
INSTITUTE OF PLASMA PHYSICS

NAGOYA UNIVERSITY

Skin Effect of Microwaves and Transverse

Pseudowaves in Plasmas

i

Kazuo Minami ;

IPPJ-306 September 1977 /

RESEARCH REPORT

NAGOYA, JAPAN



Skin Effect of Microwaves and Transverse

Pseudowaves in Plasmas

Kazuo Minami

IPPJ-306 September 1977

Further communication about this report is to be sent

to the Research Information Center,, Institute of Plasma

Physics, Nagoya University, Nagoya, Japan.

Department of Electrical and Electronic Engineering,

Tokyo Institute of Technology, Tokyo, 152, Japan,



Synopsis

Using linearized Vlasov-Maxwell equations, the skin

effect of microwaves and transverse pseudowaves excited by

an idealized grid antenna in plasmas are analyzed. It is

shown that the latter is predominant over the former, in

such a plasma that u v./uc ̂  1, where w and to are the plasma

and microwave angular frequencies, v. and a are the electron

thermal and light velocities, respectively.
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§1 Introduction

Pseudowaves or free streaming in plasmas have been ex-

tensively studied by many authors theoretically as well as

1 9)experimentally. The interest hes been limited in such

a case that the direction of polarization of electric field

coincides with that of the propagation, i.e., longitudinal

pseudowaves (Jl-pseudowaves, hereafter). However, the direc-

tion of polarization, in.general, can be arbitrary. In other

words, the transverse pseudowaves (t-pseudowaves, hereafter)

whose polarization is perpendicular to the direction of pro-

pagation can be expected in plasmas. In this paper, the skin

effect of microwaves is analyzed where the influence of t-

pseudowaves can be significant.

In §2, the possibilities of the excitation o f t - and

£-pseudowaves are evaluated by qualitative considerations.

In §3, the skin effect of microwaves caused by an idealized

grid antenna is analyzed in some detail. The cold plasma

model for conductivity is used. The effect of t-pseudowaves

is discussed. The analysis is extended to the hot plasma

model for conductivity in §4. Examples of the numerical cal-

culations are also shown. Discussions are given in §5.

§2 Qualitative Considerations of Waves and Pseudowaves

When the terminology "wave" is used, one assumes implic-

itly that it propagates far beyond the distance over which

the constituents of the medium oscillate. In plasmas, how-

ever, the particles have random thermal speeds which can

bs, sometimes, even greater than the phase velocities of the
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waves. Pseudowaves become important when both velocities

are of the same order. Consider a pair of antennas iuimersed

in a plasma. We launch an BF signal from one antenna (exciter)

and receive it by the other (receiver). The particles modu-

lated by the RF signal at the exciter may directly impinge

into the receiver because of the thermal motions and little

collisions between the particles. This phenomenon is called

"pseudowaves". The Coulomb interactions between the modulated

charged particles cause a collective oscillations of the

plasma, i.e., true "waves". Waves and pseudowaves can co-

exist in plasmas. The latter can occur even in rarefied

neutral gases, if the modulation by an exciter and the detec-

tion by a receiver are possible. Pseudowaves can exist

without attenuation in a "beam", where the modulated particles

have a directed beam velocity. In plasmas, however, the

modulation at the exciter is rapidly randomized as the par-

ticles leave the exciter, because of the thermal motions.

In other words, pseudowaves attenuate strongly in the plasma.

Next, we roughly estimate the attenuation distance of the

pseudowaves in plasmas. The velocity modulation at the ex-

citer is assumed to be much smaller than the thermal velocity,

v , of the particles. The phase of the modulation by the

exciter can remain undisturbed, at least, for a time 2/u.

The particles leave the exciter, on an average, at the

velocity v . Thus, the attenuation distance of the pseudo-

waves may be of the order of y A>. When u./w is considerably

smaller than the distance between the exciter and the receiver,
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the pseudowaves are not important to the wave propagations

with little attenuation. In the past, the pseudowaves caused

some confusion in experimental identifications of the ob-

served waves with the small-amplitude electron plasma and/

or ion acoustic"waves . It should be pointed out that the

pseudowaves may be important also in the case of nonlinear

wave propagation, since the attenuation distance of the

pseudowaves may increase as the velocity modulation at the

exciter increases.

