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Resume

On deerit dans ce rapport une methode permettant d'obtenir une

reponse en frequences a petit signal a partir d'une simulation

dynamique numerique. On a recours, dans cctte mcthode, a une forme

modifiee de la Technique PRBS/FFT selon laquellc une sequence binaire

pseudo-aleatoire est amence a perturber un systeme, tandis que sa

reponse est analysce au moyen d'un programme base sur une transforma-

tion rapide de Fourier. On decrit deux applications de la technique

en question: l'une concerne un ensemble d'6quat.ions differcntielles

ordinaires, de second ordre, groupees par deux; l'autre est un ensemble

d'equations differentielles partielles et non-lineaires decrivant le

comportement thermohydraulique de l'eau en Ebullition dans un canal de

combustible.
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APPLICATION OF THE PRBS/FFT TECHNIQUE

TO DIGITAL SIMULATIONS*

by

H.W. Hinds, Atomic Energy of Canada Limited, Chalk River

ABSTRACT

This paper describes a method for obtaining a small-signal frequency
response from a digital dynamic simulation. It employs a modified
form of the PRBS/FFT technique, whereby a system is perturbed by a
pseudo-random binary sequence and its response is analyzed using a
fast Fourier transform-based program. Two applications of the
technique are described; one involves a set of two coupled,
second-order, ordinary differential equations; the other is a
set of non-linear partial differential equations describing the
thermohydraulic behaviour of water boiling in a fuel channel.

1. INTRODUCTION

To design a plant, many control questions must be answered. Normally,

the technique used to obtain these answers is to model (or simulate) the plant,

including its proposed control system. The proposed design can then be evaluated

from a control viewpoint, and changes recommended, if necessary. The model may

also be used during commissioning and operation, to explain unexpected occurrences,

or to predict the effect of proposed modifications.

If the plant is large and complex, models for individual components may

be developed by different people, using different methods. In general, models may

be divided into at least three categories:

(a) digital (e.g. using digital simulation languages such as MIMIC,

CSMP, or FORSIM [1])

(b) analog/hybrid

(c) analytic (e.g. using classical transfer function analysis).

Each type of model has its own advantages and disadvantages. To combine these

individual models into a single overall plant model and/or to exploit the

advantages of each type, it is desirable to be able to transform from one type to

another.

This report describes a method of obtaining a transfer function from a

digital simulation. In this context, it is assumed that, although the digital

*Heproduced by permission of the Conference organizer*.
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model may be highly non-linear, it can be linearized about an operating (reference)

condition, for a limited range of perturbation sizes.

Previous work at Chalk River Nuclear Laboratories (CRNL) has shown how

to measure a system's frequency response by perturbing it with a pseudo-random

binary sequence (PRBS) and analyzing the input and output with a fast Fourier

transform (FFT) program [2], This PRBS/FFT technique has been used many times to

measure the response of real systems, as described, for example, in [3]. We have

also used it to measure the response of systems simulated on our analog computers.

The PRBS/FFT technique can also be applied to digital simulation programs.

It has many advantages over simple transient analysis, as the complete transfer

function can be found from a single (or perhaps double) measurement. A similar

technique, described previously by Rydin [4], is apparently not being used extensively.

2. REVIEW OF ANALOG CASE

First, we shall summarize the method described in [2],

In a purely analog situation, the perturbation signal is generated as

shown in Figure 2.1, taken from [2]. A PRBS generator (e.g. HP Model 3722A), set

to sequence length L, is driven by a clock pulse at frequency f . The PRBS signal,

if transformed to the frequency domain, would have a Fourier amplitude spectrum

having the characteristic sin x shape, with its first null at f .
x

The PRBS is then filtered, using a high-order filter (e.g. Khron-Hite

Model 3342R), to remove all components with frequencies greater than the first

null. The resultant signal is then used to perturb the unknown system.

After waiting for the initial transient to decay, the input and output

of the system are both sampled at a frequency f , creating two tables of length N.
5

Each table is then Fourier transformed, using an FFT program, thus generating

complex components in the frequency domain. Complex division of the output by the

input yields the frequency response of the unknown system. The frequency response

is usually expressed in the form of a Bode plot, where the logarithm of the response

is plotted against the logarithm of the frequency.

The critical timing relationship is given by

— = - (1)
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This makes the implied period of the FFT equal to the period of the PRBS. This

ratio is easily obtained using a pair of sealers, as shown on Figure 2.1.

If an m-type PRBS is used, then L = 2m-l. For a FFT, the table length N

must be a power of 2, i.e. N = 2 . Also, from Shannon's sampling theorem, the

sampling frequency must be greater than twice the highest frequency component, i.e.

f > 2 f . To obtain the maximum information for a given table length, fg should

be approximately equal to 2f , as then all data points contain some information.

