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ABSTRACT

The linear extrapolation distance was measured for a black

cylindrical control rod in a cylindrical water moderator.

The radius for the moderator ranged from 5 to 15 cm and the

control rod radius was varied from 0.41 cm to 1.81 cm. The

neutron pulse technique was used and the decay constant was

measured for a moderator with and without a control rod.

From the difference in the decay constants the extrapolation

distance could be calculated. Four detectors were placed

inside the moderator at different radii. This made it possible

to considerably reduce the problem of higher harmonic modes.

The detector disturbance caused by this proceduie Was not so

sevfi? as this was a difference measurement.

T ?:.trapolation distance was thus measured with 3 - 6*

a • iracy for cylinders with small radius and 10 - 30% f*

I h- .s ; with large radius. The results are a strong expcin. n-

-.£ \ indication that the theoretical results given by fcr

t; imple McKay, Pellaud and Kavenoky are correct.
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1. INTRODUCTION

Strong absorbers have always represented a difficult problem

in reactor calculations. The reason to this is easily under-

stood, if we look at the neutron balance equation, i.e. the

transport equation (or Boltzmann equation), which is fundamen-

tal in reactor calculations. The derivation is given in sever-

al books, see for example Bell and Glasstone [1].

I 11 + 7.V, + -, = \) - f * ' d~'dE' + Q (lml)

where v is the neutron speed,

fMr,T,E,t) is the neutron angular flux,

.'. is the unit vector in the direction of motion,

L is the total cross section for all interactions,

::'f '. Z(r;l,E' >il,E) is the total probability of

neutron transfer from k,'E~ to :,E,

Q is a source term.

The transport equation is usually regarded as describing the

transport of neutrons in a finite region or several regions

(with different cross sections). It can be solved with appro-

priate boundary conditions and interface conditions. In the

case of a "black" absorber the correct boundary condition is

that we have no incoming neutrons from the black body. Howev-

er, the mathematical difficulties in handling simultaneously

seven variables in space, velocity and time make the transport

equation so complicated that an exact solution can only be found

in a few, simple cases.

To handle the transport equation in this situation the solu-

tion is separated into an asymptotic and a transient part of

the neutron flux. The asymptotic flux dominates a few mean free

paths from the black body in a mostly scattering system (modera-

tor) . The asymptotic flux is the same as the solution to the dif-

fusion equation.



i M = DV
?* - Za« + Q (1.2)

where $ = $ (r,E,t) is the total flux,

D is the diffusion constant,

t is the absorption cross section.

For the asymptotic neutron flux we can find a more simple

boundary condition, viz. that the neutron flux vanishes at a

specified distance inside the black body. This distance is

denoted the extrapolation distance and can be defined in two

ways (see Fig. 1.1). For a cylindrical neutron absorbing rod

the first is through a linear extrapolation of the neutron flux

at the surface, i.e.

»' (r)
T(rT r=a

where a is the radius of the rod,

d is the linear extrapolation distance.

The second specifies the distance from the boundary at which

the analytic continuation of the neutron flux (diffusion

theory) into the rod goes to zero,

$ (a-zo) = 0 (1.4)

where z is the extrapolated endpoint.

The effective radius is then a f f = a - z .

In a black cylinder surrounded by a nonabsorbing medium

the relation between d and z is

zo = a e' d / a (1.5)
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1.1. Definitions of d, z and a

The latter boundary condition is more simple to use in the

diffusion equation (Eq. (1.2)), but the first one (Eq. (1.3))

is the more natural of the two, since it is applied at the

actual interface between the moderator and the rod and is there-

fore most generally used. The results in this work are given

for the linear extrapolation distance d.

The parameters d, z and a ff can be obtained for simple ge-

ometries with the transport equation. Because of the equiva-

lence between the transport asymptotic flux and the diffusion

flux, one can use for the diffusion flux the parameters d, z

and a f f obtained from transport theory. The validity of this

procedure is discussed by Davison [2].

Under such circumstances it is desirable to know these param-

eters for many standard problems. The results can then be ap-

plied to physical situations encountered in practice. Therefore

the extrapolation distance d has been calculated theoretically

for some simple geometries such as black cylinders (see section

2.1) and black spheres surrounded by a mostly scattering medium.

Grey cylinders and spheres have also been considered. These re-

sults are then used in practical reactor calculations. However,

U. —



rather few experimental verifications have been performed for

black cylindrical control rods. It was therefore most worrying

that in a recent experiment performed by Borak [3] his experi-

mental results differed by 30 to 100% from the theoretical val-

ues. As the theoretical work has been generally accepted, it is

important to find out if the experiment by Borak is correctly

done. If so, many experiments and theoretical works founded on

the theoretical values should be reconsidered.

In the present more extensive measurement the extrapolation

distance has been determined for 14 water cylinders. The radius

was varied from 5 to 15 cm and the height from 8 to 25 cm. The

control rod radius had three different values ranging from 0.4

to 1.8 cm. The investigation has been carried out with the pulsed

neutron technique. In conjunction with the experiment one-group

diffusion theory has been used.

The results obtained contradict Borak*s results. For small cyl-

inder radii the results agree with the theoretically predicted

results within 3-5%. For the largest radius the errors are too

large (10-25%) to give conclusive support to the validity of

the theory.

This paper will first in chapter 2 deal with the theoretical

background, tell about experiments done so far, describe the

usefulness of the pulsed neutron method, and give the formulae

necessary to determine the extrapolation distance. Then the ex-

perimental equipment used will be described in chapter 3. In

chapter 4 some matters, which had to be considered before the

experiments were started, will be discussed. Thereafter it is

shown in chapter 5 how the data analysis works and how the re-

sults are evaluated. We will then discuss the corrections made

and possible errors in chapter 6. Two evaluation methods are used

anci the results are compared and given in chapter 7. The con-

clusions drawn are also discussed in this chapter. A summary is

then given in chapter 8.



2. THE EXTRAPOLATION DISTANCE INTO A CONTROL ROD.

2.1 Theoretical works

The Milne problem is a classical problem in astrophysics, but

can also be applied to neutron calculations. The general prin-

ciples are monoenergetic neutrons diffusing in a halfspace (x>0

in Fig. 2.1) from a source at infinity. For x<0 there is vacuum

ant the boundary condition *(0,u) = 0 for v>0 is imposed, u is

the cosi e of the angle between the neutron direction and the

normal to the plane at x = 0. Isotropic scattering is assumed.

VACUUM
*<0

Fig. 2.1. The Milne problem. Source at infinity in

a medium with vacuum boundary.

In this simple geometry it is oossible to solve the transport

equation analytically (see for example Davison [2]). Then it is

also possible to find the extrapolation distance from the asymp-

totic solution. In the case, where there is no absorption, i.e.

c = 5:s/
;"tot = 1' t h e n d = zo = °-710446 1, where 1 is the mean

free path. This is also true for linear anisotropic scattering,

if we replace 1 with ltr = 1/(1-»), where Z is the average co-

sine of the scattering angle.

Assume now that we have a black cylinder with radius a and the

extrapolation distance d. For very large control rods (a>>lfc )

it is obvious that d should agree with that calculated in the

plane case. On the other hand, as the radius of the control rod

approaches zero, the extrapolation distance increases to 4/3 lfcri

which can be shown by a simple argument (see for example Wein-

berg-Wigner [4]). We can now draw the conclusion that the ex-

trapolation distance varies in the interval 0.71045 lfcr<d<4/3 lfc

and is a function of the control rod radius a.

U-.



In the following discussion the assumptions for the theoretical

works considered are the same as in the Milne problem, i.e. mono-

energetic neutrons, nonabsorbing medium and source at infinity.

The function d(a) has been considered by many authors. The first

attempt was made by Davison and Kushneriuk [5] with a perturbation

method. Asymptotic expressions for d in the limiting cases a^O.lS 1.

and a>5 1 were obtained. In the region between these two limits

(which is the most interesting region) a curve which smoothly

joined curve I and II was drawn (curve III in Fig. 2.2)

Later Zaretsky [6] reported results for d{0.5 lfcr) and d d t r ) .

The intermediate curve was then drawn through these two points

(curve IV in Fig. 2.2). These values were used widely for sev-

eral years (see for example Lamarsh [7]).

An improvement of these results was made by McKay [8], who

further developed earlier works by Kushneriuk [9] and Kushneriuk

and McKay [10], He used a variational method, which gave exact

results at a = 0 and 0.47% too low at a = °». With a qualitative

argument he obtained a somewhat better result (curve V in Fig.

2.2). McKay considered it to be good for a>0.1 lt_. For smaller

radii he suggested values obtained by the Davison-Kushneriuk

perturbation method.

More extensive calculations were carried out by Pellaud [11],

Isakova [12] and Kavenoky [13]. Their results agree very nicely

with those obtained by McKay [8]. They have also considered ab-

sorption in the surrounding medium as well as different sources.

For c=l/l. .=1, d is independent of the source distribution,s cor

Pellaud has also taken into account linear anisotropic scat-

tering.

The results so far have been calculated for the conditions

isotropic scattering (except Pellaud) and one-velocity theory.

Williams [14a] and Prinja and Williams [14b] have made an

analysis for a sphere with a variational method of the effects

of anisotropy in scattering and the effect of thermal equilib-

rium neutron energy spectrum (called Maxwellian distribution)

instead of monoenercjetic neutrons. They found that the effect
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Fig. 2.2. Extrapolation distance for a black cylinder of

tr'
radius a/1

Curves I, II and III are from Davison and

Kushneriuk [5].

Curve IV is a curve drawn smoothly through two

points (marked with x) reported by Zaretsky [6].

Curve V, reported by McKay [81, is the most probable

extrapolation distance. For this curve the rod

radius a is expressed in units of 1 instead of ltr-



of energy dependence leads to differences of about 1% when

compared with the one-speed values. They also found that the

usual transport approximation is very accurate,

d(u) = d(0)/(l-i7)

They point out that the results obtained above give qualita-

tive indications for black cylinders as well.

2.2 Numerical approximations

In this context we ./ant to stress that the approximation most

commonly used is not the best one.

Some approximate formulae have been given to fit the values

obtained for the Jinear extrapolation distance in the classical

case of a black rod in a nonabsorbing infinite medium. Cohen

[15] considered several works and gave the following formula,

, 0.710446-(2a/l. ) + 1.080417 ,, ..

T ^ (2a/ltr) + 0.8103127

Note that linear anisotropic scattering is included by re-
placing 1 with 1. . He believed the formula to be accurate to
r s tr

within 1% for the whole range of a. This was written before

McKay's work and underestimates d by about 2.5% in the inter-

mediate range. Unfortunately, this formula has often been used

(see for example Spinks [16] and lately Peskov and Samoilev [17]).

Peskov and Samoilev have derived an approximate formula includ-

ing c (number of secondary neutrons in the moderator) which in

the limit c=l equals the Cohen formula.

A better approximation is given by Pellaud [11],

, 0.7104(a/l) + 0.6645

a/T+ 0.5098
(2

The accuracy qouted is better than 0.5% if a>0.03 1. ,

Pellaud states that it is a mistake to express the rod radius

a in units of 1. as in the Cohen formula, and that the correc

way to include linear anisotropic scattering is to use 1 in-



stead. This is in agreement with Prinja and Williams [14b]. For

a ;0.03 1 he suggests the perturbation formula of Kushneriuk

and Davison t 5].

The most exact approximation is give by Kavenoky [13],

d __ 0.7104(a/l)2 + 0.6939(a/l) + 0.01147 , -
_ _ _ li. oa)

tr (a/1)" + 0.5416U/1) + 0.00860

Zweifel [18] has also mentioned another approximation

d/ltr - 0.71 + 0.31/(a/ltr + 0.50) (2.3b)

where again lfcr should be replaced by 1 on the right hand

side according to Pellaud. This approximation is, however,

only good within 1 for a-0.5 lt£.. Pellaud's and Kavenoky's

approximations are therefore the best ones and useful in all

practical situations.

2.3 Experimental works

The experimental work to determine extrapolation lengths in

black absorbers done so far is rather scarce. The first known

to us is a critical experiment by Morrison in 1944 [19]. He

inserted a cadmiumcovered rod 2.08 cm in radius into a lattice

consisting of uranium metal rods in graphite. His value was com-

pared with a two-group theory, where the control rod was as-

sumed not to affect the fast neutrons, and the extrapolation

length for thermal neutrons was obtained from Davison and

Kushneriuk [5]. This gave the result that the extrapolation

distance wc:s underestimated. However, the discrepancy was as-

sumed to be caused by the unknown epicadmium absorption.

In another experiment Gast [20l also employed a graphite-

uranium lattice. He used a) steel balls, b) boron balls and

c) cylindrical boron steel rod. The result was again not in

agreement with theory.

Price [21] performed an experiment in a subcritical uranium-

water assembly. He evaluated Z Q with three different methods.
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His results differed up to 100% with the theory.

Several experiments in research reactors to test the effec-

tiveness of control rods have been reported, for example by

Björéus et al. [22] and Micheelsen [23]. These authors have

used the extrapolation distance by Kushneriuk and McKay [10]

(which is essentially the same as Davison and Kushneriuk [5]

but includes grey cylinders), calculated the control rod

worths and compared with those obtained from experiments.

Both underestimated the control rod worth theoretically, which

means that the extrapolation distance was overestimated.

Micheelsen explained his results with spectrum hardening close

to the control rods. When he took this effect into account

he obtained a good agreement.

So far, the experiments cited have been performed in uranium

lattices with both thermal and epit».ermal neutrons. These and

other experiments have shown that it is possible to predict

the effectiveness of the control rods to within 5-10%. However,

it is also clear that it is difficult to take the control rod

effect for the epithermal neutrons into account.

An experiment with only thermal neutrons was performed by

Sjöstrand et al. [24], who determined AB? (the geometric buck-

ling, see section 2.4.1) for a system with and without a con-

trol rod with the pulsed neutron technique (described in sec-

tion 2.5). They used cadmium rods of different sizes in water.

The extrapolation distance d was taken from Davison and

Kushneriuk [5]. The agreement between theory and experiment

was reasonably good.

More recently Malaviya [25] also performed an experiment with

the pulsed neutron technique. He used cadmium rods of differ-

ent sizes in heavy water. His results were compared with the

Cohen formula (Eq.(2.1)). The agreement was acceptable (see

Fig. 2.3).

Later Borak [3] performed an experiment with boron carbide in

water. He found that the extrapolation distance varies with
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assembly radius reported by Borak [3],
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with the radius of the container. See also Fig. 2.4. His re-

sults disagree with theoretical predictions in two aspects:

a) The extrapolation distance is considerably larger than

what the theory predicts (30-100%).

b) The extrapolation distance varies with the external

radius. According to Kushneriuk [26] this effect should

be very small indeed for the radii used by Borak.

Borak also quotes two other references, Starr [27] and Fierberg

[28] (these two references were unfortunately not available

to us), who both determined experimentally the extrapolation

distance for central control rods. Their results were higher

than the theoretical values.

The results so far are somewhat mixed. Some authors (Sjö-

strand et al., Micheelsen) state that they have good agree-

ment between experiment and the theory by Davison and Kush-

neriuk [5]. Malaviya reached an agreement that was acceptable

with the Cohen formula. All these authors used different sizes

of the control rods and only one moderator cylinder (except

Sjöstrand et al., who used two).

Borak, however, only used one control rod size, but different

sizes of moderator. Unfortunately, we do not know how Starr

and Fierberg performed their experiments.

The extrapolation distance is an important and videly used

parameter. See for example Crowther [29] (who unfortunately

makes reference to the Cohen formula), Duderstadt and Hamilton

[30], and Ueda and Matsumoto [31]. The first two mentioned

references are reviews, the latter is an experiment with rather

complex circular control rods. The extrapolation distance was

therefore calculated experimentally. Under such circumstances

the discrepancy is most unsatisfactory. This could mean that

control rod calculations are not as good as believed so far.

It is important to note for reactor safety discussions that

if we in control rod calculations use an underestimated extra-

polation distance, we are not on the safe side.
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One more argument for performing this experiment is that in

the pulsed neutron experiments mentioned above, all necessary

corrections have not been performed. One point that is stressed

in this work is the effect of linear anisotropic scattering that

affects the theoretical value of the extrapolation distance

(see Eq.(2.2)) up to 4% in this work. Other corrections that

have been performed are the effect of diffusion cooling and the

finite radius correction, but as they partly cancel (see section

7.1), these effects together influence at most 2.5%.

To complete the picture, we must add that in practise a long

experience of control rods has been obtained from research and

power reactors. Semiemperical methods have been developed to

calculate the control rod worth from experiments [32]. The point

is that the extrapolation distance is only one of the parameters

from which the control rod worth is calculated. As mentioned be-

fore, experiments in critical and subcritical assemblies have the

deficiency that it is difficult to account for the epithermal

absorption.

2.4 Diffusion equation in a cylinder

2..4..1 Diffusion_eguatign_in_a_homggeneuos_cy^inder

For a multiplaying medium or for a pulsed moderator in spec-

tral equilibrium the reactor equation is valid,

V2<» + B24> = 0 (2.4)

where $ is the neutron flux

B 2 is the geometric buckling (actually the geometric

buckling is defined as the lowest eigenvalue to

Eq. (2.4))

The boundary condition is that the neutron flux vanishes at the

effective surfaces in the given geometry.
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For a cylindrical homogeneous medium with the radius R and

the height the boundary conditions will be

$(Reff,z) = Hr,±Heff/2) = 0 (2.5)

where R ee = R + z and H -- = H + 2z , where z is the ex-
eff o erf o o

trapolated endpoint into the vacuum.

$(r,z) is supposed to be separable, i.e. tf> = 4>(r)Z(z)

The solution to Eq.(2.4) with the boundary conditions (2.5) is

• (r) = J (-M^ rJ-cosC-jr^S- , (2>6)
0 eff eff

for the fundamental mode, where JQ is the Bessel function of

zeroth order and 2.405 is the first zero of JQ. The eigenvalue

is then

B2 = (1^1 ) + (^—) (2.7)
eff Heff

2^4^^ Diffusign_e3uation_in_a_cylinder_with_§_central_black_rod

The solution is in this case somewhat more complicated. When

a control rod is inserted into a water cj Under, we need a

boundary condition at the surface of the control rod as well

as the boundary conditions (2.5). The boundary condition used

is the definition of the linear extrapolation length Eq.(1.3).

The solution for $ (r) is then

J
'/(al ) '

0 6IX

where YQ is the Neumann function of zeroth order. The eigen-

value is

B2 * ° 2 + l)2 (2-9)

2
where we call a the perturbed radial buckling.

U-
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Using the boundary condition Eq.(1.3) gives

a J.(oa) - v ,aR r •^1(aa)}
1 V^eff* (2.10)

d " J_(oR^rf)
J (aa) - °: P

6ff. -YA(«a)
o* eff

Thus, if the perturbed buckling is known, then the extrapola-

tion distance can be calculated.

2.5 Pulsed neutron method

A usual method to solve the time-dependent transport equation

(Eq. (1.1)) is to Laplace transform it. Hereby it is formally

reduced to an equation for a stationary system. As discussed

by Sjöstrand [33] this means that there is a close correspon-

dence between a pulsed neutron experiment and a critical reac-

tor. Thus, at least for homogeneous systems treated with one-

group theory the results from pulsed neutron experiments should

be directly applicable to critical reactors.

In pulsed neutron experiments the fundamental decay constant

X can be expressed as

A = T~v + D B'- CBl* (2.11)
a o

where

Zav is the decay constant for the infinite medium,

D, is the diffusion constant for neutron density,

C is the diffusion cooling coefficient.

In this experiment the fundamental decay mode has been measured

in water cylinders with and without a control rod. The differ-

ence in the decay constant will give the perturbed radial buck-

ling, which inserted into Eq. (2.10) will give the extrapola-

tion distance. The derivation is simple and straightforward.
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If \c is the decay constant of the system with the control rod

and X the decay constant of the homogeneous system then

Kc o " Do t Bc Bo ) C ( Bc Bo } (2.12)

where B2 is the buckling without the control rod, and B? is the

buckling with the control rod.

We then have from Eq. (2.9)

B2 = B2 + a2 (2 ni
C H

where B2 = ( V H e f f )
2

Substituting Eq. (2.13) into Eq. (2.12) and solving for a2

we obtain

D D2 D B2+ CBj* + X -X^ 1/2 ,9 ,.>
a2 = _ _ ( 2. + _^± ) _ B2

IK, .-•) t. n

It looks as if o2 is very dependent on C, which is the para-

meter with the largest uncertainly. However, it is easy to

prove with a Taylor expansion of the root that a2 is dependent

on C only to the second order.

The diffusion constant of water has been taken from Shalev

et al. [34], who examined several works and chose a "best"

value for D . For E and C we have taken the same referenceso a
and chosen a best value in the same manner.

Tp = 4 800 ± 30 sec"1

DQ = 35 910 ± 150 cm2 sec"1

C = 3 860 ± 300 cm4 sec"1

These values are temperature corrected (see section 6.4) to

22.6°C
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The values above have been obtained by weighting experimental

values with the square of the errors given. The errors were

calculated with the following formula

o
2 l/l I (2.15)

i o?

where o^ is the error for experiment i,

is the new weighted error.a

The errors obtained in this way were, however, very small. The

errors given above are therefore, somewhat arbitrarily, twice

these errors. The weighted values given above fit most experi-

mental data examined.



18

3. EXPERIMENTAL EQUIPMENT

3.1 Moderator assembly

Distilled water was used as a moderator. It was contained

in a Plexiglas right cylinder. The size of the moderator as-

semblies, including the Plexiglas, and the thickness of the

surrounding Plexiglas is shown in Table 3.1. The sizes have been

chosen in the following way. The radii are those of commer-

cially available Plexiglas tubes between 5 and 15 cm. For the

heights we wanted as a first condition one height equal to the

diameter. As the effective length of the detectors was 25 cm

this was also the maximum height. For three radii we had three

more heights chosen so that the difference in a buckling was

about the same. In the experiment we also wanted to see if there

was any difference in the extrapolation distance due to the buck-

ling.

Appropriate holes were drilled in the covers to provide place

for the control rod and the detectors. In the center a Plexi-

glas tube with different sizes (see Table 3.1) was placed. Two

small holes were also drilled in one cover to tap the water.

All sizes have been measured with extreme care. The radius was

determined for i.all cylinders (>15 cm high) at two heights,

otherwise only at one height, in two crosswise directions. The

radius given is the mean value of these measurements. The error

in the radius is <0.005 cm. The radius of the control rod was

measured in the same manner with a hole gauge. A slight eccen-

tricity was often noted but the influence of this is negligible.

The error in the control rod radius is <0.001 cm. The height was

also measured but only as a check, as the height given in the ta-

ble is obtained by weighing the cylinder. Especially for cylin-

ders with a large radius the water content could differ from one

experiment to another. Therefore, the height given is for the

homogeneous cylinder and the experimental results for the con-

trol rod cylinders are corrected to this height. This procedure

will be described in more detail in section 6.6.1. The formula

for the error in the height is a function of the radius and will

be given in Eq. (6.26).
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Cylin-

der

nr.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Radius

(cm)

5.002

5.001

5.001

4.999

6.669

7.483

7.493

7.487

7.498

10.021

15.031

15.032

15.023

15.022

Height

(cm)

7.87 ± 0.02

9.88 ± 0.02

14.87 ± 0.03

24.95 ± 0.05

13.20 + 0.02

9.889± 0.013

11.86 ± 0.02

14.92 ± 0.03

24.81 ± 0.04

19.89 ± 0.02

8.857± 0.007

10.787+ 0.008

14.853+ 0.010

24.88 ± 0.02

Thickness of

Plexiglas

(mm)

3.0

3.0

3.0

3.0

4.0

Control rod

0.410

0.410

0.408

0.408

0.409

0.407

0.407

0.407

0.409

0.404

0.408

0.408

0.408

0.407

(cm)

0.803

0.802

0.798

0.798

0.802

0.799

0.796

0.805

0.798

0.803

0.804

0.803

0.802

0.804

radii

1

1

1

1

1

.806

.806

.808

.809

.812

Table 3.1. Sizes of moderator assemblies including the

control rod radii used for each cylinder.

U-
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The central hole was filled with distilled water in the homoge-

neous case and black rhombohedral boron carbide (B.C) in fie in-

homogeneous case. The powder was carefully packed to avoid air

gaps appearing during an experiment. The boron carbide was weigh-

ed after each experiment. The density was found to vary from

1.51 to 1.71 g/cm . The cylinders were covered by 1 mm thick

cadmium layer and a 10 mm thick plastic boron layer to prevent

room-return neutrons.

One of the major problems related to neutron pulsed experiments

is the influence of higher harmonic modes. To reduce this prob-

lem, the moderator assembly was placed on a platform, which in

turn rested on a rotating table. The assembly was positioned at

half height in relation to the neutron target to attain symmetry

(see Fig. 3.1).

3.2 Detectors

Another four Plexiglas tubes (inner radius 10 mm, thickness

1 mm) were placed inside the cylinder to provide space for

four detectors. The Plexiglas tubes had to be drilled so that

the detectors would fit without leakage and this procedure was

very difficult. The detectors were BF^ proportional counters

with a low v-background sensitivity. The diameter is 10 mm in-

cluding a 0.5 mm thick aluminum wall, and the effective length

is 25 cm. The detector's thermal neutron sensitivity is 1.1 cps

per n/cm 's-

The positioning of the detectors needed careful consideration.

The errors arising from the detectors will be discussed in more

detail in sections 6.7 and 7.3.

1) The detectors had to be separated as far as possible to

avoid interaction with each other. The relative positions

of the detectors can be seen in Fig. 3.2.

2) The detectors should disturb the flux in the center as

little as possible (max 2%). The closest distance to the
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NEUTRON
GENERATOR

TARGET

CONTROL ROD (WHEN USED)

MODERATOR

ASSEMBLY

DETECTORS

ROTATING TABLE

Fig. 3.1. Experintental setup for the study of the extra-

polation distance in a control rod.

CONTROL HOD

DETECTORS

Fig. 3.2. Detector positions in the moderator assembly

seen from above.
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center was calculated using the formula given by Grosshög

[35]. See section 4.2 for further details.

3) The detectors should have positions that give the lowest

possible influence from the higher harmonic modes. This

was, however, not possible to take into consideration,

as we will see in section 4.1.

3.3 Neutron generator

As a neutron source a 150 kV SAMES accelerator employing
3 4

the H(d,n) He-reaction is used. This reaction gives the

neutron the initial energy 14 MeV. The maximum ion current

is 2 mA. The width of the neutron bursts can be varied con-

tinuously down to about 1 us with the aid of a pulse gener-

ator. The rise and decay times are approximately 1.5 us. To

keep a low neutron background between the bursts the beam is

swept and the ion source is keyed synchronously. The back-

ground-burst ratio was kept as low as 1.10 .

3.4 Electronic circuitry and computer

The system is built up around a PDP-11/20 minicomputer.

It contains a 28 k 16-bit word memory, an extended arith-

metic element, a high-speed paper tape reader and punch, and

a graphic terminal. A time analyzer and a direct memory access

channel, DMA, are incorporated in the computer. These units are

described by Grosr.hög [36]. The compxiter has the following

important functions in this computerized measuring system:

1) To time-control the neutron generator and the experiment.

2) To sample data from the measuring system and store them in

the computer areas.

3) To reject erroneous data.

4) To display results during measurement.
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This is accomplished by software programs. Some of these will

be described further in section 5.1.

