is a constant 
(3 • 109 cm-3) throughout the compression. 

Figure 4 shows the results for the case without Mo impurities. 
ne, n^, T£, and T^ obey the ideal scaling relationships. This was not 
observed in the experiment, however. 

In Fig. 5, we show the situation which results when we add a 1010 
- 3 

cm Mo density, distributed uniformly in space. ne> n^, and T̂, 
increase, as in the previous case, while the rise in is depressed 
by the line radiative losses. Defining the compression factor C = 
R. . H ,/R-. the Furth-Yoshikawa scaling predicts 
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Table 2. Parameters for the ATC compression case 

Device, plasma characteristics 
Two-dimensional box geometry 

Inner, outer radius 36, 105 cm 
Upper, lower box coordinates 34, 0 cm 
Box center 88 cm 

Transport equation geometry 
Initial effective minor radius 17 cm 
Initial magnetic axis location 70 cm 

Plasma variables 
Initial central, boundary n 2 • 1013, 5 • 1012 cm J 
Initial central, boundary 2 • 1013, 5 • 1012 cm"3 
Initial central, boundary T£ 200, 20 eV 
Initial central, boundary Ti 200, 20 eV 
Average impurity density (0) 1011 cm"3 
Edge neutral gas density 3 • 109 cm-3 

Compression characteristics 
Initial B^ (axis) 15 kG 
C = R. ,/R(t); C,. = 2(= R. . . ,/R£. ,) initial final v initial final 
Discharge current = 70* C(t) kA 
Starts at 0, ends at 2 msec 

Transport model 
Xe pseudoclassical 
X^ neoclassical 
D pseudoclassical 
n neoclassical 
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Fig. 4. Compression in ATC, assuming no initial Mo density. The 
variation of n and pressure is shown as the vertical field rises to e r 

compress the plasma. Both n g and T £ rise as expected, according to 
the ideal scaling rules. 
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Fig. 5. Same as Fig. 4, except now an initial density of 1010 
- 3 cm Mo is present initially. The radiative loss rates affect only 

T , and n , n., and T. rise as before, e e' i' i 



32 

^filial Tfinal final 

- C2; ̂ T - ^ ^ C>/3; ,, „ C2 . (30) initial ' ̂ initial ' ' initial n
Q n e e z 

Thus, the radiative power loss, 
26 =10" f(T ) n n w/cm3 , (31) 

in a regime where f(Tg) is linearly increasing with T^, should scale as 

pfinal 

rad 

This is shown in Fig. 6, where we see the increase in caused by adia-
batic compression and the concomitant increase in Pracj« We will return 
to this case next, when we discuss compressional clamping in future large 
tokamaks. 

We note, however, that with the addition of the Mo line radiation 
loss, the Grad-Shafranov model compares favorably with experimental 
results. 

3.3 COMPRESSION IN A LARGE DEVICE - CLAMPING 
The compressional clamping technique is proposed for large tokamaks 

where, with nxE < 2 • 1013 cm-3, there could be significant neutron and 
alpha particle production. This subject has been treated computationally 
by Rutherford, Post, and Duchs.51 However, previous computational treat-
ments have approximated the compression process by assuming that the 
major radius change occurs instantaneously. The Furth-Yoshikawa scaling 
laws are applied instantaneously as well, and the plasma parameters 
increased accordingly. 

We present an improved calculation here in which this instantaneous 
compression approximation is relaxed. In practical devices the changes 
in field required to produce the major radius shift are hindered by the 
induction of eddy currents in the coils. A particular case has been 
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Fig. 6. The time behavior of the 
line radiation loss for the Mo impurity 
case. The increase of by compres-
sion drives the radiative rate upward. 
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described by the designers of the Tokamak Fusion Test Reactor (TFTR) 
device in which a 40% compression of a 800-kA, 54-cm plasma can be 
carried out in 35 msec.52 We choose this case, described in Table 3, 
to compare the finite compression calculation with the instantaneous 
compression assumption. 

The general outline of the experiment is shown in Fig. 7(a). A 
preheated plasma is prepared near the outer limiter. At a selected 
time, before a possible impurity accumulation has become severe, the 
plasma is quickly compressed in major radius. This produces both an 
increase in thermal plasma densities and temperatures, as well as an 
effective acceleration of the injected fast ions — overcoming their 
slowing down by collisions with the background electrons and ions. 
The evolution of the plasma equilibrium and velocity-space distributions 
is shown in Fig. 7(b). As seen in Fig. 7(c), the alpha-power produc-
tion increases sharply with compression and the thermal densities and 
temperatures increase (over the finite time span of compression) as 
expected according to the adiabatic scaling relationships. We have 
assumed that there are only "moderate-Z" impurities (F ) for this 
calculation to show the injection/compression process in principle. 
The effects of heavy metals in injection and compression will be 
considered next. 

