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PRELIMINARY INVESTIGATION OF ANOMALOUS RELATIVISTIC
ELECTRON BEAM DEPOSITION INTO A 10" TO HP em 3 DENSITY PLASMA

by

Lester E. Thode

ABSTRACT

Based upon recent theoretical and experimental advances, the potential
for using a 10 to 30 MeV electron beam to heat a 10" to 1020 c m " density
plasma has been investigated. Taking into account anode foil scattering,
external magnetic field strength, electron-ion collision rate, beam self-
magnetic field discontinuity, and plasma temperature, a coupling efficiency
of 15 to 50% ia achievable for such a plasma. Moreover, the beam generator
requirements seem to be within present pulse power technology.
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The concept of using an intense relativistic electron beam to heat a plasma has been in-
vestigated for several years. In all experiments1"' anomalous plasma heating is observed. The
reported heating generally has been attributed to (1) the relativistic two-stream instability and
(2) anomalous resistive heating from plasma return current. However, little definitive connec-
tion existed between theory and experiment until early 1975.

At that time I predicted that the relativistic two-stream instability was being severely
degraded at low beam-to-plasma particle density ratio because of excessive anode foil scattering.
Subsequently, a limited experiment at Cornell7 confirmed the theory to better tluin 10%: a factor
of 5 increase in coupling efficiency at a beam-to-plasma density ratio of nb/ne =< 10~s was im-
mediately achieved.

Also, a comparison was made between all experimental data obtained for relativistic beam in-
jection into a preionized target plasma and two-stream instability theory. Taking into account
anode foil scattering1 and finite boundary conditions,8 the scaling of the heating data, measured
by diamagnetic loops, is in good agreement with the two-stream theory. However, the magnitude
of the heating inferred from diamagnetic loops seems to depend on the ionization level of the
targe* gas.! The coupling efficiency is much larger for injection into fully ionised gas than for in-
jection into partially ionized gas. Beam energy loss determined by a calorimeter always greatly
exceeds the heating implied by diamagnetic loop measurements. In fact, the scaling and
magnitude of some of the calorimeter data is in good agreement with that predicted by two-
stream theory.
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Fig. 1.
Scaling of plasma heating with njne and anode foil thickness. The data points show total
plasma perpendicular energy determined by a diamagnetic loop. The solid curves are
theoretical predictions of relativistic two-stream interaction by Thode; Wx = e 1-5S
(1 + l.SS^^CAn/nJy^n^mc2, where t = 0.133. The quantity t = 0.133 =» 2LN/3L is due to the
system length L being much larger than the interaction length LN. The total beam energy
content is approximately 250 J for this experiment. Theoretically, the coupling efficiency is
limited by the low diode voltage (~350 keV).

At present, the source of this apparent reduced efficiency for a partially ionized target is not
clear. In some experiments spatial plasma density gradients, generated by the initial energy
transfer to the plasma, can be formed in 3 to 10 ns. Such density gradients over the beam relaxa-
tion length would tend to quench the two-stream instability.

Despite the uncertainty associated with partially ionized targets, deposition in fully ionized
plasma appears to be as high as predicted, in the range of 30 to 50% under optimal conditions.
The coupling efficiency for the Cornell experiment7 is 25 to 35%, with a theoretical increase of
about 50% still expected (see Fig. 1). Also, an unofficial report from the Novosibirsk group
claims about 50% coupling efficiency for a 75 to 80% ionized target.9

Based upon these recent theoretical and experimental advances, the potential for using a 10 io
30 MeV electron beam to heat a dense plasma has been investigated. It now appears that such a
beam can deposit its energy into a 4 to 10 cm long plasma target. Moreover, with careful
generator design, a coupling efficiency of 15 to 50% could be achieved. For such high efficiency, a
10" to 10" c m ' plasma at a temperature of 30 to 5 keV could be produced using present pulse
power technology.

There are several obvious applications for such a high-energy density plasma. First, develop-
ment of an intense x-ray source. Such an x-ray source would be versatile because both plasma



density and temperature can be varied. Second, development of a pulsed neutron source or passi-
ble CTE fusion device. In the 10" to 1020 cm'8 density range, confinement would be inertial with
magnetic fields serving to reduce heat loss through thermal conduction.

In Sec. II, high-voltp.ge diode characteristics are discussed. The theory associated with the
relativistic streaming instabilities is presented in Sec. HI. An initial experimental investigation
in outlined in Sec. IV.

II. DIODE CONSIDERATIONS

The diode must be immersed in an external magnetic field Bz such that B f l« Bz, where B» is
the self-magnetic field at the beam edge. For this configuration, a one-dimensional planar diode
calculation for space charge limited flow of current is applicable. Such a calculation has been
done by Jory and Trivelpiece.10 For a diode gap spacing d, cathode radius a, and diode voltage
U = e^o/mc2 = 7O - 1 > 1, the following relations are obtained.

F(U) = [(1 + U)1'2 - 0.8471]2 , (1)

J(kA/cmJ) d2(cm) * 2.72 F(U) , (2)

n(cm-3) d2(cm) = 5.66 x 10" F(U)/|90 , (3)

Z(ohm) (a/d)2 = 59.89 U/F(U) , (4)

I(kA) = 512 U/Z(ohm) , (5)

and

»/y0 = 30{(Vo - D/(To + l)]1/VZ(ohm) . (6)

Equations (l)-(4) are shown as a function of the relativistic factor 70 = [1 - (vo/c)2]"1/2inFigs. 2
through 5, respectively. To estimate an actual generator output, several physical constraints
must be considered in applying Eqs. (l)-(5).

