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S T E L L I N G E N

1. Bij vloeibare metalen kan een positieve thermokracht optreden,

ook als het Fermi-oppervlak bolvormig is; de bewering van

Smith, Janak en Adler, dat daartoe een gecomplicoerde structuur

van het Fetmi oppervlak nodig zou zijn, is onjuist.

A.C. Smith, J.F. Janak en R.B. Adler, Electronic conduction in

solids, MaGvaw-Hill, p. 178.

2. De discrepantie tussen de waarden voor de kritische exponent

van het vloeibare twee fasen systeem Ga-Hg, zoals bepaald door

respectievelijk Schürmann-I'=<rks en D'Abramo e.a. is verklaar-

baar op grond van een niet gerechtvaardigde aanname over de

concentratieafhankelijkheid van de weerstand.

H.K. Schümann en R.D. Parks, Phys. Rex). Lett. 26_, 567 (1971).

G. D'Abramo, F.F. Ricci en F. Menzinger, Phys. Rev. Lett. 28,

22 (1972).

3. De door Kaveh berekende vormfactoren zijn voor lage waarden

van de golfvector q minder nauwkeurig dan opgegeven.

M. Kaveh, J. Phys. F: Metal Phys. 6, 181 (1.976).

4. De beweri-ng van Steffen en Hosemann dat de paarpotentiaal van

een vloeistof, die d.m.v. de Percus-Yevick of hypernetted chain

vergelijking wordt berekend, niets te maken heeft met de echte

interatomaire potentiaal berust op een onjuiste redenering.

B. Steffen en R. V.osemann, Berichte der Bun.ien-Gesollschaft

80, 712 (1976).



5. De door Laurent en Journoaux gegeven methode ter berekening van

het verschil in de twee brekingsindices van nematische vloeiba-

re kristallen kan aanleiding geven tot aanzienlijke fouten in

de grootte van de dubbelbreking.

•• M. haiwent en R. Journaux, Mol. Cryst. liq. Cryst. 3£, 171

(197C).

G. Newman heeft een verklaring gegeven van EPR-spectra van ortho-

rhombische Er* verontreinigingen in alkalihaloqeniden, waarbij

enerzijds gebruik wordt gi-tuaakt van Het superpositiemodel ter-

wijl anderzijds ook de effectieve lading van de kation vacatu-

re in aanmerking wordt genomen; deze interpretatie is inconse-

quent.

V.J. Newman, Aust. J. Phys. 29, 263 (1976).

V.J. Newman en W. Urban, Ado. Phys. 2±, 70S (1075).

7. Bij de bepaling van de interferentiefunctie (structuurfactor)

van vloeibare metalen m.b.v. röntgenstralen wordt voor kleine

hoeken gewoonlijk de meervoudige verstrooiing ten onrechte ver-

waarloosd.

8. Op grond van de gevonden tegenstellingen tussen de antioxide-

rende werking van a- en y-tocoferol enerzijds en âe vitamine-

werking van beide verbindingen anderzijds lijkt een verklaring

van de vitaminewerking door een stabilisatie van de meervoudig

onverzadigde vetzuren onvolledig; verder onderzoek hiernaar is

derhalve gewenst.

C.R.C. Critical Reviews in Food Scionae and Nutrition 9_, 'fi'AY

(1977).

Rood Technology 30, 77 (1077).



9. Het in de wet Herstructurcring Wetenschappelijk Onderwijs ge-

forrmileerde varianten systeem beperkt de alom gewenste maat-

schappelijke wendbaarheid van de academicus.

Stellingen behorende bij

het proefschrift van P.D. Feitsma
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C H A P T E R I

MODEL POTENTIALS IN METALS

I.I. INTRODUCTION

During the last two decades considerable progress has been

made in developing experimental procedures for the determination

of the Fermi surfaces of pure metals at low temperatures. The ex-

perimental data obtained in this way lead to the conclusion that,

for a large group of metals, the actual Fermi surface approaches

the free-electron one rather closely. The alkali metals, the al-

kaline earth metals, aluminum and the noble metals belong defini-

tely to this group. On the other hand, strong distortions from

the free-electron Fermi surface were found for the transition,
1 2

rare earth and actinide metals with incomplete d or/and f shells ' ),

In this thesis we will focus our attention on members of the group

of metals with nearly-free-electrcn Fermi surfaces.

For this group, the results of first-principle calculations

of the band structure confirm the nearly-free-electron picture

suggested by experiments. This seems to be in contradiction with

the electron-ion potentials being quite strong. Indeed, near the

center of the metallic ion the absolute value of this potential

may be much larger than the band width of the conduction elec-

trons. This paradox is nicely resolved by introducing the concept
2 3 4

of the pseudopotential ' ' ).