The computer system works in three levels:

1) The data acquisition level. The information from the mea-

suring system unit is transferred into an input buffer.

2) The measurement level. The information in the input buffer

is checked and rejected if erroneous, and sampled into stor-

age areas.

3) The background level. On this level the operator controls

the experiment, intermediate results can be checked and

displayed.

Further details are given by Grosshög [36].

The purpose of the measuring system unit is the following:

1) To tell when the neutron was detected.

2) To tell at which detector the neutron was detected.

3) To tell the amplitude of the detector pulse.

4) To tell when the system is ready to detect the next neutron.

5) To tell if any erroneous condition existed.

6) To tell the neutron burst amplitude from the neutron

generator.

To understand how this is done, we can see what happens during

a neutron burst cycle (see also block diagram in Fig. 3.3).

The target pulse will first pass the preamplifier (PA), then the

amplifier (A), and reach the analog-to-digital converter (ADCB).

The amplitude information stays in a buffer in ADCB until neutron

measurement is finished. Then the amplitude information is trig-

gered by gates in HPU (hardware program unit) and is passed on

to the DMA. The HPU built up especially for this experiment will

be described further in Appendix A.

At a preset time the blockage signal will vanish and the detec-

tor to digital converter (DDC) is ready for neutron measurement.

We will now look at what happens when a detector gives a pulse

from a detected neutron. First it passes a preamplifier, proceeds

to an amplifier and reaches the DDC. If this pulse was the first
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to reach this unit it will pass, unless the amplitude is too small,

The DDC will thereafter reject other pulses until a reset signal

enables the unit again. The DDC will also send information to the

HPU which detector the pulse came from. The pulse will now reach

the summing amplifier (SA). From here the pulse goes to two units,

one is an analog-to-digital converter (ADCA), where the ampli-

tude stays in a buffer. The other is a single channel analyzer

(SCA), which will give a well-defined time signal to the HPU and

then to the time analyzer. A ready signal back to the HPU will

trigger the amplitude in ADCA and the information will pass on

to the DMA.

When the time and amplitude has been transferred into the com-

puter buffer area, the DMA will send back a signal that will

reset several units, among them the DDC. A new time signal will

also be sent to the time analyzer. The system is now ready for

a new neutron cycle, which is repeated until a preset time closes

the neutron burst cycle. Now the burst amplitude is also passed

and the neutron burst cycle is finished.
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Butrön
Gon.

Control
Unit

PA

VA

ADCB

DDC

SA

ADCA

Hardware Program Unit (HPU)

Computor

Fig. 3.3. Block diagram of the measuring system.

U
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4. CONSIDERATIONS BEFORE MEASUREMENT

4.1 The problem of higher harmonic modes

In this chapter we will describe the problem of higher harmonic

modes, which probably has caused most of the discrepancies between

different experiments performed with the pulsed neutron technique.

A careful planning of the experiment will help in reducing this

problem.

We will first in section 4.1.1 introduce the problem by looking

at the complete time-dependent solution to Eq. (2.4) in a pulsed

neutron experiment. Thereafter we will make a crude attempt to

calculate the higher harmonic modes in three cases,

1) Radial direction, homogeneous case (section 4.1.2).

2) " , control rod case (section 4.1.3).

3) Axial direction (section 4.1.4).

We will find that cases 1 and 2 will differ very little from

each other and that case 3 is only significiant for tall cylin-

ders with a small radius.

To understand the nature of the problem of higher harmonics we

must look at the complete time-dependent solution to Eq. (2.4)

in a pulsed neutron experiment. We study the case of a homoge-

neous cylinder with the effective radius and height R ff and

Heff/ respectively. In cylindrical symmetry the complete solu-

tion in one-group diffusion theory is

v

-2- r)-sin(«£2_ z) e"
Xmnfc (4.1)

Reff H
ef*

where Y is the m:th zero to the Bessel function J (r)
ju o
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For m=n=l we have the fundamental mode (compare with Eq. 2.6))

The eigenvalue to Eq. (4.1) is

B2 = (J^-)2 + (TT^_) 2 (4.2)
eff eff

2
Inserting B into Eq. (2.11) we note the important fact that

higher modes decay faster than the fundamental mode.

Consequently, the fundamental mode will always dominate if we

wait "long enough". To find out what is meant with "long enough",

we must also know the coefficient A , which can be calculated

if we know the initial flux at t=0. A is then
mn

z) drdz (4.3)

where cm is a normalisation constant, in this case

A
mn

= c_
m

Reff Heff
/ / r$'
0 0

(r ,z , 0 ) J (
0

Y

e f f

<Hr,z,O) is, of course, very difficult to evaluate. We should

also remember that this solution has been derived with the as-

sumption of one-velocity theory. Actually we have both slowing

down and thermalization of neutrons to consider. These effects

mingle with the harmonic modes. A in turn needs much numeri-
mn

cal work.

It is therefore better to simplify the problem. We can consider

two practical cases:

+Mote: It is true that >. in Eq. (2.11) shows a maximum for

B = D /2C, which is not true in reality. The reason
2

to this is that the expansion of A in B is truncated

to three terms. One crude approximation that sometimes

is made to overcome this difficulty is to neglect the

diffusion cooling term.
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1) The target placed centrally under the cylinder.

2) The target placed at half-height of the rotating cylinder.

We can then in case 1 assume that the higher modes in the axial

direction are more dominant than in the radial direction (or in

other words, the initial flux in the radial direction "fits"

better to the fundamental mode flux) and can therefore neglect

higher modes in the radial direction. In case 2 we can in the

same manner assume that the higher modes in the axial direction

direction can be neglected. For case 1 the problem is now simpli-

fied to find the coefficients A in

• (r,z,t) = I A nJ o(^i- D - s i n t ^ z) .e~X*nt (4.5)

where

eff

We have assumed that <f(r,z,t) = $r (r) <t>z (z,t)

The first four modes are shown in Fig. 4.1.

In case 2 the problem is simplified to

X ^ i ^ •' e"mlt (4<7)

where

A . 2 i (r,OW (=-2J- r) dr (4.8)

We have assumed that <}i(r,z,t) = <f>_(r,t)4>(z)
i Z

The first four modes are shown in Fig. 4.2.

In our experiment we had the possibility to use four detectors.

From a general experimental point of view case 2 was found to

be most favourable if we let these detectors be parallel to the

cylinder axis. It was not practicable to let the detectors be

parallel to the ends of the cylinder, especially if we keep in

mind that the axis of the cylinder is intended for the control
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Fig. 4.1. The first four axial modes in a

cylinder with the extrapolated height 12 cm.
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•*•

Fig. 4.2. The first four radial modes in a homogeneous

cylinder with the extrapolated radius 7.8 cm.



31

rod. The procedure for determining the closest distance to the

control rod will be described in section 4.2.

In the choice between a point detector and a "long" detector

all the way through the cylinder we decided upon the latter for

two main reasons:

1) Higher counting rate.

2) If we compare with a point detector at half-height, where

all even harmonic modes do not exist, the 3:rd mode gives

a three times better ratio for the "long" detector. This

can be best understood if we look at Fig. 4.1. At half-

height the absolute value is the same for the fundamental

mode and the 3:rd mode. When we have a detector all the

way through, we shall compare the integral for the modes.

For the 3:rd mode two areas cancel each other and the re-

maining area is 1/3 of the fundamental mode area.

The disadvantage is, of course, that the flux is more disturbed.

This was considered to be outweighed by the advantages above

for two reasons:

1) If we use a gas detector, the disturbance of the detectors

will be less in a pulsed neutron measurement than in a sta-

tionary experiment. This is shown in section 4.2.

2) Since this is a difference measurement most of the distur-

bance will cancel.

4.1.2 The initial flux and the coefficients in the homoge-

negus_case_in_the_radial_directign - —

As we have decided to use "long" detectors, parallel to the

cylinder axis, we assume (as we mentioned in the preciding

chapter) that the higher harmonic modes can be neglected in

the axial direction and it is therefore sufficient to solve

Am in Eq. (4.8) .
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We must now find an acceptable approximation for the initial

flux. This is possible if we make the crude assumption that the

neutron becomes thermal close to the place where it suffers its

first collision. The argument for such an assumption is this:

When the neutron suffers its first collision it will lose much

of its initial energy either through an elastic collision with

a hydrogen nucleus or through an inelastic collision with an

oxygen nucleus. For a neutron with a lower energy the cross

section of the water will be larger and the neutron will there-

fore collide again rather close to its first collision point.

The neutron will again lose energy, the cross section will in-

crease and so on.

This is a conservative approximation, which will overestimate

the importance of the higher harmonics. Due to the conservation

of the momentum the neutrons will after the first collision move

preferably in the forward direction, i.e. towards the centre of

the cylinder. This actually gives a better "fit" to the funda-

me* tal mode. One more thing that has been neglected is the leak-

age during the slowing down process, which would have given a

lower flux at the surface of the cylinder.

The target is assumed to be a point source and since the cylin-

der is rotating we have a line source around the middle of the

cylinder. We assume it to be situated at the effective radius
Reff w* t n t n e strength of 1 per unit length. We also assume that

the space between Reff and R has the same total cross section as

water. In reality the neutron source was situated about 2.5 cm

from R with a layer of 1 cm boron plastic in between. If we look

at Fig. 4.3 we readily find with the cosine theorem

x* s Reff + r 2 " 2Reffr c o s 9 (4'9>

Taking into account the geometric factor and the exponential

attenuation we can calculate the flux at the distance r from

the point source at P. If we integrate the angle e from 0 to n

(the distribution is symmetrical) we find the total flux from

the line source as
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Fig. 4.3 Illustration of the calculation of the flux at the

radius r from the line source at the radius Reff.

•r(r,0)

1/2
de (4.10)

2R--r»cos e

where we have made use of the relation in Eq. (4.9).
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The evaluation of ?_(*"» 0) and A was performed with a FORTRAN

program at the Gothenburg Universities1 Computing Centre (GD).

The program is listed in Appendix B together with the resultant

output for a cylinder. The microscopic cross section of water

at 14 MeV was assumed to be about 2.6 barn. The values for a
el

for H and jfcot for O are obtained from BNL 325 [37].

Some of the results are shown in Figs. 4.5-4.10. We will wait

with the general conclusions until section 4.1.4, where the

results from the axial calculations can be included in the fig-

ures.

4.1.3 Evaluation of the coefficients in a cylinder with a

We again assume that the higher modes in the axial direction

can be neglected in the same manner as when we derived Eq. (4.7)

We shall then try to find the coefficients A in
m

*(r,z,t) - I A F (c, ,r)-sin(«-^ z)-e"*1»1* (4.11)
m=0 m ° m "eff

where

(compare with Eq. (2.6) for the fundamental mode m=l)

a is the m:th zero to the function FQ (°m/
a
eff)•

The first four modes for the function F (o ,r) are shown in

Fig. 4.4.

We now notice that we must know agff, which is actually the

parameter that will be determined in this experiment. We will

use Pellaud's approximation Eq. (2.2) in combination with Eq,

(1.5). Then ae*f = a-z . This approximation is small compared

to the crude approximation in the evaluation of the initial

flux <f>r(r,O) and therefore justified.

J
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Fig. 4.4. The first four radial modes in a

heterogeneous cylinder with the

extrapolated radius 7.8 cm.
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After some calculations it is possible to show that A can

be found from

Reff
\ 8

R 2 t f F 2 v X_A , 2 , _ . . / r , r ( r , 0 ) . F o ( a m , r ) dr (4.13)

where

aeff

(x) =JJ(X)*Y^(X) - J*(X)'Y*(X) (4.14)

We have assumed that cf>(r,z,t) = $r(r»t)$ (z)

The initial flux $,,(r,0) is the same as in the homogeneous

case. The evaluation of A was also performed with a FORuKAU

program at GD. The program listing with an example of output

is shown in Appendix B.

4.1.4 Evaluation of the coefficients in a cylinder in the

We shall now test our assumption that the modes in the axial

direction can be neglected as discussed above. We consequently

calculate the coefficients for the axial higher modes. We shall

also discuss the results we have obtained in this and previous

chapters.

For the coefficients for the modes in the axial direction we

shall use Eq. (4.5) and find the coefficients Am in Eq. (4.6).

We notice here that the initial flux $ (z,0) is dependent on

the radius r. We accordingly calculate the initial flux for all

four detectors.

The procedure is very similar to the one used in section 4.1.2.

We have

H

(4 .15)
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where x can be obtained from

= R eff Rdet " 2ReffRdet c o s 9 (4.16)

This formula has been derived in the same manner with the cosine

theorem (from Fig. 4.3) and the theorem of Pythagoras. R j e t is

the distance from the axis to the detector. Again, a FORTRAN

program has been written. The listing and description of the

program and an output of the results for a cylinder are shown

in Appendix B. The results for the 3:rd mode have been included

in Figs. 4.5-4.10. In all cases higher modes than the 3:rd are

negligible. As we have already mentioned the even modes are not

present due to symmetry.

One remark should be made concerning Figs. 4.5 - 4.10. The

start value (t = 0) for the fundamental mode was normalized

to 1 and for the other modes it was A /A,, where A is given

in Eq. (4.6), (4.8) or (4.13) depending on control rod (with

or without) and type of higher mode (axial or radial).

Some general conclusions which can be drawn from the diagrams

in Figs. 4.5 - 4.10 are:

a) The difference for a cylinder with and without a control

rod is not significant if we pay regard to our crude assump-

tion.

b) As expected, the radial modes are more difficult to handle

for large radii. For a fixed radius, however, the radial

mode problem is of the same magnitude for all heights.

c) The relative amplitudes between the radial modes are about

the same for cylinders with the same radius but different

heights.

d) The axial higher modes are more pronounced for tall cylin-

ders and for cylinders with small radii. This means that

higher axial modes can not be neglected for three cylinders,

namely cylinders 3, 4 and 9 in Table 3.1 (see also Figs.

4.6 and 4.8).

u.

The diagrams were used to determine the waiting time in an

experiment. In section 5.3.2 we will see how correct the ratio

between the fundamental mode and the higher modes are for the

initial flux.
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IN 4*01

a) Homogeneous cylinder. b) Control rod radius 0.803 cm.

Fig. 4.5. Decay constants for a cylinder R=5.002 cm and H=7.87 cm.

Besides the decay for the fundamental mode the first two

higher radial modes and first odd higher axial mode are shown.
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a) Homogeneous cylinder b) Control rod radius 0.798 cm.

Fig. 4.6. Decay constants for a cylinder R=4.999 cm and H=24.93 cm.

Besides the decay for the fundamental mode the first two

higher radial modes and first odd higher axial mode are shown.
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a) Homogeneous cylinder. b) Control rod radius 0.799 cm.

Fig. 4.7. Decay constants for a cylinder R=7.483 cm and H=9.889 cm.

Besides the decay for the fundamental mode the first three

higher radial modes and first odd higher axial mode are shown,

t

A!!=11030 S-1

>M Ml «•• • m IM

a) Homogeneous cylinder b) Control rod radius 0.798 cm.

Fig. 4.8. Decay constants for a cylinder R=7.498 cm and H*24.81 cm.

Besides the decay for the fundamental mode the first three

higher radial modes and first odd higher axial mode are shown.
{ _

J
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x?1=15480s
-1

a) Homogeneous cylinder. b) Control rod radius 1.806 cm.

Fig. 4.9. Decay constants for a cylinder R=15.031 cm and H=8.857 cm.

Besides the decay for the fundamental mode the first three

higher radial modes and first odd higher axial mode are shown,

i

X2i=12310s"
1'

• m m m <••• • ill m *• ««M

a) Homogeneous cylinder. b) Control rod radius 1.812 cm.

Fig. 4.10. Decay constants for a cylinder R=15.022 cm and H=24.88 cm.

Besides the decay for the fundamental mode the first three

higher radial modes and first odd higher axial mode are shown.
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4.2 The effects of time delay on the detector perturbation.

It is important to study the effect of the detectors on the

neutron flux. Even if it is a difference measurement, where the

errors induced should cancel each other, we must try to avoid

interaction between the control rod and the detectors. This in-

teraction is nonexistent in the homogeneous case and must there-

fore be corrected for. We also want to avoid interaction between

the detectors.

However, one interesting feature in this experiment compared to

a stationary experiment is that the disturbance effect of the

detectors is considerably less. This is due to the fact that a

pulsed neutron experiment can be considered equivalent to a

stationary experiment where one replaces the absorption cross

section z with l-X/v. This is strictly true only for one-groupa a
theory, but as a qualitative argument we will have a good indica-

tion of the effects for a Maxwellian spectrum (thermal equilib-

rium) as well. This means that for £ =A/v we will have the same
a

neutron flux shape as for a non-absorbing medium in a stationary

experiment.

The perturbation caused by gas detectors has been investigated

by Grosshög [35], who derived a formula and verified it experi-

mentally. We define the correction factor as

(4.17)

where <p (r) is the unperturbed neutron flux (mean value over

the gas volume).

<f> (r) is the difference between the unperturbed flux

and the perturbed flux.

Using the P^-approximation and assuming isotropic scattering,

that $ (r) <<<£o (r) and that t

an infinite length we find

that $ (r) <<<£ (r) and that the detector is cylindrical and has
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(̂ i) , £tr3 K o j * 3 V j _ l.r2R2 (4.18)

where the indices 1, 2, and 3 indicate the gas volume, the

detector wall and the surrounding medium respectively. R(cm)

is the outer radius of the regions, z. (cm ) is the trans-

port cross section, KQ and Kj are the associated Bessel func-

tions of zeroth and first kind and K=/3Z. I . (Note: There is
tr a

a misprint in Grosshög's Eq. (4.18).)

The perturbation in the outer medium is then

( k
P
( '

where 4>, is the flux at

and k is a function of X, as we replace £„- and Z
p _ _ a 2

z*i - x/v resp. Ia, - X/v in Eq. (4.18).

_n with

In our experiment it was possible to select the pressure of the

BF_-counters up to 600 mm. That means that we could choose I ,
-1 -1

up to 0.0776 cm , which corresponds to X = 17 100 s . If we

look at Table 4.1, where we see the range of X for different

radii, we find that this value is rather well in the middle of

the range of \ for the smallest geometry, R = 5 cm. Therefore

the pressure in BF,-counters was chosen to be 600 mm, i.e.

I ,=0.0776 cm . We can now proceed to the question of how close

to the control rod we dare to place the detectors. In Fig. 4.11

the "perturbation radii" for 1, 2, 3 and 5% are drawn as a

function of X.

U-
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R

(cm)

5

6.67

7.5

10

15

range

is"1)

13300

11200

9000

7700

6300

of *

- 23700

- 14200

- 14000

- 10000

- 10400

Table 4.1 The range of \ for different radii.

The calculations done for this diagram are straightforward

and were performed with a BASIC program. The values for KQ and

K, were taken from mathematical tables [38]. We found that the

closest detector could be placed at 0« 4 # R
eff

 T n e perturbation

at the control rod from the closest detector is then in no case

more than 2% and usually 1% or less. This can be compared with

about 6% perturbation in the stationary case for R = 5 cm. The

interaction between the detectors should be even less. An indica-

tion thac the detectors do not influence each other has been

obtained experimentally (see section 6.7).

There are a couple serious deficiencies in the ideas outlined

u.vove, more serious than we anticipated when planning the mea-

surements. One important point is that we do not consider leak-

age through the detector ends. This affects especially the cyl-

inders with a small height, and we can expect a higher perturba-

tion than the 2% mentioned above. Another important point is

that the decay in the detectors must be dominated by the sur-

rounding moderator or, in other words, the detectors must not

be too close to a surface or black body. The outermost detectors

in small cylinders will nor. fulfil this condition. However, in

this case this deficiency is the same for both the homogeneous

and heterogeneous systems and will consequently cancel. We ven-

ture to say that we are better off than in a stationary experi-

ment, but the perturbation is more than the 2% mentioned above

at the control rod from the innermost detector.
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1OOOO 20000 XI1 30000

Fig. 4.11. The radius, where the flux is changed 1%, 2%,

3% and 5% by a detector as a function of the

decay constant \.
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5. MEASUREMENTS AND DATA ANALYSIS

5.1 Computer programs and computer areas used during a

measurement.

As described in section 3.4 information about time and amplitude

is stored in a computer buffer area (called the DMA-buffer).

We will now describe how this information is transferred and

sampled into different computer areas. We will also examine the

purpose of the different areas.

During the measurement the computer works under the LATOS

operating system [39,40]. A special program package has been

written for the experiment. It contains start and stop routines,

a work routine (GLW), a hardware test routine, a report routine

and some other routines to control and visualize intermediate

results. Of main interest is the work program (GLW), which is

initiated by the interrupt system when the DMA-buffer is half-

filled. The first step taken by GLW is to check if hardware er-

rors have occurred. If not, the information will be sampled into

the following areas:

DBA Deadtime begin area, 1024 channels.

DEA Deadtime end area, 1024 channels.

A Amplitude distribution area, 4*256 channels.

L Linear time area, 4*256 channels.

C Correlation distribution area, 16*16 channels.

ANA Amplitude distribution neutron bursts, 256 channels.

The DBA area marks che time when a neutron enters the detector

(or to be exact, when the neutron signal reaches the DDC) .

The DEA area marks the time the DDC is ready for a new neutron

(reset signal from DMA, see section 3.4). These two areas are

used to make a deadtime correction for the L and C areas de-

scribed below. The channel width can be varied in steps of 1/8 us,

All through this experiment the channel width was 1/8 ys. Since

there is a time delay from the moment the signal reaches the DDC

L _
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until the moment the neutron signal enters the time analyzer

(TA), we must compensate for this time delay, which must be in-

cluded in the deadtime. This is done with a preset parameter,

delay time (DT), which the program GLW subtracts from the time

given from the TA.

The A area is subdivided into four areas, one for each detector.

In this area the amplitude of the neutron signal is sampled. It

is used to check the stability of the electronic equipment and

of the low energy background. Neutron signals with too low ampli-

tude are rejected by GLW.

The L area is also subdivided into four areas, one for each

detector. This area marks the time the neutron signal reaches

the DDC unit (compensated with the DT parameter) and in which

detector the neutron was detected. The start channel time and

the channel width can be varied. In this experiment the channel

width was varied from 4.5 us to 15.75 us. The evaluation of the

decay constant with this area is described in sections 5.3.1

and 5.3.2.

The C area has one area for each detector, too, and each detec-

tor area is in its turn subdivided into four time areas, making

a total of 16 areas. The C area marks the time and detector for

the neutron signal, as described above for the L area. The dif-

ference is that the channel width can not be varied and differs

from channel to channel in the following manner, 1/8, 1/8, 1/4,

1/2, 1... up to 2048 us. Another feature of the C area is that

the start channel time is shifted for the four time areas. This

makes it possible to perform "space correlation" and "time cor-

relation" as described in section 5.3.3. One important feature

of the correlation method is that the experiments must be per-

formed separately. This separation for the time areas is perform-

ed by GLW during the measurement.

In the ANA area the amplitude of the integrated neutron burst

current is sampled. Bursts with a too low and too high amplitude

are rejected by GLW. This is done in order to keep the neutron

intensity (and consequently the deadtime) roughly the same through-

out the measurement. Usually the neutron intensity is proportional
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to the deuterium ion current. However, since this is not true

for burnt out targets, a check on the neutron intensity is

necessary.

5.2 Description of the measurements

5i2il_Measurement_grocedures

We will here deal with the standard procedure in connection with

a measurement. This consists of

filling of the cylinder with distilled water and

the precautions taken to avoid bubbels,

- weighing procedure,

- temperature control,

position adjustment of the cylinder.

The cylinder chosen for the measurement was filled with distilled

water one or two days in advance and, if a control rod was used,

with boron carbide in the central Plexiglas tube. The water was

filled slowly to avoid bubbles developing. In the morning of the

measurement day the cylinder was checked and the bubbles that

had developed over the night were taken out. A final check be-

fore the cadmium cover was put on and a check after the measure-

ment were also made. In a few cases bubbles had developed during

the measurement. They were, however, never larger than 0.1 cm in

diameter, and the total volume never exceeded a total of 0.05 cm .

As most of this bubble volume was on the Plexiglas cover, where

the neutron flux is low, the effect of the bubbles was considered

negligible.

As mentioned before in section 3.1 the height was measured by

weighing the cylinder. For this purpose two balances were used.

For small cylinders with a weight < 2.5 kg one balance was used

with a precision of ±0.2 g for cylinders < 2 kg and otherwise

±0.3 g. For cylinders >2.5 kg a larger balance was used with an

accuracy of ±2 g. The weighing was done before the measurement
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and immediately after. These two weighings agreed within the

accuracy given except in two cases, when we had problems with

the larger balance.

The temperature control of the experiment was rigorous. The

cylinder stood in the experimental hall the night before the

measurement to ensure that the cylinder had the same temperature

all through the cylinder. The temperature was measured early in

the morning, when the thermometer was placed inside the moderator

in one of the detector holes. The thermometer was then placed

outside the cylinder shielding at half-height. It was again read

off just before and immediately after the experiment. The maximum

difference for these two measurements was 0.6"C and the average

difference 0.25°C. Besides these temperature readings the tem-

perature was continuously controlled by two thermometers on two

opposite walls in the experimental hall during the whole measure-

ment. The temperature for these was corrected to the temperature

at the cylinder. One more temperature reading in the middle of

the experiment was also used to give the average value. The av-

erage temperature ranged from 21.5°C to 24.3°C giving the aver-

age value 22.6°C for the whole experimental series. The error

was considered to be less than ±0.2°C

The adjustment of the position of the cylinder was carefully

performed because a small deviation would increase the higher

mode to fundamental mode ratio. In this aspect it was especially

important to have the cylinder rotating around its own axis to

attain a constant line source.

5,. 2^2 5?easurement_garameters

Some of the measurement parameters for the L and C areas arc

already mentioned in section 5.1. The measurement parameters

conside/ed before statting a measurement were
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pulse frequency,

L area channel width,

C area time shift,

number of neutrons per burst,

start channel time for the L, C,

pulse width.

DBA and DEA areas,

Two main pulse frequencies were used in this experiment.

The condition used was that only background should be left in

the last channel in the C area. For a decay constant >11 500 s

the last channel could be dropped. This means that the time

between the bursts was about 3000 us for small cylinders and

about 5000 ys for large ones.

-1

The channel width for the L area was determined in the following

way: As the first condition the total number of neutrons was

known (*8«10 ) and as a second condition we wanted the fundamen-

tal mode to have died out after 130 - 140 channels in the L area.

From experimental experience about 7*10 counts (deadtime cor-

rected) appeared in the start channel. This gives

7-105 e
135

t * .P-iA (5.1)
LC X

where tLC is the channel width for the L area.

A had been estimated before, see section 4.1 and Appendix B.

The C area time shift was also dependent on the decay constant.

Experimental experience and evaluation of the decay constant with

the correlation method had shown that it was suitable, if the chan-

nel count in a time area was one third of the channel count in

the previous time area. This gives the simple relation

"xtc =

4. -

c
(5.2)

where t is the C area time shift.



50

We considered an average of from 2.5 to 3.5 neutrons per burst

to be appropriate from earlier experimental experience. The

value is chosen to avoid too high deadtime correction (see sec-

tion 6.1) for high counting rates and on the other hand to aviod

too long measurement times for low counting rates. The problem

with deadtime is worse for small cylinders, where the neutrons

decay faster than for large cylinders.