During the charging of the Blumlein, a small voltage appears across the diode. With careful
design of the Blumlein and cathode shank region, this prepuJse voltage can be limited to 20 to
100 kV. To avoid field emission, the resultant field strengths must not exceed 30 to 50 kV/cm,
depending upon the cathode material. Field emission caused by prepulse will lead to enhanced
gap closure, resulting in poor diode operation. For 10 to 30 MeV diodes, present techniques for
suppression of prepulse lead to a minimum gap spacing of d = 1.5 to 2.0 cm.

Independent of diode voltage, the current cannot rise faster than 10 to 50 kA/ns. For a high-
voltage diode, however, it is generally the cathode shank inductance and diode impedance that
determine the risetime
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Fig. 2.
Applied voltage U = e<j>Jmc3 = yo — 1 depen-
dence for a one-dimensional planar diode.
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Fig. 3.
Space charge limit on current density for a
one-dimensional planar diode as a function of
the relativistic factor yo = (1 - 0o

a)~u2 =
U + 1 and diode gap spacing d.
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Fig. 4.
Space charge limit on particle density for a
one-dimensional planar diode as a function of
the relativistic factor y0 and diode gap spacing
d.
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Fig. 5.
One-dimensional planar dioce impedance as a
function of the relativistic factor yo, cathode
radius a, and diode gap spacing d.



rrltB =« 2 x 10"T [0.5 + 2 Jn(R/a)] [L, = 0.512 U/3.5]/Z(ohm)

a [U/Z(ohm)] • 10"7 s , (7)

where the shank length L, is determined by the amount of dielectric required to withstand the
applied voltage; typically, 3.5 MV/m.

Finally, as a result of both cathode and anode plasma formation, the diode gap tends to close
at a rate of vD =* 5 x 10s cm/s. This rate depends somewhat on the anode and cathode material
and beam current density. If we require that d - vD rb £ d/2, diode closure limits the beam pulse
length to

rb * d(cm) • 10"7 s . (8)

By combining Eqs. (7) and (8), the power pulse length is then

=* [d(cm) - U/Z(ohm)3 • 10"T s .

Assuming that the beam energy content delivered during rr]Be is small compared to that
delivered during Tpower, the total beam energy content is

t(J) = 2.61 x W [d(cm) - U/Z(ohm)] UVZ(ohm) , (9)

where Eqs. (2) and (4) were used to determine the beam current density. In addition, the beam
power is

P(w) = 2.61 x 10" UVZ(ohm) . (10)

Using Eqs. (l)-(10), consider a diode with a gap spacing of d = 2 cm and a/d = 1.5. A generator
similar to the PI 23100 would produce a beam with the following parameters.

U = 30, Z = 36.2 ohm,

a = 3.0 cm, I = 414 kA,

« = 7C0 kJ, P = 6.48 TW,

Tpoww * 118 ns, nb * 3 x 10" cm"8,

and

B8 = 27.6 kG.

As a second example, a generator similar to the PI 1480" would produce a beam with the follow-
ing parameters.



U = 18, Z = 38.4 ohm,

a = 3.0 cm, I = 234 kA,

e = 337 kJ, P = 2.2 TW,

Tpowtr <** 153 ns, n b » 1.6 x 1012 cm'3,

and

Ba =•• 15.6 kG.

Finally, a generator similar to the PI 950 would produce a beam with the following parameters.

U = 10, Z = 43.1 ohm,

a = 3.0 cm, I = 116 kA,

e = 107 kJ, P = 0.61 TW,

rpo«er = 177 ns, nb = 6.64 x 10u cm"8,

and

B9 = 7.73 kG.

These examples represent the type3 of high-voltage generators considered in this investigation.

III. RELATIVISTIC TWO-STREAM AND UPPER-HYBRID THEORY

Over the past several years considerable progress has been made in understanding the basic
nonlinear character of the relativistic two-stream and upper-hybrid instabilities.12'20 The two-
stream instability is driven by the Cherenkov resonance w - kzvo = 0 et frequencies near the
plasma electron frequency. The upper-hybrid instability is associated with the beam cyclotron,
or anomalous Doppler, resonance w - kiV0 + u>Jy0 = 0, with characteristic frequencies between
the plasma electron frequency and upper-hybrid frequency. Here uc ~ \e\BJmc, where Bz is the
external magnetic field strength. The investigation has included the effects of radial boundary
conditions,20 radial gradients,20 anode foil scattering,' esternal magnetic field strength,19

electron-ion collision rate,20 plasma temperature, and beam self-magnetic field discontinuity20

on the interaction.

A. Radial Boundary Conditions and Gradients

When

CB -= S(AE tan e/Rp)1/a//J2 « 1 , (11)



the effect of a finite boundary introduces only a small quantization in the transverse wave ssyec-
trum (Appendix A). In Eq. (11), S = /3jJ7o(nb/2ne)

1/3, AE = c/«e is the electromagnetic skin depth,
Rp is the plasma radius, and 9 is the propagation angle of a transverse wave with respect to the
direction of beam propagation. For high-density heating [n£ S'10" cm"3, S ~ 0(1), and
tan 0 < 1], the above criterion is well satisfied.