I examine, in some detail, the possibility to excite

the ifr-pseudowaves with a small velocity modulation by an RF

signal applied to an ideal mesh grid. The grid is made of

an extremely thin plane mesh of a characteristic side dimen-

sion R, which is biased at the plasma potential. We assume

that the grid is completely transparent and that only the

electrons can respond to the RF signal of an angular frequen-

cy co applied to the grid. The electrons near the exciter suffer

only the velocity modulation parallel to the direction of

the plane, if w is small such that the wavelength of light

in vacuum, Xo (=2ire/io) , is much greater than R, where c is

the velocity of light. In this case, longitudinal waves

(Jl-waves, hereafter) and Jl-pseudowaves can be excited.

However, the velocity modulation perpendicular to the di-

rection of the plane becomes significant, as u increases

such that Xo=i?. In such a case, transverse waves (electro-

magnetic plasma waves) and it-waves (electron plasma waves) ,

t- and Jl-pseudowaves are, in general, excited by the grid
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exciter at the same time. It is the purpose of this section

to discuss the efficiencies of the excitation and the atten-

uation distances of these waves and pseudowaves.

First, we prove that \E./EA « 1, where E, and 2?. are BF

electric fields at the exciter, respectively, transverse and

longitudinal with regard to the direction of the plane of

the exciter. Roughly, the BF signal penetrates into the plas-

ma at a distance L of the order several times of the Debye

longth, X . When L « R « \o is valid in laboratory experiments

of wave propagations, it can be shown that \E./EB\ - 4T\ZLR/\O
Z

« 1. Then, the longitudinal velocity modulation is much

greater than the transverse one. Next, I consider the atten-

uation distances of waves and pseudowaves in two cases, w <u

and w >u, separately, where u> is the plasma frequency. In

the case w < w, the SL-wave and the t-wave are excited at the
P

same time if \O-H. The amplitude of the velocity modula-

tion is greater in the former than in the latter, because

\E,/E~\ « 1 . Then, the £-wave is predominant over the t-wave

near the exciter. However, the I-wave may suffer Landau damp-

ing, whereas the t-wave propagates with little attenuation.
As the distance from the exciter increases, the latter becomes

n
Tn -hhe case i_

P
skin effects of longitudinal and transverse fields, respec-

domina^t. In the case w^ > w, waves cannot propagate, and the

tively, occur in the plasma near the exciter. The skin depths

defined by dB and d, due to both fields are, respectively,

u./Cio2 - ui2)1/2 and «/fw2 - to2,)1/2. In a case w » w, one obtains
t p p p

that d0 = v ./Co = Xn and d. = e/u . It is obvious that d. » d„ ,
A/ V p U V p t J C

since d} is equal to the Debye length. Then, the longitudinal

- 5 -



skin effect can not be observed, whereas transverse skin ef-

fect can be significant enough to detect in real experi-

3 4)
ments. ' . On the other hand, the SL-/knd t-pseudowaves have

the attenuation distance y /w, as is discussed previously.

It is concluded that transverse skin effect and Si- and t-

pseudowaves is important in the ca&o w > us . The extinctions

given above are summarized in Table 1. As is shown in the

Table, in the case u> <u, the £-pseudowave can be important

to the propagation of the Jl-wave with serious Landau damping.

This is the case discussed by Hirshfield and Jacob

However, it was not pointed out in the past that, in the case

o> > (o , A- and/or t-p^seudowaves may be important in the de-

tection of the skin effect of the transverse field, since

u^/w can be even greater than c/w in high-temperature plas-

mas. In the subsequent sections, analyses are made for an

idealized boundary value problem on the skin effect of the

transverse field and the t-pseudowaves.

