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Abstract

A  fully relativistic equation of state for hot baryonic 

matter has been used to investigate the strong interaction 

contribution to the equation of motion of the Friedmann u ni

verse. A pronounced softening of the equation of state is 

observed near nuclear density. The significance of the r e 

sults is analyzed in terms of analytic solutions for the

Friedmann cosmology.
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Observations of the isotropic 2.7°K blackbody radiation 

and the long known recession of distant galaxies makes nearly 

inescapable the conclusion that our universe is evolving from 

an earlier state of extremely high density. This era is char

acterized by densities of matter higher than nuclear d?nsity 

and is commonly called the hadronic era. Present day values of 

the mass density and Hubble parameter in conjunction with a speci

fic cosmological model may be used to probe the nature of these 

early stages. This, however, requires that the local properties 

of matter be known for densities well above nuclear and in some 

models, for all temperatures as well. The purpose of this paper 

is to explore the hadronic era using a recently developed model 

of hot matter at densities in which the strong interactions b e 

tween the constituents must be taken into account. The results 

are evaluated in terms of other possible descriptions of matter 

at high densities.

Attempts to investigate the early stages of the universe 

are complicated by the abscnce of direct observational data

I. INTRODUCTION
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relevant to this period. Current observational astronomy can 

supply estimates or limits on parameters such as mass density, 

the expansion rate, the deceleration parameter and nuclear 

species ratios. The mass density, expansion rate and decelera

tion parameter when combined with a cosmological model and an 

equation of state for hadronic matter provide the starting point 

for the extrapolation back to early times.

Present observations of nuclear species ratios are deter

mined primarily by the neutron to proton ratio at the time 

the neutrinos decouple thermally. This occurs at temperatures 

on the order of 1 010oK and in all realistic models, the densities 

at this temperature are sufficiently low that the strong inter

actions olay essentially no role in fixing this ratio. For 

this reason we do not use the information on nuclear species 

ratios to restrict the model.

All subsequent models will be developed from the standard 

Friedmann cosmology consistent with the present observational 

situation. The first model which is analyzed is a baryon 

number zero universe. This universe is justified observation-

ally on the basis of the very large entropy per baryon. From
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the present day mass density ( 1 0 g/cm Z  p > 10 g/cm )

and the photon number density corresponding to 2.7°K blackbody

radiation, it is readily shown that the universe is now quite

hot. The present entropy if attributed to the matter yields



an entropy per baryon of 108 (Zeldovich 1970; Harrison 1973).

This quantity which is invariant during the expansion suggests 

that the early universe was a dense hot system with copious 

baryon-antibaryon pair production and a very small baryon excess. 

I:i this sense a universe with total baryon number zero may not 

be an unreasonable approximation. In addition, we will discuss 

other models in which all the observed matter is normal matter 

and a finite but obviously small baryon number density exists.

This division of models based on the average baryor. number 

has a dramatic effect on the resulting equation of state. The 

model of hadronic matter used here is characterized by a repul

sive vector interaction coupled to the mean baryon density.

In a zero baryon number universe this repulsive interaction is 

absent and the equation of state asymptotically approaches the 

radiation limit (P * l/3e). In universes with non-vanishing 

mean baryon number the equation of state approaches the casua- 

lity limit (p = e) asymptotically. Models with initial baryon 

densities within the currently allowed observation range though, 

approach this limit slowly and the effects of the vector repul

sion are held back by the thermal effects. Several model calcu

lations have indicated that for a range of matter densities 

from p = 10 gm/cm3 to 10 ^  gm/cm3, thermal effects completely 

dominate. These models will be discussed in detail later.
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All the models discussed follow the same general scenario. 

At temperatures T £  4000°K matter dominates and is decoupled 

from the background electromagnetic radiation. For temperatures 

4000°K < T < 1010oK both radiation and matter are coupled, the 

primary constituents being nucleons, leptons and photons. For 

T > 1010oK the nucleons and neutrinos are coupled, and together 

with photons are the principle constituents determining the 

evolution. As the density and temperature increase the role 

of the strong interactions and of baryon pair production becomes 

more important. A point will be reached at which the production 

of additional hyperonic species Cthermally and via the weak 

interactions) will occur. For still higher thermal energies 

and densities little can be said with certainty, although it is 

tempting to speculate that a regime may occur where the primary 

constituents may be quark-partons, or other more nearly funda

mental entities whose possible existence is suggested by high 

energy scattering data. Although there is no direct cosmological 

evidence for these states of matter, theoretical arguments are 

strong enough to justify their incorporation.