The Schrodinger equation for the conduction electrons,

H¥ = (T + V(r))¥ = Ef (1.1.1)

can be solved, in principle, by expanding t in plane waves. Be-

cause T is a rapidly oscillating function i'^ide the cores of the

metallic ions this expansion converges slowly. A rapidly conver-

ging expansion can be obtained by using Orthogonalized Plane Wa-

ves (O.P.W.), which are plane waves made orthogonal to core sta-

1



tes (non-conduction electron states). Philips and Kleinman ) noted

that the orthogonalization procedure has the effect of adding a

repulsive potential to the true potential, yielding a weak net po-

tential. This net potential has come to be called pseudopotential,

and gives rise to a small perturbation of the free electron sta-

tes. The Schrodinger equation (1.1.1) can be rewritten in terms of

the pseudopotential a;id the corresponding pseudo wave function.

In this form it can be solved by perturbation theory. For the

pseudopotential formalism the reader is referred to a number of
2 3 4

introductory texts ' ' ).

An alternative reasoning why a weak effective potential can

be introduced is based on partial wave analysis. When a plane

wave (a Bloch wave can be decomposed into plane waves) is scatte-

red by a potential, the outgoing plane wave will be shifted in

phase. Adding or subtracting integral multiples of n from phase

shifts does not alter the scattering amplitude of the outgoing

wave. So it is allowed to replace a strong potential which intro-

duces a phase shift of nit + <5 (n being an integral number; 0 < <5

< Ti) by a weak potential which introduces a phase shift of 6.

It should be emphasized that by writing down the Schrfidinger

equation in terms of a pseudopotential and a pseudo wave function

no approximation has been involved; nothing has been done but re-

arranging terms. This is not shown here, but follows rigorously

from mathematically introducing the pseudopotential in the Schro-

dinger equation. The expression for the pseudopotential is an in-

tegral operator involving all core wave functions. For this rea-

son the actual calculation of physical properties requires a lot

of computational effort. The concept of the pseudopotential has

lead Heine and Abarenkov (H.A.) ' ) to the development of the so

called model potential, which avoids some of the computational

difficulties of the pseudopotential. It turns out that the para-

meters describing the model potential can be adjusted such as to



reproduce the experimentally known term values of the free atom

quite well. In practice, the calculations based on model poten-

tials have turned out to be more reliable than the first-princi-

ple calculations based on the pseudopotential method itself ). A

refinement of the H.A.-model potential has been provided by Shaw

(optimized potential). Our calculations of transport properties

are based on model potentials. Therefore we will discuss the

H.A. and Shaw model potential methods in the next sections. We

will follow closely the formulation as given by Shaw in a series
0 9 14 16

of papers'" ' ' ) . A very readible account of model potential

theory can also be found in Shaw's thesis ), parts of which are

identical to the first two papers mentioned above.

1.2. FORMULATION OF THE MODEL POTENTIAL THEORY

Our objective is to solve the Schrodinger equation which des-

cribes the motion of many conduction electrons in the field of the

ions of the metal. The positions of the ions are considered to be

fixed (Born-Oppenheimer approximation), but any arrangement of the

ions, ordered or disordered, is allowed. Due to the complexity of

the system the SchrSdinger equation cannot be solved without in-

troducing considerable approximations. As a first step the SchrS-

dinger equation is simplified by making the self-consistent field

approximation. The resulting one-electron Schrodinger equation

(Hartree equation), which is still of appreciable complexity, can

be written as

(T + V + V )<V = E. V (1.2.1)
6 K K K

V. ) is the electronic wave function appropriately labeled by a

vector in k-space. V is the potential which represents the inter-

action between the conduction electron and the assembly of bare

*) We will omit the vector symbol, wherever a vector appears as

an index.



ions. The self-consistent (screening) potential due to all the

other conduction electrons in the metal is represented by V . E,

is the energy eigenvalue we are looking for. As a further simpli-

fying step model potential theory appears to be a powerful me-

thod for calculating electronic properties. In model potential
->

theory the ionic potential for the metal, V(r), is replaced by a
->

(simple) weak model potential W(r). We will show that equation

(1.2.1) then can be replaced by

(T + W + Ve)Xk = E k X k (1.2.2)

where E. has the same value as in eq. (1.2.1). The wave function

X, is called the model wave function. The essential advantage of

eq. (1.2.2) over eq. (1.2.1) is that the potential can now be re-

garded as a perturbation on the free electron system. Then, both

X^(r) and E. can be obtained by a perturbation expansion. More-

over perturbation theory proves to be well suited for the cal-

culation of the energy versus k relation in a liquid, where we

have no translational symmetry. Using the perturbation expansions

one is in a position to calculate a wide range of metallic pro-

perties.

