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THE IMPORTANCE OF NON-LINEARITIES IN MODERN PROTON SYNCHROTRONS 

E.J.N. Wilson, 
CERN, 
Geneva, Switzerland. 

1. Introduction 

The first step in designing an accelerator or storage ring is to choose 
an optimum pattern of focusing and bending magnets, the lattice. At this 
stage, non-linearities in the guide field are ignored. It is assumed that 
the bending magnets are identical and have a pure dipole field. Gradient 
magnets or quadrupoles have radial field shapes which have a constant slope, 
unperturbed by higher-order multipole terms. 

Before going too far in fixing parameters, the practical difficulties 
in designing the magnets must be considered and the tolerances which can be 
reasonably written into the engineering specification determined. Estimates 
must be made of the non-linear departures from pure dipole or gradient field 
shape, and of the statistical fluctuation of these errors around the ring 
at each field level. Table 1 shows the results of such an analysis made 
during the design of the SPS 1). 

We must take into consideration that the remanent field of a magnet may 
have quite a different shape from that defined by the pole geometry; that 
steel properties may vary during the production of laminations; the eddy 
currents in vacuum chamber and coils may perturb the linear field shape. 
Mechanical tolerances must ensure that asymmetries do not creep in. At high 
field the linearity may deteriorate owing to saturation, and variations in 
packing factor can become important. 

When these effects have been reviewed, tolerances and assembly errors 
may have to be revised and measures taken to mix batches of laminations with 
different steel properties. It may be necessary to place magnets in a par
ticular order in the ring in the light of production measurements of field 
uniformity or to shim some magnets at the edge of the statistical distribu
tion. Even when all these precautions have been taken, non-linear errors 
may remain whose effect it is simpler to compensate with auxiliary multi-
pole magnets. 

Apart from the obvious need to minimize closed orbit distortion, these 
measures must be taken to reduce the influence of non-linear resonances on 
the beam. A glance at the working diagram (Fig. 1) shows why this is so. 
The Q , Q plot is traversed by a mesh of non-linear resonance lines or stopbands. 



Table 1 

Dipoles - expected field errors (SPS estimated) 

System, dipole Random 
dipole 

System. 
sext. 

Random 
sext. 

Assume Bl B2 Mean 
(r.m.s.) 

Mean Mean 
(r.m.s.) 

Coercivity 0.5 + 0.00250e 3.25% 2.25% 1.4 x 10"* 0.7 x 10" 3 4.0 x 10" 6 

Vacuum chamber 
eddy currents 

Lamination eddy 
currents 

Inner coil eddy 
currents 

Stainless 

> 0.5 fi/m 

4.4 x 10~ 3 2.1 x 10" 3 0.9 x 10"" 

< 4.0 x 10~ 5 

1.7 x 10" 3 

< 4.0 x 10" 5 

1.0 x 10"* 

2.1 x 10" 5 

1.0 x 10" 5 

< 10" 7 

Stacked length 
Pole profile 
Die wear 
Side leg 
Inner coil position 
Vacuum chamber 
permeability 

±0.75 mm 
±0.02 mm 
±5 y 

< 0.06 mm 
±0.5 mm V 

1.003-1.004 

< 9.0 x 10"" 

3.0 x 10"" 3.0 x 10"* 

0.7 x 10'* 

< 10"* 
3.8 x 10~* 

2.0 x 10~ 5 

< 5.0 x 10"* 
< 10"* 

1.7 x 10" 5 

Au/u 
Pack factor 
Angle irons 

2.52 
±10"3 - -

4.3 x 10"* 
2.5 x 10"* 
3.0 x 10"* 

0.5 x 10"* 1.4 x 10" 6 

Injection 1% 
Difference 4.23 x 10~* 0.7 x 10" 3 < 1.0 x 10"* 

Transition 2.3 x 10" 3 

Difference 4.06 x 10"* 1.7 x 10" 3 < 1.0 x 10"* 

Mid field < 9.0 x 10"* 
Difference 3.93 x 10"* < 4.0 x 10"* < 1.0 x 10"* 

Top field < 9.0 x 10"* 
Difference 7.0 x 10"* < 6.0 x 10"* < 1.0 x 10"* 

AB/B is tabulated — r.m.s. value in random case and at good field edge for sextupole/decapole. 
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Each resonance line is driven by a particular pattern of multipole field 
error in the guide field. The lines have a finite width depending directly 
on the strength of the error. In the case of those driven by non-linear 
fields, the width increases as we seek to exploit a larger fraction of the 
magnet aperture. We must ensure that the errors are small enough to leave 
some clear space between the stopbands to tune the machine, otherwise par
ticles will fall within the stopbands and be rapidly ejected before they have 
even been accelerated. In general, the line width is influenced by the ran
dom fluctuations in multipole error around the ring rather than the mean 
multipole strength. 