§3 Analysis on the Skin Effect of Transverse Field and the

Transverse Pseudowaves

I calculate the steady-state RF current J (s) , in a
x

uniform collisionless plasma, caused by an external trans-

verse field E . (s) which is polarized in a; direction on the

x-y plane. We confine our attention in the case w » w. Then,

we can neglect the displacement current in the plasma. The

amplitude of velocity modulation of the electrons is assumed

to be much smaller than v •
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The Maxwell wave equation is given by

l ^ + ̂ E , = -ia>Mo<rEx ,

where a and E^(z) are, respectively, the conductivity and

the self-consistent RF field in the plasma. Fourier trans-

forming egs. (1) and (2), we get the following experssions,

(3)

1 .
where denotes the Fourier transformed quantities.

Substituting eq. (3) into a linearized Vlasov equation,

the Fourier transformed quantity of the perturbed distribu-

tion function, /, {k), is given as

Inversely transforining eq. (5) , one obtains

I assume, for simplicity, that S .(s) is the form EoS(z)

exp(-uit) . Therefore, one obtaines E .(k) =EO. Thus, eq.

(6) becomes
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(7)

where u(v3) is the step function, and &, is the root of

e(k) =0. In this section, I adopt a cold plasma model for

a, which is given by iezN/v>m, where i\p is the plasma density.

Then, eg.(4) is expressed as

eck) - 1

Substituting eg.(8) into eg.(7), one obtains the RF current

density J (2) in the plasma,
id

net, dte

where f0 (v) is assumed to be an isotropic Maxwellian dis-

tribution function. The first and second terms of the right-

hand side of eg.(9) are, respectively, the t- pseudowave and

the skin effect. The first term is approximately-calculated

by the method of steepest descents . The integrand has the

saddle point at t = b1^3e'1 in the fourth guadrant of the

complex t plane, where £> denotes the normalized distance

taz/2v,. The final form of J (g) is expressed as
4* ' 2C

L{ lX2

(10)
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where •̂ =u)pû ./u)<3 and Z is the plasma dispersion function

In eq.(10), the plasma parameters, i.e., the electron density

and temperature, are included in a form of combined parameter

X. The second term of eq.(10) is an exponential function of

the normalized distance b, whereas the first one decreases

more slowly with b than the second one. Then, it is ex-

pected that the I- pseudowave becomes predominant over the

skin effect for a large b, no matter how the skin effect is

dominant at small b. However, since the both terms are rapid-

ly decreasing functions of b, it is not physically important

to discuss the far field patterns where b»l. Then, I con-

fine my attention to the fields at h not much greater than

unity. I compare the relative magnitudes of both terms at

b=l, where the t-pseudowave can exist, as was discussed in

§2. The ratio of the both terms at b=\ is given for #«1 by

where the relationship, ; Z(-i/X) = i2-n1/f2 -iX, has been used

neglecting the higher order terms. Thus, the effect of the

t-pseudowave increases with increasing x, when 3f«lr although

the skin effect is predominant over the t-pseudowave.

In Fig. 1, an example of Jx(z) in the plasma numerically

calculated from eq. (10) are shown for A"=0.3. As is shown in

Fig.l, the term of the t-pseudowave can be negligibly small

compared with that of skin effect for j«l, whereas the former

may become significant for x^X- It should be emphasized, how-

ever, that, in eq.(10), the cold plasma approximation, i.e..
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X«l is used for the dielectric function E given eg. (8).

Thus, we have to reconsider th.2 case that X :'.s not much

smaller than unity, using a hot plasma theory. The con-

clusion of this section is that the ="!tiplitude of the t-

pseudowaves is much smaller than that of the skin effect,

as long as X «1.

§4 Improvement of the Analysis Using the Hot Plasma Theory

We apply hot plasma treatment for the dielectric func-

tion e, where X can be arbitrary. Equation (8) should be

8)
replaced by

CO C0p
2 ry / CO +£ V \

_P / / J. w \ (11)

where the upper and the lower signs correspond, respectively,

to the domain Im[(m+ iv) /o^k] >0 and < 0 in the complex k

plane. In eq.(11), the phenomenological collision frequency

v between the electrons and the ions is introduced to clarify

a subtle physical situation, although we take a limit v = 0

afterwards. Equation (11) shows that the dielectric function

in the hot plasma theory is no longer analytic in the whole

complex k plane. Then, we have to calculate the contribution

from the branch cut integral in addition to the dielectric

pole fc, and the pseudowave pole w/u in order to evaluate

f1(v) given by eq.(6). The branch cut initially the straight

line given by tan6 = v/w where 6 is the argument in the com-

plex k plane. To calculate the branch cut integral, v;e
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deform the path of the integral so as to pass through

the saddle point &s given by wfc'
1/3 v± ~

l exp{iij/6) . The

path of the integral is shown in Fig.'2. Then, eq.(7) should

be replaced by the following exprssion.

