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Abstract 

The relation between the phase of the semi-classical propagator 

and the number of times the classical trajectory is reflected from a 

caustic is discussed. It is shown that the accepted prescription 

based on Morse's focal point theorem is valid only for a restricted 

class of problems (coordinate representation and a positive definite 

mass tensor). A more general method to evaluate the phase is derived. 

It applies to all problems of physical interest involving the most 

general representations (mixed coordinate and momentum) and complicated 

Hamiltonian functions. The result is of particular relevance for the 

classical S-matrix. 
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I. Introduction 

The semi-classical limit of quantum mechanics has recently gained 

much interest in various fields of physics, [e.g. refs. [1-14]}. The 

main feature of the semi-classical approach is that it allows the 

calculation of transition amplitudes (and not only probabilities) using 

information obtained by solving the classical equations of motion. 

Thus, while the dynamics of the system is determined by the rules of 

classical mechanics, the quantal effects are introduced through the 

superposition principle. 

In this approach the semi-classical propagator fcr a system 

developing from a point q' in configuration space at time 0 to a 

point q" at time T is given by [2-6] 

K(qM,T;q\0) = £ j((j)exp [iS(j)/-fi]. (1.1) 

j = l 

The summation in (1.1) goes over all classical trajectories,which 

connect the initial and final points. It is a clear manifestation of 

the superposition principle. The absolute square of the "reduced 

propagator" K^1' is the classical probability along the j-th trajectory. 

The phase of each term is composed of two parts. One is the classical 

action S(j) along the trajectory (measured in units of -fi). The other 

is the phase of the reduced propagator K , which can be shown to be 

connected with the stability index of the trajectory. The determina

tion of the phase of the reduced propagator is one of the most crucial 

points of the entire semi-classical approach. These phases arc not 

only necessary to ensure the correct quantal interference between the 

various contributing trajectories. In the vicinity of caustics, the 

approximation (1.1) faiis and must be replaced by a properly uniformized 



expression [15,16], Again, the reduced propagators K play an 

essential role. In particular, their phases determine the signature 

of the semi-classical catastrophe and thereby the type of the 

uniformization to be applied [6] . 

Tne reduced propagator is determined by studying the second 

variation of the action integral along the classical path. The 

second variation can be expressed as an expectation value of a 

differential operator. The excess of negative eigenvalues in the 

spectrum of this operator relative to a given reference spectrum 

determines the phase of the reduced propagator by the relation [5,6] 

phase - - T [excess of negative eigenvalues!. CI.2) 

This relation,as it stands, is of no help for practical calcula

tions. A convenient prescription [2-6,17J to calculate the excess of 

negative eigenvalues was established for a certain class of transitions. 

These are cases when one specifies the final values of the coordinates 

(coordinate representation). One should further assume that the system 

possesses a positive definite mass tensor. The prescription follows 

from the fact that for those cases in a Lagrangian formulation the 

operator, which defines the second variation, can be written as a 

Sturm-Houville type operator with Dirichlet boundary conditions [5]. 

Morse's focal point theorem [17] applies to such systems and it states 

that the excess of negative eigenvalues is equal to the number of 

focal points along the classical trajectory, counted with their 

multiplicities. The occurrence of a focal point manifests itself by 

the vanishing of the van Vleck determinant [18], which is built out 

of the independent solutions of the Jacobi stability equations [3,5,6]. 

We thu« see that the phase of the reduced propagator is easily 



calculated from purely classical information. 

For most practical purposes, the initial and final states of the 

system are not specified by the coordinates, but rather by the values 

of the generalized momenta. In particular, the classical S-matrix, 

which is extensively studied by means of semi-classical methods, 

e-g- [7], is related to the expression for the propagator in a mixed 

momentum-coordinate representation. The boundary values are given 

for the relative distance of the collision partners and the generalized 

momenta of all the other degrees of freedom. 

The structure of trajectories, caustics and focal points, and 

their influence on the reduced propagators depend substantially upon 

the representation considered. For the Sturm-Liouville problem 

mentioned above a momentum representation means that one has to 

consider Neumann boundary conditions. Morse's focal point theorem and 

the prescription derived from it do not apply in this case. 

The reason is most easily understood if we turn to a Hamiltonian 

formulation. The crucial limitation of Morse's result is the 

assumption that the mass tensor is positive definite. But by going 

from a coordinate to a momentum representation the role of the mass 

tensor is transferred to the second derivatives of the Hamiltonian 

with respect to the coordinates. In almost all cases they will not 

form a positive definite tensor and therefore Morse's theorem does 

not apply. 

Nevertheless there are several authors,who extended Morse's 

result literally to a momentum representation. Gut::wilier [3] 

proposes to do so for the propagatior in a central field, even though 
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he admits this to be a guess. Although we were not able really to 

follow the woifK of Maslov [4], it seems to us that also he claims to 

use the focaJ point theorem for a momentum representation. 

The purpose of the present paper is to prove a generalized focal 

point theorem, which covers all kinds of representations of the 

propagator without restrictions on the classical Hamiltonian. This 

theorem still allows a fairly easy determination of the phase of the 

reduced propagator in terms of the Jacobi equations and reduces to the 

prescription based on Morse's theorem if the matrix corresponding to 

the mass tensor in a coordinate representation is positive definite. 

in order to handle coordinate and momentum representations on 

the same footing we will adopt a Hamiltonian formulation using a 

recent discussion of the semiclassical propagator based on Hamiltonian 

path integrals [6]. 

