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STELLINGEN.

1. De in het sterrengas optredende opaciteit voor straling speelt een
fundamentele rol bij het bepalen van de evolutie van een ster. Daarom
is het van belang dat er onafhankelijke berekeningen gedaan worden om
de nieuwe resultaten van Carson te kontroleren.

T.R. Carson 1976, Ann. Rev. Astron. Astrophys. 14, 95.

Het is niet in te zien dat, zoals gesteld door Helfand en Tademaru, de
"sleepboot pulsars" in dubbelsterren na ontbinding van het stelsel door
een tweede supernova explosie tot de groep van langzaam bewegende pul-
sars zullen gaan behoren.

D.J. Helfand en E. Tademaru 1977, Nature 267, 130.

3. De karakteristieke evolutietijdsschaal van het uitwendige dipool
magneetveld van een pulsar dient in aanmerking te worden genomen bij
het opstellen van scenario's voor de evolutiegeschiedenis van pulserende
röntgendubbelsterren. Dit is in het bijzonder het geval voor Her X-l.

E. Flowers en H.A. Ruderman 1977, Astrophys. J. 215, 302.
W. Sutantyo 1975, Astron. & Astrophys. 41, 47.

4. In dubbelsterren heeft het begrip "getijdenlob", als kritisch oppervlak
voor het optreden van massaoverdracht in het systeem, weinig betekenis.

Bij de afleiding volgens Jedrzejec van de relatie tussen de snelheid
van massaoverdracht in een dubbelster en de mate waarin de kontaktster
buiten zijn kritisch oppervlak puilt, moet op sommige plaatsen de poly-
trope index n vervangen worden door het getal 3/2-

B. Paczynski en R. Sienkiewicz 1972, Acta Astronomica 22, 73.

Het model van Petterson, dat de 35-dagen cyclus in de röntgen licht-
kromme van Hercules X-l tracht te verklaren door aan te nemen dat de
rotatieas van HZ Hercules niet loodrecht op het baanvlak staat, is
niet geloofwaardig.

J.A. Petterson 1975, Astrophys. J. 201, L61.
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7. Röntgenpulsars zijn neutronensterren.

8. De zeer snelle afname van de pulsperiode van de langzaam pulserende
röntgenpulsars ( P > 100 sek.) is niet in overeenstemming met het
relatief grote aantal van dergelijke "langzame" pulsars en moet op
een selektie effekt berusten.

S. Rappaport en P.C. Joss 1976, Preprint HIT CSR-P-76-34.

9. Het probleem van de steeds toenemende vraag naar ruimte in Nederland
kan niet blijvend worden opgelost door nieuwe inpolderingen, zoals de
geplande Markerwaard. Daarom lijkt een bezinning op basis van het
beginsel "ruimte voor het water door orde op het land" dringend
gewenst.

Plan Water lely van de Vereniging tot behoud van het I3£elmeer.

10. Hét systeem van keuzepakketten bij het voortgezet onderwijs, met de
mogelijkheid van het zogenaamde vakantiepakket, werkt nadelig op de
verdere maatschappelijke ontplooiingskansen van de scholieren.

Some Aspects of Evolution and Mass Transfer in X-ray Binaries

21 september 1977.
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Preface

The first galactic X-ray sources outside the solar system were

discovered in 1962 with a rocket experiment (Giacconi et al. 1962).

Since the launching of the first X-ray satellite at the end of 1970

new discoveries were made almost dayly and a wealth of observational

material has been accumulated. From the beginning on, an association

was suggested between the galactic X-ray sources and the supernova

phenomenon, one of the most energetic processes in a galaxy. When a

star at the end of its nuclear evolution is more massive than the

Chandrasekhar limiting mass ("v* 1.4 M @ ) , a supernova event seems in-

evitable. Due to the high central temperatures and resulting photo-

disintegration of even the most stable nuclei (Fe56) in the stellar

core, obviously a highly endothermic process, the iron core collapses

under its own gravity to densities of nuclear matter - or even higher,

releasing a strong neutrino flux. If the core collapse can be halted

by the pressure of the degenerate neutron gas - which is produced by

inverse S-decay of the protons liberated by the photo-disintegration

a new stable configuration arises in the form of a neutron star. The

existence of neutron stars was predicted theoretically by Landau (1938).

The first models of neutron stars were calculated by Oppenheimer and

Volkoff (1939). These predictions were beautifully confirmed by the

discovery of the radio pulsars in 1967. These objects show very

regularly pulsed radio emission and are identified with the rapidly

rotating magnetic neutron star remnants of supernovae. / key role in

this discovery was played by the two youngest of the approximately 150

discovered radio pulsars, the Crab and Vela pulsars, which both are

located at the centers of recent, nearby supernova remnants. Supernova

remnants are one class of galactic X-ray sources, but there is at least

one other class of these objects. During the last 6 years it has been

firmly established by & combination of X-ray observations from space

and ground-based optical observations that certainly a dozen of the

about 150 galactic X-ray sources is situated in close binary systems.

The binary character is - in most cases - established by the occurence

of regular X-ray eclipses or by regular optical variations. It seems

likely - from statistical considerations - that the majority of the

strong galactic X-ray sources are binaries, but have not yet been

identified as such. The short time variability - down to timescales of

seconds or even milliseconds - shown by these binary X-ray sources



indicates a very small size of the X-ray emitting region. A currently

accepted model for this class of X-ray sources consists of a

gravitationally bound double star of which one member is an extremely

condensed star, i.e., a neutron star or black hole. Several of these

binary X-ray sources show regular X-ray pulsations with periods of

the order of seconds, indeed suggesting them to be rotating neutron

stars. The cor pact star forms a very deep gravitational well - for a

neutron star the surface gravitational potential typically amounts

to 0.1 c2. Hence, when the other (normal) member of the binary system

transfers matter to its compact companion, the infalling matter gains

an amount of kinetic energy equivalent to some 10% of its rest mass

before it reaches the neutron star surface. Obviously, accretion by

such a collapsed object is a very efficient way of energy liberation.

For comparison, the total energy liberated by nuclear reactions during

a stellar lifetime amounts to less than 0.7% of the rest mass of the

fuel. Bright X-ray binaries have typical X-ray luminosities of about

1037 ergs/sec, requiring accretion rates of the order of 10~9 M /yr,

which seems quite reasonable.

The infalling plasma most likely originates from the normal com-

panion of the neutron star and is transferred either by a stellar wind

or by Roche-lobe overflow (Davidson and Ostriker 1973). Stellar wind

is a type of mass loss that occurs in the form of a highly supersonic,

essentially isotropic, outflow of matter from the stellar atmosphere.

This type of mass loss is independent of the binary character and would

also occur if the star were single. Since only a very small fraction

(10~3) of the wind matter is gravitationally captured by the neutron

star, the normal companion must lose some 10~6 M /yr in order to power

a bright X-ray source. Only massive supergiants and Of-stars are be-

lieved to have such dense stellar winds.

Roche-lobe overflow, the alternative mass transfer mechanism,

occurs only in binary systems and can give rise to much higher accretion

rates. Roche-lobe overflow takes place if the relatively unevolved

companion expands (due to its nuclear evolution) beyond the gravitational

saddle point in between the two binary components. The outer layers of

the expanding star are then captured by the strong gravitational field

of the neutron star.

The discovery of the binary X-ray sources has triggered much

fundamental work on the physics of accretion processes onto compact



objects. The dynamics of the infailing plasma is dominated by the huge

magnetic field of the neutron star as soon as it reaches the so called

Alfven surface, defined by the balance between the ram pressure of the

infalling plasma and the magnetic pressure of the stellar field.
o

The Alfven surface is situated at a typical distance of some 10 cm
2

from the stellar centre, i.e., at 10 times the star's radius.

The stellar magnetic field is usually assumed to be (essentially)
12 13dipolar and to have a surface strength of the order of 10 -10 gauss

(Ruderman 1972). This seems to be confirmed by recent X-ray spectro-

scopic observations (Triinper et al. 1977).

The strong magnetic field induces currents in the infalling

plasma that effectively screen this stellar field outside the Alfven

surface (Lamb et al. 1973). In the magnetosphere (the region inside

the Alfven surface which is corotating with the nevrron star) the

plasma flow is directed primarily along the magnetic field lines, so

that it can reach the neutron star surface only near the magnetic

poles.

He may expect that our knowledge about these accretion processes

will grow rapidly in the next few years, as this field is in rapid

progress. Preliminary calculations by Lamb et al. (1973) indicate the
Q

formation of a hot ( *v 10 K ) X-ray emitting accretion region near
2

the magnetic poles, having an area of only •»• 1 km . The pulsed cha-

racter of the X-ray emission can be explained by the non-alignment

of the neutron star magnetic and spin axes.



Introduction and Summary

The progenitor of the compact object (usually a neutron star) in

a massive X-ray binary is generally thought to have been a he! _-..: -."•'-'

(van den Heuvel and Heise 1972; Sutantyo 1973). This helium star in

its turn was the core of the initially more massive component of the

tinary, left after this star had transferred its hydrogen-rich envelope

to its companion during a first stage of Roche-lobe overflow (cf.

De Loore and De Greve 1975). The helium star then evolved rapidly to-

wards its final configuration, while its companion remained still

relatively unevolved. The final configuration of the helium star depends

crtitically on its mass. If the star finally becomes less massive than

the Chandrasekhar limiting mass (^1.4 M.) it will certainly end as

a white dwarf - a configuration which is supported against its own

gravity by the pressure of a (not extremely relativistic) degenerate

electron gas. Helium stars that finally terminate with a mass larger

than the Chandrasekhar limit will go through a supernova event; their

cores collapse to neutron stars or black holes. Such a supernova event

is thought to be essential for the formation of binary X-ray sources.

Chapter I is devoted to the evolution of helium stars of different

masses. If the helium star goes through a stage of intensive envelope

expansion, a second stage of Roche-lobe overflow will occur. This is

important since the resulting mass transfer could bring the mass of the

helium star below the Chandrasekhar limit - thus preventing the formation

of an X-ray binary. Since the envelope expansion depends critically on

the mass of the contracting helium exhausted carbon-oxygen core, it

appeared necessary to develop a physically self-consistent method for

the determination of the boundary of an (expanding) helium burning

convective core. Such methods did not exist, causing a considerable

uncertainty regarding to the extent of the resulting carbon-oxygen cores.

The result of these evolutionary calculations is that helium stars with

a mass of about 2 M appear to develop carbon-oxygen cores of approximately

1 H . This is the limiting mass for non-degenerate ignition of carbon;

stars with less massive cores continue their core contraction without the

ignition of carbon at the center. This continued core contraction is

accompanied by an extensive expansion of the outer layers and will result

in further mass transfer. It is likely that the helium star will lose

nearly its complete helium-rich envelope during this second stage of

Roche-lobe overflow, so that the remnant will be a white dwarf of about

10



I
1 M . Hence, the limiting mass for which the helium star goes through

a supernova stage will be somewhat greater than 2 H . In order to

study the subsequent evolutionary stages of helium stars, it was

: necessary to revise much of the physics built in the evolutionary code.

; Also the effects of mass loss by a strong stellar wind had to be taken

v, into account. The results of this work will be published in a separate

%. paper.

' The results of detailed evolutionary calculations of the stage of

I;. beginning Roche-lobe overflow towards the collapsed relativistic star

ft (i.e., the stage during which the system is observable as an X-ray

'' binary) are presented in chapter II. It is shown that, contrary to

current opinions, the bright massive X-ray binaries may well be powered

S? by mass transfer due to Roche-lobe overflow, instead of by a strong

% stellar wind. It is highly probable that the rapid X-ray pulsators

8, (P < 10 sec) Her X-l and Cen X-3 are spinning on the average at their

|" equilibrium rates (cf. Henry and Schreier 1977). In that case it is

possible to predict the pulsar spin-up rates from the results of the

S Roche-lobe overflow calculations presented in chapter II. It is found

| that the thus obtained spin-up rates of the accreting neutron stars are

?|f in good agreement with the observed decrease of the X-ray pulse period

||-. of these two sources. This seems to be a strong argument in favour of

.,? the occurrence of Roche-lobe overflow in these two binaries.

i In chapter III it is shown that the tidal forces on a rapidly rotating

: presupernova helium star component of a massive close binary cannot

synchronize the rotation of this star with its orbital motion during

: its lifetime. Hence, the pulsars in these systems are expected to be

;: born in rapid rotation, just like single pulsars. Pulsars are believed

" to spin down due to emission of magnetic dipole radiation (Ostriker and

:. Gunn 1969). However, pulsars situated in close binary systems can be

; spun down much more efficiently in the weak stellar winds from their

main sequence companions. In this case the electromagnetic interaction

of the infalling stellar wind plasma with the pulsar magnetosphere

(Kundt 1976) can explain the existence of the so-called slow X-ray

pulsators, with pulse periods in the range of 102 - 103 seconds. After-

wards these slow X-ray pulsators may again spin-up rapidly to pulse

periods near 1 sec if their companions exceed their Roche lobes.

Chapter IV is a review article describing recent progress in the

field of X-ray binary evolution.

11
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Evolution of Helium Stars: A Self-consistent Determination of the
Boundary of a Helium Burning Convective Core
G. J. Savonijc and R. J. Takens
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Summary. A generalization of the Henyey-schemc is
given that introduces the mass of the convective core
and the density at the outer edge of the convective
core boundary as unknowns which have to be solved
for simultaneously with the other unknowns.
As a result, this boundary is determined in a physi-
cally self-consiste'm way for expanding as well as con-
tracting cores. i.e. during the Henyey iterative cycle, its
position becomes consistent with the overall physical
structure of the star, including the run of the chemical
abundances throughout the star. In earlier investiga-
tions on helium star evolution, such a consistency could
in general not be achieved. Using this scheme, the
evolution of helium stars {X =0, Z=0.03) was followed

up to (non-degenerate) carbon ignition for a number
of stellar masses: 2.5 M 0 , 3 M e . 4JWS and 8AfG. As
compared with some earlier investigations, the calcula-
tions show a rather large increase in mass of the con-
vective cores during core helium burning.
Evolutionary calculations for a 2 MG helium star show
that the critical mass for which a helium star ignites
carbon non-degeneraielv lies near 2Af ,3 (corresponding
to a C/O core of 0.99 A/e).
The 2 Mo helium star is the only one for which the
radius strongly expands after core helium burning.

Key words: helium stars
scheme

convective cores Henyey

Notation
n total number of mesh point:, (including the center)
M mass coordinate
r radial coordinate
Q density
P pressure
T temperature
Q heat content of the stellar matter
r. rate of nuclear energy generation corrected for neutrino losses
L luminosity
V fraction of helium content by mass
i time

F actual logarithmic temperature gradient ^ — in the model

V, radiative logarithmic temperature gradient
Va adiabalic logarithmic temperature gradient
J , 4 evolutionary correction to A: difference in quantity A between

the actual stellar model and the previous one
6 A iterative correction to A: difference in quantity A between

two consecutive Henyey iterations.

1. Introduction

The convective core of a helium-burning helium star
increases in mass during most of this evolutionary phase
e.g. cf. Paczynski, 1971; Dinger, 1972). This is due to
the nuclear burning in the center of the star, which
causes the core material to become gradually more
opaque and hence more convective. This forces the core
boundary to propagate into the radiative helium-rich

region around it by convective overshooting: this ren-
ders these originally radiative layers convectively un-
stable and, at the same time, mixes lower opacity
helium-rich material into the core. The latter process
makes the core material somewhat less convective and
thus reduces the overshooting at the core boundary.
The position of the convective core boundary (from here
on abbreviated by BCC) is determined by the difference
between the radiative- and adiabatic temperature gra-
dients, which is a measure of the efficiency of over-
shooting.

This difference (Pr — FJ, however, depends on the posi-
tion of the BCC itself, through the amount of low
opacity helium-rich material mixed into the convective
core. Hence, one can only determine the position of the
BCC iteratively, which is. however, hampered by the oc-
currence of a chemical composition (hence density-)
discontinuity at the boundary of the expanding convec-
tive core. Usually one adopts for each timestep a fixed
amount of core expansion and thus a fixed chemical
core composition during the iterative Henyey cycle (s.g.
cf. Paczyriski, 1971). One then calculates the definitive
position of the BCC and definitive chemical composi-
tion of the convective core after the Henyey iterations
have converged. However, this does not result in physi-
cally consistent models, since after convergence of the

13
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Heiiyey iterations has been obtained, the position of the
BCC (determined by the criterion for convective stabil-
ity) is in general not the same as the one assumed Tor
starting the Henyey iterations. This method will give
rise to a rather large uncertainty in the position of the
BCC if there is an extended region near the core bound-
ary where the radiative temperature gradient (i.e. the
temperature gradient necessary to transport the energy-
flux by radiation only) is nearly equal to the adiabatic
temperature gradient. Such a region, corresponding to a
minimum in the fr-curve (Pr evaluated as a function of
Mr by adopting a composition equal to that of a com-
pletely mixed core) seems to be a general feature of the
evolution of helium burning cores (e.g. Paczyriski, 1970)
and could result in a semi-convective region outside
the convective core (Castellani et al., 1971b). Under
these circumstances, the determination of the core
boundary with the rough method described above can
lead to targe jumps in the position of the core boundary
from one timestep to the next. This is the reason why
Pacvyriski (1971) allowed the convective core to grow
with only just one mass zone per timestep. We tried to
determine the position of the BCC more consistently by
mixing the chemical composition during the Henyey
iterations (up to the momentary position of the BCC, as
resulting from the foregoing iteration), but without
special modifications this induced oscillatory instabili-
ties and convergence could not be obtained, as has
also been noticed in previous investigations (Iben, 1965).
Henyey et al. (1964) also mention this kind of oscillatory
instability. They tried to make use of a variable mesh
point at the convective core boundary, the position of
which was determined by a convective stability criteri-
on.
The numerical instabilities, however, remained, and
convergence could not be obtained. We have analysed
this situation in order to find the cause of these in-
stabilities. We found, after many trials, that they could
be resolved if the linearization of the equations (in-
cluding the stability criterion) is carried out very care-
fully and as completely as possible.
We generalized the iterative Henyey scheme by intro-
ducing the mass of the convective core and the density
at the outer edge of the composition discontinuity as
extra unknowns in the iterative scheme. Next, very im-
portant, the chemical composition of the convective
core was introduced as an implicit variable, which is
coupled to the mass of the convective core, due to
mixing. This allows us to linearize all the equations
with respect to core composition (especially the con-
vective stability criterion).
To enable the introduction of these extra unknowns
(and corresponding extra equations) a more general
elimination scheme for the Henyey matrix was de-
veloped, as is described in the appendix. It appeared
that with this method self-consistent models can be
obtained after a few Henyey iterations.

2. The Equatious Describing Stellar Evolution

The hydrostatic evolution of a spherically symmetric
star is described by the well known set of non-linear
differential equations (e.g. Cox and Giuli, 1968):

rflnP _ - GM
dM

dlaT
d\nP

dlar

= F; V= or P=

(1)

(2)

(31

(4)
dL_ dQ

dM~E dt'

To solve these differential equations for T. g, r, and L
the star is divided into a large number of mass shells,
by inserting a grid of mesh points. The differential
equations are then transformed into a large number of
difference equations, which are expanded between the
mesh points of the grid. These difference equations are
then linearized and iteratively solved with a Newton-
Raphson method (Henyey et al.. 1964).
The outer boundary condition was obtained by inte-
grating a large number of envelope models for different
values of T and L at the surface: the resulting values of
T,Q,r and L at a fixed fitting point at the bottom of the
envelopes, were stored as a table in the memory of the
computer (Paczynski, 1969).
The basic program to compute the evolutionary se-
quences was kindly provided by Paczyriski and has ex-
tensively been described in the literature (e.g. Paczynski,
1970).
The inner boundary condition was modified and is
described in the appendix. Further modifications of the
original program include the special treatment of the
conveclive boundary and the calculations of the nuclear
burning rates.

2.1. Determination of the Convective Core Boundary

In the extrapolated stellar model which has to be con-
verged, a new mesh point is inserted at the estimated
position of the BCC as described in Section 3. In this
boundary mesh point we have six unknowns instead of
the usual four, namely T^ gfn £, rc, Lc and Mc. From
here on a superscript i or e means that the quantities are
evaluated at the inner- or outer edge of the chemical
composition discontinuity at the boundary.
All variables have their usual meaning, Mc being the
mass of the convective core. Like all other mesh points,
the inserted mesh point at the boundary is coupled to its
neighbouring mesh points through the difference form
of Eqs. (1) to (4). By enabling the inserted mesh point
to move through the star during the Henyey itera-
tions (correction on Mc), the program can search for
that position (i.e. that value of Mc) in which Eqs. (1) to
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(4) and the Eqs. (5) and io), which make the system
mathematically complete again, are simultaneously
satisfied. Equation (5) determines the position of the
UCC and follows from the equation Castellan! el ill.
11971a) derived for the (outward) propagation velocity
of the BCC due to the overshooting at the core
boundary:

IOPrW

(5)

(5a)

Here // is a measure for the super-adiabaticity of the
radiative temperature gradient at the inner edge of the
convective boundary, A/c=(JWl — M°id)/dj and ft is
the mean molecular weight of the stellar material. In
deriving Eqs. (5) and (5a) it was assumed that Ktt^K
and that fi'//i'g0.99. Equation (5) implicitly includes a
timcscule for conveclive mixing and gives a lower limit
for XI c. On the other hand, the Schwarzschild criterion
r,' - r|, = 0 gives an upper limit for A/r. because it implies
that an infinitesimal small value of F'r~K can drive the
core expansion (i.e. instantaneous mixing). Calculations
show that the momentary overshooting is limited to a
negligible small region of only a few IO-cm(«/~ 10s).
During core helium burning i\ appears to be very small
(a few times 10"3). hence Eq. (5) does not differ very
much from tb; classical condition Vr— Va—Q. The latter
condition results in u slightly more massive (about 1"«|
convective core all the time. However, if there is a region
with rr— Fu*0 near the core boundary, then Eq. (5).
in contrast to the classical condition, prevents the BCC
to jump through such a region, because a sudden
increase in core mass would require a large value for IJ
at the boundary. This stabilizing effect on the numerical
solution was the main reason to use Eq. (5). Equation (6)
expresses the continuity of pressure across the chemical
composition discontinuity and couples g£ to g[:

/*-/*=0. (6)

With this scheme for the determination of the convective
core boundary, one obtains after every Henyey iteration
corrections to all the unknowns, including Mc and ef.
such that the position of the BCC becomes consistent
with the overall physical structure of the star. To obtain
a rapid convergence of this generalized Henyey scheme,
one should carefully linearize the difference equations
derived from Eqs. (I) to (6). In Sections 22 to 2.4 we give
some details ol this linearization.