Systematic or average non-linear field errors also make life difficult. 
They cause Q to be different for the different particles in the beam depen
ding on their betatron amplitude or momentum defect. Such a Q-spread im
plies that the beam will need a large resoriance-free window in the Q diagram. 
In the case of the SPS, the window would be larger than the half integer 
square itself if we did not balance out the average multipole component in 
the ring by powering correction magnets. 

Paradoxically, when a "pure" machine has been designed and built, there 
is often a need to impose a controlled amount of non-linearity to correct the 
momentum dependence of Q or to introduce a Q-spread among the protons to pre
vent a high intensity instability. Sextupole and octupole magnets may have 
to be installed to this end and techniques studied which will enable the 
control room staff to find the correct settings for these trim magnets once 
the machine works. 

Yet another set of multipole magnets will probably be needed in a pulsed 
synchrotron to deliberately excite non-linear betatron resonances and extract 
the beam in a long slow spill. 

With the advent of computer control, the correction of closed orbit dis
tortion due to linear field errors has become a reality; and particularly 
in large accelerators such as the SPS, most of the emphasis has shifted to 
calculation and elimination of the non-linear effects which have proved to 
be of considerable importance in the running in of FNAL ' and now the SPS. 
In these talks I hope to outline sufficient of the physics and mathematics 
of non-linearities to introduce the reader to this important aspect of ac
celerator theory. 
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2. Multipole Fields 

Accelerator magnets are usually long compared with their aperture di
mensions and we can ignore the effect of the three-dimensional field region 
at their ends. This is not such a rash assumption since even the integrated 
field strengths through the ends behave like the multipole expansion of a 
two-dimensional field. 

In the body of the magnet the magnetic vector potential A has only an 
axial component which satisfies Laplace's equation in two dimensions: 

V 2A = 0 . (1) 
z 

Polar Coordinate Solutions 

Equation (1) has solutions in polar coordinates (r,G,z): 
A = Y k rn sin nO + / B r11 cos n6 . (2) z I—, n <—> n n n 

The n term in the expansion corresponds to a magnet with 2n poles 
since it makes 2n excursions, alternating in sign, as a circle of constant 
radius is described in the plane of a magnet lamination. 

Terms in the first summation correspond to regular multipole magnets 
such as the machine quadrupoles and dipoles which have no poles in the median 
plane. Terms in the second summation have symmetry about the median plane and 
correspond to skew multipoles (Fig. 2). 

To obtain the field components in the transverse phase planes of the 
machine, we differentiate A in polar coordinates, resolving B and B. to 
give: 

B = nA r11"1 sin (n - 1)6 (3) 
x n 
B = nA rn~l cos (n - 1)0 . (A) 
y n 

We have taken only a single term from the expansion as an example. 

In the mid-plane (0=0) , 
B = nA x ( n _ l ) . (5) 
y n 

Alternatively we can express B̂ r as a Taylor series in terms of the de
rivatives, B ,(tv-i). y 

By = (n- 1)! X * ( 6 ) 
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We then have the relation, useful in numerical calculations, 
„<n-i) 

n n. 

We see immediately from Eq. (5) that for a dipole n = 1 and the field 
is constant, for a quadrupole n = 2 it has a constant gradient, and for a 
sextupole it has a parabolic shape. By examining measurements of field 
across the median plane of a magnet, we can identify the principle multipole 
component. For example, if the curve is an S-shaped cubic there must be a 
strong octupole term. 

From the point of view of focusing, it is the integrated field gradient 
seen by the proton which determines the Q of betatron oscillation. Quadru-
poles, having a constant first derivative, produce a Q which is independent 
of radial position x. Sextupoles have a gradient proportional to x and pro
duce or can cancel a linear radial Q dependence. Octupoles produce a para
bolic curve of Q as a function of mean radial position, etc. Once the machine 
is built, we can deduce the predominant field error from a measurement of Q 
as a function of radial position and take steps to correct it. 

Sextupole Errors in the SPS 

As a practical example of how we may deduce the predominant multipole 
component of a magnet by inspecting its symmetry, we digress a little to 
discuss the sextupole errors in the SPS. 

Let us look at a simple dipole (Fig. 3). It is symmetric about the 
vertical axis and its field distribution will contain mainly even exponents 
of x, corresponding to odd n values: dipole, sextupole, decapole, etc. We 
can see, too, that cutting of the pole edges at a finite width can produce 
a virtual sextupole. The remanent field pattern is set at high field where 
the flux lines leading to the pole edges are shorter than those leading to 
the centre. The remanent magnetomotive force 

J H c d£ (8) 
is weaker at the pole edges, and the field tends to sag into a parabolic or 
sextupole configuration. Another cause of parabolic field error can be the 
eddy currents induced in the vacuum chamber when the magnet is pulsed. This 
too produces a sextupole. 