In the following section we shall begin by recalling those 

results of ref. [6], which are relevant for what follows. Here we also 

give the exact definition of the excess of negative eigenvalues 

appearing in eq. (1.2). The proof of the generalized focal point 

theorem is the subject of section III. For those not interested in 

the details of the proof we summarize the results in section IV ty 

listing the calculational steps one has to perform in order to 

determine the phase of the reduced propagator for a given classical 

trajectory. Some concluding remarks are the content of section V. 



11. The reduced propagator 

An extensive discussion of the semi-classical limit of the 

propagator, based on Hamiltonian path integrals, was presented in 

rof. (6]. In this section we collect those results of ref. [6] which 

arc essential for the present work. 

Wo consider a physical system with M degrees of freedom. A 

classici] trajectory, its variation, etc. will be represented by 2M 

dhnrns i <'n;il vector functions, the first M or "upper" components 

corresponding to the "coordinates", the "lower" components to the 

"momenta". In order to condense the notation we adopt the convention 

that Greek letters denote 2M dimensional quantities, Latin letters M 

dimensional ones. Capital letters represent matrices, heavy ones stand 

for vectors. 

In a Hamiltonian formulation the second variation around a 

classical trajectory is given by the expectation value of the Dirac 

type differential operator [19] 

*(t) = rjf - G(t). (2.1) 

Mere r is the 2Mx2M symplectic matrix, 

r * f , (2.2) 
ll rJ 

and I is the MxM unity matrix. Q is the matrix of al l the second 

derivatives of the llamiltonian !!(£,£) , 

fD(t) C T ( th 
0(t) - , (2.3) 

k ( t ) fl(t) > 

cT. (t) = Cj jU' ; i . j . l M . C.3'1 

•At) * 
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B is the mass tensor, which is usually a positive definite mat ix. 

The subscript cJl indicates that the derivatives are taken at the 

classical trajectory, which thereby dictates the time dependence of 

the matrices. Iv'e will refer to 0 as the secondary Hamiltonian 

matrix. 

It was shown in ref. [6] that the reduced propagator is given by 

nvUi° 
a=l 

The <J> are the eigenvalues of the boundary value problem 

*{t) _XC°°(t,T) = *a(T) x
Ca)(t,T), (2.5) 

where the boundary conditions depend upon the representation of the 

propagator. For futher reference we explicitly note the time interval 

T as a parameter of the eigenvalues and eigenfunctions. 

The reference spectrum 0 l are the eigenvalues of the problem 

analogous to eq. (2.5) with Q(t) = 0. The labelling of the two 

spectra in eq. (2.4) is chosen in such a way that for large a the two 

spectra coincide and therefore the infinite product in eq. (2.4) converges 

There are M eigenvalues $ , which vanish identically independent 

of the time interval T. This is connected to the fact that for a vanish

ing Hamiltonian the propagator is an M dimensional <5-functior*. These 

eigenvalues are excluded from the product in eq. (2.4). Similarly wo 

assume that none of the eigenvalues <b vanishes identically in T. 

Otherwise the exact propagator would contain a :-function and the 

problem could be trivially reduced to M-l degrees of freedom before 

going to the semiclassical limit. 
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For a coordinate representation the boundary conditions for 

eq. (2.5) are 

ufa)(0,T) = uta\T,T) = 0 , (2.6) 

where u denotes the f i r s t M components of X_ , 

fa) f ^ W l l 

For a momentum representation the boundary conditions are imposed on 

the vector y_. Both representations are symmetric in the sense that 

the boundary conditions are the same at t=0 and t=T. By a proper 

canonical transformation the boundary value problem (2.5) for any 

symmetric boundary conditionscan easily be transformed into one with the 

boundary conditions (2.6). This transformation of course affects the 

secondary lluiniltonian matrix 9- In particular, the mass tensor B in 

the transformed system will in general be non-definite. Therefore we 

cover nil symmetric boundary conditions by discussing the ones given by 

eq. (2.6) as long as we do not make any assumption on 0. 

For some physical applications the propagator has to be considered 

in asymmetric representations. For example, some degrees of freedom 

may he fixed by the initial momentum and the final coordinate or vice 

versa. Compared to a symmetric case this asymmetry will only slightly 

clianj'.e the argumentation, For the sake of transparency from here on 

we consider only a symmetric coordinate representation with an 

arbitrary secondary HamiItonian, referring the vender to the appendix 

for the discussion of all other cases. 

The expression (2.-*) for the reduced propagator in terms of the 

boundary value problem (2.5) can hardly be used for practical purposes. 