Recently, B. B. Godfrey designed and implemented a new particle simulation code* that is
fully relativistio and electromagnetic. More importantly, simulations can be performed in any
two-dimensional, separable, orthogonal coordinate system. Thus, the effect of finite boundary
conditions and radial gradients on the relativistic beam plasma can be investigated. To date, a
few simulations20 have been performed. These simulations have radial boundary conditions
similar to those found in the Abrashitov et al.1 (Novosibirsk) and Greenspan et al.1 (Cornell) ex-
periments. Also investigated was the effect of linear radial beam and plasma gradients. Changes
in the deposition characteristics caused by radial boundary conditions and associated gradients
were found to be small for CB ^ 10"2. However, for CB = 0.5, significant reduction in the strength
of the interaction was observed.

Based upon these studies, radial boundary conditions and gradients are not expected to be im-
portant in the high-density heating regime.

B. Anode Foil Scattering

In experiments performed to date, anode foil scattering has pleyed a major role in determining
the coupling efficiency. After exiting the anode foil, the beam distribution function has the form
(Appendix B)

x) = «(u - Uo) exp(-u3/ui)/2iruou.F(uo/u.) , (12)

where u0 = 7ojSo, u2 = ul + uj, nx = 7°A> 6, uB = 7j3o 98, and F(x) * exp(-x2) £ exp(t3)dt is
Dawson's integral.21 The scattering angle 98 is given by Eqs. (B-2) through (B-4) in Appendix B.
The reduction in efficiency (relative to a cold or monoenergetic beam) caused by anode foil scat-
tering enters through the quantity1

An/nb = 1.0 - [exp(9,J/92.) F(9w/9.)]/[exp(l/9s) F(1/9J] ,

where

9W = 1.0 - 0.5 Yol (n^n,,)"3 - 0.75 y~o
2

Roughly speaking, An/nb represents the fraction of the beam that can transfer its energy in a
coherent manner. If An/nb = 1, anode foil scattering is not sufficient co reduce the coupling ef-
ficiency. Figure 6 illustrates how An/nb varies is a function of scattering angle. The shaded
region of the parallel distribution function

f(uj = exp[-(u2 - u»)/u.J/u. F(Uo/u.)

•At present, this code is undocumented; see "Theoretical Division Annual Report," Los Alamos Scientific Laboratory
report LA-68J6-PR (July 1977), p. 148.
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Fig. 6.
Illustration of An/n* as a function of increasing
anode foil scattering. Shaded regions of the
parallel distribution function represent the
qijantity An/nb. For case (a) the beam is con-
sidered cold with An/nt, - 1, whereas case (c)
represents a severely scattered beam with
An/nb ^ 0.20.
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Fig. 7.
The quantity An/nt, as a function of the
relativistic factor yo for various anode foils.

represents the fraction An/nb. The theory is based upon the physical observation that electrons
with Uj,< uw = #O6W [1 - 01Q£]~113 and u* > uw do not respond on the same time scale to a
predominately longitudinal force. Electrons with uz < uw cannot act coherently with the wsve
because of rapid phase mixing. The theory appears to be valid for An/nb > 0.15.

In Fig. 7, an exact calculation of An/nb is shown as a function of the relativistic factor for a
plasma of density ne = 10IB cm"3. The beam density was calculated from the one-dimensional,
relativistic, space charge limited diode result, Eq. (3), with a gap spacing of d = 4 cm. The
limitation in coupling efficiency caused by anode foil scattering can be overcome by using a
higher voliage diode.

In the limit that Yo1 (ntA,)"8 « 1 ,

- 1-0 - exp[(ng/2ne)
l"/7oe2M2/8] (13)

where ng and 60 are the beam density and scattering angle after exiting the anode foil. The
possibility of adiabatic compression by a factor M has been included in Eq. (13). It follows that
adiabatic compression will result in a decrease in An/nb unless

7ol(ng/2n8)
I/3 > 3 (14)

Because yo and ng are fixed by the diode, a significant reduction in 0O is required if the coupling
efficiency is to remain high. For example, it might be advantageous to replace the solid anode foil
by a fine mesh screen with a fractional optical transparency y. After adiabatic compression is
carried out in vacuum, the reduction in coupling efficiency would be small (1 - ij). With this ap-
proach, an annular beam would be required to avoid space charge limitation.



C. Deposition Length

The maximum distance over which the beam converts a significant fraction, upwards of 50%,
of its energy into plasma thermal energy is

LN(cm) = r(%)f[10I8AUcm-3)] dVM2}1'6 , (15)

where T( yo) is shown in Fig. 8. The quantity T(yo) = 0.640 poyo [0O/F(7o)]"s is obtained from the
one-dimensional, relativistic, space charge limited flew diode calculation, Eq. (1). Equation (15)
is equivalent to approximately 10 spatial e-folds, Im(k) = 6/(6w/3k) = I0/LN. For An/nb S 0.15,
the spatial growth rate Im(k) remains relatively independent of foil scattering because both the
temporal growth rate 6 and group velocity dw/dk decrease like An/nb. For a strong interaction,
S = j8o

27o(nb/2ne)
l/il» 1, the deposition length can be three to four times shorter than that given

by Eq. (15), with <a 10 to 20% decrease in efficiency. The energy density of the smaller target
plasma will have''been increased significantly, however.

For ne = 10" cm"3, d = 4 cm, and M = 1, the deposition length is approximately LN = 14 cm
for a 10-MeV beam. If the diode gap is reduced to d = 2 cm, the deposition length would be
decreased to LN = 8.6 cm for a 10-MeV beam. For a 12.7-/im-thick aluminum anods foil,
An/nb = 0.96 for such an interaction.

