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ABSTRACT. 

The theory of phased waveguide arrays (the " G r i l l " ) , 

developed in view of Lower Hybrid Heating of toroidal plasmas, 

is applied to two simple cases, in order to gain insight on 

f i e l d distr ibut ions and power flow. F i r s t , the f a r - f i e l d radia

t ion pattern of the Gr i l l towards an empty half-space is evalua

ted. Next, the excitation of a passive waveguide by a G r i l l mounted 

in a T configuration is considered. These results constitute two 

exanples of exact solutions of Maxwell's equations in re lat ive ly 

complex geometry. 

RESUME. 

La théorie des réseaux de guides d'ondes (le Grill) 

développée en vue du chauffage des plasmas toroidaux à la résonance 

hybride inférieure, est appliquée S deux configurations simples. 

On calcule d'abord le diagramme oo rayonnement du Grill vers un 

demi-espace vide. Ensuite on considère l'excitation d'un guide 

d'onde passif par un Grill monté en configuration T. Ces résultats 

constituent deux examples de solution exacte des équations de 

Maxwell dans des geometries relativement complexes. 
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1 - INTRODUCTION. 

Phased waveguide arrays (the "Grill") have been proposed /l/ 
and applied /2/, /3/ to launch Lower Hybrid waves in magnetically 
confined plasmas. The theory developped in Refs. /4/, /5/, /8/ has 
been used to predict the reflection coefficients in the Grill as a 
function of the relative phase in the guides and of the surface 
parameters of the plasma, and has been found in excellent agreement 
with the experimental results. 

In principle, the theory can also be used to evaluate the 
fields at each point, since it is based on the full solution of 
Maxwell's equations in the waveguides and the plasma. In the latter 
region, however, the fields are expressed as a superposition of all 
possible plane waves with given parallel wavenumber k,. (including 

2 2 2 waves with k,. > oi /c which are evanescent in vacuum). Due to the 
large values of the perpendicular index in the plasma, the numerical 
computation of the integrals over k,, representing the field components 
is an hopeless task, and analytical approximations are required. 

To gain insight into this problem, we have applied the 
method developped in Refs. /7/, /6/ to two simple configurations 
(without plasma), namely a Grill radiating into a vacuum halfspace, 
and a Grill mounted on the wall of a passive waveguide. 

The method of solution is recalled in Section 2, together 
with some general considerations on the power flux. In section 3 the 
solution is used to evaluate the radiation pattern of a Grill radiating 
towards a vacuum halfspace. This will make clear the relationship between 
the representation of the field as a superposition of pliane waves with 
given k„, and the far-field approximation, in which the actual wavefronts 
have a completely different geometry. 

In section 4 we consider the case in which a metallic wall 
is placed in front of the Grill. The vacuum region between the wall 
on which the Grill is mounted and this second wall is itself a wave
guide, in which eigenmodes will be excited. It is by no means intuitively 
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obvious that the Fourier integrals over k,, used to represent the fields 
in this region represent the correct superposition of eigenmodes in the 
passive waveguide, propagating energy only away from the Grill to the 
left and to the right. It is once again a tribute to the power of 
contour integration /7/ that this can easily shown to be the case, 
and the electric field evaluated explicitly everywhere. 

The nature of the solutions found in this simple configura
tions is illuminating to understand the more complicated situation 
in which the Grill is facing a nonuniform magnetized plasma. The 
evaluation of the fields in this case is underway, and will be the 
object of a forthcoming publication. We feel however that the present 
results are interesting in themselves, as they constitute two examples 
of exact solutions of Maxwell's equations in relatively complex geometri 

2 - BASIC EQUATIONS AMD POWER TRANSPORT. 

The Grill model used is sketched in Fig. 1. An array of 
N waveguides opens in a metallic wall (in the x = 0 plane). The 
waveguides are assumed infinite in the vertical (y) direction, and 
of width b in the horizontal (z) direction. Including a finite vertical 
dimension of the waveguides is straightforward, but makes the algebra 
considerably heavier. 

The field in the waveguides can be expressed as a sum of 
Transverse Magnetic modes : 
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(Transverse Electric modes can be treated in the same way ; the 
important point is that the two sets are decoupled. Note that in 
the infinite parallel plate model used here, the fundamental mode 
is a TEM mode with no cut-off, and would correspond to the TE», 
mode of the rectangular waveguide. Because of its polarization, 
it has to be included among the TH modes). 