For an actual calculation one should consider the Jacobi initial 

value problem 

(r£-ect))£W(t3 = o 

with 

(2-8) 

i(k)(0) = 0, yjk)(0) = 6kj; k,j =l,...,M , 

x(l°(t) £ ( k ) ( t )-[>) ( tJ-
The upper components x_ J of the solutions at t=T build up the van Vleck 

determinant, which gives the absolute value of \ [6], 

* = ( 2 ^ r M / 2 | d « ( x j
( k ) ( T ) ) | - 1 / 2 e - i W 2 . (2.10) 

The remaining problem is the determination of the integer y v is 

called the index of the reduced propagator. It is determined by the 

difference in the distribution of signs in the two spectra & and rfi . 
a o 

The eigenvalues <J> and <f> J enter the expression (2.4) as the 

outcome of Gaussian integrations (6], Thus under the square root a 

negatii/e <p has to be understood as |$|e v and the index v is easily 

identified to be 

v = A -M . (2. 11) 

Here £ is the excess of the number of negative eigenvalues $ over 

the number of negative eigenvalues $ . This is a finite quantity, 

because for sufficiently large a the two spectra coincide. Note that 

thr excess may well be a negative quantity. The subtraction of M in 

expression (2.11) originates from the factor c ' in eq. U.4J. 
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It is the purpose of the present work to determine the index y 

and thereby the entire reduced propagator in terms of the Jacobi 

initial v.'luo problem (2.8). This will lead to a generalization of 

the prescription based on Horse's focal point theorem. 

111. The genoralUed_focai point theorem 

In this section we shall endeavour to find a practical way to 

determine the excess A of negative eigenvalues discussed in the 

preceding section. We shall relate this number to the properties of 

the secondary Hamiltonian matrix 0 and the solutions of the Jacobi 

initial value problem (2.8), which build up the van Vleck determinant. 

In order to calculate the excess A at the time T, we shall study 

how this quantity develops along the classical trajectory when the time 

interval T changes from zero to iti final value T, That is to say, we 

study the boundary value problem 

[ r ^ - - G(t) j i ( a )(t l T) - *a(T) &
(a)(t.T) , (3.1) 

u(o)(0,i) « u(a)(T,T) - 0 , 0<T_<T, 

for which we deduce A ( T ) • 

The excess A ( T ) for vanishingly small T can be easily determined. 

Kith incrensing t the reference spectrum follows a scaling w*th 1/T. 

Therefore an eigenvalue >p (T) never changes its -ign. M r ) c a n change 

only if an eigenvalue <j goes through -ero. This happens at a fo":al 

points ,i»here in general m(m <. M) eigenvalues 9 vanish simultnneo-isly. 

This i* equivalent to the statement th.it the van Vleck determinant 

v.'inishi-t jit thi?> point and Its rank i.« reduced to M-m. The hay ,}[:) 

http://th.it
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changesacross the focal point is determined by the signs of the 

derivatives of the vanishing eigenvalues with respect to T. Thus, 

by studying these signs at all the focal points along the trajectory, 

we can finally deduce the excess A = fi(T), 

Let us first study the short time limit, T •+ 0. We change in 

eq. (3-1) the variable t to z = t/x ., 

r d T " T 0 ( O ) ] *C00(ZT,T) = T*a(T) ji
(a)(zT,-0 , (3.2) 

U(a)(0,t) = UCa)(t,T) = 0. 

Here we replaced the matrix 0 by its value at t=0, which is correct 

to first order in T . 

The spectrum TIJ> (T) of eq. (3.2) splits into too parts, those 

xty , which vanish in the limit T -+ 0 and those, which do not. In 

the latter case jQ(0) in eq. (3.2) is a small perturbation and as 

T -»• 0 the eigenvalues ij> approach the corresponding $ i of the 

reference spectrum. The ratios cp1 V 0 are all positive, rf 

Td> (T) vanishes for j -*• 0 the eigenfunction in the limit is independent 

of z. Because of the boundary conditions the upper components have to 

vanish identically. The equations for the lower components have M 

solutions, proportional to the eigenvectors of the matrix B(0). The 

corresponding eigenvalues <f> are the eigenvalues of (-B(O)). We label 

them as $,»••.,<(>»., consistent with the fact that they correspond to the 

vanishing eigenvalues of the reference spectrum. The number of negative 

p , a < M, i.e. the number u of positive eigenvalues of B(0) is the 

excess in the short time limit. By eq. (2.11), the index is 

V ( T •* 0) =u - N. C3.3J 

In particular, for a positive definite matrix B(0) this index would be 

zero. 
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We now have to calculate the change of the index across a focal 

point. For the sake of transparency, wo will first illustrate the 

procedure discussing a system with only one degree of freedom. In 

paragraph III.2 we present a simple application. The more dimensional 

problem is discussed in paragraph III.3. 

J11.1. One degree of freedom 

In this paragraph we consider a system with one degree of 

freedom, M=l. There is only one solution £ of the Jacobi initial 

value problem [2.8). Its upper component x represents the van Vleck 

determinant. Let us assume a focal point at t=i, 

xOO = 0. (3.4) 

Then one of the eigenvalues of the boundary value problem (3.1) is 

vanishing, say 

*YlT) = 0 . (3.S) 

The corresponding eigenfunction is proportional to £ , 

XCY)(t(T) = NY(T)£(t). (3.6) 

tn order to determine dc£> /di we differentiate eqs. (3.1) with 

respect to T. Denoting this derivative by a prime we get 

( rdT" 0 ( O ) 3L,CY)(t.T) = * Y ( T ) x
tY)(t,T) , (3.7) 

where we used eq. (3.5), The boundary condition at t=0 is 

u,tY)(0lT) = 0. (3.8) 

To find the condition at t=T wc have to realize that the boundary 

condition of the original problem (3.1) has to be fulfilled for any 

choice of the time interval, in particular 



Expanding eq. (5.9) up to first order in AT leads to the required 

conditio)., 

u,(Y)(TjT) = _ ^(Y)(TJT-J_ (5.10) 

Here the dot denotes differentiation with respect to the first 

variable, t. 