The equations of state used to describe matter during the 

hadron era are considered in the next two sections. In the 

fourth section models of the very early universe are considered.



II. EQUATION OF STATE

The methods used to obtain a finite temperature equation 

of state for strongly interacting matter have already been dis

cussed (the basic model is described in BoweTS, Gleeson and 

Pedigo 1975a; and Bowers, Gleeson, Pedigo and Wheeler 1977). 

Numerical tables for finite temperatures and density of the 

system including anti-baryon states have been given. The 

interactions are introduced through phenomenological scalar and 

vector fields representing the leading order density effects 

in a non-perturbative approximation to relativistic meson e x 

change. The resulting model contains two adjustable coupling 

strengths which are fixed by requiring that the zero temperature 

formalism reproduce the bulk binding energy of nuclear matter. 

The resulting model is used to calculate nucleon nucleon scat

tering and the results are in good agreement with the data. The 

T ■ 0 limit of the model discussed here has also been used to 

investigate neutron star structure. It yields results in ex

cellent agreement with current observational bounds (Bowers, 

Gleeson and Pedigo 1975b, 1976; Arnett and Bowers 1977).
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The equation of state will depend on the number of con

stituents present. In this study it will be assumed that only 

one baryonic species is piesent (a nucleon). The incorporation 

of additional species is straightforward and would add little to 

the discussion. The equation of state for arbitrary baryon 

number density n will be considered first. Since detailed 

tabular results have already been presented for this case, 

none will be given here (Bowers, Gleeson and Wheeler 1977).

The special case n * 0 corresponding to an equal number of 

baryons and antibaryons will be discussed in some detail.

The total energy density of matter at temperature T and 

total baryon number density n is given by

e(n,T) = 2j ~ ^ 3 ["f(B) + " F (e)]

(2 . 1)

+ I n Sv + 7  " (ra ' me) 

where m is the nucleon physical mass; m g is its effective mass 

and is a function of both ri and T; Ti is the proper baryon number 

density; and np(B) and TipC3) are the baryon and antibaryon Fermi- 

Dirac distribution functions. As discussed elsewhere (Bowers, 

Gleeson, Pedigo and Wheeler 1977) these quantities are given by
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(2.2) Hjj(B)

(2.3) n F(6)

exp ♦ Zv - U)j + 1

___________________ 1 __________________________

exp - £v + U)j + 1

(2.4) Sp » VpZ + m 2

(2.5) m => m  - (g2 /u2 )n = re + £
e s s s

(2.6) 2V ■ (g2v/u2v)n

The total baryon number density is given by 

(2’7) " = 2/ ^  [nFW ' n FCB)],

and the scalar, or proper number density by

(2.8) n - 2 j  J & s  (me/£p)[vS) + "PC«

Examination of these equations show that in general both the 

scalar and vector couplings enter into the ground state energy. 

It is further evident from (2.7 - 2.8) and the definitions 

(2.2 - 2,6) that for a given temperature T » (1/BlO and chemi

cal potential u, both n and n must be self consistently deter

mined. The system pressure is given in terms of the quantities 
above by
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(2.9) P(n,T) = j (e - men) + -  n Zv * § n ,

Given n and T, the nucleon chemical potential y is obtained 

from (2.7), The thermodynamic description of the system is 

completed by the first law, written in the form

(2.10) e » nT* - P ♦ un

where 4 is the entropy per baryon.

The system of equations above contains two interesting

features which have not previously been considered in models

of the early universe.

The one feature is the high temperature high density limit

of the equation of state. At high densities and high temper-

atures (the system is nondegenerate), the equation of state

approaches the limit P ■ ^  e, but for high density degenerate

states the limit is P = e. This equation of state is for a

material which is locally causal for all temperatures.