2.2 Some General Comments on the Linearization

Assume that Hk=(T, Q. r, L) is a vector, the components
of which are the four unknown physical variables at a
mesh point k. Evidently, in linearizing the difference

equations resulting from Eqs. (I) to(4) one has to put:

— ' = ( 0 , 0 , 0 . 1 ) , (7)

and analogously with respect to the other three unknows.
The difference equations are expressions containing the
components of Hk and of// t + , . and some other physical
quantities such as Fr. P and Q evaluated at the mesh
points k and k +• I.
These quantities depend not only on some or all of the
components of Hk or Hk^.,, but also on the chemical
composition at the points k and k +1. In order to obtain
rapid convergence of the generalized Henyey iterations,
one should completely linearize the set of difference
equations, such that during every Henycy iteration the
full coupling of all unknowns is felt. This implies that
one should also include the dependence on chemical
composition into the linearization.
The chemical composition in a mesh point can change by-
local nuclear burning and/or by conveclive mixing.
To include the linearization of the equations describing
local nuclear burning is very easy. However, to enable
iterative changes in core composition that are due to an
iterative change in the amount of mass that is mixed, is
difficult as a consequence of the non-local character
of convective mixing. The problem is that the coupling
of the composition variables in all mesh points inside the
convective core destroys the diagonal structure of the
Henyey matrix.

We are at present developing a method that enables the
treatment of such complicated couplings without requir-
ing unrealistic amounts of computer time ;'nd memory.
This method should be applicable to more complex
situations such as convective mixing between two
boundaries (convective shells) or partial mixing ofsemi-
convective regions.
In this paper, however, we take into account the iterative
changes of the physical quantities P. F. u and Q due to
the (iterative) corrections to the chemical composition
of the convective core only at the boundary point and
its two adjacent mesh points (at both sides). This
already resulted in excellent convergence properties of
the generalized Henycy iterations. We will now discuss
the special features of the linearization at the two edges
of the discontinuity in the inserted boundary mesh
point.

23 Linearization of tlte Equations at the Coumiirv
Boundary

Consider the vector Ht=iT^£.&ri~LrMcl t h e e l e -

ments of which are the six unknowns at the inserted
mesh point at the boundary. Although the first five
elements of H, are dependent on Mc, in linearizing the
difference equations at the boundary point, one should
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put in analogy with Eq. (7):

rxi,
= (0.0,0,0.0, 1). (8)

To describe the linearization with respect to chemical
composition, let us notice that there is only one variable
(V) describing the chemical composition of the stellar
material in our program. The thermodynamic quantities
are interpolated from tables which have entries T, g
and V. These tables arc calculated for two compositions,
a Cox-Stewart mixture V=0.°7, Z=0.03 and the Wei-
gert III mixture Y=0,C = 0=0.478.
At the two edges of the discontinuity in the boundary
mesh point the linearization with respect to chemical
composition of the equations which contain the quanti-
ties P. P.« and Q is carried out implicitly through the
relation:

= T T T ; <SAf,.
t M,

(9)

In Eq. (9) the derivative of the chemical composition
with respect to the mass of the convective core is well
defined at both sides of the discontinuity at the BCC.
One has in every mesh point inside the convective cote,
including the inner side of the convectivc core boundary
(the local unmixed value for the helium content at a
certain mesh point, Yk. is recalculated after every
Henyey iteration):

I

2xTr
(10)

where the summation index k runs from 1 to the bound-
ary point i'. If the convective core is expanding one has
<>Y
-j-r = 0 at the outer edge of the discontinuity at the

boundary, unless there is a composition profile present
outside the convective core. In case the convective core
is shrinking there is no longer a discontinuity at the

boundary and hence idYY (dYY
\BXiJ \dXlJ-

The difference

form of Eq. (4) delivers a special difficulty in the
linearization due to the presence of the time derivative

- - . As usual, we have replaced - f by ~ since the
"• at AJ
former value is hard to obtain and tends to give rise to
mathematical instabilities (Henycy et al., 1964). The
error made in this replacement is in general of the same
order as the error due to the fact that dQ is not a total
differential and is very small if one takes reasonable
timesteps. We have put in every mesh point:

The meaning of the last term on the right hand side of
Eq. (11) is that a change in composition at constant
density results in a change of the number of thermal
particles and hence in a change in the heat content Q.
At the boundary of the expanding convective core this
term is of the same order as the other terms on the right
hand side of Eq. (11). This term was first introduced at
the boundary of an expanding convective region by
Ziolkowski (1972). When linearizing the difference
form (II) one obtains coefficients of the type:

Note that Aeg is not of the same order as the small
iterative correction Sg (especially in the region of
expansion of the convective core one has in general
Aegt>5g) while the second derivative with respect to
density is not small compared to the first derivative

Hence one cannot neglect the second term
.r

on the right hand side of Eq. (12) as part of the cofactor
of 6Q. One obtains analogous expressions for the co-
factors of ST and SMC, the latter through the implicit

unknown 5Yt. One should also be aware that —-I --I
5(?\(17.

is not equal to - - ( — I . While evaluating A..Q at the0T\Bg)
boundary one should add correction factors to the evolu-
tionary changes AeT^ Ajjc and J,KC. Consider for exam-
ple AeTc*

> = Tl+8Tc-T?"', where i gives the iterative
cycle number. It is clear that Tf* should be the
temperature (in the previously converged "old" stellar
model) at the position of the actual boundary at
Mi*l=Mi

c+8Mc (and not at M'c). In order to use
correct values for AeTc etc. during every iteration,
77W is considered to be a function of Mc (in contrast to
Tc). As an example of such neutralizing corrections
we give the linearization with respect to the convective
core mass Mc of the first term on the right hand side of
equation (11):

(BQ\ A

The first term on the right hand side of Eq. (13) gives
that part of the cofactor of &MC that corrects for the
effect of evaluating AtQ with 7?ld taken at the mass Mc

corresponding to the previous Henyey iteration, instead
of taking 77ld at the mass MC + SMC.
The superscript "old" means that the derivative is taken
in the previous stellar model of the evolutionary sequence
at a mass corresponding to the new value of Mc-
The second term on the right hand side of Eq. (13)

= l^f I AeT+ I—I Aeg+ I—I AeY. (11) results from the implicit dependence of | ~ | on the
\l • U.i \CQIT.Y \<"7».T \cTLr
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chemical composition, according to relation (9). The
cofactor of 6MC should contain analogous terms to
neutralize the mass shift effect of A^JQ and AtY on the
evaluation of 4t.Q. If one does not carefully linearize
the equations, for example neglects some of the terms
described in this section, serious convergence troubles
will arise, as appeared when we carried out test runs in
which alternatingly one or some of these terms were
neglected.

2.4 Shrinking Convective Core

If the convective core starts shrinking, always a composi-
tion profile will be produced and a composition
discontinuity at the BCC will no longer occur. This
composition discontinuity is now fixed at the point
v.here the conveciivc core reached its maximum size at
which position it is burned away by the heiium burning
shell during the subsequent evolution.
At this fixed (in mass) discontinuity we use a simple
procedure to introduce the (implicit) unknown density
o1' al lhe outer edge of the discontinuity, next to the
unknown density at the inner side. At this special mesh
point we complete Eqs. (1) to (4) with the pressure
Eq. (6). Linearization of Eq. (6) yields:

(14)

It is possible now to transform the cofactors of Sgc into
cofactors oi do'. dTand a right hand side term. Having
back the standard matrix format, we recover after every
Henyey iteration Stf from Eq. (14) with the help of the
values of <V. <>T and the right hand side term. During
times that the convective core is shrinking we also take
into account the iterative change in composition at the
point just outside the convective boundary (due to the
correction SMC on the position of the BCC). This
resulted in better convergence properties of the general-
ized Henyey iterations during this phase (near the end
of core helium burning). Inclusion of this composition
dependence on the position of the BCC for more mesh
points was not possible with the elimination scheme
used, as was mentioned in Section 2.2.
It is worth noting here that if one calculates with the
equation derived by Castellani et al. (1971a) the height z
which overshooting convective elements can move
beyond the convective boundary, then for all our stellar
models z is only a few times 100 cm. Hence there is a
real discontinuity in chemical composition.

3. Starting Model for the Henyey Iterations

The starting models on the helium main sequence were
calculated with the use of a Schwarzschild fitting
technique. This program is the same as the one

Fig. I. Schematic representation of I he run in density near the
boundary of the conveclive core for two subsequent stellar models m
and m + \ (with conveclive boundaries at BCC I and BC"C2|. If for
the region between BCC I and BCC 2 the densities from models m
and m +1 are also linearly extrapolated in time, the curve labelled
"extr" results, with an unrealistic jump in density at BCC I. In order
to obtain a physically correct extrapolation for the region to the right
of BCC I. one should smoothly continue the core-branch of the extra-
polated model through this region until a point is lour.d where the
matter becomes convectively stable

Paczytiski (1971) used to obtain homogeneous starling
models. The first extrapolated model was obtained by
putting all evolutionary corrections to the structure
variables equal to zero and changing the composition
by taking a small evolutionary timestep. As usual the
following starting models for the Henyey iterations
i.e. the values for the four unknowns in every mesh
point, were obtained by a linear extrapolation from
the two preceding stellar models, except Tor the region
through which the convective core boundary has moved
during the last timestep. Suppose that the consecutive
boundaries in the two preceding stellar models were
BCC I and BCC 2. Then the physical structure has
changed abruptly in the region between BCC I and
BCC 2 and a linear extrapolation would give wrong
starting conditions there, as is seen from Fig. I.
To obtain better starting values for the four unknowns
in the region outside BCC 1 up to the estimated new
boundary BCC 3, the higher density core branch was
continued by integrating Eqs. (II lo (4) from BCC I out-
wards. A sequence of integrations was made in which
each time the convective boundary was assumed to
shift one step further outwards. Al the same time the
nuclearly processed material (with values for 71 Q and Y
halfway between the values for the preceding and the
extrapolated model) was completely mixed from the
center to the new boundary for that integration. After
every integration the quantity (Vr~ FJ was evaluated at
the new boundary, until a mesh point was reached with
(Fr —ty<0. The insertion of a movable mesh point at a
mass corresponding to (Fr-FI1)=0 terminated this in-
tegrating and mixing process. At this inserted mesh
point (with six instead of four unknowns) the lower
density envelope was coupled to the extrapolated higher
density core branch.
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S.I. Nucleosynthesis and Neutrino Radiation

The equations governing the change of abundances
during helium burning are:

y c = o * ] v;3/3 - [' 2c. a] yc v; 116)

*'•«,,==['"o. a] yoy, (is)

The composition variables V;, yc etc. are defined by
y;= y/4, Vt=C/12 etc. The reaction rates in brackets
are calculated with analytical expressions from Fowler
i-r al. (1975). At every mesh point the rates and the com-
position variables are taken half-way between the
previous and the actual stellar model, e.g. for Y, the
value

y; i<1=(y1,' + >,"1<1)/2 (19)

was taken. Here i gives the number of Henyey iterations
and "old" means that the quantity is to be evaluated in
the previous model. The factor (0 to 1) which occurs in
the expression for the triple alpha rate was put equal to
0.1. The resulting (local) composition changes were then
calculated with the simple equations:

A,Y = YAJ (20)

where the derivatives Y were obtained from Eqs. (15) to
(18) in thpvay described before. The chemical composi-
tion of the core was obtained by mixing the nuclear
processed matter- -according to Eq. (20)--from the
center up to the instantaneous position of the movable
mesh point at the boundary. As this mixing was per-
formed after every Henyey iteration, YJ in Eq. (19) had
the mixed value, which was obtained after mixing in
the previous i('h) Henyey iteration, if the mesh point
under consideration was inside the convective core.
This simple scheme is stable as the helium content of
the core goes to zero, at least for y ^ 10"*.
At the moment that the central helium content became
smaller than this value, the helium content was set
equal to zero throughout the convective core.
The energy generation due to the nuclear reactions in-
volved was calculated in the way described by Fowler
era/. (1975).

The energy generation of the I 2 C + I 2 C reaction (with
an effective Q-value of 11.7 MeV and electron screening
according to Salpeter and van Horn, 1969) was also
included in the program.
The energy losses due to neutrino radiation were cal-
culated with the analytical fitting formulae derived by
Beaudetef a/. (1969).

3.2. Mass Zoning, Timesleps and Mixing Length

The maximal differences allowed for the unknowns be-
tween two adjacent mesh points were: /4lnT<0.045,

JlneS0.125, Ar/RQ£0.045, AL/Lmmg0.045, AY, JC
and AO g 0.045. In the region around the BCC these
maximal space steps were multiplied by a factor 0.15.
These conditions for the space steps resulted in a varying
number of mesh points, from about 120 at the helium
main sequence to about 190 during the He-burning-
shell phase. The maximal time steps were chosen such
that the same conditions were fulfilled by the (guessed)
evolutionary changes in every mesh point, except for
the changes in chemical composition, which had to be
smaller than 0.02 in every mesh point. The mixing
length used in the envelope integrations was taken as
one pressure scale height.

4. Results

4.1. Behaviour of the Convective Core During
the Evolution

As is shown by Fig. 2, the convective cores of the helium
stars expand monotonically during most of the time of
central helium burning. The convective cores of the 2 A/ ,
and 4 MQ helium stars keep growing until helium be-
comes depleted and then start shrinking rapidly. The
3 MQ and 8 MQ helium stars have more unstable con-
vective cores near the end of helium burning. Here the
BCC suddenly jumps inwards, quickly followed by a
more gradual inward movement. After some time the
convective core suddenly starts reexpanding for a short
time. This sudden jump inwards is related lo the devel-
opment of a minimum near the BCC in the f^-curve
(evaluated with mixed core composition). Such a situa-
tion is schematically described in Fig. 3. It is seen that
the minimum in the (^/(^-curvc gradually sinks through
the line VJVa = 1 (corresponding to convective neutrality)

09 06 07 06 05 at 03 0002 01

Vcor«

Fig. 2. Evolutionary changes in the extern of the convectivc cores of
helium stars during core helium burning. qtat( is ihc fraction of the
total stellar mass inside the convcclivc core and Vtl1IC is the core
helium content (mass fraction). Curves are labelled with thi* total
xtcllar mass

"p.
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hig. 1 Near the end of cure helium burning in .some models
12.5M,,, 3 VI . KM ) a minimum rn the lrV,,-curve appeared near
Ihc conveclivc core boundary. This is schematically represented here
Tot Inn subsequent stellar mudels m .md m + l . The curve labelled
MI +• I has three "neutral points' S I. S 2 and S 3. As coming from Ihc
tenter, ih«. program was made to choose the first point with l','l\ = I
as the new starting position for the convective boundary, this
bi>un<lar> suddenly jumped inwards from BC'C to S I. This corre-
sponds to Ihc rather discontinuous jumps in <(,„„ for small values
.if V m F i g 2

as time goes on. This gives rise to the existence of
multiple solutions of the equation [\7

r— TJ=O. Earlier
test computations with Eq. (5) replaced by this criterion
for the convective boundary showed that the points S I
as well as S 3 in Fig. 3 are mathematically stable solu-
tions for the BCC. However, the solution S 3 gives an
inconsistent result because the program completely
mixed the wire material from the center up to this new
BCC (solution S 3), in spite of the fact that there is a
radiative region inside the BCC (between S I and S 2).
During the actual calculations the program started the
Henyey iterations with the BCC near S 1 and it used
Fq. (5| to' determine the position of the BCC. The
Henyey iterations rapidly converged to solution S I
in this case. [Notice that Eq. (S) becomes identical to
(^•—FJ=0.if the core is shrinking, because then i; is
identically zero, due to the fact that //=/(' .] As a result
the convective core boundary jumped inward from BCC
to S 1 during one evolutionary timestep. The region
outside the new (smaller) convective core, in which a
composition profile was produced by the retreating con-
vective shell just inside the former BCC between S 2
and S 3. Hence solution S ! for the BCC gives a con-
sistent result. In the 2 Mo helium star a non-transient
convective shell appears outside the retreating convec-
tive core (solution S 1). due to the increase of the relative
maximum of the Pr/F,,-curve between S 2 and S 3 for
this star. This convective shell was mixed after the Hen-
yey iterations were completed, because the program was
not able to apply the movable mesh point technique to a
situation with two convective boundaries. Figure 4
shows the resulting log(Pr/Fa)-curves of a number of sub-
sequent converged stellar models during this convective
shell phase of the 2 Mo star. Because during the actual
calculations as presented here, the program used Eq. (S)
to determine the BCC [and not the condition (Pr— P.)=

Fig. 4. The appearance of a minimum in the I r I ,,-curve close to the
boundary of the convective core in three subsequent (converged!
stellar models of the 2M,_. helium Mar. near the cud of core
helium burning. Here />,. />... fr3 and f>4 are the subsequent positions
of the convectivc boundary found by the program Note the
appearance of a convective shell. Corresponding values of the core
helium content (mass fraction) arc indicated

0], the value of {Vr—VJ al the inner edge of the composi-
tion discontinuity was positive and noi 2ero. This is the
reason why in Fig. 4 the curves do not end at the
"neutral line" (at />, and bz) like they do in Fig. 3. The
time elapsed between the first and the last model shown
[appearance and (nearly) disappearance of the shell] is
only some 40000 years, or about I "•. of the duration of
the core helium-burning phase. A test run with a 1.5 JWe

helium star showed the appearance of a minimum in the
Fr/l^-curve, which intersected the Ihv: Fr,'Fo = l three
times (M s l = .52JWe. A#S2 = .68 Afe and M S 3 = 70 Me>
when the helium content >' was still about .4. Our
program [this time using the (P;— Fj=0 criterion]
continued the calculations without convergence
troubles, the BCC converging at the S 3 solution with a
rather large amount of mass between S 3 and S 1.
Probably one should introduce a semi-convective region
outside the convective core in this case, because now the
minimum in the Fr-curve appears while core helium
burning is far from being finished. In this case the con-
vection in the core is not yet dying out and due to the
continued convective overshooting at the core boundary
(now at the position of the minimum in the Pr-curve)
a semi-convective region will be induced (Castellani
et aL 1971b). There is. however, uncertainty about the
effectiveness of this "induced semi-convection". This
uncertainty is related with the (long) time-scale on which
the convective elements (released by the conveciivc core
as a result of the gradually increasing opacity in this
core) move through the convectively neutral region
(Saio. 1974).

4.2. Possible Physical Reasons for the Unstable Be-
haviour of ihe Connective Core Boundary

Near helium depletion in the core, the admixture of
helium into the convective core due to (re)expansion
into the helium-rich layers outside it. will raise the core
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helium content by a non-negligible Traction. This fuel
injection will activate the nuclear energy source and the
core structure may slightly change. Also, an expansion
of the convective core into the helium-rich region results
in a small source term for the radiation field at the inner
edge of the BCC, due to the gravitational term in the
energy balance Eq. (4) (see Eq. (11), Section 2.3).
On the other hand these structural changes may lower
the opacity of the core material, reducing the tem-
perature gradient V,. If these counteracting effects nearly
cancel each other, small changes in the physical param-
eters could easily reverse the motion of the BCC. It is
not clear to what order pure numerical processes are
active in this way. Test calculations with smaller time-
steps showed exactly the same behaviour of the
convective cores for the different stellar masses.

4.3. Carbon Ignition

The evolutionary calculations were terminated at car-
bon-ignition, i.e. at the moment when the central regions
of the stars became convective again due to the large
energy supply of the I 2 C + ' 2 C reaction, overcoming
the large neutrino cooling.
As is seen from Fig. 5, which gives the a, T history of
the stellar centers, only the 2 M 3 helium star moves
far into the degenerate region of the Q, T diagram be-
fore carbon will be ignited (the evolutionary calculations
were not* Continued up to that point). For this stellar
mass a temperature inversion developed near the
center, due to the strong neutrino cooling in the center.
As a consequence of the continued (rapid) core contrac-
tion combined with the presence of the helium burning
shell source outside the C/O-core, the envelope strongly

8.2

Fig. S. The central g, T-history of helium stars during core helium
burning. Stellar masses are indicated in solar units. All curves start on
the helium main sequence and terminate at the point of carbon
ignition, ejeept for the 2Af Q helium star. The core of the 2 M O star
develops a temperature inversion near the center and turns into the
degenerate region before it can ignite carbon

Fig. 6. The evolution of the radii of the helium stars from Fig. 5. All
curves start on the helium main sequence and lerminalc at the poini
of carbon ignition, except for the 2MB helium star. The envelope uf
the 2MQ star expands strongly after core helium burning

expanded for this star (Fig. 6). This expansion may
result in considerable mass loss by Roche-lobe over-
flow if such a 2 MQ helium star is a member of a close
binary system. One should bear in mind that the same
process of core contraction comes into action before
the next nuclear fuel can ignite (Ne, O and Si). The
2.S JWQ helium star could show the same envelope ex-
pansion in such a later evolutionary stage, as the 2 M e

star exhibits before carbon ignition.
Notice that if there would have been some hydrogen in
the envelope, the stellar radii would increase relative
to the values given in Fig. 6.
The 2 M e helium star develops a C/O core of 0.99 M0

and this value is slightly below the critical core mass
of 1 A/0 given by Beaudet and Salpeter (1969) for non-
degenerate carbon ignition (accepting the existence of
the universal Fermi-interaction). The uncertainties in
the l 2C + 12C cross-section for hydrostatic carbon burn-
ing and the neutrino loss rates are, however, large, both
are only theoretically determined without experimental
verification.