In the following we will first discuss the three basic as-

sumptions of model potential theory. Then, we will consider the

construction of the model potential w for an isolated free ion.

In section 1.3 we will consider how the free ion model potentials

w can be used to construct the model potential W for the metal as

a whole. The optimized model potential will be introduced in sec-

tion 1.4, while in section 1.5 an expression for the depletion

hole will be given. In section 1.6 we undertake the calculation

of the screening potential V in Hartree approximation and in sec-

tions 1.7 and 1.8 we will include effective mass, and exchange and

correlation corrections.

The applicability of model potential as well as pseudo poten-

tial theory depends on the validity of three approximations.



a. Self-consistent field approximation.

This assumption is commonly used in solid state physics, and it

is not further discussed here.

b. Perturbation theory.

As mentioned the use oZ perturbation theory enables one to ex-

plore quite a lot of metallic properties. This may be regarded

as the reason why model potential theory has become so popular.

c. Small-aore approximation.

We suppose that for the metals considered the electron energy

levels can be distinguished clearly into core states and con-

duction band states. We suppose further the core? being small

enough for the following three approximations to be valid. First,

adjacent cores do not overlap, so there is no direct interac-

tion between ions except their Coulomb repulsion. Second, the

variation of the potential due to conduction electrons and ad-

jacent ions over the core region is neglected, i.e. these po-

tentials shift the energy of core states but do not alter their

wave functions. From this it also follows that we can use the

rigid core approximation. Third, in the integration of products

of various smooth functions and core wave functions, the varia-

tion of the smooth functions over the ion is neglected and

these functions will be taken out of the integral.

It is the small core approximation which limits model poten-

tial theory to the alkali and some of the polyvalent metals, nor-

mally referred to as simple metals. The small core approximation

is not suitable for the noble metals, where the size of the elec-

tron distribution of the filled d-states is much too large. In

the transition metals the d-states are even more diffuse and yet

cannot be treated as conduction band states in the framework we

use. Thus, although the small-core approximation does not intro-

duce appreciablp errors for the so called simple metals, it is

very important in limiting the metals which can be treated by mo-

del potential theory.



We will proceed by discussing the procedure which Heine and

Abarenkov proposed for constructing a model potential for the free

metal ion ' ). They assumed that beyond some reasonably small core

radius, R , the free ion potential can be regarded as Coulombic,

- —, where Z is the valence ) . It is convenient for the free ion

problem to make a separation of the Schrodinaer equation in a sphe-

rical and a radial part. The radial equation for angular momentum 8,

reads:

Jli M (r) - [ iii+11 + 2v(r) - 2E 1 ̂ (r) = 0 (1.2.3)
dr L r •"

Heine ajid Abarenkov proposed to choose a single model radius,

R,, > R . Then, for each 8, they defined their model potential w(i)
M ^ c
in the following way:

v(r) = - — for r > R

w(r) = \ (1.2.4)

-A^tE) for r < Rĵ

The potential w has been sketched in fig. (1.2.1). The model po-

tential has to reproduce the eigenvalues of the original poten-

tial, which can be done by adjusting A (E). H.A. proposed to ad-

just A (E) such as to generate the empirical term values E (n
% n, Jo

being the principal quantum number). When doing so it t-irns out

that this can't be performed with one single well depth. As a

consequence the well depth A (E) is energy dependent. The model

SchrSdinger equation reads :

) In this chapter we will use atomic units. In these units, h =

m = a = 1. Lengths are given in Bohr radii, energy in a.u..One

a.u. is equal to 27.2 electron volts. Masses are in units of

the electron mass, and time is in seconds.



wave functions

potentials

FIG. 1 .2 .1 . Sahematio drawing of the true free ion wave function
i>.(r) and the model wave function x.(v) together with the Heine-
Adarcnkov model potential and the true potential.

"^T x a ( r ) " I lii+2'L) ' 2 V E ) " 2E I x s i ( r ) = ° for r < \
dr •• r -I

(1 .2 .5)

f o r r > R.

X (r) is the model wave function which is sketched in fig. (1.2.1)

together with the exact wave function lji (r) . The external (r > R^)

solution x o(r), which is equal to 'p (r) , is defined only at free

ion term values where the boundary conditions for r ->• °° are ful-

filled. At these energies the internal solution is matched to the

external solution by the requirements that the model wave func-

tion and its derivative should be continuous at the model radius.