At ne = 10a0 cm"*, a deposition length of LN = 3.0 cm is achieved for a 15-MeV beam with
M - 5. A 12.7-Mm-thick aluminum anode foil gives An/nb = 0.40, whereas a 12.7-/jm-thick
aluminum-mylar anode foil gives /ln/nb = 0.75.

D. Deposition Rate

The local beam deposition rate is given by

dt = (c/LN) a{yc, njxu,, Bz, v, TJ (An/nb)Wg , (16)

where W,, is the plasma kinetic energy density and Wg = nb70 me2 is the total beam energy den-
sity. The quantity a(yOt njoe, B», v. Te) represents the conversion efficiency associated with a
cold (An/nb = 1) beam, and depends upon many parameters, including external magnetic field
strength Br, electron-ion collision rate v, and local plasma temperature Te.

The nonlinear mechanism that limits the coupling efficiency is trapping of the beam by large
amplitude waves. Under optimal conditions, trapping can reduce the beam energy significantly,
with

aoptim.1 « 0.30 to 0.50 . (17)

The basic validity of Eqs. (16) and (17) was confirmed recently by successfully simulating the in-
jection of a 350-keV beam into a plasma target.20 The numerical experiment is illustrated in Fig.
9, in which lengths are given in centimeters. After developing a steady state, the coupling ef-
ficiency was 44%.



Fig. 8.
The deposition parameter T for a one-
dimensional planar diode as a function of the
relativistic factor yo.
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Fig. 9.
Finite radial boundary injection simulation.
The geometry is cylindrical, with a metal wall
at a radius of Hc = 3 cm. Regions outside the
plasma are vacuum with a transparent boun-
dary at z = 16 cm. The bulk of the energy is
deposited in the region z = 3 to 6 TM.

To determine the coupling coefficient a, the self-consistent solution of two-dimensional
relativistic motion is required. As a result, the exact magnitude of a can only be determined by a
two-dimensional particle simulation. However, the approximate dependence on the various
parameters can be determined by assuming that the interaction is one-dimensional in space
along the direction of wave propagation.18 This oblique approximation leads to an angle-
dependent a9(yo, n6/np, Bz> v, Te), as shown in Fig. 10. The dashed line represents a strong two-
dimensional interaction, whereas the solid line represents an almost one-dimensional interac-
tion. Conditions that produce a strong two-dimensional interaction will enhance the overall
coupling coefficient. The determination of as yields conditions for optimal deposition. The exact
magnitude of the true coupling coefficient can then be calculated for these optimal conditions
using the two-dimensional particle simulation technique, typically that given by Eq. (17).

The most accurate method for determining a« is by partial numerical simulation. This tech-
nique treats the plasma through its dielectric properties; linear differential equations for the
wave amplitude and phase are obtained as a function of the instantaneous beam distribution.
Relativistic beam trajectories of typically 50 to 100 electrons are calculated numerically..

From extensive partial numerical simulation results and analytic work, a model was developed
for calculating a«. The model predicts that a« depends on a single strength parameter S(-j-o, njne,
Br, v, Te); «s(7o. nt/na, Bs, v, Te) = a«(S). The strength parameter S is related to the phase
velocity of the most unstable wave for a given direction of propagation

w/kc = 0o cos9 [1.0 - £(7o, iWn,,, B«, v, T., 9)] ,

or more precisely through the relativistic factor associated with transforming to the wave frame

(18)

10



In obtaining Eq. (18), it is assumed that £ « 1. The underlined term in Eq. (18) is the strength
parameter

S = 2ft,27e
!£(To, no/ne, B2, v, Te) , (19)

where 0t> = (3O cosG and ye = (I — ft,2 cos8©)~in. The strength parameter can be calculated
numerically in parameter space where an accurate analytical expression for the phase velocity is
not available. We will now discuss the dependence of the coupling coefficient on various
parameters.

For a longitudinal (0 = 0), collisionless, cold plasma interaction1318

«O(7O, n^ne) = S(l + S)-6'2 , (20)

where

S = /UTotn^nJ"3 . (21)

In obtaining Eq. (20) it has been assumed that the phase velocity of the wave is invariant. Ac-
tually, partial numerical simulation indicates that the large amplitude wave slows down as the
electric field energy nears its maximum value.18 As a result, ao peaks at S * 0.40 to 0.44 rather
than at S = 2/3, as indicated by Eq. (20). From Eq. (19), the slowing of the wave would, on the
average, increase S. Thus, replacing S by 1.5S in Eq. (20) leads to a maximum efficiency of ao

MAX

= 0.186 at S = 4/9, which agrees with the partial numerical simulation results.
Efficiency decreases for S > 4/9 can be traced to electrons that are accelerated during the in-

itial bunching process."1518 These electrons incur such a large increase in their mass that they
cannot participate on the same time scale as electrons that were initially decelerated. This
decrease in efficiency can be eliminated by allowing waves to propagate at some angle with
respect to the beam. For a collisionless, unmagnetized, cold plasma interaction, the coupling
coefficient becomes

ae(yo, nt/n.) = 1.5S«(1 + 1.5S9)-
6'2 ,

where

Sfl = Wye (•at,yt/Za.y0)
l/* .

For S < 4/9, as appears as the solid line in Fig. lla, a weak two-dimensional state. However, for
S > 4/9, ag is maximum at tanG = (nb/ne)

1/3, as shown by the dashed line in Fig. lla. Thus,

i.5S)-«'» for S <S 4/9

and (22)

= 0 1 8 6 f o r s > 4/9 .