exp ( i k z - coV ir±2 k*)
ok

%

(12)

where e (k ) = 0, and the third term is the branch cut integ-

ral shown in Fig. 2. Here, the relationship , Z(X>) + Z(-t,) =

i2yl'/i expf-s2j, has been used to derive eq.(12).

We briefly summarize the properties of the root, k , of
81

the equation, £_('k1) =0 analyzed by Weibel. It has a ^ure

imaginary root, because of the formula ReZ(x + iy) =

ReZ(-x + iy) for x = 0. For X»l,the root k1 is obtained ap-

proximately as

since Zf-u/Lti J tends to is ' . Equation (13) shows that fe7

is independent of the density in extremely hot and dense

plasmas. For Z « 1, the root k1 is approximately given by

t • aj \
Kj ^ t —

(14)

It should be noted that \k \ given by eq.(14) is smaller than

that of cold plasma limit, i.e., k% =im /c that k̂  eventually

'aJT
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tends to eg. (13) which is roughly ita/o, as X increases. In

Fig. 3, the numerical solution fc of e (kj) =0 normalized by

iin/c is plotted as a function of (m /IM)2 and v./o. The

dashed lines shows the values of j; = u u./aie. It is shown
P *

in Fig. 3 that the hot plasma correction is limited to de-

crease |k^ | by an amount no more than several tens of

percent from the cold plasma limit. In other words, eq.(13)

is not likely to hold accurately in the real plasmas, as far

as non-relativistic hot plasma theory is concerned. This

is because the solution of t_(k1) = 0 is not determined by

X = tn v^/uc, but by a) /to and v^/a. Then, eq. (13) may not be

a good approximation even for X » 1.

Next, e+(k) has no zeros in the domain below the line

tan9 = v/o) in the complex k plane. The root of e (k) =0 be-

comes important in magnetized plasmas as was pointed out by
9)

Drummond . In fact, it is related to the dispersion rela-

tion of whistler waves. It is noted, however, that we have

to take into account the root of e (k) = 0 in highly colli-

sional plasmas such as v/w>:z even in unmagnetized plasmas.

Since we consider here a collisionless plasma, we assume

that £ (k) ĵ O in our calculation. We calculate J (s) using

eq.(12). After somewhat tedious calculations, we obtain the

final result, instead of eq.(10), as
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where, t1-k1/ko, ko = u/o, £. = vt/a, and tg = k^/k,,.

The first, second and third terms of eq.(15) correspond,

respectively to the *-pseudowaves, the skin effect and the

branch cut integral. The first and second terms tend to

eq.(10) in the case that y goes to zero, whereas the last

term vanishes in the cold plasma limit. It should be noted

that the parameters (ta /m)2, v./o and b must be given to
P *

calculate J (s) , whereas u> u ./we and b are enough to deter-

mine J (s) in the cold plasma theory, i.e., eq.(10).

In Fig. 4, examples of J (s) numerically calculated
cc

from eq.(15) are shown in the cases of (a) fw /m)z =ZOO,

V
V./T = 0.1 and hence X=l.?3; (b) fu> /tn)z=1000, v,/a = 0.S
v p V

and hence X= 9.49. Note that the plasma parameters used

here are exterme ones. The dinsity N and the electron tem-

perature 1 are, respectively, N = 1013 ^3x 10-lu (om~3) and

Te- 3 x 107 -h 3 x ioB(K) , if a) = 10ia(Hz) is assumed. As is

shown in Fig. 4, the t-pseudowave and/or the contribution

of branch cut integral are predominant for b>^ 1 over the skin

effect in which the hot plasma correction is included. In

conclusion, the amplitude of the t-pseudowave may be greater

than that of the skin effect, if X>_1.