Thus, A (E) is determined by the matching condition

(1 .2 .6)

RM



For term values E the right hand side is a known value and

A (E ) is varied until the left hand side equals the right

hand side. In this way one finds for fixed values of i, and n an

infinite set of A (E ) values, each corresponding to a diffe-
lt n f 16

rent number of nodes for the internal wave function. It is in

the spirit of model potential theory to choose the value of

A (E ) which gives rise to a nodeless interior wave: function.

A nodeless wave function corresponds to the weakest potential

well and to the smallest A (E ) value. In this way one finally
Si n , Xt

obtains one suitable A (E ) value for each value of £ and each
V. n i Jt

term energy E . Animalu^) found that for each £ value A (E )
n , x\ x. n # Xi

points, when plotted as a function of E, showed a linear relation-

ship. It is assumed that for arbitrary E-values the appropriate

A (E)-well depths can be obtained by linear interpolation or ex-

trapolation from the values of A (E) at term values. The validi-
Xi

ty of this assumption has been demonstrated more closely by

Shaw9).

1.3. THE MODEL POTENTIAL IN A METAL

The SchrBdinger equat ion ( 1 . 2 . 1 ) , which d e s c r i b e s a s ing l e

conduction.1 e l e c t ron in a meta l may be r e w r i t t e n a s

(T + '£ v ( r - R.) + V ) | * > = E | * > (1.3.1)

where V has been written as a sum of individual bare ion potentials

v at positions 1^. This is allowed in the small core approximation.

Ve is the self-consistent potential due to all the conduction elec-

trons. We want to replace the true Schrodinger equation (1.3.1) by

a model Schrodinger equation

(T + I w(E£ , r - Ri) + Ve) I Xk > = E k" | x k > (1.3.2)

The appropriate well depths for these potentials have yet to be

determined. The eigenvalue in eq. (1.3.2) is denoted by E. , since

it is not a priori obvious that it should equal E. , the true me-



tallic eigenvalue. To find relations between E' , E. and E. we

confine our attention to the j ion. Equations (1.3.1) and (1.3.2)

are rewritten in the form

(T + v(r - R )) | i> > = (E - Z v(r - R.) - V ) \ ty. >

(1.3.3)

(1.3.4)

(T + w(E^ , I - Rj) | X k > = (Ek
M - t v(r -

In eq. (1.3.4) we have made use of the fact that outside of a gi-

ven core w = v. We make use of the small core approximation by

assuming that the potential

A = E v(r - R.) + V (1.3.5)

can be considered as constant over the core region of the j ion.

A is called the cove shift. With (1.3.5) equations (1.3.3) and

(1.3.4) are rewritten as

(T + v(r - R.)) | * k > = (Ek - A) | * k > (1.3.6)

(T + w(Ek' , r" - R..)) | X k > = (Ek
M - A) | X]t > d.3.7)

Eq. (1.3.6) is analogous to the Schrodinger equation for a free

atom. In the previous section we saw that one can reproduce pre-

cisely the correct logarithmic derivative at radius R by repla-

cing eq. (1.3.6) by a model equation inside a sphere with radius

R . The appropriate model potential depth for arbitrary E was to

be obtained by using the linear A.(E) relation. So eq. (1.3i6)

can be replaced by the following model equation:

(T + w((Ek - A), r - Rj)) I Xk > = (Ek-A) | X k >

(1.3.8)

By comparing the left hand sides of eqs. (1.3.7) and (1.3.8) it

is seen that one should choose the model well depth E k equal to

E. - A. As a consequence, then the right hand sides will be equal

too, and E = E . Therefore, by replacing the true Schrodinger



equation by a model equation with

A (E) = A^(Ek - A) (1.3.9)

the eigenvalue of the model equation will be equal to the eigen-

value of the true Schrodinger equation. So, with use of the small

core approximation, it is possible to construct a model potential

for the whole metal.

There is still an important point to be mentioned. In the

region between cores, t. (r) = X. (r) . However, inside the core

'(i (r) differs strongly from Xk(r)- Whereas the true wave func-
* -* -y

tions ^.(r) form an orthonormal set the \ (r), generally, are

neither normalized nor orthogonal.

