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INTRODUCTION 

The semi-classical limit of quantum mechanics has recently 
gained much interest in various fields of physics., (e.g. Ref.[1-7]). 
The main feature of the semi-classical approach is that, while the 
dynamics of the system is determined by the rules of classical 
mechanics, the quantal effects are introduced through the super
position principle. 

The general equations in this approach are easily written down. 
However, when one attempts to apply them to realistic cases aiming 
at the comparison with experimental data or with another type of 
calculation, many semi-intuitive prescriptions often fail to 
reproduce correct answers. A notable example is the phase of the 
semi-classical amplitudes, a problem known already from the WKB 
connection formulae. The correct definition of this phase is in 
turn related to "he divergences (catastrophes) of the simple-
minded ("primitive") semi-classical expressions. 

We-eiVHMMVtered the problems of phases and catastrophes trying 
to apply the classical S-matrix theory 11,2] to the scattering phe
nomena in nuclear physics# [4_-6}; The path integral formulation 
provided a suitable basis for the treatment of these and related 
problems. Within conventional mathematical language it was 
possible [*h="12] to give practical prescriptions and discuss their 
limitations. Since the semi-classical (stationary phase) approxima
tion is commonly used in any application of the path integral 
method,~'oUr results are not restricted to the scattering problems 
and may be of general interest. 
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I. PRIMITIVE SEMI-CLASSICAL APPROXIMATION 

For simplicity we discuss a system with one degree of freedom 
described by ? coordinate x , the corresponding momentum p and a 
Hamiltonian H(p,x) . The propagator K(x",t"; x',t') * 
<x",t"|exp(-iHt) |x* ,t?> (ft is one in our units) is given [13,14] 
by the path integral 

K(x",t"; x',t') - J exp|iT[x(t),p(t))j DxDP< (1.1) 

The derivation of this expression was discusser during this school 
by several lecturers. T[x(t), p(t)] is the action functional and 
the integration in (1.1) is extended over all paths satisfying 

x(t') - x' ; x(t") » x" . (1.2) 

In order to take a semi-classical (SC) limit to (1.1) it is first 
necessary to find all the stationary, i.e. classical trajectories 
satisfying the boundary conditions (1.2). In general tiiere exist 
several such trajectories and the SC propagator is given by the 
coherent sum over all of them 

K i l fcCj) expIiT^ 5 ] . (1.3) 
J 

.tere K ^' are the gaussian path integrals of the type 

^ - I exP t(i/2)<52T) DxDp (1.4) 

Various methods to evaluate the absolute value of (1.4) exist 
[1,7,3,11,14],the simplest is probably using the unitarity property 
of the propagator. The result is 

|!l| * (2!.)"1/2|3x(t")/3p(t')l"1/2 (l.S) 

On the other hand the determination of the phase of k is one of the 
difficult points of the entire SC approach. These phases ensure 
the correct quantal interference between the various contributing 
trajectories. To describe their calculation we discuss first the 
concept of a focal point. 

The quantity 3x(t)/3p(t') appearing in (1.5) defines the 
response of the given trajectory to an infinitesimal change of the 
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initial momentum. The point along the trajectory where this 
quantity vanishes is called a focal point [IS]. Here neighbouring 
trajectories focus. It is obvious [8] that the phase of K may 
change only at a focal point. The usually accepted prescription 
[14] states that the phase of ft is equal to (-*/2) times the 
number of focal points along the trajectory. This prescription is 
actually based on the result of the Morse focal point theorem [15] 
which relates the number of focal points along the trajectory to 
the number of negative eigenvalues of the operator which governs 
the second variation fi2j jn (1.4). 

Recent studies showed that the mentioned prescription is in 
general incorrect, e.g. in the important case of the momentum 
representation [11,12], The reason is that it is based on the 
assumption of the positive definiteness of the mass in the 
Hamiltonian. In the momentum representation the role of the mass 
is played by the second derivative of the potential. In most cases 
this will not be definite along the trajectory. The generalized 
prescription to calculate the phase of ft for any number of degrees 
of freedom is derived in Rcf. [12]. It turns out to be only slightly 
more complicated than the old prescription. 