5. Discussion

5./. Comparison with other Evolutionary Calculations

Our results confirm the relatively large increase in con-
vective core mass found by Paczyiiski (1971), as can be
observed in Table 1. Divine (1965) found an increase of
9% in convective core mass during core helium burning
for a 6Afo helium star, which is far less than our
results would imply for that stellar mass. Arnett (1972)
did not find any core growth at all, but he used a very
coarse zoning near the convective core boundary and
started with pure helium (Z=0). Our calculated evo-
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Fig 7. Evolutionary tracks of helium stars (X =0,2=0.03) in (he H-R
diagram, starting on the helium main sequence. The tracks terminate
at the point of carbon ignition (appearance or central convection)
except for the 2 \l star, which track runs outside of the digram
without igniting carbon (At logT,.=3.8 the 2MB star was still in a
rapid core contraction phase)

lutionary tratjes for the different stellar masses (Fig. 7)
are also in agreement with the tracks found by
Paczyhski. Our tracks hook back to the blue for slightly
lower effective temperatures in accordance with the
slightly smaller masses found for the C/O-cores. Arnett
found lower Final carbon abundances for the C/O-
cores. respectively C=.434 and C=.358 for a 4 Mo and
a 8 M0 helium star.
There is a difference between the reaction rates which
are used here and which Arnett used. These reaction
rates [3a and 12C(a,y)16O] are more .accurate now,
due to the experimental work done recently by many
investigators (see references in Barnes and Nichols,
1973). There is. however, another and more important
difference with Arnett's calculations and that is the ex-
pansion of the convective cores during core helium
burning. The helium stars in Arnett's calculations had
comeciive cores of lower (constant) mass: 1.72 Afo

and 4.77 MQ for the 4 M o and 8 M o helium star, re-
spectively. The larger, expanding convective cores
found here, result in a somewhat different g, Miistory
of core helium burning. A larger effect is present near
the end of core helium burning: then the admixture of
helium-rich material into the convective core gives a
non-negligible increase of the nuclear fuel supply in the
core. At this time nearly the total nuclear energy pro-
duction is due to the l2C(ot, }')16O reaction and this
admixture of helium leads to a lower final carbon
content. For the 2.5 M Q helium star the effect of re-
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Fig. 8. The abundances (mass fraction) of the primary three elements
in the convective core as a function of time for the 25 M o helium siar.
When Y=0.06 the convective core suddenly reexpands (as can be seen
in Fig. 2) resulting in a change in slope of the l-curv^ due to ihc admix-
ture of helium-rich material. This results in a lower final carbon content
of the core as compared with the 3MO star (cf. Fig. 91
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Fig. 9. The abundances (mass fraction) of Ihe primary three elements
in the convective con: as a function of time for the 3 AfG helium
star. As can be seen from Fig. 2. Ihe convective core starts shrinking
already at V«0.08 and because no mare helium-rich material is
mixed into the core, less carbon is converted into oxygen by the
12q«, y)' 'O reaction (cf. Fig. 8)

expansion of the convective core into the helium-rich
region (when the helium content Y is about 0.06) is
clearly shown by the curve which gives the change in
core helium content during the evolution (Fig. 8).
This V-curve exhibits a change in slope near V =0.06,
due to the sudden injection of helium into the con-
vective core. This extra helium supply burns away more
carbon, until finally the carbon-curve terminates below
the oxygen-curve in Fig. 8. The convective core of the
3 M Q helium star, on the other hand, starts shrinking
already for V =0.08 (see Fig. 2) and never reexpands
into the heltuu-rich region. This explains the relatively
high final carbon content of the C/O-core for this stellar
mass, as is shown in Fig. 9. The irregular behaviour of
the convective cores near helium depletion results in
irregularities of the otherwise smoothly varying final
C/O-ratio as a function of total stellar mass. The re-
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Table I. Data tor die resulting C O-eores jusi after the core helium
burning phase. M^m is the maximum mas* of the eonveetive core
ilurint* core helium burning

which arise, we give the reformulation of Eq. (3|. Since
rfn/dr—Q at the center, we can use an expansion

Al M

t

2.5
1

4
S

( 10" yean.

3.57
2.3b
1.74
1.23
0.656

C

.466
.463
.535
.480
.445

C O

0.925
0.913
1.230
0.980
0.849

This paper

0.99
1.23
1.56
2.30
5.74

Pac/ynskt

1.03
_

2.36
5.K3

suits found here (Table I), seem lo indicate that a maxi-
mum for this ratio is reached near .1 A-f <.,.
Dein/er and Salpeler | 1964) found such a maximum in
the C'/O-ralio for the C'/O-cores of helium stars lo
occur near a stellar mass of I Mo. A point which needs
further investigation is how much the results depend
on what kind of interpolation scheme is used for the
opacity tables.

5.2. Possible Applications of the Movahle Mesh Point
Techniques

The method developed here can equally well be applied
to the convective cores of hydrogen burning stars, where
the precise composition profile left behind by the shrink-
ing convectiy? core is a very important factor in the
evolution oflhe stars during the shell hydrogen burning
phase (e.g. Lauterborn et al., 1971). Eventually arising
semi-convective regions could be treated with movable
mesh points at the two boundaries. Due to the complex
couplings which arise here, this will be rather com-
plicated. The application of (a generalization of) our
method lo the two boundaries of a convective shell
with a nuclear energy source in it would be very useful.
In such a case the precise extent of the convective shell
is important, because it regulates the amount of nuclear
fuel which is mixed into the nuclearly active region and
at the same time determines where the nuclear ashes are
deposited. The self-consistency of our method would
simplify the study of the effects of differences in the in-
put physics (e.g. the theory of convective overshoot-
ing).

,tokntmtahn>mmts. We wish lo thank Drs. B. Paczynski and M.
Kozlowski for putting their evolutionary program al our disposal
and introducing us to its use. We lhank Prof. E. P. J. van den
Heuvel and Dr. H. R E. Tjin A Djie for suggesting this investigation
and Tor their encouragement during the difficult phases of the
compulations. This research was supported by the Netherlands
Organization for the Advancement of Pure Research (Z. W. O.(.

Appendix

/. The Inner Boundary Condition

At the center of the star a different form is needed Tor
the structure equations. To show the kind of differences

= t) | ! l - i (r/r2)2} (A.I I

between the center and the second muss point at
We use this in Eq. (3) and integrate I mm 0 to is:

(A.2)

From Eq. (A.I) we obtain * = (£), — Si).S\- ilr|d with this
substitution Eq. (A.2) yields

M3 = jjtr5(s(»i +"it'll- IA.3I

The unequal coefficients for t>, and <j, arc specific for the
inner boundary. Equal coefficients follow from the as-
sumption Ar<£r. which is not true at the center. If in
Eq. (A.I) more than two parameters are used to ex-
press (>, then Eq. (A.3) cannot be expressed in the two
values (i, and o2- A third density in this equation would
destroy the over al! structure of the equations. The other
equations at the center are:

P\-?i = -=—* ( fe i+k 'J (A.4)

I i\M 2 i 3 2 "V. 3 "V- / A c .
^ 2 / ^ * i =='5f'l + 51--,— 5 —— ~ 5 ~7— (A.?)

utj ' dtf

The radiative gradient away from the center is obtained
by multiplying a tabulated function with Lk \ik. In the
center the factor L/M is replaced by the energy produc-
tion per gram, which is c, — (</Q/«/i),.
The inner boundary conditions are expressed as two
equations in the four unknowns a,. r2, T, and L,.
These two equations are obtained from Eqs. (A.3-6)
through elimination of 7", and o,. This elimination
proceeds in the most stable way through a pivot selec-
tion process. This method to formulate the inner
boundary condition improves the numerical stability at
the center considerably.

2. Structure of the Elimination Scheme

The linearized system of equations consists of blocks of
the form:

HkXk+,+IkXk = Sk (A.7)

A ^ t + i + K k X k = 7 i . (A.8)

The vector Xk consists of the corrections ST. So. Sr
and 6L at the mass point Mk. The matrices H. 1. J and K
each have two rows in normal cases. Equation (A.7)
results from Eqs. (I) and (2), and Eq. (A.8) results from
Eqs. (3) and (4). The boundary conditions are:

U,.\,^S, (A»l

*„*„"'„• (A.I0)
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The two equations of the outer boundary condition
(A. 10) are obtained from the table of envelopes (see
Section 2). The inner boundary condition has been
discussed in the previous section.
At some points in the star X should contain more than
four components (see Section 2.1). Since this disturbs
the present form of the elimination scheme, a mass
point Mm with more than four variables is removed from
the system, and information is stored to retrieve the
solution vector Xm. This results in an equation of the
form of (A.7-8) connecting the points m— I and m+ 1.
The extra equations are added as additional rows to
Hm_,, /„_, and Sra_,. Similarly, the matrices /„, £„,
//,„ , and Jm-, have additional columns. Take matrices
and vectors together as follows:

H/hA

The equations containing Xm are now:

.4A'm.1+BXm=P CXm+DXm-k=Q.

This set is rearranged to:

, (A.I1)

Equation (A. 12) has the same format as Eq. (A.7-8) and
so it fits into the general solution method. Equation
(All) is used to retrieve Xm\ lo this end Cr'Q and
C' 'D are stored.
For the general solution we make 4x4 matrices Ak, Bk

and C\ and four-dimensional vectors Pk as follows:

O l

•

Here, O stands for a 2x4 zero-matrix. To solve
the complete system in the most efficient way. we
calculate and store the sequences f,,(/!-lSfcS2) and
Gk{n— 1 Sfc=£ 1) with the equations:

involved in the above equations are handled by a
highly optimized machine code procedure, which
speeds up the program considerably.
At first sight, it seems only an unnecessary complication
to make the .system of equations blocked tridiagonal
by taking blocks of zeros into Bk and Ct. However, it
turns out that the manipulations are only rearranged
throughout the system. The main reason for* this
formulation is that the zero blocks correspond to
coefficients arising from second derivatives with respect
to mass in the structure equations. In this way the rear-
rangement makes it possible, to build into the program
diffusion equations for the chemical composition.

References

Arnetl.W.D. 1972. Aamplty*. J. 176.681
Barncs,C.A_ Nichols,D.B. 1973. Nucl. Pins. A2I7. 125
BeaudcuG- Pctrosian,V_ Salpeter.E.O. 1967. A&rnphn. J. 150,979
Beaudcl.G. Salpeier.E. E. 1969. Asiropliys. J. 155. 203
Caslcllani.V_ GiannoncP-. Renzini.A. 1971a. Jtfi-<7>/nj. Spme

Sci. 10, 340
Caslcllaiu.V.. GiannoncP, Rcnzini.A. 1971b. 4s(r<ipiiVN Spam

Sci. 10. 355
Cox.JP, Giuli.R.T. 1968. Principle* of Slellar Structure, vol 2.

p. 571
Deinzcr.W.. Salpctcr.E.E. 1964. Asirophys. J. 140. 499
Dinger.A.S. 1972, Miuitlily Nmiivs Roy. Antrim. So,-. 15*. 3W3
Divine. N. 1965. Aslraphys. J. 142. K24
Fowler.W.A, Caughlan.G R . Zimmerman.B.A. 1975. Aim. Rvi

Astrtrn. i£ Astmphys. 13, 000
Hcnyey,L.G_ Horbe&J.E, Gould.N.L. 1964. i*tmpliys. J. 139.

305
lben.1. 1965. Aslmphyy. J. 141.993
Lauterborn, D, RebdaLS, Wcigen,A. 1971. Antrim. <t Asirophys.

10.97
Paczynski.B. 1969. Ada Aaron. 19. 1
Paczynski,B. 1970. Ada Aaron. 20.195
Paczyriski.B 1971. Acta Astran. 21.1
Saio.H. 1974, Astrophys. Space Sci. 29. 41
ZiolkowskU 1972, Acta .4.vtron. 22. 327

G. J. Savonije
R. J. Takens
Sterrekundig Instituut
Universitcit van Amsterdam
Roetersstraat IS
Amsterdam. Nederland

Then the solution follows from

.Y2 = G, Xk+l=Gk — FkXk.

(A. 14)

(A. 15)

Equations (A. 13-14) and (A. IS) are forward and back-
ward elimination respectively. Most matrix operations

Note added in proof. The expression which «as used for the triple alpha
rate was taken from a preprint. However, according to the note
added in proof in Fowler el al (1975). the coefficient in the first term
or this expression should be changed from 2.49E-O8 to 3.O0E-O8.
Compulations with this revised rate gives very Mmilar results, the
final carbon content (mass fraction) of the C/O-cores increased with
a few percent.
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Summary

It is examined whether Roche-lobe overflow can be the main

mechanism of mass transfer that powers the low-mass as well as the

massive X-ray binaries. Detailed numerical computations of the initial

phase of Roche-lobe overflow were performed in order to determine the

precise time development of the mass transfer from normal stars with

masses ranging from 1.5 M up to 20 M to compact companions with

masses of 1 M and 1.5 M . The numerical calculations were performed

with a binary code which enables a numerically accurate determination

of the mass transfer rate ft by introducing fl as an extra Henyey unknown.

The binary code includes a simplified hydrodynamical treatment of Roche-

lobe overflow. For massive primaries this hydrodynamical treatment

appears to result in much longer X-ray lifetimes than obtained in

previous investigations. The calculations also include effects of slow,

non-synchronous rotation of the contact star and loss of mass and

angular momentum from the binary system. It appears that if in massive

X-ray binaries (M. *»• 16 M l the mass transfer starts when the primary

star is still burning hydrogen in its core, it may take some 101* yrs

before ft exceeds the critical accretion rate of the neutron star. For

Her X-l and Cen X-3 X-ray lifetimes of the order of 105 and 101* yrs are

predicted, respectively. For these two X-ray pulsars the spin-up rates

predicted from our calculations - under the assumption that the pulsars

are alway spinning at their equilibrium spin rates - agree very well

with the observed average spin-up rates. If the companion of SMC X-l is

still burning hydrogen in its core, a lower limit for the spin-up rate

can be predicted, which is consistent with the observations.

Key words: Roche-lobe overflow. X-ray binaries. X-ray pulsars.
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1. INTRODUCTION

Some ten X-ray sources have been identified with close binary

systems. The compact X-ray emitting star in these systems - in several

cases a pulsar - is presumably accreting matter which originates from

its normal companion star. The accreting gas is strongly accelerated

> and heated when it falls towards the compact star, causing it to become

a strong source of X-rays. The normal components of the X-ray binaries

• appear to cluster in two distinct mass regions. Either they are massive

I» supergiants (M^ 15 to 20 M ) like the companions of Vela X-l, SMC X-l and

f
?~ Cen X-3, or they are dwarf stars with masses of about 1 to 2 M such as
§• ®
if the companions of Her X-l, Sco X-l and Cyg X-2. The explanation usually

I
V suggested for this division into two groups is (cf. Davidson and Ostriker19 73, van den Heuvel 1975) that two different physical processes are

.responsible for the transfer of matter, i.e. Roche-lobe overflow in the

low-mass systems and stellar wind in the massive binaries. Only blue

supergiants and Of stars with masses > 15 M_ appear to have stellar winds

strong enough to turn a compact companion into a bright X-ray source.

According to conventional calculations of Roche-lobe overflow the

primary star loses a large fraction of its mass roughly on its Kelvin-

Helmholtz timescale (cf. Paczynski 1971). For stars more massive than

about 2 M this would imply an average mass transfer rate in excess of

•»» 10~ 7 M /yr, which is more than the compact star can accrete. In that

case the matter is expected to pile up around the X-ray emitting region

and to suffocate the X-ray source. On the basis of these conventional

calculations it has been concluded that it is unlikely that X-ray sources

with companions more massive than 2 M are powered by Roche-lobe overflow.

However, doubts may be raised regarding the correctness of this

simple view since, even for Roche-lobe overflow from massive stars it

will take some time before the mass transfer rate increases beyond the
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critical value (eg. Paczynski 1976). During this initial phase the

compact X-ray emitting star can still be powered by Roche-lobe overflow.

The calculation of the precise duration of this initial phase

requires refinements in the binary evolution code which in general have

not been taken into account in previous investigations on X-ray binaries.

That the detailed calculation of this duration is most important for a

better understanding of the evolution of X-ray binaries is indicated by

the characteristics of the X-ray binary HZ Her/Her X-l, one of the best

studied X-ray systems. It consists of a normal star of roughly 2 M

and a compact star - presumably a magnetized neutron star - of about

1.3 H (Avni and Bahcall 1975). The observed X-ray luminosity of the

source (L ^ 1.3x 1037 erg/sec) implies an accretion rate of about

10~9 H /yr which is two orders of magnitude smaller than expected on

the basis of previous calculations of Roche-lobe overflow, as was

pointed out by Pratt and Strittmatter (1976). The normal star is expected

to have only a weak stellar wind, certainly insufficient to power the

observed X-ray source. Also, the self-excited mass transfer due to the

evaporative effect of the X-ray flux on the primary's envelope is

insufficient, as was shown by numerical hydrodynamical calculations by

Alme and Hilson (1974), and confirmed by computations of McCray and

Hatchett (1975).

There is also strong observational evidence from optical pulsations

that HZ Her fills its Roche lobe (Hiddleditch and Nelson 1976); also the

presence of a large accretion disk in this system (Gerend and Boynton

1976, Petterson 1976) strongly suggests mass transfer by Roche-lobe

overflow. Hence, it seems very likely that HZ Her is presently in such

an initial stage of Roche-lobe overflow. Also in the case of some of

the massive X-ray binaries the observations indicate that the supergiants

(e.g. the coapanions of Vela X-l, Cen X-3 and SMC X-l) are very close to
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or filling their Roche lobes (Avni and Bahcall 1977, Hutchings 1976,

Hutchings et al. 1977, van Paradijs et al. 1977) .in addition, especially

in the case of Cen X-3 and SMC X-l the accretion rates derived from

the observed X-ray luminosities are considerably larger than the

maximum accretion rates expected from a stellar wind darners et al.

1976). Moreover, optical observations of EMC X-l suggest the presence of

an accretion disk in this system (van Paradijs and Zuiderwijk 1977). Hence,

here also beginning Boche-lobe overflow may be taking place - perhaps

mixed with stellar wind accretion (cf. Ziolkowski 1976, Conti 1977).

For these reasons, we have performed detailed calculations in

order to determine the duration of the initial stage of Boche-lobe

overflow for a variety of binary systems. A method is presented which

enables a numerically very accurate determination of the mass transfer

rate by introducing this transfer rate as an extra Henyey unknown. The

corresponding extra Benyey equation is obtained from the relation which

links the mass transfer rate with the excess of the stellar radius

bey end the Roche lobe radius. The latter relation is a refinement of the

expression derived by Jedrzejec (1969).

In chapter 2 we will put forward some refined considerations con-

cerning Roche-lobe overflow and outline our computational method of

binary evolution (sections 2.1, 2.2). The effects of non-synchronous

(slow) rotation of the contact star as suggested by Pratt and Strittmatter

(1976) will be discussed in section (2.3). In section (2.3.4) we give

the expressions for the re-synJhronization timescale corresponding to

different frictional effects in the envelope of the contact star, as

used in our evolutionary calculations. The resulting X-ray lifetimes and

calculated curves of M versus time since the onset of Roche-lobe overflow

for the various systems studied, are presented in chapter 3. These

results are compared with the observational data on X-ray binaries. In
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chapter 4 we compare the observed spin-up rates of Her X-l and Cen X-3

with the rates predicted on the basis of our computations of beginning

Roche-lobe overflow mass transfer. The agreement appears to be surprising-

ly good. The details of our computational method are presented in

appendices I to III.

2. REFINED CONSIDERATIONS CONCERNING ROCHE-LOBE OVERFLOW

2.1. General assumptions

We have abandoned some of the assumptions usually made in the

computations of binary evolution, such as synchronous rotation of the

primary (contact star) during mass transfer, negligible spin angular

momentum of the primary and conservation of mass and angular momentum

of the system. A further, most important refinement is the treatment

of the outer boundary condition of the contact star. This treatment,

which forms the key part of this investigation, is described in section

(2.2) and appendices I, II. The following general assumptions have been

retained in our calculations:

1. Roche approximation of the gravitational field, i.e. the gravitational

field of the system is approximated by that of two point masses. This

is certainly a good approximation for the compact component, but also

normal stars are sufficiently centrally condensed for this to be a

good approximation.

2. Circular orbits. For most observed X-ray binaries this is a very good

approximation.

3. Rigid rotation of the normal star component. Probably this is the most

controversial assumption, but very little is known about differential

rotation and redistribution of angular momentum in stars (e.g. James and

Kahn 1970, 1971).

1) We will use this term loosely, i.e. also when the contact star is not
3 0 corotatlng with the orbital revolution.
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4. The contact star is assumed to be in hydrostatic equilibrium. This

is a very good approximation except in the small region near the

neutral point.

5. Synchronous rotation of the primary when it reaches its critical lobe.

For the close binary systems studied here, tidal synchronization is

efficient enough to erase any initial non-synchronity between the

primary's rotation and the orbital motion during the past evolution

of the binary. This may not be true for systems in which the primary

is in a stage of rapid envelope expansion as is the case during the

shell hydrogen burning stage (case B of mass transfer).

6. Negligible rotational momentum of the compact neutron star. The angular

momentum stored in the rotation of the neutron star is extremely small

compared to the remaining angular momenta in the system, since a

neutron star has a very small moment of inertia.

7. Negligible angular momentum of an accretion disk around the compact

star. The masses of accretion disks are thought to be so small (< 10~6M_)

that this seems a reasonable assumption (Novikov and Thome 1974).

Very little is known of the structure and time-evolution of accretion

disks. We will therefore study the effect of a decrease of the orbital

angular momentum during mass transfer in a somewhat ad hoc way (section

3.5.3). \

2.2. Outer boundary conditions of the contact star

For reasons of computer economics the binary evolution code

as usual, with one dimensional spherically symmetric stellar models. Irf

order to compare the size of the contact star with that of the non-

spherical critical lobe one usually defines a critical radius R ,

which is the radius of a sphere with the same volume as the lobe.

In computations of binary evolution with mass exchange one
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determines the mass transfer rate ft from the relation between the radius

of the contact star R and the radius of the critical lobe R .

* c
Usually one simply demands equality of these two radii, i.e. R = R ,

during the stage of mass transfer in the binary system ( see, e.g.

Kippenhahn and Weigert 1967, Paczynski 1971).

In this investigation we intend to follow the beginning of Roche-

lobe overflow in detail, so that we are interested in the precise time

development of the mass transfer. In order to enable such refined

calculations, the single star evolution code as described by Savonije

and Takens (1976) was extended to include mass transfer in semi-detached

binary systems. With this adjusted code it is possible to calculate

evolutionary sequences with mass transfer, for which each individual

model of the contact component satisfies the imposed outer boundary

conditions to a high degree of accuracy. The special way by which this

is achieved is described in appendix II.