The start channel time for the L, C, DBA and DEA areas had to

be chosen with two things in mind:

a) The later after a neutron burst we start a measurement,

the lower will be the ratio between the amplitudes of

the higher modes and the fundamental mode amplitude.

b) The later after a neutron burst we start a measurement,

the higher the background to fundamental mode ratio.

In an earlier experimental series the background had proved

to be extremely low. Therefore we considered it appropriate

to wait as long as possible with the above restriction of neu-

trons per burst in mind. In this way the problem of higher har-

monics would be kept to a minimum. This was not correct in some

cases, since we discovered that there was a slowly decaying

background in the new experimental hall. The background problem

is described in section 6.2. However, we believed that the back-

ground was reduced considerably by extra shielding, and in fact

to the point where the problem of higher harmonics dominated.

This assumption was not correct for small cylinders with the

radius of 5 cm, where the problem of higher harmonics is less

serious. However, it was not considered necessary to rerun with

these cylinders, since the extra accuracy gained would be too

small.

The pulse width is, of course, a function of the two last

mentioned parameters. We note here that the ratio between the

amplitudes of the higher modes and the amplitude of the funda-

mental mode decreases if we have a long pulse width. But this

effect is less than the waiting time for the pulse widths used,

and therefore not an important parameter. The pulse width was

varied from 15 to 6 5 us.

U-.
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5.. 2_. 3 The_measurement

Each measurement lasted about three hours, when the time between

the bursts was about 3000 us and about five hours otherwise.

During the measurement continuous checks were done with a report

program (GLR) every 10th or 15th minute. The following items were

checked:

1) Amplitude distribution of the bursts.

2) Amplitude distribution of the detector signals.

3) Intensity (neutron to burst ratio).

4) If number of hardware errors was unacceptably high.

Items 1) to 3) were corrected continuously. Other more serious

errors also happened, for example detector failure. These mea-

surements were rerun.

5.3 Evaluation of the decay constant and statistical error.

We will in this chapter describe three methods to evaluate the

the decay constant, namely

a) minimum statistical error method

b) Fourier-Bessel analysis method

c) correlation method

The first two methods complement each other. The third method

gives an independent evaluation of the decay constant. In the

first two methods we used the L area and in the third method

the C area.

In section 5.3.1 we will describe how to eliminate higher modes

in the radial direction. It is possible to eliminate three higher

modes with four detectors but the statistical error is then in

most cases large. If we eliminate only one or two higher modes

we can also impose a condition, which minimizes the statistical
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error. We call this method the minimum statistical error method.

Tne decay constant is then evaluated with the maximum likelihood

method.

The number of modes that must be eliminated was determined with

the Fourier-Bessel analysis method, which is described in sec-

tion 5.3.2. From this method we can obtain the relative ampli-

tudes between the first two modes. The statistics are not so

good as with the minimum statistical error method. Therefore the

decay constant is not calculated with this method but with the

minimum statistical error method.

The correlation method, described in section 5.3.3, is used in

order to obtain an independent evaluation of the decay constant.

Advantages with this method are:

a) It is more objective than the above methods.

b) Higher harmonic modes in both axial and radial direction

and background are taken into consideration.

c) The error estimated includes the error from statistical

error, background and higher harmonics.

The disadvantages are:

a) The deadtime correction (section b.l) is not so good

as for the other two methods.

b) x'he total error is larger than the total error for the

methods above.

In this section we will describe the procedure to eliminate

higher harmonic modes in the radial direction. Thereafter we

will describe how the decay constant is evaluated with the max-

imum likelihood method.

For the block analysis method the L area was used. As mentioned

before, the L area consists of four areas, 256 channels in each,
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one for each detector. The channel width was varied from 4.5 to

15.75 us, depending on the rate of the decay.

Firstly, a deadtime correction (section 6.1) was performed. At

this stage of the analysis the flux measured consisted of the

fundamental mode and the higher harmonic modes and a low back-

ground, which will be corrected later. As there were four detec-

tors in the axial direction, it is possible to eliminate three

higher harmonics in the radial direction by making a linear com-

bination of the pulses in the four detectors. For this procedure

we must know the flux shape of the fundamental mode and of three

higher harmonic modes. The flux shape has already been given in

section 4.1. We can therefore easily calculate the flux <p , at

each detector where index m indicates radial mode and index 1

indicates the fundamental axial mode. We assume in this context

that only the fundamental mode is present in the axial direction.

To avoid confusion with the indexes we denote the flux at detec-

tor i as follows,

n(r±) ' • 2l
( ri ) ' *31(ri)

(5.3)

The linear equation system, which eliminates three higher

harmonic modes, is given by

4
I -•• O (5.4)I

i-1

where x. are the unknown constants, which the flux is multi-

plied with at each detector. One x. must be fixed, which giv<

a linear equation system that readily can be solved.

However, in the maximum likelihood method, described later in

this chapter, Poisson distribution in each channel is assumed

when the statistical error of the decay constant is estimated.

If we assume that the number of counts in the detectors is

N. , i€[l,4], and as they are Poisson distributed the variance

is also U± , i€[l,4]. We neglect the time dependence for the

moment. If we multiply the number of counts in each detector

u
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with xi# which has been calculated from Eq. (5.4), we obtain

Sx.N. with the variance ix.N., which is not a Poisson distribu-
i. i x x

tion.

Therefore we have to find a constant k

NQ = k-l xiU± (5.5)

where N fulfills the condition of a Poisson distribution:
o

Var[NQ] = NQ = k •£ x
2Ni (5.6)

i

If we divide Eq. (5.6) with Eq. (5.0) we obtain

(5.7a)

We now notice from Eq. (5.7a) that k is time independent,

if all N. decays at the same rate. This is not entirely true,

since we have higher modes included in N,. This error is small,

as N. is always, even in the first channel, dominated by the

fundamental mode. We can consequently use our calculated fluxes

a, instead of the counts in each channel, i.e.

Xiai

2

*iai

(S.lb)

The linear equation system (5.4) was solved but found to give

bad statistics, especially for the homogeneous cylinders. This

is due to the fact that we obtained negative x,, which in turn

is caused by the difficulty in eliminating the first higher mode.

This is easily understood if we study Fig. 4.2 and keep in mind

that the innermost detector is located at about 0.4«R.

A better method was therefore adopted. In this method we enmi-
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nate two higher harmonic modes and as a third condition minimize
the statistical error. Thus

I b ix 1 = 0 I cixi = 0
I ai Xi
ai xi )

min, (5.8)

The solution to this equation is given in Appendix C, where a

program written in FORTRAN evaluating the constants x± and the

constant k (Eq. 5.7b) for the different cylinders is shown.

This method was used for all cylinders with the radius

R = 15 cm (cylinders 11 - 14 in Table 3.1).

The effect of eliminating higher modes according to Eqs. (5.8)

is very obvious, if we evaluate the decay constant for each de-

tector and the linear combination. This is shown in Fig. 5.1.

The decay constant is evaluated with the maximum likelihood

method, which is described later in this section. The initial

neutron flux is higher at the surface of the cylinder than in

the center. Therefore in detector D the decay is faster in the

beginning but in detector A the decay is slower. This is clearly

seen in the figure. When we make a linear combination of the

detectors with x. fulfilling the conditions given in Eqs. (5.8),

we have obtained a nearly straight line when we evaluate the

decay constant. There is about 1 - 2 % left of the second mode,

which is visible in the first channels. This is probably due to

the sensitivities of the detectors, which differ by about 2%.

As a third possibility we only eliminate one higher harmonic

mode and as a second condition minimize the statistical error.

Thus

min. (5.9)

This leads to a minimum problem with two variables. This prob-

lem was not possible to solve analytically and the solution must

be found by iteration. The solution to Eqs. (5.9) is also shown

in Appendix C with the accompanying FORTRAN program. This method

was employed for most of the cylinders, nr 1-3 and 5-10 in Table

3.1.
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The best statistics are, of course, obtained if we add the detec-

tors without eliminating the higher harmonic modes. This method

was used for R = 5 c m , H = 25 cm, where we have to wait longer,

because the higher axial mode is more serious in this case. This

is clearly seen in Fig. 4.6. As we had to wait longer the higher

radial modes become of less importance.

When we have combined the detectors linearly we must correct

for the background. This is described in section 6.2. Then we

are ready to evaluate the decay constant. The method preferred

in this work is the maximum likelihood method. This method is

described by Jånossy [41]. We could also use a properly weighted

least-squares calculation and obtain an equally accurate result,

(see for example Hamilton [42]) but the maximum likelihood method

gives more convenient formulae for numerical computation.

The following is derived directly from Jånossy (note that there

are several serious misprints in this reference), but we obtain

somewhat simpler formulae, since the channel width is the same

in the whole L area.

Assume the channel width is t . Thus we record counts in the
c

time intervals

0<t<tc , tc<t<2tc , , (r-l)tc<t<rtc

If we have an exponential decay, the expected number of counts

in each channel will be

Ptc _ x t A -x(p-i)t
<n > - A / c e X tdt = q e

P

(1 - e c) (5.10)

u.

where A is the amplitude and X is the decay constant.

For a Poisson-distribution the measured values of A and > can

be obtained as the solution of the equation system,

-Art,
1 - e

7n

A
-Art.

A
- (l+xrtc)>e

+ In •{- I " Pt: •

(5.11)

} (5.12)

1-e

where n is the actual count in channel p .



The standard deviation for A will be obtained from

" Q 12

where
-Art.

1 - e
'11

'12

AA
-Art

1 - (1+Artc).e

-Art
> + [n At

(1-e c ) 2
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(5.13)

(5.14)

(5.15)

(5.16)

A program was written in PDP-11 ASSEMBLY language that evaluated

A, \ or a . The number of channels (r channels) used in the cal-
A

culation could be arbitrarily chosen. The program then evaluated

the parameter chosen for channel 0 to channel r-1. Then the cho-

sen parameter was again calculated for channel 1 to r, next time

from channel 2 to r+1 and so on, until the end of the L area

was reached.

In this way we could find the start channel, where the higher

harmonic modes had died away. Usually 50 channels were used

for this procedure. In the final calculation of > 50 to 80

channels were used. However, the statistics improved very lit-

tle when we included extra channels. The result from a cylinder

can be seen in Figs. 5.2 and 5.3. In Fig. 5.2, which is an ex-

ample of a cylinder with a large radius, we can see that some

of the higher harmonics are left, as already mentioned on page 5 5

Fig. 5.3 is an example of a cylinder with a small radius. Back-

ground correction is in this case very important, and will be

commented upon in section 6.2. The irregular behaviour in the

beginning is not due to higher harmonic modes, but arises from

the failure to account for the deadtime in a proper way. This

problem was more marked for small cylinders, where the deadtime

correction was high in the beginning. Deadtime correction will

be described in section 6.1.



59

IMWto US

10.2

ie.i5

10.1

10.05

10

lhA f

30 40 60 70
CHANNEL NO

Fig. 5.2. Evaluation of the decay constant and statistical

error as a function of time with the maximum likelihood

method (r = 50 channels). R = 15.031 cm, H = 8.857 cm and

control rod radius = 0.804 cm. Channel width is 9.5 us.
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error as a function of time with the maximum likelihood
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homogeneous case. Channel width is 6 us.
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. 3. 2

We will here describe a method similar to the minimum statis-

tical error method described in the previous chapter. This

method will also eliminate one (or two) higher mode(s) in the

radial direction. The advantage of this method is that we will

obtain the relative amplitudes between the first two (or three)

modes. Thereafter the decay constant can be evaluated in the

same manner as in the minimum statistical error method, using

the maximum likelihood method. This, however, was usually not

performed as this method did not give so good statistics as the

minimum statistical error method. This method has been described

before by Lopez and Beyster [43]. As they had cosine functions

the method was named the Fourier analysis method. We will here

briefly describe the method for the homogeneous case and three

modes. We have four detectors in the axial direction. Then at

channel t. there are four measurements of the neutron density,

N ^ t ^ , N 2(t i), N3(ti) and N ^ t ^ ) . Only three Bessel functions

were used to represent the data. If we drop the axial and time

dependence in Eq. (4.7) we will have

1

A2(ti

N2(ti) = A1(ti) JQ(B1r2) + A2(ti) JQ(B2r2)

= A l ( t i) J0(Bir4)

[5.17:

where B . =
eff

(y, is the i:th zero of Jo)

Using matrix notation Eqs. (5.17) can be written

N(t±) = JA(ti) (5.18

where N(t^) and A(t^) are column matrices. As we have four equa-

tions but only three unknowns the method of least squares (see

U-..

J
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for example Hamilton [42]) may be used to solve for A(t.) by

(5.19)A(ti) = (J
tJ)"1JtN(ti)

The (3^4) matrix (J J) J is independent of time and is only

computed once. For the heterogeneous case we replace our Bessel

function with the function F defined in Eq. (4.12). Two FORTRAN
0

programs, one for the homogeneous and one for the heterogeneous

case, have been written to calculate the matrix (J J) J (and

(FtF)~1Ft in Eq. (5.19). For two modes, i.e. the (2*4) matrix

(J J) J , the FORTRAN programs are included in the programs

written for the minimum statistical error method as shown in

Appendix C.2.

The fundamental mode is then evaluated with the maximum likeli-

hood method as described in section 5.3.1. The decay constants

evaluated with this method were always within the error limit of

the minimum statistical error method. The Fourier-Bessel analysis

method, however, has slightly larger statistical error. The ad-

vantage with this method is that we obtain the relative amplitudes

of the fundamental mode and the next higher mode. It proved dif-

ficult to get the second higher mode. In Fig. 5.4 the fundamental

mode and the first higher mode are shown. Vie will in this way ob-

tain information about how good our estimates are of the initial

flux in sections 4.1.2 and 4.1.3. We found that the higher modes

are overestimated with a factor 20 - 25 for small cylinders and

a factor 10 for large cylinders. This was expected because our

approximation for the initial flux was conservative, as already

mentioned in section 4.1.2. The information obtained in this way

will give us an indication of how many higher harmonic modes we

must eliminate in the minimum statistical error method (Eq. (5.8)

or (5.9)).

There is one important draw-back in this method. It can only be

used for cylinders with a small height since the higher axial

modes are not considered at all. For tall cylinders the waiting

time is so long that it is not possible to see the higher modes

in the radial direction. Still, for tall cylinders we can assume

that the relative amplitudes are the same as for a cylinder with

the same radius and small height. This is already mentioned in

section 4.1.4 (page 37).

U-- _
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Fig. 5.4. The fundamental mode (top curve) and first

higher mode (bottom curve) obtained by the Fourier-

Bessel analysis method. R = 15.031 cm, H = 8.857 cm

and homogeneous cylinder. Chcinnel width is 10 us.
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We can draw the conclusion that this method can be combined with

the minimum statistical error method for cylinders with a small

height, and will also give an indication for tall cylinders.

5.. 3..3 Cgrrelatign_method

The correlation method is an independent method to evaluate the

decay constant. In this method the background and the higher

harmonics are included in the calculations. This means that in

the error estimation the errors from background and higher har-

monics are included as well as the statistical error. This is in

contrast to the maximum likelihood method where we need a true

exponential decay curve and all corrections must have been per-

formed beforehand. The error estimations of background and higher

harmonics must be done separately. If the evaluation methods agree,

this is a strong indication that the correct value has been found.

We also wanted to compare the correlation method with the minimum

statistical error method.

We will here derive the formulae for the correlation method, ex-

amine our possibilities to perform "space correlation" and "time

correlation" and describe how the total error was estimated,

For the correlation method the C area was used. This area has

already been described in section 5.1, but as it is essential

for the understanding of the contents in this chapter we will

repeat the details here. The C area is subdivided into four ar-

eas, one for each detector. There are four time areas in each

detector area, making a total of 16 areas with 16 channels in

each. In Fig. 5.5 we can see how the channel width doubles (ex-

cept the second channel) for each consecutive channel. We can

also see how the start time for each time area shifts. The time

shift ranged from 60 to 150 us depending on the decay. An im-

portant feature is that the time areas have been sampled sep-

arately.
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Fig. 5.5 The four time areas for a detector. Total time

for an area is 4096 us. The time shift ranges from 60 to

150 us.

If we call the start channel width for tc (=1/8 us.) we can

calculate the expected number of neutrons in channel i (except

channel 0) as

2 i t _ x t A -X2i"1i
c)

= t x2 (l-xZ ) (5.20)

with the transformation

x = e" X t c (5.21)

The correlation method has been described before by Grosshög [44],

who has correlated two detectors. The following is the general

form of the correlation method.

We first denote

,i-l oi-l
(5.22)

We can write n correlation areas as the linear combination

of n modes.

U
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°12f2,i

R2,i s a21fl,i + a22f2,i

alnfn,i

a2nfn,i

(5.23)

n,i n2f2,i + •*' + annfn,i

where

R . = the number of pulses in area n channel i.

ij = the j:th amplitude in area i.

f . = the corresponding functions as defined in Eq. (5.22).

6 . = the corresponding deviations from the measured values.

If we take the inverse of the matrix a we can transform Eq. (5.23)

to

l/i II 1,1 12 2,1 lnil/1 I gl

f — a O U > ^ T > i X o O 4 - 1 -

2/1 211/1 222,1 2n n,1 2/1

• •• • » • • • # • • • ••• ••• ^ J • ̂  4 j

fn,i = anlRl,i + an2R2,i + ••• + annRn,i + rn,i

We concentrate on finding the fundamental mode f, . and can
1 1 1

drop the first index. The amplitudes a,. are unknown and must

be eliminated. We multiply the first equation with
f. , R, ,, R., ,. ... R_ .. We then sum over the channels i and
i i,i ^, l ri, i

denote the correlation as

(5.25)

We will then have the equations

[f,f] = ... + an[f,Rn (5.26)
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(5.27)

[f,Rn] =

We have here assumed that the correlations between e. and the

R.:s are zero. We will now normalize the elements in (5.26) and

(5.27) so that

A. = (5.28)

We denote the matrices

f v r i » F j' ' ' ' ' n'

where

Fi "
,fJLRi,RiJ

(5.29)

and

A 1'?' * * *' n

and

D =

D n Di2 ••• D m
D21 D22 •'• D2n

\Dnl Dn2 ••• Dnn

where
D, . =

[Ri>Rj3
(5.30)

We can now rewrite Eqs. (5.27) to

Ft = DAfc (5.31)
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d =
[f,f]

= i - F A (5.32)

From Eq. (5.31) we have

which we insert into Eq. (5.32)

(5.33)

d = 1- FD"1Ft (5.34)

We therefore want to find the maximum for FD F , In the

practical case D. . and F. are close to 1. FD F must there-
11J i

fore be calculated with great numerical accuracy. We see that

for a given decay constant X, f can be calculated (Eq. (5.22))

and consequently F from Eq. (5.29). In this way FD F can be

obtained for any \.

A program has been written in PDP-11 ASSEMBLY language that

evaluates the maxima and minima for the function FD F .

The program needs the following input:

a) Correlation areas. 2 to 4 areas can be correlated.

b) Initial \ .

c) Step of A .

The function FD Ffc is then calculated continuously for A ,

X +o X , X + 2\ , . .. , A. + 255X . An example of the result can

be seen in Fig. 5.6. The maximum is taken from a second-degree

polynomial formed by the maximum value and the two surrounding

values. See Fig. 5.7.

To calculate the error in the decay constant \ we make use of

Eq. (5.32) and note that d is actually the normalized error.

Thus in the error estimation of \ we calculate d = 1 - FD~ F ,

We then calculate \ at 1 - 2d. The deviation of

AX. This procedure is shown in Fig. 5.7.

f r o m Xmax i s
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In this way the decay constant was obtained "time correlated"

four times (one for each detector) and also "space correlated"

four times (one for each time area). The four values of X in

each case are independently obtained. We can therefore combine

these estimates of X. Assume that we have with time correlation

obtained the value A.. + o. for detector i. We will then obtain

i o* i oj

and

02 = i/£ _! (5.36)
1 °i

We will obtain two values for X, one for space correlation and

one for time correlation, and we choose the one with the smallest

error. The reason for this is that we have evaluated the decay

constant from different statistical material and we choose the

most favorable one. Usually the "time" correlation has the small-

est error for small geometries (where the background problem is

more serious) and the "space" correlation has the smallest error

for large geometries (where the problem of higher modes is more

serious).
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Fig. 5.6 An estimation of the decay constant with the
-1correlation method. Each channel corresponds to 500 s

R = 5.001 cm, H = 9.877 cm and homogeneous cylinder.

Two correlation areas have been used, the two last time

areas for detector A.
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Fig. 5.7. Estimation of the decay constant A and the

error in the correlation method. This is the same as

Fig. 5.6. enlarged. A second-degree polynomial is formed

by the three points containing the maximum value in the

middle. The maximum of this polynomial is calculated.

The error is the difference between this maximum value

and one and is subtracted from the maximum va^ie to ob-

tain the error A A as shown in the figure. The result in

this case was 16 051 ± 185 s .
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6. INVESTIGATION OF CORRECTIONS AND ERRORS

6 .1 Deadtime correction

The channel contents in the C-area and the L-area must be

corrected for deadtime, which is the time during which no

pulses are counted. As we have mentioned earlier (section 3.4),

the detector to digital comverter (DDC) will be blocked from

the moment a neutron signal arrives until a reset signal from

the direct memory access channel (DMA) opens the DDC again.

The reset signal confirms that the information about time and

amplitude has been transferred to the computer buffer area. If

coincidence between input pulses has occurred, this will also

block the DDC and give extra deadtime. In this case the DDC

"doesn't know" which detector the pulse came from and an error

condition will be marked and none of the pulses will be counted.

One important feature in the system is that we obtain the start

time of a neutron cycle and the end time of the neutron cycle in

the DBA area and the DEA area, respectively. We will here describe

how we correct all channels for deadtime with the aid of the DBA

and DEA areas. In Figs. 6.1 and 6.2 we see examples of the DBA

and DEA areas, respectively. There are 1024 channels in each ar-

ea , channel width is 1/8 ps, making a total of 128 ;.s. The

strange form of the curve in the DEA area is caused by the in-

terference from the cycle time of the computer. It has been shown

by Grosshög [45 J that this disturbance is also present in the DBA

area. This small discurbance has a cycle time of 5 us. This might

raise problems for the evaluation of the decay constant, especial-

ly for the C-areas since the first channels have channel widths

•-4 us. For the L-areas, where the shortest channel width is 4.5 ps

the problem is of less importance.

The deadtime correction has been made in different ways for the

C-area and the L-area. The L-area correction is the more exact

one. It should be remembered that in Fig. 6.1 the DBA area was

corrected for the delay time (DT), which is the time the DDC is

blocked by a pulse until the moment it is registered in the time

analyzer (TA). This is the same thing as moving the whole DBA
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Fig. 6.1 Example of the DBA area. The wave shape in the

beginning is caused by the high intensity at the very

start of the measurement. At channel 130 (̂=16 us) all

these neutrons are still blocking the DDC. At channel

200 (-25 ps) most of the neutrons at the start have been

transferred to the computer. R = 15.031 cm, H = 8.857 cm

and homogeneous case. Channel width is 1/8 ps.
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Fig. 6.2. Example of the DEA area. The strong scat ter

of the neutron end time is caused by the interference

from the computer cycle time (1.3 us or about 9 channels)

R = 15.031 cm, H = 8.857 cm and homogeneus case. Channel

width is 1/8 ys.



75

area to the left. There is also a delay of about 3 ps from the

moment the time analyzer receives "end of neutron cycle" until

the DDC is reset. The DBA area is corrected for this delay, too,

by the DT preset time. The reason why channel zero has such a

high count, is that all pulses earlier than channel zero are

counted in channel zero. It was always rather simple to check

after the experiment if the DT had been correctly set for each

detector. The difference in delay times between thf> detectors

was of the order of 0.1 us and negligible.

The deadtime consists of one constant part about 14 us and one

amplitude-dependent part. The average deadtimc is about 21-22 us.

The corrections for the L- and C-areas vere performed in threp

steps:

1) Calculation of the deadtime and standard deviation

with help of the DBA and DEA areas.

2) Calculation of "exact" correction in the L- and

C-areas overlapped by the DBA and JEA areas.

3) Calculation of the correction for the remaining

channels using the deadtime calculate I in step 1.

We will first study how these three steps are performed for the

L-area. Step 1 is simple. We then let the first neu-ron in the

DBA-area correspond to the first neutron in the DEA-area, the

second one in the DBA-area correspond to the second one in the

DEA-area, and so on. The channel difference is then the dead-

time for each neutron. Thus

ch(i) D E A-ch(i) D B A

8

where -r(i) is the deadtime for neutron i expressed in us,

Ch(i) is the channel number, where the neutron i appears.

To avoid the irregular behaviuor in the beginnina of the DBA

area we start the evaluation at channel 480 (which corresponds

to 60 us). This is done for all neutrons until we reach the end

of the DEA area. The mean value and standard deviation are cal-

culated.

U
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In step 2 we calculate the correction factor k with the dead-

time correction formula

, _ total time

total open time , _ closed time
total time

The closed time is easy to calculate with the aid of the DBA

and DEA areas. Total time for each channel is, of course, equal

to

number of accepted bursts (BUA) * channel width (LC)

Step 3 is, however, more complicated. We must here make use of

the deadtime calculated in step 1. Generally, the formula for

the correction factor is

. _ 1 (6.1)

1 -
BUA«LC

where T is the deadtime,

N is the number of neutrons in the channel.

This formula, however, is only correct if t<<LC. In our case

the channel width ranged from 4.5 to 15.75 us, which is shorter

than the deadtime. In this case the formula must be

, N(T)•LC (6.2)
BUA-LC

where N(x) is the total number of counts which can affect

the actual channel.

This means that we have to include the previous channels to ob-

tain kT. We write the deadtime T as

T = A«LC + a«LC 0«a<l (6.3)

where A is an integer.
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If we assume equal distribution within the L channels, we find

N(t) for channel i

-> I a2

N(i,t) = H(i,A,a) = (aV2)-L(i-(A+l)) + (j +a- — )-L(i-A)

k=i-l ,

+ I L(k) + -5*L(i) (6#4)

k=i-(A-l)

where L(k) is the number of counts in channel k for all

detectors.

The program actually assumes that the distribution in each chan-

nel is exponential, but no significant improvement was visible.

The program also accounts for the extra deadtime Ticrr. neutrons

not registered in the L-area (for example owing to coincidsi.w.e) .

This effect is also small. One effect not accounted for is that

the deadtime is not constant but is dependent on the amplitude

of uhe pulse. This will give a slight underestimation of the

correction factor. Since we have calculated the correction fac-

tor k exactly, where the DBA- and DEA-areas overlap the- L-p.roa,

and approximately further on in the L-area, we will not obtain

a perfect smooth fitting on the border between the exart- ?.rd th<~

approximate formula for k, . The effect is more pronounced for

small cylinders, where the intensity is higher, and can be seen

in Fig. 5.3.

One more effect we have not taken account of is the possibility

of pile-up in the same detector, but this effect is much smaller

than the first mentioned.

For the C-areas it is not possible to use the formula given in

Eq. (6.4). This is due to the fact that the channel widths are

different from each other and, still more important, that some of

the C-areas do not overlap with the DBA- and DEA-areas. In other

words there are no previous channels to obtain k as for the L-

area. Another less exact method has therefore been adopted. We

try to make use of formula (6.1), which is only dependent on the

channel content and not on the contents in other channels. Since

N is overestimated we must find a i that is correspondingly over-

estimated. This is possible to find in step 1, if we assume that



78

the decay is truly exponential. We therefore evaluate the

quotient between closed time and counts in each DBA channel.