For implementation on our PDP/8-based system, we normally select

N = 512

L = 255

3. INPUT FOR THE DIGITAL CASE

The input (perturbation) signal for a digital simulation program can

generally be of two possible forms:

(1) an analytic function of time (e.g. step, ramp or sinusoid)

(2) a single-variable table (input versus time for equal time steps).

The first form has the advantage (from the point of view of the digital

computer) that variable-step integration may be used and hence the computation

time reduced; however, it is not readily applicable for our purposes. The second

approach is easily adapted, using a table obtained in the same manner as for the

purely analog situation.

In the analog case, we sample at approximately twice the highest frequency

in the filtered PRBS, to obtain the maximum information from a given block length.

A photograph of the block of 512 points is shown in Figure 3.1. This is not

suitable for use in a digital simulation as the signal changes too rapidly between

points and does not approach a continuous function. To obtain a pseudo-continuous

curve, we must either

- sample faster, and/or

- interpolate

In practice, we do both. To sample faster, we simply choose a smaller L, which,

for L = 31 (our choice), gives a block of 512 points like that shown in Figure 3.2.

The corresponding amplitude spectrum is shown in Figure 3.3 and consists of

approximately 30 non-zero data points.
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FIGURE 3.1 - BLOCK OF 512 SAMPLES OF A FILTERED PRBd
OF LENGTH L = 255

v A. . v: 4

* *

FIGURE 3.2 - BLOCK OF 512 SAMPLES OF A FILTERED PRBS
OF LENGTH L = 31
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FIG. 3 . 3 AMPLITUDE SPECTRUM OF A FILTERED PRBS
OF LENGTH L = 31

To interpolate, we simply add more zeros to the Fourier transform and

increase the total block length, in our case from 512 to 4096. The inverse

Fourier transform of the data then yields 4096 data points in the time domain.

These points are interpolated by fitting to a series of sinusoids (as compared to

polynomials). It is clear that the addition of high-frequency components of zero

amplitude does not change the signal but is simply a mathematical trick to generate

more points on the curve. The information content is not changed. This input

array is constant, independent of the frequency range of interest.

4. RUNNING THE SIMULATION

The input array, in our case 4096 points, must be considered as simply one

period of an infinite-length, periodic signal. It is generally introduced into the

simulation as a perturbation about an operating condition, having a perturbation
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amplitude which is

- large enough to maintain digital accuracy, and

- small enough so that the system appears linear.

The actual amplitude used in a given case is found experimentally. If it is

varied by an appropriate factor, say 5, and the results are identical, then a

range has been found where the results are independent of perturbation amplitude,

i.e. the system appears linear.

Since only the fluctuations in the output* are of interest, a DC level

may be subtracted from each point. The choice of value is not critical and will

depend on the individual programmer.

Although our input consists of 4096 points, only 512 (every eighth point)

are significant, as the others are generated from them, as explained in the previous

section. Similarly, although an output is generated by the program for each input

point, only one point in eight has any significance. Alternatively, looking at

the same problem in the frequency domain, the original signal may represent up to

256 frequencies (only 30 actually exist in our case). For a linear system (and

all systems are assumed linear), the output will have the same frequency components

as the input; no new frequencies are generated. Thus the output consists of at

most 256 frequencies and can also be represented by 512 points. These 512 output

points are also (like the input) simply one period of an infinite-length,

periodic signal. Output data for one period may simply over-write the data of the

previous period.

As for the analog case, the initial transient nust be allowed to decay

and the model must produce periodic results before its output is suitable for

analysis. To check for periodic operation, the state vectors (in practice, the

outputs will suffice) at the end of two consecutive periods are compared. If

equal, periodic operation is assured and the data for the intervening period is

suitable for analysis.

5. DATA ANALYSIS

Data analysis is identical to that for the analog case. The input

consists of N points (N = 512, in our case). The output consists of one or more

variables, each of N points. Each block is Fourier transformed, resulting in a

*In practice, the output can consist of several variables.
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complex array of N points. Only N/2 points are unique, however, as the second half

is the complex conjugate of the first half. The frequency response is obtained by

complex division, point by point, of one array (deemed to be the output) by another

array (deemed to be the input). Taking complex logarithms, to give the gain in

decibels and the phase in degrees, and plotting againsi the logarithm of frequency,

yields a Bode plot.

Normally, the DC gain is either not significant or has been biassed out

of the signals. Also, the original signal contains components at only (L-l)

frequencies, of which the last ^ 15% often yield poor results (due to low input

powar) and are usually neglected.

Figure 5.1 shows the relationship between time-step size and the frequency

range covered, for our choice of L.

6. EXAMPLES

6.1 Two Coupled. Second-Order Systems

The program package FORSIM [1] is a general-purpose FORTRAN-based package

for solving numerically, in the time domain, sets of ordinary or partial differential

equations. For simple problems, the user calculates his derivatives in a subroutine
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called UPDATE, using COMMON blocks to communicate with nhe main program. For more

complex problems, the full power of FORTRAN is available. Twelve integration methods

are available in the package, ranging from Euler through Runge-Kutta-Romberg to

Kindmarsch-Gear. Up until now, only Euler integration has been used with the

PRBS/FFT technique, as it is the simplest.

