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Abstract

The Bogoliubov-Mitropolsky perturbation method has been

applied to the study of a perturbation on soliton solutions to

the nonlinear Schrodinger equation. The results are compared

to those of Karpman and Maslov using the inverse scattering

method and to those by Ott and Sudan on the KdV equation.
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§1. Introduction

Waves propagating in media are in general influenced by

dispersion, dissipation and nonlinearity. Often it is, however,

possible to neglect the influence of one or more of these

mechanisms. For a mathematical treatment of large amplitude

waves it leads to considerable simplification if the influence

of dissipation can be neglected and this may also be justified

in several physical situations. The propagation of large amplitude

nondissipative waves in dispersive media has lately attracted

considerable attention. Of particular interest are stationary

waves or wave packets solitons, corresponding to a balance

between dispersion and nonlinearity. The two main equations

describing nonlinear wave propagation in dispersive media are

the Korteweg de Vries (KdV) equation and the nonlinear Schrodinger

equation. The KdV equation corresponds to waves having linear

dispersion relations of the form [1]

u = Ak + 0(k3) + ...

which is the case for example for ion acoustic waves in a plasma.

The nonlinear Schrodinger equation on the other hand corresponds

to waves with linear dispersion relations of the form [1]

a) = ioo + Ak + 0(k2)

In the long wavelength limit it is possible to derive the

nonlinear Schrodinger equation from the KdV equation [2]. Both

equations have soliton solutions. We are here going to consider

perturbations on the nonlinear Schrodinger equation, which is
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of fundamental importance in several fields of physics. It may

describe such different phenomena as for instance self-focusing

of electromagnetic waves in plasmas [3,4] heat pulses in solids

[5,6], gravity waves [7,8] Langmuir plasma turbulence [9,10,11]

and ion waves [2,12]. The nonlinear Schrodinger equation may be

derived from a nonlinear dispersion relation of the general form

u = <o(k, |Y|2) (1)

where ¥ is the wave amplitude (amplitude dispersion). Studying

small deviations around the mode frequency too and wave number k0

we may expand (1) as [13,14]

(2)

Multiplying (2) by the complex slowly varying wave amplitude ¥

9 3and considering u-oio and k-ko as operators i-̂r- and -iir— we
dt dX

obtain an equation of motion for ¥ . Transforming to the frame

moving with the linear group velocity of the wave

£ = x - |£ t (3a)

and introducing

T = t . , (3b)

3k2

we obta in the nonl inear Schrodinger equation

i | | + | 2 - j + Q|>y|24' = 0 . (4)

where

3 M 2 3k2
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The derivation of the nonlinear Schrodinger equation for

particular physical systems is in general rather complicated

since it usually requires the use of some nonsecular perturbation

expansion technique [1,15-19]. Particularly involved is the

derivation for kinetic systems [20,21].

Recently the nonlinear Schrodinger Equation has been used to

describe modulational instabilities in turbulent plasmas. When

the plasma density is modulated by an amount 6n we may write

the dispersion relation for plasma waves as

«2 = V + *2Ke + I? V . (5)

where u is the unperturbed plasma frequency, No unperturbed

plasma particle density and V. is the thermal velocity of

electrons (6n<<No). The.modulational instability is due to an

unbalance between the thermal particle pressure and the pressure

due to the electric field. For very slow modulation of the

density when we can neglect ion inertia we may obtain

(6)

where E is the electric field amplitude, M is the ion mass and

C is the ion acoustic velocity. Proceeding in a similar manners

as described above, dropping the second time derivative of E

we obtain

,. 8E ,v2 32E _ 2 6n _. ,_,
21 V at + 3vte —; ~ WP S7

 E (7)

or including (6) •
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2i(o |f + 3V* 1^5. + 0,2 tl |E|
2E = 0 (8)

pe 8t te a x 2 Pe ^s

which is the nonlinear Schrodinger equation. We observe that in

(7) the density modulation corresponds to the potential in the

linear Schrodincrer Equation. When plasma waves are trapped in

this potential the pressure of the field increases and then also

the modulation fin increases. In a one dimensional geometry this

process is saturated by the dispersive term and a stationary

solution is created. If the ion inertia is not neglected we

instead of (8) obtain two coupled equations first derived by

Zakharov [9]. These equations have been widely used in the

study of strong plasma turbulence [9-11]. They will, in fact,

give the same stationary solutions as (8).