1-4. THE OPTIMIZED OR SHAW MODEL POTENTIAL

The Heine-Abarenkov pseudopotential operating on a pseudo-

wave function which is composed of different %-components can be

written as

WH.A. = Vb ( r ) " zl®
 (RM " r) [ V E )

(1.4.1)

The projection operator P is defined by

pt = * I y™ > < \ I d-4.2)
m=-J,

(H)(X) is a step function which is equal to 1 for x > 0 and equal

to 0 for x < 0; v h'
r' •i-s t n e bare ion potential, which is only ex-

plicitely needed for r > R . For r > R v. (r) is assumed to be

equal to -Z/r, Z being the valence.
g

Shaw has proposed two modifications of the H.A.-potential ).

a). The H.A.-model potential requires that, for each value of H,

we replace the ion core potential by an A (E). In principle,

all of these A (E) should be determined by matching the ap-

propriate logarithmic derivatives at the model radius. But

10



since there are essentially no experimental values available

for I > 2 and therefore no direct way of calculating the A (E)
J6

for these S.'s, H.A. arbitrarily chose An(E) equal to A_ for

I > 2. It is clear that this choice of A (E) means that the

I > 2 components of the model wave function cannot have lo-

garithmic derivatives which match those of the true wave

function c.c r = R ^ As Shaw mentioned, it seems to have been

overlooked that we can construct a weak model potential and

a smooth wave function without modeling the core potential

for all i. Let us consider, for example, a metallic ion which

has core states with angular quantum numbers I <_ J._ but none

higher than J._. The number of spherical nodal planes at finite

radius is equal to n - 8. - 1 (n is the principle quantum num-

ber) . Therefore, for each i > I the eigenstate with the lowest

energy has no nodes at r-11. It is known that the higher states

for each 8, > I. have their nodes outside the core. Clearly, all

the I > S.. components of the conduction band wave function

will be nodeless within the core. This ipeans that the true

potential is already weak and it is justified to use pertur-

bation theory without weakening it further. So the first mo-

dification of the H.A.-model potential is to replace the core

potential by an A only when there are core states with that I.

For higher H the true potential can be used.

b). Heine and Abarenkov had chosen a single model radius R^ for

all I. This is not a necessary restriction but was made lar-

gely for simplicity. The choice is, however, subject to some

arbitrariness. Usually, the H.A.-model potential has a dis-

continuity at R , which gives rise to form-factor (i.e. the matrix

e l e m e n t < i t | w ] k + q > , | k | = | k + q | = k j o s c i l l a t i o n s
11

at large q. As noticed by Heine and Animalu ), the form-fac-

tor oscillations were reduced by selecting R^ such that A £

Z/R . As a second modification of the H.A.-moJ"el potential

Shaw proposed to allow the model radius R (E) to depend on {,

11



and on energy. Now it is possible to determine R (E) by an optimi-

zation procedure. There is no rigorous optimization procedure for

our goal: seeking the smoothest possible model wave function. Shaw
12

used an optimization criterion suggested by Cohen and Heine ),

which is minimizing

/d3r I V X k |
2

I-—_*_ (1.4.3)

/ d r X k Xk g

By working out this criterion Shaw ), by a rather lengthy but exact

derivation, arrived at a simple and plausible result for the opti-

mized model potential. Minimizing (1.4.3) gives a relation between

the well depth A (E) and the model radius R (E)
V. JO

A (E) = - V. (R ) = Z/R (E) (1.4.4)

in accordance with the observation of Heine and Animalu. With the

optimization condition (1.4.4) the model potential is continuous

for all d-values, which will tend to decrease any oscillations in

the model potential form factors at short wavelengths. The optimi-

zation condition eliminates the problem of selecting the model ra-

dius. A (E) and R (E) are found simultaneously by matching the in-

terior and outside wave functions. In conclusion, the optimized or

Shaw have ion model potential can be written as

w,= w . . . = v, (r) - Z? (HXR. (E) - r) An (E) + v. (r) Pn
0 optimized b o-n *" [ S . b J a

(1.4.5)

Outside the core we assume that vfa(r) can be taken as . Using

this assumption, eq. (1.4.5) can be written in the form

[vE) -I]
I ® R - r) v (r) Po (1.4.6)
e+i c c o r e *

With Vcore(r) = V r ) + f

12



For two related reasons it can be expected that the term in eq.

(1.4.6) involving v (r) will give an extremely small contri-

bution to the form factor. First, the projection operator picks

out components of the wave function with S. > B... The associated

radial parts of the wave functions are extremely small near the

nucleus where v (r) is large. Second, for large SL the core po-core ^ » -a r

tential, at small r, is dominated by the centrifugal term £(f,+ l)/r ,

and therefore, the wave function i.s not altered by substantial

changes in the details of v (r). Actually, Shaw has shown by

calculation, that the term involving v (r) gives a negligible

contribution to the form factor . Consequently, the optimised bare

ion model potential can accurately be approximated by

1.5. THE DEPLETION HOLE

In the next section we want to calculate the screening of

the bare potential by the conduction electrons. In order to eva-

luate the screening we first need to determine the true electron

particle density, which can be written as

n(r) = Z yjf *(r) V. (r) = Z X * (r) X. (r) + P (r) (1.5.1)
k<kf

 k k k<kf
 K k

which provides a definition of the depletion charge density p(r);

P(r) is only different from zero inside the model spheres. We

would like to know P(r) in terms of the model potential. But kno-

wing P(r) is equivalent to determining i|i.(r) , that is with sol-
K.

ving the true Schrodinger equation accurately, which is beyond

our possibilities. However, it is possible to express the total

depletion charge per atom, P, in terms of the model potential.