If we multiply this quantity with DC, we will have a value for

T to be used in Eq. (6.1) in step 3.

As mentioned above in this method the decay is assumed to be

exponential (or in other words that the quotient between closed

time and channel content is constant). This is not true, as we

can see from the uncorrected curve in Fig. 6.3, which means that

this formula is more approximate than the one for the L-area.

As can be seen in Fig. 6.3 x should be calculated as late as

possible within the DBA-area. In our case T was calculated from

channel 800 (which corresponds to 100 ps) to the end of DBA- and

DEA-areas. Still, this type of correction is only good if the

channel count is changed less than about 10% on the border be-

tween the exact the approximate formula. Unfortunately, on this

border the correction is usually more than 10%, so the calcula-

tion of the decay constant is hampered by this fact.

In Fig. 6.3 and Fig. 6.4 we can see the result of a deadtime

correction of the L-area and C-area, respectively.
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Fig. 6.3. Example of deadtime correction of the L-area,

is the uncorrected curve.

+ is the corrected curve.

R = "i-002 cm, H = 7.872 cm and homogeneous case.

Channel width is 6 ys.
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6.2 Background

We have already mentioned that the background correction is

performed after the elimination of the higher modes with the

minimum statistical error method but before the evaluation of

the decay constant with the maximum likelihood method.

We shall here discuss the possible sources of background, de-

scribe the appearance of the background and show how we correct for

the background. The background correction of the decay constant

varied between 0.2 and 2.3% for small cylinders and to no correc-

tion at all for large cylinders. The remaining error is of the

same magnitude as the statistical error for small cylinders and

negligible for large ones.

The background consists of three parts:

1) A very fait decaying part after the pulse.

2) An approximately exponential, slowly decaying back-

ground. This decay had a different appearance depending

on whether the detectors were boron shielded or not.

3) A constant background.

The fast decaying background arises from the decay of neutrons

in the experimental equipment. We therefore made a measurement

with no moderator very shortly after the neucon pulse. The re-

sult is shown in Fig. 6.5. As can be seen in this figure, this

type of background has died out after 10 us. As the ordinary

measurement starts at least 25 us after the pulse end, this typo

of background is totally negligible.

Type 3 background is first subtracted. This type of background

is very small, not more than 2-3 counts per linear time channel

(channel width was about 5 us for small cylinders and 10-15 us

for large cylinders). The amplitude of the backjround was cal-

culated with the last C-channel that was well behind the decay-

ing curve. We also performed a test within th<~ L-area i.̂  -«e if

this background estimate was correct. There */ere two cases where

the background level was higher than the above mentioned.
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Fig. 6.5. Background measurement of the fast decay of

neutrons in experimental equipment. Channel width is

5 us. Channels 0, 1 and 2 are within the neutron pulse,

but not channel 3. The number of counts is the sum of

the counts in all detectors. The detectors are shielded

only by cadmium.
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In these cases the deflecting plates, which sweep the neutrons

between the bursts had stopped working during an experiment with-

out the operator noticing this.

Type 2 background is due to room-return neutrons, especially

epithemal neutrons, which can pass the boron and cadmium shield-

ing. The cadmium shielding absorb almost all neutrons with ener-

gies <0.5 eV, which is the cadmium cutoff energy. The absorption

cross section of boron is 1/v-dependent, and it is therefore pos-

sible for epithermal neutrons to pass. We have two types of type

2 background: a) before and b) after putting on boron shiolding

around the detectors. Figs. 6.6 and 6.7 show the results of back-

ground measurements. In these measurements the detectors were

placed on the rotating table without a moderator. In Fig. 6.6 the

detectors were shielded by cadmium only, and Fig. 6.7 by both

cadmium and boron. These background measvrements are roughly equal

in all other aspects.

We notice immediately that the bcron shielding only gives about

15% less background about 50 MS after the pulse end. The pulse

width was in this case longer than usual, 150 us. After about

400 MS the background is only about 15 - 20%. Vhis indicates that

the energy is nigher for the neutrons shortl;/ c f ter the neutron

pulse, which is reasonable, since these neutrons will return

faster.

The background without boron shielding (Fig. 6.5) has been ap-

proximated to two exponential curves with the break point about

665 us afLer the middle point in the pulse. The first part of

the curve had a decay constant of 1333-46 s evaluated with the

maximum likelihood method. The second part had a decay constant

of 2681+70 s"1. The background with boron shielding (Fig. '. .6)

has a faster aecay in the beginning, but after about 100 us the

decay rate is about 3565+70 s .

The problems in evaluating the amplitude of the background are

obvious. For large cylinders it is not possible to see the back-

ground, since it has died c it before the fundamental mode has

died out. The only way to know that it does exist is by evaluating
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Fig. 6.6. Background measurement with only cadmium

shielding. The iiumber of counts is the sum of the

counts in all detectors. Channel width is 5 us.

Pulse width is 150 ps and measurement starts 30 ,.s

after the pulse end.
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Fig,6.7. Background measurement with cr .mum shielding

and boron shielding. The number of counts is the sum of

the counts in all der.ectors. Channel width is 5 ,.s.

Pulse width is 150 \n and measurement starts 30 ,:s after

the pulse end.
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the decay constant consecutively and finding that the value ob-

tained steadily decreases. For small cylinders it is possible

to see the background after the fundamental mode has died away,

especially in the cases where the extra boron shielding was not

used. The only case where it is possible to use the maximum like-

lihood method for two parameters, is when we have extra shielding

and can see the background after the fundamental mode. This was

the case for 3 cylinders. We found it to be too much extra work

to make this program in assembler code for these few cylinders.

In the case where we have two exponential decays, it is not pos-

sible to use this method as the second decay rate is faster than

the first.

Therefore in each experiment the amplitude of the background

was found by the trial-and-error method. This means that an in-

put parameter with the background shape was subtracted, and then

the decay constant was evaluated consecutively as described in

section 5.3.1. The amplitude of the background was considered

correctly estimated, when a straight line was obtained in the

evaluation of the decay constant. An example of the effect of

the background correction can be seen in Fig. 6.8, where a back-

ground corrected decay constant (evaluated consecutively as men-

tioned above) is shown together with a not background corrected

decay constant.

At the same time the error of the decay constant caused by the

background correction was estimated. For small cylinders this

error was about 25 - 50% of the standard deviation of the decay

constant. For large cylinders the error was negligible.

We also tested what effect the error in decay constant of the

background would have. If we tried a different decay constant,

we had to adjust the amplitude to obtain a straight line. We

then obtained a value which differed by at most 10% of the stan-

dard deviation.

The effect of the background correction is larger for small cyl-

inders than for large ones. There are three reasons for this:

U-
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Fig. 6.8. The effect of background correction for a

small cylinder, R = 5.001 cm, H = 9.88 cm and control

rod radius 0.802 cm. The decay constant is evaluated

as a function of time with the maximum likelihood method

(r=50 channels) as described in section 5.3.1. Channel

width is 5 us.

+ is the not background corrected decay constant.

* is the background corrected decay constant.
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1) For a small cylinder the ratio between background and

incident neutrons into the moderator is considerably

larger than for large cylinders.

2) The difference in decay constant between the background

and fundamental mode is larger for small cylinders.

3) Most of the room-return neutrons that cause the back-

ground enter into the detectors outside the moderator.

For small cylinders the correction was between 0.2 and 0.8%.

There were two exceptions to this: in one experiment the deflec-

ting plates, which sweep away the deuteron ions between the pulses,

had stopped working, and the correction was 2.3%. In one other

experiment without boron shielding the correction was 1.7%

Neutrons entering back into the moderator give rise to an extra

source of neutrons. In th^ first place this makes the evaluation

of the neutron distribution at the end of the slowing down diffi-

cult, which we have already noticed. In the second place, we will

obtain neutrons with larger weight, which arrive, when the neutron

flux in the moderator has decreased. This may influence the de-

termination of the decay constant.

Other possible background sources are gamma radiation and elec-

tronic noise. Gamma radiation background was low since the BF.,-

counters have a low y-background sensitivity. Als>>, gamma pulses

have lower amplitude than the neutron signals and could usually

be discriminated against. However, prompt intense gamma rays from

the reactions 1 1 3Cd(n,y) 1 1 4Cd and 1 0B(n,*) 7Lit where 7Li* is an

intermediate excited state of Li, are sometimes not negligible.

But as these are prompt gamma rays, the detected pulses will

decay at the same rate as the neutron flux.

Electronic noise was tested and proved to be extremely low com-

pared to type 2 background and was therefore negligible.
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6 . 3 Higher harmonics

We have already mentioned that the higher harmonics problem

probably has caused most of the discreapancies between different

measurements with the pulsed neutron technique. As we have used

four detectors inside the moderator, we have a powerful tool for

dealing with this problem. Our conclusion is that the error in-

duced by higher harmonics in this experiment is negligible

compared to other errors.

We have shown in section 5.3.2 how we with the Fourier-Bessel

analysis method can separate the first higher harmonic mode in

radial direction and compare its amplitude to the amplitude of

the fundamental mode. In this way we can determine ho\«; many

higher harmonic modes we must eliminate and then do this effi-

ciently with the minimum statistical error method described in

section 5.3.1. About 1 - 2 % from the higher modes are left and

could be seen (jee also Fig. 5.2) in cylinders 11 and 12 (Table

3.1). In all other cases the waiting time is sufficient for the

radial higher modes to become negligible.

However, this method will not take care of the axial modes,

which could be seen in cylinders 3, 4 and 9, which all are tall-

cylinders. In these cases we had to have a longer waiting time,

which was determined as described in section 0.i.I.

In the correlation method all higher modes in radial and axial

direction could be taken care of. But in these cases we had prob-

lems in evaluating the decay constant in the beginning of the ar-

ea since the deadtime correction was not successful there. There-

fore the waiting time was sufficient except in a few cases, e.g.

cylinders 11 and 12 (Table 3.1).

One more point should be stressed. If there are any higher modes

left, these will be left in both homogeneous and heterogeneous

cylinders with roughly the same amplitude, provided the decay

constant is evaluated at about the same time. As this is a dif-

ference measurement the errors induced will cancel each other.
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This argument applies especially to the higher axial modes,

where the modes look the same in both the homogeneous and het-

erogeneous cases.

We do not rely on the last argument but regard it as an extra

safeguard when we conclude that the error from the higher har-

monic modes is negligible.

6.4 Temperature correction

We have already described the temperature control in section

5.2.1 and found that the average value during the measurements

ranged from 21.5°C to 24.3°C giving the average value 22.6°C

for the whole experimental series. The overall error was consid-

ered to be less than ±0.2°C. We wish to refer all measurements

to the temperature of 22.6°C and must then correct all measure-

ments to this temperature. Thus the temperature dependence of

the decay constant must be examined. The decay constant is al-

ready given in Eq. (2.11),

X = T~v + D B2 - CB4 (2.11)
a o

After differentiation we obtain

dX _ d V +
 dDo _2 dC _4 (fi 5 )

dT ~ - 3 T — + ~df B dT B (6'5)

B is assumed independent of temperature. Since the thermal

expansivity is 7.0«10~5/°K for Plexiglas at room temperature the

change in buckling in radial direction is negligible. Besides,

in the axial direction it is the thermal expansivity of water

that influences the buckling. This correction, although small,

is considered in section 6.6.

The by far most important term in Eq. (6.5) is the second one.

The first term could easily have been neglected for small cyl-



inders, whereas the last term could have been neglected for

large ones. The first term is directly dependent on the water

density and can be written at 22.6 C as

dT
= -1.1 s"1./ C

In Table 6.1 we have given a brief account of the theoretical

calculations and experimentai investigations of the temperature

dependence of D and C.

Theoretical work

Clendenin [46]

Nelkin kernel

Radkowsky kernel

Kobayashi et al. [47]

Nelkin kernel

Radkowsky kernel

Experimental work

Dio [48]

Antonov et al. [49]

Purohit and Sjöstrand

[50]

Besant and

Grant [51]

Williams [52]

dD
0

~dT

(cm *s

121

152

114

123

130 t

118 .t

12 3 ±

118 +

149

/°K)

30

7

6 +

6

å

i cm ' £

8

20

4

4

3. ->

1.1 . h

dC
dT

•V'K)

.4

.4

.6

.6

* 4.;

Table 6.1. The temperature dependence of D and C according

to the theoretical calculations and o:-:;-< -r i mental i.n'/«T;t i<\a-

tions. We have assumed the Nelkin kornol to be bnt.t.cr Hi an

the Radkovmky kernel.

In all experiments, except the one by Hcsant and ''.) v.nt , the

pulsed neutron method was x -ed.

t the value is calculated from earlier experiment.?;.
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dDo dC
When we have chosen the best value of -s=— and 3= , we have

assumed that a) the Nelkin kernel is better than the Radkowsky

kernel, and b) the result of Williams [52] is not correct. He

has made measurements of the diffusion coefficient at four dif-

ferent temperatures: 30.1, 25.0, 13.8 and 7.5°C. The first two

measurements fit other experimental data, but the last two are

far lower. We don't believe it to be correct that these two last

measurements (so far from "our" temperature interval (21.5-24,3°C),

where most other experimental evidence is) would influence

so strongly.

We have chosen

dD
= 120 ± 6 cm2s"1/°C

anc

§§ = 8.5

T!- temperature correction for X then will be

AA = (-1.1 + 120-B2 - 8.5«B4)«AT (6.6)

Tb.s correction is usually less than, but in a few cases up to

tw.ce, the standard deviation of the decay constant (Eq. (5.13)).

The error in the temperature correction, which is a possible

systematic error, can be approximated to the uncertainty of the

second term in Eq. (6.6) only, 6«B »AT. However, this error is

always less than the error caused by the uncertainty in the tem-

perature, ±0.2°C. This error can be written

= (-1.1 + 120'B2 - 8.5«B4)«0.2 (6.7)

This error is always less and usually much T ess than the standard

deviation of the decay constant, but it will be included in the

final error of the extrapolation distance.
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6.5 Plexiglas

In the smallest cylinder almost 22% of the total volume con-

sists of Plexiglas. Therefore we will in this chapter show how

we correct for the Plexiglas, and show that the only significant

correction is for the Plexiglas tube surrounding the control rod

in the homogeneous case. The errors induced by the corrections

can be neglected.

One reason we chose Plexi^xas as container material was that

Plexiglas has similar diffusion parameters to water, especially

the diffusion constant. In Table 6.2 the various diffusion param-

eters are shown from some experiments done.

Öopiö et al.

Graffstein et

Delia Loggia

Yurova and

Pankratenko

[53]

al.

[54]

et al.

[55]

[56]

r. va
(s"1

4015i

4030±

3920i

4110*

)

350

150

98

30

D
0

(cm • s

35600±

35700±

36130t

35600»

"1)

300

1500

850

300

C

(cm^s*1)

2880±2200

4280il800

9683±4920

6100* 500

p

(g/cm )

?

~>

1.18

1.18

T

(°

?

7

(22.

19.

C)

0)?

9

Table 6.2 Diffusion parameters of Plexiglas.

We have used the values of Yurova and Pankratenko as, to our

knowledge, these are the latest experiments so far with Plexi-

glas and have the smallest quoted errors. We must then adjust

£av and D Q to the temperature of 22.6°C. The influence of C is

of less importance anä is thus neglected.

d£ v
is only dependent on the thermal expansivity of Plexiglas

and found to be -0.9 s~1/°C.
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," has not been measured to our knowledge, so we have to make

a qualified guess.

We can write

D
oo 3 o • p

s

where 1. is the mean transport path,

o . is the microscopic cross section,

P is the density of water,

T is the temperature of water in °K.

This leads to

o _ n , 1 S _ 1 Äp 1 ,, Q.

" Do (" T" ~ÄT p ÄT + Tn] (6>9)Af" " Do (" T" ÄT p ÄT
s

The last two terms can easily be calculated, but in the first

term we have to guess the temperature dependence of the scatter

ing cross section of Plexiglas. A safe guess is that its cross

section is somewhere between constant (like graphite) and 1/v-

dependent (like water). We have therefore used the value

dD _ ,
| = 95 i 25 cnt s~-y°C

We than obtain D Q = 35 860 ± 300 cm
2s" 1 at 22.6°C.

There are five cases, where we have to investigate the correc-

tion for Plexiglas, namely

1) The Plexiglas tube surrounding the control rod,homoqeneous case.

2) " - « - » - « - » _ » _ » ,heterogeneous casi

3) " " cylinder mantle, homogeneous case.

4) " - " - - " - - " - , heterogereous case.

5) " - - - - » - ends.

The effects are assumed not to interact with each other and can

therefore be calculated separately.



Vie have neglected the influence of the very thin (1 mm) Plexi-

clas tubes around the detectors. The most dominant correction

is type 1. For this case we will describe the correction in some

nore detail. For the other cases only the approximate correction

formulae will be given.

In all cases we have used the diffusion approximation, which is

questionable since the thickness of the Plexiglas, h is less than

1. and we are in most cases close to the surface. But since the

variations in I v and D are small this procedure is permissible.

Besides, all corrections are small, so we are more interested in

the magnitude of the corrections rather than the exact correction.

1) Correction from the Plexiglas tubs surrounding the control

rod, homogeneous case.

We will here assume that the Plexiglas tube around the water,

where the boron carbide is filled in the heterogeneous case, has

the same influence as a Plexiglas rod (radius h) with the same

volume as the Plexiglas tube. See Fig. 6.9.

Nattr

I.

,PUii|lat

Fig. 6.9 Plexiglas correction for the tube surrounding

control rod in the homogeneous case.

From the usual interface conditions

and J1(h) = J 2(h) (6.10)

we obtain

U-.
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Jl(Blh) 'Yo(B1 V " V
- J (B.h)

. B D
2 2

i.ii)

where index 1 refers to water and index 2 to Plexiglas. The

connection between B^ and B- is obtained from

(6.12)

As mentioned before diffusion cooling is neglected.

We want an approximate formula for åB^, where

&B1 ' Bl " BR (6.13)

and where BR refers to the radial buckling without Plexiglas in

the middle.

If we assume AB,<<BR and h<<R we obtain

(6.14)

Here the relation (6.12) has been used.

This type of correction is of the same magnituds as the standard

deviation of the decay constant.

2) Correction from the Plexiglas tube surrounding the control
rod, heterogeneous case.

••tir

* . if

-•Mini »I

Fig. 6.10. Plsxlglas correction for tubs surrounding
control rod in the heterogeneous case.
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We note here that ae in Fig. 6.10 refers to the extrapolated

endpoint, i.e. $2^ae^ = 0 and not to the control rod radius. The

extrapolated endpoint is neglected in the sense that the Plexi-

glas' inner radius and outer radius are a and a +h, respectively.

With the usual approximations AB,<<BD and h<<"R we obtain
x K e

V * " •.
(6.15)

where

Jo ̂ R V *Y1 ( B » V ' Jl (BRae) *Yo ( B R Vk - k(a .RJ - ° R e i—SJS i—5-S ° R e (6.16)

Note that BR = BR(ae,Re)

This is a function, which increases with increasing R but de-

creases with increasing a . In our case it ranges fro:? 1.28 to

3.37.

3) Correction from the Plexiglas cylinder mantle, homogeneous

case.

Fig. 6.11. Plexiglas correction, cylinder mantle

in the homogeneous case.

The extrapolated endpoint is neglected in the sawe sense as above,

i.e. $(R+h) = 0, where R+h corresponds to the extrapolated radius

of the cylinder without Plexiglas. Using the symbols in Fig. 6.11

and with the usual approximations we obtain
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R + h
(6.17A)

4) Correction from the Plexiglas cylinder mantle, heterogeneous

case.

Wittr

Ctitral rt<

• l i t

Fig. 6.12. Plexiglas correction, cylinder mantle

in the heterogeneous case.

Using the symbols in Fig. 6.12 and with the usual approximations

we obtain

hB
AB,

(R+h) - a»k
(6.17b)

where k i s defined in Eq. (6.16)(R+h = Re).

5) Correction from the Plexiglas cylinder ends.

±77 7/ / /I/ / / / /Y /

I ffittr

t It, 0,

7 / / / \ / / / / / / 7

\ Piuiiiit

•t.Bt

Fig. 6.13. Plexiglas correction, axial direction.
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Using the symbols in Fig. 6.13 and the usual approximations

we obtain

h-BH«(l-D^/D-)
AB, = 1 *1 H+h (6.18)

where BH = 7j/(H+h) is the axial buckling.

In this case the correction is exactly the same in both the

homogeneous and hetereogeneous case and will not influence the

calculation of the extrapolation distance.

All approximate formulae have been checked against the "exact"

formula, of which we have only given Eq. (6.11), and have been

found to be valid to within 10%. As mentioned before ihe largest

correction is obtained in case 1, where the correction is of t' •-

same magnitude as the standard deviation of the decay constant.

The other corrections are all about 10 times less. The error in

the corrections is small compared to the standard deviation of

the decay constant and can be neglected.

We note that in case 1, where the Plexiglas has replaced water

in a high-flux region, the correction is caused dominantly by

the change in absorption cross section. In all other cases, where

Plexiglas replaces water in a low-flux region, the correction is

dominated by the change in scattering cross section. This is in

agreement with the results from perturbation theory. See, for

example, Bell and Glasstone [1].

A possible systematic error is the uncertainty in the diffusion

constant for Plexiglas, D- (the possible error in I^v is negli-

gible). At the cylinder mantle and the cylinder ends, tnis error

is common to both the homogeneous and heterogeneous case and will

therefore cancel. But this error can for the control ror! (for

small geometries) be as much as the standard deviation of the

decay constant.
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6.6 Physical dimensions and diffusion parameters

We shall here describe how the height is determined for the

homogeneous cylinders and how the decay costant of heterogeneous

cylinders are corrected to this height.

For the homogeneous cylinder we have

W = VH*PH(T) + V P P = Vtot'pH(T)

where W is the weight of the cylinder,

pj. is the density of water as a function of temperature,

pp = 1.18 is the density of Plexiglas,

V is the volume of water,n
Vp is the volume of Plexiglas,

V. . = Vu + Vn is the total volume of the cylinder.
tOt M r

As
Vtot = {*R2 " Adet>'H (6'20)

where R is the measured radius of the cylinder,

H is the height of the cylinder,

A, . is the area of all four detectors.

we immediately find

W - Vp.1.18-PH(T))

We note here that the density of water is a function of temper-

ature. In this way the buckling dependence in the axial direc-

tion of the temperature is included here, as mentioned in sec-

tion 6.4. Vp is found by weighing the cylinder empty and divid-

ing the weight with the density of Plexiglas, 1.18. The errors

in H will mainly lie in W and R as discussed later.
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For the heterogeneous cylinders we have

VP"PP + WB

= VtOt*PH(T) + VP-(PP-PH
(T)) + WB (6-22)

where W_ is the weight of the boron carbide,o
The other symbols are explained in Eq. (6.19).

We have

Vtot = <*R2 " Adet " V H (6'23)

where Ao is the area of the control rod.

The oth^r symbols are explained in Eq. (6.20).

Thus we obtain

W - WR - Vp-(1.18-pH(T))
H = =-5 * !! (6.24)

(*R - Adet " V p H ( T )

The error in H will mainly lie in W - Wg and R as discussed

later in this chapter.

Usually H found in the homogeneous case and the heterogeneous

case differ from each other. This difference is called AH and

the decay constant must be corrected for this difference. From

Eqs. (2.9) and (2.11) we find after differentiation

AX = A(B2)«(DQ - 2CB
2)

= - £1— AH-(D - 2CB^) (6.25)
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6.6.2 Errors due to uncertainties in physical dimensions

§.nd_diffusign_garameters

We now have to examine the possible errors in physical dimen-

sions and study how they influence our evaluation of the extrap

olation distance d.

The following errors will be discussed:

a) The error in AX according to Eq. (6.25).

b) Errors in R, H, a(radius of control rod), D and C

affecting d according to Eq. (2.10).

c) Other errors, e.g. the control rod not centrally placed

and eccentricity of the control rod and cylinder.

The error in H can be written for the homogeneous cylinder

AH = H /(M) 2 + (2AB)2 (6.26)
W K

which is the error quoted in Table 3.1.

The error in H for the heterogeneous cylinder is obtained from

Eq. (6.26), if W is replaced by W-Wo.

We must be aware that the error in radius is common to both the

homogeneous cylinder and heterogeneous cylinder, while the weigh-

ing error is not.

Thus, it is only the error in weighing that should be included

in the errors of AX. The precision of the balances has been pre-

sented in section 5.2.1. The error of AA in case a above was

found to be at most 20% of the standard deviation of the decay

constant.

Errors in R, H, a, D and C affecting d according to Eqs. (2.10)

and (2.14) could be found by differentiating these equations,

but since they contain Bessel and Neumann functions this would

be rather cumbersome. It is better to examine this by slightly
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altering the input values of R, H, a, DQ and C. We shall also

distinguish between random errors and systematic errors.

Random errors are measurement uncertainties in R, H and a.

The error in R is <0.005 cm, in a <0.001 cm and in H is found

in Table 3.1.

Systematic errors are

1) uncertainties of the extrapolation distance at the

moderator surface.

2) uncertainties in D and C.

2 4
The error in D Q is <150 cm /s and in C <300 cm /s.

To determine the extrapolation distance at the surfaces of the

cylinder we used Sjöstrand's [57] review article on extrapola-

tion distances. He recommends for the cylirirical case estimates

from other geometrical shapes of which we have chosen the slab.

The recommended value is given by Schmidt a^d Gelbard [58] and

can be written approximately aa

ZQ/ltr = 0.748 - 0.053 B
2 (6.27)

where z is the extrapolated endpoint into the vacuum,

lt is the transport mean free path averaged over the

infinite medium (not diffusion cooled).

To estimate the error for the extrapolation distance we looked

at recent measurements by Bowen and Scott [59], who have studied

a cylinder and a cube. For the cylinder (diameter and height 18 cm)

he obtained in two independent measurements z = 0.323 t 0.013 and

0.306 ± 0.030 cm. Ti.e agreement with the theoretical value is

good. Consequently, the error for the ax-.rapolation distance

used was 0.013 cm.

In Table 6.3 is shown the error in d "rom the errors in the para-

meters mentioned above for different radii. The error of H was

always found to be negligible.
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^"^---s^Rtcm)

ARm
(=0.005 cm)

Aa

(=0.001 cm)

A Rex
(=0.013 cm)

AD

3
(=150cnT/s)

AC

(=300cm4/s)

5

0.006

0.008

0.005

0.004

0.015

0.020

0.007

0.010

0.016

0.023

6.67

0.005

0.006

0.005

0.004

0.012

0.017

0.007

0.011

0.008

0.011

7 . 5

0.004

0.006

0.005

0.004

0.011

0.016

0.008

0.012

0.009

0.013

10

0.003

0.007

0.005

0.0O3

0.009

0.019

0.009

0.019

0.004

0.010

15

0.003

0.006

0.005

0.003

0.007

0.016

0.010

0.024

0.007

0.016

Table 6.3 The error in d from the errors in R, a, D and C

for different radii. The error in R is subdivided into

measurement uncertainty (ARm) and extrapolation dis-

tance uncertainty (AR ).

The variation with height is negligible.

The first value is given for the small control rod

(a=0.41 cm) and the second for the largest control

rod (a=0.80 or »1.81 cm).

As we will see in chapter 7, the random error in d ranges from

about 0.02 for small cylinder radii to about 0.15 for large cyl-

inder radii. So, the errors quoted in Table 6.3 can not be ne-

glected for small cylinders but have no influence for large cyl-

inders.