The general solution of the nonlinear Schrodinger equation

in one space dimension was obtained by Zakharov and Shabat [22]

using the inverse scattering method. This solution consists

of a superposition of stationary solutions, solitons, each of

which corresponds to a constant eigenvalue of the scattering

potential. This is a very fundamental result showing that

solitons may be considered to be nonlinear normal modes in which

the exact solution can be expanded. The solitons were found to

interact pairwise and the interaction only caused a discontinuity

in the phases of the solitons. Significantly different results

are obtained by the Zakharov equations [9] including ion inertia.

In this description solitons may fuse or split into two [10,11].

Due to the fundamental properties of soliton solutions

they provide an interesting basis for perturbation expansions.

- 4 -



Such expansions were early made by Ott and Sudan on the Korteweg

de Vries equation [23] using the Bogoliubov-Mitropolsky Method

[17]. Recently Karpman and Maslov presented a perturbation

expansion [24,25] based on the inverse scattering method. I t i s

applicable in general to exact solutions of nonlinear evolution equations.

Furthermore a perturbation ejqpansion for N-soliton solutions was presented by

Keaner and Me Laughlin [33].

The present investigation is concerned with an application of the

Bogoliubov-Mitropolsky mathod to the perturbed nonlinear Schrodinger equation.

The results are compared with those obtained by Ott and Sudan and those of

Karpman and Maslov. Conparison is also made with the simplified approaches of

Nicholson and Goldman [26] and of Pereira and Stenflo [27]. As

examples of perturbations we consider nonlinear Landau damping

and ion iner t i a .

§2. Nonlinear Schrodinger Equation with real coefficients and

perturbation RC?)

We write the perturbation nonlinear Schrodinger equation as

i | | + p + g|y | 2Y =

where £ << p, q, 1 and we assume p*q > 0. We are going to

consider a perturbation around the unperturbed one soliton

solution

^ 2v(x-2yt) Je1 [ p ( y - 2 u t ) + ( T + 2 c * v 2 ) t ] (9)

As can be seen this solution depends on two independent parameters,

v and u• We write the perturbed solution as
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z = 2\>(t) (x:-2 j u(t)dt)

-r 2qv2(t)) dt

(10a)

(10b)

Using the Bogoliubov-Mitropolsky method [17] we expand

+ ep^z, T 0) +

a = a,, (Z,T O,TI) + ecTi (z, T 0) + —

where

and

Po= 2vsech az, ao= 5^5
 z

(11a)

(lib)

The time derivative is expanded as

8t 9T 0

J.
3Z

where To=t, i!=Et ••• . Introducing now

|| = 2v and ^ L = - 4vp .

we obtain to order zero

(12)

= 0 (13a)

Po _ 4 v y P o - qp'=0(13b)

The first order equations become considerably more compli-

cated but may abbreviated in the form
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|^i + LI(pi,a0) = Hj.lPo.Ot) (14a)

(14b)TFV + LR

where

MI = " l'

and

(Pi-ffi) =

3p0 . 3z
3T! 3TI

5a0 , 3z

FT + 3?7

M R(p 0,

8z J

<7o)

Im

J,
Po

+Po

By introducing explicitly the zeroth order solution

r67 = v
we obtain

(15a)

(15b)

% (16b)

Equations (14) may be expressed as
i

(18)

2v
sechaz ^ 3z^ 2

^z- - 2 + 3gsech2az] 0



where

1

a = (-̂ -)2 and M =

Since M contains parts that depend only on the slow time scale

xi, we will obtain secular contributions to | pl\ on the time

scale T0 unless M does not contain a part that is orthogonal to
yPlV /Pli

L j | where! I is unknqwn. This may be written as

°- r« r- /PiI
^(zJM dz = 0 i f V(z)Ll Idz = 0

— <3O — 00 \ *"

The last condition may be rewritten as

L ( 1 \ dz = ( / iL'CJ'Jdz = 0 (19)j M dz = [ / jL+

where L is th<? operator adjoint to L.

/ Pl \
In order to satisfy (19) for arbitrary ] we mustI )

\ oi /impose the condition

L+{V) = 0 (20)

The operator L is obtained from L by transposition and partial

integration yielding

/ \
We now want to find a solution f =| J satisfying (20) . We

l /
then obtain

le /
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= 0

9,3 ~ Ssechaz, „- 2r — ^ ) = 0

with the solution

r = K sechaz

0 = - ysechaz ^r sechaz

where K and y are arbitrary constants.