11°
In addition, for temperatures below about 10 K there 

is a broad phase transition which is centered roughly at nuclear 

density. The material on the low density side is slightly 

softer than a free gas, while above the phase transition the 

natter is extremely stiff. The phase transition is particularly 

interesting since it suggests the possibility of volume bound



droplets of nuclear matter. This form of matter similar to that 

speculated on by others in a different content (Lee and Wick 

1974; Lee and Margulies 197S) and could have a significant effect 

on the rates of early time nucleosynthesis and ultimately 

effect the presently observable densities of both heavy and 

light nuclei. The currently accepted scenario for cosmological 

nucleosynthesis does not include this possibility for the 

route to element construction. As a matter of fact it is 

usually assumed that the details of the strong interactions, 

effective during the hadronic era, have negligible effect on 

the currently observable universe. This is due. to the fact 

that whether the nucleons are produced via decay of higher 

■ass particles in the dense system, or whether their relative 

numbers are the result of chemical equilibrium type processes, 

as the universe expands, the density will decrease and a stage 

will be rcached beyond which the strong interactions are no 

longer effective. This is expected to occur well before 10*®°K. 

During the intervening time, befor” the neutrinos decouple, 

the wuak interactions are likely to smooth out all vestiges of 

the Nn /Jlp ratio determined during the hadronic era. This may 

not be the case if a significant 'raction of the nucleons energe 

from the hadronic epoch as large druplets. Then the N n/Np 

ratio could be noticiably dependent on the details of the strong 

interactions.
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Finally we stress that the model described by Eqn. (2.1 - 

2.10) contains a fully relativistic treatment of interacting 

antibaryons. These become important only for temperatures above 

1012 - 1013o K, and may be ignored (np s 0) at lower temperatures.



III. NEUTRAL BARYONIC MATTER

It was noted in the introduction that the present entropy

per baryon is extremely high. The currently observed value

suggest that the ratio of the number of baryons to the sum of

baryon plus antibaryon numbers during the hadronic epoch may

- 8
be as small as 10 . This can be used to support the argument 

that a universe with baryon charge neutral is a very reasonable 

model universe. The equation of state for n = 0 can be obtained 

from the results of the last sections.

First notice that when n = 0 the quantity as given by

(2.6) vanishes identically. This in effect removes the vector 

component of the interactions since they couple directly to 

baryori nunfi'er densTtyT Tfext,"as i s“evf3ent"?rom £317} and

(2.2 - 2.3), when n ■ 0 the baryon chesical potential vanishes

identically;

(3 1) V = 0.

These observations may be used to express the equation of state 

in the form

11
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(3.2) •(T) = * [ - ^ 3  S  nF (e) + \  nJ (2n) P
(m - me)

(3.3) P(T) = \  (e - i y O  + |  n Es

where the scalar density is given by

(3.4) exp(B<fD) ♦ 1

The definition of the effective mass (2.5) may be used to r e 

write (3.4) in the form

(3.5)
2xp(fiym V l  + x2) + *

Khere y 3 n; /m and = 27.04. For each choice of
* e °s s

By (3.5) may be solved for y which determines me and thus the 

temperature. Examination of (3.5) shows that n>e is essentially 

equal to m for low temperatures, and vanishes asymptotically as 

the temperature becomes large. In fact, as shown in Figure 1, 

me g°es through nearly all of its variation for temperatures 

in the range 1012 - 1013oK. The equation of state is then o b 

tained by straight forward numerical integration of (3.2 - 3.3)
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The results are shown in Figure 2. When n = 0, the state of 

the system is completely determined by the temperature. For 

low temperatures the equation of state P(e) approaches that 

of an ideal gas. The maximum softening due to the interactions 

occurs at about 2.5 times nuclear density. Since the vector 

component of the interaction couples directly to total baryon 

number which in this case is assumed to be zero, the equation 

of state is stiffer than an ideal gas only when increasing 

temperature? rapidly drive in to ;ero (T 2. 10^*^°JO- ForC

temperatures near this and higher the system of baryons and 

antibaryons is radiation like.