The error caused by displacement of the control rod can be cal-

culated from the theory of Nordheim and Scaletter [60]. From

this theory is found

AB
,2,2.405'r.
o (—R }

0 eff

(6.28)

U-- -
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where AB

r

Since
*eff

is the change of buckling caused by the control rod,

is the distance between the axes of the control rod

and the cylinder,

is the effective radius of the cylinder.

is at most 0.001, we find that this error is

negligible.

The eccentricities have been measured and found to be small.

They are for the control rod at most 0.12 and for the cylinder

0.08. These slight eccentricities will have no influence in the

calculation of the extrapolation distance d because of the fol-

lowing arguments.

According to Hurwitz and Roe [61], a black elliptic control rod

with axes a and b is equivalent to a circular rod of radius — ~ —

so this value was used. The error due to the eccentricity of the

cylinder itself, is cancelled as the error is common to both the

homogeneous and heterogeneous systems.

The eccentricity of an ellipse is defined as e = •'.

where a is the large axis and b is the small axis.

- b2/a2,
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6.7 Detector perturbation

There is one thing in this experiment that is different from

most other pulsed neutron experiments, i.e. we have as many as

four detectors inside the moderator. This has been motivated by

the fact that this is a difference measurement, and the distur-

bance will largely cancel in the homogeneous m d heterogeneous

systems. Therefore, the advantages with the detectors inside the

moderator, e.g. better control of higher harmonics and better

counting rates, would outweigh the disadvantage due to possible

influence from the detectors.

In this section we will present the measurements made of the

detector influence. For the cylinder examined, we found that

the influence is approximately proportional to the flux. The

errors are, however, too large to allow any definite conclusions.

We will present arguments that this is fortuitous and also present

the results that strongly indicate that the influence is differ-

ent in different moderator systems.

It is very tedious work to examine the influence of the detectors

in the moderator systems. A complete examination of a cylinder

requires four more measurements for each original measurement.

We have therefore chosen a cylinder (systems 4 and 5 in Table 6.4)

in the "middle", in which we make a rather thorough measurement.

To complete the picture, some old measurements with larger errors

were also used.

In Table 6.4 we present the moderator systems in which detectors

have been replaced by water. In Table 6.5 we present the results

of these measurements together with the results of the normal

measurements with all detectors. We have also in this table in-

cluded the theoretical values calculated with the programs given

in Appendix B. The buckling is, however, calculated with more

care in this case:

1) The more accurate random condition (2.10) has been used

instead of the effective control rod radius, a f,, found

from Eq. (1.5).

2) The buckling-dependent extrapolation distance at the sur-

face of the cylinder and the control rod (Eqs. 6.27 and
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System

nr.

1

2

3

4

5

6

7

8

9

Radius

(cm)

5.001

4.999

7.483

7.487

7.487

7.487

7.498

7.498

15.022

Height

(cm)

9.88

24.93

9.89

14.92

14.92

14.92

24.81

24.81

24.88

Control

rod radius

(cm)

0.410

0.408

0.407

H2O

0.407

0.805

H2°
0.409

H2O

Detectors replaced Dy water

(1 is the innermost, 2 next

to innermost and so on)

1

1, 2 and 3; 2, 3 and 4

1

1; 2; 3; 4

1; 2; 3; 4

1

1

1

1

Table 6.4. Moderator systems in which detectors have

been replaced by water. In exp. nr. 2 three detectors

have been replaced, while in nr. 4 and 5 one at the time.

System

nr.

1

2

3

4

5

6

7

6

9

Theoreti-

cal value

18499

16032

12718

9b95

11056

11956

8694

10163

6220

Experimen-

tal value

19703+23

16888*15

13154*16

9953*13

11436*11

12332*13

9011* 8

10480* 9

6312* 6

Exporinental '. .o -.it . o

(system 2, 3 detectora; r

water

Det 1

19142* 45

16153*391*

12937*24

9813*11

11276*11

12277*20

8887* 9

10289*12

6262*21

Det 2

9860'8

11319*8

Det

9887*

11364*

cp

3

8

10

laced by

Det

io203t

>885i

11388*

r

4

47 2 )

8

11

Table 6.5. Results of measurements of the decay constant

in moderator systems, in which detectors have been re-

placed by water, compared to normal measurement and

theoretical value.

1) Detector 1, 2 and 3 replaced by water.

2) Detector 2, 3 and 4 replaced by water.
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7.9) has been used instead of the infinite medium

extrapolation distance. This means that the buckling

must be calculated with iteration.

The difference for the decay constant with this mere accurate

method was not large, and for large systems negligible. All ex-

perimental values are corrected, so the only difference between

the theoretical results and the experimental results is the in-

fluence of the detectors on the experimental values. The theore-

tical values of the decay constant of heterogeneous systems are

somewhat doubtful, since we have to assume that the extrapolation

distance is known.

We shall first examine systems 4 and 5 and study whether there

is any coupling effect between the disturbances from the various

detectors. We will then study the difference between the detec-

tor influence on the decay constant for systems 4 and 5.

System

nr.

4

5

Exp. value - experiment

tector (specified below)

Det

140.

160

1

.17

Det 2

93+15

117+14

Det

66i

72±

value with

replaced

3

15

15

Det

68»

48±

one de-

by water

4

15

16

Sum

367»

397»

22

23

Exp. value

-Theoreti-

cal value

358

380

Table 6.6.Test of the independence of the detectors.

We find here an indication that the detectors are independent

of each other within experimental error. We also find that the

detectors in the homogeneous and heterogeneous cylinder influ-

ence the decay constant to about the same extent within exper-

imental error (detector 2 is an exception). However, the errors

are rather large, since we work with small differences. Strictly,

the result is only true for this system and will only give an

indication for other systems (especially those with the same

radius) as well.
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It is also interesting to find out the influence of the detector

as a function of the radius. Our simple attempt was to see if it

was proportional to Lhe flux. We have shown this in Figs. 6.14

and 6.15 for systems 4 and 5, respectively. This shows that for

these moderator systems we have an acceptable fit. However, this

might be fortuitous, since the situation is much more complicat-

ed. There is leakage at the ends of the detectors, and a change

of absorption and scattering in the detectors. The leakage and

the change of the absorption will probably be proportional to

the square of the flux. The change in scattering cross section

affects the buckling of the system more in the outer than in the

inner portion of the cylinder. Since the leakage is different

for different heights and more dominant for systems with smaller

radii, this indicates that the curve in Figs. 6.14 and 6.15 can

look different for all cylinders. We can for example try the as-

sumption that the influence of the detectors is proportional to

the flux and from this calculate the decay constant for the other

systems (we then assume that the experimental and theoretical

values are correct). Tho results of this is shown in Table 6.7.

System
nr.

1

2 (det 1)

2 (det 4)

3

6

7

8

9

Experimental value
with one detector
replaced by water

19142±45

16153+39

16203+47

12937+24

12277+20

8887' 9

10289+12

6262121

Theoretical value
assuming the influence
of detectors propor-
tional t o t. - flux

19?0J

16181

16315

U '99

12205

8888

10 366

6276

Table 6.7. Examination of the experimental values obtained

from systfci.is wnere detectors have been replaced by water
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Fig. 6.14. The influence from each detector (normal-

ized) compared to the flux. R = 7.487 cm, H = 14.92 cm

and homogeneous cylinder.
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Fig. 6.15. The influence from each detector (normal-

ized) compared to the flux. R = 7.487 cm, H = 14.92 cm

and control rod radius 0.407 cm.
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Here is an indication of what we mentioned above. It is very

hard to guess the influence from each detector in all cylinders

from the results from one cylinder. That would require a thorough

theoretical analysis, which is outside the scope of this work.

We shall content ourselves at this point with the results indi-

cated from Table 6.6: The influence of each detector seems to be

the same in the homogeneous and heterogeneous cases. This is what

is important, since this is a difference measurement. We will

however discuss the influence of the detectors once again (espe-

cially for small systems) in section 7.3.
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7. COMPARISON BETWEEN THEORY AND EXPERIMENTAL RESULTS

7.1 Experimental results obtained with the minimum statistical

error method

In this chapter we will give the experimental results, correc-

tions and errors for the decay constant. The extrapolation dis-

tance will then be evaluated and compared to the theoretical

value. The agreement is good except for small cylinders. We be-

lieve this is a systematic error caused by the detectors and will

treat this in section 7.3.

In Table 7.1 all experimental values for the decay constant eval-

uated with the minimum statistical error method (combined with

the Fourier-Bessel analysis method) are shown. Some comments must

be made upon the table.

X is the decay constant evaluated with the methods mentioned,

presented in sections 5.3.1 and 5.3.2. The values are deadtime

corrected (section 6.1) and background corrected (section 6.2).

We have presented the random and systematic errors separately.

For the random error we have

AX. = /o? + (AX. ) 2 + (AX_)2 (7.1)

where o^ is the standard deviation for X, found from Eq. (5.13),

AX, is the estimated error from background correction

(section 6.2),

AXT is the error caused by the uncertainty in the tem-

perature, found from Eq. (6.7).

For the systematic error we have

AXsy = AXPlex <7-2>

where ^ x
p i e x is the systematic error caused by the uncertainty

in the diffusion constant of Plexiglas. The error can

be found from Eq.(6.15).
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C y l .

nr.

1

2

3

4

j

6

7

8

9

R

(cm)

5.002

5.001

5.001

4 . 9 9 9

6 . 6 6 9

7.483

7.493

7.487

7.498

H

(cm)

7.87

9.88

14.87

24.93

13.20

9.889

11.86

14.92

24.8J

a

(cm)

0 . 4 1 0

0 . 8 0 3

0 . 4 1 0

0 . 8 0 2

0 . 4 0 8

0 . 7 9 8

0 . 4 0 8

0 . 7 9 8

0 . 4 0 9

0 . 8 0 2

0 . 4 0 7

0 . 7 9 9

0 . 4 0 7

0 . 7 9 6

0 . 4 0 7

0 . 8 0 5

0 . 4 0 9

0 . 7 9 8

e

(s~l)

17 7 4 0

2 13 3 2

2 392 5

16089

19703

22247

14 3 2 4
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2 0 4 7 3

13324

16882

19 303

1 1 2 : 0
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114

Cyl.

nr.

10

11

12

13

14

r>

(cm)

10.021

15.031

15.032

15.023

15.022

H

(cm)

19.89

8.857

10.787

14.853

24.88

a

(cm)

-

0.404

0.803

1.806

-

0.408

0.804

1.806

-

0.408

0.803

1.808

-

0.408

0.802

1.809

-

0.407

0.804

1.812

i

is"*)

7745

8510

8928

9997

9701

10073

10137

10426

8498

8748

8937

9244

7258

7557

7711

8033

6306

6626

6763

7089

-Ura

is"1)

6

6

6

9

17

14

9

10

12

8

7

7

11

8

6

8

5

5

8

4

sy

is"1)

-

5

4

3

-

3

2

2

-

3

2

2

-

3

2

2

-

2

1

1

*corr " t

(B'1)

7744 i 6

8520 ± 8

8935 * 7

9986 i 9

9716 ± 17

10016 t 14

10144 ± 9

104 53 ± 10

8507 ± 12

8789 ± 9

8962 ± 7

9254 + 7

7262 i 11

7554 t 9

7708 + 6

8026 t 8

6313 ± 5

6630 ± 5

6768 ± 8

7085 t 4

Table 7.1. Results, corrections and errors with the

minimum statistical error method,

a is the control rod radius.

AXsy

is the evaluated decay constant,

is the total statistical and nu

is the total systematic error.

A* is the total statistical and measurement error.
la

> r is the corrected decay constant.

AX. is the total error.
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The total error is obtained from

AXt = '//Ura + AAsy (7'3)

The errors for the decay constant are remarkable small, ranging

from 0.6 to 2.1%. Note here that all errors, which are common

to both the homogeneous system and the heterogeneous system (and

which consequently cancel, when we calculate the extrapolation

distance) are not included in the errors given in Table 7.1. If

these errors would have been included, the errors would increase

by about a factor 2. All values in Table 7.1 (and consequtive

tables) have been calculated with at least one zr.arc digit than

given in the table.

The corrected decay constant is found from

Acorr = Xe + AAtemp + AAP1 + AAH (7-4>

where AA is the correction caused by the temperature devia-

tion from 22.6°C, found in Lq. (6.6),

4L. is the correction caused by the Plexiglas described

in section 6.5,

AAH is the correction caused by the deviation from the

height given in Table 7.1 (heterogeneous systems

only), found in Eq. (6.25).

We have here also included tig. 7.1, which shows the decay

constant as a function of buckling in the homogeneous case.

From this it is very clear that the detector disturbance is in-

creasing for a decreasing radius. The picture is very much the

same for heterogeneous systems, if we assume we can calculate

the buckling for these, so we refrain from showing figures for

these results.

We are now ready to calculate the extrapolation distance d with

the aid of Eqs. (2.10) and (2.14). The results are presented in

Table 7.2 and Fig. 7.2 for the small control rod radius B 0.41 cm,

in Table 7.3 and Fig. 7.3 for the medium control rod radius
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= 0.80 cm (together with the result of Borak [3]), and in

Table 7.4 and Fig. 7.4 for the large control rod radius - 1.81 cm.

The theoretical values given in Figs. 7.2 - 7.4 have been obtained

from Pellaud's formula (Eq. (2.2)).

Some explanations and comments must be given in connection with

Tables 7.2 - 7.4.

>c is the decay constant for the heterogeneous system.

*0 " " " " " " homogeneous system,

d is the extrapolation distance. The value in the tables

are expressed in units of the transport mean free path.

Cyl.

nr.

1

2

3

4

5

6

7

8

9

10

"

12

13

14

R

(cm)

5.002

5.001

5.001

4.999

6.669

7.483

7.493

7.487

7.498

L0.021

15.031

L5.032

L5.023

L5.022

H

(cm)

7.87

9.88

14.87

24.93

13.02

9.889

11.86

14.92

24.81

19.89

8.857

10.787

14.853

24.88

a

(cm)

0.410

0.410

0.408

0.408

0.409

0.407

0.407

0.407

0.409

0.404

0.408

0.408

0.408

0.407

(s 1)

3602 ± 36

3566 ± 40

3487 ± 44

3536 ± 29

1926 ± 24

1434 ± 21

1426 ± 18

1481 ± 18

1468 ± 14

776 t 10

300 ± 22

282 t 15

292 t 14

317 ± 8

(d±Adt)/lfcr

0.752 f 0.035

0.805 ± 0.037

0.908 i 0.041

0.887 + 0.030

0.821 + 0.041

0.912 • 0.048

0.935 ± 0.042

0.842 + 0.041

0.881 * 0.033

0.847 t 0.043

0 99 f °'29

°'99 f 0.25

1 24 * °'21
lm** ~ 0.19

1 14 « °'17
1.14 - 0 # 1 9

0.86 t 0.08

Adra

0.020

0.026

0.031

0.018

0.033

0.040

0.034

0.034

0.024

0.035

0.29
0.25

0.21
0.19

0.17
0.19

0.08

0.028

0.027

0.026

0.024

0.024

0.026

0.025

0.023

0.022

0.024

0.02

0.02

0.02

0.02

Table 7.2 Extrapolation distance obtained for the small con-

trol rod (a=0.41 cm). The theoretical value in an infinite

medium is 0.882 ± 0.001. The uncertainty is caused by the

slight variation rod radius.



118

Ad is the random error in the extrapolation distance,ra
Ad is the systematic error in the extrapolation distance.

Ad is the total error in the extrapolation distance.

The random and systematic errors are again presented separately.

For the random error we have

Ad = /(Ad., ) 2 + (AdR)
2 + (AdJ2 (7.5)

r a A ra Rm a

where Ad is the error from the random error of the decay
ra

constant (Eq. (7.1)),

AdR is the error caused by the uncertainty in the

measurement of the cylinder radius (see Table 6.3),

Ad is the error caused by the uncertainty in the

measurement of the control rod radius (see Table 6.3)

For the systematic error we have

Adsv = ^ A dAX ^ + (AdR ) 2 + ( A dD ) 2 + ( A dC ) 2 ( 7 > 6 )
y sy ex

where Ad is the error from the systematic uncertainty in

^ the decay constant (Eq. (7.2)),

Ad_ is the error caused by the uncertainty of the outer
ex

extrapolation distance (see Table 6.3),

AdQ is the error caused by the uncertainty of the dif-

fusion constant (see Table 6.3),

Adc is the error caused by the uncertainty of the dif-

fusion cooling constant (see Table 6.3).

It is interesting to note that ..he dominating systematic errors

are the three last ones. The accuracy of those three parameters

can not be expected to improve considerably.

Finally, the total error is

T7Ä2~ (7.7)
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1.4

1.0

00

0.6

0.4

0.2

Theoretical

value

• This work

©Theoretical value corrected for finite dimensions

with Eqs. (7.8) and (7.9).

10 15 Rcnt

Fig. 7.2. The extrapolation distance, evaluated with the

minimum statistical error method, as a function of the

moderator effective radius. Control rod radii"- -• 0.41 r

The theoretical value for d/1. is for the iniinite me-

dium 0.882. The cylinders are number ordered from left

to right. An arrow marks the correct radius for a grou.;

cylinders with the same radius.
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Cyl.

n r .

1

2

3

4

5

6

7

8

9

10

11

12

13

14

R

(cm)

5.002

5.001

5.001

4.999

5.669

7.4e3
7.493
7.487
7.498

10.021

15.031

15.032

15.023

15.022

H

(cm)

7.87

9.88

14.87

24.93

13.20

9.889

11.86

14.92

24.81

19.89

8.857

10.787

14.853

24.88

a

(cm)
0.803

0.802

0.798

0.798

0.802

0.799

0.796

0.805

0.798

0.803

0.804

0.803

0.802

0.804

,x - \
c - l °(s L)

6135140

6126+40

6123138

6081142

3085122

2340120

230H21

2376119

2363114

119H 9

428120

455114

446U3

455H0

(d i Adfc)/l t r

0.69410.039

0.73010.037

0.75210.035

0.79410.035

0.79510.038

0.77510.040

0.83710.041

0.77310.038

0.77810.031

0.80010.040

, n R +0.25
1 - 0 8 - 0 . 2 3

n fii + 0 - 1 5

° ' 8 1 -0.14
n at; +0.15
" "" - 0 .14

0.89 ±0.11

0.020

0.020

0.019

0.023

0.025

0.032

0.034

0.030

0.022

0.032

0.25
0.23

0.15
0.14

0.15
0.14

0.11

0.033

0.031

0.030

0.027

0.028

0.025

0.024

0.023

0.022

0.024

0.02

0.02

0.02

0.02

Table 7.3. Extrapolation distance obtained for the medium control

rod (a = 0.80 cm). The theoretical value in an infinite medium is

0.812 + 0.001. The uncertainty is caused by the slight variation

radius.

Cyl

nr

10

11

12

13

14

R

(cm)

10

15

15

15

15

021

.031

.032

.023

.022

H

(cm)

19.89

8.857

10.787

14.853

24.88

a

(cm)

1.806

1.806

1.808

1.809

1.812

(s

2242i

737 +

747 +

764 +

7721

* o

11

20

14

14

7

(d+Adt

0.662

0.96

0.92

0.83

0.80

) /

tO

+0
-0

±0

+ 0

+ 0

X t r

.040

.20

.19

. 1 3

. 1 3

. 0 6

( A dra>

hr

0.028

0.20
0.19

0.13

0.13

0.06

, d
i

0 .

0 .

0 .

0 .

0 .

sy
t r

030

03

02

02

02

Table 7.4. Extrapolation distance obtained for the large control

rod (a - 1.81 cm). The theoretical value in an infinite medium

is 0.760 cm.
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X
18

16

1.4

12

to

OB

0.6

04

0.2

Theoretical

value

t
* This work

• Obtained from Borak [3]

O Theoretical value corrected for finite dimensions

with Eqs. (7.8) and (7.9). Not markad if

Ad/ltr<0.005

10
cm

Fig. 7.3. The extrapolation distance, evaluated with the

minimum statistical error method, as a function of the

moderator effective radius. Control rod radius 0,80 cm.

The theoretical value for d/l^ is for the infinite me-

dium 0.812. The cylinders are number ordered from left

to right. An arrow marks the correct radius for a group

of cylinders with the same radius.
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Fig. 7.4. The extrapolation distance, evaluated with the

minimum statistical error method, as a function of the

moderator effective radius. Control rod radius - 1.81 cm.

The theoretical value for d/ltr is for the infinite medi-

um 0.760. The cylinders are number ordered from left to

right. An arrow marks the correct radius for a group of

cylinders with the same radius.

U- —
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The error is in the range 3% to 6% for all cylinders with a ra-

dius up to 10 cm. Thera is a sharp rise in the error to 10-30%

for the cylinders with the largest radius. This is due to the

difficulties with the higher harmonic modes, especially for the

homogeneous cylinder. The problem is more pronounced for those

with a small height, since it is difficult to have a long wait-

ing time because of the leakage in the axial direction. We have

to make a few small corrections to the theoretical value for the

extrapolation distance, which has been calculated for the infi-

nite medium. The theoretical value used is obtained from Eq. (2.2)

given by Pellaud [11]. The accuracy quoted is better than 0.5%.

Kushneriuk [26] has investigated the influence of a finite cyl-

inder on the extrapolation distance in the one-velocity case.

For a control rod in the weakly absorbing medium with the exter-

nal radius R, where the net current vanishes (that is $

he has given the formula

where d(a) is the extrapolation distance for the infinite medium,

Z is the total macroscopic cross section for the medium,

Z. is the transport macroscopic cross section. We have

Z - Z'(l-pc), where c = Z /I and \i is the average

cosine of the scattering angle.

There is a minor misprint in the formula given by Kushneriuk [26]

(E in the last term should read Efc ), which has been corrected

accordingly in Eq. (7.8). The correction term in Eq. (7.8) is at

most 2.5% of d(a)/ltr for small cylinders with the large control

rod.

We have in section 6.6 used the buckling-dependent extrapolation

distance at the surface of the cylinder. This dependence was caused

by the diffusion cooling of the neutron spectrum. We assume that

the buckling dependence is the same for the extrapolation distance

of the control rod. We can then write
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lfcr(B
2) = l t r(0)• (1-0.071-B

2) (7.9)

where ltr(0) is the transport mean free path for the infinite

medium.

This correction is at most 3.7% for the smallest cylinder. It

is interesting to note that these two effects (Eqs. (7.8) and

(7.9)) partly cancel.

Prinja and Williams [14b] have examined, as mentioned in section

2.1, the effect of using a thermal equilibrium neutron energy

spectrum instead of monoenergetic neutrons. They have only pre-

sented results for black spheres, where they noted an increase

in the extrapolation distance of the order of 1%. This gives an

indication for cylinders as well, but as we have no figures

available for cylindrical control rods, we will not make any

correction for this effect. The effect is too small to be dis-

covered in these measurements.

Other effects that have been found negligible are

1) correction, because the control rod is not completely

black. The correction is given by Spinks [15], but is never

larger than 3%o.

2) correction, because water is not a purely scattering medium.

The correction is given by Pellaud [11] as a function of

c (=0.994 for water). The correction is about 5%o.

The corrections obtained in Eqs. (7.8) and (7.9) are included

in Figs. 7.2, 7.3 and 7.4.

We can see in Figs. 7.2 - 7.4 that there is no influence from

the outer radius on the extrapolation distance at the control

rod. Our values differ very much from those of Borak [3], We

also note that we have a systematic error for small cylinders.

This will be discussed further in section 7.3. A more detailed

discussion of the results will be given in section 7.4.
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7.2 Experimental results obtained with the correlation

method

We have also evaluated the decay constant with the correlation

method and will in this give the results and errors for

the decay constant and the extrapolation distance. Compared with

the results obtained in the previous section with the minimum

statistical error method, the results here have much larger er-

rors.

In Table 7.5 all experimental values evaluated with the correla-

tion method are shown. The corrections and errors are the same as

in Table 7.1. The systematic error is so small compared to the

statistical error that it is neglected. Some reasons why the er-

ror is so large are already mentioned in section 6.1, where the

problem of deadtime correction is treated. One more problem should

be mentioned: It seems that if the background is not found and giv-

en as a maximum for 1-d (see Eq. (5.34)), then the decay constant

evaluated for the cylinder will be influenced by the background.

The error given will then be large, as the fit to the ideal de-

cay is worse.

This can be seen from the results in Table 7.5, where the error

given is much larger for small cylinders, where the background is

more serious. For the whole experimental series the error ranges

from 0.3 to 1.6%.

We can now calculate the extrapolation distance d with Eqs. (2.10)

and (2.14). The results are presented in Table 7.6 and Fig. 7.5

for the small control rod radius =0.41 cm, in Table 7.7 and

Fig. 7.6 (together with the results of Borak [3]) for the medium

control rod radius e 0.80 cm and in Table 7.8 and Fig. 7.7 for

the large control rod radius * 1.81 cm. We have not included the

corrections mentioned in the previous chapter since these are

small compared to the experimental error.

The errors are much larger with this evaluation method, varying

from about 10% for small cylinders up to about lOO» for large
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cyi.

nr.

1

2

3

4

5

6

/

8

9

R

(cm)

5.002

5.001

5.001

4.999

6.669

7.483

7.493

7.487

7.498

H

(cm)

7.87

9.88

14.87

24.93

13.20

9.889

11.86

14.92

24.81

a

(cm)

-

0.410

0.803

-

0.410

0.802

-

0.408

0.798

-

0.408

0.798

-

0.409

0.802

-

0.407

0.799

-

0.407

0.796

-

0.407

0.805

-

0.409

0.798

\t-h
17641

21310

23797

16045

19587

22214

14214

17746

20394

13245

16821

19364

11273

13088

14347

11705

13139

13989

10745

12159

13060

9932

11435

12334

9007

10486

11376

* + A X .

corr , t
(s"1)

17678 ± 105

21357 i 160

23784 ± 238

16090 + 76

19584 i 161

22227 t 141

14332 ± 133

1774.3 i 288

20386 t 178

13271 t 57

16825 ± 85

19402 ± 133

11302 + 52

13085 ± 72

14355 ± 102

11722 t 46

13137 ± 93

13980 ± 54

10763 .t 38

12161 i 65

13056 i 52

9938 • 37

11440 • 35

12348 i 42

9016 ' 29

10488 i 42

11380 t 44

Table 7.5. Results, corrections and errors with the
correlation method (continued next page).
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Cyl.

nr.

10

11

12

13

14

R

(cm)

10.021

15.031

15.032

15.023

15.022

H

(cm)

19.89

8.857

10.787

14.853

24.88

a

(cm)

-

0.404

0.803

1.806

-

0.408

0.804

1.806

-

0.408

0.803

1.808

-

0.408

0.802

1.809

-

0.407

0.804

1.812

Xe

(a"1)

7752

8504

8945

10003

9810

10072

10174

10501

8465

8801

8943

9205

7258

7565

7711

8018

6333

6638

6789

7095

A + A A .corr t

(s-1)

7751 ± 37

8514 ± 48

8952 i 37

9992 ± 39

9825 t 61

10015 ± 46

10181 ± 45

10528 ± 36

8474 ± 23

8845 t 44

8968 ± 35

9215 ± 21

7286 ± 18

7562 ± 26

7708 ± 32

8011 ± 23

6340 ± 30

6642 ± 24

6794 ± 27

7091 + 32

Table 7.5. Results, corrections and errors

with the correlation method. The symbols

are the same as for Table 7.1.

