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ABSTRACT 

83 K phase transition in KCN based on a sinple 

node! Handltonian, in which the interactions between the CN~ ions are 

of an electrostatic dipole-dipole nature^^This leads to an antiferro-

electric state in the ordered phase, as suggested previously by 

experiment. Still with this model Handltonian, but within a «ean 
v> i, 

field approximation, «e obtain*» expression for the order parameter 

(sub-lattice polarization) of the transition as a function both of 

temperature and the electric dipole racment of the o f ion. The 

available experimental value for the electric dipole incnent of CN~ in 

KC1 (p » C.07 eA) yields a transition temperature T * 31.2 K. As this 

value of p is not reliable for the KCN crystal we have used the value 

that fits the experimental transition tençerature (T = 83 K) in 

order to obtain the order parameter as a function of tenperature, as 

well as the orientational energy levels both for the disordered 

phase and for 0 K. 

*Wbrk partially supported by Brazilian Agencies CAPES and FDJEP. 



I. INTRODUCTION 

The KCíí crystal has been object of recent detailed 

experimental investigation (von der Weid et al. 1376, Juiian 

and Lüty 1975, Dultz 1974). It undergoes a ferroelastic 

phase transition at 168 K from cubic to orthorhombic symme

try, and it undergoes an antiferroelectric transition at 

83 K; below this temperature the (CN)~ electric dipoles 

become correlated and long range order is established. 

It is our purpose here to use the experimental 

information currently available about KCN, and develop a 

simple but plausible theoretical model to describe the low 

temperature phase of the system. 

The experimental results of the preceding paper 

are of fundamental importance to our theory. There, a 

dynamical model for the elastic dipoles orientation of the 

CN~ ions is proposed: the elastic dipoles undergo rapid 

reorientations between ten local minima positions of the 

crystal potential, which o^cur in the T100], [100! and 

near the eight <111> orthorhombic directions. The relative 

positions of these wells are given in Fig. 6 (for the 

paraelectric phase) and in Fig. 7 (for the antiferroelectric 

phase) of the preceding paper. The elastic energy differ

ence between the [100! and <111> directions was found to be 

AE0 = 7.4 x 10~
3 eV, both in the ordered and in the disordered 

phase, being temperature independent. 

The standard theoretical treatment for order-

disorder type ferroelectrics and antiferroelectrics (Blinc 
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1960, de Germes 1963, Brout et ai. 1966, Errey 1968, Pytte 

and Thomas 1963, Blinc and ZeKs 1972,1974) is very suitable 

for a "soft" ferroelectric system like KH2POt,, where each 

hydrogen proton moves in a double-well type of crystal 

potential. The two minima are degenerate in the paraelec-

tric phase; they have a relative displacement below the 

transition temperature, when the proton is more likely to 

be found in the lower ..•ell position giving rise to an 

induced electric dipole moment at each unit cell. The 

Hamiltonian for such a two-states system was introduced by 

Blinc (1960): 

^Blinc " " * { Sí " ±\. J i j S K U ) 

where si, the tunnelling frequency, is strongly dependent 

on the mass of the tunnelling particle (for KD2PO1,, fl = 0 

within measurements accuracy) and on the width of the 

potential barrier separating the two equilibrium sites; á 

is a pseudo-spin operator (S = 1/2), and J. . describes an 

interaction between proton sites, including direct electro

static effects and indirect couplings (such as interaction 

via phonons). 

This model Hamiltonian is not satisfactory to 

describe KCN in several respects: 1) the 180° dipole flip 

occurs through "jumps" into intermediate <111> directions, 

and not by direct tunnelling (von der Weid et al. 1976); 

2) the crystal potential at each CN- site is a ten-well, 

instead of a double well type. 
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In sec. II we introduce a model Hamiltonian for 

KCN and discuss its ground-state structure, shoving that it 

is antiferroelectric. 

In sec. Ill, based on a Mean Field Theory approxi

mation, we calculate the critical temperature for the 

antiferroelectric phase transition as a function of the 

electric dipole moment of the CN~ ion; then using for the 

electric dipole noraent the value that fits the experimental 

critical temperature <T * 83 K) we obtain the temperature 
c 2 

dependence of the order parameter. 

In sec. IV we present our conclusions. 