Once the effective mass has been determined self consist

ently for a given temperature through (3.5), it is possible 

to determine the separate number densities of particles n^+-* 

and antiparticles n^ K  From (2.7) it follows that

(3.6) „ < »  = 2 f - & _  1
J (2tt) expfĝ p) ♦ 1

with n^ » n^ \  The ability to separately identify and

 ̂ in no way contradicts the complete particle-antiparticle 

symmetry of the model, since these are obtained only after 

specifications of n (in this case'n * 0) and self consistent 

solutions for m g . In other words n^  ̂ and n^  ̂ are derived
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quantities and are not initially specified.

The phase transition which develops in low temperature 

systems of non-zero total baryon number is absent in the n * 0 

case, as is evident from Figure 2. In effect, the temperature 

rises more rapidly than does the density, so that the critical 

value Tc = 10lloK is exceeded long before the interparticle 

separation becomes comparable to the range of the scalar inter

actions. Hot neutral baTyonic natteT with the entropy density 

expccted in the universe therefore undergoes a smooth variation 

in density as expansion proceeds. This result is expected 

to carry over to the.real universe and thus limits the effect 

of the nuclear matter phase transition in early times.

The results above may also be applied with reasonable 

accuracy to models of the hadronic epoch for which n is small 

but non-zero. In fact, for valu< ■* of n/(n+ ♦ n ) comparable 

to those suggested by the present observed entropy per baryon,

t

(3.7) “ 10'8 
n + n Zn

both u and n will be close to zero. Since they enter into 

(2.2 - 2.3) as the differences

(3.8) u - Zv - v - (g^/y^)n
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a ratio n/(n + n ) much larger than 10 can be tolerated 

without modification of the results of this section. In fact, 

assuming both y and small, (2.2 - 2.3) may be used to show 

that

(3.9) -H- = B(V - Z J
2n+ v r, 3 - , o

where

/ j3 o e. o, 
d p n p (1 - n p)

/j3 o d p n f

(3.10) n? i

Since only order of magnitude estimates are discussed here, it 

is reasonable to expect the ratio of integrals in (3.9) to be of 

order unity. In fac*., for m e small it is 8 independent and equals 

.91 while for large it is 1 - exp (-6me ) . In either case

6(y - rv) = n/2n+ = 10'8 .

The smallness of these terms justifies their neglect during the 

hadronic eia, and "supports the claim that the n = 0 model is con

sistent with the estimate (3.7).

IV. EVOLUTION OF THE EARLY UNIVERSE

Ke adopt as our cosmology the homogeneous, isotropic 

model universe developed by Friedmann, Robertson and Walker 

with the cosmological constant A set to zero. Co-moving 

coordinates are employed, in terms of which the line element 

is given by

(4.1) dt2 = d t 2 - R2 (t) | — — — j * r2 dSi2 !
I 1 - Kr »

2 7 2 2
where da ■ '0 + sin 0d<Ji and c - 1. The initial value

Einstein field equation follows as

(4.2) R 2 = (8ttG/3)e R2 - K

*

with e the energy density in the fluid rest frame and R 5 • 

Equation (4.2) is integrated through the use of the nonvacuous 

component of the law of stress-energy conservation,

(4.3) P R 3 = ft(R3cP + £) )

in conjunction with the equation of state developed in the 

previous sections. Here, P is the system pressure and K is

16



a constant which may assume the values 0 or ± 1, the actual 

value being determined by the initial conditions which deter

mine the closure property of the model.

We assume strict conservation of baryon number. In ad

dition, we include in the total pressure and energy density 

the contribution of an ambient radiation field which is 

assumed isotropic and is taken to have a blackbody spectrum 

throughout all epochs. Its current temperature is taken to 

be 2.7°K. A complete set of initial value data consists of 

this temperature, the present day value of the Hubble para

meter, v'lich we take to be - 55 km/sec/Mpc, and a value 

for the current mass density under the assumption that for 

our purposes the current behaviour of matter may be adequately 

approximated by that of cold dust. These values are used to 

obtain the corresponding data at T = 4000°K, roughly the 

hydrogen recombination temperature. Thereafter, the model 

is evolved backwards using the previously described equation 

of state and the assumption of complete thermodynamic equili

brium between matter and radiation.

We have integrated the equations of motion (4.2 - 4.3) 

for the initial conditions summarized in Table 1.

Case 1 is that of baryon number density n - 0. Cases 2 

and 3 roughly bracket the range of physically plausible densi
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ties under the assumption that local conditions are character

istic of the universe at large. Case 4 is a highly unrealistic 

mass density but is included for the purpose of comparison.