11



Fig. 10.
Calculation of the angular coupling coefficient
as. The beam propagates in the p0 direction.
The amount of this directed momentum that
can be transferred to the wave is Pz = PocosQ.
The dashed line represents a strong two-
dimensional interaction, whereas the solid line
represents an almost one-dimensional interac-
tion.
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Fig. 11.
Effect of external magnetic field Bz on the
angular coupling coefficient ag. Case (b) shows
a significant improvement in aefor the optimal
magnetic field strength, Eq. (23).

Partial numerical simulation indicates that ae approaches its maximum value faster as the
beam-to-plasma density ratio is decreased. For example, at njn^ = 10~6, a8

MAX = 0.186 for
S = 0.32. Also, increased coupling efficiency is achieved by increasing S, that is, increased diode
voltage and smaller diode gap spacing.

The coupling efficiency can be increased further by including the effects of a finite magnetic
field Bs, as illustrated in Fig. l ib. This enhancement is the result of the characteristic phase
velocity of oblique waves being lower for finite Bz.

19 The strength of the magnetic field required
for optimal coupling is

(0.5 - (23)

where «c = lelBz/mc is the plasma cyclotron frequency. For this magnetic field strength, the
oblique waves remain the fastest growing modes.

The most severe requirement associated with collisions is that the nonlinear electric field
strength be much greater than noise level. For a collision rate v ̂  47o1(nb/2ne)

ly3we, the strength
parameter for a longitudinal interaction is

S. = (24)

where 5,, = [(nb/2ne)(we/i')]"
li. For v = 4%l(nb/2ne)

1/3 we, $„ = S and ao appears to be unchanged.
However, the slowing of the wave as the electric field energy nears its maximum doe3 not occur at
this level of collision rate. Thus, the initial effect of collisions is to reduce the strength parameter
by a factor of 2/3. Further increase in the collision rate reduces the strength parameters in accor-
dance with Eq. (24).

12



Taking into account oblique wave propagation and external magnetic field strength, the
coupling efficiency is reduced by less than a factor of 2, provided the plasma is preheated to ap-
proximately 20 to 50 eV at rie = 10!0 cm"3. For a plasma density of He = 10'8 cm"3, the effect of
collisions on the coupling coefficient appears to be minimal for an initial plasma temperature of
2 to 5 eV.

The effect of plasma temperature reduces the strength parameter by

[1 + (9e/c cosG)8]1'3 ,

where 0e is the characteristic plasma thermal velocity. For angles of propagation less than 30°,
the effect of plasma temperature up to 20 keV is negligible.

£. Finite Larmor Radius Effects Caused by Self-Magnetic Field Discontinuity

For Be « Bz, electrons tend to follow the magnetic field lines in the diode, where B« is the beam
self-magnetic field at the beam edge. Thus, electrons strike the anode foil at some angle. If, after
passing through the anode foil, the self-magnetic field is rapidly shorted out, a velocity compo-
nent perpendicular to the external magnetic field is produced. Such a discontinuity in the total
magnetic field generally occurs when the beam is injected into a plasma. In this case, the self-
magnetic field is shorted out by the inductively produced return current. A rough rule of thumb
for the magnitude of this radially dependent perpendicular velocity component is

vi(r)/vo = tan-HBa/Bx) r/a , (25)

where B»(kG) =* 0.2 I (kA)/a(cm), a is the beam radius, and 1 is the beam current.
To estimate the effect of this field discontinuity, we note that Eq. (25) produces a local spread

in perpendicular velocities because electrons within a larmor radius contribute to the local dis-
tribution function. This radially dependent velocity spread is

AvJ.(r)/vo = 2(B«/B,)2rrg/a2 ,

for Bo/B, « 1 and rg (cm) = 1.68 j9070/BI(kG). Now the component of velocity parallel to Bz is
v«(r) = [v| - vftr)]1", and thus

*vJVl= [2(Ba/&)» T* rtJa3V[l ~ (Bflr/B,s)2| .

For Avjvz > yo~
l(nb/ne)

1'3, we expect some degradation in the deposition to occur. The worst
velocity spread occurs at the beam edge. Thus, a criterion for negligible change in deposition
caused by self-magnetic field discontinuity is

A.a < Yo-l(ni/2n.)1/* - (26)

13



A spatial injection simulation including self-magnetic Held effects indicates that Eq. (26) is
only approximately correct. In the simulation lAv /̂v^ =e &Y-o

1(nb/n9)
1'3, with no reduction in the

deposition rate being observed.
The criterion in Eq. (26) becomes much more difficult to satisfy as the diode voltage increases.

For example, at n« = 10" cm"3 and Bx = 200 kG, the diode voltage cannot exceed 17 MeV for a
d = 2 cm gap, 30-ohm generator. Thus, self-magnetic field effects are expected to b" x>me a
problem for heating 10" to 1020 cm"8 density plasmas. This conclusion assumes, of course, that
vj.(r) cannot be reduced below that given b> Eq. (25). Fortunately, Eq. (25) appears to be
pessimistic. In fact, by using an annular beam with a center return current we can reduce Av?/vo

by a factor of 8. Also, preliminary investigations of nonplanar cathode shapes indicate additional
improvement can be obtained.

F. Summary

Based upon the above results, a 10 to 15 MeV electron beam propagating along a Bz = 200 kG
external magnetic field can be expected to deliver 30 to 50% of its kinetic energy to a 1018 cm"3

density plasma target. If the density is increased to 1020 cm"3, a 30-MeV beam adiabatically
compressed by M = 5 might be expected to deliver 15 to 20% of its kinetic energy to the target,
provided some improvement in self-magnetic field effects is obtained.

