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ABSTRACT

Faaddeev equations for the three-body problem are reconsidered using

separable two-body interactions. The separable potentials reduce the Faddeev

equations to coupled integral equations in one continuous variable. Numerical

calculations for the resulting integral equations are carried out using

separable two-body interactions vhich include both attraction and repulsion

potentials. Each of the separable attraction and repulsion potentials used

is taken as a spin-dependent central force together with tensor forces.

The potential functions of the different parts of the two-body interactions

are takers to be of the Yamaguchi, Gaussian, Tabakin, Mongan and Reid forms.

Each of ths nuclei Li , Be and C is taken to be composed of three particles

according to the cluster structure description of nuclei. The binding energies

of the nuclei Li, Be and C are calculated as a three-body problem and

in the framework of the Paddeev formalism.
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I. INTRODUCTION

11,21

sidered Li , Be and C nuclei as composed of three particles

The alpha cluster-model ' 3.3- h^sed on the aaaumption that the alpha

particle is taken as a single structureless entity. this assumption of the

alpha cluster model cons-liters the fact that the alpha particle is more tightly

bound with an unusual stable structure. Thus, the alpha particles *r.e treated

as rigid entities vithout internal structure. The structure of light nuclei

is explained with some success using the alpha cluster model. In the present

Vork, the alpha cluster model is used in describing the structures of the bound

states of the Li , 9Be and 1 2C nuclei. With this model, the Li nucleus is

described as consisting of an alpha particle, a proton and a neutron. The
a

structure of the Be nucleus is considered as composed of two alpha particles
12

and a neutron. The structure of the C nucleus is taken as composed of three

alpha particles. Thus, the alpha cluster model presents each of the con-

So, the con-

struction of the bound states of each of these nuclei as composed of three

particles is very useful for studying each one of them as a three-body problem.

3) I*)
The development of the three-body techniques through the Faddeev '

and Lovelace formalisms brought out the interesting problem of light nuclei

to be looked upon as three-body structures. The bound state of light nuclei i s
6) 7)

studied as a three-body problem by Wackman and Austern and Barsella et a l .
using a variational treatment. Three-body Faddeev and Lovelace formalisms
have been applied for light nuclei by Harrington , Wong and Osman
Another method,known as the "wave function method", is suggested by Mitra
and Eyges to describe the three-body systems, and It is employed and applied
by Leung and Park . Three-body model treatments for light nuclei have been
introduced by different authors

In the present work, the hound Btates of the nuclei Li , Be and C
are considered. The construction of each of these nuclei is based on the
alpha-particle model. According to this model, the bound state of the Li
nucleus is composed of an alpha par t ic le , a proton and a neutron. The hound

9state of the Be nucleus Is considered as two alpha particles and a neutron.
12The bound state of the C nucleus is taken as bound three alpha part ic les .

Thus, due to th is model construction, the bound state of each of the nuclei

Li , Be and C is studied as a three-body problem. In the present cal-

culations we follow the Faddeev formalism and the Lovelace formulations.

The Faddeev equations present an exact solution of the three-body problem.

These equations are a well-behaved set of three-body equations involving the

two-body T matrix rather than the potential. Using separable potentials, the
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Faddeev equations reduce to coupled integral equations in one continuous

variable.

In this work, we 3tudy the Li , Be and C nuclei, each of which is

taken as a three—Body problem. Direct numerical calculations are performed

for the resulting integral equations from the Faddeev equations. In the

present calculations ve use separable two-body interactions, which include hoth

attraction and repulsion potentials. Each of these separable attraction and

•repulsion potentials we use includes spin-dependent central forces together

Tfitn- tensor forces. The spin-orbit terms are small and are taken in a way

that they fit the corresponding phase shifts. A suitable separable form for
2k)

the nueleon-alpha interact ion i s Introduced by Mitra e t a l . and is applied

by Osman 1 2 ' > 1 3 ' i n extract ing the binding energies of l ight nuclei . The

separable alpha-alpha interact ions are obtained by f i t t i n g the alpha-alpha

scat ter ing length and effective range, since the alpha par t ic les are considered

as r ig id e n t i t i e s without internal s t ructure . In the present calculations we

uae for the potent ia l functions of the different par t s of the two-body in t e r -

rms

p y

actions the different forms of the Yamaguchi . Gaussian, Tabakin ,

Mongan °''Z' ̂ a Held potentials. In the cases of proton-alpha and

alpha-alpha Interactions, furthermore, the effect of the Coulomb forces are

t&ien iato account. The effects of inclusion of Coulomb forces and also

of tensor forces are found * to be important and should be taken into

account.