In Eq. (1) k = ID/C, and 

TK-f^b/V 

mr \k / lT 

where b is the width of the waveguide. The book-keeping step function ©fa) 
is unity in front of the p-th waveguide, z < z < z + b, and zero 
elsewhere. The complex amplitudes a of the incident waves are assumed 
to be known ; of course only a finite number of them can be non-zero, 
namely those of the propagating modes, n < k b/it. The complex amplitudes 
of the reflected modes, and of the backwards evanescent modes excited 
at the discontinuity in the x = 0 plane, S , are to be calculated. 

np 
In the vacuum region x > 0 the fields can be conveniently 
a superposition of plane waves with different k„ 

" - 6 0 •*" 
(2) 

^.jlz,fS){^-tlK)^}tVA 
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where 

A 4 < i S, 

p(k,,) represents the complex reflection coefficient for plane waves 

from any obstacïe located in front of the waveguides ; in particular, 

p(k„) = 0 if the halfspace x > 0 is empty. 

We now impose the appropriate boundary conditions in the 

x = 0 plane. E must be continuous everywhere in this plane, in 

particular it must vanish on the metallic wall. This lead to 

E,OO &+ e w = 1 1 fcr+M \w (4> 

where < f , v ^ ^ - c - o v ^ e - M 
For the magnetic field, on the other hand, we must require 

continuity only in front of the waveguide apertures, since surface 

currents in the metallic wall can be responsible for discontinuities 

elsewhere. Using the orthogonality of the waveguides eigenmodes, this 

condition gives an infinite linear system for the unknowns B : 

^HoM^Nr - "*fh EM,PKt (5) 

where 

çis) ^ r 
(E = 2, e = 1 for m > 1). Provided that the function p(k„) is 

known, the complete solution of Maxwell's equation both in the Gr i l l 

(Eq. (1)) and in the x > 0 region (Eq. (3)) is reduced to the solution 

of the system (5). In pract ice, this is done numerically af ter truncation 



to include a finite but adequate number of evanescent modes. 

Before applying this method to specific examples, we feel 
it useful to discuss power transport in some details. A difficulty 
in understanding the power flux in the region x > 0 is the fact 
that using Eqs. (2) the two components of the local Poynting vector, 

are expressed as the product of two rather complicated integrals 
over k,., for which no generally valid simplification is available. 

It should be clear in particular that any tentative to 
describe the power transport in this region in terms of the Poynting 
vector of plane waves with given k„ ( for example with the value of 
k.. corresponding to the approximate periodicity imposed by the Grill) j 
would lead to completely misleading conclusions. Indeed, a plane wave I 
of this kind necessarily violates one of the radiation conditions, 
namely that no power should flow from z = ± •» towards the Grill 
(along the wall). Admitting only standing waves in the z direction 
would not help, since these can describe only cases in which the 
Grill excitation is symmetric ; moreover one would then find P, « 0, 
which is obviously a wrong conclusion even in the these cases. 

Analytical approximations for t and S can however usually 
be found in the far field region, and these can then be used to evaluate 
the Poynting vector there. We will see two examples of this in the 
next two sections. 

There is another case in which a simple expression for 
the power flux can be obtained. Suppose that instead of looking for 
the value of ? at each point we ask the simpler (but still useful) 
question, how much power crosses a plane x = const, in front of 
the Grill mouth, 

•.--erJ*'S'(&«,) 
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(per unit of length along y ) . In th is case the integration on z, 
using the well-known ident i ty 

—'CM 

reduces the two integrals over k„ to a single one : 

The integrand of this equation can then be considered as 
the spectral power density radiated from the Grill. It is the product 
of two factors, namely |Ez(k..)| which depends on the Grill geometry 
and excitation, and a second factor which depends only on the surface 
impedance of the obstable facing the Grill. Obviously, * does not 
depend on the plane choosen for its evaluation, 

which is an expression of the conservation of energy. On the other 
hand, the equality 

(where the r.h.s. is the power flux in the Grill, and the sum over 
n is extended only to the propagating modes) only holds if no standing 
waves are possible between the wall at x = 0 and any obstacle in front 
of it. Thus Eq. (8) is valid in the case of a vacuum halfspace x > 0, 
but not in the case of a passive waveguide 0 < x < a (sections 3 and 4 
respectively). 
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Clearly, we cannot express the power flux <t>z crossing 
an halfsplane z « const, in a similar way. Even if we were able to 
evaluate the integrals which give $ z analytically or numerically, 
speaking of a power spectrum radiated in the z direction would 
remain meaningless. Moreover 4>z must depend on the plane z ; indeed, 
it must be positive or negative according to wether this plane lies 
to the right or to the left of the Grill. 