3.4 COMPRESSION IN A LARGE DEVICE - EFFECTS OF HEAVY METALS 

To examine the extrapolation of our model of injection and com-
pression to large devices and, in particular, to pursue the study of 
the influence of heavy metals, we will treat the compression process 
separately. The example again is TFTR, with parameters as described 
in Table 4. 

In the first case chosen, we assume that the heavy impurities 
present in the discharge are iron ions, initially distributed uniformly 
in space. The 40% compression is chosen to occur over 35 msec, by 
raising the vertical field over this period. As we see in Fig. 8(a)-
(f), the plasma densities, temperatures, and pressure rise, driven by 
the change in the external field circuits. The iron density [Fig. 8(f)] 
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Table 3. Parameters for TFTR iniection/compression case 

Device, plasma characteristics 
Two-dimensional box geometry 

Inner, outer radius 169 > 339 cm 
Upper, lower box coordinates 170, 0 cm 
Box center 254 cm 

Transport equation geometry 
Initial effective minor radius 60 cm 
Initial magnetic axis location 254 cm 

Plasma variables 
Initial central, boundary ng 
Initial central, boundary 
Initial central, boundary Tg 

Initial central, boundary T^ 
Average impurity density (low 2) 
Edge neutral density 

7 • 1013, 1 • 1013 cm"3 
7 • 1013, 1 • 1013 cm-3 
2000, 100 eV 
2000, 100 eV 
Z f = 3 eff 
3 • 109 cm'3 

Injection characteristics 
Co- and counteringection 
167 amps @ 120 keV D° 
250 amps @ 60 keV D° 
Starts at 20 msec, ends at 100 msec 
Beam tangent to radius 250 cm 

Compression characteristics 
C(t) = R. .. /Rft); . = 1.4 initxal final 
Discharge current = 800* C(t) kA 
Starts at 100 msec, ends at 135 msec 
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NEUTRON PRODUCTION SCENARIO 
WITH FAST ION CLAMPING 

AFTER INITIAL POSITION 
COMPRESSION (WITH INJECTION) 
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Fig. 7(a). Injection/compression clamping of an injected 
neutral beam (outline of the scenario). The plasma is formed 
against the outer limiter. Injection takes place for M.00 msec. 
The plasma is then compressed in major radius, thus boosting the 
fusion output. 
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Fig. 7(b). Time-evolution of the pressure 
contours in physical space (left) and the contours 
of the fast-ion distribution in velocity-space 
(right). 
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Fig. 7(c). a-power production and parameter evolution during 
neutral beam injection and compression. 
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Table 4. Parameters for TFTR compression case 

Device, plasma characteristics 
Two-dimensional box geometry 

Inner, outer radius 169, 339 cm 
Upper, lower box coordinates 170, 0 cm 
Box center 254 cm 

Transport equation geometry 
Initial effective minor radius 54 cm 
Initial magnetic axis location 254 cm 

Plasma variables 
Initial central, boundary n 7 • 1013, 2 • 1013 cm-3 
Initial central, boundary n. 7 • 1013, 2 • 1013 cm-3 

Initial central, boundary Tg 4000, 100 eV 
Initial central, boundary T 4000, 100 eV 
Average impurity density (0) 6 • 1010 cm-3 
Edge neutral density 3 • 109 cm-3 

Compression characteristics 
C ( t ) s Rinitial/RCt)' ^final = 
Discharge current = 800* C(t) kA 
Starts at 0, ends at 35 msec 
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Fig. 8. Evolution of plasma parameters in the TFTR compression 
sequence with iron as the impurity [p is the effective coordinate = 
V(t|»)/2h2R ]. (a) T , (b) pressure, (c) n , (d) i | j v s major radius in 
the midplane, (e) oxygen density evolution (neoclassical diffusion 
and compression), (f) iron density evolution by compression. 
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rises because of compression alone i^hile the oxygen density varies both 
by compression and by neoclassical diffusion relative to the flux sur-
faces. (This oxygen diffusion is computed solely to indicate the char-
acteristic time for light impurity rearrangement by neoclassical processes. 
The oxygen radiative loss, for example, does not play a very important 
role.) 