As an example, we have chosen a system described by two coupled, second-

order, ordinary differential equations.

Ti 2 ^ = xi - 2?iTi a r " y i "

2 d \ dy
2

T2 ^ T = X2 " 2C2T2 dF

where T = 1.0

T2 = 0.2

h - h - °'2
-c2 = c4 = 1.0

The frequency responses for J_l_ and J_2_ are shown in Figures 6.1 and 6.2,
X2 X2

Note that two runs have been made, with time-step sizes of 0.002 and 0.02 seconds,

and the results have been overlapped. These results compare well with analytic

solutions obtained by taking the Laplace transforms of the original equations:

yl C2
— = 5—5 5—5 (4)

y 1 + 2 sT + s2T 2

_ 1 = 1 1 1 _ _ (5)
X2 ( 1 + 2 5 B T + s 2 ^ 2 ) ( 1 + 2 ? s T + s2T ) - C C

These exact frequency responses are shown as solid lines in the figures. The most-

noticeable discrepancy occurs in the region of the peak near 0.25 Hz; the gain of

this peak is overestimated by approximately 1 dB for both ^1_ and ̂ 2. This portion
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of the curve was calculated using the larger time step (0.02 s ) , which is only

1 decade less than the smallest time constant. To reduce this error, it would

probably be necessary to reduce the time-step size, implying a longer block length

(more interpolation) for the same frequency range.

6.2 Dynamics of Coolant Boiling

In CANDU-BLW* reactors, light-water coolant enters the fuel channels in

a subcooled state, boils as it passes over the hot fuel elements, and emerges from

the channels as a two-phase mixture. The partial differential equations

describing the thermohydraulic behaviour of the coolant are highly non-linear.

The program BOIDY**, based on the work described in reference [5], is

currently being used to simulate the dynamics of coolant boiling. The input variables

are changes in:

(a) total power-to-coolant,

(b) inlet flow,

(c) inlet enthalpy (or subcooling).

The output variables are changes in:

(a) outlet void fraction,

(b) outlet velocity,

(c) average coolant density in the fuel channel.

Thus, a total of nine frequency responses can be produced in only three runs.

Figures 6.3 and 6.4 are typical results showing the frequency responses,
. , . .outlet velocity.. , -outlet void fraction., . . ,

normalized to 0 dB at DC, of ( lnlet f l w
 y> and ( lnlet enthalpy ) respectively.

The solid lines are least-squares fits to:
-sT.

,outlet velocity. _ 1 _ / ± I H _ _ \ ff,\
1 inlet flow > 1 Cl + C i l ^ F I <6)

l-e X\
^ sTx j

—sT "" ' ~s™-
,outlet void fraction. _ 2

inlet enthalpy " B

Equation (6) is the same form given by a simplified analytical solution. Note that the

phase is plotted for a range of only +90° to -270°; phases outside this range are

replotted into it by adding an integer multiple of 360°.

*CANDU-BLW = CANada Deuterium Uranium, Boiling Light-Water cooled.
*B0IDY = BOIling DYnamics
The coolant density is actually weighted by
variable proportional to reactivity effect.

**B0IDY = BOIling DYnamics
The coolant density is actually weighted by the power-to-coolant squared to yield a
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7. CONCLUSIONS

The PRBS/FFT technique is a convenient method for obtaining a frequency

response from a digital simulation program. The complete response over 1% decades

can be obtained in one pass. By simply changing the time-step size and rerunning,

the frequency response over another range is obtained, and the results may be

overlapped,

More than one frequency response can be obtained from a single run. One

variable is perturbed by the PRBS but many variables will respond. By choosing

variables corresponding to the input and output of each block in a system, in turn,

the frequency response for each block can be determined.

The user may wish to experiment with other sequence lengths and/or types.

However, the principles remain the same. N-type FRBSs offer some immunity to non-

linearities. Longer sequences extend the frequency range covered, for a given

time-step size, but increase the "courseness" of the sampling, i.e. there are fpwer

samples/cycle, and this may lead to digital-integration errors.

It is a fairly simple procedure to fit an empirical transfer function to

the frequency-response results obtained. This transfer function will generally be

of a lower order than the original equation set describing the complex system.

Consequently, it may be conveniently used in classical stability analysis. It

may also be implemented on an analog/hybrid computer, perhaps as part of a larger

plant model, but employing fewer components than a full simulation of the original,

more-complex system. The price paid for this simplification is the loss of any

non-linearities which may have existed in the original model. However, this loss

may be partially recouped by the repeated use of this technique over a wide range

of reference conditions, and by resetting parameters, on the fly, as operating

conditions change.
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