The outer boundary conditions themselves wexe also refined by

v c

replacing the simplified condition R = R by a physically more rea-

listic relation, as follows. In a steady state situation the outward

mass flow due to the evolutionary expansion is balanced by the hori-

zontal mass flow, that is the flow along the surface of the contact

star toward the region around the neutral point, where it can escape

from the star. For a given expansion rate of the envelope, the

efficiency of this horizontal flow determines the amount by which R

exceeds R , as well as the mass transfer rate A towards the companion.
9 C

Obviously, the condition R = R corresponds to an idealized,

infinitely efficient horizontal flow. In order to obtain a more

realistic boundary condition, we have estimated the mass flux density

pv of this horizontal flow in the vicinity of the neutal point
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by vising Bernoulli's theorem and some results obtained by Lubov and

Shu (1975). Following Jedrzejec (Paczynski and Sienkiewicz 1972) the

thus derived expression for pv is then integrated over the cross-

section of the flow in the vicinity of the neutral point. In this way

an analytical expression is obtained (A10) which relates the rate of

mass transfer A to the excess of the contact star's radius AF = R - R1".

A consistent determination of the mass transfer rate A, however,

demands the inclusion of its feed back on the envelope expansion rate

of the contact star. This feed back arises because the mass outflow in

the envelope (determined by the radius excess AR) on its turn affects

the thermal structure of the contact star and thus AR. The full coupling

between R ,R and ft can be taken into account by introducing A as an

extra Henyey unknown, to be solved iteratively. The corresponding extra

equation follows from the Roche constraint on the contact star:

(1 - n) R* - RC = 0 (3)

Such a generalized boundary condition (one usually puts n=0) follows

from the simplified hydrodynamical treatment of Roche-lobe overflow and

allows the contact star to be slightly bigger than its critical lobe.

For a given binary system the relative radius excess n = AR/R is essen-

tially determined by the mass transfer rate A. Its value is calculated

from expression (A 12a) . it appears that the iterative corrections to

n can be determined completely from the iterative corrections to the

three Henyey unknowns L, T and A (see appendices I to III), where L

and T are the surface luminosity and surface temperature of the contact

star, respectively.

By coupling the generalized condition (3) to the normal single star
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boundary conditions, in a way described in detail in appendix II,

ft is determined self-consistently during the Henyey iterative cycle.

That is, from the corrected values of the three Henyey unknowns L ,

T* and ft obtained after each Henyey iteration, we recalculate n, R and

R° for the next iteration: we iterate until all structure equations

- including equation (3) - are satisfied to within a prescribed

accuracy. In this way all structural variables, including the mass

transfer rate ft, are determined within a few Henyey iterations.

2.3. Effects of non-synchronous slow rotation on the mass transfer rate

2.3.1. Pratt an<i

In order to explain the (low) accretion rate of Her X-l

(ft = 10~9 M^yr"1) in terms of Roche-lobe overflow, Pratt and

Strittmatter (1976) - herein after termed PS - suggested that the

usual assumption of synchronism between the orbital and rotational

motion of the contact star during mass exchange should be abandoned.

They argued that the contact component spins down during mass exchange,

since the matter ejected near the gravitational saddle point carries

a relatively high specific rotational angular momentum. It is

implicitely assumed that the gas is essentially corotating with the

contact star when it flows through the neutral point region. This seems

to be a reasonable approximation at the onset of Roche-lobe overflow,

when deviations from synchronous rotation are small.

PS considered binary systems having a primary of 1.5 H and

secondaries of either 0.5 M or 1 H ; the orbital periods were taken

smaller than -v 077. Such systems undergo Roche-lobe overflow when the

primary is still burning hydrogen in its core (case A mass transfer).

By taking the spin-down of the contact star into account in the

evolutionary calculations, PS found that the mass transfer proceeds
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very slowly, on roughly a nuclear timescale, in contrast to the

"classical" results for which the timescale of mass transfer is roughly

the Kelvin-Helmholtz timescale of the star (cf. Paczynski 1971). This

seems a promising result, but it does not apply to the binary HZ Her/

/Her X-l, because this system has a longer binary period of 1.7

(Avni and Bahcall 1975). Such a longer binary period implies a larger

orbital separation and hence a wider Roche lobe around HZ Her. According

to evolutionary calculations for such a wider system, the Roche-lobe

overflow can only begin during the envelope expansion stage after the

exhaustion of hydrogen in the core (case B of mass transfer). We will

therefore consider how PS1 results are modified when we have case B

of mass transfer instead of case A (section 2.3.2).

The stabilizing influence on the process of mass transfer due to

the spin-down of the contact star in binary systems results from two

effects, i.e., from the decrease of the centrifugal acceleration near

the stellar surface and from the conversion of the contact star's

rotational momentum into orbital angular momentum (an unknown fraction

of the transferred angular momentum may be stored in an accretion disk

or may be lost from the system). Calculations show that (for mass ratios

M2/M > 0.2) these two effects in general cause the primary's critical

lobe to expand slightly during the beginning of the mass transfer

stage. Obviously, the stabilizing effect will finally disappear when

most of the primary's rotational momentum has been lost. However, in

section 2.3.3 we will see that due to dynamical effects in the moving

tidal bulge the stabilizing influence disappears long before that (and

may even rather soon turn into its opposite).

2.3.2. Th£ timescale_ for slpw_mass_ transfer_due_to_ noii-syiichronous_ rotation_

Without spin-down the cr i t i ca l lobe of the primary would shrink when
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mass is transferred. In general, a contact star with a radiative envelope

can shrink at practically the same rate as its critical lobe by rapidly

transferring all overflowing matter to the companion. This is a self-

accelerating process and the star will lose practically its complete

envelope on roughly a Kelvin-Helmholtz timescale as mentioned before. This

thermal runaway stage is followed by a second, slow phase of mass transfer

during which the critical lobe widens again (the widening being due to

the reversal of the mass ratio). The increase of the critical lobe in case

the PS-mechanism is taken into account invokes a situation rather similar

to this second stage of slow mass transfer. When the critical lobe in-

creases in size when mass is exchanged, the mass transfer will no longer

be self-accelerating, but is maintained by the continuous expansion of the

stellar envelope caused by the evolutionary changes in the internal

structure of the star.

Hence, by taking into account the spin-down of the contact star, the

initial mass transfer will roughly proceed on the timescale of free

envelope expansion. Consequently, the initial slow transfer either pro-

ceeds on relatively long timescale related to the nuclear timescale of core

hydrogen burning (case A of mass transfer), or - when the star is in the

shell hydrogen burning stage of evolution - the initial mass transfer will

take place on a (much shorter) timescale related to the thermal timescale

of the contracting helium core (case B of mass transfer).

2.3.3. Altlcal^surfaces, ofjaOT2syjic^on_ously_r£tatin£ binary components

a. General equations.

Pratt and Strittmatter (1976) used an expression for the size of

the critical lobe, which is based on the approximation that the effective

gravitational potential in the binary system can be regarded as

independent of time. However, this approximation is valid only if the

deviations from synchronism are small as will be discussed below.
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: Various authors have derived approximate expressions for the

•j equipotential surfaces of non-synchronously rotating stars in binary
%
e systems (cf. Plavec 1958, Limber 1963). We wi l l briefly recapitulate
£ ' • • •

f--' these results in orf" ?r to clarify the inherent approximations.

• Consider a close binary which has as components a normal star of

• mass M. and a compact star of mass M_. Suppose that the two stars

?V revolve about their common center of mass along circular orbits

•( with constant angular velocity ft. Introduce a Cartesian coordinate

)i. system (£, n, z.) which is at rest in a reference frame corotating with

If. the normal star at constant angular velocity oi. It is assumed that

l| a) // Q. The center of our coordinate system is taken at the center of

I mass of star M., while its positive C-axis is directed along in. We

f: can now express the equation of motion for matter in the binary system

'&'"
ft as (cf. Kruszewski 1966):

where the effective gravitational potential iji i s given by:

GM, GH. aq ,

In equation (2) r. and r_ are the distances from the two stellar centers

to the point r under consideration, a is the distance between these two

M,
stellar centers, q = — and r o is the projection of r onto the plane C = 0.

M2 a

If the normal star rotates uniformly and synchronously (below break-up

velocity) the left-hand side of equation (1) is zero for all mass

elements belonging to this star. Under these circumstances equation (1)

becomes VP = p Vi|i, which is the equation of hydrostatic equilibrium.

Suppose that star M. expands beyond the particular equipotential

surface on which the neutral point r c = (£,,0,0) is situated. This neutral

point is defined by the condition that the local effective gravity
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is zero, i.e. (Vi|»)-»- = 0 . In that case the right-hand side of
c

equation (1) is no longer zero. The resulting unbalanced pressure

gradient near r will push the gas through the gravitational saddle

point towards the detached component. Since the ejected mass carries a

high specific rotational momentum the contact star will spin down

(PS1 mechanism) and will no longer rotate synchronously with the

orbiting neutron star. This makes the potential i|> time-dependent (the

neutron star moves with respect to our (S,n,O system) and the tidal

bulge begins to rotate along the surface of the primary. In principle,

the star is able to adjust its shape to the instantaneous hydrostatic

equilibrium configuration, since the period of free adiabatic pulsations

of a star is always shorter than the orbital period of a companion.

b. The "first approximation".

However, the dynamical effects of the resulting shape-adjusting motions

become increasingly important when the primary continues to slow down.

The latter effect was neglected by PS (1976), i.e., they assumed that

the terms on the left-hand side of equation (1) were small compared to

those on the right-hand side. Following Limber (1963) we will call

this the "first approximation". Limber made a detailed study of the

inherent inconsistency of this approximation. According to this

approximation the critical lobe is given by the limiting surface

i|i = i|i (rc>. The mass transfer will start as soon as the star expands

beyond this critical surface, as shown above. However, i/hen the primary's

rotation slows down,the tidal oscillations at its surface become more and

more violent; then at a certain moment, mass elements will be ejected

even from points inside the critical lobe ij» = i|i(r )• Kruszewki (1966)

derived an expression for the critical surface at which matter is still

just bound to the star. Obviously, this (closed) critical surface

coincides with i|i = i|i(r ) only when u = il and it lies inside the surface

i|» = iMr ) as soon as (tu/ft) becomes smaller than unity. The problem is
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that mass elements which are ejected from points just outside this

crit ical equilibrium surface are recaptured by the contact star

(Kruszewski 1966). This is due to the time variation of ty during the

ejection. The actual limiting surface, from which matter is really

ejected, will thus be situated somewhere between the two above mentioned

critical surfaces.

Thus, when the "first approximation" brakes down it seems only

possible to calculate the mass transfer rate with a time-dependent

numerical hydrodynamical code. This in order to follow the motion of

ejected mass elements in detail. Of course, such a procedure heavily

complicates the evolutionary computations and would require very large

computer facilities. For these reasons we have restricted ourselves

to applying the "first approximation" in our computations. Limber (1963)

derived a condition that allows us to check whether the first approximation

is still reliable. We have used this criterion in our calculations

(section 3.2).

c. Validity of the "first approximation".

It is expected that the "first approximation" is valid only for

values of (ai/fl) that are close to unity. For the type of binaries

studied here, the phase velocity of the tidal bulge exceeds the sound

velocity at the stellar surface already when (b)/Q) decreases below a

value of about 0.9. Hence, in that case the neutral point rotates at

super-sonic velocities with respect to our corotating (£,n,C)-system and

the simple hydrodynamical analysis of appendix I as well as the "first

approximation" will certainly have become invalid. For such a deviation

from synchronous rotation the tidal oscillations become so violent that

the non-synchronism is expected to result in a very large mass transfer

rate. However, it is possible that in close binaries the ejected but

recaptured mass elements can efficiently re-synchronize the contact star,
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thus preventing appreciable deviations from synchronism. Besides, we

know that tidal torques in close binaries also tend to re-synchronize

the contact star.

Our calculations show that the "first approximation" is valid only

during the very beginning of Roche-lobe overflow, when (w/B) has not

yet decreased below a value of 0.99. In the next section we will consider

the re-synchronizing effect of tidal torques on the contact star.

2.3.4. Re2syjj£hronization_of_ the_ contact star_-_effects_of_ tidal^ irictioj|_

The fractional damping in the surface layers of the contact

star will force the tidal bulge to lag behind the orbital motion of

the neutron star. If this phase shift can be determined, it is easy

to calculate the resulting tidal torque and synchronization rate.

According to present opinions, the following frictional mechanisms

are important in close binaries:

a) Eddy viscosity. Stars with deep convective envelopes (like the sun) are

expected to be synchronized very efficiently by turbulent friction in

the envelope (Zahn 1966). The estimated timescale for synchronization is:

T = _ J f!tSf\^-i fe\6 sec (4,
s 6 qZ k 2 \ L ) MR? \R) s e c (4)

M

where q = „ , k_ is the apsidal motion constant of the primary, I is

the moment of inertia of the primary, a is the orbital separation and

the other variables refer to the radius and luminosity of the primary.

The synchronization timescale given by equation (4) is so short that

the PS-mechanism is not effective when the primary has a deep convective

envelope.

b) Radiative damping of the dynamical tide. Stars with convective cores

and radiative envelopes can be efficiently synchronized during the

early phases of core hydrogen burning, when the convective cores have
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large dimensions (Zahn 1976). The rotating gravitational field of the

orbiting companion gives rise to resonances of the free gravity-modes,

yielding a "dynamical tide", which is phase-shifted due to radiative

losses ar the stellar surface. The efficiency of this process depends

very sensitively on the value of the fractional radius of the convective

core. Ce1 alations show that for none of the systems studied here this

process can compete with the spin-down due to the mass exchange. (For

mass exchange according to case B, this mechanism is irrelevant as the

primary has no convective core at all in that case.)

c) Shear-turbu ent viscosity. Press et al. (1975) and Lecar et al. (1976)

have suggested that even fully radiative stars in close binaries can be

synchronized quite efficiently. The fluid shear in the tidal flow

corresponds to a Reynolds number much beyond the critical value so that

a large region of fully developed turbulence may be generated. However,

serious doubts on the occurrence of this kind of turbulence have been

put forward by Zahn (1976) and Seguin (1976) . Seguin, who performed a

linear stability analysis of the tidal flow finds that the growth rate

of small (linear) instabilities is much smaller than typical tidal

frequencies in a close binary, so that the turbulent instabilities will

not grow to fully developed turbulence. This will be especially the

case when deviations from synchronous rotation are still very small,

such as during the initial stage of Roche-lobe overflow. Yet, we have

included this mechanism in our calculations in order to study the effect

of an efficient (hypothetically) re-synchronizing mechanism.

Press et al. assumed that the eddy turnover time is small enough

to result in a turbulent region of the same dimensions as the star. If

this region would be confined to the outer layers of the star, T in

equation (5) should be increased by the square of the length reduction

factor. The synchronization timescale given by Press et al. is:
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-_ ,— _, »—t 4 ~J

where R_ is the effective Reynolds number of the tidal flow (assumed

to be 20) and K is a structural constant defined by Press et al.

Depending on the envelope structure of the contact star either expression

(4) or (5) can be included in the equations which govern the variations

of the orbital parameters during mass exchange. This is worked out in

appendix III.

2.4. Input Physics for the evolutionary code

Apart from the adjustments necessary to treat the occurrence of Roche-

lobe overflow, the evolutionary code is identical to that described

by Savonije and Takens (1976). This code is a revised version of Pac-

zynski's evolutionary code (eg. Paczynski 1970) and uses the same

equation of state for the stellar matter.

Throughout the calculations the Cox-Stewart radiative opacities

are applied. The nuclear reaction rates were calculated from the ex-

pressions presented by Fowler et al. (1975). The ZAMS chemical com-

position was adopted as X = 0.70, Z = 0.03. it was assumed that the

equilibrium abundance of 14N during hydrogen burning was always equal

to 0.015. The mixing length was adopted to be one pressure scale height.
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3. RESULTS

3.1. Calculated rates of mass transfer

With the above described program we have followed the phase of

beginning Roche-lobe overflow in binary systems with primaries in the

mass range 1.5 H g - 20 H g and with either a 1 M or 1.5 M secondary

(which is considered to be a neutron star). In order to study both

case A and case B of mass transfer, for each system at least two different

orbital periods were adopted. For all these systems the time development

of the mass transfer (Roche-lobe overflow) was calculated under various

assumptions regarding the exchange of angular momentum in the binary

and the hydrodynamics of the flow. For all systems the initial chemical

composition was taken to be X = 0.70 and Z = 0.03.

The results are shown in figures 1 to 11. The solid curves refer to

the calculations in which the hydrodynamics are taken into account, while

the dotted curves (fig. 5 and 6) are obtained when the condition R* = R C

is applied. In the figures the various underlying assumptions concerning

exchange of angular momentum are indicated by different symbols, as follows:

S - "classical" case in which the primary is assumed to rotate syn-

chronously with the orbital motion throughout the mass exchange

phase. The orbital angular momentum and the mass of the system are

conserved (the rotational angular momenta of the components are

neglected). These are the so-called "conservative assumptions"

generally used in calculations of close binary evolution (cf. :

Paczynski 1971).

s*_ "non-synchronous" treatment; however, due to the assumed very short

re-synchronization timescale (e.g. in case expression (4) applies)

the contact star remains in synchronous rotation. This case differs

from assumptions S as it is not assumed here that the rotational

angular momentum of the contact star is negligible. Hence, when the

binary period decreases, orbital momentum is converted into rotational
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momentum of the contact star, causing a more rapid shrinking of the

Roche lobe than in case S.

N - non-synchronous case considered by Pratt and Strittmatter. No

tidal re-synchronization is taken into account; here it is assumed

that the rotational angular momentum lost by the contact star is

directly converted into orbital angular momentum.

Nl - like N, but in this case the spin-up of the contact star due to

tidal torques is taken into account according to the expression for

the synchronization timescale as given by equation (5). As discussed

in section (2.3.3) it is doubtful whether such a strong tidal

torque will occur in stars with radiative envelopes.

N2 - in this case it is assumed hypothetically that only the outer

layers (with a thickness of a times the stellar radius R ) become

turbulent due to the sheared tidal flow at the surface. Hence,

expression (5) for the tidal synchronization timescale is multiplied

by the factor o~2 (Press et al. 1975), where a = (£ - R*)/(£jR*)

(£ is defined in section 2.3.3).

L - in this case it is assumed ad hoc that half of the transferred mass

leaves the system immediately, carrying a specific angular momentum

of twice the specific orbital angular momentum of the neutron star.

Obviously, the curves corresponding to assumptions N and S are the

two limiting cases for the development of the real mass transfer rate.

The region where the accretion rates are expected to become rapid

enough to suffocate the X-ray source is expected to begin somewhere

between the dashed horizontal lines in the figures. The lower dashed

line corresponds to the Eddington critical luminosity. Assuming that the

X-ray luminosity is given by L = 0.1 c2 ft (cf. Zel'dovich and Novikov

X aCC

1971) the corresponding critical accretion rate is
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fl_,- = 1.5 x 10"8 M MVyear (6)

Edd x &* VD|

where M is the mass of the accreting object in solar units (Davidson

and Ostriker 1973, Shakura and Sunyaev 1973). However, for a magnetized

neutron star, the accretion is not likely to be spherically symmetric

as is assumed in the derivation of expression (6). This will presumably

increase the critical accretion rate, but probably not by more than a \

factor of ^ 3 (Bees 1974; Thome 1974; Basko and Sunyaev 1976). This

increased critical rate (3 xfi_--) corresponds to the upper dashed line

in the figures.

3.2. X-ray lifetimes and validity of the "first approximation"

Consider the curves in the figures (fl vs. time since the onset of

Roche-lobe overflow) which correspond to calculations including the

slow-down of the contact star during mass exchange (N). An arrow mark

on such a curve-indicates the point where the "first approximation"

- as mentioned in section (2.3.3) - becomes no longer justified. In order

to find these points, the expression A(u;ft) derived by Limber (1963)

was calculated for each evolutionary model; the arrow mark corresponds

to A(y;fl) = 10~2 which is the limit beyond which - according to Limber -

the "first approximation" breaks down. It was found that this value of

A was in general exceeded already for values of (u/ft) below 0.99, i.e.

for a very small deviation from synchronous rotation. For the X-ray

lifetime T of a binary system (containing a compact star) we have taken

the time-interval between the onset of Roche-lobe overflow and the

instant at which either the mass transfer rate exceeds three times the

Eddington critical accretion rate, or at which A(u;ft) becomes larger

than 10~2. That is, we have simply assumed that when A > 10~z the tidal

oscillations induce such a large mass ejection rate from the surface of

the contact star that the critical accretion rate of the neutron star
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Table 1.

Typical X-ray lifetimes expected for close binary systems under-

going Roche-lobe overflow (Case A and Case B) from a primary of mass

M. onto a compact companion of mass tL.

1.5

2

4

8

16

20

VM0

1

1

1

1

1

1.5

CASE A

p
> 10 yrs

2xlO6 yrs

3xl05 yrs

4xlO4 yrs

104 yrs

5xlO3 yrs

CASE B

2
< 10 yrs

105 yrs

4x10 yrs

103 yrs

< 102 yrs

< 102 yrs
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is immediately exceeded. This is presumably too pessimistic an estimate,

but without detailed hydrodynamical calculations - which are probably

beyond present possibilities - no better estimate is feasible. Hence,

it is very well possible that in reality when A becomes larger than 10~2

the mass transfer rate deviates much less from the drawn curves than we

assumed here; our definition for T will thus tend to yield a lower limit

to the X-ray lifetime of the systems. It follows from the computations

that to our order of approximation the relatively j.hort time interval

during which the X-ray source is still weak (-A < 10":l M /yr) can be

neglected. The X-ray lifetimes T derived from our calculations, which

included a hydrodynamical treatment of the overflow and the spin-down

of the contact star due to the PS-Lfichanism, are given in table 1.

We now give a brief description of the tine development of fl for

different values of the mass of the normal (contact) companion of the

X-ray source.

3.3. Low-mass X-ray binaries (t^ < 2 H )

3.3.1. Primary^ of_1^5_M

Case A. Figure 1 shows the time development of the mass transfer

rate in a binary system with initial values M = 1.5 M , H 2 = 1 MQ and

P. =. 0.68 days. Only synchronous rotation of the primary is considered,

as main-sequence stars up to a mass of about 1.5 M are expected to

have deep convective envelopes. In such envelopes the resulting eddy

viscosity (section 2.3.4) is thought to yield synchronization times that are

short with respect to the mass transfer timescale, so that no deviations

from synchronous rotation will occur. Our calculations show that even

for a synchronously rotating contact star the transfer rate never

exceeds 4 * 10~8 Meyr~
1 and passes its maximum approximately
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Table 2.