The parameters attained at the end of the calculation (t = 35 msec) 
are very close to those which would be computed in the instantaneous 
compression approximation, and there is no substantial discrepancy in 
this case. 

If we assume, however, that the limiter material is present in the 
discharge initially, and then compare the instantaneous compression ap-
proximation with our own, we find that the situation changes. Fig. 9(a)-
(f) show the corresponding case with a tungsten impurity continuation. 
Here, the electron and tungsten densities increase, and the C16/3 scaling 
of radiative loss [Fig. 9(f)] dominates the behavior and leads to extinc-
tion of the discharge. While the instantaneous compression assumption 
would predict attainment of parameters similar to those in Fig. 8, fol-
lowed by a rapid decline, we see that the correct calculation shows that 
temperature (and hence fusion output) decreases even from the beginning 
of the compression process; this calculation, hence, gives a qualitatively 
different picture. 

The significance of this result is that the adiabatic compression 
process cannot alleviate the impurity problem. The injection phase which 
was assumed to have prepared the plasma for this compression sequence 
simply would not have produced a 4-keV, 7 • 1013 cm-3 plasma with tungsten 
impurities present; compression only worsens the situation. These results 
also emphasize the strong barrier to high density operation which is posed 
by radiation from heavy metal impurities. 

3.5 INTENSE NEUTRAL 3EAM HEATING 
Another interesting extrapolation of the model is the calculation of 

the results of intense neutral beam heating. We choose the same machine 
parameters described in Table 4, except now we study neutral injection. 
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Fig. 9. Evolution of plasma parameters in the TFTR compression 
sequence with tungsten as the heavy impurity. (a) Tg, (b) pressure, 
(c) n£, (d) vs major radius in the midplane, (e) , (f) line 
radiation loss. 
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Figure 10 shows a comparison of the evolution of the plasma pressure 
contrasting compression (in which the total plasma energy varies as 
C1*/3) with neutral beam heating which energizes the plasma more strongly. 
We wish to illustrate the approach to FCT equilibria in more detail. 

To study the evolution to higher 0, we choose parameters typical 
of a proposed intense heating experiment on the Poloidal Divertor Experi-
ment (PDX) device. The device has been described by Meade et al.,16 
and the parameters chosen for our calculation are exhibited in Table 5. 
The divertor coils in this device can produce a variety of interesting 
configurations: D (both inner and outer) and square. We examine the 
intense heating phase of the discharge assuming that ohmic heating has 
produced a 1-keV temperature and 2 • 10li+ cm-3 density plasmas (the 
square configuration is chosen — see Fig. 11). Then, 16 MW of neutral 
injection power (larger than the level planned for the device) are ap-
plied at an energy of 50 keV. It is of interest to examine the result-
ing behavior and compare it with that expected in an ideal FCT evolution. 

As shown in Fig. 12, the plasma pressure rises as Lne beam is 
turned on (at 20 msec). The vertical field is increased to keep the 
magnetic axis fixed, and the total current is programmed to be constant. 
While q(t|0 varies only slightly, we see that q(x,R) follows the out-
ward shift of the ̂ -contours during the plasma evolution. While q(i|0 
is not strictly constant, this condition is not needed, and equilibria 
with 0 = 12% are attained with "classical" scaling. We have assumed 
that favorable divertor action has prevented the accumulation of heavy 
metal impurities. 

Transport is likely to be significantly altered by high 0, however, 
and the continuous increase in 0 will produce changes in magnetic con-
finement properties, which may produce enhanced transport rates. We 
consider this subject next. 

4. CHARACTERISTICS OF HIGH 0 TOKAMAK OPERATION WITH NEUTRAL INJECTION 
The discussion in Sect. 3.5 serves to introduce a more detailed 

study of high 0 properties in tokamaks. We have shown that the FCT 
equilibria can be reached, at least in principle, by neutral injection. 
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Fig. 10. Comparison between pressure profiles (as a function of major radius) for the 
injection and adiabatic compression processes. The compression process is reversible, and 
the energy increase can be recovered by decompression. The neutral injection process is 
fundamentally irreversible, and large increments in energy are delivered to the plasma. 
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Table 5. Parameters for the PDX FCT case 

Device, plasma characteristics 
Two-dimensional box geometry 

Inner, outer radius 100, 180 cm 
Upper, lower box coordinates 80, 0 cm 
Box center 140 cm 