L-
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Cyl.

nr.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

R

(cm)

5.

5.

5.

4.

6

7

7

7

7

10

15

15

15

15

002

001

001

999

669

483

.493

.487

.498

.021

.031

.032

.023

.022

H

(cm)

7

9

14

24

13

9

11

14

24

19

8

10

14

24

.87

.88

.87

.93

.02

.889

.86

.92

.81

.89

.857

.787

.853

.88

a

(cm)

0

0

0

0

0

0

0

0

0

0

0

0

0

0

.410

.410

.408

.408

.409

.407

.407

.407

.409

.404

.408

.408

.408

.407

A - A
C O

(s"1)

3679±191

3494-

3411*

3554^

1783±

1415±

1398±

1502±

1472±

763±

190±

371±

276±

302+

178

317

104

89

104

75

51

51

61

76

50

32

38

d/-

0

0

0

0

1

0

0

0

0

0

3

0

1

1

Ltr

.70

.86

.94

.85

.02

.93

.98

.79

.86

.89

.01

.32

.34

.02

V1

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

1.

-0.

0.

0.

tr

58

73

71

78

88

73

83

70

77

66

43

03

94

62

dh'

0

0

1

0

1

1

1

0

0

1

6

0

1

1

.83

.99

.21

.93

.18

.16

.14

.89

.96

.16

.74

.77

.85

.54

Table 7.6. Extrapolation distance obtained for the small

control rods (a = 0.41 cm). The theoretical value in an

infinite medium is 0.882 ± 0.001. The uncertainty is

caused by the slight variation of the control rod radius.

Instead of the error the low and high value of

d/ltr (d1/ltr and d h/l t r respectively) are given. The

error is too large to assume a linear relationship.
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U-

Fig. 7.5. The extrapolation distance, eva uated with the

correlation method, as a function of the moderator effec-

tive radius. Control rod radius * 0.41 en. The theoretical

value for d/ltr is for the infinite medium 0.882. The cyl-

inders are number ordered from left to right. An arrow

marks the correct radius for a group of cylinders with the

same radius.
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Cyl,

nr.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

R

(cm)

5.002

5.001

5.001

4.999

6.669

7.483

7.493

7.487

7.498

10.021

15.031

15.032

15.023

15.022

H

(cm)

7.87

9.88

14.87

24.93

13.20

9.889

11.86

14.92

24.81

19.89

8.857

10.787

14.853

24.88

a

(cm)

0.803

0.802

0.798

0.798

0.802

0.799

0.796

0.805

0.798

0.803

0.804

0.803

0.802

0.804

* -;.
c ,o
(s X)

6106+260

6137+160

6054+222

6131±145

3053*114

2258 + 71

2293± 64

2410± 56

2364+ 53

1201i 52

356± 76

494± 42

422± 37

454± 40

d/kr

0.71

0.72

0.79

0.77

0.83

0.91

0.85

0.72

0.78

0.77

2.09

0.44

1.23

0.90

0.58

0.65

0.C8

0.70

0.70

0.79

0.75

0.64

0.70

0.60

1.03

0.09

0.81

0.50

VXtr

0.85

0.81

0.91

0.84

0.97

1.03

0.96

0.81

0 . '3 >)

0. -j 5

3.72

0.84

1.72

1.36

Table 7.7. Extrapolation distance obtained for the

medium control rod (a = 0.80 cm). The theoretical val-

ue in an infinite medium is 0.812 ( 0.001 cm. The un-

certainty is caused by the slight variation of the con-

trol rod radius. See Table 7.5 for explanations of

symbols.

Cyl.

nr.

10

11

12

13

14

R

(cm)

10.021

15.031

15.032

15.023

15.022

H

(cm)

19.89

8.857

10.787

14.853

24.88

a

(cm)

1.806

1.806

1.808

1.809

1.812

VJo
(s"1)

2241+ 54

703+ 71

741± 31

725 + 29

751+ 44

d / 1tr

0.66

1.30

0.97

1.20

0.99

0.54

0.62

0.69

0.92

C.60

0.80

2.12

1.28

1.50

1.43

Table 7.8 Extrapolation distance obtained for the large

control rod (a = 1.81 cm). The theoretical value in

an infinite medium is 0.760 cm. See Table 7.5 for

explanations of symbols.
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cylinders are number ordered from left to right. An arrow

marks the correct radius for a group of cylinders with the

same radius.
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cylinders. The general trend is, however, the same, namely that

there is no influence from the outer radius on the extrapolation

distance at the control rod.

7.3 Detector disturbance for small cylinders.

From Figs. 7.2 and 7.3 it is obvious that there is a systematic

error inherent for cylinders with the radius of 5 cm. We shall

here discuss the origin of this error and show how we can find

a value for the extrapolation distance for this radius.

The low value for ti;c extrapolation distance for cylinders with

radius of 5 cm, indicates that the difference between the decay

constants for the heterogeneous and homogeneous systems (*~*0

in Eq. (2.14)) is larger than expected. This could have been

caused by two reasons (besides the possibility of poor experi-

mental results) :

1) a stronger leakage through the detector ends in the

heterogeneous case than in the homogeneous case.

2) an interaction between the control rod and the detectors.

The first effect will influence the axial buckling, while the

second effect will influence the radial buckling. An examination

of Figs. 7.2 and 7.3 shows that the effect is stronger for small

heights but has almost disappeared for tall cylinders. This in-

dicates that the axial buckling is affect:d. We will in the fol-

lowing put forth a few simple arguments that this is the case.

As we have four different heights for the same cylinder radius,

it is possible to separate the radial and axial buckling by ex-

trapolating the height to infinity.

Firstly, the difference between the experimental buckling ob-

tained in the measurement and the theoretical buckling is cal-

culated. The theoretical buckling has been calculated with the

method described in section 6.7, which is more accurate than the

theoretical buckling calculated according to Appendix B. In Fig.
2 2 27.8 the buckling difference AB = B - B. is shown as a
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function of the inverse height. The experimental value for the

buckling was calculated with the help of Eq. (2.11), where the

decay constant was obtained from Table 7.1.

A few explanations are necessary with regard to Fig. 7.8. The

numbers in the figure indicate cylinder number. It is only for

cylinders with the radius of 5 cm (nr 1-4) that we have given

the values for both the homogeneous and heterogeneous cylinders.

For other cylinders the values usually were so close to each

other that no extra information would be added. The mean value

is therefore given instead. The errors given are random errors.

Systematic errors have not been included as we, in this case,

are more interested in the relative values.

As indicated in the figure, points corresponding to cylinders

with the same radius can be connected with each other with a

line. For cylinders nr 1-4 we find if we extrapolate the height

to infinity that the lines for the homogeneous and heterogeneous

cylinders coincide for the infinite height within experimental

error (one anomalous value for the middle line, cylinder 3 has

been excluded). We therefore conclude: Within experimental error

the detectors will affect the radial buckling equally much in

the homogeneous and heterogeneous case. This conclusion will give

us a possibility to calculate the extrapolation distance as will

be shown later.

There is a weakness in this theory. We have in this context as-

sumed that the extrapolation distance is known, when we calculate

the buckling for the heterogeneous cylinders. Thus, we have no

proof for the above conclusion, only a strong indication.

We will now try to calculate the leakage in the axial direction

for a detector. This is done with a strictly geometrical argument.

With leakage is meant the probability that a neutron, which hits

a detector, will have such a direction that it will leak through

the detector ends (we don't account for absorption in the detec-

tor). Isotropic flux around a detector is assumed. In Fig. 7.9

the symbols for the calculation are given. First we calculate the

Drobability that a neutron hitting the detector at height x will

be within the space angle, which is defined by the angles

U-.
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O 0.05 0.10 0.15
Fig. 7.8. The buckling difference between theoretical and CUT 1

experimental values as a function of the inverse height.
Cylinder numbers refer to Table 3.1.
Aleak is the l e a k a 9 e probability (Eq. (7.11)).
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Fig. 7.9. The probability that a neutron hitting a

detector at height x will leak through the upper

detector end (which is defined by the angles S and y]

The neutron flux is assumed isotropic. The problem

has been simplified to a square detector. The sphe-

rical coordinates 9 and a are marked in the figure.

U.. —
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6 and Y in Fig. 7.9. We have simplified the problem here

and assumed that the detector is not circular but square

We obtain

x */2 e/2
•s- / cos e de / d«
** */2-Y -6/2

(H/2-x)Z+a2

» f(H/2-x)

where a is the detector diameter.

To compensate for the extra area we multiply the result with V 4 .

This appoximation is not good at the ends, but as the flux is

lower at the ends, the error induced is not serious. We then in-

tegrate from 0 to H/2 and include the other end and find the leak-

age probability A2eak

4 / cos {-rr x)«{f(H/2-x) + f(H/2+x)}dx
* 0 %

leak H « _
-f sin( J U )

e

where H is the effective height.

A FORTRAN program was written to calculate the leakage probabil-

ity according to Eq. (7.11). The result of the calculation is

shown in Fig. 7.8. We have not, however, tried to couple the

probability of leakage with the change of buckling. In this

context we only want to show the general trend, when the height

increases.

The complete solution for the detector dependence would be a

very tedious work, even in the diffusion approximation. The

general outline for the random condition in the slab case can

be found (for example) in Dance [62]. We would have to alter

the formula somewhat as he worked with vacuum. For an infinite

central detector the random condition would be
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-E b 1 n/2 1 w/2
e / / j(a/2,u,-x#t)dxdu = / / j(a/2,u,x,t+b/v)dxdu (7.12)

-1 -n/2 -1 -n/2

where j is the neutron current,

a is the detector diameter,

b = a«cosX/p is the distance the neutron travels inside

the detector,

Z, is the macroscopic absorption cross section inside the
a

detector,

n and x are explained in Fig. 7.10.

£

Fig. 7.10. Explanation of symbols to Eq. (7.12).

The neutron travels from P to Q inside the detector.

We immidiately find PR = a* cosX and b = PQ = a«cosx/u,

where y = cose.

In our case the detectors are placed eccentrically, which means

that wa must use associated Bessel functions and truncate the

expansion. This was outside the scope of this work.

It remains now to show that the leakage is more serious in the

heterogeneous case than in the homogeneous case. We have in this

context assumed that the change in buckling is proportional to

the square of the flux. This is reasonable, since the loss of a

neutron due to leakage is comparable to the loss of a neutron
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due to a control rod, where the change in the buckling was

proportional to the square of the flux according to Eq (6.28).

We have therefore calculated the portion of the r«<fi2-area the

detectors cover in the homogeneous and heterogeneous case.

This was done with a FORTRAN program. The result is shown in

Fig. 7.11. Here we can see that the detectors cover from 13%

to 34% more r$ -area in the heterogeneous case than in the

homogeneous case. The difference is most severe for a cylinder

with a small radius and large control rod, which is expected

(see Fig. 7.8).

From the above we have concluded:

- For cylinders with the radius of 5 cm, the axial buckling

is affected differently in the homogeneous and heteroge-

neous case but the radial buckling is affected equally

much.

- The difference in axial buckling goes to 0, when we ex-

trapolate the height to infinity.

- This difference is caused by a more severe leakage in

the heterogeneous case.

We can from this also find the extrapolation distance for a

cylinder with the radius of 5 cm and infinite height. This is

shown in Fig. 7.12 (control rod radius a <* 0.41 cm) and Fig.

7.13 (a s 0.80 cm). The values have been buckling corrected

due to the difference in height. We have again omitted the

anomalous result for one cylinder. The extrapolation distance

obtained this way is

0.92

0.82

(0.87) for control rod radius 0.41 cm.

(0.81) " - " - " -"- 0.80 cm.

The theoretical values (inside parenthesis) have been corrected

for the finite radius with Eqs. (7.8) and (7.9). As we have too

few points and don't know the form of the curve to make a good

analysis, the curve is drawn with free hand. The error is very

dependent on the error of the other points. A rough estimate

is that the error is twice the error for each cylinder.
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6

- Him
o a-0.41 CM

A a-0.10M

10 15

Fig. 7.11. The portion of r«$2- area the detectors cover

as a function of the radius.
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0.7

Q6

x Experimental values

O Theoretical value

Q05 Q10 015

Fig. 7.12. An estimate of the extrapolation distance for Cltl"

cylinders with radius 5 cm. Control rod radius = 0.41 cm.

Mr

09

0.7

0.6

x Experimental values

O Theoretical value

005 0.10 0.15
Fig. 7.13. An estimate of the extrapolation distance for

cylinders with radius 5 cm. Control rod radius = 0.80 cm.
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7.4 Discussion of results.

In sections 7.1 and 7.2 we have presented the results for the

decay constant. These results have been calculated in two ways:

a) The minimum statistical error method (combined with the

Fourier-Bessel method).

b) The correlation method.

Method a) was found to be superior in this experiment.The diffi-

culties with method b) were the following:

1) Problems with deadtime correction (section 6.1).

2) Problem with the interference from the computer cycle time

(section 6.1).

3) Inability to separate a background or a higher harmonic

mode with small amplitude.

The errors obtained with method a) were remarkably small,

ranging from 0.6%o to 2.3%o. We recall again that errors,

which are common to both the homogeneous and heterogeneous

systems, are not included.

The results for the extrapolation distance are shown in Figs.

7.2, 7.3 and 7.4. From these figures the following conclusions

can be drawn:

1) There are no significant effects from the moderator radius.

The small effects of buckling and finite radius from

Eqs. (7.8) and (7.9) are too small to be shown experimen-

tally with this method. This result is contradictory to the

results of Borak [3].

2) There are no significant effects from the moderator height.

The effect from buckling is again too small. The results

for a radius of 5 cm are caused by leakage in the axial

direction.

3) One important point we have not stressed before is that

the theoretical result in Figs. 7.2, 7.3 and 7.4 is calcu-

lated with Pellaud's formula (Eq. (2.2)), where linear

anisotropic scattering is included.
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Pellaud stated that the control rod radius a must be ex-

pressed in units of 1 and not of 1 as generally accept-

ed before. (1 = l/(l-u), where p is the average cosine

of the scattering angle). For u we have used the value 0.25

for water. If we had used 1 instead, the theoretical

value for d/1 in the infinite medium would have been 0.917

(a = 0.41 cm), 0.839 (a = 0.80 cm) resp. 0.775 (a = 1.81 cm).

We can see in Figs. 7.2 and 7.3 (not 7.4, where the errors

are too large) that this is hardly acceptable. Our results

are therefore an experimental indication that Pellaud's

statement is correct.

4) The errors for all cylinders, except those with radius=15 cm,

are largely dependent on systematic errors, particularly the

uncertainties in the extrapolation distance at cylinder

mantle and diffusion cooling. This means that it is not

meaningful to obtain better statistics with more time-

consuming measurements.

I
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8. SUMMARY

The objective of this experiment was to measure the linear

extrapolation distance for a central black cylindrical control

rod in a cylindrical water moderator. The radius for both the

control rod and the moderator was varied. The pulsed neutron

technique was used and the decay constant was measured for both

a homogeneous and a heterogeneous system. From the difference

in the decay constants the extrapolation distance could be cal-

culated (Eqs. (2.10) and (2.14)).

The reason to make this experiment is that the extrapolation

distance is an imporlant and widely used parameter. So far the

results from experimental works for this parameter are some-

what mixed as described in section 2.3. This could mean that

control rod calculations are not so good as believed so far,

which is most unsatisfactory.

One of the main problems in pulsed neutron experiments is the

influence of higher harmonic modes. In this experiment four

detectors were placed inside the moderator at different radii.

This gave us a powerful tool to eliminate the higher harmonic

modes. The detectors will disturb the moderator system, but as

this is a difference measurement the errors induced would can-

cel. This proved not to be entirely true for cylinders with a

small radius, because of the leakage through the detector ends.

Two methods were used to evaluate the decay constant:

1) The minimum statistical error method (section 5.3.1).

2) The correlation method (section 5.3.3).

The first method proved superior to the second one.

The results for the decay constant are shown in Table 7.1. The

errors are remarkably small because errors common to both the

homogeneous and heterogeneous cylinders (which consequently can-

cel, when the difference is calculated) are not included.
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The extrapolation distance calculated for different configura-

tions are shown in Figs. 7.2, 7.3 and 7.4. The agreement with

the theoretical value is good, except for moderators with the

smallest radius = 5 cm, where a systematic error has been in-

duced, because of the leakage of neutrons through the detector

ends. It was, however, possible to obtain a result even for this

radius, since it was possible to extrapolate to infinity.

The conclusion is that within experimental error it is safe to

use the approximate formula given by Pellaud (Eq. (2.2)) [11]

or the more exact one given by Kavenoky (Eq. (2.3a)) [13]. We

can also conclude that linear anisotropic scattering is ac-

counted for in a correct way in the approximate formula given

by Pellaud and Prinja and Williams [14b].

The errors are so small that the systematic errors are of the

same magnitude as the random errors. The systematic errors are

dominated by the uncertainties in the extrapolation distance at

the cylinder mantle and the diffusion cooling coefficient. There-

fore it seems to us very difficult to perform an experiment, which

would give significantly better results.
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APPENDIX A

In this Appendix the main schematic principles for the hardware

program unit (HPU) will be given and the main signals will be

explained.

In Fig. A.I the signal routing is given for the main signals.

In fact, Fig. A.I shows the same thing as the block diagiam

Fig. 3.3, but Fig. A.I is far more detailed. We differ between

two types of signals,

1) cycle signals,

2) neutron signals.

Cycle signals, which supervise the neutron bursts, are shown in

Fig. A.2. The signals Rl, R2 and R3 are software controlled and

pre-set by the operator. The signals have the following functions:

NBB Neutron burst begin. Starts the neutron pulse. The

pre-set time used was 20 ps.

NBT Neutron burst test. The neutron burst amplitude was

sampled at this time in the analog-to-digital converter

ADCB. The amplitude was later software tested by the

program GLW if inside an amplitude window.

NBE Neutron bux.r>t end. Ends the neutron burst and is pre-set

with a pulse generator.

MEB Measurement begin. Triggers the gating signal BLOCKAGE,

which will open the detector-to-digital converter (DDC)

for neutron signals. The preset time used was 100 ps.

MEE Measurement external end. Closes the DDC for neutron

signals.

MIE Measurement internal end. Gives a stop signal to the

computer, initiates a zero transfer to the direct memory

access (DMA), and after a READY signal has been obtained

from the DMA, a transfer of the neutron burst amplitude

in ADCB will be initiated.
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Neutron signals, which are signals initiated by a detected

neutron, are shown in Fig. A.3. The objective is to give infor-

mation about:

1) The time the neutron W.TS detected. This is given by the

signal NEU, which is transferred to the time analyzer (TA).

2) The amplitude of the pulse, the detector in which the

neutron was detected, and possible error conditions. The

amplitude information is stored in an analog-to-digital

converter (ADCA), the detector information is obtained

from the DDC, and error conditions are obtained from the

flip-flop circuits ED, Ffc, ET and AT. All this information

transferred to the DMA with the gating signal C0 (see Fig.A.I)

3) The time the system is ready for next neutron. The DDC is

opened with a reset signal (RES). The time is given by the

signal EON, which is transferred to the TA.

Some signals are self-explanatory, but those which need more ex-

planation are listed below.

PDE is a pilot signal, telling that a sxgnal has reached

the DDC from a detector. It will trigger the NEUS signal,

which in turn will trigger the NEU signal after a pre-set

delay time ( 1 - 1 0 us), if the ordinary TIME signal has

not arrived. This is done in order to prevent the DDC to

be blocked. An error condition in the flip-flop circuit

will then arise. This case is shown with dashed lines in

Fig. A.3.

PAA is a pilot signal from ADCA, telling that the converter

is ready.

SdBA means "Signal dc Band" and marks if the signal has been

accepted by ADCA. Otherwise an error condition will arise.

PAA or SdBA will initiate the amplitude transfer with

the gating signal C0.

DATOR is not a signal, but marks the times the computer

(or DMA) is busy. The three steps, mentioned above, are

clearly seen. The waiting time between the first and sec-

ond step is caused by the ADCA, which largely determines

the deadtime, (see section 6.1).

U-
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READY is a signal marking that a transfer is finished and

that the DMA is ready for next.

DT is a DMA signal, which enables the amplitude transfer

from ADCA to the DMA and triggers the reset signal (RES).
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1 NBT
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„ TARGET
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Fig. A.I. Main schematic principles of the measuring system.
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Fig. A.2. Cycle signals for a neutron burst,
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Fig. A.3. Neutron signal? caused by a detected neutron.

U-.



Bl

APPENDIX B

B.I Program for calculation of the decay constant X and coef-

ficients in the homogeneous case in the radial direction.

The FORTRAN program written for this purpose was called CRSGL040.

The program can be divided into four steps.

1) Calculation of radial buckling for the first six modes.

2) Calculation of <j> (rT,0) from Eq. (4.10). rT are the zeroes

to the Legendre polynomial with 10 zeroes in the interval

3) Calculation of A from Eq. (4.8). The method used was
m

Gauss-quadrature.

4) Calculation of the buckling, the decay constant x (from

Eq. (2.11)) and the decay of the first six modes after

40, 120, 400 and 1000 us.

The integral in step 2 was calculated with the HARWELL subrou-

tine QA04AD, which uses an adaptive method based on a 3 point

Gaussian integration scheme.

The Bessel functions J Q and Jj^ were calculated with the HARWELL

subroutines FF01AD and FF02AD, respectively.

The program and an example of the program output are shown on

the following pages.
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ORTRAN IV Gl RELEASE 2.3 78.0 20 08.33.21 MAIN - GOTHENBURG UNIV. COMPUTING CENTRE - PAGE V

0001
CCC2
000 3
0OC4
COCS
COO6
C0C7

0C0 8
CCC9
0010
0011
0012

C013
0014
0015
0016
!C017
ooia
CO 19
00 2O
C021
0022
J002 3
JCG24

130 25
|C026

1)027
3O2fl

)029

10 30
3031
;C32
3033
10 34
)03S
JO 36
iO37
3038

CC
CCC
CC
CC
C

sec

CC
1

IOC

2
4
2C0

6C

20 1

2C2
C
CC
CC
CC
c
c

CC

CC
CC

PROGRAM CRSGL040
PROGRAM FOR CALCULATION OF LAMBDA AND COEFFICIENTS
FOR BESSEL FUNCTtONS AT INITIAL CONDITIONS
HOMOGENEOUS CASE

IMPLICIT REAL*8 (A-H .O-Z I
REAL*8 LAM.K2.K20
COMMON Rl .R2 / A C / SV
EXTERNAL FINT
DIMENSION AlFAC6) .BJR( 3 ) . BGt 6 . 6) *LAM( 6 . 6) *RV(10)
DIMENSION A<6I.FI<10>.ALKB<6»
DATA ALFA/2 .4C48256.5 .520Ö781.8 .6537279.11 .791534,

114*930918*18 .071064 /
PI=3.141592653589793200
TRL=0.4 34
EXY =0.748
PRINT 500
FORMAT(12X.»PROGRAM FOR CALCULATION OF THE DECAY CONSTANT*,

1* LAMBDA FOR THE FUNDAMENTQL MODE AND HIGHER MODES*/I2X,
1* HOMOGENEOUS C A S E * / / / / )

INDATA
READ 100* R.H
FORMAT( 2F10.5)
IF CR) 2 . 2 , 4
STOP
PRINT 200
FORMAT (1H1 *47X.*ZER0 NR* )
RE=R*EXY*TRL
DO 60 K = l »6
ALFB(K)=ALFA(K>/PE
HE=H»2*EXY*TRL
PRINT 201
FORMAT(9X.1HR*6X*4HPEFF*6X.1HH.6X»4HHEFF«8X.

11H1 *9X. 1H2.9X.1 H3.9X.1H4.9X.1H5.9X. 1H6)
PRINT 202*R.RE.H.HE•(ALFB<K>. K=l,6>
FORMAT<5X.2(F7.3.F1C.5)*6F10.6«/)

THIS PART OF THE PROGRAM WILL EVALUATE A(M) TO THE BESSEL
FUNCTION FOR A HOMOGENEOUS CYLINDER. THE NEUTRON FLUX AT T=0
IS ASSUMED KNOWN

6
206

SV: THE MACROSCOPIC C10SS SECTION OF WATER AT 14
S V = 2 . 6 * 0 . 6 0 2 3 / 1 8
RI=O
K2: CONSTANT I N FRONT OF INTEGRAL
K2=RE/2 /PI
RV: VARIABLE WHERE THE FLUX IS CALCULATED
RV(J> ARE TAKEN FROM THE ZEROES OF T-iB LHGENORE POLYNOM; N=13
CALL LEGIO(RI .RE.RV)
DO 14 J=1.10
R1=RE*RE*RV( J)*RVC J )
R2=RE*RV( J)
MAXIT=30
CALL 0AC4AD«FI( J ) . C D C . P I . 1D-6.MAX I T . F INT I
IF(MAXIT) 6 . 7 . 7
PRINT 206
FORMAT!IX••INTEGRATION NOT GOOD*)

ts
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FORTRAN IV G1 RELEASE 2.J 78.C20 C8.33.21 MAIN - GOTHENBURG UNIV. COMPUTING CENTRE - PAGE
0039
C 040

0041

0042

0043
0044

0046

004 7
0048
004 9
005C
0051
CO52
1-053
C054
CC5S

0056
0057
C058
0059

0060
U061
0062
C063
C064
0065

0066
C067
0068
C069
007O
0071
0072
C073
C07«
C075
0076
00 77
0078
0O79
0080
0O81
0082
0083

7
14

CC

16
C
ccc
c

17

15

218

230

232

234

23S

30
31

32

F U J>=K2*FI< J)
CONTINUE
AK: GAUSS-QUADRATURE
DIMENSION A M 1 0 )

COEFFICIENTS

DATA AK/.03333567..07472567*•1095432..1346334,2*.147762 I ,
1 .1346334 . .1095432 . .07472567* .03333567 /

DO IS J * l .6
Z X=At_FA{J)
CALL FF02ADCZ8J.ZBV.ZX.O)
K2C=<?/<RE*ZBJ>**2

EVALUATION OF THE INTEGRAL WITH GAUSS-QUADRATURE

S1=O
DO 17 L M . 1 0
2X=ALF8(J)*RVfL)
CALL FFQ1AD(ZBJ*ZBY,ZX,O)
Sl=Sl *RV(L) *F I (L ) *ZBJ*AK(L>
Sl=RE*Sl
A(J)sK20*Sl
PRINT 2 1 8 . ( I . 1 = 1 . 6 ) t ( A ( J ) . J = l , ö )
FORMAT» IHO*10X,•BtSSCLCOEFFI C I E N T • . / / 9 X . 6 ( I l t l 2 X ) , / / l X ,

PRINT 230
FORMAT!IHO,24X.»CALCULATION 3F LAMBDA»,/}
PRINT 2 32
FORMAT* 2CX, »aUCKLING» * 1 CX .» LAMBDA • ,14X.