Thus, while Eq. (7) is very useful for such purposes as 
evaluating the power deposition profiles in a plasma heated by 
Lower Hybrid waves launched by the Grill, /8/ it is clearly of little 
use to obtain information on the localization of the fields. This 
information can only be obtained by deriving first analytic appro;.i-
mations for Î and 9, as it will be done in the two example of the 
next sections. 

3 - THE RADIATION PATTERN OF THE GRILL. 

If the halfspace x > 0 is empty, p(k„) = 0. In the far 
field region, we can neglect the contributions to the integrals 

2 2 2 (2) of the evanescent waves, k„ > u /c . Changing to plane polar 
2 2 1/2 coordinates p = (x + z ) , 8 = artan (z/x) (with origin at the 

Grill), we can then write 

• 4 * co0*<p - m V / b * 

- ° C<T) V 
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N o» 

[ 
ooifà--^coals de" •= 

°t$ 
Thus the Poynting vector in the far field region is radial, 

and decreases in inverse proportion to the distance, as it should 
be expected from energy conservation : 

-t , r 

(9) 

An interesting property of this equation is that P remains 
finite when 8 •* 0° or 8 -> IT, i.e. in the directions pointing along 
the metallic wall. The presence of this wall "guides" the waves, so 
that the radiation pattern of the Grill is much less directional that 
in the case of waveguide arrays radiating in an empty whole space 
(such as radars). In particular, the radiation from a single waveguide 
Grill or from an array of waveguides excited in phase is very nearly 
isotropic, as shown in Fig. 2. 

The role of interference between partial waves from each 
guide is also clear from Eq. (19). Destructive interference when two 
waveguides are excited with phase difference A* close to IT is illustrated 
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by Fig. 3 ; for A$ j 170° two separate lobes begin to show in the 
radiation pattern, since destructive interference becomes maximum 
in the forward direction. It is also interesting to point out that 
for â* close to 180° the phase of the reflected waves (B 0 D) li 
such as to increase radiation : indeed the radiation pattern of the 
"nominal" field of the two guides excited in opposition (i.e. with 
the B's all neglected) is a further order of magnitude smaller than 
the selfconsistent pattern shown in Fig. 3. 

4 - COUPLING TO A POSSIVE WAVEGUIDE. 

Let us now assume that a second metallic wall is located 
at a distance a from the wall on which the Grill is mounted. In 
other words, the Grill is used to excite a pacsive waveguide in 
a T configuration. The condition that E vanishes for x = a gives 

Ç» « 
- e T ^ *!># ( 1 0 ) 

When this expression is inserted in Eq. (7), one immediately finds 
* = 0, an obvious consequence of perfect reflection at x = a. This 
however does not imply total reflection in the Grill, since TH modes 
excited in the passive waveguide can propagate energy away from the 
Grill in the z direction. 

Let us first consider the system (5)-(6). When Eq. (10) 
is inserted, Eq. (6) becomes 



u 

To sat isfy causali ty, the integration path must run above 

the poles of cotg(k a)on the negative real axis, and below those 

on the positive real axis. By using the well-known development 

tofoV= if- + i l -4^-n 
v- «=< î ^ - e v 

the integral can be done by contour integration, with the following 

results : 

a) p = q, m + n even 

Î + «*£.,» 
Cr&)-*W^-*W) 

where the additional term for m = n is 

K 0 = i cotg k a m = 0 

£„- ^e^fcWK fro 
(lia) 

b) p = q, m + n odd 

K-^/fO'O f"") 
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" " " W f,mo.b e=o t t ( l l c ) 

e-t-f^ l L)e-e)V l f e^) 

It is instructive to consider the simple case of a single-
guide Grill whose transverse dimension b allows only the fundamental 
m = 0 mode to propagate. If the contributions from all the evanescent 
modes in the Grill is neglected, the system (5) reduces to a single 
equation for the reflected complex amplitude ; 

Po = - ^ ~ K « o 

where 

-UK (12) 