Evolution of a low-mass binary with Initial parameters M.=1.5 M , M = 1 M and P = 0.68 days.

It is assumed that the tidal torque on the contact star (M.) is efficient enough to keep this

star in synchronous rotation during mass exchange (assumption S ). X is the hydrogen abundance

(mass fraction), AL is the energy absorption rate in the primary's envelope, L is the lumin-

osity (in the same units) at the core boundary. Time is measured from the onset of Roche-lobe

overflow in the system. All stellar parameters refer to the primary component.

t/107(yrs)

0.

0.49

0.64

0.82

1.05

1.48

3.57

8.83

-fl(Mffl/yr)

0.

3.2xl0"8

3.9xl0"8

3.2xl0"8

2.0X10"8

7.8xlO~9

3.5X10"10

1.7X1O"10

VM0

1.500

1.450

1.395

1.330

1.271

1.217

1.180

1.175

X

.3346

.3328

.3322

.3315

.3308

.3297

.3244

.3097

1.820

1.736

1.660

1.592

1.547

1.519

1.507

1.506

-AL/L
c

<10"3

0.21

0.22

0.21

0.16

0.07

5xl0"3

< 1 0 " 3

Pb(days)

0.677

0.646

0.621

0.603

0.595

0.596

0.601

0.602

10log T e £

3.826

3.804

3.792

3.783

3.777

3.772

3.769

3.767

"bol

2.805

3.121

3.341

3.523

3.648

3.735

3.786

3.808
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6 x 106 years after the onset of overflow. (Hereafter time will be

measured from the onset of mass transfer.) After 1.2 x10 7 years the

orbital separation of the binary components begins again to increase; at

that time the masses of the two components have passed the point of

equality. Especially during the first stage of mass transfer the computed

relative radius excess n (expression Al2a) appears to be small for this low-

mass system. Therefore the contact star is forced to adhere to the Roche

geometry and starts to shrink immediately after the onset of mass

transfer. Table 2 shows that after approximately 9 x io7 years the contact

star is still shrinking at a very low rate (the orbital separation,

however, increased again from its minimal value of 4.037 R to 4.064 R ) .

During the slow mass exchange the envelope of the contact star is again

near thermal equilibrium (L - L ) since the size of the Roche lobe

stays nearly constant. This slow mass exchange can be maintained during

quite a long time (a few times 109 years). The computations were

terminated, however, after about 108 years.

The calculations were performed under the assumption that all

transferred matter is accreted onto the neutron star. Thermonuclear

burning of this accreted hydrogen-rich material in thin shells near the

surface of the neutron star is expected to give rise to thermal pulses

on timescales ranging from milliseconds to months, depending on the

neutron star model (Hansen and Van Horn 1975).

It is interesting to compare our results with those obtained by

PS for a 1.5 M non-synchronously (slow) rotating contact star in a

system similar to the one studied here. Our computations show that

even for a synchronously rotating contact star the system can be a

bright X-ray source for more than 108 years.

Case B. For longer binary periods the primary will expand and

evolve towards the cooler regions on the H-R diagram before the Roche
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., lobe is filled. In that case the primary can develop a deep convective

• envelope which is expected to result in a violent mass exchange phase

I (Paczynski et al. 19G9). We have calculated the initial phase of Roche-

|* lobe overflow from a 1.5 M primary in such a system. The initial mass

I of the secondary and the initial binary period P were adopted as

':•' 1 M-, and 1.7 days, respectively. This period corresponds to that of the

s X-ray binary HZ Her/Her X-l. The primary of this system, however, is

probably slightly more massive (̂  2 M ).

|t The resulting time development of the mass transfer rate in the

I-
1; system is shown in Figure 2. This result should not be taken too

§'
|; literally, since the polytropic approximation of the outer (non-adiabatic)

I
:' convective envelope is rather poor (see appendix I ) . The general con-

I elusion, however, that systems in which the more massive contact star

'•'/: has a deep convective envelope will have short X-ray lifetimes seems to

81'

if be justified. According to our calculations the mass transfer rate

i! increases in 100 years from 10"11 Mjyr"1 to approximately 10~7 M.yr"1.

| Inter alia, it should be noted that for binary periods long enough

t
' stars with masses even up to about 9 M,_ will develop deep convective
"' envelopes before filling their Roche lobes.

3.3.2. Primary, of_2_M

Case A. Figure 3 shows the results of our computation for a system

with initial parameters M = 2 M , M = 1 M and P = 0.6 days. Assumingf
that no significant tidal torque is acting on the contact component

(assumptions N) the rate of mass transfer appears to be very small. The

"first approximation" becomes invalid after approximately 2 x10 6 yrs.

At that time the rate of mass transfer is still less than 2.5 x10~ 1 0

M o y r * O u r calculations show that even in the synchronous case the

X-ray lifetime will be longer than 5 x 10s years.
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Table 3.

Some characteristics of the contact component with initial mass M = 2 M undergoing Roche-lobe overflow

onto a compact secondary of mass M = 1 M_ in a binary with initial period P.= 1.7 days ( assumption N2).

n is the effective polytropic index of the outer envelope which contains 3 % of the primary's mass; S .

and S_. are the non-dimensional specific entropies of the gas (S= lntT^/p)) at the photosphere and at the

bottom of the outer envelope, respectively; SI is the orbital angular velocity; u is the spin angular velocity;

-2 • c
for A >, 10 the "first approximation" becomes invalid (see text); R and R are the effective radii of the

primary and the critical lobe, respectively. Time is measured from the onset of Roche-lobe overflow.

t/103(yrs) -fi(M_/yr) afit °phot
l - Tef "bol

.049

.281

.468

.797

1.039

1.385

1.767

2.114

ID"11

1.9xlO"9

2.0xl0"9

2.4xl0"9

2.8X10"9

3.4xlO-9

4.4X10"9

5.6xlO"9

2.301

2.300

2.300

2.299

2.298

2.298

2.297

2.296

25.522

25.523

25.523

25.523

25.524

25.525

25.525

25.526

30.092

30.088

30.086

30.083

30.080

30.076

30.072

30.067

3.7900

3.7908

3.7918

3.7934

3.7947

3.7966

3.7987

3.8005

3.7899

3.7908

3.7917

3.7934

3.7947

3.7965

3.7986

3.8004

1.6xl0'4

2.0xl0'3

3.6xl0"3

6.6xlO"3

8.9X10"3

1.3xl0"2

1.7xl0"2

2.1xl0"2

1.7xlO~4

2.1xl0"3

3.8X10"3

6.9xl0"3

9.4xlO-3

1.3xl0"2

1.8xl0-2

2.2xl0-2

3.8283

3.8281

3.8280

3.8278

3.8276

3.8274

3.8272

3.8269

1.187

1.188

1.189

1.190

1.191

1.192

1.193

1.195
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- Case B (Her X-l). The results for a system with the same initial

masses but with a binary period of 1.7 days are shown in Figure 4.

• Such a system resembles closely the X-ray binary HZ Her/Her X-l. In

t spite of its large distance from the galactic plane, HZ Her is probably

'<' a normal population I object (cf. van den Heuvel 1976) so that the

;:• initial ZAMS chemical composition used here is presumably adequate. The

| X-ray lifetime of this binary is expected to be around 105 years, a

I: value much shorter than found by PS. This was already expected from the

:i fact that this binary exchanges mass according to case B instead of

M case A (section 2.3.2)

I The effective temperature of the primary star (neglecting heating

| by X-rays) is about 6800 K, which would indicate the existence of
%
• convection in the outer layers (Baker 1973). This result, however, is
I
| rather marginal as for a slight increase of the effective temperature
IS (up to ̂  7200 K) the convection disappears. The existence of convection

II
f| in the envelope is crucial for the magnitude of the tidal torques on

;/ HZ Her. Probably there will be some tidal re-synchronization of the

| primary during the mass exchange.

In chapter (4) we will show that the results obtained under

•';. assumptions N2 (i.e. some turbulent friction in the outer layers) are

i consistent with the observed spin-up rate of the X-ray pulsar. In

% Table 3 we have listed some details of uhe structural changes of the

contact star's envelope during the mass exchange (N2).

I Note, that our refined treatment of the outer boundary condition

I (appendix I) shows that in this case the stellar radius and critical

I radius are practically equal during the mass exchange. This is not

j true for the more massive primaries, as will be discussed in sections
' (3.4) and (3.5).
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3.3.3. £c«5>arison_with

Our calculations indicate that one expects considerable X-ray

lifetimes for the low-mass X-ray binaries which seems to contrast

the small number of presently observed low-mass systems. This supports

the suggestion by Van den Heuvel (1976) that low-mass X-ray binaries most

probably have followed a very rare type of evolution, e.g. that a super-

nova explosion in a low-mass binary is very likely to disrupt such a

system. He are able, however, to understand the absence of low-mass

X-ray binaries in which the primary has developed a deep convective

envelope - i.e. is a subgiant or a giant. The calculations predict a

negligible X-ray lifetime for this type of systems.

To some extent the number of observed low-mass X-ray binaries may

be influenced by selection effects. It seems less difficult to optically

identify an X-ray source which has an intrinsically bright massive

companion, than one with a faint dwarf star companion.

3.4. Moderately massive X-ray binaries (2 < H1/Mo < 10)

For a main-sequence primary with a mass in excess of 1.5 H no

appreciable convection in the envelope is expected; for such a star the

assumptions N or N2 are probably the most realistic ones, i.e. one does

not expect a strong tidal re-synchronization during the initial stage

of overflow (section 2.3.4).

3.4.1. Primary of 4 M

Case A. The results for a system with initial parameters Mj = 4 MQ,

M- = 1.5 1* and P. = 1 day are shown in Figure 5. X-ray lifetimes of

several times 105 yrs are expected for such a binary. The results for

the case that the hydrodynamics of the overflow is neglected (i.e.,

if the the simplified condition R* = RC is applied) are also shown

in Figure 5 (dotted curves). When the hydrodynamics is taken into
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Table 4.

Some characteristics of the contact component with initial mass M = 4 M undergoing Roche-lobe overflow

onto a compact secondary of mass H = 1.5 M. in a binary with initial period P = 1 day (assumption N ) .

x 0 o
See subscript of table 3 for explanation of used symbols.

t/106 (yrs) -fl(MVyr) "fit Sphot Tef "bol

.015
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account the curves (log -ft vs. time) are shifted to the right over

about 2 x 105 yrs and much larger X-ray lifetimes result. Contrary to our

results for the (lower-mass) system similar to Her X-l (section 3.3.2)

the radius excess n is no longer negligible, as is shown in Table 4.

Case B. We also followed the initial mass transfer in a system

with initial parameters M. = 4 M , M = 1 M and P. = 1.7 days. Such a

longer binary period results in a X-ray lifetime of about 5 x 101* yrs

(Figure 6) which is much shorter than for case A. For still longer

binary periods the X-ray lifetime appears to be even shorter. This is

due to the increase of the envelope expansion rate during the advancing

stages of shell hydrogen burning.

3.4.2. Primary^ £f_8_M

Figure 7 shows the results for a system with initial parameters

M. = 8 M , M_ = 1.0 M and P = 1.5 days (case A ) . For this system the

expected X-ray lifetime: is reduced to approximately 4 x 101* yrs.

When the adopted binary period is 4 days (case B) the mass trans-

fer is very rapid and the expected X-ray lifetime becomes of the order

of 103 yrs (Figure 8).

3.4.3. Comparisoji_with_ observations

Up to now no X-ray binary has been detected for which the mass of

the primary is in the range 2 ^ M i / M
Q £ ***•

 V e t» according to our

calculations, we expect X-ray lifetimes of at least a few times 101* yrs

(i.e., larger than expected for the massive X-ray binaries) if mass

transfer takes place according to case A. Hence, in principle such systems

can exist, provided that their binary periods are sufficiently short,

i.e. £ 1.5 days. Consequently, the usual explanation (see introduction)

for the absence of moderately massive X-ray binaries
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applies only if all binaries with contact secondaries and with primaries

in this mass range have relatively long orbital periods, so that case B

applies (as in this case the expected X-ray lifetimes are very short).

This seems not unlikely, as one expects that the supernova explosion,

which presumably accompanied the creation of the compact object, enlarges

the orbital period. This effect is less important for massive X-ray

binaries (M, > 10 M ) as for the latter binaries a much wider range of

orbital periods corresponds to case A of mass transfer (section 3.5.3)

and as also the relative increase in orbital separation due to the super-

nova explosion is smaller in massive systems (cf. Sutantyo 1974ab).

If this would be the correct explanation for the absence of medium-mass

X-ray binaries, one would need two different formation mechanisms to

explain the existence of the short-period low-mass and of the massive

X-ray binaries. This is quite well possible - as low-mass X-ray binaries

might have formed from cataclysmic variable binaries (cf. Gursky 1976;

Canal and Schatzmann 1976; Van den Heuvel and Savonije 1977; van den Heuvel

1977).

3.5. Massive X-ray binaries (M, > 10 M J

l — ©

Without the more realistic hydrodynamical treatment of the overflow,

Roche-lobe overflow in massive X-ray binaries would quench the X-ray

source within ^ 102 years, even when the PS-mechanism is taken into

account. As mentioned before, the PS-mechanism becomes inefficient for

systems with mass ratio M2/M smaller than about 0.3. This is due to

the fact that for lower initial mass ratios the orbital separation

diminishes more rapidly per unit transferred mass than for higher mass

ratios. This means that the critical lobe no longer tends to widen when

mass is transferred. However, when the basic hydrodynamics of the over-

flow are accounted for, it appears that, initially, the contact star is

allowed to expand - even when the critical lobe is shrinking.
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Table 5.

Some characteristics of the contact component with initial mass M,= 16 M,_ undergoing Roche-lobe overflow
1 IS

onto a compact secondary of mass M = 1 M in a binary with initial period P = 2.09 days (assumption N).

See subscript of Table 3 for the explanation of used symbols.
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In this section we will only discuss - case A of mass transfer

since case B of mass transfer results in very short X-ray lifetimes

(< 100 yrs) i even when the hydrodynamics are taken into account.

3.5.1. Primary of_16_ 1^

First, we consider a system with initial parameters M. = 16 M ,
1 ©

M. = 1 M and a binary period of 1.07 days. Figure 9 shows that the

resulting X-ray lifetime is still of the order of 101* years. For such

a rather short orbital period the Roche lobe is filled by the primary

still being close to the ZAHS (i.e., Xc = 0.5).

Cen X-3. We have also considered a system with the same initial

masses (M, = 16 M , M o = 1 M ), but with a binary period of 2.09 days

(Figure 10). For such a longer binary period hydrogen is nearly

depleted (X - 0.1) when the primary fills its Roche lobe. (However,

see section 3.5.3). Table 5 shows the evolution (from some selected

evolutionary models) of the outer envelope of the contact star. It can

be observed that, in spite of the non-increasing critical radius, the

actual (photospheric) radius of the contact star still increases during

the beginning of Roche-lobe overflow. The structure of the outer

envelope becomes noticeably affected by the mass outflow not before the

transfer rate exceeds "\< 3 x 10~6 MQyr~
1. For still larger mass transfer

rates the star starts to shrink arid follows its shrinking critical lobe.

If we had imposed the usual, artificial, condition that the contact star

should precisely fill its critical lobe, the resulting X-ray lifetime

would have been reduced to less than 100 yrs. Such a short X-ray lifetime

results because when the expanding star reaches its Roche lobe it can

only be made to immediately obey the Roche geometry if its mass loss

rate exceeds -v 10~6-5 Mg/yr. This is much greater than the critical

accretion rate of the neutron star.

In Figure 10 we have also indicated the time development of the
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mass transfer rate in case the classical assumptions S are made (section

3.1). For massive systems, however, it is unlikely that the tidal torque

is strong enough to keep the contact star in synchronous rotation (see

below). One of the classical assumptions (S) is that the orbital angular

momentum of the system is conserved, which results in a less steep

increase of the mass transfer rate as compared to calculation S . The

calculations show that tidal re-synchronization according to expression

(5) is inefficient in keeping the massive contact star in synchronous

rotation during the beginning of Roche-lobe overflow. It appeared that

all curves N, Nl and N2 merge into one single curve, which is labeled

by N in Figure 10. Only the eddy viscosity in a deep convective envelope

might result in re-synchronization timescales of the same order as

the mass transfer timescales of massive primaries. However, it is well

known that massive main-sequence stars are too hot to have such extended

convective envelopes. Hence, we conclude that assumptions N are the most

realistic. Our results indicate that even a massive X-ray binary like

Cen X-3 can be powered by Roche-lobe overflow for a period of the order

of 101* years.

We have also calculated the evolution of a somewhat more massive

system with initial parameters M = 20 M , M_ = 1.5 M and P = 2.09 days.

The results are shown in Figure 11. It can be observed that also in

this case Roche-lobe overflow can power the X-ray source for several

thousands of years.

3.5.2. Can most_of the_ massive^ X_-ray_ bina£ies_be_ £pwered_ b^_Roche^lobe_ overflow?^

(i) enlarged radii due to stellar wind mass loss

Ziolkowski (1976) has pointed out that the longer period binary

systems like SHC X-l will still evolve as case A of mass transfer if one

assumes that the primary has already lost a substantial fraction of its

mass, presumably by a strong stellar wind during the previous main-sequence
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stage. The strong mass loss results in an increased stellar radius. This

can also explain the overluminosity which several of these primaries

seem to show (see also fie Loore et al. 1977). Recent work by Conti (1977)

supports these conclusions: Except for 3U0900-40 all primaries of massive

X-ray binaries appear to be located in the hydrogen-burning part of the

HR diagram, though at much larger luminosities than would normally

correspond to their masses.

(ii) enlarged radii due to revised opacities

Even without any previous mass loss most of the massive X-ray binaries

might evolve as case A, as Stothers and Chin (1977) have shown that the

radii of massive main-sequence stars (M > 10 M ) may became considerably

larger than calculated hitherto. The larger stellar radii result from

the adopted larger radiative opacities near the stellar surface, pre-

dominantly due to an revised treatment of the ionization of CNO elements.

A detailed comparison with the observations is still required to

demonstrate the correctness of this interesting suggestion.

If correct, this will have important implications for the evolution

of massive close binaries, since practically all massive binaries that

were up to now considered to evolve as case B, will instead evolve as

case A. This is especially important for the massive X-ray binaries, as

in case B these are expected to have very short X-ray lifetimes

(;< 102 years). The evolution of massive X-ray binaries according to

case A is in better agreement with the observed (relatively large) number

of these systems, as we expect X-ray lifetimes of about 101* years in that

case.

Table 6 lists some characteristics of the five known massive X-ray

binaries. According to calculations based on Cox-Stewart's radiative

opacities - and without previous mass loss by stellar wind - only Cen X-3

would evolve as case A. Table 7 lists, for several stellar masses, the

values of the stellar radii as calculated by Stothers and Chin at the
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Table 6.

Estimated critical radii of some massive primary components of

X-ray binaries. References: 1) Avni and Bahcall (1975); 2) Bahcall (1975)

3) Van Paradijs et al. (1976); 4) Hutchings et al. (1977).

SOURCE

Cyg X-1

Vela X-1

3U1700-37

SMC X-1

Cen X-3

VMo

15

22

25

15

18

V»e

10

1.7

1.4

1

1

Pfa(days)

5.60

8.95

3.41

3.89

2.09

16

31

18

16

11

Ref.

1.2

3

2

4

1.2

Table 7.

Radii of massive main-sequence stars at the onset of rapid envelope

expansion, according to Stothers and Chin (1977).

S= Schwarzschild criterion; L= Ledoux criterion; Z= metal content;

.a = ratio of mixing length to pressure scale height.
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beginning of the overall contraction stage prior to the end of core

hydrogen burning. Adopting a reasonable value of the metal abundance,

Z = 0.03, we find that all five massive X-ray binaries will evolve as

case A if Carson's opacities are correct.

From the above discussion we conclude that most and perhaps all

of the massive X-ray binaries may be evolving according to case A. Our

computations show that such systems can indeed be powered by Roche-lobe

overflow for periods exceeding several thousands of years. This con-

clusion will be discussed further in chapter 4.

3.5.3. Effects ot_p^s_ and_ ancjular momentuni_loss_ from_the_sy_stem

Loss of mass and angular momentum from a binary system is expected

to influence the X-ray lifetimes appreciably only if the specific

angular momentum of the ejected mass is significantly in excess of the

value assumed in this paper. We performed a number of computations for

which one half of the transferred mass was assumed to be ejected from

the system, carrying a specific angular momentum of twice the specific

orbital angular momentum of the neutron star. The resulting curves

(log (-fl) vs. time) are labeled by the symbol L (Figures 4, 9 and 10).

It can be observed that these curves have approximately the same slope

as the corresponding curves for which the total mass and angular

momentum are conserved. Notice that in the figures the rate of mass

transfer is given and not the accretion rate (these rates are no longer

equal if mass is lost from the system).
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4. EVIDENCE FOR THE OCCURRENCE OF ROCHE-LOBE OVERFLOW IN X-RAV BINARIES

DERIVED FROM THE SPIN-UP RATES OF HER X-l AND CEN X-3.

In the introduction we mentioned observational evidence for the

occurrence of Roche-lobe overflow in several X-ray binaries, notably:

Her X-l, Cen X-3 and SMC X-l. Our calculations of Roche-lobe overflow,

as presented in chapter 3, indicate that X-ray binaries with short

binary periods (Case A) can be powered by Roche-lobe overflow on

timescales comparable to the thermal timescale of the envelope of the

4
primary star- This corresponds to some 10 years for a massive system

like Cen X-3. In the present chapter we will present evidence suggest-

ing that Roche-lobe overflow is indeed taking place in Her X-l and in

Cen X-3. Also SMC X-l seems to be a strong candidate for the occurrence

of Roche-lobe overflow.