Equation (3.7) can be solved by the method of variation of the 

parameters. Let £(t) be a solution of the homogenous equation, 

(2.8), which is linearly independent of_£(t): 

(r& -ett)Jl(t) 
(3.11) 

0, 

x(0) = 1, y(0) = 0. 

The "Wronskian" relation between these two solutions is 

£(t) r£(t) = x(t)y(t) - x(t)y(t) = 1 . (3.12) 

The ansatz 

V CY)(t,T) = a(t,T) i(t) + b(t,T) i(t) (3.13) 

then leads to 

t 

t)dt' a(t,T) = a(0,T) - ̂ ( T) f i(t') ^ ' ( f . T ) 

o 

b(t,T) = <|>̂ (T) j £(t') X(Y)(t',T)dt' 

(3.14) 

b(0,x) vanishes in order to satisfy eq. (3.8). By eq. (3.6) and 

(7 ] 
using the normalization of X we get 

^(T) = Ny(Tj b(T,Tj . (3.15) 



15 

In order to evaluate b we project it out of eq. (3.13] using the 

Wronskian relation (3.12), 

0y(T) = NY(Tj i(7) rX'
tY)(T,T) = VlY)(T,T)u'(Y)(T,T). (3.16} 

. (y) 

Inserting eq. (3.10) and expressing u ' by means of eq. (5.1), we 

finally arrive at 

4>'(T)| = - V C Y 3 ( T , T ) B(-C) V C Y ) ( T , T ) . (3.17) 
Y '* Y(T)=0 

(The placing of the v-s on the r.h.s. anticipates the result for the 

multi-dimensional case.) 

The result is that the sign of the derivative 0* of the vanishing 

eigenvalue equals the sign of -B(T) at the focal-point. If B(T) 

does not vanish at the focal point, the excess A(T) increases or 

decreases by one unit depending upon B(T) being positive or negative. 

However. B(T) and therefore 0* may vanish. Then, in order to 

determine the change of A(T) at the focal-point we have to calculate 

the second derivative 0" . We differentiate eq. (3.7) once more and 

using the same argumentation again, now with the second order term 

of eq. (3,9), we get 

*Y(T)I V 1 Y )(T,T)B(T)V C Y 3(T,T) . (3.18) 

y y 
. (vl 

Notice that together with B(T) also u ' (T,T) and, by eqs. (3.6,13, 

• (v) 

14), u (T.T) are vanishing. Therefore this mixed derivative, 

although appearing in the second order term of eq. (3.9), does not 

contribute to ?"(T). This will not be the case for a multi-dimensional 

If &(t) turns out to be different from zero the sign of 0 and 

therefore the excess A do not change at the focal-point. Otherwise we 

proceed to the third derivative in the same fashion and so forth. 
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In summary, the index of the reduced propagator for a one 

dimensional system is determined by the behaviour of B(t) at the very 

beginning of the classical trajectory and at the focal points, which 

are found through the solution of the Jacobi initial value problem 

(2.8). Th* index can be written as 

n. n. 
sgn[B(0»-l + y 1 +(-)

 J f d_^B, ) 

j l dt J ' T / 

(5.19) 

Here j labels the zeros of x(t) and n., n. >_ 0, marks the first non-

vanishing derivative of B(t), 

n.-l n. 
d J d J 

x(Tj) =0, B(-rj) = ... =
 a

 n . : B(T.) =0, ̂ B C r p *0, 0 «T. < T. 

dt 3 dt J (3.19') 

Eqs. (3*19) represent the generalization of the focal point theorem 

for a one-dimensional system. 

At this point a few remarks are in order. If B(t) is positive 

definite along the trajectory, ail the n. in cq. (3.19) are zero and 

we get back Morse's result that the index equals the number of focal 

points. For a coordinate representation of the propagator a positive 

(mass) B is, of course, the most likely situation. But in case of a 

momentum representation B in eq. (3.19) stands for the second 

derivative of the Hamiltonia.i with resipect to the coordinate (cf. the 

appendix). For any non-monotonic potential this is not a definite 

quantity and the index generally d< ̂s not equal the number of focal 

points. 



[ J 1 . 2. Aii l|_x;im|vle 

The generalized focal point theorem (3.19) may be illustrated 

by a simple example. We consider a secondary Hamiltonian matrix 0 

given by 

B(t) = D(t) = 2bt-a, C(t) = 0 . (3.20) 

In this case eq. (3.1) explicitly reads 

-v(ct)(t) - (2bt-a)utc°(t) =<J>utct)(t) C3.21.1 

uCa)(t) - (2bt-ajvta:i(tj =^v ( a )(tj, 

u<a)(U) = uta)(T) * 0. 