The conditions for nonsecularity now are

,00

r MT(pn,On)dz = 0

.00

0 MR(po,o0)clz = 0

By introducing

3z _ ẑ  3v
3TI ~ v 3ii f" «*

we may write (2 3a) as

[2 -z-r- sech2a z

(22a)

(22b)

(23a)

(23b)

— oo

= Im

(•To 8)|
- 4v -~- dT 0) 2vsechaz —•

) OT\ Z

o

sechazJz

] d z

Using the integral relations in Appendix 1 we now obtain

*-̂ - = ^ I m R(po,ao)eia° sechaz dz (24a)
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In order to evaluate (2 3b) we rewrite M_ as

MR ( + p JR (2vp a n + 3T! p J 3TI ° T ° ; 2 sechaz

From (23b) we then obta in

9 iL = _ a p R e p s i n h a z R ( p 0 , a 0 ) e - i o ° dz (24b)
8 T l * cosh2az

— 00

We have thus obtained the variation in time on the time scale T J

of the independent parameters v and y . In order to write our

solution as a function of a single time we make the replacements

To = t and ti= et. Our results give the same variation in time

of v and w as those of Karpman and Maslov [25]. They, however,

introduce two more independent variables, 6(t) and £(t)= 2y(t)dt.

Their results for these quantities differ from the prc?sentl}ones

by the appearance of terms that are one order higher in e.

A similar discrepancy is present between the results of Karpman

and Maslov for the Korteweg de Vries equation [24] and the results

by Ott and Sudan [23] and seems to be due to the larger freedom

in the choice of number of independent parameters in the Karpman

Maslov approach.

§3. Nonlinear Landau damping

The additional term in the nonlinear Schrodinger equation

due to nonlinear Landau damping was derived by Ichikawa and

Taniuti [29]. It may be written
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Introducing this nonlinear, nonlocal term into (24a) and (24b)

we obtain

|^ = 0 (25a)

sinhaz

_^_^ coshzaz'cosh3az z z

A numerical calculation of the double integral yields

(25b)

r
— 00—00

cosh2z'cosh3z

An analytical calculation is included in Appendix 2. We may

then reduce (25b) to

|£ » 3.7217 epv3 (26)

The results (25a) and (25b) may also be obtained by introducing

the solution with time dependent v and \i into the expressions

for time derivative of number of quanta, momentum and energy

given by Ichikawa and Taniuti [29]. The conservation of number

of quanta is a well known feature of nonlinear Landau damping,

which just causes a wave quanta of a higher frequency to turn

into one with a lower frequency.

From (25b) we observe that a soliton initially at rest will

start to move due to the nonlinear Landau damping. This is

in qualitative agreement with the numerical results of Yajima

et al [30]. Effects of nonlinear Landau damping on solitons

has recently also been observed experimentally by Watanabe [2].

Integrating (26) twice with respect time, we get for the trace

of the maximum point of envelope soliton £(t),
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5(t) = 5(0) + 1.46 (J) p (2v)3 t2. (27)

In Fig.l, we compare the theoretical result of (27) with the

observed results of Yajima et al [30] for the two values of

e = 0.2TT and e = 0.5ir. Although the present analysis is

restricted only for the variation of the 0-th order soliton core,

we notice agreements between the perturbation calculations and

the numerical experimental observation are remarkable.

§4. Comparison with related work

1'he nonlinear Schrodinger equation with complex coefficients

has recently been studied by Pereira and Stenflo [27], obtaining

a particular, exact solution. For small imaginary parts of the

coefficients we may write their equation as

(28)

where

Putting RCn into (24a) and (24b) and evaluating the integrals

(see Appendix 1). We obtain

•— = 2ve [YO - 4Y2li2 - j (Y2 + 2Y )v2] (29a)

lir = - f̂- £Y2V2y (29b)

For '̂ =0 the eq. (29a) has the same form but is not identical

with the result obtained by Pereira and Stenflo by inserting
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a solution with only one independent variable into the equation

describing the time derivative of the energy. The solution with

only one independent variable corresponds to stationary solitons

and as is seen from (29b) such a solution is stable if Y2>0 and

unstable if Y2<0. As pointed out by Pereira and Stenflo, for

linearly unstable solutions (Yo>O) (29a) may describe linear

growth and nonlinear stabilization (if Yn>0) of the amplitude

of the soliton. It is interesting to note the difference from

the nonlinear Landau damping concerning the acceleration of an

initially stationary soliton.