Figure 2 shows the equation of state for the three "physi

cal densities", while the insert is a comparison of this adia- 

bat with that obtained for the extremely dense case 4. Also 

shown are the radiation and causality asymptotes and the pres

sure vs. energy density relation for a relativistic gas of 

noninteracting baTyons. The gTaphs aTe centered on the temper- 

p ‘ure range 12.3 < lo£10 T (°K) < 12.8. The contribution due 

to the thermal production of massive pairs is included in all 

cases. We find the bnoad softening of the adiabats with inter

action to be a characteristic of this temperature range and 

note that the departure from free gas behaviour is only very 

weakly density dependent over a very broad range of this para

meter. The scalar interaction responsible for this softening 

is also the cause of the relatively quick approach of the sys

tem point to the radiation asymptote as the effective mass 

(Figure I) goes rapidly to zero and the gas becomes radiation

like.

Shown in Figure 3 is the deceleration parameter 

Q = * t| = ^  [ ! ♦  p].
R H L J
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a ratio n/(n ♦ n ) much larger than 10 can be tolerated

without modification of the results of this section. In fact, 

assuming both p and small, (2.2 - 2.3) may be used to show 

that

(3.9) JL- = B(„ - E )
2n

who re

3 o ,, o, 
d p n F ( 1 - n F)

fj 3 o J d  p n p

(3.10)
F - exp(6£ ) +

Since only order of magnitude estimates are discussed here, it 

is reasonable to expect the ratio of integrals in (3.9) to be of 

order unity. In fact, for m e small it is 8 independent and equals 

.91 while for m e large it is 1 - exp (-Bme). In either case

8 Lu ' 2V) = n / 2n* * 1 0 ' 8 .

The smallness of these terms justifies their neglect during the 

hadronic era, and supports the claim that the n * 0 model is con

sistent with the estimate (3.7).

IV. EVOLUTION OF THE EARLY UNIVERSE

We adopt as our cosmology the homogeneous, isotropic 

model universe developed by Friedmann, Robertson and Walker 

with the cosmological constant A set to zero. Co-moving 

coordinates are employed, in terms of which the line element 

is given by

(4.1) d t 2 = d t 2 - j<2 (t) | — — — 5- + r“ dft2 !
I 1 - Kr“ ‘

7 7 1 1
where dft = d0 + sin 6U<J> and c * 1. The initial value

E i n s t e i n  field e q u a t i o n  follows as

(4.2) R 2 - (8trG/ 3) e R 2 - K

* _ (JR
with c the energy density in the fluid rest frame and R = . 

Equation (4.2) is integrated through the use of the nonvacuous 

component of the law of stress-onergy conservation,

(4.3) P R 3 = ft(R3 (P - e) )

in conjunction with the equation of state developed in the 

previous sections. Here, P is ths system pressure and K is

10



a constant which may assume the value; 0 or ± 1, the actual 

value being determined by the initial conditions which deter

mine the closuie property of the model.

We assume strict conservation of baryon number. In a d 

dition, we include in the total pressure and energy density 

the contribution of an ambient radiation field which is 

assumed isotropic and is taken to have a blackbody spectrum 

throughout all epochs, Its current temperature is taken to 

be 2.7°K. A complete set of initial value data consists of 

this temperature, the present day value of the Hubble para

meter, which we take to be H q = 55 km/sec/Mpc, and a value 

for the current mass density under the assumption that for 

our purposes the current behaviour of matter may be adequately 

approximated by that of cold dust. These values are used to 

obtain the corresponding data at T = 4000°K, roughly the 

hydrogen recombination temperature. Thereafter, the model 

is evolved backwards using the previously described equation 

of state and the assumption of complete thermodynamic equili

brium between matter and radiation.

We have integrated the equations of motion (4.2 - 4.3) 

for the initial conditions summarized in Table 1.

Case 1 is that of baryon number density n = 0. Cases 2 

and 3 roughly bracket the range of physically plausible densi

17
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ties under the assumption that local conditions are character

istic of the universe at large. Case 4 is a highly unrealisric 

mass density but is included for the purpose of comparison.