Here we dropped the denotation of the time interval T as a parameter 

of the eigenvalues and eigenfunctions. The normalized solutions of 

cq. (3.21) are 

utct)(t) = — sin (bt2 - at + $ t) 

frO 1 ? 

vK"'[t) = — cos (bt" - at + $ t) , 
/? a 

and the boundary conditions fix the eigenvalues to 

*a = T " (bT_a) • " = 0, ±1,... • (5.22) 

Let us assume bT-a to be positive. Then the excess of negative eigen

values compared to those of the reference spectrum (b =a =0) is given by 

4 • I ̂  1 • 1 . C3.«, 

whore the square brackets denote the integer value. The reduced 

jirnjiâ ntor therefore has the index 

v . [ H l l i l , . (3.24, 
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On the other hand, the Jacobi initial value problem corresponding 

to en. (5.21) has the solution 

t 
x(t) = sin(bt" -at) 

(5.25) 
•> 

y(t) - cos(bt" -at) , 

and t h e foca l p o i n t s a r e given by 

bT2 - a t = niT ; n = 0 , ± 1 , . . . . (3 .26) 

n n 

Figure 1 illustrates graphically the solution of eq. (5.26) for 

the case, where a =4TT, b = 2TT and T =2.5. IVe find six focal paints, 

whereas the index in this case is v=2. It is easily seen that, 

if bT-a > 0, the number of focal points always exceeds the index 

at least by 1. Obviously Morse's result does not apply, whereas the 

generalized focal point theorem (3,19) leads to the correct answer. 

Although the secondary Hamiltonian matrix (5.20) does not 

correspond to any reasonable physical situation, this example clearly 

demonstrates the limitation of a literal application of Morse's 

theorem and the utility of the generalized form (3.19). 

III.3. M degrees of freedom 

We now turn to a system with M degrees of freedom, M j> 1, 

We again consider a focal point at t=T, which now may have a 

multiplicity m, m <_M. At the focal point the van Vleck determinant 

vanishes, 

det(x{k)(T)) = 0 , (3.27) 

and the rank of the matrix X.(T) is M-m . Likewise, the 

boundary value problem (5.1) has m vanishing eigenvalues, say 

*, (T) = 0 ; i =1 m. (3.28) 



In contrast to the situation for one degree of freedom the 
fV (10 

relation between the eigenfunctioasX_ (t,T) and the solutions^/ (t) 

of the initial value problem (2.8) is now more involved. Having 

only the condition (3.27) we have to construct thosp linear combina-
fkl tions of the £ , whose upper components vanish at t=T. Because 

of eq. (3.27) we can find m linearly independent solutions d, (T) of 

M . ,., 
I df(T) x

W ( t ) = 0 , i=l,...,m , (3.29) 
k=l K 

such that the functions 

.T) = m \ * I d*(T) £U,(t), (3.30) 

k=l,...,m, 

satisfy r} ^ CO.T) = £ ET,T) = 0. They span the subspace of the 
(Yj) 

eigenfunctions )( (t,T), 

X (t,T) = I c1 p_u-,(t,T) , i=l,...,m. 
j=l J 

(3.31) 

Furthermore, we may construct the functions £ in such a way that 

they are orthonormal on the interval [0,x]. 

In order to determine the derivatives of the vanishing eigen

values 6 with respect to T we proceed along the sarae lines as in 
Yi 

section III.l. We differentiate the boundary value problem (3.1) 

with respect to T getting the equation analogous to eq. (3.7). We 

introduce 2M linearly independent solutions of its homogeneous part. 

£ ( k J and £ £ k \ k=l,...,M. The first m p_(k) are given by eq. (3.30), 

For all the 2M solutions we require that they satisfy the relations 
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£
w ( t , T ) r £W(t. T) = S

(k)(t,T) r£f«tt.T) - o, 

p(k,(t,T)i£m (t.T) . 6 n , 

The solution of the inhomogeneous equation (3.7) is now 

X,tYi}(t,T) = I (a|(t,T)p(J)(t,T) +bJ(t,Tl£
CJ3(t(T)) (3.33) 

j = l J J 

with the coefficients 

a](t,T) = aJ{0,T) - ̂  (T) f £ ( j J(f ,T) x l (t'iT)dt' , 
1 0 

bj(t,t) » ^ (t) J £Cj)(t',T) x * (t'.T)dt* t 

in analogy to eqs. (3.13,14). 

Again the $' (T) can be extracted from the coefficients 

°i(T,x). Projecting these out of eq. (3.33) by the relations (3.32) 

we get the m relations 

^ 00 , • h i ) , , 
IT.T) U (T,T) , 

*\.W J ePht.T) X * (t,T)dt = 
0 (3.35) 

j = 1,... ,m. 

Here we used again the boundary condition for X/, i.e. the first 

order term of 
(Yi) 

u 1 (T*AT, T»AT) = 0 , (3.36) 

,'VO .(Y;) 
in order to replace u_ ̂  lJ by -u_ . If we now insert the 

expansion (3.31) with an orthonormal set p ^ J into both sides of 

eq. (3.35),we find that the $' (T), i=l,...,M, are the solutions 
Yi 

of the secular equation 

det(*'(T)6kj • S_
(I°(T,T) B(T) S_Cj)(T,T)) • 0 , 

k,j » 1 m. (3.37) 



Thus, the derivatives of the vanishing eigenvalues <fe, with respect 
ri 

to T are the eigenvalues of the matrix -s/ (T,T) BS_ J (T,T). Eq-

(3.37) is a direct generalization of eq. (3.17). 

In order to determine the change of the index across the focal 

point we do not need the actual values of the derivatives 4>' (t), 
i 

but only their signs. The number of positive, negative and vanishing 

eigenvalues of a matrix are invariant under regular transformations. 