The notion of the focal point is crucial not only for the 
calculation of the phases. Suppose that the end point of the 
propagator is a focal point. The result (1.5) diverges in this 
case and the approximation (1.3) is not valid. Physically this 
corresponds to the situation where two or more trajectories in 
(1.3) coalesce. 

As an illustration we discuss briefly a simple example of the 
motion in a repulsive 1/x2 potential. We consider the propagator 
K(x,t; x'-l, t'=0) as a function of the final point (x,t) . The 
family of all classical trajectories which start at x" • 1, t' » 0 
is shown on Fig. 1. This family has an envelope on which 
3''(t,p')/3p' x 0 . The focal points lie on the envelope which is 
called caustic [16]. (This line would "bum" if the trajectories 
were light rays.) The caustic divides the (x,t) plane into 
classically allowed and forbidden regions. If the final point 
(x,t) is in the allowed region, it can be reached by two trajec
tories of which one hits the caustic. The expression (1.5) contains 
therefore two terms. As the final point moves towards the caustic 
the two trajectories coincide and (1.3) diverges. The region beyond 
the caustic cannot be reached by real-valued classical paths. 
Allowing for complex values of the initial momenta provides the 
correct treatment of the forbidden region. 

This situation is typical for the applications of SC approxima
tion. One is usually interested in the dependence of the propagator 
on various parameters such as the position of the end points, the 
propagation time or any parameter in the Hjniltonian. 
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Fig. 1. Classical trajectories satisfying the initial 
conditions x(t»0) » 1 and dx/dt(t-0) » v. for 
various values of v. . The caustic xc » tc is 
clearly constructed Is the envelope of the classical 
trajectories with v, < 0 (from Ref. [10]). 

The positions of the classical paths depend on these parameters 
and it often happens that for a certain value of the parameters some 
of the paths are nearly coincident. Under these conditions the 
primitive SC expression (1.3) diverges. This situation is referred 
to as a catastrophe. Further variation of the parameters may cause 
the transition to become classically inexcessible ("forbidden") and 
the complex valued trajectories should be used [1,2]. What one 
needs is a uniform approximation which is valid for all values of 
the relevant parameters including the region of catastrophes. 

Catastrophic phenomena are encountered already in the asymptotic 
evaluation of finite dimensional integrals [17, 18]. In this case 
the concept of an "unfolding of a singularity" [20] was used in 
order to develope the uniform technique. We review now this concept 
for the ordinary integrals and then show how it can be extended to 
path integrals. 



II . UNIFORM TREATMENT 

2.1 . Ordinary Integrals [17-19] 

Consider the simplest example of a one dimensional integral 

1(a) * J exp[i f (x ,a)] dx (2.1) 

which depends on the parameter a . Let the stationary phase 
condition 3f/3x * 0 have two s 
that as a •* et0 they coincide. 
condition 3f/3x * 0 have two solutions x (a) and *2(a) such 

ncide. The SPA result 

I Co) % I l//f"(x.) exp[i f(x.,a)] (2.2) 

J 3 : 

diverges as o •» o . This is the simplest catastrophe. To 
obtain the uniform°approximation one should "unfold the singularity", 

Suppose that we have a function 4>(y,f3) °f the variable y 
and parameter 6 such that: 1) i*j(y,S) has the same number and 
topology of stationary points yAi) and y?(B) as f(x,o) (by 
topology we mean the order and the sign of the first nonvanishing 
derivative at the stationary points); 2) $(y,B) is simple so 
that the integrals 

I0C6) - f exp[i *(y,B)] dy (2.3a) 

IjCB) - -l:)I/3B » j (3f/3B) exp[i*(y,B)] dy (2.3b) 

are known numerically as functions of S . 

Change now the integration variables by the following mapping 

f(x,a) * *(y,S) • A (2.4) 

with additive parameter A . This mapping i s one-to-one i f 
dx/dy « (3<()/ay)/(3f/3x) i< 0 and i s f in i te . This requires that 
the stationary points of f and $ coincide 

f t ^ . o ) - •Cyi.B) • A , i » 1, 2 . (2.S) 

The two equations (2.5) fix the parameters B and A . The original 
integral (2.1) is now 

I • exp(iA) J exp[i»(v»S)J (dx/dy)dy . (2.6) 



This expression is still exact but now the whole complexity of the 
integral is in the Jacobian dx/dy . In the SPA spirit we approx
imate 

G(y) - dx/dy i gQ • g, (3*/3B) , (2.7) 

where g and g. are constants which are fixed by the requirement 
that (2.7) is exact at the stationary points. 