4.1 Observed spin-up rates of the X-ray pulsars.

Most of the binary X-ray sources are pulsars, viz.: Her X-l, Cen X-3,

SMC X-l, Vela X-l and X-Per. All X-ray pulsars appear to be spinning up

rapidly, presumably due to the transfer of angular momentum carried by

the accreting matter. The fact that all observed X-ray pulsars are

spinning up might be influenced by selection effects: a high accretion

rate causes them to become observable as bright X-ray sources and at the

same time causes a rapid spin-up. Rappaport and Joss (1976) and Mason

(1977) have estimated the spin-up rates on the basis of accretion torques

acting on the pulsar magnetosphere. For many X-ray pulsars these authors

find close agreement between the observed and predicted spin-up rates, by

adopting for the pulsar the moment of inertia and the magnetic moment of

a typical magnetized neutron star. However, it appears that the X-ray

pulsars Her X-l and Cen X-3 are spinning up at lower rates than predicted
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Probably related to this, these pulsars show significant fluc-

tuations about their average spin-up rates• i.e., they occasionally

spin down on timescales of a few months (Her X-l) or a few weeks

(Cen X-3). During such occasional spin-downs the X-ray sources become

less bright, indicating a smaller accretion rate during such phases

(Schreier 1977). For other pulsars these spin-downs have not been

observed, however, for many sources the observations are still incon-

clusive (e.g. SMC X-l). We will discuss this matter further in section

4.3 and first give some results of more detailed calculations of

pulsar spin-up by Henry and Schreier (1977).

4.2 Predicted spin-up rates in case of pure accretion torques.

In Table 8 we list some observational data on the X-ray pulsars

Her X-l, Cen X-3 and SMC X-l, including the obsorvationally derived

spin-up rates. In column 7 the spin-up rates estimated from a pure

accretion torque model arc- listed, i.e., for which it is assumed

that no external torques are slowing down the pulsar (Henry and Schreier

1977). In such a model it is assumed that matter in an (essentially)

Keplerian orbit near the inner edge of an accretion disk transfers its

angular momentum to the pulsar magnetosphere at that point (i.e. at the

Alfve'n surface). In that case the spin-up rate is given by:

R A "k I < * *>N > (7)

In this expression is RR the Alfve'n radius (depending on the accretion

rate ft and the magnetic field strength of the pulsar),- I and ui are

the pulsar moment of inertia and angular velocity, respectively; w is

the Keplerian angular velocity at the Alfve'n surface.

As can be seen in Table 8 the predicted spin-up rates are much

64



- 34 -

higher than the observed ones, except for SMC X-l. Apparently, the

spin-up of Her X-l and Cen X-3 is slowed down by strong dissipative

torques(Pringle and Bees 1972; Davidson and Ostriker 1973; Eisner and

Lamb 1976).

4.3 Equilibrium spin period and the existence of braking torques.

The irregular behaviour of the spin periods of Her X-l and Cen X-3 and

the results of Henry and Schreier (1977) can be explained by the

existence of a strong braking torque acting at the pulsar magnetosphere.

The position of the Alfve'n surface is -for not too rapidly spinning

pulsars- determined by the balance of the ram pressure of the infalling

gas and the magnetic pressure of the magnetosphere (e.g. Lamb et al.

1973) . The pulsar is thought to spin at its equilibrium rate if the

infalling gas near the Alfve'n surface is just in corotation with the

pulsar magnetosphere. If the pulsar spins at or below this equilibrium

rate, the infalling gas can be accreted; this will cause the pulsar to

spin up. The spin-up will continue until the equilibrium rate is excee-

ded and the centrifugal barrier at the Alfven surface inhibits further

accretion. Subsequently, the pulsar is expected to spin down to its

equilibrium rate again by transferring its excess spin angular momentum

to the accumulating matter above the RlfvSn surface. Host likely, the

near balance of the spin-up accretion torque and the spin-down external

torque explains the observed spin fluctuations in Her X-l and Cen X-3.

At any given moment one therefore expects them -on the average- to

be spinning near the equilibrium rate which corresponds to the mass

transfer rate at that moment. The fact that the average spin periods

of both sources are gradually decreasing then implies that the average

mass transfer rate from their companions are gradually increasing

as can be seen as follows:
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The equilibrium spin period can be expressed numerically (e.g.

Wickramasinghe and Whelan 1975) as:

eg
1.6

10
12 «*„ ,.17 -1

10 gs

sec (8)

li
ft,

In expression(8) B.denotes the surface magnetic field of the pulsar

(assumed to be dipolar) and M denotes the mass of the pulsar. The

precise value ->f the proportionality factor in the above equation is

uncertain, but presumably correct up to a factor of order unity.

By substituting the observationally derived spin periods, accretion

rates and masses (M * 1 M ) as listed in Table 8 and solving for B ,

it is found that B.is of the order of 10 gauss for both Her X-l and

Cen X-3. This -.-v of the same order as the typical value derived

for radio pulsars (Ruderman 1971), lending support to the conclusion

that these pulsars are spinning near their equilibrium rates.

Differentiating expression (8) logarithmically with respect to time,

one obtains an expression which relates the growth rate of M to the

pulsar spin-up rate:

- P 3

P ~ 1

Mx (9)

The thus derived expression for the spin-up rate is expected to be

applicable to pulsars which are spinning - on the average - at their

equilibrium rates. The spin-up is independent of the precise value of

the specific angular momentum of the infalling gas and is completely

determined by the growth rate of the mass transfer (compare eq. 9 and 7).
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4.4 Comparison between the spin-up rates predicted from our calculations

of Roche-lobe overflow and the observed average spin-up rates of

Her X-l, Cen X-3 and SMC X-l.

Expression (9) enables us to check -assuming that the pulsars are

indeed spinning near their equilibrium rates- whether our calculat-

ions of Roche-lobe overflow are consistent with the observed spin-

up rates of the above mentioned X-ray pulsars. From the observations

we know for each source the approximate accretion rate (L (from the

X-ray brightness and estimated distance of the source). The corres-

•• •

ponding growth rates M / JL can be determined from the calculations

presented in chapter 3. The resulting spin-up rates are then determi-

ned by substituting these growth rates into expression (9).

It can be seen in Table 8 (column 6) that for Her X-l and Cen X-3

the thus predicted spin-up rates are close to the observed ones, which

is a strong argument in favor of Roche-lobe overflow as the mass

transfer mechanism in these X-ray binaries.

For Her X-l the best agreement between the predicted and observed

spin-up rates is obtained by assuming that HZ Her is partly re-synchro-

nized during the initial stage of mass exchange in this binary (curve

N2 in Fig.4). This was expected (section 3.3.2) because HZ Her is

likely to have a shallow convective layer near the surface. When expres-

sion (5) is used for the synchrcnizpj-.ion tiwe, i.e., when it is assu-

med that the tidally induced turbulent viscosity extends throughout the

contact star, the predicted spin-up rate comes out to be twice as high

as observed.

For SMC X-l it is only possible to determine a lower limit to the

spin-up rate since our calculations of Roche-lobe overflow probably

become invalid for an accretion rate as high as 10~ M
Q
v r • which is

the value inferred for SMC X-l.This is due to the fact that the "first
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Table 8.

Parameters of the X-ray pulsars SMC X-1, Centaurus X-3 and Hercules X-1.

The observational data are taken from Rappaport and Joss (1977).

SOURCE
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approximation", which underlies all our calculations, becomes invalid

for accretion rate as high as 10 M^yr as can be seen in Figures 9

to 11 and in Table 5. He tentatively assume here that SMC X-l evolves

according to case A (section 3.5.2) and that the X-ray pulsar spins

near its equilibrium rate. As shown in column 7 of Table 8 the spin-up

rate of SMC X-l comes out to be close to the observed rate if it is

assumed that the braking torque is negligible. Henry and Schreier (1977)

explain the different outcomes for Cen X-3 and SMC X-l by the relative

weakness of the magnetic field of SMC X-l. A weaker field would be

consistent with the observed high accretion rate, with the wide pulses as

well as with the lower pulsed fraction of this source, since a weaker

magnetic field is expected to result in a reduced channeling of the

accreting matter.

Concluding, it seems very probable that the X-ray binaries Her X-l

and Cen X-3 are in an initial stage of Roche-lobe overflow. The very

high "super critical" accretion rate of SMC X-l, however, seems also

only realizible it the normal companion is overflowing its Roche lobe.

5. CONCLUDING REMARKS.

As our calculations necessarily contain a number of simplifications, the

numerical results should be considered as good order of magnitude esti-

mates, rather than as exact values. Nevertheless, the basic result that

Roche-lobe overflow is an important factor in the generation of bright

relatively long lived X-ray binaries (including massive systems) seems

firmly established. Several points need further study, we mention the

most important ones.

First of all one should continue the calculations of mass transfer

into the phase where the "first approximation" is no longer valid.
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Belated to this are the complicated problems of differential rotation

and resynchronization of the contact star during mass transfer.

A second point of interest is the existence of a highly anisotropic,

intense radiation field (also thought of great importance for the

generation of stellar winds) that is expected to affect the process of

overflow from massive contact stars. Our assumption that the radiation

field is already thermalized in the region just above the critical

surface is probably too simplistic.

A further unknown point is how the mechanisms driving the stellar wind

and the Roche-lobe overflow interfere with one another. Probably these

phenomena cannot be treated separately,because the stellar wind mechanism

might be influenced by the fact that the star is a tidally deformed member

of a close binary system. Apart from the effect of a reduced surface

gravity, the fact that the outer layers of a contact star (including an

eventual hot corona) are unstable and flow out through the gravitational

saddle point, will certainly influence the properties of the wind.

In massive binaries the distinction between mass loss by "Roche-lobe

overflow" and by "stellar wind" from a contact star might well lose its

significance. In such a system the mass loss may perhaps only be des-

cribed in terms of a general highly anisotropic outflow of matter.

There is observational evidence suggesting enhanced and anisotropic mass

outflow from massive binary components (Hutchings 1976). Hammerschlag-

Henberge (1977) infers from a spectroscopic study of the Of-star HD 153919

(the companion of the X-ray source 301700-37) that the Balmer progression

is strongly correlated with the binary phase, indicating enhanced outflow

from the tidal bulge region.

Our theoretical understanding of all these phenomena is, however,

still poor and a unified treatment seems beyond present-day possibilities,
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as even the processes which generate the stellar winds in single stars

axe not yet well understood.
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APPEMDIX I

Relation between the radius excess of the contact star and the mass

transfer rate

We use the Cartesian coordinate system (£,n#S) - corotating with

the contact star - and definitions of variables as given in section (2.3.3) .

The neutral point is given by (£.,0,0); we can write the effective

gravitational potential I|I for points in the plane £=£• a s follows:

G(H + M,) , ,

• (Cj.n.C) = a • {w(Ct
2+ n2+ C2) + (l-uXd-Cj) 2* n2+ K2) } -

where we have introduced y = M. / (M.+ M_). In the vicinity of the

neutral point a series expansion of the potential if> up to quadratic

terms yields for points in the plane £ = £ :

and ^ = (|i(£][,0,0).

where we have introduced:

G(M,+ M )
« = ^ {y£"3+

In this approximation the equipotential surfaces intersect the ? = £.

plane along ellipses with a constant ratio of semi-axes 1 and 1 ,

given by:

2 (tji—ill )

1 = — — — — — and 1 — — (ib— ib )
(a—a to )

The dimensionalized area A of such an el l ipse can be expressed as :

2K(I|I-I|I . )a 2

A = r- - (AD

{o(a-a2u2)r

Following Jedrzejec (1969) we approximate the structure of the outer

envelope of the contact star by a polytropic relation between the

pressure P and density p:
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1 + 1
P = K p ( A 2 )

For the equation of state of the gas we wil l use the same expression

as used in the evolutionary code i t se l f , assuming that the radiation

field i s thermalized:

P = - p T + - a T * = 8"1 — p T

Combination of A2 and A3 yields

K = ($-1 _ p - n T

In the vertical direction hydrostatic equilibrium wi l l hold in good

approximation:

dP = - p di|i (A5)

Substituting A2 into A5 and integrating one obtains:

p
1/n

(A6)

where i|i and p are the gravitational potential and density at the

photosphere (T = 2/3) of the star. As usual in calculations of binary

evolution the photosphere is considered to be the stellar surface.

When the star expands beyond its critical lobe the excess matter

will flow towards the neutral point where it can escape to the companion

(section 2.3.3). The resulting rate of mass transfer can be obtained

by integrating the mass flux density p v over the cross section of the

flow near the neutral point. A detailed solution of the hydrodynamics

of the flow is very complicated, but we can arrive at a reasonably good

approximation by using some results from the analysis of the mass flow

in semi-detached binaries as given by lubov and Shu (1975). For a

stationary flowing perfect fluid we can apply Bernoulli's conservation

theorem (e.g. Landau and Lifshitz 1966), stating that along a streamline:

j v2 + j Kp ̂ n + * = constant.
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He have substituted an expression for the specific enthalpy w of the

fluid (to our order of approximation it can be represented by an ideal

5 & T
gas) which follows by rewriting w = •=• -=— with the aid of equation (A4) .

To a first approximation the streamlines can be considered to lie

on equipotential surfaces (Lubov and Shu). Consider a particular

streamline for which ill = i|i . Using expression (A6) for the density in

P
the region where the flow velocity v = 0, Bernoulli's equation becomes:

(A7)

An important result obtained by Lubov and Shu is that the sonic point

on matter carrying streamlines must be situated close to the neutral

point. They conjecture - but could not prove - that the sonic surface

coincides with the Roche lobe around the detached component. For simplicity

we will assume here that this sonic surface coincides with the plane

€ = €. through the neutral point and perpendicular to the line connecting

the centers of mass of the two stars. By substituting the expression for

the (adiabatic) sound velocity

into equation (A7) (we have put y = &y), we arrive at the expression for

the density p at the sonic point on the streamline:

This expression yields a value for the density which is (1 + Y*/5)~n times

smaller than the value given by expression (A6). This is, of course, due

to the leakage of matter near the neutral point.

Hence, the magnitude of the mass flux density at the intersection
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of the equipotential TJI = I|> with the plane £ = £ i s given by:

psVs =

The mass transfer rate is obtained by integrating the expression

for p v over the surface of the £ = £ plane:

- ft = f p v .dA < / p v dA .
' *s s •»< ' s s

This integral can be written in terms of the effective potential \|i by

applying expression (Al):

- ft

ln+'s

(A8)

where 1(1, and I(I are the values for the potential at the neutral point

and the stellar surface, respectively.

Obviously, without a finite overflow M-.f.'J',) no mass transfer takes

place. In order to apply relation (A8) in an evolution code, which deals

with spherically symmetric stellar models, we follow Jedrzejec and

express (<I>Q - *,) in terms of an averaged radius excess:

(A9)

where R and R are the stellar radius and the critical radius, respec-

tively. Substitution of (A9) into (AB) yields:

2na2
n+3/2

l+3/2n / »

(1 + Y V 5 ) " " La(a-azo/)J (n+3/2)

(A10)

ĉ c v
where n is the relative radius excess: n = (R - R )/R .

For each stellar model (in fact for each Henyey iteration) we

determine the constants n and K of equation (A2) from a polytropic fit
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between the photosphere (i.e. T = 2/3) and the bottom of the separately

integrated outer envelopes. These outer envelopes contain 3% of the

stellar mass (appendix II). For radiative envelopes the value of K, which

appears in equation (A10), varies by less than a factor of 2 over the

fitted 3% region; such a polytropic approximation for the density structure

is accurate to within 10%. The situation is worse for convective envelopes

of cool stars, due to the large variation of the local effective poly-

tropic index in the ionization zones just below the photosphere. For

all stars the extension of the polytropic approximation into the optical-

ly thin regions above the photosphere becomes very poor. This is due

to the fact that a polytrope cannot represent such an optically thin

region by definition: a polytrope does not radiate, because T is zero

at its outer boundary. However, this does not affect our results, as

above the photosphere the density becomes very small anyhow and the

outermost regions do not contribute much to the integrated mass flux

density in equation (A10).

Appendix II

The outer boundary conditions of the contact component.

In appenoix I a relation was derived between the excess radius

and the resulting mass transfer rate, a relation which has to be

included in the outer boundary conditions of the stellar models to be

calculated. From a mathematical point of view, the inclusion of mass

exchange corresponds to the addition of the mass transfer rate A as a new

Henyey unknown together with an equation to determine ft; this equation

follows from the condition on the radius of the contact component

(eq. A12, below). We now describe how this equation is incorporated in

the outer boundary conditions.

As usual, the outer boundary conditions of the stellar models are
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expressed at a point somewhat below the stellar surface to avoid

numerical difficulties caused by the presence of ionization zones.

The program constructs an envelope table by integrating a set of eight

different envelopes (instead of four as is the case for single stars)

from the stellar surface inwards; each envelope is labeled by a somewhat

different value for one of the 3 Henyey variables (L , T , ft) , denoting

the luminosity and temperature at the surface and the mass transfer

rate, respectively. Such a table thus consists of eight sets of four

quantities (Xj, X2, X-, X4>, denoting the temperature, density, radial

distance from the stellar center and luminosity, all in the fitting point

at the bottom of the integrated outer envelopes. We have to find that

particular set (L , T , A) for which the corresponding interpolated

values at the fitting point satisfy the equations:

x£ (L*, T*, ft) = x£ with k = 1, 2, 3, 4. (All)

Here we have denoted the set of four corresponding Benyey unknowns at

the inner edge of the fitting point by (X*, X*, X*. X ^ ) . At the same

time, for these values of L , T and ft, the stellar radius R and the

critical radius R should be related by the outer boundary condition:

(1-n) R*-R C = 0 (A12)

where the value of the relative radius excess n follows from the hydro-

dynamical analysis of the flow. According to expression (A10) n can be

expressed as (note that ft < 0):

r l+(3/2n) jin+3/2 1/n , , , , . ,
n = c, |_pQ - c2HJ - c pQ (A12a)

where we have introduced:

C j = (n+l)K( S_) ana

C2
n+3/2 (1 + y*/5)" ra(a-a2oi2)~[

n+1 2Tra2̂  L -y* J
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The outer boundary conditions (All) and (A12) are coupled to the

remaining set of difference equations, which follow from the normal set

of four non-lineair differential equations describing the inner structure

of the star. The complete set of difference equations is then iteratively

solved with a Newton-Raphson method (Henyey et al. 1964) . In this way we

determine in particular the set of boundary values (L , T fl) for which

conditions (All) and (A12) are satisfied. Before each iteration we linearize

these equations with respect to L , T and fl. For equations (All> ve

arrive at:

K 3L 3T 3ft

where k = 1, 2, 3, 4. The boundary condition (A12) becomes:

t 3R* » 3 n ~i * r 3 R * * 3n "i * r * 3 n dRC ~i
(1-TO —— - R —— 6L + (1-n) —— ~ R — r 5 T ~ R — + *fl

3L* 3L*-> L 3T* 3T*J L 3ft df lJ

= RC - (1 - n) R* . (A14)

In order to enable the use of the normal single star procedures, the

program pre-eliminates the variation fifl before each Henyey iteration by

expressing 6A in terms of the variations 6L and 6T through the related

extra Henyey condition (A14). The latter expression for 6M is then

substituted into the four linearized fitting conditions (A13). After

each Henyey iteration the correction 6ft can be recovered by substituting

the solved values for 6L and 6T into equation (A14). In this way also

in the case of mass transfer self-consistent stellar models are obtained

within only a few Henyey iterations. These models satisfy the structure

equations to a very high degree of accuracy; for instance in the converged

models the absolute value of the right hand side of equation (A12) is

smaller than 10~5 (the radii expressed in solar units).
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Note

The envelope tables have a grid size of A10log(L /L ) = 0.02,

A10logT*= 0.01 and A10log(-fl) = 0.2 where fl is in M /year. The inter-

polation is lineair with respect to the former two variables. When

1 0 log (-ft) is smaller than -9 the interpolation with respect to this

variable is made along parabolas which are fitted between ft = -10~12

and & = -10~9 M yr~ . These parabolas ensure an asymptotically correct

behaviour when the mass transfer rate becomes vanishingly small.

Appendix III

The critical radius and the variation of the orbital parameters."

For the critical radius R an approximate expression derived by

Pratt and Strittmatter (1976) is used:

_cRC = a [0.41 - 0.03 <§)*][l - 0.5 lolog ^ (A15)

This radius R is the averaged radius of the critical lobe on which

the neutral point (5, ,0,0) is situated, as. discussed in section (2.3).

This critical lobe can be considered as the actual limiting volume only

if (—) is close to unity.

As a consequence of the PS-mechanism (section 2.3) the orbital

parameters a, u, 8 and q = M_/M. - which appear in expression (A15) - all

depend on the mass transfer rate Si, as will be shown below. For this

reason these parameters can be solved implicitly by the Henyey iterative

cycle. We now consider their variation as a function of the amount of

mass transferred.

Let us denote by -AM. the transferred mass during the fixed

evolutionary timestep At, hence, AM = flAt. Suppose that a fraction f of

this mass leaves the system immediately, carrying a specific angular

momentum equal to twice the specific orbital angular momentum of the neutron
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star. The orbital variations then follow from:

AM,, « (f-1) AM, (A16)

I(fi-w) (l-e~ A t^ ) (A17)

(A18)

7 «i2 " S ^ «i (A19)

where M, is the mass of the neutron star, J. is the spin angular momentum

of the primary, JQ is the orbital angular momentum of the binary system

and I is the primary's moment of inertia. The synchronization timescale

T depends on the physical circumstances and is determined according

to expression (4) or (5). The new values for the binary separation a and

the orbital angular velocity J2 then follow from:

(A20)

GMM
— — • (A21)

where the parameters on the right hand side of equations (A20) and (A21)

have been corrected according to equations (R16) - (A19) .

R is recalculated after each Henyey iteration with the corrected

orbital parameters a, w, tl and q, and with the corrected value of A.

The derivative -gp , which appears in equation (A14), is a rather

complicated expression but its approximate value can be determined

through the expressions (A16) - (A21).
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FIGURE CAPTIONS.

FIGURE 1. The 10log of the mass transfer rate versus time since the onset

of Roche-lobe overflow for a system with initial parameters M = 1.5 M and

binary period P = 0.68 days. The label S indicates synchronous rotation of

the contact star and conservation of the total mass and angular momentum

during mass exchange. In all figures the two dashed horizontal lines cor-

respond to one and three times the Eddington critical accretion rate,

respectively.

FIGURE 2. The *"log of the mass transfer rate versus time since the onset

of Roche-lobe overflow for a system with initial parameters M = 1.5 M ,

M = 1.5 M and binary period Pfa= 1.7 days. See subscript of Fig. 1.

FIGURE 3. The rate of mass transfer versus time since the onset of Roche-

lobe overflow for a system with initial parameters M = 2 M , M = 1 M and

binary period P = 0.6 days. The mass transfer rate calculated under assump-

tion N appears to be very low, so that the corresponding curve falls outside

the range of the figure. See subscript of Fig. 1 and section (3.1) for the

explanation of the curve labels.