In order to calculate the signs of the $' (T) we therefore may use 

cq, (3.37) with the lower components £ (T,T) of any linearly 

independent set p} * given by eq. (3.30). Therefore, having at hand 

(kl 
the solutions?, of the Jacobi initial value problem we just have 

to find m solutions of eq. (3.29) and it is unnecessary to perform 

the very inconvenient orthonormalization of the resulting £/ . 

In particular the product of all the 0' (T) is f ± an arbitrary 

'i 
set (3.30) given by 

]~[ *; (T) = C-)m detfs^^T^JBfTj^^T.T^detl J p ( k ) (t,T)p_[jL) (t,x)dt| , 

i=l i 0 

k,JL=l,...,m, (3.38) 

where the denominator is a positive quantity. 

We now consider separately the case when all the derivatives 

<£' (T) differ from zero and the case when the product (3.38) vanishes. 
Ti 
m 

TT *: M * o 

In the first situation it is not necessary to calculate the 

signs of the individual $' . Indeed, two sets $' leading to 
Yi Yi 

the same sign of the product differ by an even number of individual 

signs. The corresponding changes of the excess and the index differ 
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by multiples of 4. But, by eq. (2.10), this would change the phase 

of the reduced propagator by irrelevant multiples of 2]\. 

Usinf this freedom, the relevant change of the index can be 

written as 

AV(T) = m + sgn JT(T) - 1 (5.39) 

with IT(T) = det fstk) (T,T)B(T) s.t:i)(T,T)] , (3.59') 

k,j=l,. .. ,m . 

If the product (3.38) is non-zero for all focal points along the 

trajectory,by eqs. (3.3) and (3.39) the index of the reduced propagator 

can be expressed as 

v = (v-M) + I h . + sgn nCTj) - lj (3.40) 

H(T.) = det ( . S ^ C T ^ T ^ B C X ^ S * ^ , ^ ) ] , (3.40') 

k,.l=l,...,m.. 

M is the number of positive eigenvalues of B(0), the sum goes over 

all focal points, m. is the multiplicity of focal point j, The 

fkl 
vectors s; ' are defined according to eqs. (3.29,30). 

Eq. (3.40) is the multidimensional analogue of eq. (3.19), when 

all the n. there are equal to zero. Again, only for a positive 

definite matrix B(t) eq. (3.40) reduces to Morse's result. In such 

cases M equals M and together with B also s} * Bs_tJJ is positive 

definite. Notice also, from eq. (3.37), that then all the individual 

<&• are found to be negative. 
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If the product (3.3i_) of the derivatives turns out to be zero, 

i,e. some of the <Ji' ( T ) are vanishing, the situation becomes more 
^i 

complicated and there is in general no easy way to calculate the 

change of the index across the focal point. 

First we have to consider the signs of the non-vanishing 

solutions of eq. (3.37). Again the sign of their product gives all 

the relevant information. It is equal to the sign of the largest 

non-vanishing subdeterminant of sr*J (T,T)B(T)_S ( T , T ) (where we 

again may us? the lower component js of any linearly independent 

set (3.30)). 

The essential complication arises, when we try to calculate the 

second derivatives of those A (T), whose first derivatives A* (T) 
Yi Yi 

vanish. It is caused by the fact that in the multidimensional 

system, M > 1, the vanishing of A' no longer implies the vanish-

ing of the time derivative JJ ( T , T ) . As shown by eq. (5.35) 
fkl 

only the components of the latter along the vectors j>v ( T ) , k=l,..,m, 

have to vanish. 

The consequences may be demonstrated by considering a simple 

focal point, m*l. Then only one eigenvalue is vanishing. Denoting it 

b>" $ Y ( T ) ™ d the cigcnfunction by x/Y'(t,T)» eq. (3.31) simplifies to 

X C Y ) U ( T ) * N (T) p_
(l)(t,T) (3.41) 

and eq. (3.37) to 

* Y ^ J " " N v ( t ) i ( 1 ) ^ » T > B< T> ^ ( U ( t . T l (3.42) 
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If 01 (T) is vanishing, we calculate (J,"(T). Proceeding as in 

section Iil.l, we find for ^"^)( T, T) an expression similar to 

eqs. [3.33, 34) but 0' replaced by (ft". The boundary condition at 

T, i.e. the second order term of eq. (3.56],now reads 

U ( Y ) ( T , T ) + 2 U ' C Y ) ( T , T ) + U " ( Y 3 ( T , T ) = 0 . (3.43) 

Because of eqs. (3.33,34) and <(>' = 0 the mixed derivative is given by 

u'(Y)(t,x) = I a.(O.i) f C j )( T,T). (3.44) 
j = l •' 

• 'Y! * fvl 
The coefficients are fixed by the condition u " ( T , T ) = -u_ " ( T , T ) 
and are the solution of 

I a.(0,T) r(j)(T,T).r
Ck)(T,T) = - U ( Y ) ( T , T ) T ( ! 0 (T,T) , 

3=2 J 

(3.451 
k = 2,...,M. 

Because the focal point is assumed to be a simple one, the M-1 vectors 

r/- ' ( T , T ) , k=2,...,M, are linearly independent, 

det \ r } (T,T)«r_ (T>T) ? 0 . They span the vector space orthogonal 

t o s 1 (T,T)» cf. eq. (3.32), which,for <J>' (T) = 0,contains also the 

vector u Y CT»T). Therefore, as long as the latter is not entirely 

•' (Y) vanishing, the mixed derivative u (T»T) does not vanish either. 