P(?)d3r = Z I d3r
QM

(1.5.2)
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£) is the volume of the model sphere. After a number of interme-
M 8

diate steps Shaw and Harrison ) arrived at the following exact ex-

pression for the total depletion charge inside a model sphere
f 3 . ̂  3W(E )

p = - I / d r Xfc (r) 3p Xfc(r) (1.5.3)
k<k f, M * 3Ek *

Frequently P is referred to as the depletion hole, because inside

the core the real electron particle density is deficient compared

to the model particle density. So for nearly all metals p is ne-

gative. From expr. (1.5.3) we do not know how the depletion charge

is distributed inside the model spheres. Shaw ' ) has argued that

in form factor calculations one typically makes an error less than

one percent by taking the depletion charge as a point charge.

1.6. SELF-CONSISTENT SCREENING OF THE MODEL POTENTIAL

In this section we undertake to compute the self-consistent

potential for a single electron due to all other conduction elec-

trons. Following closely the treatment given in ref. 8, we first

compute the conduction electron density n(r) from a potential W

made up of bare ion potentials w. and a screening potential V .

Next, we compute from this density the Coulomb potential due to

the conduction electrons. The calculation is self-consistent in

that the Coulomb potential computed should reproduce V . We are

working within the framework of Hartree approximation, ignoring

exchange and correlation between conduction electrons. Later on we

will discuss how exchange and correlation can be included in the

results. The electron particle density, given by eq. (1.5.1) may

be rewritten as

n(r) = I xw (r) \.{r) + T, P(r - r.) =
k<kf i 1

Z Xu*(r) X. (?) + p I <5(r - r.) (1.6.1)
k<kf * k i L

14



P(r - r.) is the depletion hole density at the i ion site. As we

mentioned at the end of the last section we make only a small error

by replacing p(r - r.) by a point charge with magnitude equal to

the depletion hole, P. P is given by eq. (1.5.3).

To evaluate (1.6.1) we solve the model wave equation for
->•

X. (r) by perturbation theory. Before proceeding we will present

some expressions within the perturbation scheme, which we r.eed

below. We wish to solve

(T + W) I X k > = E k | x k > (1.6.2)

Here, W includes the sum of bare model potentials at ion sites as

well as the conduction electron potential, and is regarded as a

perturbation on the free electron Hamiltonian. The zero order wave

function is a plane wave ).

1 ik.r
| k > = ^ e (1.6.3)

is the volume of the metal. | X k
 > i-s expanded in plane wa-

| X > = | k > + E a (k) | k + q > (1.6.4)

q

The coefficients a (k) are regarded as first order quantities.

From perturbation theory we know

k - | k

Usually, the normalization of | \ > is chosen such that aQ(k) = 0.

Here, we have chosen to let | x k > be precisely equal to | * k
 >#

the true wave function, in the region between ion cores. There-

*) Here, we use the notation | k > for the wave function ^- e

instead of the formally preferable notation < r | k >

15



fore, if we take | <i.> to be normalized over the sample, aQ(k)

will not be equal to zero. a0(lO can be determined from the deple-

tion hole result, eqs. (1.5.2) and (1.5.3)

As the integrals on the left extend over the sample volume, the

right hand side contains the factor N, the number of ion sites. Sub-

stitution of (1.6.4) in (1.6.6) gives us to first order (the matrix

elements of 3W/3E are formally treated as first order quantities) -.

k M

The energy up to second order is, also in the case that a. ^ 0,

given by the well known expression

s=4
+* * i«i * » + «• K *'w' ! ** i* v \'w' *>

q k - | k + q |

(1.6.8)

The prime on the sum indicates that the q = 0 term is to be omit-

ted. The matrix elements which enter the perturbation results in-

volve the total screened model potential W for the sample. To make

an important simplification, which plays a central role in the

diffraction model, it is assumed that W can be written as a sum

of identical potentials, w, centered at different ion sites.