These three sextupole errors are the principle non-linearities in the 
SPS magnets. They have a strong systematic component in their azimuthal 
distribution because they afflict all dipoles. To design a magnet which 
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does not produce them is difficult and expensive. We therefore decided to 
install a set of series-powered correction sextupoles, the so-called chroma-
ticity sextupoles, to compensate them. Since the effects have different 
field dependence, being proportional to B, B. ., and B, respectively, the 
sextupoles are programmed to follow a waveform which is an admixture of these 
three components. The coefficients which determine the mixture can be esti
mated in advance from field measurements on the magnets, but final trimming 
is done with the beam by examining the slope of the radial Q-dependence at 
several energies. 

Having digressed a little we return to the theory of non-linear field 
distributions. 

Cartesian Coordinate Solutions 

Later, when we come to discuss the non-linear Hamiltonian, we shall 
need to know the magnetic potential in Cartesian coordinates: 

A = E V n ( x ' y ) ' (9) 

n 
where f is a homogeneous function in x and y of order n. 

Table 2 

Cartesian solutions of magnetic vector potential 

Multipole n Regular f n Skew f n 

Quadrupole 2 2 2 
x - y 2xy 

Sextupole 3 x 3 - 3xy2 3 o 2 
y - 3x y 

Octupole 4 x" - 6x 2y 2 + y" 4xy3 - 4x3y 

Decapole 5 x 5 - 10x3y2 + 5xy" 10x2y3 - 5x"y --y 5 

Table 2 gives f (x,y) for low-order multipoles, both regular and skew. 
We can obtain the function for other multipoles from the binomial expansion 
of 

fn(x,y) = i(x + iy) n . (10) 

The imaginary terms correspond to regular multipoles, the real ones to 
skew multipoles. 

For numerical calculations it is useful again to relate A and field, 
remembering that for regular magnets : 
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3A , s _(n-i) . .. 
TJ t r>\ z A ( n - i ) B v ( n - i ) . . . . 
B y ( y - 0 ) = ~W = n A n X = ( n - 1)1 X ' ( U ) 

so t ha t d ( n _ l ) B 

A = - T - — ? — r r - • (12) 
n n! d x ( n - i ) 

3. Recapitulation of Elementary Accelerator Theory 

In alternating gradient synchrotrons the particle motion is described by 
Hill's equation. Ignoring a small centrifugal term, 

^ + k(s)x = 0 , (13) 

where k(s) is the azimuthal pattern of focusing strength, alternating around 
the ring, 

dB 
k ( s ) = jk) "d? ' ( U ) 

Courant and Snyder show that by defining a function B(s), whose square 
root is the envelope of the beam, one can transform to new variables: 

n = x//6TiT , ip = J [ds/3(s)] , (15) 

which transform Hill's equation into simple harmonic motion: 

d2n -2 + C; n = 0 . (16) 

The new azimuthal variable ij; advances monotonically with s, and at F 
quadrupoles, where 3 is maximum, there is a 1 to 1 relationship between ty 
and 6, the physical azimuth. At these extrema we can equate 

n = x//3 (17) 

n' = /3 x' . (18) 

Provided we are not interested in the rather distorted sine wave in be
tween these points, the motion appears as a circle in (n,n') phase space. 

Equally, and more conveniently, we can multiply both coordinates by /3 
to define a phase space (Fig. 4). 

p = 3x' = a sin Q0 (19) 

x = x = a cos Q6 . (20) 
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The particle makes Q circumnavigations of the circle per turn around 

the machine. After an azimuthal angle 9, its phase advance is Q8 (Fig. 4). 

Later we shall use Hamiltonian dynamics to solve non-linear problems 

rigorously, but the "circle diagram" is useful at this stage since it gives 

considerable physical insight into non-linear phenomena. 

Suppose the particle receives a small perturbing kick due to a field 

imperfection A(B£). This can be represented by a vertical vector in the 

circle diagram (Fig. 4): 

Ap = 3A(B£)/Bp . (21) 

The kick advances the phase of the motion and perturbs the amplitude: 

Alp = -^ cos Q6 , — = -^ sin Q0 . (22) 
cl 3L a. 

If the field perturbation is due to a gradient error A(k&), 

A(B£)/Bp = Ak£x = Ak£a cos Q9 . (23) 

By substitution, we have 

Alp = 3Ak£ cos 2 Q6 , Aa/a = BAk£ sin Q9 cos Q9 . (24) 

On subsequent turns, Q0 sweeps out all the phase values in the range 

0 < Q6 < 2TT SO we can average cos 2 QG = 1/2 and sin Q9 cos Q9 = 0. The am

plitude remains the same, but Aip/2TT, the phase advance per turn, is modified: 

= 3Ak£ ^ ( 2 5 ) 

4TT 

We can integrate over an azimuthal pattern of gradient errors, obtaining 

Courant*s formula: 
C 

g(s)k(s) ds . (26) 

o 

In introducing the concept of the circle diagram, we have derived an ex

pression which will be useful in the section on chromaticity. 