The expression for 0"(T) similar to eq. (3.37) results in 

tfJ(T) * - N ^ ( T ) 5 { 1 } ( T , T ) & ( T ) S C 1 ) ( T , T ) - 2 I a.(0,T)s(1)(T,T)r(-i3(T 
j*2 

(3.46) 

Beside the B term, which is Analogous to the result found for one 

degree of freedom, there appears on Edditional sun, which vanishes 

only, if by chance the entire vector I T " ( T , T ) is sero. 
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If we have to go to the third or higher derivatives, more and 

more forms of this nature will occur. 

The example of the simple focal point shows already that, when 

the product (3.38) is vanishing at a focal v̂...it,one runs into very 

complicated situations. Using the described techniques all those 

cases can be handled. We will not write down the quite complicated 

expressions for the change of the index across a focal point. One 

may anyhow expect that for any practical calculation one never meets 

such a case. 

IV. Summary 

In the preceding section we have derived a generalized focal 

point theorem, which allows the calculation of the phase of the 

reduced propagator (2.4,10) in terms of the Jacob! initial value 

problem. Summarizing the results we list up the steps one has to 

perform in order to determine this phase or, as defined by eq. (2.10), 

the index of the reduced propagator for a given "lassical trajectory. 

We give the prescription for a coordinate representation of the 

propagator Ascribing a system with M degrees of freedom propagating 

from q/>t' - 0 to aj', t" =T. In the appendix we explain how to 

road the results for any other representation. 

Given a classical trajectory, whici, satisfies the boundary 

conditions, calculate its reduced propagator as follows: 

t-biablish the secondary Hamiltonian matrix 0(t) (eq. (2.3)) and 

with it the Jacobi initial value problem (2.8). 

Determine the number u of positive eigenvalues of the mass tensor 

B.,(t) »(3 H/3p.3p.)^ at t*0. The starting index for the trajectory 
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is v(0) = u-M. 

Solve the Jacobi initial value problem amd construct the 

fkl van Vleck determinant det(x: (t)) from the upper components og 

fkl its solutions ^K J (t) (eq. (2.8)) along the trajectory. 

Identify the focal points i- as the zeroes of the van Vleck deter

minant. The multiplicity m. of the focal point is the reduction of 

the rank of the van Vleck matrix at the focal point. 

By solving 

I aj(T.) xCk)(T.) - 0, j=l,...,m. , (4.1) 

find those linear combinations 

Ct,T.), 
""(t) , (4.2) « a i ^ • (>„ : ; : ; ) - 1 * ^ 

j=l,...,mi , 

of the £/• ^(t), whose upper components jr JJ vanish at T--

Using the lower components s^ J of the p_ and the mass tensor 

B(T.) calculate the determinant 

IICT.) = d e t ^ ^ T . , ! ^ B t ' i ^ f ^ . t . ) ] , (4.3) 

k,fi, = 1,...,m. . 
I 

If I1(T.) differs from zero, calculate 

AvCt.) = m. + sgnflUi.)]- 1. (4.4) 

This is the charge of the index across the focal point T.. 

If n(f.) equals to zero, for a one-dimensional system, M=l, the 

change of the index is given by 

(-) sgn 
d * ' 

~ - B(t)l . , (4.5) 
dt i 'Ti 
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n. n, 
where d 1B(Tt)/dt , n. ̂  0, is the first non-vanishing time derivative 

of B(tJ at the focal point T.. 

For a multi-dimensional system in general no simple expression 

for Av (t) is available (cf. section III.3). However, one should realize 

that for any practical calculation such a situation is very unlikely. 

Proceeding in this way for all the focal points on the trajectory 

we end up with the index 

\) = u-M + I AV{T.) , (4.6) 

i 

where the sum goes over all focal points. The reduced propagator 

(2.10) is therefore completely determined by the solution of 

the Jacobi problem (2.8). 

For a positive definite matrix B(t) we get back Morse's result 

that the index equals the number of focal points counted with their 

multiplicities. In such a case we find u equal to M and AV(T.) 

equal to m. . 

V. Conclusion 

We have shown that in general the application of Morse's theorem 

for the calculation of the phases of the semiclassical propagator is 

not justified. Instead one has to use the generalized focal point 

theorem as proved in section III and summarized in section IV. 

It has two new and important features. First, a focal point influences 

the index of a reduced propagator not only via its multiplicity, One 

has to take into account the properties of a proper submatrix "B(t)" 

of the secondary Hamiltonian matrix 0(t) ( cq. (2.3)) at the focal 

point,together with the solution of Jacobi's initial value problem. 
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Second, beside the contributions from the focal points there can be 

an index originating from the initiaJ point of the trajectory. 

The latter reflects the fact that in general the initial point 

may happen to be on a caustic. 

The choice of the relevant submatrix "B" of 0 depends upon the 

representation of the propagator. Only if this submatrix is 

positive definite along the trajectory, our result reduces to the one 

based on Morse's theorem. In fact the positive definiteness of "B" is 

the crucial condition stated by Morse for his proof. 