These conclusions are based upon a diode gap spacing of d = 2 cm, and that the initial plasma
temperature is sufficient to reduce the noise level far below the expected nonlinear spectrum. At
ne = 1020 cm~a, both conditions appear to be stringent requirements.

IV. INITIAL EXPERIMENTAL STUDY

Initial experiments are designed to investigate five basic aspects of the deposition character of
9 to 15 MeV electron beams. The fully ionized target density will be in the range of 1018 to 10"
cm"3. The reg'me of these experiments greatly exceeds previous plasma experiments, both in
target density and diode voltage. In addition, the short-term payoff and probability of success
appear to be high.

The basic experimental setup is shown in Fig. 12. Experimental diagnostics would include
diamagnetic loops, Faraday cup, calorimeter, interferometer, and Rogowski loops. In addition,
Thompson scattering and charge exchange neutral energy analysis would be desirable.

We estimate that a 300 to 700 kJ capacitor bank would be required to produce a solenoid
magnetic field of B* = 200 kG. Preionization of the target might be performed by standard dis-
charge. For 30 to 40 eV/pair, this would require at least a 5 to 10 kJ bank.

The five basic aspects of the deposition to be studied are as follows.
(1) Determine the beam energy loss as a function of the initial plasma state from neutral gas

to fully ionized channel. The purpose is to establish the possible degradation of efficiency caused
by ionization gradients and collisional effects.

(2) Determine the beam energy loss as a function of plasma target length. Ideally, the target
plasma should be fully ionized. The purpose is to establish the deposition length. For L > LN,
one would expect a significant decrease in beam transmission.

(3) Determine the beam energy loss as a function of anode foil thickness. This scaling, once es-
tablished, can be U3ed to study other ypects of the deposition.

(4) Determine the beam energy loss as a function of external magnetic field strength. The
results can be compared with the theoretical value of B2 for optimal deposition.

(5) Determine the effect of the discontinuity of the self-magnetic field on the deposition.
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Fig. 12.
Proposed experimental setup: (I) cathode, (2)
anode foil, (3) neutral gas to fully ionized
plasma, n =* 10" to 10u cm'*, (4)sectionalized
calorimeter and Faraday cup, (5) movable seal
to vary plasma target length, (6) solenoid
windings, and (7) diamagnetic loops.

0.15-

AN00E FOIL THICKNESS (9 /es» a )

Fig. 13.
Determination of self-magnetic field discon-
tinuity on the deposition.

Specifically, in the range of 9 to 15 MeV, An/nb can be varied from 0.15 to 1.0 by changing the
anode foil thickness (see Fig. 7, for example). The dependence of An/n* as a function of g/cm2 is
shown in Fig. 13 (solid line). If the experimental data follow the solid curve as the foil thickness is
reduced, it is an indication that B« is not affecting the deposition for the particular value of Bz.
Recall that for B£ = 200 kG, we do not expect Be effects to enter. However, if the data proceed as
depicted by the dashed lines, it would be an indication that the B6 effects are entering. By
repeating the experiment for Bz < 200 kG, the effect of B8, if any, could be estimated.
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APPENDIX A

FINITE BOUNDARY CONDITIONS

Here we consider a cold re'ativistic electron beam that propagates along an external magnetic
field B* and interacts with i cold plasma of radius Rp. The beam and plasma are within a con-
ducting cylinder of radius R̂ . ̂  Rp. In the electrostatic approximation <ji(r,z,t) = $(r) exp[i(k.z -
«t)], the linear dispersion relation for the streaming instability is"
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with

Wp>
( A . 2 )

and

(A-3)

In Eqs. (A-1) through (A-3), we = (4irneeVm)1/! is the electron plasma frequency,
WJL = (4ffnbe

8/m70)
1/2, wt = ajyo, wc = lelB^mc, wR = w</yo> 7o = (1 - voVcs)-t/2 is the

relativistic factor, and JN, IN, and KN are Bessel functions.
In the high-density approximation kjRp =* Rp/AE » 1, and

1 + exp[2k (R - R ) ]
f = 5—E £—
° 1 - exp(2kz(Rp - Rc)]

= » for Rc - Rp « XE

a 1 for Re - Rp > AE ,

where XE = c/«s is the electromagnetic skin depth.
For Re — Rp <C AE, Eq. (A-1) reduces to J0(TRp) = 0. The corresponding dispersion relation is

then

,.2 k2
e " "I ei + - T £z m ° ' ( A ' 4 )

wrhere ka = k? + ki, kx = Pn/Rp, and J0(PM) = 0. Thus, the finite radial boundary simply leads to
a quantization of the perpendicular wave number, with the form of the dispersion relation
remaining unchanged from the infinite boundary limit, <£(r,z,t) =* <£ esp[i(kzz + k j - ait)}.

For Rc — Rp > AE, we assume that Eq. (A-4) gives an approximate solution. Equation (A-1) can
then be rewritten as

Jo(TRp) « 2To(nb/2ne)l/s (2/srP^)1'8

« S(AE tane/llp)"2/|3? ,
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where tan© = kj/k* = P^XE/RP is the angle of propagation with respect to the beam and
S = ft>27<> (nb/2ne)l/s is the strength parameter. In the limit that

S(AE « 1 , (A-5)

the interaction is again described by the dispersion relation, Eq. (A-4). A careful inspection of
Eq. (A-5) indicates that J0(TRp) £ 10"2 for high-density plasma heating: n<, 2: 10" c m 3 ,
S ~ 0(1), and tan9 < 1. Note that the infinite boundary dispersion relation is recovered by tak-
ing Rp -> no in Eq. (A-5). In the high-density plasma approximation, Rp remains finite and thus
the transverse wave spectrum remains quantized. However, the number of modes that can in-
teract is large, kz/Akx « irRpAe =* 10* to 10*.

