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ABSTRACT

The coupled spin-2-spin-r- system (supergravity) i s expressed in Cartan's
^ 3

geometrical language of differential forms. The spin-p- field i s introduced
throvigh a canonical spinor differential one-form. Two points are discussed:
the introduction of higher spin fields and the origin of local supersymmetry.
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1. Much interest has been devoted recently to the spin-2-spin-—

system (the so-callea supergravity theory). This system is presented as a

generally covwiant theory admitting local supersynmetry
2 )

The spin-2

particle (graviton) and the spin-|- particle are considered as members of the

same supermultiplet. The spin-^j- particle is interpreted as the gauge field

of local supersymmetry. This interpretation, however, does not seem to be

complete, because the theory is not derived through standard gauge

group methods . Nevertheless, the theory presents some attractive

features , the most important of which is that i t could provide a renormal-

izable interaction of gravity with matter. Actually, higher order computa-

tions have revealed remarkable cancellations of divergences. This a t t rac t -
6")

ive feature was enough to have excited the construction of various extensions

of the theory, a l l suffering, however, from the same incompleteness.

2. The interaction of gravity with spinor matter finds an elegant t r ea t -

ment in Cartan's geometrical formalism . The vierbein is introduced

through a canonical differential one-form transforming as a vector under local

Lorentz transformations. A connection differential one-form (the components

of which represent gauge fields of local Lorentz transformations), provides
9)the minimal coupling of gravity with spinors. Whereas i t Is well known

how the language of differential forms provides an elegant description of the
equations of eleetromagtietism and gravitation, not much of i t has been
exploited in general Lagrangian field theory. Actually many of the
elementary fields and their gauge and gravitational interactions can be des-
cribed at the Lagrangian level through the use of differential forms. The
scalar (scalar zero-form), the Maxwell and the Yang-Mills (scalar one-forms),
the DIrac (spinor zero-form) and the vierbein (vector one-form) fields already
f i t into this description through canonical forms.

3. In the following we shall i l lus t ra te how the apln-^" is coupled to the
gravitational field, making use of the above-mentioned geometrical description.
We begin by introducing the usual canonical one-farm e , the connection one-
form U)a, together with the spinor one-form i> ,

U)

9)These differential forms obey the standard rules of exterior differentiation
and exterior multiplication. The eovariaot differentials of the one-forms ( l )

are defined by
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De a de — = Ta

(2)

where "d" denotes the usual exterior differential. The Lorentz metric

TI achieves the raising and lowering operations. Eqs.(2) define, respect-

ively, the torsion two-form T a , the curvature two-form R and the "spinor

torsion" two-form W

To construct a Lagrangian density, one seeks a. Lorentz scalar four-

form. Consequently this requires the definition of the aual forms. For

bosonie forms, the duals are defined using the totally antisymmetric Levi-

Civita tensor e , . For example, the dual of the two-form

* dxv (3)t b a b
A e = e,. eo

is defined as the two-form (with a star label)

. t a bY au
! e A e ) = «u v X pe e

where e^* is the inverse of the vierbein

(1+)

(5)

The definition of the dual should reverse the parity type. The Dirac y

matrix does this for spinors. Thus, the dual of the two-form

is defined by the two-fora

where TJia is the hermit!an adjoint of I(J .

(6)

(7)

The Lagrangian density for the spin-2-spin-r- generally covariant system

(8)

Substituting the expressions (l)-(7) and using the relation

A dxp - det(e ) e ^ P d \ , (9)A <lxV
 A
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we obtain the familiar action

A =

1)

where

det e

D i> = U + i u *
v v h i u

(10)

( I D

A covariant mass term for the spin—— particle can be added

det(e) . m ijr
(12}

where y = y c .

k. It has been our purpose in this note to add the spin—— particle to

the set of other particles that acquire an elegant description in Cartan's

geometrical framework for gauge and gravitational interactions. The question

of including particles of higher spin (> 2) in this framework is a pro-

blem worth investigating. Whereas the standard approach is to represent

fields of higher spin by totally symmetric tensors, the differential form

description represents these field3 through Lorentz tensor one-forms (vierbein-
12)

like). In the case of the vierbein,the antisymmetric part is eliminated

by exploiting Lorentz; gauge invariance. This problem is yet to be solved for

higher spin fields. On the other hand, internal symmetries can .be implemented

in this framework. One can, for instance, give the SL(6,c) theory

geometrical language.

i n

5. The spin-4 field is described above through a canonical differential
1)spinor one-form. Mo local supersymmetry is implied, however. If the

spin-j field is to be the gauge field of local supersymmetry, then in a.

geometrical description i t should be introduced through a connection form.