K ^ -ceJhJU- zil r^~ <**' taV) 
Here the first term and all terms corresponding to evanes-2 cent modes in the passive waveguide (y, (a) < 0) are purely imaginary, 

6 2 
and do not contribute to transmission (|6| = |oc| if K is purely ima
ginary). On the other hand, the poles corresponding to propagation modes 
in the passive guide contribute a nonvanishing real part to the 
"impedance" K, which corresponds to transmission of energy from the 
Grill to the passive guide. The form of Eq. (5) clearly shows that 
the matrix £ can be considered as a generalized impedance matrix, and 
considerations similar to the above can be extended to the general 
case (Eq. fll) gives good results only for k a < 0.3). Fig. 4 shows 
the transmission coefficient from a two waveguide grill with iob/c = 0.96 
as a function of the ratio a/b for three values of the relative phase 
A$. For A<j> = 0, coupling can be quite good in spite of the fact that 
the polarization of the TM 0, eigenmodes is orthogonal in the Grill 
and in the passive guide. The repetitive pattern related to the periodic 
function K is also apparent. 
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Since the reflection in the Grill is not total, energy 

must flow along the axis of the passive waveguide to the right 

and to the left. To see how this is possible, let us now evaluate 

the electric field. Using Eq. (10) into Eq. (4) we have for example 

S O - 2.TT f> = t *=(} ^ I ' l' 

•i A 
-4t*t W xa. 

Again, this integral can be done by contour integration, using the 

development 

•Jt^CLCoa-te^x-g,) _ -V !jA 

Wether a given pole contributes to the in tegra l , depends on 

the value of z . Thus, i f z l ies to the r ight ( l e f t ) of the G r i l l , 

the integration path can be completed by a large ha l f -c i rc le in the 

cpper (lower) halfplane, so that only poles lying on the real posi

t ive (negative) and imaginary positive (negative) axis do contribute. 

For z values in front of the G r i l l , z < 2 < z + b, the two terms 
P P 

from I n D (k/ / ) must be treated separately, and the additional pole from 

the denominator of these term w i l l contribute. The results can be 

wr i t ten as follows : 

^ i -S. ICvM 

•[ tt(K 
(13) 

-WT^ÏN 
M^M*) 
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I The local terms (proportional to B (z)) will actually be P ? expressed in terms of hyperbolic functions cf x when Y n(b) •- 0. 
they are responsible for the rapid decay of the short wavelengths 
excited in the coupling region by the P\anescent modes within 
the Grill. 

At the right and at the left of the Grill, the fields 
(13) are automatically expressed as superposition of the appropriate 
TM modes in the passive guide, which propagate or are evanescent 
away from the Grill. In particular the ,,]wer P* (P") transmitted to 
the right (to the left) will be given (per unit of length in the 
vertical direction) by 

2 
where N is the number of propagating modes, y (a) > 0, and 

rU*)""V/t 
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In the present case Eq. (8) does not hold, but conservation 
of energy implies instead that 

This equation has been used as a test of accuracy in the computations 
for Figs. 5 and 6, which slow E and E respectively at three values 
of x for the value of a/b which correspond to the first maximum in 
the coupling coefficient T in Fig. 4 (only the cases A* = 0 and 
A* = 180°). The localization of E in the front of the Grill, and 
the excitation of the TE Q, mode in the passive guide are clearly 
shown. 
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FIGURE CAPTIONS. 

Fig. 1 - Sketch of the idealized Grill geometry used in section 2. 

Fig. 2 - Two-waveguide Grill with transverse dimension b = 3.5 cm, 

applied frequency f = 1.25 GHz. Radiation pattern, P (6), 

for various relative phases in the two guides. 

Fig. 3 - Enlarged details of Fig. 2 for phases close to 180°. 

Fig. 4 - Same Grill of Fig. 2, mounted flush on a passive guide. 

Transmission coefficient as a function of the width a of 

the passive guide, for phase differences 0°, 90° and 180° 

in the Grill guides. 

Fig. 5 - Same Grill of Fig. 4, passive waveguide width 3 cm. E 

versus z at x = 0.5, 1.5 and 2.5 cm ; Aç =0° (full curves) 

and ûi)> = 180° {dotted curves). The position of the Grill 

guides is shown on the z axis. 

Fig. 6 - Same as Fig. 5 for the component E . 
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