APPENDIX B

DISTRIBUTION FUNCTION—ANODE FOIL

In conventional generator design the relativistic electrons must pass through an anode foi! as
they leave the diode. The typical anode foil is 12.5 to 50 nm thick aluminum or titanium. In pass-
ing through such a foil, the relativistic electrons loose energy by ionization and bremsstrahlung.
BirkhofP gives the ionization energy loss as

<JE

' &

-1) 2 CY-H) (B-l)

where f~(7) = 7"a[l - (2? - I)ln2 + 0.125(7 - I)2]. In Eq. (B-l) N is the number of foil atoms
per cm', Z is the number of electrons per atom, ro = eVmc1 is the classical electron radius, I is the
average ionization energy of the foil atoms, and 7 = (1 — f}2)~v~ is the relativistic factor. For elec-
tron energy greater than 500 keV, the contribution from f"(7) generally can be neglected.
Bremsstrahlung loss can be estimated from

dE(bremsstrahlung)/dx = [(7 - l)Z/800]dE(ionization)/dx .

In the 10 to 30 MeV range, the reduction in the ionization energy loss from the density effect
tends to cancel out the increased bremsstrahlung loss. Therefore, Eq. (B-l) is a good approxima-
tion for the total energy loss.

In addition to the energy loss, the beam electrons are scattered in angle. As discussed by
Bethe," the Moliere theory of multiple scattering yields an equivalent 1/e scattering angle of

O, = Xc(B - 1)"= ,

where B, which is typically 5 to 10, is related to the number of scattering events

(B-2)



Ng - 2n
BOoi I (Z + 1 )Z 1 / 3 I

3* [ A ( J + 3.34Z2a2 /S2)j

66S0DI

B
(B-3)

through the transformation B — in B = NB; p is the foil density in g/cma, t is the foil thickness in
cm, A is the atomic number, and a = hc/e2 is the fine structure constant. The Quantity Xc is due
to Rutherford scattering and is given by

= 4*rN Z(Z (B-4)

In terms of SE = (dE/dx)t and 08, the spread in velocity components in the direction of beam
propagation is

0.5 e»2 + -rs(SE/mc2) .

From Eqs. (B-l) and (B-2) through (B-4), it follows that

0.5 6
—

Y(2

Y"3(5E/mc2)
2n

= Y

and

6E ai 10-a to 10"a MeV

for thin (10 to 50 nm), low Z (4 to 22) anode foils. Thus, megavolt electrons are scattered with
negligible energy loss in passing through the anode foil.

The scattered distribution function can be obtained as a power series in 1/B. The zero and first
order distributions are

go(x) = 2B

and

B"M(x - - Inx] - e* + 21) ,

where x = (6/xc)*/B and Ei(x) is the error function. Figure B-l shows the functions g°(x) and
g'(x) for a 25-iim-thiHs. berylHnm anode foil. Note that g'(x) appears as a slightly narrower Gaus-
sian for angles Xc up to the e point. In fact, a good approximation to the distribution function in
this range is

g'(G) » 2 exp(-GVe.8) ,

where 6. is determined by Eqs. (B-2) through (B-4).
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Fig. B-l.
Example of g°(xJ and gl(x<J for a 25-/im-thick
beryllium anode foil. The expansion parameter
isB = 5.26 for this particular foil.

Xe

With respect to the collective mechanism it will be shown that only those electrons that are
weakly scattered cart contribute significantly to the interaction. It follows that a plausible form
for the local beam momentum distribution function is

- u0) exp(-uJ/uJ)/2aTJ0u,F(uo/u,) , (B-5)

where uo
2 = u£ + u?, u± = T/?O6, U, = -yA^a, and F{x) = exp(-xs) g exp(t2)dt is Dawson's

integral.21 This distribution assumes that the electrons enter the anode foil normally and is thus
azimuthally symmetric. This is a valid assumption near the center of the beam. In general, elec-
trons can enter the anode foil at some angle because of self-magnetic field effects. These effects
are discussed in Sec. III.

Note that the scattered distribution function is only valid for relativistic electrons. Depending
on the foil material and thickness, the distribution breaks down in the 200 to 300 keV range.
Below these energies the scattering is limited Q, * JT/2 and energy ioss dominates. Thus, ex-
tending relatively well-established characteristics of the nonrelativistic interaction to the
relativistic regime is highly dubious.

19



REFERENCES

1. L. E. Thode, "Plasma Heating by Scattered Relativistic Electron Beams: Correlations
Among Experiment, Simulation, and Theory," Phys. Fluids 1®, 831 (1976); see references for
preionized target gas experiments before 1975.

2. D. Prono, B. Ecker, N. Bergstrom, and J. Benford, "Plasma-Retiirn-Current Heating by
Relativistic Electron Beams with v/y ~ 10," Phys. Rev. Lett. 35, 438 (1975).

3. R. Okamura, Y. Nakamura, and N. Kawashima, "Microwave Emission from the Magnetized
Plasma Heated by a Short Pulse Width Relativistic Electron Beam," Institute of Space and
Aeronautical Science Research Note 2 (1975), University of Tokyo, Meguro, Tokyo.