In Sec.II,the Faddeev equations, the separable T matrices and the three-

body integral equations are introduced. In Sec.Ill, numerical calculations

and results are given. Sec.IV is devoted to discusison and conclusions.

I I . SEPARABLE T MATRICES AHD THREE-BODY INTEGRAL EQUATIONS

•2) k l
Faddeev * introduced an exact solution of the three-body problem

in a matrix form. The Faddeev equations form a well-behaved set of three-

body equations involving the two-body T matrix. The set of the Faddeev

integral equations Is a rearrangement of the Lippmann-Schwinger equations.

The T metrix is obtained by solving the equation

T(E) T(E) (1)

vhere V is the two-body interaction. Qn(E) is the Green function given as
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O Q (El = (E - ^ l " 1 , (2)

and E Q is the kinetic energy operator.

Eq. (jj could be written by using the notations introduced by Lovelace aa

V (p,k) k T tfc,q;E)
(3)

Consider that |nHm)> is the eigenstate of HQ , and that |

the solution of the eigenvalue equation

i s

with

GQ(E) V(E)|

= V - Vjn«,m> < nlm| V|ni

X
n ( , ( E >

Thus the elgenfunction |iC j ( E ) ^ introduced as

|#njl{J!)> = |nilm> - | <PnJl(E)> ,

is the solution of the Schrodinger equation for a potential with strength

A~ (E) . The strength of such a potential has been chosen in such a way

the wave function becomes free at large distances. Then we obtain the :.

separable expansion of the potential as follows:

(5)

(6)

and.since the eigenfunctions form a complete set, then

(8)

Also, with straightforward mathematics, a separable expansion for the

T matrix is given by

T(E) = T(E)|nHm> <nJlm|T{E) S n ^ ' 1 < n T(E) ,

where

(10)

Kowalski and Noyes suggested a separable approximation which Is

given by the first term of Bq.{9). Also Puda 3 5 ) introduced a similar

separable expansion for the T matrix.
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Eqs. (9) and (10) present a separable expansion for the T matrix.

Using separable two-body interactions together with the separable expansion

for the T matrix, the Faddeev equations are given by coupled integral

equations in one continuous variable. These integral equations are obtained

after lengthy but straightforward mathematical work, which has no place here.

Hie detailed notations and expressions for the resulting three-body integral

equations are given by us 1 B Bef.13 by Eqs. (l5)-(l8).

III. NUMERICAL CALCULATIONS AND RESULTS

The three-body binding energies are obtained by numerical solution of
the three-body integral equations. Separable two-body interactions simplify
the solutions. We use» in the present vork, separable two-body interactions
of the Yamaguchi, Gaussian, Tabakin, Mongan and alsn of the Reid forms.
The different values of the different parameters of these two-body potentials
are taken to f i t the corresponding phase shif ts . The potentials considered
here are l is ted in Table I along with the relative references and the sets
of phase shifts to which they were f i t ted . All the potentials are sums of
partial-vave components, including the S , P and D wavea.and in the case of
the Mongan form, i t extends to include channels up to J = h. Each part ia l
wave has two teras which stand for attraction and repulsion potentials.
Each par t ia l wave also includes tensor forceB. With the above-mentioned
potentials , the three-body ground energies are calculated with a very high
accuracy, using only a very limited number of summation terms. In our calcul-
ations we apply the well-behaved Schmidt-Hilbert theory of integral

equations. In the numerical calculations of the three-body integral
equations, we use a 2U-point Gaussian Integration. The integral equation
is converted into a matrix eigenvalue equation by choosing appropriate weights
and abscissas for the rapid convergence at infinity. The eigenvalues are
given as a function of the energy. The three-body bound-state energies are
those values of the energy for which the matrix eigenvalue takes the value
one.