Figure 2 shows the equation of state for the three "physi

cal densities", while the insert is a comparison of this adia- 

bat with that obtained for the extreir.ely dense case 4. Also 

shown are the radiation and causality asymptotes and the pres

sure vs. energy density relation for a relativistic gas of 

noninteracting baryons. The graphs are centered on the temper

ature range 12.3 < logjg T (°K) < 12.8. The contribution due 

to the thermal production of massive pairs is included in all 

cases. We find the broad softening of the adiabats with inter

action to be a characteristi ' of this temperature range and 

note that the departure from free gas behaviour is only very 

weakly density dependent over a very broad range of this para

meter. The scalar interaction responsible for this softening 

is also the cause of the relatively quick approach of the sys

tem point to the radiation asymptote as the effective mass 

(Figure II goes rapidly to zero and the gas becomes radiation

like.

Shown in Figure 3 is the deceleration parameter
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where

u2 _ 8ttG K

and is the square of the Hubble parameter. For the epoch of 

interest (characteristic Hubble time i f 1 - 10"S sec) the energy 

density e dominates the curvature contribution to H with the 

result that

_ . ..2 8uG 
lim II = — =—  e
R+0

and

lim Q = 1 + | £
R-*0 e

Curve (a) in Figure 3 is for the three physical cases 1 - 3 .

I'or temperatures below 101^°K the radiation contribution to the 

total energy density dominates the matter term and it is only 

when the temperature rises above this value that the number of 

baryon-antibaryon pairs created is sufficient to drag the total 

energy density below the value 3p. Curve (b) illustrates the 

situation for the noninteracting gas. The relative drop of (a) 

below (b) is a measure of the decrease in pressure resulting 

from the attractive scalar interaction while the relatively 

quick recovery of curve (a) again illustrates the rapid decrease 

in baryon effective mass. Curve (c) is the extremely dense case 4,

20

The scalar density n is shown in Figure 4. I-or temper

atures below the threshold temperature for the thermal produc

tion of massive pairs, n =■ n. Thereafter, n is given by 

curve (al, the particle production curve, n has an asymptote 

at logj^n * 38.6 for systems with the scalar exchange inter

action, hhile curve (e) resu'ts if this interaction is neglected.

Hy contrast with the attractive scalar exchange interaction 

which is a common feature of all cases, the stiffening of the 

equation of state Uue to vector exchange is not observed for 

the physical cases for temperatures below 10^° K. The effects 

which this interaction has on the various system parameters may 

he seen hy considering case 4. The matter pressure, Pffl, is 

seen to rise above the value 1/3 e with the system point 

approaching the causality asymptote (.P = e^) as the gas be

comes more and more degenerate. We observe that this inter

action is strongly dependent upon the system specific entropy; 

while the scalar interaction couples to n and is thus attractive 

for both baryons and their antiparticles, the coupling of the 

vector exchange term to n results in a repulsive interaction for 

baryons but an attractive interaction for ant ibaryons, given a b a r 

yon surplus. It is thus only in the low specific entropy system
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that one expects to observe this term.

Finally, we find the effect of the strong interaction 

on the lifetime of the universe to be negligible for all 

cases.

V. CONCLUSIONS AND ALTTRNATIVES

The previous sections tre?t a model of the universe based 

in most cases on a realistic estimate of the current mass 

density, which enabled us to treat an n = 0 universe, and a 

realistic equation of state for matter in the hadronic era.

Under these conditions the scenario for the early universe 

is only slightly different from that obtained for a free gas 

of neutrons. No major or detectable effect of this realistic 

equation of state is seen to survive to present times.

It is possible that the phjjical input of the models 

above is incomplete. It is therefore essential to investigate 

the effects of relaxing these constraints. An increase in the 

baryon density of the universe should introduce the repulsive 

components of the equation of state and thereby alter the high 

density limit. Since the most dramatic difference is associated 

with the difference between degenerate and nondegenerate systems 

it is obvious that there will be no significant change in 

the nature of the early universe unless the input baryon density 

is increased so as to reduce the dimensionless specific entropy to 

a number of order unity. Any modification less than this will nol 

be noticiably different than that which occurs in the n ■ 0 case.
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Our case 4 of the previous section illustrates the ex

tremes of matter density that must be used. Even this tremen

dous shift on the mass density which is clearly outside of 

current observationally admissable bounds has a very small 

effect on the nature of the early universe.