1»EXPONENTIAL FUNCTION AND AMPLITUDE RATIO»)
PRINT 234
FORMAT*59X,»TO FUNDAMENTAL MODE AFTER T MICSM
PRINT 2 35
FORMAT!S3X,»O*.11X,2H4C*11X.3H12O.10X.3H40C.10X.4H12G3)
DO 30 Msl .6
DO 30 N=l ,1

CALO'.ATION OF BUCKLING AND LAMBDA

BGt M,N » «ALFB< M ) * * 2 * «N»P1/HE 1••2
LAMfM.N »=4800. «-3591 C. *BG( M, N )-366C . »HGt M, N ) * * 2
IF (BG<M,N) .GT .3S91C. /2 . / 3860 . I LAM(M,N)=5E6
CONTINUE
DO 33 K=l .6
DO 33 L = l . l
lFfLAMC«.L).GT.4E6)G0 TO 33
DO 32 M=l ,6
DO 32 N ^ l . l
IF(LAM< K .D .GT.LAMI M.N) )GO TO 33
CONTINUE
AMP=A<K>/A< 1)
EO=AMP
E1=DEXP(-LAM(K.L)*4CD-6)*AMP
E2=DEXP«-LAMCK.C>*12CD-6I*AMP
E3=DEXPf-LAM(K.L)*400D-6)*AMP
E4=DEXP f-LAM< K,L> *10DO D-6)*AMP
PRINT 223» K.L.BGtK.L).K.L.LAM(K.L).E0.E1.E2.E3.E4

u>
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0084
0085
0086
0087
0088
0089
C09O
0091
0092
0093
0094
0C95
0096
0097
0098
C099
CtOC
C101
0102
01C3
C104

233 FORMAT! 11X.2HBG,2*1.1H=.F13.1 O.3X.1HL.2 11 .1H=.F9.2.5F13.4 I
IF (K- l> 37.35.37

35 IF <C- l ) 37.36.37
36 EG1=E1

EG2=E2
EG3-E3
EG4=E4

37 A1=E1/EC1
A2=E2/EG2
A3=E3/EG3
A4=E4/EG4
PRINT 236* AMP.A1,A2.A3*A4

236 FORMAT!45X.5E13.4 )
LAM<K*U)-SE6

33 CONTINUE
DO 34 K=l .6
DO 34 L s i t 1
IFCLAMCK,L>.LF.4E61G0 TO 31

34 CONTINUE
GO TO 1
END
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FORTRAN IV Gl

C001

0002
COO 3
CCC4
000 S
C006
C007
0008
CCC9
CO 10
CO11
C012
OO13
CG14
C01S
C016
CO 17
coia
G019
C020
0021
OO22

RELEASE 2.9 78.C 20 08.33.21 LEGIO - GOTHENBURG UNIV. COMPUTING CENTRE - PAGE

CCC
ccc
CC

CALCULATES THE X-VALUES FOR THE GAUSS-QUADRATURE FORMULA

XL: LOWER BOUND XU: UPPER BOUND
Z E R O f l C ) : THE RETURNED X-VALUES
IMPLICIT REAL«8 CA-H.O-Z»
OIMcNSICN ZEROflOt
A=.5* (XL*XU>
B=XU-XL
C = . 4 8 6 9 5 3 3 * 8
ZERO<1>=A-C
ZERO!K >=A*C
C = . • 3 2 5 2 1 7 * 8
ZERO<2)=A-C
2EROC 9)=A*C
C = . 3 3 9 7 0 4 8 * 6
ZEROO) =A-C
ZER0(8)=A*C
C=.2166«77*B
ZERO<4)=A-C
Z E R O ( 7 » C

WITH N = 10

ZERO<5)=A-C
ZERO«6)=A+C
RETURN
END

FORTRAN- IV Gl NEIFASE 2 . C

CC0 1
0002
0003
0OC4
0005
0C0 6

78.020 08.33.21

FUNCTION FINT<T»
IMPLICIT REALO8 <A-H,O-Z)
COMMOM /AC/ SV
FINT = DEXPf-SV«DSORT(FRT<T)
RETURN
END

FINT

)/FQT( T»

- GOTHENBURG UNIV. COMMUTING CENT*: - PAGz

FORTRAN IV Gl RELEASE ?.P 78.C20 08.33.21 FRT - GOTHENBURG UNIV. COMPUTING CE

C00 1
C002
0O03
000 4
0005
0006

FUNCTION FRTC T>
IMPLICIT REAL*8 <A-H,0-Z»
COMMON Rl»R2
FRT=R1-2*R2*DCOS(T)
RETURN
ENO

00

J



Example of the
resultant output from the program CRSGL040

ZERO NR
R RCFF M HEFF 1 2 3 4 5 6

7.487 7 .81163 14.919 15.56826 0*307052 0.706648 1.107800 1.509484 1.911373 2 .313353

BESSELCOEFFICIENT

1 2 3 4 5 6

C . I 3120*00 - 0 . 2 4 2 4 0 * 0 0 C .32280*00 - 0 . 3 8 8 7 0 * 0 0 0 .44580*00 - 0 . 4 9 6 8 0 * 0 0

CALCULATION OF LAMBDA

BUCKLING

BG11 = C. 1354936365

BG21 = C.5400731275

BG31= 1.2679423747

BG41 = 2.3192633707

BG51 = 3 .6940556993

LAMBDA

LU= 9594.72

L21= 21068. 15

L31= 44126.17

L41= 67321.87

L51= 84779.80

EXPONENTIAL FUNCTION AND AMPL
TO FUNDAMENTAL K ODE AFTER T

0 .
0 •

- 0 .
- 0 .

0 .
0 .

- 0 .

ol
0.

10COD*Ol
10COD*P1
184 7O*C1
1 84 70*0 I
2461D*C1
24610*01
29630*0 1

33980*01
33980*01

40
0.68130*00
0.10000*01

-0.73420*05
-0.10780*01

3.42120*00
0.61830*00

-0.20060*00
-C.29440*00

0.1144D*C0
3.16790*00

120
0.31620O0
0.1CCDD*01

-0^36680*00
0. 1234D-31
0.3«>04D-C 1

-0.9I89D-C 3
-D.29U6D-02

0.1297D-03
C.41C1D-0 3

ITUDE RATIO
MICS

400
0.2154D-01
0.10000*0 I
) . 18160-C3
O.8433D-C2
0.53160-07
0.2468O-?5
J.59810-11
0.2777D-P9
0.6360D-14
0.29530-12

1000
C.68090-C4
0. 10000*01

-0.17710-09
-0.26010-55

0.16880-18
C.2479D-14

-0.1715O-28
-C .25190-24
0.5150D-36
C.75640-32

a
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B.2 Program for calculation of the decay constant \ and coef-

ficients in a cylinder with a black rod in the radial

direction.

The FORTRAN program written for this purpose was called CRSGL050,

The program can be divided into four steps.

1) Calculation of radial buckling for the first six modes.

This is required a search for zeroes for the function

Fo ( am' aeff ) i n E q* ( 4 ' 1 2 K

2) Calculation of $ (rT,0) fromEq. (4.10), rT are the zeroes
r Li ^ ij

in the interval [a f1r»R f f 1 .
3) Calculation of A from Eq. (4.13) with the method of

Gauss-quadrature.

4) Calculation of the buckling, the decay constant \ (from

Eq. (2.11)) and the decay of the first six modes after

40, 120, 400 and 1000 ps.

The search of zeroes in step 1 was performed with the HARWELL

subroutine NB01AD.

The integral in step 2 was calculated, as in the homogeneous

case with the HARWELL subroutine QA04AD.

The Bessel functions J and Y were calculated with FF01AD and
o o

J^ and Y1 were calculated with FF02AD.

The program and an example of the program outpu*- are shown

on the following pages.



r
FCRT34N IV Gl RELEASE 2.0 7 9 . 0 2 0 Ce.SS.34 MAIN - CCThENeijRG ONIV. COMPUTING CEKTQE - PAGF

0 001
*JQ02
0003
CC04
0CO5
OC06
OC07
C008
CC09
OCIO
0011

C012
C013
cot*
C015
C016
C<M7
C013
CC19
0C2O
C021
C022

0P23
0024
0025
CC26

C027
CC28
0C25
CC30

0032
C033
C034
C035
0036
CC37
coia
CC39
00*1
0C41
0042

0043
CC44

CC
CCC
CC
CC
C

500

CC

*100

2
4
200

CC
CCC
CC

CC
10

50

51

52
300

53
301

£4
CC

PROGRAM CRSC-LC5Q
FPCGPAM. FOF C*LCLLATICN CF LAfECA AhC CCEFFICIENTS
FOB BESSEL FU^CT^C^S AT INITIAL CCNCITICN2
CCNTBCL ^CC CASE

I L L I C I T REAt*6 CA-J-.C-ZJ
PE*L«8 LAM«K2,|C2O
CCKWCN P1»C2 /AC/ «V
EXTERNAL FINT
CIMe^SICN ALFE(£).EJ*:t3>.
CIMENSICN A t O . F K l d )

TPL=0.434
EXY=O.748
PRINT 500
FCPWATt^K.'PRCGSAfc PCR CALCULATION CF ThE CECAY CCNSTANT»,
1» LAMBDA FCB TJ-E FCNCAMENTCL MOTE ANC H C h E S VCDHS«/12X,
P I N PADIAL DIPECTICN» HETEPCGENECLS CASE1////)
INCATA

100. C,|-,*B
3F1C5 )
2 , 2 , 4IF (R)

STCP
PRINT 200

NP

AT=AR/TSL/0.7E
AC=<0.7104*AT«C.6é45)/(AT*0.509e)
AE=AP*CEXP<-AC*TFL/AP)

SEARCH CF ZEPCES FCP THE PLNCTICN J«E*VPE - J<5E*YAE

XF=l.5/RE
EPS=10-5
FIRST RCQT IS EETfcFEN 2.7 ANd 4.=
X P = XP ••• 3 • / ( R E - A E )
KN = C
CALL NaOlAD(KN,XL.»R .EPS,*,V,100)
CC TO <51.E4,£2,U2),KN
XA=X«AE

CALL BESAO(XA,)iRE.>)
GCTQ 50
PRINT 300.KN
FORIWATdOX'GRAEKSER FEL FOR NEO 1 A .K N= • , I 2 )

C _
CC TO 3
PRINT 301.KN
FORMAT(10K.« ICC ITEBAT1CKER RAECKER EJ.

NEXT 2ERC <TC1#L €>

IF <K-6> 10.1C.S

CD



FORTRAN IV Gl PELEASE 2.0 7B.02C C6.SS.34 MAIN LNIV. COMPUTING CENTRE - PAGE
CC45
0046

CC47
C048

C0A9

C051
CC52
CC53
CC54
C0«=5

C«*37
CC53
CC59
C060
CC61

CC62

0063

C064
0063
C066

C070
0071
C072
0C73
CC74
CC75
0076
CC77
CC73

CC79

CC31
C082

C083
0084

201

202
CC
CC
CC
CC
C
C

CC

CC
CC

6
206
7
14

CC

C

C

CC

17

15

218

230

232

234

PRINT 201
FCRMAT(SX,

FFIM 202»P.PE .I

1 H S PART CF Tl-E PPCCKAM WILL EV*LLATE A (I» ) TC Tj-g EESSEL
FUNCTICK FC«» A hETEBCGENECLS CyLIKCEfi. Tfr-E NECTRCN FLUX AT T=O
IS ASSUMED KNC

N=10

£V: THE MACPCSCOPIC CBCSS SECTION OF »ATEP AT 14 ME V
SV=2.6*0*6023/16
K2: CONSTANT IK FRCKT CF INTEGRAL
PV: VAPIA8LE »hEPE ThE FLUX IS C*LCLLATEC
PVCJ) APE TAKEN FRCM THE 2EBCES Cc T̂ -E LECENCPe

CALL LEC10CAE.KE.PVJ
CC 14 J=1.1C

J)*PV(J)

MAXIT=3C
CALL QAO4AC(FI<JI,CCC.FI,1C-*,MA».IT,FINT)
IF(MAXIT) C.7,7
FPINT 206
FCKK»AT< IX, • IKTEC-PA1ICN NCT GOCC»)

CCNTINLE
*K: GAUSS-CLACCATLCE COEFFICIENT

CATA

CC IE J=1.6

?A=ALFB(J>*AE
CALL BESA1<{K
CALL 8ESA1C2A
K2O: CCKSTANT TC INTEGRAL

CQ 17 L-l»10

CALL 3E

PRINT 216. (I. 1=1 . O . ( M J ) . J=1.C)
FCRMAT< IHO. I C )•«• EESSELCCEFFIC I EN T • .//«X,6(I1.12X),//1X,
1CE13.4.///I
FPINT 230
FCRMATI 1H0.24» .»C*>.CLLA ICN OF L«»£CA«,/>
PRINT 222
FCBMAT(2OX.«ELCKLINC*,1OX,*LAMECA*.14X.
1»EXPONENTIAL FLNCTICN ANC AMCLITLCt PATIC»)
PRINT 234
CCPMAT««9X.»TC FLNCAVENTAL >»OCE »FTE« T VICSM

03
SO



r~

FtBTBAN IV Gl RELEASE 2.0 78.02C MAIN LNIV. COMPUTING CENTRE - PAG!

CC65
C086

CCRd

CC89
CC90
C051
CC92
CC93

00=55
CC«56
C097
CC38
CC9?
cioa
C101
C102
C103
CI05
0106

cioa
C10Q
C11O

cm
C112
C U 3
C»14
Cl 15
C116
C117
ciia
C1I9
0120
0121
CI22
C123
012A
C125
C126
C127

PRINT 23E
235 FCRt»ATt53x,«C».H*,2h4C.llx.3H12C»IC*.3t-4C0.10>«.4»-lC0O>

CC 30 »»=1.6
CC 30 N=l.l

C
CC CALCULATION CF 6CCKLING ANC LAMEC*
C

BG(f,N»=ALFBCf

30
31

233

35
36

37

236

34

I <
CONTINUE
CC 33 K=l»e
CC 33 X.-X » 1
IFCL#M(K.t) .GT .4Ee)GC
CC 22 M=l.e
CC 32 N=l.l
If (L«M(K,L) .GT ,L»M(K,N) )GC TC
CCNTJNUE

TC 3?

EC=AVP
E1 = CEXP{-LAI*(K.L)*«CC-6)»AWF

K ,L >•1ZCD-6
E4=CEXF(-tAM(K,L)*lflC0C-É)«»":

PRINT 233. < tL »eC-(K ,L ).K,L ,LAV!(K ,L ) t = C.E 1 .E2.E3.E4
IF <K-1 » 37.35 ,27
IF <L-1 ) 37.2C .37
EGI=E1
EC2=E2
EC3=E3
EG4=E4
Al=El/£Gl
A2=E2/EG2

FPINT 236. ANF .Al , A2
cCr««AT{45*.5El?.4>

»

A3.04

CCNTINUE
CC 24 K=l.€
CC 34 L=l.1
IF<LAM<«,l_l.Lfc.4i:e»GC TC
CCNTINUe
GO TC 1
EKC

CD
o



r

C002
CCO3
CC04

CC06
CC07

IV Gl RELEASE 2.0 9=; SAC LNIV. CCPUTINC- CENTRE - PAGE

St IKE EES*OC> . » H , 6 * >
I M P L I C I T RB*L<€ < A - » - , C - 2 )
CALL F F O 1 A C C E J I * E > ) « > . 1 )
CALL F F O » A C ( E J 2 . E » 2 . > K , 1 )

KCFTRAN !V Cl R E L E M S E 2 . 0

C0O1
CC02
C003
0C04
ceos
ccoe
CC07

78.02C C6 .55.3

S t I E e F S M . E »
IMPLICIT REAL«€ <A-t- .C-2>
CALL FF01AC(E J C E V C . ». I >
CALL FF02AC(ej l .E>r 1 * » t 1 »

RETURN
EKO

- GCTHEKELRG LNIV. CCWPUTING CENTRE - PAGE

j ,e *.- «= FTNT and FRT are the same as in CRSGL040Subroutine LEGIO and functxons FINT ana

J
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B.3 Program for calculation of the decay constant A and coef-

ficients in a cylinder in the axial direction.

The FORTRAN program written for this purpose was called CRSGL060,

The program can be divided into four steps.

1) Calculation of axial buckling for the first three odd

modes. Even modes are not interesting due to symmetry of

the initial, flux.

2) Calculation of <* (zL,0) from Eq. (4.15). Zj. are the zeroes

in the interval [0,H e f f].

3) Calculation of Ar from Eq. (4.6). The method used was

Gauss-quadrature.

4) Calculation of the buckling, the decay constant X

(from Eq. (2.11)) and the decay of the first three odd

modes after 40, 120, 400 and 1000 us.

The HARWELL subroutines QA04AD, FF01AD and FF02AD were used

for the integral in step 2 and for the Bessel functions as

before.

The program and an example of the program output are shown on

the following pages.



FORTRAN IV Gl RELEASE 2.0 73«f>2C 11 .23 .42 MAIN - GOTHENBURG UMIV. C3«^OTtSG CE

COO1
0CC3
OCC 3
COO 4
0005
0CC6
00C7
occ a
OCC 9
ccio
con

CO 12
0C13
00 14
CC15
0016
0017
0C18
3C19
0020
C021
C022
0023
00 24
0C25
Of 26
CT27

C029
00 30
CC31
iOC32

0033
0C34
CC35
QO36
C037
:C38
3039
Si 40

5C42

cr
ccc
cc
c

3044

SCO

cc
1

ICO

2
4
2C0

9t

8C

81

CC
CCC
CC

CC
1C

so
51

52
300

5 3

PROGRAM CRSGLC6O
PROGRAM FOR CALCULATION OF LAMBDA *ND COEFFICIENTS
FOR COSINUS FUNCTION AT INITIAL CONDITIONS IN AXIAL DIRECTION

IMPLICIT REAL*8 ( A - H . 0 - 2 )
PEAL*8 LAM.K2.K20
COMMON P1,R2 /AC/ SV
EXTERNAL FINT
DIMENSION B G < 1 . 3 t . L A M ( l , 3 ) . R V < 4 ) . H V < 1 0 ) . A t 4 , 3 ) . F I ( 4 , 1 3 )
DIMENSION BH(3}
PI =3.14159265358? '932DC

EXV=0.
PRINT 50C
FORMAT* 12X, »PROGRAM FOR CALCULATION! OF THE DECAY CONSTANT* ,

1« LAMBDA FOR THE FUNDAMENTQL MOOE AND HtGHER M0DES»/12X,
P I N AXIAL DIRECTION. HOMOGENEOUS AND HETEROGENEOUS C A S E » / / / / )

INDATA
READ ICO. R.H.AR
FORMAT(3FXC.5)
IF (R) 2 . 2 . 4
STOP
PRINT 2CC
FORMATflHl,64X,'2ER0 NR'I
RE=R*EX V*TRL
Hfc = H-»-2*EXr*TRL
DO 90 1=1.3
BM{ 1 )=t 2 * I - 1 > * P I / H E
IF (ARI 80*80 .81
ALFA = 2.4C 48256/RE
AE=0.OC
GO TO 5
AT=AR/TRL/C .75
AD=(C.71C4*AT*O.6645>/(AT»0.5098)
AE=AR*DEXP<-AD*TRL/AR)

SEARCH OF ZEROES OF THE FUNCTION JAE-VRE - JRE^VAE

K = l
X L * - 0 . 3/RE
XR=1«5/RE
EPS=lD-5
FIRST RtMT 13 BETWEFN 2 . 7 AND 4 .5
XL=XL*3 . / t»E-AE) .
XR=XR«-3./(RE-AE)
KN=O
CALL NBClADOCN.XL.XR.EPS.X.Y,100)
GO TO ( 51 • 5 4 . 5 2 * 5 3 ) *KN
XA=X*AE
XRE=X*RE
CALL BESAOf XA.XRE.Y)
GOTO 50
PRINT 300.KN
FORMAT( lCX'GRAENSER FEL FOR NB01A*KN=*.12) 03

STOP
PRINT 301.KN

J
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FORTRAN IV Gl RELEASE 2.C

GC47
CC48
C04<?
CO5C

CC51
C052

or. s 3
0054
0C55
0C56

CC57

CC58

CC6O
0061
0Cfc2
CC63
CC64
C065
C066
Cv/67
0C68
0069
C C 70
CC71
CC?2
0O73

CC74

0C75

0076
0C77

0078

0079
0C80
0C81

3C1
54

5
2C 1

2C2
C
cc
cc
cc
c
c

210
CC

c
ccc
cc
c

7C
CC
cc

7B.C23 11.2S.42 MAIN - GOTHENBURG UNIV. COM»UTIMG CHNT?:

ITERATIONER RAECKE* EJ. KNs».I2)
PAGF

6
206
7

20 5
14

CC

CC
16

C
ccc
c

17

FORMAT» 1CX. M O O
ALFA=X
PRINT 201
FORMAT<9X.1HR.ÖX.4HREFF,6Xi 1HH.6X.4HHEFF.6X.IHAt6X.4HAEFF.8X,
UH1.9X.? 3.9X.1H5)
PRINT 202.R,*E,H,HE.AR.AE .(BH(KI , K = 1.3>
FORMAT(5X,3CF7.3.F1O.S).3F10.6./)

THIS PART OF THE PROGRAM WILL EVALUATE A(M) TO THE COSINJS
FUNCTION FOR A CYLINDER. WITH AND WITHOUT A CONTROL ROD
THE NEUTRON FLUX AT T=0 I S ASSUMED KNOWN.

SV: THE MACROSCCPIC CROSS SECTION OF WATER AT 14 MEV
S V = 2 . 6 * 0 . 6 0 2 3 / 1 8
H0=0
PRINT 2 U . f I . 1 = 1 . 4 )
FORMAT< 18X.1HR.7X.•GAUSS DET* . I 2 . 6 X , 3 ( •DET» ,12 ,8X1)
tC2t CONSTANT IN FRONT OF INTEGRAL
K2=RE/2/PI

RV: DISTANCE DETECTOR AXIS TO CVL INDFR AXIS
SIMPLY EVALUATED AS 0 . 4RE . 0.S5RE. 0.70RE AND C.B5 RE

DO 7C J=1.4
RV<J»=( t .25*J*C. l5 ) *RE
HV: VARIABLE WHERE THE FLUX IS CALCULATED
HVIJ> ARE TAKEN FROM THE ZEROES OF THE LEGENORE POLYNOM; Na
CALL LEGIO (HO .HE.HV >
DO 14 J=l .19
DO 7 1=1.4
R1=RE*RE»RV< I )4>RV( I >+HV(J ) * *2

MAXIT=30
CALL QAC4AD«FI( I . J) ,3 DO . P I » 1 D-6 . MAX IT . FINT)
IF(MAXIT) 6.7 .7
PRINT 206
FORMAT!IX.»INTEGRATION NOT GOOD*»
FII I,J)sK2*FI(I.J)
PRINT 205. HVfJk. (FI(I,J>. 1=1.4)
FORMATS 1CX.5E13.4)
CONTINUE
AK: GAUSS-QUADRATURE COEFFICIENTS
DIMENSION AK( 10 )

DATA AK/ .03333567 , .07472567 . .1095432 . •1346334 .2* .1477621 .
1 .1346334 . .1095432 . .07472567 . .0 3333567/

DO 15 J * l .3
DO 15 I=1 .4
K2C : CONSTANT TO INTEGRAL

EVALUATION OF THE INTEGRAL WITH GAUSS-QUADRATURE

Sl=0
DO 17 .10

I .L)*AML>*3COSC<2*J-1)*PI /HE»HV(L)>

TO
I-"
u i
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FOriTPAN IV Gl

C082
C083
CO84

CO85
0036
CC87
0088

0069
0090
0C91
C092
C093
0094

0095

C097
C096
0099
C10C
C1C1
C1C2
C1C3
C1C4
C1C5
C 1C6
0107
0108
CIC9
C110
cm
C112
0113
. 14
I 15
16
L17
18

C110
C12O
Cli'l
C122
C 123
C ? 24
CI2S
Cl26
0127
0126
C 12*
C13C
0131
0132
0133

C l
C I
C I
C i
Cl

RELEASE

15

218

230

232

234

235

2.C 78.020 11.26.42 MAIN - GOTHENBURG UNIV. COMPJTING PAG:

C
cc
r

3C
31

32

233
3S
36

37

2 3 6

33

34

A ( I , J ) = K 2 O * S 1
PRINT 2 1 8 . <K.K=1 . 4 ) . { ( A ( I . J ) . 1 = 1 . 4 » . J= I , 3 >
FORMAT» 1H0. 18X,»COSINE CQE^Fl C I E N T 1 1 / / 8 X . 4 ( 8 X , 3 H 0 E T . I 2 ) .

PRINT 2 3C
FORMAT!1HC.24X.»CALCULATION OF L A M 3 D A » . / )
PRINT 2 32
FORMAT(20X.»BUCKLING» . 1 O X . • L A M 8 D A • , 1 4 X ,

1»EXPONENTIAL FUNCTION AND AMPLITUDE R A T I O ' )
PRINT 234
FORMAT»59X,»TO FUNDAMENTAL MODE AFTER T M I C S ' l
PRINT 235
FORMAT» 5 3 X . » 0 » , 1 1 X . 2 H 4 0 . 1 1X .3H123 .10X .10X,4H1C(D3 |

DO 30 N-i .3

CALCULATION OF BUCKLING AND LAMBDA

8G< M,N)=ALFA«*2*» »2*N- l )4PI /HE)»«2
LAM(M.N ) = 4 800»*35910.«BG(M.N)-386C.
IF»BG(M.N) .GT .3591C. /2 . /3860 . ) LAM(
CONTINUP

DO 33 I =1 .3
L1=2*L-1
IF(LAM»K,L).GT.4E6)G0 TO 33

DO 32 N= l .3
IF(LAM(K.L).GT.LA»<M.N»)GO TO 33
CONTINUE
AMP = A»1 . L ) / A ( 1 . 1 )
E0=AMP
El=DEXP»-LAM»K.L)*4CD-6)*AMP
E2=DEXP»-LAM»K,L)*120D-6)*AMP
E3=DEXP(-LAM<K.L»*400D-6)*AMP
E4=DEXP»-LAM(K,L)*100 0D-6)*AMP
PRIMT 233. K.L1 .BG(K.L) .K.L1 .LAM» K.L) .E0.E1 .E2.E3 .E4
^OPMAT»11X.2HBG.2I1.1H=.F13.1C.3X,1HL.2I1.1H=.F9.2.5E13.4)
IF »L-l> 37.36.37
EGl-ei
EG2=E2
EG3=E3
EG4=E4
AI=E1/EG1
A2=E2/EG2
A3 = E3/EG3
A4=E4/EG4
PRINT 236. AMP. A 1 , A2. A3. A4
FORMAT»45X.5E13.4)
LAM(K,L) = !
CONT INUE

31

l
DO 34 L=1.3
IFCLAMf K.L) .LE.4E6)G0 TO
CONTINUE
GO TO 1
ENO

CD
h-«
as

subroutines and functions are the same as in the programs CRSGL040 and "CRSGL050.
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Example of the r e s u l t a n t output from the program
CRSGL060

ZERO NR
R REFF
•87 7.81163 14

R
0.2031D*0C
C .10500*01
G.2496D*C1
0.44110*01
0.6625DO1
0.89430*01
C. 1 l l6Df )2
C . 13G7D+C2
0. 1 »520*02
0 . 15370*02

H HEFF
•919 15 .56826

GAUSS DET 1
0.4258D-01
3.4101D-C1
•5.3478D-C1
0.2484O-01
0.1585D-C1
0.9831O-C2
C.63110-02
C .4 36 30-0 2
O.3331O-C2
0.2853D-C2

C
C
0
0
0
c
0

A
C.8C5

DET 2
.55930-01
.52710-01
•4145D-01
•2695D-01
. 16160-C1
.97370-02
•6179D-02

0.4255D-02
0
C

.3246D-C2

.27800 -02

AEFF 1
0.51

C
0
0
0
C
C
C
0
c
c

967 0.20 1

DET 3
.85690-01
.76300-01
.51370-01
.2911D-*1
.16270-01
•9525D-:2
.59830-02
.41080-02
•3133O-Ca
•2684D-C2

3
795 C.605384

DET 4
0.18060*00 '
0.12890*03
0.62670-01
0.39 3?D-"l
0.15970-01
0.9153D-02
0.57140-0?
0.39210-02
0.2992D-02
0.25650-P2

5
1.C0B973

COSINE COEFFICIENT

DET 1

0.22E30-02
C .2528D-03

DET 2

0.28C9D-C2
0.48120-C 3
C.1853D-C4

DET 3

0 . 3 8 1 2 0 - 0 2
t . 1C37O-O2
U.3317D-03

DET 4

T . 5 9 3 1 0 - 0 2
C.263 3D-C2
C .1351D-C2

BG1 1 =

BG13 =

BG15-

0

0

1

CALCULAT

BUCKLING

.2C32959039

.52 90646033

. 180602». T "IB

L

L

L

I O N

11 =

1 3 =

15=

O- LAMBDA

LAMBDA

1194C.83

22718.26

41815.27

0
O.105DD*31
C.10C 9D*C1
O.M22D*CO
0.11220*00
0.16C1D-01
0.16010-01

EXPONENTIAL FUNC
TO FUNDAMENTAL

4 0
D.62020*00
0.l?C0O*Cl
0.45210-01
C.7289O-01
0.3C06D-02
0.4847O-C2

TIOM AND AMPL
MOOF AFTER T

12O
3 ,23860+P*
C . 1 J C 0 D • ? 1
0.73440-72
3 .32 78D-C:. 1
0 . 1 * 6 OD — 9 1
C . 4 4 4 1 0 - 0 3

ITU35 RATIO
MICS

4r c
C. 94270-V-2
L . I ^ P O n*ci
0.12690-^4
0.15C50-02
C».871 7D-C9
C* 10 34D-06

t)

C
r
A

0

1 C JC'
. 6 5 1 9 D - -
> 1 0 C u 0 *'.'
. i 52er>-i

.11:70-1
* 1699D-1

1

9
4

a
t-1

- g
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APPENDIX C

C.I The method of eliminating two higher harmonic modes with

the minimum statistical error method.