This description, however, cannot receive i ts complete structure without the

superspace approach * . In that approach, a connection-form correspond-

ing to local Lorenta transformation is introduced, together with a spinor and

a vector one-form corresponding to super- and space-time translations

respectively. The components of these forms are superfields. We think that

this approach may resolve not only the problem of local supersymmetry but
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also the question of including higher spin fields in a geometrical framevork.
This should be possible since there are more gauge degrees of freedom.
Work along this line is in progress.

ACKNOWLEDGMENTS

The author would like to thank Drs. A. Chamseaaine and J. Strathde*

for stimulating discussions. He is also grateful to Professor Abdus Sals*,

the International Atomic Energy Agency and U8ESC0 for hospitality at the

International Centre for Theoretical Physics, Trieste.

REFT3FENCES

1) D.Z. Freedman and P . van Nieuventaizen, Phys. Rev. Dl^, 912 (1976);

D.Z. Freedman, P . van Nieuwennuizen and S. F e r r a r a , Phys. Eev. P13,

32J.li (1976);

S. Deser and B. Zumino, Phya. L e t t e r s 623, 335 (1976).

2) B. Zumino, lecture presented at Conference on Gauge Theories and

Modern Field Theory, Northeastern University, September 1975;

CERN preprint TK.2120.

3) E. Abers and B.tf, Lee, Physics Reports <?£.> 1 (19T3).

h) D.Z. Freedman and P. van Nieuwenhuiaen, Eef.l ;

Ashok Das and D.Z. Freedman, Stony Brook University preprint ITP-SB-

76-35.

5) P. van Nieuvenhuisen and J.A.M. Vermaseren, Stony Brook University
preprint I1P-SB-76-UU, September 1976;

M.T. Grisaru, P. van Nieuvenhuizen and J.A.M. Vermaseren, Stony Brook
University preprint ITF-SB-76-52, October 1976.

- 5 -

6) S. Ferrara and P. van^Jieuwenhuizen, Stony Brook University preprint

ITP-SB- 76-1*8; \ ^
S. Ferrara, F. Gliozzi, J . Scherk and P. van Nieuwenhuizen, Eoole

Iformale Superieure preprint PTBHS 76/19;

D.Z. IVeedman, Stony Brook University preprint ITP-SB-76-53;
3. Ferrara, J . Scherk and B. Zumino, Laboratoire de Physique Theorique

de l'ficole Hormale Superieure preprint LPTEBS 76/23.

7) E. Cartan,"Lemons sur la geometrie des espaces de Riemann", Pari3,

3785 (19W).

8) H. Weyl, Z. Physik 56_, 330 (1929).

9) H. Flanders, Differential Forms (Academic Press, london and New York

1963);

C.W. Misner, K.S. Thorne and J.A. Wheeier, Gravitation (Freeman, San

Francisco 1973);

W. Is rae l , "Differential forms in general re la t iv i ty" , Comm. Dublin

Inst . Adv. Studies, Ser.A, Ho.19 (1970).

10) D.V. Volkov and V.A. Soroka, Theoret. Math. Phys. 20_, 829 (197^).

11) J. Schwinger, Part icles , Sources and Fields (Addison-Wesley, 1973).

12) S. Deser and P. vanlfieuwenhuizen Phys. Rev. D1Q_, 401, 1(11 (197^).

13) C.J. Ishain, Abdus Salam and J. Strathdee, Phys. Rev. DS, 2600 (1973).

14) V.P. Akulov, D.V. Volkov and V.A. Soroka, JETP Letters 22_, 137 (1975);

J . Wess and B. Zumino, Karlsruhe University preprint



:t