Other possible modification's can emerge from uncertain

ties in the equation of state. We now consider extreme exam

ples of possible variations in the equation of state.

With the introduction of each new equation of state,

(4.1 - 4.2) must be numerically integrated. However, since 

the equation of state of matter is known at all densities below 

nuclear, we co'sider only variations of the equation of state at 

densities above this. These variations will be effective only 

during the initial milliseconds of expansion, and then it is pos

sible to treat Einstein's equations approximately and thus to 

obtain analytic solutions. Ti.ose approximations adequately re

produce exact numerical results as long as the dimensionleas ratio

(5.1) 8nGeR2/3c2 >> 1 .

In all cases of interest this will obtain at least through the 

nuclear epoch. The procedure is straightforward; consequently 

the remaining discussion will simply outline the steps and 

present the results.
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Order of magnitude arguments (the radiation dominated 

Friedmann model may also be used to show this specifically) 

show that during the initial seconds the last term in (4.J) 

is small relative to the other two, and may thus be neglected 

as long as (5.3) is satisfied. This approximation is equivalent 

to the statement that the initial expansion is independent of 

the over-all curvature of the universe. Equation (4.1) may

they can be written in terms of the dimensionless variables x ■ R/RQ

and y - e/e : o

(5.2) x = (8CTte0/3)1/2xy1/2 .

In similar fashion (4.2) may be written as

(5.3) y = - 3 |  (f(y) + y) .

R and c are arbitrary, but fixed, values of R(t ) and the
o c o

energy density, and f(y) P/£0 - Equations (5.2 - 5.3) may 

be trivially integrated for a wide variety of choices for the 

equations of state f(y). The choices employed here are shown 

schematically in Figure 5; the relevent parameters are given 

in Table 2. The general form c i f(y), which includes all cases 

studied below is
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(5.4) f(y) = (a - 1) y + b ,

where a >_ 1  and b are constants. For densities below e c  (.nu

clear density) or ej (see below) the equations of state are de

scribed in previous sections may be vised. The specific models 

are summarized below.

1/2
A) Causality bounded. The speed of sound (dP/dc) e 1 every

where, and the equation of state n * 0 of section IV is 

joined at ec = 2.S X 1014 g/cm3 . Then a = 2, and b =

0.875. This model employs the stiffest equations of state 

consistent with a speed of sound equal to the speed of 

light at all densities above nuclear, and which joins onto 

the n ■ 0 equations of state below neclear density. The 

pressure at ec is obtained from the n = 0 model and is 

given by Pc = P(ecj .

B) Constant pressure. Going to the opposite extreme, the pres- 

sure Pc = P(ec) is assumed to be constant above c . Here,

b * 0 and ec is again taken to be nuclear density. The 

resulting model is qualitatively similar to the results ob

tained from the Hagedorn equation of state (Hagedorn 1965) .

C) Phase transitions. Assume causality bounded equation of state 

above nuclear density cc as in (A), and take as the critical 

pressure Pc = 10 31 dyne cm This is roughly what might 

be expected to result if the early stages of the universe were 

degenerate down to nuclear densities. A phase transition is 

assumed to occur at this point, with the low density state 

consisting of matter for which E 1  tj = 1.2 X 1013 g cm'3 .
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This choice of density and critical pressure allows 

the equation of state to jo in onto an ideal gas at 

a temperature T = 1010°K which corresponds to neutrino 

decoupling.

liquations (5.2 - 5.3) may be solved for a Tadiation domin

ated universe (a = 4/3, b * 0) which sets a convenient time 

scale for discussion of the other models. The time required 

to expand from t = 0 to the region of nuclear density (2.5 x 

1014 g c m '3) may then be obtained, and is found to be 4.23 x 

lo’5 sec, or about 0.04 msec. As the analysis below demon

strates, a wide range of variations in the equations of state 

in this region has little effect on the magnitude of this time. 