§5 Discussions

In the previous section, the current J (2) in the plasma
31

is calculated by using the hot plasma theory. The result is
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not grossly dissimilar to that by Olson who analyzed the

excitation of whistler waves in magnetized plasmas.

The physical interpretation of the branch'cut integral

is beyond the scope of the presnt analysis. All we can in-

fer are that it is- something inherent to the hot plasma theo-

8)
ry. Weibel analyzed the skin effect of electromagnetic

fields in a uniform semi-infinite plasma, by assuming the

specular reflection of electrons at the boundary. His re-

sult, i.e., eq.(14) in Ref 8, includes the terms of the skin

effect and the branch cut integral. The branch cut integral

in the present analysis may be similar to Weibel1s result.

The collision frequency v between electrons and ions is

ignored in the present analysis. Then, the analysis is val-

id when v « u , although we consider a high density plasma

such as co « to . The assumption v « to , however, holds for a

wide range of parameters in real plasmas. For example, v/w

is calculated , respectively, as 1.1* 10'* and 1.4*10~7

for the plasma parameters used in Fig. 4 (a) and <b), if

w> = 10la is assumed.

In §3 and 4, the effect of i-pseudowaves was ignored to

simplify the analysis. In §2, however, it was shown that the

amplitude of £-pseudowaves was mostly greater than that of t-

pseudowaves, since \E./E~ \ « 1. It should be emphasized that

the effects of the pseudowave and/or the branch cut integral

may become more serious than the present result, if the lon-

gitudinal velocity modulation by E. is taken into account.

In 1961, Takeda and Roux proposed the microwave re-

flecbion method by which the plasma densities such as a) < w
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can be sensitively measured under some experimental condi-

tions. This method is successfully applied to obtain

3 4)various experimental results ' inherent to hot plasmas.

The preset analysis may be suggestive to clarify the range

of applicability of the microwave reflection method, although

the model of the former is considerably different from that

of the latter. Namely, the present analysis shows that the

skin effect is dominant in a plasma such as u v,/uia<_ 1.
p v —

Since the microwave reflection method is based on the skin

effect, the condition UJ v /uio - 1 may give the upper limit of
P c

the plasma density for which the method is applicable.
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Figure Captions

Fig. 1 The current J (s) versus the normalized distance

Sv., in the plasma for w v./u>a = 0.3. The cold
"V p ~C

plasma approximation, j.e., eq.(10) is used. The

solid and the dashed lines are, respectively, J (s)

for the skin effect and the t-pseudowave. The

chained line denotes the absolute value of real part

of the t-pseudowave.

Fig. 2 The deformed path of integral in eg.(12), which

passes through the saddle point at (mb~l/3v ~l)

expfiir/6) .

Fig. 3 The solution & of e Ck.) = 0 normalized by ko( = m/a)

versus v./a for various Co

are the values of w Vt/u>c.

versus v./a for various (m /wj 2. The dashed lines
t p

Fig. 4 The current J (s) versus the normalized distance

uz/2v, for; (a) (ta /ui)2 = 300, v./a =0.1 and hence
u p V

u> v ./mo = 1.73;

(b) fw /m)2 = 10001 v /a = 0. 3 and hence

to v./ma=9.49. In each figure, the
P v

solid and the dashed lines are, respectively, the

J (s) for the skin effect and the t-pseudowave. The

dotted and the chained lines denote, respectively,

the absolute value and real part of the branch cut

integral.
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Table Caption

Table 1 Characteristic distances of the electron plasma

wave, the electromagnetic plasma wave, the H- and

t-pseudowaves. Here, Yr"1 denotes the attenuation

distance of plasma waves caused by Landau damping.

It is shown that, for u <w, the A-pseudowave can

be important to the propagation of the electron

plasma waves, whereas, for cu <u, the i-pseudowaves

can become comparable to the skin effect of elec-

tromagnetic fields in the plasmas.
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Table 1

Attenuation Distance Efficiency of

Excitation by

to > (D to < w a Grid

£-wave yT
 1 v./u> large

i-wave i> <*> a/m small
P

A-pseudowave large
w. / u

t-pseudowave small