4. Chromaticity 

Discussion of non-linear phenomena revolves around the working diagram 

(Fig. 1). The synchronous particle is tuned to the working point but, taking 

into account the Q-spread among the particles due to momentum spread or non

linear fields, the beam fills a disk of finite area. To avoid resonance 

*-è/ 
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lines we must minimize the area of the disk and in particular the chromatic 

Q-spread due to the momentum dependence of the focusing strength. 

The focusing strength of the lattice quadrupoles: 

dB 

k = -rè-x-T2- (27) 
(Bp) dx 

varies inversely with the momentum (Bp). A small spread in momentum in the 

beam, ±Ap/p, causes a spread in focusing strength: 

^ = - & . (28) 
k p 

Since the Q-value depends on k, we can also write a formula for the 

Q-spread: 

f-tf. (29) 

where the constant Ç is the chromaticity, analogous to chromatic aberration 

in an optical system. 

Equations (26) and (28) enable us to calculate Ç rather quickly: 

f - 4ÏQ |s(s)Ak(s) ds 

}~ 4TTQ J l (s)k(s) às\ ^2. . (30) 

The chromaticity Ç is just the quantity in curly brackets. To be clear, 

this is called the natural chromaticity. For the SPS and the MPS, indeed for 

most AG machines, its dimensionless value is about -1.3 in both H and V 

planes. 

The remanent field of the lattice dipoles, which we have seen is pre

dominantly sextupole, contributes an additional chromaticity Ç . This is be

cause an off-momentum particle passes through each dipole at a displacement 

x = a (Ap/p) , (31) 
P 

where the local gradient of the sextupole field is B"x. Therefore the par

ticle sees 

, 6B „ B"cc 
k = i - ^ = ̂  = V ( A p / p ) * (32) 



- 120 -

We can calculate E, , the curly brackets, by integrating around the ring: 

L rB"C)BC)apC)d,| p 

Q "J4^Qj (Bp) J p * U 3 ) 

The effect of the remanent field Z, attenuates as 1/B as the proton is 

accelerated. 

Other sources of sextupole fields are the eddy currents in the vacuum 

chamber ( œ B/B) and the geometry of the magnet, which can never be exact 

(constant with B). In each case it is the mean sextupole (zero harmonic) 

which appears in the formulae. 

If you put numbers in for a large machine such as the SPS, you find AQ 

can be as large as ±0.3 at transition energy where Ap/p is largest — a dis

astrous situation leading to resonant loss of most of the beam. 

Sextupoles to Correct Chromaticity 

Chromaticity must be corrected by imposing a zero harmonic sextupole 

component of equal and opposite effect. This is done in the SPS with two 

sets of 36 chromatic sextupoles. One set, near F quadrupoles where 3 is 

large, contributes mainly to the integral in the horizontal plane Ç . The 
H 

other near D quadrupoles affects AQ /Q since 3 is large. 

The 36 equally spaced sextupoles are necessary to avoid driving reso

nances . 

To match the time-varying function of the chromaticity, careful experi

ments must be done, adjusting the chromatic sextupole strength point by point 

up the ramp. During these experiments, it is necessary to be able to detect 

when AQ is minimum. 

There are two ways of measuring chromaticity. First, if RF radial 

steering is used to move the average radius in or out, the Q versus radius 

(or momentum) can be plotted (Fig. 5). Secondly, we can measure the time it 

takes for a coherent betatron oscillation following a small kick to disappear 

as the AQ smears out the phase relation between protons of different momenta. 

A ringing time of 200 turns signifies a AQ ^ 1/200 (Fig. 6). 

Chromaticity and the Head/Tail Instability 

One of the intensity-dependent instabilities which appears in a bunched 

beam is the transverse individual bunch instability, the so-called head-tail 

effect. Without mentioning the detailed mechanism, it is sufficient to 

understand that its growth depends on the sign of coupling between betatron 
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and synchrotron motion within a bunch. This can be reversed by applying a 
particular sign of chromaticity. In the SPS, at FNAL, and in other machines 
a finite negative chromaticity is needed to suppress it at a few 1 0 1 2 protons/ 
pulse. Having made chromaticity zero, we therefore want to detune it. In 
the SPS, the Q-spread this produces at injection is about 0.02, smaller than 
the window between resonances. In future machines or at higher intensities, 
special measures may have to be taken to make room for the necessary Q-spread. 

5. Landau Damping with Octupoles 

In the context of the importance of non-linearities, let us mention the 
beneficial effect of octupoles on instabilities. 