Transport equation geometry 
Initial effective minor radius 40 cm 
Initial magnetic axis location 140 cm 

Plasma variables 
Initial central, boundary ng 2 • lO14, 1 • 1013 cm-3 
Initial central, boundary n. 2 • 10!\ 1 • 1013 cm 
Initial central, boundary T£ 1000, 50 eV 
Initial central, boundary T^ 1000, 50 eV 
Average impurity density (0) 3 • 1011 cm-3 

Edge neutral density 1 • 107 cm-3 

Injection characteristics 
Coinjection 
240 amps at 50 keV H° 
Starts at 20 msec, ends at 150 msec 
Freya beam deposition — 12° with respect to normal 

Transport model 
Xe pseudoclassical 
X. neoclassical 

i 

D pseudoclassical 
r| neoclassical 
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Fig. 11. Typical pressure and current density contours for the PDX "square" geometry case. 
The beam and thermal plasma pressure rise causes a compression of the plasma against the outer 
edge of the device. 
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Fig. 12. Evolution of P and q profiles for the PDX FCT case, 
(a) pressure profile, (b) q(x,R) and iJj evolution, (c) q[p(^)] evo-
lution — approximately constant in the center, varying in the more 
highly resistive edge region. 
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The assumptions we have used to show this (both favorable transport and 
negligible impurity production) are at the optimistic end of the range 
of possibilities which seem to characterize tokamak devices. 

In this section we will examine the question of accessibility of 
high B states in more detail, and we will focus on changes in transport 
which can be expected as a result of high 0. 

Several studies have appeared which stress the importance of bal-
looning instabilities as a limiting feature.53'54 These modes occur 
at higher B and are azimuthally localized. Results from the study of 
the linear growth of the ballooning instability show highly developed 
regions of turbulence on the outside of the configuration which might 
well produce greatly enhanced transport. While we cannot provide a 
definitive answer to the uncertainties about transport, we can begin 
the study of this question (which is likely to persist as long as the 
tokamak approach to magnetic fusion is pursued) and illustrate the test 
of high B processes feasible in near-term experiments. 

4.1 STABILITY VARIABLES 

We will choose the ballooning instability for detailed analysis 
and introduce the relevant physical variables. Following Greene, 
Johnson,55 and Furth,56 we note that the energy variation 6W may be 
written as 

where the perturbed magnetic field is 

Q = V x (̂  x B) , 

and g is the displacement, K is the magnetic field line curvature, a = 
j • B/B2, and K E 1/2 Bu [B x V(2y0P + B2)] x B. (The terminology for 
the other variables has been introduced in Sect. 2.) 

2 

- a U x B) • Q - 2(5 • VP) (? • k) (33) 
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As noted by Greene and Johnson, the various terms in Eq. (33) can be 
assigned a physical interpretation. The destabilizing ter:s may be the 
last two, which describe the kink, instability and the infraction of the 
pressure gradient and the curvature. Assuming that the configuration can 
be kink stabilized, our attention is focussed on the curvature-pressure 
gradient interaction. 

In a recent analytical study,57 Dobrott et al. have considered the 
ballooning instability in the limit of high azimuthal moc'.e number, and 
have found reasonable agreement with computational results from the MHD 
stability codes.53'54 They are able to reduce the variational eigenmode 
problem to a flux surface localized ordinary differential equation, and 
the energy variation 

6W . = TT mxn 
1/2 

f dv U'')2SW(v) ; <SW(v) J d9 
1/2 

X'2 Ival 2 _3F 2 
36 

P ' / - 2 — (l K v - eq ' K s ) (34) 

where F is the normalized displacement and a = 5 - q6 describes the field 
line. In these calculations, 5 and 6 are the Hamada coordinates defined 
by 

B = VV X (^'ve - x ' V £ ) , 

so that 0 and £ increase by unity after one trip around the torus via the 
short way and the long way, respectively. We have not employed this co-
ordinate system in our calculations. 

To evaluate the change in stability properties as we proceed to high 
6, we must therefore examine the poloidal variation of the curvature. We 
calculate both the normal (out-of-surface) and geodesic (in-surface) com-
ponents of the curvature. 
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The normal component is 

n. V(P + B2/2 y ) RB . _ 
K = -SL- = P + k va. b 2 / 2 = kP + kb (35) v |Vtpl fi2 fi2 2 |Vip| v v 

and the geodesic component is 

= ixjy, b 
s B2 m 

As discussed in Refs. 53 and 54, the ballooning eigenmode is local-
ized in regions of unfavorable curvature. Thus, we can treat the behav-
ior of K^ as a useful indicator of the severity of ballooning instability 
as the plasma evolves. 