II. THE GROUND-STATE 

He build the model interaction Hamiltonian to 

describe the low temperature phase transition based on the 

assumption that the ordering of the electric dipoles of the 

CN ions is due mainly to the electrostatic dipole-dipole 

interaction, and that other types of coupling may be 

neglected. Since no lattice displacement is expected to 

accompany the low temperature transition, the dipolc-phonon 

coupling proposed by Kobayashi (1968) for KH2POi, should not 

be relevant here. Furthermore the separation between 

neighbouring CN~ ions is large enough to allow us to neglect 

direct overlap effects. • X-ray measurements (Bijvoet and 

Lely 1940) yield the following information about the KCN 
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orthorhORibic lattice parameters (see Fig. 4 of the preceding 

paper): a = 4.22 A, b » 5.07 A, c * 6.13 A; and about the 
_ c 

CSt ion: bond length t 1.1 A, ellipsoidal shape with major 
o o 

and minor semi-axis -v 2.15 A and 1.78 A. The favourable 

alignment direction for the CN~ dipoles is along the b axis 

direction, called [100] here. Julian and Lüty (1975) quote 

the value for the electric dipole moment of the CN ion in 

KC1 to be p = 0.07 eA. 

Under these assumptions «re may take the inter

action Hamiltonian as 

%= - I JijPi*Pj {2) 

i<3 

where the summation is performed over the whole crystal; 

1 
j » (1 _ 3cos

28. .) (3) 
id R3 . 13 

Kij 
is the dipole-dipole interaction energy, p. is the 

electric dipole moment of the CN~ ion on site i, and 9^. is the 

angle that 5.. (» *t~*-\> makes with the ani sot ropy direc

tion. Notice that no tunnelling term appears in eq. (2), 

as discussed above. 

The ground- state structure is now easily obtained 

since at 0 K all the elastic dipoles are known to be 

aligned along the [100J direction, so that we have (Biinc 

and Zeks 1972, 1974): 

,^* ( rrri ) 
Pj • Pi e J (4) 
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Each reciprocal space vector q determines a spe

cific structure, for which the interaction energy per pair is 

«i » P2 «Hg> <5) 

where 

iq« Cr..-r ) 
J(q) = £ - J., e 3 * (6) 

The ground state configuration is therefore given 

by q0 which minimizes U.. From eq. (4), q = 0 corresponds 

to a ferroelectric structure (PE) and q lying at the 

Brillouin zone boundary corresponds to an antiferroelectric 

structure (AFB). 

The summation in eq. (6) was performed for several 

values of q. For each q we summed over enough layers of 

neighbours so that convergence could be assured. The value 

of J(q) up to six significative figures remained unchanged 

from the 10th layer on (we summed over 30 layers). The 

results for U./p2 are shown in table 1. 

In the case of the ferroelectric structure, the 

macroscopic polarization effect must be taken into account 

(Kittel, 1971). This gives rise to a correction for the 

energy per pair in the ferroelectric structure only, due to 

the polarisation charge density at the boundary of the 

volume where the summation (6) is performed. In the case of 

the orthorhombic volume we used to perform the sum, such 

correction is 



7 

-8 ac 0 
A U W * p2 tg"1 = (-0.031 A~a)p2 C7) 

re abc b/az + bz + c2 

where a, b and c are the lattice parameters. 

The ground-state structure corresponds to 

q0 " «CO, tf, ±|> for which -| - JQ = J(q0) »- *.43*10~
2 Â~3; 

such an APE structure is schematically shown in Pig. 1. 

The central dipole orientation is given by the choice of 

sign in q0 (indicated by the double arrow): once one is 

chosen, the whole structure is determined. It is interest' 

ing to notice that this is the same structure obtained from 

a nearest neighbours interaction-type calculation which, 

however, superestimates the absolute value of J0 by almost 

50%, due to the long-range nature of the dipolar interaction. 

III. MEAN FIELD THEORY AND RESULTS 

In the mean field theory approximation, the effect 

of all the electric dipoles in the crystal on each individual 

dipole is substituted by a local electric field which is 

proportional to the polarization of the system, i.e. 

In this context the interaction Hamiltonian (2) 

would be approximated by 
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<#MF * ~ I Jii<Pi>"Pi
 {9) 

i<j J J * 

From eqs. (8; and (9) we get 

1 j^i) "3 3 

= J0p<c
2>2 (10) 

where we use the notation: 

p = p? , \o\ = 1 (11) >-> i 

together with the fact that the sub-lattices polarization 

is along the b-axis (called z here), so that <p-> is in the 

z direction. The order parameter for the transition is 

<az>, which is proportional to each sub-lattice polarization. 

Of course the macroscopic polarization is zero. 

At this point one should note that the interaction 

Hamiltonian is reduced to an Ising Hamiltonian. 

Besides the local mean field (10), each dipole is 

subject to the ten-well crystal potential mentioned above. 