FIGURE 4. The rate of mass transfer versus time since the onset of Roche-

lobe overflow for a system with initial parameters M = 2 M , M = 1 M and

P. = 1.7 days. This system is representative for the X-ray binary Her X-l.

The arrow marks indicate the brake down of the 'first approximation". Curve

N2 is probably the most realistic for this system (see text). According to

this curve the present X-ray age of Her X-l, as deduced from its observed

X-ray luminosity, is approximately 10 yrs.

FIGURE 5. The rate of mass transfer versus time since the onset of Roche-

lobe overflow for a system with initial parameters M = 4 ML, M = 1.5 M and

P = 1 day. See section (3.1) for explanation of the curve labels. The arrow

marks on the curves indicate the brake down of the 'first approximation'

(see text). The dotted curves in Figures 5 and 6 correspond to calculations

in which the contact star is forced to precisely fill its critical lobe

during mass transfer, i.e., for which the hydrodynamics of the overflow

are neglected. The solid curve N is probably the most realistic one for

massive systems.
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FIGURE 6. The rate of mass transfer versus time since the onset of Roche-

': lobe overflow for a system with initial parameters M = 4 M , M = 1 M and

P = 1.7 days. Further, see subscript of Fig. 5.

"'• FIGURE 7. The rate of mass transfer versus time since the onset of Roche-

-•-' lobe overflow for a system with initial parameters M = 8 H , M = 1.5 M

I'"' and P = 1.5 days. Further, see subscript of Fig. 5.

y FIGURE 8. The rate of mass transfer versus time since the onset of Roche-

lobe overflow for a system with initial parameters M = 8 M , M = 1.5 M

• and P. = 4 days. Further, see subscript of Fig. 5.

FIGURE 9. The rate of mass transfer versus time since the onset of Roche-

|< lobe overflow for a system with initial parameters M = 16 M , M = 1 M

> and P = 1.07 days. The curves labeled N, Nl and N2 all merge into one

f single curve which is labeled N. The curve degenaracy is due to the short

I evolutionary timescale of the massive primary as compared to the tidal re-

:. synchronization timescales. Further, see subscript of Fig. 5.

$

$- FIGURE 10. The rate of mass transfer versus time since the onset of Roche-

:' lobe overflow for a system with initial parameters M = 16 M , M = 1 M

and P = 2.09 days. This system is thought to be rather similar to the

'-,: X-ray binary Cen X-3. Further, see subscript of Fig. 9.
j

I FIGURE 11. The rate of mass transfer versus time since the onset of Roche-

- lobe overflow for a system with initial parameters M = 20 M , M = 1.5 M

and Pb= 2.09 days. This system has the same binary period as Cen X-3,

but probably the primary star in Cen X-3 is slightly less massive than

adopted here. Further, see subscript of Fig. 9.
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ABSTRACT

We investigate whether the rotation of the presupernova component (i.e., helium star) in a massive
close binary can be synchronized with its orbital motion during its lifetime (i.e., before the SN explo-
sion). It is shown that for binary periods in excess of one day, the two suggested synchronization
mechanisms for stars with radiative ei velopes (radiative damping of the dynamical tide and tidally
induced shear turbulence) yield time scales which are more than 10* times too long. Hence, the
pulsars in massive close binaries are expected to be born in rapid rotation, like single pulsars. The
spin-down of the slow pulsars cannot be explained by the propeller mechanism as the weak
winds of their companion OB main-sequence stars result in spin-down time scales far larger than
the lifetimes of the latter stars. However, the mechanism recently proposed by Kundt yields a
sufficiently short spin-down time scale (~3 X 105 yr). When the companion star leaves the main
sequence and increases its wind strength, the pulsar is expected to show a rapid spin-up, on
time scales of order 102 to 10* yr, in good agreement with the observed spin-up rates of 31' 0900—40,
il' 1223-62, and GX 1+4. "
Subject Iieadings: pulsars — stars: binaries — stars: rotation — X-rays: binaries

I. INTRODUCTION'

In a recent paper Lea (1976) concluded that the
slowly pulsing X-ray sources were most probably born
as slowly rotating neutron stars. She suggested that
tidal forces in a presupernova (pre-SN) binary system
would be sufficiently strong to lead to synchronization
of the stellar rotation with the orbital period within the
lifetime of the system. The implosion of the core of a
synchronized slowly rotating star would then have
produced a slow pulsar.

Here we calculate the tidal torque in the pre-SN
binary. The torque appears to be at least 10* times too
small to slow down the pre-SX component of the binary
within its lifetime. Other slowdown mechanisms for
the rotation of neutron stars in binaries are considered.

II. TYPES OF TIDAL FORCES POSSIBLE IX
THE PRESCPERNOVA BINARY

We consider only massive close binaries, as three of
the slow pulsars are associated with massive X-ray
binaries [viz., iV 0900-40 (P = 283 s), X Persei
(P = 13.94 minutes), and 3U 1223-62 (P = 11.6
minutes, associated with WRA 977, cf. Hammerschlag-
Hensberge, Zuiderwijk, and van den Heuvel 1976;
Mauder 1976): two more slow pulsars are probably
associated with B0 emission stars (see references in
Maraschi, Treves, and van den Heuvel 1976)]. The
pre-SN binaries most probably consisted of a helium
star (the pre-SN star) and a massive main-sequence
star (cf. Sutantyo 1974; van den Heuvel 1974). Such
systems are the result of the first stage of mass exchange

* Also at the Astrophysical Institute, Vrije Universiieit
Brussels, Belgium.

in a massive close binary, and can most probably be
identified with Wolf-Rayet (\VR) binaries, the helium
star being the WR star"(Paczynski 1971; Smith 1973;
van den Heuvel 1973). The main point here is to
examine whether the helium star in such a system can
be brought into synchronous rotation before it explodes
as a SN. At its birth the helium star is expected to
rotate more rapidly than synchronous, because it is
the contracted core of the initial primary star, left
after the loss of the hydrogen-rich envelope to the
companion. We consider here a binary consisting of an
8 Mo helium star with an 18 Afo main-sequence com-
panion. These values closely resemble the masses of
the components of a typical Wolf-Ravet binary such
as V444 Cygni and HD 2U853 (cf. Runi 1973) and are
expected to be representative for the masses of the
components of typical progenitor svstems of a massive
X-ray binary such as Cen X-3 or 3U 0900-40.

Helium stars have convective cores and radiative
envelopes. In stars with radiative envelopes, tides are
much less effective than in stars with convective
envelopes. In the latter ones, turbulent viscosity is an
effective mechanism to produce large tidal friction and
provides synchronism in a short time. However, also
for stars with radiative envelopes two rather effective
mechanisms for the production of tidal friction have
recently been proposed, namely the following.

a) Rmliaiine Damping

Zahn (1975, 1976) has shown that in stars with
radiative envelopes and convective cores, radiative
damping acting on the dynamical tide can provide an
efficient mechanism for producing tidal friction. An
essential point is that the star should have a convective
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core. Zahn (1976) showed that this mechanism can
explain the small orbital eccentricities observed in the
short-period massive X-ray binaries. Most of the tidal
friction is produced by this mechanism when the star
is still near the zero-age main sequence, where its
convertive core is largest. The time scale for tidal
synchronization by radiative damping is (cf. Zahn
1076)

where Rt and A/, are the radius and mass (in solar
units I of the star that is to be synchronized (which we
call the primary), a is the semimajor axis of the orbit,
a = .M-./Af! is the mass ratio of secondary and primary,
l\ is the moment of inertia of the primary star in solar
units, and !•'.•• is its second tidal coefficient. E» is a
stellar structure constant, analogous to the apsidal
motion constant kr, the coefficients £„ appear, in first
approximation, to scale as {Rr.'Ri)2"**, where i?r is the
radius of the convective core of the star (Zahn 1976).

b) Shear Turbulence

A second mechanism, proposed by Press, Wiita,
and Smarr (1975), is the generation of shear turbu-
lence in the outer layers of the star by the traveling
of the tidal bulge over the stellar surface- Although,
on the basis of a linear stability analysis, Seguin (1976)
has questioned the occurrence of this kind of turbulence,
we assume for the sake of argument that this mechanism
ran operate efficiently. The equation for the synchroni-
zation time scale is in this case (Press, Wiita, and
Smarr 1975)

/ = -7S-
224 K

where RT is the effective Reynolds number (assumed
to be 20), A',, is a structural constant defined by Press
el a/., a is the square of the radius of gyration (a =
fi/MiRi-), and Q and u are the orbital and rotational
angular velocities, respectively. K^ and a have values
of about 0.001 and 0.1, respectively, for an 8 Mo
helium star.

III. APPLICATION TO HELIUM STAR BINARIES

We consider a system consisting of a 8 Afo helium
star and an 18 A/o normal main-sequence star.

a) Ratiialive Damping

We used the evolutionary sequence of an 8 Mn
helium star computed by Savonije and Takens (197t>)
(the density structure of these models does not differ
much from that of the models computed by I'aczynski
1971). The stellar radius and core radius of a 8 Afo
helium star are approximately constant during core
helium burning and are<>.75 Ro and 0.3 Re, respectively.
It follows that during core helium burning E« is smaller

than 10~5. This yields a lower limit to the synchroniza-
tion time scale of

' • „ • 8 x 6 x (3)

(a in Ro, P in days). Equation M) shows that, in order
to reach synchronous rotation within the lifetime of the
helium star (7 X W" yr; because of neutrino losses the
lifetime after core helium burning is negligible), P
should be less than 0.,j days. Or, if one adopts / ' = .1
to 5 days (which seems a characteristic value for short-
period W'R binaries as well as fur progenitors of X-ray
binaries like .<U O'XKI—40), one finds thai the synchroni-
zation time scale is more than 5 X W" limes the life-
time of the helium star. Kven for the \VR binary with
the shortest known period (('(,) Cephei, ]' = 1.64
days) the synchronization time is still 10* times longer
than the stellar lifetime.

b) Shear Turbulence

Application of equation (2) to the same system, with
the above mentioned values of Kr. a, and RT. and
{12 — w\/Q ~ 20 (i.e., the angular velocity of rotation
20 times faster than the orbital motion, as follows from
the ratio of the moments of inertia of the stellar core
at the end of hydrogen burning, and the helium star)
yields a lower limit

= °-4 x l0r3""'hy = l f t S / "> ' r •

In order to achieve synchronism svithin the 7 X 10s yr
lifetime of the helium star, / ' should here be shorter
than 0.5 days With P = 3 days, /, becomes 4 X 105

times longer than the lifetime of the helium star. Hence,
the occurrence of fully developed shear turbulence
would not alter the picture: the helium star cannot be
synchronized during its lifetime.

IV. OTHER SLOW-DOWN MECHANISMS FOR
NEUTRON" STARS IN MASSIVE

CLOSE BINARIES

a) The Time Scale far Spin-down Inferred
from Observations

From the above we conclude that the rotational
evolution of the helium star will proceed completely
independent of the presence of the companion star.
Consequently, just as for a single star, the core collapse
of an evolved helium star is expected to produce a
rapidly spinning neutron star. Some of the slow pulsars
are associated with B0 emission-line stars (notably X
Peisei and the two pulsing transient sources; cf. Stier
and Liller 1976; Maraschi, Treves, and van den Heuvel
1976) which are in or close to the main sequence.

The mass of a main-sequence B0 star is around 20
Mo (cf. Underhill 1966) and the main-sequence life-
time of such a star after the SN stage of its companion
is expected to be less than some 5 X 106 yrs (cf. De
Loore and De Greve 1975; De Loore, De (Jreve, and
De Cuyper 1975). Assuming the slow pulsars to have
been born with a spin period of less than 0.1 s, and the
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spin-down to have occurred exponentially, one finds
that in order to have reached a period of 5 minutes in
less than 5 X ID* yr. /,rf must have been shorter than
6 X 10" yr.

b) The Propeller Mechanism

The propeller mechanism (Illarionov and Sunyaev
1075) is not able to produce a spin-down on such a
shori time scale. Kven if a very strong wind (M =
10 7 -W., yr-1, I" = .SIM) 1(KM) km s 1 ) is adopted for the
companion star during its entire main-sequence life,
the spin-down time scale with this mechanism is still
of the order of HI'- 10s years (cf. VVickramasinghe and
Whelan 1975; Fabian 1975).

This is the more serious, since it is well known from
rercnt observations that normal as well as emission-
line main-sequence stars of about spectral type BO
have only rather weak winds with mass loss rates not
exceeding iff = 10"*" M o yr~! (Rogerson and Lamers
1975; Snow and Marlborough 1975). For such winds
the propeller mechanism yields spin-down time scales
of order 5 X 10" yr.

c) Kundfs Mechanism

Kundt (1976) has argued that for a neutron star
spinning in a stellar wind, very large friction on the
magnetosphere is to be expected as soon as the neutron
star has sufficiently slowed down to allow the infalling
wind matter to penetrate inside the velocity-of-light
cylinder (this occurs for spin periods around 0.4 s, in
winds with the above quoted strength for a B0 main-
sequence star). A very large torque on the magneto-
sphere is then produced by the bending of the field
lines in the transition region between the pulsar
magnetosphere and the infalling stellar wind plasma.
Because of this torque the infalling particles are
accelerated to highly relativistic energies, and the
pulsar will be slowed down very rapidly (cf. Davidson
and Ostriker 1073).

The braking time scale with this mechanism is
(Kundt 1976)

tsd yr , (5)

where T3i and 7«5 are the slowdown torque and die
moment of inertia of the neutron star m units of 10'1

and 1O44-6 cgs, respectively. T:,i is given by

(6)

where B and o are the surface magnetic field strength
of the neutron star and the orbital radius, in units of
1012 gauss and 10I= cm, respectively; Mp is the mass
loss rate from the primary star, /3 is the stellar wind
velocity near the orbit, in units of 600 km s"1, and Af»
is the mass of the neutron star.

Adopting the observed stellar wind parameters for
the B0 V main-sequence star T SCO, i.e., M = 10"8 5

A/o yr"1, and !•„. = 1000 km s~' (Rogerson and Lamers

1975), and V.o = 2TT, «,, = a,. = 1, Mn = Mz, one
obtains Ld = .1 X 10-' yr. Consequently, neutron star
companions to early-type main-sequence stars will
very rapidly spin down to become very slow pulsars.

ill The Equilibrium Spin I'erimi ami
A nticipalal Spin-up

The spin down terminates when the pulsar has
reached an equilibrium spin rate, at whirh for nutter
near the magnetospheric boundary Ihr corotation
velocity equals the Keplerian velocity around the
neutron star (Davidson ami Ostriker V)lSi. This spin
period is for accretion from a wind given \>v (cf. Wick
ramasinghe and Whelan 1975; Illarionov and Sunyaev

20RcJ UU 0 » k m s -

at) Q~w~) s-
(7)

where IV is the wind velocity relative to the neutron
star and Ma is the accretion rate onto ihis star (note
that the constant of proportionality has been corrected'!.
With the above quoted wind parameters for the B0
V star r Sco and liu = 1. Mn = .1/ . a = 50 R (like
for M' U<XK»—HI), one obtains /'„, = 172 s. With
if = 10" Mc yi—' one obtains 2S2 s, i.e.. practically
equal to the priisent spin rate of ?C (I9U0 —-HI.

Consequently, the spin rates of the slow pulsars seem
to agree excellently with the equilibrium spin rat<-
expected for a neutron star in the weak wind of a
normal early-type main-sequence star.

An interesting point noticed by Wickramasinghe and
Whelan is that the accretion rate of about lO'10 to
Kr~9 ,WO yr"1 derived from the X-rav lurr.inositv of
3C 0900-40 (P = 283 s) yields—with"UK = 1. if . =
Mo—in equation (7) a value f»,, = 2.7-7.3 s; i.e..
apparently, this source was spun down in a wind much
weaker than the present one of its companion.

On the other hand, for Cen X-3 and SMC X-l one
derives, from the accretion rates of 10"9 Af- yr"1 and
]0-7.5 M_ y r- i respectively (inferred from their X-ray
luminosities), that these sources should have equi-
librium spin periods of about 2.7 s and 0.7 s, respectively
(again for Ba — 1 and Mn = MT,). Taking into account
that Bu as well as M, may be slightly different from
the adopted values, one must conclude that these
values agree well with the observed pulse periods of
these sources (4.84 s and 0.71 s, respectively I. It
therefore seems very likely that t'en X-.1 as well as
SMC X-l are presently rotating near equilibrium with
the stellar winds of their companions.

The fact that both sources show extended low states
fits well with such a situation, since for neutron stars
spinning near equilibrium, the accretion of angular
momentum may cause the accretion to be shut off
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temporarily from time to time. On the other hand,
31' (WOO—40 is expected to be continuously spinning
up, as its present spin period is much longer than the
equilibrium period for the (strong) wind of its com-
panion. The accretion wake angle of 31' 0900—40 as
well as the Ha profile of its companion star HD 77581
indicate wind velocities of between 200 and 400 km
s ' m-.ir the orbit (cf. Charles et ul. 1976; Zuidervvijk,
van den Heuvel, and Hcnsherghe 1074; Besscll, Vidal,
and Wickramasinghe ll>75). Adopting an accretion
rati' of H»—*• A/,, yr~'- comparable with the X-ray
luminosity one can, for each adopted wind velocity,
calculate ihe wind density. Inserting the resulting
values into Fabian's (1975) equation for the spin-up
time scale, one finds that with Vw = 400 km s"1, 3U
0900-40 should spin up from P = 283 s to P = 60 s
in about 2 X 10* yr. With I',,, = 300 km s"' and 200
km s~l the spin-up time is 7 X 103 and 4 X 10J yr,
respectively.

Consequently, a rapid spin-up of 3V 0000—40 is to
be expected. Indeed, a spin-up time scale of around
104 yr has recently been reported (Rappaport and Joss
1976).

The sources 31' 1223 — 62 and (iX 1+4 show an even
faster spin-up, both on time scales of order 1O'J yr
(Swank el u/. 1976; Becker et al. 1976), corresponding
to wind velocities near the urbil of about 200 km s '.
This is indeed aboul the velocity inferred from the HOT
profile of the probable companion nf 31' 1223—62,
which is the HI.5 la star WRA 977. (Hamnierschlag-
Her.sberghe, Zuiderwijk, and van den Heuvel 1976;
Mauder 1976).

We are indebted to Mr. R. J. Takens for communicat-
ing results on the spin-up of 31' 0900-40. G. J.
Savonije acknowledges support by the Netherlands
Organization for the Advancement'^ Pure Research,
Z.W.O.
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1. SUMMARY AND INTRODUCTION

The most important recent observational discoveries in the field of
X-ray binaries are probably those of the slow pulsars and of the vinds
of normal early-type main-sequence stars. These facts yield key in-
formation on the evolutionary history of the X-ray binaries and on ths
rotational slow-down mechanism for a neutron star in a srsliar v/ir.d, at-
will be pointed out in section 3. Ir. the theoretical Haiti. the X-ray
binaries have triggered much fundamental work, notably on tne detailed
processes of mass transfer and on tidal evolution, which will be
considered in sections 2, 4 and 5.

2. MASS TRANSFER MECHANISMS IN X-RAY BINARIES

The X-ray binaries can be divided into the massive ones like Cen X-3,
Cyg X-l, and the low-mass ones like Her X-l and Sco X-l. The principal
physical cause of this division is thought to be a difference in the type
of mass transfer, viz. "stellar wind" vs. "Roche-lobe overflow" (cf.
van den Heuvel 1975, however, see also section 4 ) . Roche-lobe overflow
from the more massive to the less massive component ("first type of
Roche-lobe overflow") takes place roughly on a thermal timescale of the
envelope of the normal star, yielding an accretion rate of about

Ma = 2.G * 10~
8 M ^ [M0/yr3 (1)

where M is the mass of the normal component (cf. van den Heuvel 1977).
For Mj> 2 M Q equation (1) yields M > 10~7M /yr and any X-rays from the
companion are expected to be suffocated. (The critical rate for spherical
accretion onto a neutron star is about 1.5 x 10~8M /yr. In case of non-
spherical accretion this rate -may perhaps be exceeded by an order of
magnitude (cf. McCray 1977)). It is also possible that the star which
overflows its lobe is less massive than its compact companion ("second
type of Roche-lobe overflow"). In that case the transfer will for
Mj<:2.5 MQ take place on a nuclear timescale, yielding a transfer rate
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some 300 times smaller than for the first type of Roche-lobe overflow.
This may possibly power the globular cluster X-ray sources, as globular
clusters do not contain normal stars more massive than about 0.9 M_, and
the two known masses of neutron stars are 1,3 H and 1.6 M (Avni 1977).
In such systems also the emission of gravitational waves may partly be
driving the mass transfer (Chau and Lauterbdrn 1976) .

2.1. Refined considerations about Roche-lobe overflow

The masses of the normal star and the neutron star in the Her X-l system
are about 2.0 MQ and 1.3 M respectively (cf. Avni 1977). Nevertheless,
the observed X-ray luminosity of Her X-l suggests a mass transfer rate
of only 10~9 M /yr, i.e. about two orders of magnitude smaller than
expected from equation (1). Pratt and Strittmatter (1976, here abbreviated
as PS) suggested that, in order to explain this discrepancy the
"classical" assumptions of co-rotation and of conservation of orbital
angular momentum of the system during the mass exchange, should he
abandoned. Indeed, for stars wxth radiative envelopes the timescale tor
tidal re-synchronisation might be much longer than the thermal tinescale
which governs the mass transfer (cf. Lecar et al. 1976). PS therefore
used the following refined assumptions: (1) conservation of tot?.l rtass
and total angular momentum of the system; (2) at the onset of the IIES
transfer the primary star co-rotates with the orbital motion; (3) a
fraction s of the angular momentum of a transferred mass elfeosnt goes
to Lhe secondary and the fraction (1-s) is directly converted into crbital
angular momentum; (4) no tidal torques spin up the primary durino uhe
mass transfer. Further, they adopt circular orbits and Roche geomot-y.
With these assumptions the mass transfer causes tht; rotation of tiie
primary star to slow down, as a mass element lost, from the first
Lagrangian point lias a much larger specific angular momentum than "che
primary star as a whole. PS assume s=0 which seems reasonable for disk
accretion onto the secondary star. The resulting decrease of the centri-
fugal acceleration causes the Roche lobe to shrink much slower (or at
first: even increase slightly) than with the classical assumptions. Con-
sequently, for some time the radius of the star may be able to adapt to
changes of the Roche lobe by transferring mass at a very low rate. For
a system with components Mj= 1.5M0, M2= M , P = 0.7 days, PS find that
for some 1.8 x 108 yrs after the onset of Roche-lobe overflow the primary
star transfers mass at a rate of only i<4 x 10~10 M /yr (whereas eq. (I)
would have yielded "̂  10~7 M /yr) . This timescale is a semi-nuclear one,
which is due to the fact that, at the onset of the mass transfer, the
primary star was still in the hydrogen-burning stage, with its radius
expanding on a nuclear timescale (so-called case A mass transfer). Three
remarks can be made about PS's computations: (i) they may apply to X-ray
binaries such as Sco X-l and Cyg X-2, which both have periods around
0.8 days (cf. Hutchings 1977); (ii) they will not apply to Her X-l, since
this system is so wide (P= 1.7 d) that, in order to fill its Roche-lobe,
the primary star must be in its post main-sequence stage of envelope
expansion. Hence, here the slow transfer is expected to take place on a
semi-thermal timescale; (iii) since tidal synchronisation occurs on
timescales of order 106 yrs (cf. Zahn 1976) the neglect of tidal torques

94



- 69 -

is not justified if transfer timescales >_ 106 yr are involved. The points
(ii) and (iii) led Savonije (1977) to make computations for the early
stages of Roche-lobe overflow in a system with Mj = 2 M , M2 = M_, P=1.7 d,
under various assumptions, as follows: (a) "classical ; (b) PS's assump-
tions; (c) assumptions (1) - (3) of PS, but taking tidal spin-up of the
primary star into account (for stars with connective envelopes he used
eddy viscosity; for stars with radiative envelopes: shear turbulence
friction in the tidal bulge, cf. section 5); (d) the same as (c), but
with half of the transferred mass leaving the system, carrying a specific
orbital angular.momentum of twice that of thedess massive) neutron star.