Other processes are important as well, for example, the interchange 
stability of the plasma, both ideal and resistive. To evaluate the equi-
libria from this standpoint, we must compute the terms which appear in 
the stability criteria given by Mercierb8 and by Greene and Johnson.55 
They require D^ < 0 where 

/ B2 \ 
Nl 

PV v ** £1 _ x P f 
V V N l 

-<P): B2 

Jvi/il 

tf2B2 

M 
B' 

IviM 
aB' 

M 
1 / 4 ( 3 7 ) 

We also evaluate the resistive interchange criterion advanced by 
Glasser et al.,59 i.e., 

D R < 0 

where 

DR = D]. + (H - 1/2)2 ( 3 8 ) 
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and 

H = /<B2> - B2 

X<B2> \ M 2 

4.2 CONDITIONS FOR THE CALCULATIONS 

The equations in Sect. 2.6 must be supplemented by models for q ., e, l 
r , and j as functions of plasma parameters. The models used in this 
section are described in the Appendix. They represent a choice from 
among the models under discussion in tokamak confinement studies, each 
typifying some aspect of expected behavior. 

The so-called "empirical" model assumes that the electron conducti-
vity can be inferred from the observed global relationship t^ « The 
particle diffusion coefficient is assumed to be a constant fraction of 
X , so that t « n in this model. Ae p e 

The collisionless instability model assumes that the scaling with 
temperature will deteriorate as strongly collisionless regimes are 
entered. 

The classical model, on the other hand, assumes that the temperature 
rise will lead to an improvement in confinement. 

The ion conductivity is assumed to be given by the plateau value19 
for the empirical and collisionless instability models, and equal to 
the full three-regime neoclassical value for the classical model 
calculations. 

The device parameters for the PDX cases chosen here are shown in 
Table 5, except that the injection current is 120 A H° for the cases to 
follow. 

4.3 EVOLUTION OF STABILITY VARIABLES 
The gross plasma parameters which result from these transport mod-

els are shown in Table 6. The energy confinement times and average 3 
values vary by a factor of two among the models. The time dependence 
is somewhat more complicated, however. 
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Table 6. Results for PDX calculations 

Model x (ms) T . (keV) N .(lO14 cm"3) B(%) t t,(0)/ t t (0) t, e ,1 e b p 
(%) 

Classical 66 1.82, 1.53 .86, .80 2.55 35 
Empirical 63 1.96, 1.93 .47, .41 2.15 32 
Collisionless 
instability 31 1.11, 1.436 .48, .42 1.24 27 

tt, (0) : b,p beam-pl 
axis 

asma pressure at the magnetic 

In Fig. 13 we see the time evolution of B for these three cases. 
Note that the initial rise in 3 is quite similar, showing that an in-
teresting test of transport properties as 3 changes depends chiefly on 
the availability of an adequate target plasma. After the initial rise, 
however, the models are distinguished by the 3 values they permit. 

The time dependence shows that both the "empirical" and "collision-
less instability" model undergo oscillations in 3 associated with the 
parameter dependence of the assumed particle diffusion coefficient. 
Since t (0) = ne(0), as the density rises, the particles are better 
confined in the central region. This means that the density (and hence 
pressure) builds up there. This leads to enhanced exclusion of the 
beam from the center, however, and thus to a diminution of the source 
rate of particles coming from the beam. As the central source rate 
drops, the central density, (and hence pressure) drops as well. These 
oscillations add a 10% ripple to the 6 values, as contrasted with the 
classical case in which (approximately) x (0) <= l/n (0). In the classi-P e 
cal case there are ^1% fluctuations arising from noise in the 10,000 
particle Monte-Carlo calculation of beam deposition. 

Figure 14 shows the evolution of plasma parameters for the empiri-
cal case. Figure 15 shows the evolution of the geodesic and normal 
curvature components and the change in the relative value of the bal-
looning stability indicator [see Eq. (34)]. In the absence of a cal-
culation of the eigenmode (|F|2) we can only observe the trend toward 
instability as the pressure rises. 