4. A. K. L. Dymoke-Bradshaw, A. E. Dangor, and J. D. Kilkenny, "Plasma Heating by an In-
tense Relativistic Electron Beam," 6th Int. Conf. on Plasma Physics and Controlled Nuclear
Fusion Research (Berchtesgaden, 1976), paper G2-4.

5. B. Jurgens, H. J. Hopraan, P. de Haan, P. C. de Jagher, and J. Kisemaker, "Energy
Transfer of a Relativistic Electron Beam to a Plasma," 6th Int. Conf. on Plasma Physics and
Controlled Nuclear Fusion Research (Berchtesgaden, 1976), paper G2-1.

6. P. Sunka, K. Jungwirth, I. Kovac, V. Piffl, J. Stockel, and J. Ullschmied, "Injection of a
Relativistic Electron Beam into an Inhomogeneous Magnetized Plasma," 6th Int. Conf. on
Plasma Physics and Controlled Nuclear Fusion Research (Berchtesgaden, 1976), paper G2-2.

7. J. Benford, V. Bailey, T. S. T. Young, D. Dakin, B. Ecker, S. Putnam, M. Di. Capua, and R.
Cooper, Physics International Company; D. A. Hammer, K. Gerber, K. R. Chu, and R.
Clark, Naval Research Laboratory; M. Greenspan, J. Sethian, C. Ekdahl, and C. Whartoii,
Cornell University; and L. E. Thode, Los Alamos Scientific Laboratory, "Progress Toward
Relativistic Electron Beam Heating of Magnetically Confined Systems," 6th Int. Conf. on
Plasma Physics and Controlled Nuclear Fusion Research (Berchtesgaden, 1976), paper G2-3.

8. L. E. Thode, "Plasma Heating by Relativistic Electron Beams: Experiment, Simulation,
and Theory," Bull. Am. Phys. Soc. 21, 532 (1976).

9. R. Cooper, Physics International Company, private communication, June 1976.

10. H. R. Jory and A. W. Trivelpiece, "Exact Relativistic Solution for the One-Dimensional
Diode," J. Appl. Phys. 40, 3924 (1969).

11. P. DA. Champney and P. W. Spence, Pulsed Electron Accelerators for Radiography and
Irradiation (Physics International, San Leandio, California).

12. H. Shamel, Y. C. Lee, and G. J. Morales, "Parametric Excitation of Ion Density Fluctua-
tions in the Relativistic Beam-Plasma Interaction," Phys. Fluids 19, 849 (1976).

20



13. L. E. Thode and R. N. Sudan, "Plasna Heating by Relativistic Electron Beams. 1 Two-
Stream Instability," Phys. Fluids 18, 1552 (1975); "Plasma Heating by Relativistic Electron
Beams. II. Return Current Interaction," Phys. Fluids 18, 1564 (1975).

14. M. Lampe and P. Sprangle, "Saturation of the Reiativistic Two-Stream Instability by Elec-
tron Trapping," Phys. Fluids 18, 475 (1975).

15. A. Toepfer and J. Poukey, "Saturation of the Relativistic Beam-Plasma Instability for Ar-
bitrary Density Ratios," Phys. Rev. Lett. A 42, 383 (1973).

16. R. I. Kovtun and A. A. Rukhadze, "Nonlinear Interaction of a Low-Density Relativistic Elec-
tron Beam with a Plasma," Zh. Eskp. Teor. Fiz. 58, 1709 (1970) [Sov. Phys.—JETP 31, 915
(1970)].

17. N. G. Matsiborko, I. N. Onishchenko, V. D. Shapiro, and V. J. Shevchenko, "On Nonlinear
Theory of Instability of a Mono-Energetic Electron Beam in Plasma," Plasma Phys. 14, 591
(1972).

18. L. E. Thode, "Energy Lost by a Relativistic Electron Beam due to Two-Stream Instability,"
Phys. Fluids 19, 305 (1976). This article contains the essential results of Refs. 13-17, and is
the first discussion of the two-dimensional character of the interaction.

19. B. B. Godfrey, W. R. Shanahan, and L. E. Thode, "Linear Theory of a Cold Relativistic
Beam Propagating Along an External Magnetic Field," Phys. Fluids 18, 346 (1975). L. E.
Thode and B. B. Godfrey, "Energy Lost by a Relativistic Electron Beam Propagating Along
an External Magnetic Field," Phys. Fluids 19, 316 (1976). These articles discuss the effect of
the external magnetic field strength. In addition, the determination of the model for the
angular coupling coefficient, including partial numerical simulation, is to be published.

20. L. E. Thode, "The Role of Collisions and Finite Boundary Conditions on the Beam-Plasma
Interaction," Bull. Am. Phys. Soc. 21, 1077 (1976). The effect of collisions and beam injection
was discussed, to be published.

21. W. Gautschi, Handbook of Mathematical Functions, M. Abramowitz and I. A. Stegun, Eds.,
National Bureau of Standards Applied Mathematics Series No. 55 (U.S. Government
Printing Office, Washington, DC, 1964), p. 319.

22. R. C. Davidson, Theory of Nonneutral Plasmas, (W. A. Benjamin, Massachusetts, 1974),
p. 80.

23. R. R. Birkhoff, Handbuch der Physik, (Springer, Berlin, 1958), Vol. 34, p. 53.

24. H. A. Bethe, "Molie're's Theory of Multiple Scattering," Phys. Rev. 88, 1256 (1953).

21