Figure 1 depicts the results. The figure shows that the assumptions
(a) and (b) represent extremes, causing flac to reach the Eddington limit
4x 101* yrs and 2.3 x 106 yrs after the onset of the overflow, respectively.
For (c) and (d), which seem the most realistic assumptions, the Edding-
ton li'Hit is reached in about 4 x lo5 yrs. Similar calculations for
systems with other primary masses (in case A as well as B, and compact
secondaries <_ 1.5 M ) show that for Mj > 3 B the duration of the slow
stage of mass transfer is generally negligible (however, see Savo
19/7) .

3. EVOLUTIONARY INFORMATION DERIVED FROM THE SLOW PULSARS

Table 1 lists the presently known pulsating X-ray sources anc. their
optical conterparts (cf. Davison 1977). Two or threo slow pulsars irrf
associated with peculiar BO emission stars, in particular X F-ersti
(cf. Maraschi et al. 1976; Stier and Liller 1976). The progenitors, of
the neutron stars in massive X-ray binaries were helium stars (cf.
seccior 4). Tidal torques on helium stars in clote binaries are neyligiblfc
(Savonije and van den Heuvel 1977) and the rotational evolution o* these
stars proceeds as for single stars. Consequently, the core collapse will
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Figure 1. Rate of mass transfer (in M yr"1) vs. the time since the
onset of Roche-lobe overflow (in 10G yrs) for a system similar to
Hercules X-l. Curves (a) - (d) refer to the various assumptions des-
cribed in the text.
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Name

3er X-1

:en X-3

SMC X-1

3U0352+30

^0535+26

3U0900-40

U118-61

3U1223-62

3U1727-33

3U1728-24

301813-14

P
P u l s e ( s e c )

1.24

4.84

0.71

835

104

283

• 405

697

490 (or 73?)

138-122

1914

L (ergs/sec)

-v 1038

-x, 1O 3 8

•x, 1 O 3 9

5 1 O 3 3

Transient

<v 103 7

Transient

<v 1037

% 103 7

->

7

Spectrum of Companion

F (HZ Her)

O6.5 I I I (Krzrainski's s tar )

BO l a (Sdk 160)

O9.5pe.(X Per)

BOe

B0-5Ia (HD77581)

BOpe

B 1.5 l a (Wra 977)

A O l a (CD - 33° 12119):-

—

—

Table 1. The pulsating X-ray sources (references: cf. Davisor. 1977).

produce a rapidly rotating neutron star. The association of Gome cf the
slow pulsars with BO emission stars (wv.20 M ) in or close to the rj-airi
sequence indicates that these pulsars have ages of less than '•• 5 x :C"yrs.
In order to slow down the rotation from P < 0.1 sec to >_ 1C0 sec it: this
time, the characteristic timescale for (exponential) slow down <-f. should

x 105 yrs.be < 6

3.1. Proposed slow-down mechanisms

(i) The propellor mechanism (Illarionov and Sunyaev 1975) yields spin
down timescales cf 107 - 10fl yrs, even if very strong Winds or fi^ "v
10~7M /yr are adopted during the entire main-sequence life of the com-
panion (Wickramasinghe and Whelan 1975) . Recent UV observations show,
however, that normal and emission-line main-sequence stars around B0
have only weak stellar winds (fy, ̂  1C~B-5M /yr; v t» 1000 km/sec, cf.
Rogerson and Lamers 1975; Snow and Marlborough 1975). Hence, the pro-
pellor mechanism cannot be responsible for the observed rapid spin down,
(ii) Kundt (1976) showed that for a neutron star spinning in a stellar
wind very large electromagnetic friction on the jnagnetosphere is to be
expected as soon as the infalling wind matter is able to penetrate in-
side the velocity of light cylinder. This occurs for spin periods
around one second for the above quoted wind strength for a B0 main-
sequence star. Already for such a (weak) wind, Kundt"s equations yield
a very satisfactory spin-down timescale of only about 3 x io5 yrs for a
neutron star with P= 1 sec, B s= 10

lzgauss, at a distance of 1012 cm from
the star.

The spin-down terminates when the pulsar has reached the equilibrium
spin rate at which the co-rotation velocity at the magnetospheric
boundary equals the Keplerian velocity around the neutron star (uavidsor.
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and Ostriker 1973). This equilibrium period is given by (cf.
Wickramasinghe and Whelan 1975):

P = 30(B /1012gauss)6/7(1.5 10"nHn/yr/fl ) 3 / 7(M /M ) 5 / 7 sec

(2)

where Mn is the mass of the neutron star and B s its surface magnetic
field strength. Computing H a c from the above quoted wind parameters for
a BO main-sequence star, with Bs= 10

1 2 gauss, a=50Rg(as for 3U0900-40)
one obtains Pew= 167 sec. With fo^- 10~

9 M©/yr one obtains 277 sec. These
periods agree excellently with the spin periods of the slow pulsars.
An exceptional case is 3U0900-40; here the M a c value of 1O~

10 to 10"9

Hg/yr derived from its present X-ray luminosity yields P eg
% 3.5 to 9.4

sec (with Mn= 1.6 M ), implying that this source was spun down in a
much weaker wind than the one presently observed for its companion
(Wickramasinghe and Whelan 1975). On the other hand, for Cen X-3 and
SMC X-l the &ac-values of 10~

8 M_/yr and 10~7*5 M /yr, respectively, as
derived from their X-ray luminosities yield Pe = --5 sec and 1.1 sec,
respectively. As B and M may be slightly different from the adopted
valuas, these sources are therefore most probably spinning at their
equilibrium rates.

Fiom tha equations given by Fabian (1975) and Fabian and Prinule
(1976) one expects 3U0900-40 to spin up to P = 60sec in about 2 x 10'* yrs
if vw= 400 km/sec; for vw= 300 km/sec this time is 7x 10

3 and for vv.= 200
km/sec: 400 yrs. Also 3U1223-62 is expected to show a rapid spin-up.
Indeed, the period of the latter source deceased by 5 seconds in 200 days
(Swank et al. 1976; Davison 1977). An even faster spin-up has been
observed for 3U1728-24: here the pulse period decreased from 136 seconds
in 1971 to 122 seconds in 1975 (Becker et al. 1976).

4. REFINEMENTS IN THE EVOLUTIONARY SCENARIO OF MASSIVE X-RAY BINARIES

4.1. Effects of mass loss

In the scenario the compact star is the rezmant of an evolved helium
star which was the core of the original primary star, left after the
first stage of mass exchange in a massive close binary (van den Heuvel
and Heise 1972; Tutukov and Yungolson 1973). Such helium stars are
• thought to be identified with Wolf-Rayet (WR) stars and the direct
progenitors of X-ray binaries are therefore thought to be WR binaries
(van den Heuvel 1973). The scenarios presented so far are "conservative",
i.e. mass and orbital angular momentum are assumed to have been conserved
during the first stage of mass transfer (cf. Do Loore et al. 1975).

Recent confutations by Ulrich and Burger (1976) , Flannery and Ulrich
(1976) and Kippenhahn and Meijer-Hofmeister (1976) showed that in normal
close binaries with mass ratios < 0.6-0.7 the secondary swells up as a result
of the mass accretion and soon overfills its Roche-lobe. Consequently, loss
of mass and angular momentum from the system is expected, as was already
suggested by Meijer-Hofmeister (1974) . One therefore expects that the normal
components of WR binaries will have smaller masses than expected on the basis
of conservative evolution. The same is expected for the normal
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of the X-ray binaries. Also, the binary periods are expected to be
shorter than with conservative evolution, due to the angular momentum
lost with the matter.

For a representative WR binary such as V 444 Cygni (WN6+B1) with
component masses of 9.5 Hg i 24.1 Hg and P = 4.2 days (Kuhi 1973) this
may imply a progenitor system of about 28 M - + 20 M (in stead of
28 M + 5.3 M in the conservative case).

Furthermore, main-sequence stars with masses > 25-30 M_ are observed
to lose mass by stellar wind at a high rate (^5.10~6M /yr tor the 40-50
M star <;Pup, Iiamers and Morton 1976). So, the progenitor of V444Cyg
may perhaps have started out as 40 M + 25 M , having been reduced to
28 M J 20 M at the onset of the first stage of mass transfer, and to
10 M -i 24 M aftei- the first stage of transfer. Consequently, WR binaries
and massive X-ray binaries may have descended from systems that were
originally more than twice as massive.

This mass loss is expected to have considerable quantitative effects
on the predicted masses and periods of WR binaries and massive X-ray
binaries. However, the general qualitative outline of the evolutionary
scenario seems not greacly affected.

4.2. Civerluminosity and evolutionary status of the primaries of massive-
X-ray binaries

In comparing the positions of the normal components of isa
X-ray binaries with evolutionary tracks of massive stars (without rass
loss) it has been noticed that Krzminski's star (Cen X-3), Sdk 160
(SMC x_;> and HD77I.81 (3U0900-40) fit to tracks of stars of about *JQ M
to 40 M , whereas the actual masses of these stars, derivec from the X-
Doppler orbits are only around 20 M (cf. Conti 1976, Hutchings 1976a;
"iolkov;ski 1976) . A similar overlumxnosity (or undermassiveness) wss
found by Conti (1976a) and Hutchings (1976b) for components of many
luminous early-type binaries. To explain this phenomenon, 2iolkowski
(1976) has suggested that the primaries of some of the X-ray binaci.es
resemble the remnants of case A mass transfer, i.e. are stars that under-
went inass loss after having burnt part of the hydrogen in their '.-ores.
Such remnants, which are still burning hydrogen will reseinble overluminous
giant stars. He showed that with Y« - 0.8 to 0.9, in a core containing
two thirds of the mass of an 18 M star, the observed overluminosity of
Krzminski's star can be explained.

The overluminosity is due to the large relative mass of the helium-
rich core. Ziolkovjski suggested that stellar winds during the hydrogen
burning stage (% 5 x 10~G M /yr as observed in £Pup, see above) wore the
cause of the mass loss. This suggestion seems beautifully confirmed by
computations by De Loore et al. (1976) (made in order to check Conti"s
(1976b) suggestions about the evolutionary history of Of and WR stars)
of evolutionary tracks of massive stars with mass loss by radiation-
pressure-driven stellar winds. The mass loss was assumed to start on the
ZAMS and to be driven by 300 absorption lines (cf. Castor et al. 1975).
Here the hydrogen-burning tracks become more horizontal and extend much
further to the right in the HR diagram than without mass loss, and the
stars become gradually more and more overluminous. De Loore et al. find
that a star of initially 40 N is reduced to 23M Qat the end of its
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hydrogen burning; at that moment its luminosity is equal to that of a
32M star that evolved without mass loss.

0 A n important point, noticed by Ziolkowski is that the radii of these
hydrogen-burning models do not increase if mass is lost. Therefore,
Cen X-3 may be in a slow stage of Roche-lobe overflow; this is probably
not the case in the wide systems of Cyg X-l and 3U0900-4O, where the
supergiants are more likely to be in the stage of helium burning.

5. TIDAL EVOLUTION

The very small orbital eccentricities of Cen X-3 (0.001), Her X-l
(<0.0i) and SMC X-l (<0.03) (cf. Fabbiano and Schreier 1976; Prxmini
et al. 1976) imply that the time^cale for tidal circularisation car.nct
exceed some 106 yrs (cf. Sutantyo 1974). This timescale can be expressed
in terms of the orbital elements together with an effective viscosity
<u> (Alexander 1973; Sutantyo 1974; Wheeler et al. 1974; 1975; Locar et
al. 1976). The value of < y > is 10 1 1 - 10 1 5 cm2 sec"1. The normal plasma
and radiative viscosities in stars are of the order of only 10 - JO"4

cm2sec~!. Low-mass companion stars (NIj < 2M ) have convective envelopes
with high turbulent viscosity (̂  10 1 2 cm2sec~1) sufficient to explain the
circul^risation of the orbit of Her X-l on a short timescale (Lecar ct
al. 1976). However, the companions in massive X-ray binaries have
radiative envelopes with negligible viscosity, and the turbulent visco-
sities produced in their convective cores are too small to be effective
(Sutsntyo 1974). The most promising suggestions put forward tc resolve
this difficulty are thosa by Press et al. (1975) and by Zahn (1975, 1976).
Press et al's mechanism involves shear turbulence produced by the r.or.ion
of the tidal bulge across the stellar surface. If this turbulence L=
indeed generated (cf. Seguin 1976) the resulting turbulent viscosity will
be sufficient to circularise the orbit of Cen X-3 on a timrscale of
order 106 yrs.

Zahn's (1975) mechanism involves radiative damping acting on the
dynamical tide. An essential point is that the star should liave a con-
vective core. Zahn (1976) showed that this mechanism can explain the
small orbital eccentricity of Cen X-3. Most of the tidal friction is
produced here when the star is near the zero-age main sequence where the
convective core is largest.
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DISCUSSION

R.P. Kraft - Could you comment on the evolutionary history of the
low-mass X-ray binaries such as Sco X-l and Cyg X-2. You did not mention
those in your talk.

E.P.J. van den Heuvel - Basically, two scenarios can bo thought of,
which 7. have summarized at IAU Symposium Nr. 73 (van den Heuvel 1976; .
The first one, proposed by Gursky, and in a somewhat different for-a by
Canal and Schatzmann, departs from a cataclysmic variable binary con-
sisting of a massive white dwarf and a low-mass main-sequence star. The
white dwarf is supposed to be driven over the Chandrasekhar limit by
mass transfc-r,leading to an implosion. The implosion and the formation
of the neutron s':ar :aay have been violent, as in a type I Supernova, or
perhaps non-violent as in the Canal-Schatzman picture. In the case of
a violtnt implosion with mass ejection, very few binaries will hsvi
survived tha supernova; only with a suitably directed asymmetric i-oP
ejection can the system have survived the explosion as viar. shown f̂ -r
instance by Flannery and van den Heuvel; the resulting system will hive
a high runaway velocity (> 100 km/sec). These types of scenarios can,
most probably, not work for Her X-l, as was shown by Sutantyo. Here the
neutron star must have originated from a direct core implosion, pre-
sumably of an evolved helium star of 3 - 4 M . The progenitor system
may have resulted from a massive close binary which suffered large mass
loss during its first stage of mass transfer, presumably as a consequence
of a very large difference in mass between the components.
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SAMENVATTING

ïn het algemeen wordt aangenomen dat de voorloper van het kompakte

objekt (gewoonlijk een neutronen ster) in een zwaar röntgen dubbelster-

systeem een helium ster is geweest (van den Heuvel en Heise 1972;

Sutantyo 1973). Deze helium ster was op zijn beurt de kern van de aan-

vankelijk zwaarste komponent van de dubbelster en bleef achter nadat

de zwaarste ster zijn waterstof-rijke mantel aan zijn begeleider had

overgedragen tijdens een eerste optreden van "Roche-lobe overflow" (vgl.

De Loore en De Grève 1975). De helium ster evolueerde daarna snel naar

zijn uiteindelijke vorm, terwijl zijn begeleider nog steeds in een be-

trekkelijk vroeg stadium van zijn evolutie verkeerde. De uiteindelijke

struktuur van de helium ster hangt kritisch af van zijn massa. Indien

de ster uiteindelijk minder zwaar wordt dan de limietmassa van Chandra-

sekhar ("̂  1.4 M ) zal hij zeker als een witte dwerg eindigen - een kon-

fuguraLie die zich tegen zijn eigen zwaartekracht in stand kan houden

door de .Iruk van het (niet extreem relativistisch) gedegenereerde elek-

tronen gas. Helium sterren, waarvan de uiteindelijke massa groter is

dan de Chandrasekhar limiet, zullen een supernova explosie ondergaan;

hun kernen storten ineen tot neutronen sterren of zwarte gaten. Een der-

gelijke supernova gebeurtenis is, naar men aanneemt, essentieel voor het

vormen van röntgendubbelsterren.

Hoofdstuk I is gewijd aan de evolutie van helium sterren van ver-

schillende massa. Indien de buitenlagen van de helium ster sterk gaan

expanderen, zal er een tweede stadium van "Roche-lobe overflow" plaats-

vinden. Dit is belangrijk, want de daarop volgende massa-overdracht zou

de massa van de helium ster onder de Chandrasekhar limiet kunnen brengen

en zodoende de vorming van een röntgendubbelster verhinderen. Omdat de

expansie van de buitenlagen kritisch afhangt van de massa van de krimpen-

de koolstof-zuurstof kern (die overbleef na afloop van de helium kern

verbranding), bleek het nodig om een fysisch zelfkonsistente methode te

ontwikkelen ter bepaling van de grens van een uitzettende helium ver-

brandende konvektieve kern. Een dergelijke methode was nog niet voor-

handen en veroorzaakte een aanzienlijke onzekerheid aangaande de afmetin-

gen van de resulterende koolstof-zuurstof kernen. Het resultaat van deze

evolutie-berekeningen is dat helium sterren met een massa van ongeveer

2 M„ koolstof-zuurstof kernen rond 1 M_ blijken te ontwikkelen. Dit is

de grensmassa voor het nog niet onder gedegenereerde omstandigheden ont-

steken van koolstof in de kern; sterren met minder zware kernen blijven
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in een stadium van kernkontraktie zonder in het centrum koolstof te

ontsteken. Een dergelijke voortgezette kernkontraktie gaat gepaard met

een omvangrijke uitzetting van de stermantel en zal tot hernieuwde

massa-overdracht leiden. Het valt aan te nemen dat t: jdens deze tweede

fase van Roche-lobe overflow de helium ster nagenoeg zijn gehele helium-

rijke mantel zal verliezen, zodat er een witte dwerg van ongeveer 1 M

zal overblijven. Hiermee komt de grensmassa voor helium sterren die nog

een supernova stadium doorlopen iets boven de 2 M te liggen.

Het was nodig om veel van de in het evolutie programma ingebouwde

fysika te vernieuwen ten einde de daarop volgende evolutiestadia te be-

studeren. Ook het effekt van massaverlies ten gevolge van een intense

sterrewind moest in re'.cening worden gebracht. De resultaten van dit werk

zullen in een afzonderlijk artikel worden gepubliceerd.

In hoofdstuk II worden de resultaten gegeven van gedetailleerde

evolutie berekeningen van het beginstadium van massa-overdracht naar

de ineengestorte relativistische ster ten gevolge van "Roche-lobe overflow"

(dat is de fase waarin de dubbelster waarneembaar is als een röntgenbron).

Aangetoond wcrdt dat - in tegenstelling tot wat algemeen wordt aangeno-

men - de heldere, zware röntgendubbelsterren zeer wel door "Roche-lobe

overflow", in plaats van door een sterke sterrewind kunnen worden

gevoed. De snelle röntgen pulsars (P < 10 sec) Her X-l and Cen X-3

roteren hoogstwaarschijnlijk gemiddeld met de evenwichts-rotatiesnelheid

(vgl. Henry en Schreier 1977). In dat geval is het mogelijk om met be-

hulp van de resultaten van de massatransport berekeningen van hoofdstuk II

de toename van de rotatiesnelheid van de massa ontvangende neutronen ster

te voorspellen. Het blijkt dat de aldus verkregen waarden in goede

overeenstemming zijn met de waargenomen afname van de röntgen puls-perioden

van bovengenoemde twee bronnen. Dit lijkt een sterke aanwijzing te zijn

voor het optreden van "Roche-lobe overflow" in deze twee dubbelster syste-

men.

In hoofdstuk III wordt aangetoond dat de getijdenkracht die wordt

uitgeoefend op een zich in een dubbelster bevindende pre-supernova helium

ster, onvoldoende is om de te snelle rotatie van deze ster gedurende

zijn verdere leven nog ts synchroniseren met zijn baanbeweging. Zodoende

mag men aannemen dat de pulsars in deze systemen bij hun geboorte snel

roteren, evenals de enkelvoudige pulsars. Men neemt aan dat de snelle

rotatie van pulsars wordt geremd door het uitzenden van magnetische

dipool straling (Ostriker en Gunn 1969). Echter, de rotatie van pulsars

die lid zijn van een nauwe dubbelster kan veel efficiënter worden ver-
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traagd door de zwakke sterrewind van hun hoofdreeks begeleiders. In

dat geval kan de elektromagnetische interaktie tussen het invallende

sterrewind plasma en de magnetosfeer van de pulsar (Kundt 1976) het

bestaan van de zogenaamde langzame röntgen pulsars (met puls-perioden

van 102 - 103 sekonden) verklaren. Naderhand kunnen deze langzame

röntgen pulsars dan weer versneld worden tot puls-perioden rond 1 se-

konde, indien hun begeleiders hun Roche lobben overschrijden.

Hoofdstuk IV is een overzichtsartikel dat recente vorderingen op het

gebied van röntgendubbelster evolutie beschrijft.
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