53 

O R N L / D W G / F E D - 7 8 - 2 5 9 
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Fig. 13. Evolution of g with time for the 
classical, empirical, and collisionless insta-
bility models. In the latter two cases, a 
density-pressure oscillation, due to the T n P 
transport model, is evident. The Freya neutral 
beam deposition module is called every 5 msec 
in the evolution. 
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Fig. 14. Evolution of plasma parameters for the empirical 
model, with PDX parameters. (a) T£, (b) n£, (c) pressure, 
(d) toroidal current density. 
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ĉr 
CD 
CD 

> 

Q. 
> ¥ 

-.01 

- . 02 

- . 0 3 

— , 

1 
/ Y20msec 

— / 

\ 

— 

1 
-77 

(OUT) (OUT) 
0 77 
0 (OUT) 

Fig. 15. Evolution of stability variables for the same case as 
p in Fig. 14. (a) 9K q' — related to geodesic curvature, (b) K , 

(c) KB , (d) 2 — ( V + KP - 6q'K ) v ,„» \ v v sj 



56 

Finally, in Fig. 16 we compare the evolution of the Mercier, resis-
tive interchange, and ballooning criteria for the three cases under 
consideration. In Fig. 16(a) we see that the Mercier and resistive 
interchange criteria are always satisfied, although they differ for 
the low temperature preheating plasmas at early times. The ballooning 
criteria behave differently [Fig. 16(b)] for the classical model from 
the others, because of a sharply differing pressure profile. The rela-
tive pressure on the flux surface chosen for comparison is shown in 
Fig. 16(c). 

5. CONCLUSION 

We have constructed a computational model which allows us to explore 
the transport properties of high B tokamaks with neutral beam injection 
and compression. Fundamental transport models have been found valid for 
a number of important processes in tokamak heating and compression experi-
ments. The neoclassical ion energy confinement and Fokker-Planck descrip-
tion of fast ions are both consistent with observations. The important 
rolf of heavy metal impurity line radiation has been stressed, both for 
the interpretation of contemporary experiments, as well as for extrapo-
lation. In view of calculations showing high radiative rates for impuri-
ties which were impossible to detect in past experiments, we must regard 
the nature of electron plasma transport as an open question. 

Our computational model allows a common explanation for several 
hitherto unrelated anomalies — the poor electron heating with injection 
and the lack of adherence to ideal adiabatic scaling laws by electrons in 
the ATC experiment. We can extrapolate our model to show that FCT equi-
libria can be reached in practical devices, now under construction, pro-
viding that transport and impurity production processes continue to be 
favorable. 

The major uncertainty in proceeding to high 3 is the stimulation of 
azimuthally localized ballooning instabilities driven by pressure gradi-
ents and f leld line curvature. The provision of D—shaped equilibria and 
tailoring pressure profiles by neutral injection should allow their 
effects to be minimized, but a quantitative study of enhanced transport 
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Fig. 16. Evolution of Mercier and resistive interchange cri-
teria for the PDX model calculations. (a) Mercier (solid line) and 
resistive interchange (dotted line) for the three transport models. 
The criteria are evaluated at ill = 0 - 8xb = (b) Evolution of 

max 
the ballooning figure-of-merit for the three transport models at 
if)*. (c) evolution of P(ijj*) for the three transport models. 
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close to ballooning instabilities has not been carried out. Such a 
study seems to be most urgently needed. 
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APPENDIX 
PLASMA TRANSPORT RELATIONS 

For the calculations showi. in this report, we use a simplified model 
for transport. We assume 

q . = n . Y 
dT . e,i 

e,i e,i Ae,i dp 

3n 
n V = D ~ e 3p 

E = nj . 

For the resistivity we assume the three-regime neoclassical value.19 
For x^ w e u s e the plateau thi 

described in the following table. 
For x^ w e u s e the plateau thermal conductivity, and xe is a s 

Model D/X, Xi 

Classical 

Empirical 

Pseudoclassical 

5 • 10~17 

1/5 

1/5 

Plateau 

Plateau 

Collisionless 
instability \ v

e i 

1/5 Plateau 

The coefficients are 

pseudoclassical electron 

X = 10 pz v e e eff 

plateau ion 
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where 

2m . T . p2 = e*1 
e » 1 e 2 B 2 

eff = 4V2F t o Ae n e4 .51 
Ve 3 V ^ T T|/2 e f f .25 + .26/Vz" 

,,/T -n e 4 SLn A. 
v . = V 2 Z „ ^ i 

v* = V.B r3/2/p5/2 B T?/2 . x x T / x 
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