G(y) c»z.T/»n 
2 2 W 

1/2 

g0*gj(9t/aB)
Ci) (i > 1.2) 

(2.8) 

This defines g and g. and the integral 1(a) reduces to the known 
integrals (2.3)° 

1(a) iexp(iA) [goI0 • E^,] (2-9) 

It is important to notice that the information used to get (2.9) 
is the same as in the primitive SPA result (2.2), namely the values 
of f(x.) and f'fXj) • The mapping function in this simple case is 
•(y>6) " (1/3) y^-By and gives a well known Airy approximation 
[19]. If more than two stationary points are present the mapping 
function is more complicated and depends on more parameters 6 . 
S-l parameters are necessary to bring the number S of the 
stationary points in coalescr ice. 

2.2 Path Integrals [10,11] 

The uniform technique can be extended to the domain of the 
path integration in Eq. (1.1). For this purpose it is convenient 
to work in the so-called path expansion scheme [10,11], which we 
now briefly describe. 

Let (X(t), P(t)) be an arbitrary path satisfying the boundary 
conditions (1.2). The path variations from this path form a linear 
space of 2-component vector functions with upper components vanishing 
at t-t' and t»t" . Using any orthonoraal basis (u(»), v(0)) in this 
space one can e>pand every path satisfying (1.2) 

(x(t), pit)) • (X(t), P(t) • I a(u ( o )(t), v(a)(t)) (2.10) 
a"l 

The integration over all paths in thi • scheme means the integra
tion over the coefficients (» ) . The action T[x(t), p(t)] is 



now T[X(t), P(t ) , a , , . . . , a , . , . . . ] . Truncating the series (2.10) 
to the f irst N terms we may define the path integral (1.1) as 

K - lim J f exp(i T [X(t), P ( t ) , a , . . . a^ ) dNa (2.11) 

The normalization factor J„ is necessary to provide a proper 
convergence of the limit (2.11) and can be easily found [10,11]. 

We show now how the uniform semi-classical approximation is 
derived for the integral in (2.11). We are interested in the 
situation where S stationary points of the function T„ exist 
and may coalesce when the parameters of which propagator depends 
are varied. 

It is clear that the number and the topology of the S 
stationary points do not change when N increases, once N is 
sufficiently large. It is then possible to find a function F of 
t variables b = (b., ..., b^) which is simpler in form than TN, 
but identical as far as the number of stationary points and their 
topology is concerned. The number a is independent of N . Since 
there are S points involved in the coalesence, the function F 
depends on S-l parameters A * (A,, ..., As_i) . As in the one-
dimensional example we wish now to change the variables b * b(a) 
us:ng the functicn F . We define in addition a quadratic form 

N •> 

and construct the mapping 

T N * PC*. ° , V • | S J * F 0 • (2.10) 

Obviously L. does not add new stationary points. The parameters 
A, As_i and F0 are found in analogy to (2.S) from (2.10) 
taken at the stationary points (where Lj. * 0) 

T(i) = pC^tA, bj
1 1, .... b ^ ) • F0 , (i - 1.....S) (2.11) 

In the new integration variables (2.11) is written exactly 

K • lim exp(i F0) J det(3a a/3bJexpJKF*^)] d
Nb (2.12) 

Now cones the approximation 
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detOao /3ba) 1 go • I gy.-W»\ C2.13) 

Requiring this to be exact at the SP we find g. using 

detC3aa/3be)Ci) 
det(32F/3b 3b_) ( i ) 1 / 2 

CI P 

detC32TN/3ay3aiJ)Ci) 

g0 + I g k (3F/3 .^) U J , ( i « 1. . . . S) 

(2.14) 

Using (2.13) in (2.12) one can perform the integration over the 
variables of the quadratic form LJJ . The result is expressed 
through the integrals 

I(0)(A) - (2iti)"*''2 f exp[i F(A,b)) d*b : (2.1Sa) 

I W ( A ) x -i3ICO)/3A. , i • 1, .... S (2.15b) 

which are assumed to be known. 