For example, the causality bounded equation of state (A) gives 

an expansion time to nuclear density of 0.039 msec. In the 

opposite extreme (dust with P = 0) expansion is slower, reaching 

nuclear density in about 0.054 msec. Very little difference is 

seen between these extreme cases. The results agree qualita

tively with those obtained in section III. In effect, very 

little time is spent in the nuclear epoch regardless of t io rela

tive stiffness of the equation of state there.

It might be argued that the existence of a phase transition 

could prolong the time interval during which matter (or portions
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of matter) in the universe were near nuclear density, since the

relevant expansion time would be increased to the epoch when

the phase transition was completed. In order to explore this

possibility model (c) has been considered. Here the phase

14 - 3
transition occupies the entire density interval 2.5 X 10 g cm 

13 - 3
1.2 X 10 g cm below which point neutrinos decouple. A p ro

longation of this period with the formation of droplets of 

nuclear matter in the lower density gas phase might be expected 

to have observational consequences. It seems unlikely that 

significant consequences could be expected if the low density 

regime of the transitions were extended. The time required 

to expand is 0.274 msec. Of this time, 0.04 msec is taken 

in reaching the onset of the phase transition (using model A).

The expansion time through the transition region is about 0.235 

msec. For comparison, the expansion time down to density e, 

assuming r = 0 is 0.256 msec, while for P = e / 3 it would be 

0.4 51 msec.

The discussion above is summarized in Figure 6 which shows 

the quantity x = R/R0 vs< the a 6e t *n msec; using the solu

tions to (5.2 - 5.3). The results of this study, though simple, 

do not offer encouragement for the current observability of 

effects associated with the early stages of expansion of the
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universe. A wide variety of simplified equations of state, and 

the more nearly realistic ones discussed in previous sections, 

all yield essentially the same result, with differences of at 

most a factor of about two (causality bounded vs. dust), and 

generally no more than 10 - 20$ for small variations, such as 

relative stiffness.

The analytic results of this section coupleJ with the num

erical studies discussed in previous sections arc far from e n 

couraging for t h e o r i s t  hoping to use evidence about the early 

stages of the universe as tests of theories of elementary par

ticle or models of dense matter. The results do, however, 

support the belief that our present knowledge of the universe 

a it evolved from the initial explosion is unlikely to be in 

serious error as a result of our limited knowledge of matter 

o'uring or before the hadronic epoch.
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Figure 1 

Figure 2

Figure 3

Figure 4

Figure 5: 

Figure 6:

: (a) The effective mass m = m + £ for case 4. 
y e s
(b) me for cases 1 - 3 .

: Equation of state. Curve (a) is for the interacting 

gas in cases 1 - 3 .  Curve (b) is for a free baryon 

gas for the same density range. Numbers indicate 

logjQ T(°K). The insert shows the system point for 

case 4 crossing the radiation asyiptote at logj0

1 = 12.67.

: The deceleration parameter Q. Curve (aj is the 

interaction curve for physical densities while (b) 

is the free gas curve. The situation for case 4 is 

depicted in curve (c) which crosses the Q = 1 line 

at a density corresponding to a mean interbaryon 

distance of 1.16 fm.

n plotted as a function of temperature. The pair 

production curve (a) is for baryon number density 

zero and is intersected by curves (b) - (d) repre

senting cases 2 - 4 .  Curve (e) shows the asymptotic 

form of n if the self-consistency requirement is re

laxed .

Schematic representation of the equations of state 

integrated in Section V.

Radius a? a function of time for various equations 

of state f(y).

Figure Captions
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Table 1

Table I

Initial conditions under which equations of motion 

have been integrated.

Expansion times to nuclear density for various 

analytic solutions.

Table Captions
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Log temp (°K)

Case f Cy) eo(g/cmJ) t(milliseconds)

A y - 0.875 2.5 x 1014 0.0393

B 0 2.5 x 1014 0.0564

C 0 .25 2 .5 x 1014 0.0542

Table 2

. 0 4Effective Mass (10 gm) o p o o - - - - -
r o ^ i j j o o O N - f c f f ) ®
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a b MODEL DESCRIPTION

1 0 DUST
4/3 0 RADIATION

1 0.125 P0=Pn =CONST.(USING n=0)
2 -0.875 CAUSALITY BOUND TO GN=2.5x I0l4g/cc
1 0 PATCH TO CAUSALITY BOUND AT £N