For a transverse instability to be dangerous, the growth time must win 
over other mechanisms which tend to destroy the coherent pattern and damp out 
the motion. One such damping mechanism is the Q-spread in the beam. Coherent 
oscillations decay, or become dephased, in a number of betatron oscillations 
comparable to 1/AQ, where AQ is the Q-spread in the beam. This corresponds 
to a damping time 

T d - ^ • " " 

which is just the inverse of the spread in frequencies of the oscillators in
volved, the protons. The threshold for the growth of the instability is ex
ceeded when T (which is proportional to a power of N) exceeds T , 

Tg < 5 Q • ( 3 5 ) 

This is a very general argument which affects all instability problems 
involving oscillators and describes Landau damping. Thinking of it another 
way, we can say that the instability never gets a chance to grow if the oscil
lators cannot be persuaded to act collectively for a time T . If they have 
a frequency spread Af, the time for which they can act concertedly is just 
1/Af. 

Unfortunately, in our quest for a small AQ to avoid lines in the Q dia
gram by correcting chromaticity, improvements in single particle dynamics can 
lower the threshold intensity for the instability. A pure machine is in
finitely unstable. In practice, at FNAL and at the SPS this happens at about 
5 x 1 0 1 2 ppp if AQ is less than 0.02 and T ^ 1 msec. Suddenly the beam be-
gins to snake under the influence of the resistive wall effect. A large 
fraction of the beam is lost before stability is restored. 
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The first remedy is to increase AQ. Landau damping octupoles are in
stalled for this purpose in the SPS. Octupoles produce an amplitude in
dependence which is thought to be more effective than the momentum-dependent 
Q-spread produced by sextupoles. Each particle changes in momentum during a 
synchrotron oscillation, and in a time comparable to T all particles have 
the same mean momentum. Sextupoles do not spread the mean Q of the particles. 
Octupoles, producing an amplitude Q-dependence, do. 

The circle diagram can be used to calculate the effect of an octupole 
which gives a kick: 

A p ~ ̂  ~W~ 1^)6 a C O S Q 9 • ( 3 6 ) 

The change in phase is 

which averages to 

2.TAQ = A* = m'"t^f Q 6 . (37) 

^ - %Mr • ( 3 8 > 
6. Brief Description of Resonance Phenomena 

In previous sections we have concentrated on effects which affect Q-
spread and are linked to the strength of a multipole component averaged over 
the whole azimuth of the ring. We move on to discuss the non-linear stop-
bands themselves, excited by variations in multipole strength around the ring. 

Figure 1 shows various families of intersecting resonance lines of first, 
second, third, and fourth order. The order n determines the spacing in the 
Q diagram; third-order stopbands, for instance, converge on a point which 
occurs at every 1/3 integer Q-value (including the integer itself). The 
order is identical to the order of the multipole which drives the resonance. 
For example, fourth-order resonances are driven by multipoles with 2n poles, 
i.e. octupoles. Multipoles can drive resonances of lower-order; octupoles 
drive fourth- and second-order; sextupoles third- and first-order, etc., 
but usually we equate the order of multipole and resonance. 

The non-linear resonances are those of third-order and above, driven by 
non-linear multipoles. Their strength is amplitude-dependent so that they 
become more important as we seek to use more and more of the machine aperture. 
Theory used to discount resonances of fifth- and higher-order as harmless 
(self-stabilized), but experience in the ISR, FNAL, and SPS suggests this is 
not to be relied upon when we want beams to be stored for more than a second 
or so. 
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The Q-value does not have to lie exactly on a resonance line for the 
resonance to affect the beam. Within a band about the resonance line, the 
multipole fields can perturb the Q sufficiently for it to lock on to reso
nance. This is the origin of the term stopband width. For non-linear reso
nances the width depends on amplitude, and we can get the surprising situa
tion in which the periphery of the beam is lost while the core, within a 
stable region of phase space bounded by a separatrix, survives. 

A machine with strong field errors will have an aperture stop limited 
by the combined separatrix of all the resonances rather than by the mecha
nical aperture of the magnets. Because the beam can be displaced radially 
without losing particles yet never accept more than a certain beam size, the 
acceptance appears to be limited by a moveable hole. 

The Q-value at which the resonance occurs is directly related to a fre
quency in the azimuthal pattern of variation of multipole strength. 

Suppose the azimuthal pattern of a multipole of order n can be Fourier 
analysed: 

B ( n _ l )(6) = £ b cos s6 , (39) 
s 

where 9 is an azimuthal variable, range 0 to 2TT. We shall show that if the 
resonance is in one plane only, a particular component, s = nQ, of this 
Fourier series, drives it. For example, the 83rd azimuthal harmonic of sex-
tupole (n = 3) drives the third-order resonance at Q = 27.66. The more 
general expression is 

£Q H + mQ v = s (40) 

| il | + | m| = n = integer . 

Each n-value defines a set of lines in Fig. 1, four for third-order 
resonances, five for fourth-order, etc. Each line corresponds to a different 
homogeneous term in the multipole Cartesian expansion (Table 2). Some are 
excited by regular multipoles, others by skew multipoles. 

Clearly, if there are statistical fluctuations in multipole error from 
magnet to magnet, all components of the Fourier expansion have equal proba
bility and the beam picks out the one closest to its Q-value. A random sex-
tupole pattern will excite resonances at all third integer Q-values. 