In the present work, we apply the Paddeev-Lovelace formalism using

this method In calculating the binding energies of the nuclei Li , Be and
12

C . The structure of these nuclei is described on the basis of the alpha-

cluster model. The Li nucleus is taken as composed of an alpha particle,
o

a proton and a neutron. The Be nucleus is considered as composed of two
12

alpha particles and a neutron. The C nucleus is taken as a tlirse—alpha
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particle system. The nuclear •binding energies are calculated by the above-

mentioned method. The values calculated here are only "the nuclear ground

state energies. To obtain the actual values, Coulomb energies resulting

from Coulomb repulsion should be added. Adding the corrections due to

Coulomb energies to the theoretically calculated values, we obtain the actual

three-body ground-state energies. TEie results of the" three-body binding

energies of the Li , 9Be and C nuclei using the different two-body Inter-

actions are listed in Table II. The present theoretically calculated values

of the binding energies can be compared vith the experimental values .

A glance at Table II shovs that our theoretically calculated values for the

ground-state energies for the Li , Be and C nuclei are quite reasonable

and in good agreement with the experimentally observed values.

IV. DISCUSSION AND CONCLUSION

The present separable expansion of the T matrix converges rapidly.

The nearness of the three-body binding energies of the cases considered here,

Li , Be and C , to the deuteron binding energy leads to a rapid convergence

of the results for the three-body binding energies. In the present calcul-

ations we use different forms of the separable two-body interactions. The

separable potentials simplify the three-body T matrix calculations. The

Yamaguchi potential is taken as purely attractive, while the other potentials

used contain both attraction and repulsion. The type of potential used here

having attraction and repulsion incorporated, reduces the number of

separable terms needed to reproduce the two-body data, which in turn simplifies

the three-body calculations.

In the present three-body model for the LI , Be and C nuclei, the

alpha-cluster model is used by taking the alpha particles as rigid entities.

The main concern of the present calculations are the nuclear binding energies,

but rough estimates are also given for the Coulomb energies. However,

accurate treatment of the Coulomb forces could be carried out by treating

the pure Coulomb T matrix in the integral equation. Explicit treatment

of the pure Coulomb T matrix ig found to improve the values of the

binding energies. As regards the size effect of the alpha particle, it is

already included,in that the repulsive parts of the potentials originate from

the exclusion principle operating between two composite particles.

Thus, with the present model, we have a consistent picture of the Li ,
12

!e and C nuclei. From the present calculations we deduce the binding
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energies from the theory which employs only the two-body data. This means

that the present model provides a good description of the composition of the

nuclei Li , Be and C. Also, in the present calculations the ?addeev

equations are solved with two-body T matrix. A glance at Table II for

the theoretically calculated values of the binding energies shows that they

are in agreement with the experimentally observed values.
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TABLE I

Tvo-hoay potentials considered In th i s paper and the phase ahifta to vbich

they vere fitted

Potential

YamagTichi

Gaussian

Tabakin

Mongan

Reid

Reference

Ref.

Ref.

Refs

Refs

Ref.

25

13

26,

2 9 ,

30

27

28

Phas«

Values of

Values of

: shifts fitted to

parameters in

parameters in

Yale (1962), Ref. 36

Liveraore

Values of

(1968), Ref.

parameters in

Ref.

Ref.

37

Ref.

13

13

38

TABLE II

Calculated binding energies in (MeV)

Nucleus

6Li

9Be

12c

Yamaguchi

5.812

1.932

7.1*91

Gaussian

5.S97

1.1*25

5.723

Tabakin

1*.972

1.726

7.1*ll*

Mongan

1*.718

1.693

7.319

Reid

1*.829

1.701

7.398

Exp.

!*.53

1.57

7.28