Talcing the limit of N*« we get after some simple trans
formations [11] the final uniform expression 

K- I W-) ̂ i5(A. F) (2.16) 
k-1 ° 

where K ' were.already discussed in connection to Eq. (1.3) and 
the functions ff*J (A, F0) are certain linear combinations [11] 
of the integrals (2.15). When N-~> the functions T^1' in Eq. 
(2.11) are repliced by the actions TCj) along the contributing 
classical paths. 

He wish to emphasise again that the information needed for 
the application of (2.16) is the same as in the simple SPA (1.3). 
When the paths ire well separated the result (2.16) approaches 
(1.3). It stays finite near a caustic and gives the transitional 
approximation discussed by Schulman [20] and Deh'itt [21]. The 
crucial point for the application of (2.16) is to choose the napping 
function F(A, bj, .... bi) . The action functional T depends on 
an infinite number of variables. However, only the dependence on 
a finite and usually small number of variables is essential to 
define the required xapping. It is the main advantage of the path 
expansion scheme that with the proper choice of the reference path 
(X(t), P(t); and the basis (ut^), v(»)) the relevant variables 
are the lowest expansion coefficients (>a) in (2.10). 



Thorn's classification of the elementary catastrophes [17, 18] 
often helps to choose the napping. In the example of 1/x* potential 
which was discussed in Section I the simple cubic mapping F(A,b) « 
(l/3)b3+Ab is sufficient. The detailed calculations are found in 
Ref. [10]. For the treatment of situations with more complicated 
catastrophes we refer the reader to Ref. [17, 18]. 

2.3 The Initial Value Representation 

Under certain conditions the physical system itself provides 
us with the natural mapping function. In these circumstances the 
problem of finding the uniform approximation may be considerably 
simplified. 

We remind that we are looking for the propagation from x' to 
x" in time T * t"-t' . Consider all the classical trajectories 
starting at x' at t » t' with all possible initial momenta m . 
Calculating at the final t:'jie t * t" the functions xf(p'), pnp 1) 
and the classical action S(p') « S(x^(p'}, x') , construct the 
function 

FCp') « S(p') - pf(p') (xf(p-) - x") (2.17) 

It is easily checked [11] that under the condition 

apf(P')/3p' * 0 (2.18) 

the function F(p') provides the correct mapping. Following the 
procedure similar to that of section 2.2 one obtains [11] the 
following integral representation for the propagator 

K 1 J Opf(P')/3p') exp[i F(p')] dp- (2.19) 

This Initial Value Representation (IVR) is known in optics [17] 
under the name diffraction integral and was used in recent 
studies [1-6] of the semi-classical S-matrix. 

In the IVR the propagator is approximated by an ordinary 
integral. This suggests a relatively simple practical way of 
calculations, especially in the case of several degrees of freedom. 
Unfortunately the condition (2.18) severely restricts the possible 
applications [11]. It is highly desired to rciove this restriction. 

ft CONCLUSION 

Till uKTCUlM'discussion of the phases and catastrophes in the 
seai-classical approximations unrestricted to the systems with 



one degree of freedom for the sake of simplicity. It is the main 
advantage of the path integral formulation that this discussion 
is easily extended to the (really-interesting) cases of several 
degrees of freedom. This is in contrast to WKB solutions of the 
SchrHdinger equation. 

In practice one is usually not interested in the propagator in 
coordinate-time representation. For the calculation of the S-
matrix for example the relevant quantities are the matrix elements 
of the energy dependent propagator. Even though different exact 
quantal representations are related to each other by simple 
trans formations, the corresponding connection between the SC 
expressions is not as simple. This is due to the fact that the 
structure of the caustics is entirely different in the different 
representations. The derivation of the uniform approximations in 
the energy representation should therefore-use the exact path 
integral expression as the starting point, rather that performing 
Fourier transforms on the expressions derived in the present lecture. 
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