In other cases a strong Fourier term can arise because the machine has a 
superperiodicity, N, reflecting the pattern of lattice magnets. For example, 
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a Fourier analysis of the decapole pattern due to errors in the SPS dipoles 
would peak at multiples of the superperiodicity of 6, even if all the di
poles had equal decapole component. This typifies a class of structure reso
nances which are particularly strong and should be avoided if possible: 

2.Q + mQ„ = N x an integer . (41) 
H V 

In the example, 5Q = 6 x 23 is a structure resonance at Q = 27.6 and 
close to the working point of the SPS. 

In the next section we explore the physical explanation of these fea
tures of resonances with the aid of the circle diagram, taking the example 
of the third integer stopbands. 

7. A Physical Picture of the Third Integer Stopband 

The third integer stopbands are driven by sextupole field errors. First 
imagine a single short sextupole of length £, near a horizontal maximum beta 
location. Its field is 

AB = ̂  x 2 , (42) 

and it kicks a particle with betatron phase Q6 by 

. £BB" 2 &3B"a2
 2 n f l , 

A p = W X = ~^*P~ C O S Q 6 ( 4 3 ) 

inducing increments in phase and ampltiude, 

Aa Ap . n a £0B"a 2 n a • n n n i \ — = — sin 06 = —&r— cos 06 sin 06 (44) a a 2Bp 

tu, = M c o s Q e = l||!!i c o s 3 Q e ( 4 5 ) 

= ̂ fi-^ (cos 3Q6 + 3 cos Q6) . (46) 
ODp 

Suppose Q is close to a third integer, then the kicks on three succes
sive turns appear as in Fig. 7. The second term in Eq. (46) averages to zero 
over three turns and we are left with a phase shift: 

0 . . . , 2-gB"a cos 3Q9 , , . , , . 
2TTAQ = Alp = -Z gg^ * - . (47) 
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We can begin to guess how resonances arise. Close to Q = s/3, where s 
is an integer, cos 3Q9 varies slowly, wandering within a band about the un
perturbed Q 0 (Fig. 8): 

«,6B"a „ n £BB"a ,,_ 
Qo - T6iB? < « < Qo + lisip • < 4 8> 

This is the stopband whose width we usually associate with the reso
nance. In reality it is a perturbation in the motion of the particle itself. 
Suppose the third integer Q-value is somewhere in this band. Then, after a 
sufficient number of turns, the perturbed Q of the machine will coincide with 
3s. From then on, the argument of the cosine advances by 3Q x 2 IT on each 
subsequent revolution, i.e. an integral number of 2TT, and the particle locks 
on to the resonance, repeating again and again the same trajectory in phase 
space. 

We can write the expression for amplitude perturbation 

T = "SET s i n 3 Q e • ( A 9 ) 

This too is locked on, increasing steadily until the particle is lost. 

Looking back at the expressions, we find that the resonant condition, 
3Q = integer, arises because of the cos 3 Q6 term in Eq. (45), which in turn 
stems from the x dependence of the sextupole field. This reveals the link 
between the order of the multipole and that of the resonance. 

We can imagine that the a 2 in Eq. (43), which leads to a linear depen
dence of width upon amplitude, becomes a 3 in the case of a fourth-order reso
nance of a, and an amplitude-independent width in the case of the half 
integer, quadrupole driven, resonances. 

It is also worth noting that the second term in Eq. (46), which we can 
ignore when away from an integer Q-value, suggests that sextupoles can drive 
integer stopbands as well as third integers. Inspection of the expansion of 
cos 6 will suggest the resonances which other multipoles are capable of 
driving. 

Returning to the third-order stopbands, we note that both stopband width 
and growth rate are amplitude-dependent. If Q 0 is a distance AQ from the 
third integer, particles with amplitudes less than 

a < « I » (50) 
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will never lock on and are in a central region of stability. Replacing the 
inequality by an equality we obtain the amplitude of the metastable fixed 
points in phase space where there is resonant condition but infinitely slow 
growth (Fig. 9). 

The symmetry of the circle diagram suggests there are three fixed points 
at 6 = 0, 2TT/3, and 4TT/3. For a resonance of order n there will be n such 
points. 

They are joined by a separatrix, the bound of stable motion which more 
rigorous theory, taking into account the perturbation in amplitude, would 
tell us is triangular with three arms to which particles cling on their way 
out of the machine. 

We have seen how a single sextupole can drive the resonance. Suppose 
now we have an azimuthal distribution which can be expressed as a Fourier 
series : 

B"(6) = £ V cos sG . (51) 

Then 

^ = h\ -gF- c o s 3 q e c o s s 6 d e • ( 5 2 ) 

The integral is large and finite if 
s = 3Q . (53) 

This reveals why it is a particular harmonic in the azimuthal distri
bution which drives the stopband. We shall see in the section on Hamiltonian 
theory that it is strictly not just the Fourier spectrum of B"(6) but of 
£ 2 B"(I|0 which is important in this context. Periodicities in the lattice 
and in the multipole pattern can thus mix to drive resonances. 