We will here give the solution to the equation system (5.8),

one of the two FORTRAN programs written for this purpose and

an example of output from this program.

We want to solve the equation system

y b.x. =o , y ex. =o , — - —
* i i . 1 1 r ,v
i i (V a.x,I a.x,)

mm. (5.8)

We can choose one x-value arbitrarily, in this case x, = 1.

We will the find x_, x., and x. from

where

(Cl)

r, =1 ~ 2

2g1g2g1 -

(C.2)

(C.'i)

q., q,_ and g. are obtained from

*i = ai + a3 (e^ ) 2 + a4hi

2ele2
= a3 T + 2a4hlh2

(C.4)

(C.5)

ei a
= ai " (C.6)



C2

In turn, e. and h. are obtained from

b.
e . = — c. - b .i c4 i i (C.7)

h i 3 ^
h . = r— - -r—i b. b. e-,4 4 3

(C8)

Finally, x~ and x. are obtained from

X3 = " (C9)

X4 = ~ (CIO)

The FORTRAN programs written to solve the equation system (5.8)

were called GLHOM respective GLHET for the homogeneous respec-

tive heterogeneous moderator system.

The program first calculates the constants a., b, and c. (in

the following text m=l corresponds to a, m=2 to b and m=3

to c) .

In the homogeneous case, they are found from

where Y_ is the m:th zero to the Bessel function J ,

R -f is the effective radius of the moderator,

r. is the distance between the axes of the moder?tor

and detector i.

In the heterogeneous case, they are fo ind from

where a is the m:th •sero to the function F («m/a ff) > where

is the effective control rod radius.

The function F is defined in Eq. (4.12).
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has been obtained from the program CRSGL050, which is

described in Appendix B.2.

Thereafter x. are calculated according to the formulae

(C.I - C.10).

The program GLHET is shown on the following pages together

with an example of an output.



c
c
c
c
c
c
c
c
c
c
c

c

50

1
2

4

C

5

6

PPOGPAM GLHET

CALCULATION EXTENDED FPOM CPSGL040 (NO CONTPOL POD)
AND CPSGLP53 (CONTPOL FOD). THE PPOGF.AM WILL CALCULATE
THE AMPLITUDE FOP ZEPO TO FOUPTH OPDER AT THE DETECTOR
PLACES. THE COEFFECIENTS TO ELIMINATE 1:ST AND 2:ND
HARMONIC WILL BE GIVEN AND CHECKED
THE MINIMUM STATISTICAL EPPOP METHOD IS USED

PPOGPAM STAPT

IMPLICIT FEAL*8 (A-H/O-Z)
COMMON PEFF
DIMENSION A<4>,D(4> /FLUXC5,4> /B<4) /C<4> ,E<3> ,G<2>,
1 H(2)/QFC2>/ZC4>/SUM2(4>/V4C 10)/ALF<5>
DATA A L F / 2 . 4 0 4 8 2 5 6 D 0 / 5 . 5 2 0 0 7 8 1 D 0 / 8 . 6 5 3 7 2 7 S D 0 ,
1 1 1 . 7 9 1 5 3 4 0 0 , 1 4 . 9 3 0 9 18D0/

C4

READ P AND H
TYPE 115
ACCEPT 100 , P.,He,PAI
IF (P) \j\,2
STOP

READ RADIAL FUNCTION ZEPOES AND DETECTOR DISTANCE FROM CENTRE

TYPE 120
ACCEPT 105-r /.
TYPE 125
ACCEPT 110* D

CALCULATE FLUX AT EACH DETECTOP

DO H L = l , 4
DO H L 0 = l , 4
FLUX<L,L0)=RADFU<A<L),D(L0> >
CONTINUE

NOW START ELIMITATING HIGHER HARMONICS

DO 5 1 = 1/4
A(I)=FLUX<1,1)
BCI)=FLUXC2,I>
C(I)«FLUXC3,I)
D<I>»FLUXC4,I>
DO 6 1 = 1 /3
E ( I ) = E < 4 > / C < 4 ) * C ( I ) - E < I )
DO 7 I»-1/2

G C I ) « E ( I ) - B ( 3 ) / E ( 3 ) * E ( 1 )
G ( I > » A ( I ) - A ( 3 ) / E ( 3 ) * E ( 1 ) - A C 4 ) / B ( 4 ) * G ( I ;

0 F < I ) « A < I ) + A { 3 ) * < E ( I > / E ( 3 ) ) * * 2 + A ( 4 ) * H ( I J *2
01»A(3)*2*E< l ) * E < 2 ) / F < 3 ) * * 2 + A ' 4 ) * 2 * H ( l ) * : i ( 2 )
R0«G(2)**2*O1-2*G(1)*G(2)*OFC2)
RI«G(2)**2*QF(I ) -G<1)**2*CFC2)
P 2 * 2 * G ( l ) * G ( 2 ) * f l F < n - G ( l ) * * 2 * 0 1
R1=»P1/R0
P2»P2/R0
P2»DSOPT(P1**2-P2)
POOTS OF THE EQUATION (FIPST ROOT NOT INTEPESTING)
Z(2 )« -R1+P2
Z<1>»1
Z < 3 ) « - < E ( l ) + E < 2 ) * Z ( 2 5 ) / E ( 3 >



CALCULATE St'MS C5

10

15

20

25

CO 10 J = l * 4
«UM2CJ)=0
DO 15 J = l * 4

StrM2( l)=Sl'M2C t)+ACJ)*ZCJ)

SUM2C2)=SUM2C2)+ECJ)*ZCJ)
SUM2(3)=Sl'M2(3)-»-C(J)*Z<J)
SUM2C4)=SnM2C4)+ECJ)*ZCJ)

1 >**2/S!TM3
V4C1)=SUM3
V4C2) = Sf.TM2(4) **2/Sl'MA
DO 20 J=2*A

J 1 = J + 1
V 4 C d l ) = Z C J )
DO 25 J = l * 4

J l = J + 5

VAC 10)=SrMi/StTM2( 1 )

PPINT OUT PESULTS

35

10P1
105
110
115
120
125

200
205

210
215
220
225
230
235
240
245
250
255

TYPE
TYPE
TYPE
TYPE
TYPE
TYPF
TYPE
TYPE
TYPE
TYPE
TYPE
DO 3 5
V4CI)
TYPE
GO TO

200*
205
210*
215*
220*
225*
230*
235*
2A0*
245*
250*
I-

=V4C
255*
i 50

3
I

r*H0

CM*
VAC
VAC
CI*
CVA
CI*
CW4
VAC
CI*

)*U
VAC

r
1
2

(

c
1

A
1

*PAI

)
)
1 = 1*
I)*
1=0*
I)*
0)
1 = 1*

C 10)
C) * C

CM*H)*

4)
1=3*5)
3)
I-=6*9)

4)

VAC I),

•1*4)*M=1*4)

1=3*5)

FORMAT STATEMENTS

FOPMATC3F10.5)
FOPMAT(4F10.6)
F0PMAT(4F6.2)
FOPMATC P*H*PAI?')
FOPMATC ZEROES? (A UAL)')
FOPMATC DET. DIET.? <A VAL)1)

FORMATS 1H0* <0RDMinG l*7XJ

>:, 2HA**F8.5)
y , •CET2'*9X*

1 'DET3f*9X*'DET4')
F0RMAT(A(I5*3y*A';AX*F9.6)/))
FOPMAT( 1H0*5X,'0 FfWCT'ON VALl'E ='*F9.6)
FOPMATC6X*'3 FfNCTION VALUE *',F9.6)
FOPMATC1H0*'CONSTANTS',5X,'DET'*5X*4(12»8X))
F0PMATC2AX*1H1 *3X*3F10.6)
FORMAT( 1H0*'SI'M', 19X* A< I 2* 8X) )
FORMATC18X*AF10.6)
FORMATC'0FACTOP * **F9.6)
FOPMATC1H0* »INPUT K'*7X*•DET•*5X*4C12*8X))
FORMATC19X*AF10.6)
END

i
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FUNCTION PArFTTCXl,X2>
IMPLICIT PEAL*g CA-H,O-Z)
COMMON PEFF
Y=Y.1*PEFF
CALL eE?J<0,Y,PJP>
CALL BESYC0,X,BYR)
x=xi*x2
CALL EESJ(0 ,X,BJP-
CALL EE?YC0,v,BV>--
PADFU=EJA*eYR-V' »BYA
PETVPN
END

10

15

C

I

5

C

10

SUBPOUTINE EESJ<N,X,BJ)
DOUBLE PRECISION X,BJ,Y,T0,T1,T2,SUMT
IF (V) 1/ 1,2

2
3

5

IF CN.EG.
PETUPN
IF
BJ*
IF
Y=N
IF

Tl»

<N> 3 ,
1
<X-LE.

(X.C'.

1

0) BJs

3 , 5

1E-6)

Y) Y=X

( 1 / 1 2 )

1

RETURN

• f t ^ V * A

SUMT=0
IF <M/2*2.EQ.M> SUMT=SUMT+TI
T0=2*M/y*Tl-T2
M»M-1
IF <M.EQ.N> BJ=T0
T2*T1
T1=T0
IF <M> 1 5 * 1 5 , 1 0
BJ=EJ/(T0*2*SUMT)
RETUPN
END

SUBPOUTINE BESY(N,X,BY)
IMPLICIT REAL*8 (A-H,O-Z>
G»0.577215664901532D0
PI »3.14159265358979D0
K»l
Y0=DLOG(X/2)+G
IF (N-l) 1,50, 1

CALCULATE Y0

CALL BESJ(0,X,BJ)
YT»BJ*Y0

IF CK/2*2.EQ.K) S=l

WE MUST CALCULATE Y2 FOLLOWING POUTINE TO AVOID OVERFLOW*

Y2»l
DO 10 J=I.K
Y2»Y2*X/2D0/J
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20

C

50

55

60

70

80
90

C

100

120

10

Y1=Y1+Y2
IF (DAPSCY2).LE.I.D-13) GO TO 2 0
K = K*l
GO TO 5

E Y = 2 / P I * ( Y T - Y 1 >

I F (N'.EQ.f?) PETURN

CALCULATE Yl

K=l
CALL E E S J ( 1 , X > B J )
Y0=BJ*Y0

l
IF CK/2*2.E0.K) S=l
S0=YSUM<K>+0. 5D0/ CK+ 1 )

AVOID OVEPFLOU! COMPAPE ROUTINE IM Y 0 .

Y2=l
DO 60- J»1,K
Y2=Y2*X/2.D0/J
Y2 SS

Y l Y 2
I f ( D A B S ( Y 2 ) . L E . l . D - I C ^ GO TO 70

GO TO 55

B Y l = 2 / P I * C Y 0 - l / » Y i )
IF (H- l ) 8 0 , 9 0 , 1 0 0
STOP «N NEGATIVE'
BY»EY1
nETUPN

CALCULATE HIGHEP OFDER THAM 1 WITH RECURSION FORMULA

M=N-1
DO 120 J = I , M
B Y 2 = 2 * J / X * B Y 1 - B Y
BY»EY1
BY1«BY2

BY2
RETURN
ENE

FUNCTION YSUM(K)
DOUBLE PRECISION YSUM
YSUM*0
DO 10 J » J , K
YSUM-YSUM+1.D0/J
RETURN
END



Example of resultant output

from GLHET

C8

R= 7.51250

ORDNING
1
2
3
4

H= 9.85500 A= 0.79900

DET1
0.290961
-0.107099
-0.033834
0.074610

DET2
0.265310
0.023117
-0.083866
-0.017795

DET3
0. 194496
0. 106517
0.012124
-£.042880

DET4
0.1 16765
0*097514
0.069291
0.037727

0 FUNCTION VALUE = 0.638818
3 FUNCTION VALUE = 0.073810

CONSTANTS

SUM

FACTOP «

INPUT K

DET

1.289470

DET

1
1

C
0 .49541 I

1
1 .289470

0

0

2
. 2 4 0 0 7 6

1
.000000

2
0.309571

0

0

3
.286174

2
.000000

3
0.369013

0 .

0 .

0

4
728784

3
085562

4
.93974
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C.2 The method of eliminating one harmonic mode with the

minimum statistical error method and the Fourier-Bessel

analysis method.

We will here give the outlines to th.» solution to the equa-

tion system (5.9), one of the two FORTRAN programs written

for this purpose and an example of output from this program.

We want to solve the equation system

I bi xi 0 ,
a a.Xi)

min. (5.9)

We can choose one x-value arbitrarily, in this case x, = 1.

This leads to a minimum problem with two variables impossible

to solve analyically. The complete solution is very compli-

cated and we will only give the outlines of the solution.

To obtain x- and x-j we search for the minimum of the function

g3x3)

2 2
3 + ~

b

(C.ll)

where

= ai " EJ bi
a4 2hi " ai + A bi
b4

This leads to x~ and x3 from the equation system

fx2
(x2'x3>

fx 3
( x2' x3 )

(C.12)

(C.13)

(C.14)

(C.15)

Eq. (C.14) is then a second-degree function of x2 and can

be solved and we will obtain x2 = x2(x,). ThiB is combined
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with Eq. (C.15) and we will thus obtain a function in x,.

To solve this the root-seeking Wegstein's iteration formula

is used (subroutine RTWID in the program).

x. is then obtained from

X4 = "(bl + b2x2 + b3x
3
)/b4 (C16)

The FORTRAN programs written to solve the equation system

(5.9) were called GLMSE1 respective GLMSEC in the homogeneous

respective heterogeneous case. In these programs one harmonic

mode is also eliminated with the Fourier-Bessel analysis

method. This method is described in section 5.3.2. and the

solution to Eq. (5.19) is straightforward.

The program first calculates the constants a, and b. as de-
t -I tscribed in Appendix C.I. Thereafter the matrix (J J) J in

Eq. (5.19) is solved and x. are calculated as outlined in

Eqs. (C.ll - C.16). The program GLMSEC is shown on the follow-

ing pages together with an example of the resultant output

for one cylinder.



Cll
C PPOGPAM GLM5EC
C
C CALCULATION EXTENDED FPOM CPSGL040 CNO CONTROL ROC)
C AMD CPSGL050 (CONTPOL POO. THE PPOGPAM VILL CALCULATE
C THE AMPLITUDE FOP ZEPO TO FOUPTH ORDEP AT THE DETECTOR
C PLACES. THE COEFFECIENTS TO ELIMINATE 1: ST
C HAPMOKIC VILL BE GIVEN ANC CHECKED
C BOTH THE MINIMUM STATISTICAL EPPOP METHOD AND
C THE FOUPIEP-BESSEL ANALYSIS METHOD APE USED
C
C PPOGPAM STAPT
C

IMPLICIT PEAL*» (A-H,O-P,T-Z)
PEAL*8 SJSI
EXTERNAL FX
DIMENSION A<4),D<4),FLrX<5#4)*E(4>«C<4).»GC3>j
1 H(3),GF<2),Z<4),TS2<4),V4«11>.,ALFC5),
I Q<3,3) ,P1<3) ,S(3) ,SK3) ,TC3) .»U<3) ,V<3) ,V<3) ,
I SM(4,2>,ST(2,4),ST5<2,2>.,SF<2,4),SHK2),SH£C2>

COMMON O,Pl*S,SliT,li ,ViW,K / B I / P.EFF
DATA ALF/2.40482FSP0,5.5200781D0,8.6537279D0,
1 1I .791534D0,I4 .9309I8D0/

FXP=0.748
C ri^D R,H AMD INNEP PACIUS

f YE 115
50 / CEPT I VIK t R*H0,PAI

* CP> X,1,2
1 r(>p
2 cr"F*P+EXP*TR

c » :AD RADIAL FUNCTION ZEPOES AND DETECTOR DISTANCE FROM CENTRE

TYPE 120
ACCEPT 105 ,A
TYPE 125
ACCEPT 1 1 0 , D

C CALCULATE FLUX AT EACH DETECTOR

DO 4 L = l , 4
DO 4 L ^ s l , 4
FLUX<L,L0>=RADFUCA(L>,D(L0))

4 CONTINUE

DO 4 0 1 = 1 , A
ACI)»FLUXC1,I>
B(I)=FLf.TX(2,I)
CCD-FLUXC3/I)

40 D<I>»FLUXC4,I)

C CALCULATE MATRICES SM ANC ST

DO 3 M»l,4
DO 3 K d i 2
SMCM,N)»FLUX(N/M)
ST(N/M)«FL1JX(N,M)

3 CONTINUE

C FORM <ST*SM)t<-l>*ST

CALL GMPPD(ST/SMiSTS,2/4#2)
CALL MINV(STS,2,DET,SH1,SH2>
CALL GMPPD(STS/ST,SF/2/2/4>
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42

43

44

46

47

C

THAT'S ALL!

TYPE 200* »*H0*PA1
TYPE 205
TYPE 210* <M*(FLUX<M*H)*N*l*4)*M=t,4>

CALCULATE SUMS

DO 45 M=l*2
TS3*0
T54=0
CO 42 1=1*4

T S 2 U > = 0
DO 43 1-1*4
DO 43 J = l * 4
TS2(I)=TS2(I)+FLUX<I*J)*SF(M*J)
DO 44 J*l*4

TS4=TS4*DABS<FLUXC ,
TS3«TS2<M)**2/TS3
W4(1)«TS3
V4(2)«TS2<3)*»2/TS4
DO 46 J = l , 4

J1»J*2
V4(J1)=SF(M*J)

DO 47 J - l*4
Jl-J+6
V4(J1)=T£2(J)

V4(I1)*TS3/TS2<M)

OUTPUT OF RESULTS

48

45

TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE

500
212*
213*
220*
225*
240*
235*
240*
250*

M
M*V4(1>
V4<2>
(1*1=1.4)
CW4CI)* 1=3*6)
(I* 1=1,4)
(W4(I>* 1=7,10)
(1,1*1,4)

DO 48 1=3,6
V4(]
TYPE

[>*V4U)*U4(1 1)
255*

CONTINUE
(W4CI)* I"3*6)

NOW STAPT ELIMINATING HIGHER HARMONICS

AB4-A(4)/B(4)**2
DO 5 I»!*"?
G(I)*A(I)-A(4)/B(4)*B(I)
H<1)-A<I)*BCI)»*2*AB4
DO 6 I»2*3
DO 6 J-1,3

DO 7 I»?,3

J-2

I)*GCJ))
1)-H<I)*G(1)**2

UCI)-G( l)«G(I>*H(J)*G(J)»AB4*U(n
V(I)«2*GCI)*B(1)*B(J)-2*G<J)*B< U
V(I)«G(I)*G(J)*H(1)-»G(I)*AB4*V(I)
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C FROM FOUPIEP-BESSEL ANALYSIS METHOD WE TAKE THE INITIAL GUESS!

K=l
X S T = S F ( 1 , 3 ) / S F ( 1 , 1 )
CALL PTWID(X,VAL,FX,XST,1D-8,200,IEP)
GO TO ( 1 3 , 1 1 , 1 2 ) IER+I

»1 TYPE 320
320 FORMATC1X,'PTVIC - NO CONVERGENCE')
12 TYPE 330
330 FOPMATOX, »PTUID - DENOMINATOR * 0 ! ' )
13 Z<1)=1

Z(3)=X
Z(2)=FX2(X)
Z ( 4 ) = - ( B ( 1 ) + B ( 2 ) * Z ( 2 ) + B ( 3 > * Z C 3 ) ) / B < 4 >

C CALCULATE SUMS

DO 10 J=!,4
10 T52(J)=0

DO 15 J=l ,4
/TS2(1)=TS2C1>+A(J)*ZCJ)
T?3=TS3*A(J)*ZCJ)**2
TS2<2)=TS2<2)+B(J)*Z(J>
TS2?3)=TS2C3)+C(J)*Z(J>
TS2(<i)=TS2(4)+D(J)*Z(J)

15 TS/»=TS4+DABS(C(J))*Z<J)**2
TS3*TS2<1)**2/TS3
W4(I)=TS3

DO 20
J1»J

20

25

C

V4CJ1
DO 25

)=ZCJ)
J =

Jl=J+5
W4(J1

1,4

)=TS2CJ)
V4C10)=TS3/TS2C1

PRINT

TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
TYPE
DO 35

OUT

510
213,
220,
225,
230,
235,
240,
245,
250,
1 J S

)

PESULTS

1,V4(2
U4(2)
(I, I*
(V4(I)
(I, I«
(W4<I)
V4(I0)
(I, I»

3,5

)

1,4)
, 1*3,5)
0,3)
, 1*6,9)

1,4)

35 W4<I)«W4(I)*W4<10)
TYPE 255 , U4C10 . ,<W4(I ) , 1 = 3 , 5 )
GO TO 50

C FORMAT STATEMENTS

100 FORMAT(3F10.5)
105 F0RMAT(4FJe.6)
110 F0RMATC4F6.2)
115 FORMAT*• R,H AND RAI?')
120 FORMATC ZEPOES? (4 VAL)')
125 FORMATC DET. DI ST.? ( 4 VAL)')
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200 F0PMAT(3HZP=,F8.5*5X,2KH**F8.5#5y
205 FOPMAT< 1H0,'OPDNING», 7Y,'DETl',9rj,

1 'D£T3',9y.,'DET4')
210 F0RMAT(4CI5,3y,4(4X,F9.6)/))
212 FOPMAT(IH0>25X,I!*' MODE')
213 FOPMATC1H0,5X,I 1*' FUNCTION VALUE=',F9. 6) •
215 FOPMAT«1H0*5X,"0 FUNCTION VALUE ='#F9 .6)
220 F0PMATC6X,'3 FUNCTION VALUE = ' , F 9 . 6 )
225 FOPMAT(1H0,'CONSTANTS'* 5X,'DET', 5X,4i(I2,8X))
230 F0PMAT(24Y,!H1,3X,3F1B.6)
235 FORMATt !H0* ' SUMS 19X,4CI2,SX> )
240 FOPMAT(iey^F!55.6)
245 FOPMATCBFACTOP = * ,F9 .6 )
250 FOPMATOH0, 'INPUT K', 7X,'DET', 5X*4«I 2*8X) )
255 FOPMAT(l9r*4F10.6)
500 FOPMAT(1H0#I5X,'FOUPIEP-BESSEL ANALYSIS METHOD')
510 FOPMAT(1H0,!5X*'MINIMUM STATISTICAL EPROP METHOD')

END

Function RADFU and subrout ines BESJ and BESY are the same

as in program GLHET

FUNCTION FX(X)
CALCULATES FUNCTION FOR PTVID (X3)
DIMENSIOH Q < 3 , 3 > , P I ( 3 ) > S ( 3 ) , S
COMMON O,RI,S#SI,T*U,V,V,K
IMPLICIT PEAL*8 (A-H,0-^>
FX»X**2*C0(3#2)*FX2<X)*C(3,1>

FX«(FX+T<3)*FX2(X)»*3*U(3)*FX2(X)**2*V(3)*FX2(X>*W(3))/<-Sl(3))
RETURN
END

FUNCTION FX2CX)
CC CALCULATES FUNCTION X 2 FPOM X 3

DIMENSION 0(3#3),R!(3)/S(3) ,Sl(3) ,T(3)*U(3)/V(3) ,W(3>
COMMON Q,P.!,S,S1,T,U,V,W,K
IMPLICIT REAL«8 (A-H,0-Z)

FX2«-B/2/A*K*DS0PT((B/2/A)**2-C/A)
RETUPN
END



Example of resultant output from the program GLNSEC

CIS

P* 7.48700

OPDNING
1
2
3
4

H=14.91900

DET1
0.289651
-0.109926
-0.030217
0.074232

EET2
0.263247
0.025753
-0.£82655
-0.020464

CET3
0.195950
B.I05401
0.009486
0.044572

CET4
0. 114C91
0.096916
0.069372
0.039266

FOURIEP-BESSEL AMALYSIS METHOD

! MODE

1 FUNCTION VALUE= 0 . 7 8 4 7 7 8
3 FUNCTION VALUE = 0 . 0 5 4 0 6 3

CONSTANTS ' DET ! 2 3
1 . 5 3 1 7 2 1 1 . 2 6 9 8 1 3 0 . 6 6 1 1 8 8

SUM 1 2 3
1.000000 0.000000 -0.110629

INPUT K 'DET I 2 3

1.202061 0.996521 0.675842

FOUPI EP-BESSEL ANALYSIS METHOD

2 MODE

2 FUNCTION VALUE= 0 . 3 1 5 4 3 1

3 FUNCTION VALUE = 0 . 0 7 9 5 2 0

0.467667

0.067696

0.367015

CONSTANTS

SUM

INPUT K

DET I 2 3
-3 .626801 0.527115 3.016099

1 2 3
1.000000 0.28'?594

DET 1 2 3
- 1 . 1 4 4 0 0 6 0 . 1 6 6 2 6 8 C! .951371

MINIMUM STATISTICAL EPPOP MLTHOD

1 FUNCTION VALfE* 0.787272
3 FUNCTION VALUE * 0.043160

1 2 3
1 0.752612 0.5?4556

P 1 2
0.632422 0.000000 -0.P6I977

1 2 3
1.244852 0.936691 Pi.652995

2.810345

4
•0.304097

0.886470

CONSTANTS

SUM

FACTOR •

INPUT K

1

DET

. 2 4 4 8 5 2

DET

0.367174

0.049868

4
C. 457077