The same approach as used by Pereira and Stenflo was pre-

viously used by Nicholson and Goldman [26] studying the influence

of collisional and Landau damping. They found the velocity of

the soliton to be unaffected by collisional damping (Yo<0) and

this is confirmed by our relation (29b) for Y2=0. In a more

recent work [28] Goldman and Nicholson studied numerically the

influence of a larger linear damping where the previous self-

similar nature of the solutions is destroyed and shock waves

are obtained. In this work they used a potential description

very similar to that used in [31] for the description of

stabilized explosive three wave systems including damping. The

results are also very similar and the solutions in [31] given

as a function of t may equally well be looked upon as functions

of space, and thus describing the transition from soliton

solutions to shock waves. Shock waves may also be obtained

from the nonlinear Schrodinger equation in a lossless but slight!;,

inhomogeneous plasma [32]. Such a shock wave consists of
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plasma waves confined in a half space underdense region of

the plasma.

§5. The influence of ion inertia

As pointed out in the introduction, for the description of

nonlinear Langmuir waves the nonlinear Schrodinger equation

corresponds to the neglect of ion inertia. In order to take

ion inertia effects into account we must use the Zakharov

equations [9].

i|f + — = nE (30a)
9t 3x*

(30b)

The nonlinear Schrodinger equation is obtained if we write

n=n(x-vt). In order to generalize this we now instead write

t

n = no(x-vt)e

t
/H(f)df

where H(t)<<l.

Introducing this expression into (30b) we obtain

t
£\2— 3̂ n 3̂ n 9n 9H /H ft1) d+*' f)̂  IE I ̂

To order zero in H we have n = -|E|2/(l-vz). Putting this

approximation into the first order term and neglecting the second

order term and -^r we have after integration
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i-v2

By putting (31) into (30a) we then obtain the perturbed nonlinear

Schrodinger equation

X

|E|2 dx (32)i 31 + °-Z. + x
 t | E | 2 E = H £v v | lir, 2

3t 3x 1-VZ' '

This equation corresponds to

x

R(E) = -. f^2) i! E |E|2 dx

1 (33)

a =

By putting (33) into (24) we find

|£ = 0 (34)

H
2vsechaz J 2vsech2aZ'dz'

(35)

Since the velocity of the ion perturbation V must equal the

soliton velocity 2p we obtain after evaluation of the second

integral

a Re | sech2az tanh2az dz

— 00

or by using Appendix 1

IE - - 32 Hv2y
3t ~ 3a(l-4yi

- 15 -



Since the conservation of quanta yields the same constant

of motion for the Zakharov equations and the nonlinear Schrodinger

equation the result (34) was to be expected. The conservation

of momentum and energy, however, take different forms in the

two descriptions and they both correspond to a variation in time

of ii for perturbations of the nonlinear Schrodinger equation.

In order to describe the time development of the perturbation

self-consistently we would have to determine also the time

variation of H. The variation in time of momentum and energy

for a set of solitons in a turbulent situation was calculated

numerically in [10], using the Zakharov equations.

§5. Concluding remarks

As pointed out in the introduction the soliton solutions

for nonlinear evolution equations provide a suitable basis for

perturbation expansions. Since the solitons represent non-

dissipative solutions it is of interest to study the influence

of different types of dissipative terms which may be considered

as perturbations. These have been shown to yield self-similar

solutions of soliton shape. These solutions are, however,

restricted to limited time intervals since for sufficiently

large times a small dissipation will turn soliton solutions

into shock waves. There are, however, also other types of

perturbations that may be of interest to study, as for example

the influence of ion inertia on nonlinear Langmuir waves as

shown in the last section.
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Appendix 1

Useful integrals

00

/ sechz dz = n
-oo

CO

/ seen z dz = 2

j*sech4z dz = 4

3sech z ,
z ~ ^ d z = "

I I 3z J
2 . 2

d z = 3

2 dz

_ 16
3z j d z " T5



Appendix 2

Evaluation of the double integral in eq. (25b)

We write

j = p / / - ^
-co-co cosh z'cosh z z~z

since . , . „
sinh z 1 3 ,2

s— = - •=• -5— sech 2 we may wrxte
Jz z dz

(1)

coshJz

00

|- sech2z / ̂ d 2| sech2z' (2)
oZ m Z-Z

It is convenient to express the last integral in Fourier

representation

since / elk(z~zl)dk =n5(z-z') -iP — 1 — T
2~ Z

we obtain

1 i 9 it
iP

z-z1 2 — CO

f eik(z-z')dk] = 1 " k eik(z-z')dk
0 ^-c lKl

The last integral in (2) is then

/ / i k ( z" z' )
dk - i

F(k) = / seoh2z elkzdz = n.k.csech (~-k )
_ 00

The total integral is then

I = § jTdz ̂ [ ^ L /"ptk-Je"1*'^']/" -^ F(k)eikzdk