Because only one harmonic drives a resonance, some of the simpler stop-
bands can be compensated with sets of multipoles powered individually to 
generate a particular Fourier component in their azimuthal distributions. 

8. Use of Resonances for Slow Extraction 

So far we have thought of resonances as a disease to be avoided, yet 
there is one useful function that they can perform. 

We have seen that a third-order stopband extracts particles above a cer
tain amplitude, the amplitude of the unstable fixed points which define a 
separatrix between stability and instability (Fig. 9). The dimensions of 
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the separatrix, characterized by a are determined by AQ, the difference 
between the unperturbed Q and the stopband. As one approaches the third 
integer by, say, increasing the focusing strength of the lattice quadrupoles, 
AQ shrinks, and with it the separatrix squeezing out particles along the 
three arms of the separatrix. If we make AQ shrink to zero over a period of 
a few hundred milliseconds, we can produce a rather slow spill extraction. 

At first sight we might expect only one third of the particles to migrate 
to positive x-values since there are three séparatrices, but it should be 
remembered that a particle jumps from one arm to the next each turn, finally 
jumping the extraction septum on the turn when its displacement is largest. 

The growth increases rapidly as particles progress along the unstable 
separatrix, and if the stable area is small compared with the distance be
tween beam and septum the probability of a particle striking the septum 
rather than jumping over it is small. It clearly helps to have a thin sep
tum. In the SPS it is a comb of wires forming a plate of an electrostatic 
deflector. 

Magnet or quadrupole ripple can cause an uneven spill causing the Q to 
approach the third integer in a series of jerks thus modulating the rate at 
which particles emerge. A spread in momentum amongst the particles can help, 
however, since if the chromaticity is finite, we will have sweep through a 
larger range of Q-values before all séparatrices for all momenta have shrunk 
to zero. The larger Q change reduces the effect of magnet ripple. 

9. Hamiltonian Treatment 

Circle diagrams may well give an insight into the mechanism of reso
nances, but for quantitative and rigorous calculations we must use Hamiltonian 
mechanics. Readers are referred to Godstien3' for a complete description of 
Hamiltonian mechanics, to Bovet1*) for a full description of its use in solving 
accelerator problems, and to Guignard5' for a general Hamiltonian treatment 
of all the sum and difference resonances. In this paper there is only time 
to outline the method, taking a rather simple example, the third integer re
sonance . 

Montague ' shows how the Hamiltonian for a relativistic charged particle 
may be written 

v 2 
H(x,y,s) = -e A s - (1 + ftx)[m2c2(Y2 - 1) - (P X - e A x ) 2 - ( P y - e A y) 2] . 

(54) 
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We simplify this by ignoring the curvature Q and the effect of magnet 

ends where A and A are finite. This leaves x y 

H = -e A z - jp
2, - p* - p ^ . (55) 

Making the approximation p v « p 0 and assuming that we are only interested in 

motion in the x direction, 

Px 1 V B ^ n 
V x . p ^ s ) = — + T 5 - y / _ , — — x , ïm Ls ̂ n ~ A ' ( 5 6 ) 

n 

where the summation is the expansion of the axial magnetic vector potential 

developed in an earlier section. At this point it is worth noting that by 

restricting ourselves to the x plane we have eliminated all but one of the 

homogeneous terms in the Cartesian expansion of a multipole field. The terms 

ignored described motion which is coupled between the two planes or purely in 

the y plane, i.e. the resonance lines which are sloping and horizontal in 

Fig. 1. In a fuller treatment, each term in the Hamiltonian corresponds to 

a term in the field expansion and to a different resonance. For example, 

a term x3y describes the 3Q + Q_. fourth-order octupole resonance. 

H V 

We now further confine ourselves to the effect of the lattice quadru-

poles plus a regular sextupole imperfection: 
2 

H1(x,px,s) = ̂  + ^ y (s)x + - ^ y (s)x2 . (57) 

This equation suffers the disadvantage of Hill's equation that the differen

tial equations derived from the Hamiltonian are not obviously soluble. To 

obtain differential equations with transparent solutions which reveal the 

conserved quantities, we must apply a series of canonical transformations. 

These have the same form in the more general case and, being well tested by 

many authors, need not arrest the comprehension of the reader. 

The first transformation we have already met, it is the one used by Courant 

to transform out the azimuthal dependence of the linear focusing: 

/3 

This gives the new Hamiltonian, 

f ds 
J QB(s) ' 

A " ' d S Pn = Ê • < 5 8 > 
n d<j> 

P„ n 2 „ z 

H 2 (n , P ,*) = - ^ + S-f- - Q2e /2(4>) y y ^ y ( * ) r i 3 • <5 9> 
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The first two terms remind us that we are dealing with perturbed sinusoidal 
5/ 

motion. The third tells us that the sextupole field is weighted by B 2 in 
its effect on this motion. 