For a coordinate representation "B" is just the mass tensor of 

the system. For almost all physical problems this is positive 

definite and our results add nothing new. As shown in the appendix, 

this is even true for an arbitrary initiaJ condition, as long as the 

final condition fixes the coordinates. 

For any other representation the submatrix "B" is given by some 

other part of the secondary Hamiltonian matrix Q. In most cases 

this will not be definite along the trajectory. For example, in a 

momentum representation "B" represents the matrix D, defined by 

eq. (2.3). Only in a very restricted class of problems this is 

a definite quantity. 

Even for the simple three dimensional Kepler problem D is not 

definite even though it may accidentally become definite if calculated 

as a function of time along particular trajectories or just in the 

neighbourhood of the focal points. This may explain the correct 

results of Gutzwiller [5], who used Morse's theorem for the momentum 

representation of the propagator. 
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The most important application of the generalized focal point 

theorem will be in the calculation of the semi-classical S-matrix. 

Because it is essentially the propagator in a mixed representa

tion, the chance to find the proper submatrix of 0 to be positive 

definite is very small. The detailed formulation of the serai-clasical 

S-matrix starting from Hamiltonian path integrals and its relation to 

the propagator discussed in this paper, is now in preparation. 
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to him. He is also obliged to the Minerva Foundation, the Weizmann 
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Appendix 

The most general boundary conditions we may require for the 

boundary value problem (2.5) or (3.1) in the context of this work are 

Q(0) u(a)(0,T) • P(0) v.(ci)(0,t) = 0 

QCt) U t D°( T,T) • P(TJ V
t a )( T,t) = 0 

(A.l) 

Here the Q-s and P-s are symmetric M*M matrices, which satisfy 

(A. 2) 
Q2(0) • P2(0) = I, Q 2 ( T ) + P 2 ( T ) « I 

Q(0) P(0) • P(0) Q(0), Q(T) P(T) = P(T) Q(T). 

We call the boundary conditions symmetric, if C(0)=Q(t), P(0) » P(t). 

Problem (3.1) with conditions (A.l) is equivalent to one with 

Q(T) = 1, P(x) = 0. In fact, operating with the transformation 

Q(T) P(xh 
a = | (A.3) 

-P(T) Q(t)J 

on eq. (3.1) we get 

•c 
) we 

(rj j-+ S(tj] £Ca)(t,T) = 4>a(T) £ (0 )(t,T) (A.i) 

with X = &x (A.4') 

and a * nen"1 . (A.4") 

0 is a symmetric matrix . Symmetry is the only property of the 

secondary Hamiltonian matrix we use throughout the paper. The 

boundary conditions now read 

Q^la)(0,t) * P v(o'(0,T) * 0 

U ' ^ C T . T ) - 0 

(A. 5) 
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Q = Q(0) QCT) + P(0) P(T) , 
(A.5') 

P =-Q(0) P(T) + P(0) Q(T) . 

If the conditions (A.l) are symmetric, we find P =0 and have 

again a symmetric coordinate representation as discussed in section III. 

In order to read the results summarized in section IV foT the original 
fkl A(JO problem we only have to replace B by B and s by s_ . 

In particular, for a momentum representation, P(0) = P(T) = I, 

Q(0) = QCO = 0, everywhere in section IV B has to be replaced by D 

(cf. eq. (2.3)) and s} ' by £ , where r_' ' are now the upper 

components of those solutions of eq. (2.8), whose lower components 

vanish at t=0 and t=T. 

Let us now consider asymmetric boundary conditions, P / 0. The 

asymmetry explicitly enters only the discussion of the index in the 

short time limit, T •* 0, A contribution to that index comes from 

those eigenvalues <t> , for which T0 (T) vanishes in the limit, (cf, 
o ° . . 

the discussion of eq. (3.2J, The corresponding eigenfunctions v̂  ° 

are in the limit independent of t. In order to satisfy the boundary 

conditions (A.5) their upper components have to be identical to 2ero, 

whereas the lower components have to belong to the null space of P, 

P vt0t°^ = 0 . (A.6) 

There are M eigenvalues 6 , where M is the dimension of this space 
o 

and the excess in the short time limit equals the number of those 

positive eigenvalues of the matrix fi(O), for which the eigenvectors 

satisfy eq. (A.G). In cq. (4,61 V has to be replaced by that number 

and M by M, 
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Notice that now the reference spectrum has M vanishing eigenvalues. 

Therefore, if we have to calculate a reduced propagator in a representa

tion requiring asymmetric boundary conditions, in eq. (2.A) M has to 

be replaced by M. 

For the change of the index across the focal points, eqs. (4.3-5) p 

the asymmetry of the boundary conditions enters only implicitly, s_ 

fkl 
is now the lower component of a solution p. or" eR- (2.8), which 

satisfies the conditions (A,5). 

In particular, if B is positive definite, we get Morse's result. 

In this case the index vanishes in the short time limit. The positions 

and multiplicities of the focal points of course depend upon the initial 

boundary conditions, but the index turns out to be equal to the number 

of focal points, counted with their multiplicities, whatever initial 

boundary condition we consider. 
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Figure_ Caption^ 

Fig. 1. The graphical solution of eq. (5.26) for a - 4*. 

b = 2n, T = 2.5 . Open circles mark the solutions 

corresponding to the focal points. The sign of B(t) is 

indicated in order to facilitate the counting of the focal 

points according to eq. (3.19). 
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