W = Z w(? - ?i) (1.6.9)
i

Now, the matrix elements may be factorized as follows:

- * - * - * ->•-»•

• + - > - > - • • l -i(k+q).r _̂  ik.r
<k+q|w(r) |k> = - /e Z w(r-r )e d r

-iq.^ -Kk+q).!?^) + + lit. (r-r )
a /e w(r-r.)e d r

16



= N E e " t ̂ e w(r-?i)e
 1 d r

= S(q) w (k) (1.6.10)

where the structure factor S(q) is defined as
•+ -•

S(q) = jj E e i (1.6.11)
i

and the form faator w (k) as

w ( k ) = N < k + q | w | k > (1.6.12)

The structure factor S(q) contains the information about the ar-

rangement of the ions. The form factor w (k) contains the relevant

information concerning an individual ion. The factorization (1.6.10)

is essential in the diffraation model of metals we are discussing.

Two form factors (sodium and cesium) are shown in fig. (1.7.1).

Model potential form factors show two important features: they

are dependent on the wave vector k of the state on which the model poten-

tial operates, and they are energy dependent. The k-dependence is a ma-

nifestation of the non-locality of the potential. For a local po-

tential, which depends on position only, the matrix element

< k + q | w | k > i s a function of q only. For the nonlocal po-

tentia] (1.4.5), the matrix element depends not only on q but

also on k. The matrix element of (1.4.5) can be written as

N < k + q I w n | k > = v. (q) - N r £ < k + q | ( H X R . - r)
13 1=0 m *

(A. (E) + v. ) | Y™ > < Y° | k > (1.6.13)
Jo ri Jo Jo

The first term at the right hand side is the local part of the ma-

trix element whereas the last term is the nonlocal part.

In addition to the k-dependence there is an energy dependence

17



of the model potential, which enters through the' well depth

A (E). E is the energy of the state upon which the model poten-

tial operates.

We will now proceed by calculating the electron density, as

expressed in eq. (1.6.1). We substitute the perturbation expan-

sion (1.6.4) into eq. (1.6.1) and compute n(r) to first order.

n(?) = Z \ 1 + | a (k) + i Z' a (it) e | + P E 6<r" - r". )
k<k f L L " U " q H J i l

(1.6.14)

With (1.6.7) we arrive at

z J < { | ̂  | * > + f z =•
f k£kf "

 3Ek "M ° k<kf q
 q

+ P E 6(r - r.) (1.6.15)
i

From (1.5.3) we see that, to first order, P is given by

The first term in eq. (1.6.15) is the uniform plane wave charge

distribution which exactly compensates the positive ion charges;

the second term is a uniform density which, when integrated over the

crystal volume, precisely cancels the sum of all the depletion

holes given by the last term (P is given by (1.6.16)). The third

term is the screening charge density. We are interested in the

spatially varying terms, that are: the screening charge density

and the depletion holes. Since each Fourier component of the mo-

del potential is screened independently, we carry out the calcu-

lation in k-space rather than in r-space. The Fourier transform

of the charge density is defined by

nq = a I d3r e~ l q' r n^> (1.6.17)

18



From the spatially varying terms of (1.6.15) we have

(1.6.18)

By definition the atomic volume n = -. The electron potential,

Vg, is now computed in terms of the electron density using Pois-

son's equation in Fourier representation.

V e q = - 5
a d.6.19)

From (1.6.5), (1.6.18) and (1.6.19) it follows

The potential W is the sum of the bare ion potential W_ plus a

potential from the conduction electrons V (see also eq. (1.3.1

Therefore, the matrix element can be written as

< k + q | w | k > = < k + q | w o | k > + V e (1.6.21)

The self-consistency of the calculation is now evident. The elec-

tron potential V computed from the charge density and given by

eq. (1.6.20) depends on W which, by eq. (1.6.21), in turn depends

on V . Eq. (1.6.20) must be solved self-consistently. Actually,

this is not difficult since eq. (1.6.20) can be solved for V

explicitely. During this calculation we will change over from a

sum to an integral multiplied by the appropriate density of sta-
->

tes in k-space

2ft , ,3-j dk (1.6.22)
(2iT) k<k f

kf is given by the free electron value

19



i "O
(1.6.23)

Z is the valence and n the number of conduction electrons per unit

volume.
1

In evaluating the integral /d k —=-
k2 - I k +

pal part with the following result. '

we take the princi-

k<kf k + q I
>

where e(q), the Hartree or Lindhard dielectric function, is given

by

:(q) = 1 +

n = q/2 k

1 - r,2
In

l + n
l - n + l (1.6.25)

Continuing our screening calculation we substitute eq. (1.6.21)

into eq. (1.6.20) and apply factorization (eq. (1.6.10)) to the

matrix element of WQ.

eq

4* f 4 2Q \ , S(q) N < k + q \ w Q | k >

(1.6.26)

4Ttp

(1.6.27)

From (1.6.27) we see an important result, viz. the self-consis-

tent screening potential can be factored into the product of a

structure factor and a structure independent part

veq (1.6.28)
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Using this result, we can eliminate the structure factor from eq.