We pause to reflect that had we left in the homogeneous coupling terms 
the transformation involving both x and y would have produced weighting 

1/ 1/ 
factors which are related homogeneous functions of B 2 and $ 2. The B„,3T, 

H V n V 
dependence of the different lines in the family of resonances converging on 
a point will have different strengths depending on whether the multipole 
errors which drive them are close to BT, or B„ maximum points in the lattice. 

H V 
Conversely should we want to locate multipole correction magnets to compen
sate the stopbands two sets, one near f3 and one near (3 maximum will give 

n V 
almost independent control of the different resonance lines. 

The next transformation is aimed at converting p into an invariant of 
the unperturbed motion J, and its conjugate variable, another phase angle y> 

We use the generating function: 
F3(Pn,Y,*> - " 2Q c o t g Y ( 6 0 ) 

(61) 
n -3F3 

p 
n 3p 

p 

j 
- 9 Fs = -=— cosec y 2v ' j 8Y = -=— cosec y 2v ' 

or 
/2J 

"- VIT cos y, P n = */2QJ sin Y 

The Hamiltonian becomes then: 

H 3 = QJ - 2J/2QJ B5/2<B"73!Bp) cos 

(62) 

Y • (63) 

Note that the unperturbed Hamiltonian is now reduced to a single constant 
term vJ, physically related to the invariant emittance in Courant's theory. 

In the unperturbed solution, Y a n <* $ are simply related: 

Y = Q* • (64) 

We now replace all of the last term save the J and Y dependence by a Fourier 
series in 0 with coefficients. (Note: n is now not related to the order of 
the resonance.) 
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2TT , c 

A n = ^ r ^ y f (Q/2) /2B /2(<f>) [ B " ( $ ) / 3 I ] cos nd> d<|> . (65) 

o 

This integral, evaluated for the resonant condition n = 3Q, is the funda
mental numerical quantity which drives the resonance. H 3 then becomes 

3/ 
H 3 = QJ - A cos n<J) (cos 3y - 3 cos y) J / 2 (66) 

n 3/ n 3/ 
QJ - -^ J / 2 cos (n<f) + 3y) - ̂ r J / 2 cos (n<t> - 3y) 

3A 3, 3A 3, 
- ~ J / 2 cos (n<j> + y) p J cos (nc)) - y) . (67) 

We remember that y = Q<f> and find only one of these terms varies slowly 
in the resonant condition when 3Q ~ n: 

A n 3/ 
H3 = QJ - ~Y cos (n<{> - 3y) J 2 . (68) 

A very simple transformation, 

F2(Y,J*,<f>) - J * ( Y - ^ ) (69) 

9 F 2 „A 

c - ^ = Y - f (70) 

J = J* , (71) 

finally converts the Hamiltonian into action-angle variables in which the in
variants of the motion become clear and the equations of motion soluble: 

H- = (Q ~ l ) J " ~T c o s 3 a J /2 • ( 7 2 ) 

Equations of motion are: 

( \ 3A 1, 
& = IQ - | ] - - ^ cos 3a J / 2 (73) 

A 3, 
j = - j 3 J / 2 sin 3a . (74) 

We can see that J and à = 0 when 3a = ±kir, which identifies three stationary 
points (unstable fixed points in phase space). Putting this a back into 
Eq. (73) we find the stopband width (d = 0): 
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/ •> 3A i, 
( « - ! ) - T J 4 -

alternatively: 

n 

J is the other coordinate of the fixed points. 

n = /2J7Q (77) 

x = /B n , (78) 

we can relate this back to a physical position in phase space. 

Note, too, that even when not resonant the sin 3a and cos 3a terms in 
the differential equations indicate a sinusoidal modulation of envelope and 
phase with frequency 3Q, the beating to be found in the neighbourhood of the 
resonance. 

Now that this same transformation can be used for any resonance, all one 
must do is numerically compute A from the lattice functions and field im
perfections and the stopband width, and other parameters follow rapidly. 

Readers are referred to Guiniard for an exhaustive treatment of all sum 
and difference resonances which uses this method. 

10. Conclusion 

Recent proton accelerator experience — ISR, FNAL, SPS — suggests that 
the theory of the effect of non-linearities on particle dynamics may well 
place a more severe limit on intensity and storage time in large rings than 
any other effect in transverse phase space. The field purity required to 
store an ampere or so in a ring of several kilometres radius may be at the 
limit of what can be expected of magnets with apertures of a few centimetres 
and perhaps beyond the limit of field measurement. Future machines may have 
to be designed in a way that bypasses these difficulties. At best their 
parameters will be determined by the need to avoid these destructive phenomena. 

(75) 

(76) 

Remembering that for a = 0 
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