At finite temperatures the dipoles have different probabili

ties of being oriented along the directions corresponding 

to the minima of the wells. These probabilities are easily 

obtained from a Boltzntann statistics, which gives the 

following temperature dependence for the order parameter: 

P2Jo<(iZ> -A£„/k T !»p2J0
<oZ> 

senh( ^ T -) + 4 « e **-o/*B
l
 g e n n ( ^~ ) 

<0 Z> m § S (12) 
p2J0<OZ> -AE./k T op2J0<O

Z? 
cosh( j p F - ) + 4e

 a B 0 / V cosh( %-% ) 
B B 
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In eq. (12) a - b//az + b*' • c2 = 0.56 is the cosine of 

the angle between the [1001 and till] directions. Here we take 

as intermediate minima position the <111> orthorhomóic 

directions, neglecting the small deviation frost it; 

&E0 » 7.4»10~
3eV is the elastic energy difference between 

the <111> and [100] directions, measured by von der Weid 

et al (1976). 

Eg. (12) has a non-zero solution for <oZ> if 

T < T , the critical temperature being such that 

-AEo/kgT 

_§_£„ {13) 

P2^o 1 + 4 e
 A E o A B T c 

The experimental information about the electric 

dipole moment of the CN~ impurity in KC1, p * 0.07 eAr 

is probably an under estimative for its value in KCN, since 

this is a polar crystal. For this value of p, eq. (13) 

yields T_ = 31.2 K. In order to test the model, we plot 

in Fig. 2 the p * T dependence given by (13). Notice that 

in this approximation the experimental critical temperature 
o 

(T * 83 K) corresponds to p - 0.14 eA. The mean field 
c2 

approximation usually superestimates the critical tempera

ture; if this is the case here, the dipole moment of CN~ 

in KCN is probably larger than 0.14 eA. 

The temperature dependence of the order parameter 

as well as the local electric field, given by eqs. (12) 

and (10) respectively, are plotted in Fig. 3, for 

p « 0.14 eA. 
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Still for this value of p we show in Pig. 4 the 

orientational energy for the electric dipoles corresponding 

to the bottom of the wells, for the paraelectric phase and 

tor T » 0 K. 

As a final remark we would like to mention that 

we have used this model in order to estimate the orienta

tional energy difference (&E0) in RaCN, which undergoes a 

similar phase transition at 172 K. 

The ground-state structure was found to be the 

same as that of KCN, with J{qc) = J0 = 0.835 A
 3; 

therefore, for T = 172 K, and p = 0.14 eA we found frost 

eq. (13) AE0 ^ 5.8 x 10-i eV. In the sane way, for p«0.16 

we found AEQ "v 2.1 x lo~" eV. These results show that in 

this theoretical approach AE0 is very sensitive to the 

value of p and T . So, only an experimental determination 

of AE 0 and/or p can support the model. 

IV. CONCLUSIONS 

The simple model proposed in this work, based on 

dipole-dipole interaction between CN~ ions allows us to 

confirm theoretically that the ground state of the ordered 

phase is antiferroelectric as suggested by Dultz (1974). 

Furthermore, within a mean field approximation, 

we are able to describe a critical behaviour for the 

system; the calculated transition temperature id of the 

same order of the experimental one for values of the dipole 
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moment p which are reasonable based on the experimental 

data available about it. 

Finally *e would like to comment that we are 

studying the dynamics of the system and investigating the 

nature of collective oscillations on it, both from an 

experimental and a theoretical point of view, which may 

require modifications to improve the model. 
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TABLE CAPTION 

Table 1 - Results for the energy per pair determined from 

(5), (6) and (7). Correction (7) appears only 

in the FE Structure, for which J(q)= 0.682xlO~2A~3. 
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FIGURE CAPTIONS 

Fig. 1 - The antiferroelectric ground state structure of 

KCN. 

Fig. 2 - The electric dipole moment as a function of the 

critical temperature, showing the value of p that 

fits the experimental critical temperature (T ). 
c2 

Fig. 3 - The order parameter of the transition and the mean 

electric field at site i as a function of T/T , 
c2 

O 

for p = 0.14 eA. 

^ig. 4 - The orientational energy levels of the CN~ ion both 

for the disordered phase and for 0 K. 



TABLE 1 

q Structure l^/p2(10~2 A" 

(0, 0, 0) 

*(ii, ±|, 0) 

2i<±±. *}. *J> 

AFEj 

FE 

AFE2. 

APE3 

APE,, 

- 4.43 

- 2.42 

- 0.214 

- 0.205 

4.74 
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