(1.6.21) and write the screened form factor w (k) as
q

•* •+• •+ i i -* 4 " P
w ( k ) = N < k + q | w | k > +

e(q)

^ N < k + q | w Q | k >
d

TI q E(q) k<kf k - | k + q I

It should be noted that the matrix elements of the bare ion po-

tential (eq. (1.4.5)) is written as IJ < k + q | w. | it >, while

the matrix elements of the Hartree (Lindhard) screened model po-

tential is written as w (ic) = N < k + q | w | k > (N is the num-

ber of ion sites). Eq. (1.6.13) shows that the matrix element of

the bare ion model potential can be separated into the sum of a

local and a nonlocal term. For the matrix element we write

N < i c + q | w o | k > = v + f (k ,q ) (1 .6 .30 )

where

v = N < k + q | v b | i c > (1 .6 .31 )

is the local contribution from the bare ion potential, and

-»•-»• l n •+
f (ic,q) = -N Z < k + q I ©(R. - r) (A (E) + v. ) P | Ic >

(1.6.32)

is the nonlocal contribution.

Eq. (1.6.30) can be substituted into the integral of eq. (1.6.29)

and evaluated with use of (1.6.24)

f(it,5)
k2 - | k + | | 2

21



3 f (k.q) ., , , , ,
k 2 l ^ ? l 2

From (1.6.30) and (1.6.33) i t follows that the screened form fac-

tor of (1.6.29) finally can be written as

g(q) (i.e.34)

where v is the local potential due to the depletion holes

and g(q) gives the screening of the nonlocal part of the bare

model potential.

ir q e(q) k<kf k - | k + q |

From eq. (1.6.34) we see that the local contributions to the po-

tential are screened by the Hartree or Lindhard dielectric func-

tion c(q). The screening of the nonlocal term is complicated by

the k-dependence. It is the term f(k,q) in eq. (1.6.34) which ma-

kes the screened form factor dependent on energy, k, and the angle

between k and q. In resistivity calculations we consider Fermi
-+• -»•

surface scattering and then f(k,q) is a function of k_ and q (or

scattering angle 0, q = 2 k. sinO) only. Eq. (1.6.34) is the screen-

ed form factor including all the nonlocal and energy dependent

behaviour of the bare model potential. It was for the first time

developed by Shaw and Harrison in ref. 8.

Later on, when including an effective mass correction, we will

need a quantity v the screening potential defined by
SCC[
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w (k) = v + f (k,q) + v + v (1.6.37)
q q dq scq

By comparing (1.6.34) and (1.6.37) we find immediately

We want to mention an intersting feature of the Hartree

screened form factor, viz.its long wavelength behaviour. The

long wavelength behaviour of the Hartree dielectric function i: (q)

is given by

E(q) "* -^\ tr-) if q + 0 (1.6.39)
2 \

The matrix element v has the form
q
4TTZ

v(q) -* j if q + 0 (1.6.40)

independent of the detailed form of v. (r) inside the core. From

(1.6.35) we know that v, is given by

Therefore, we obtain for the long wavelength limit of the local

part of w (k,)

= _ | E (1 _|) (1.6.42)
3 f Z

The limit of the nonlocal contributions to w (k) ara more diffi-
8 q

cult to calculate. Shaw and Harrison ) found the exact expres-

sion:

lim f (k,|) + g(q) 1
q->0 L -1

+ g(q) 1 = f (k) + f (k.) - t E (̂ ) (1.6.43)
q->0 L -1 f 3 f Z

Combination of the two results gives us the long wavelength li-

mit of the screened form factor.
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w_(k) = lim w (it) = - - | E . + f(k) - f(k,) (1.6.44)
0 q+O q 3 f f

For Fermi surface scattering, as we have in resistivity formulas

(Ch. II) this reduces to

wQ(kf) = - j E f (1.6.45)

1.7. EFFECTIVE MASSES; A DIFFERENT PERTURBATION APPROACH

In the previous section we calculated the Hartree screened

form factor by using wave functions calculated by first order

perturbation theory. The expansion coefficients a (k) of the

first order model wave functions were calculated by using zero

order energies in the denominator. As will be shown below, a

better approximation can be obtained by using energies including

first order corrections, determined by the diagonal matrix ele-

ments

2
EĴ  = y + < k | W | k > (1.7.1)

The first order energy correction will not cancel in the denomi-
nator expression, E' - E' , because the optimized model paten-

is K+q

tial is k-dependent. Furthermore, the first order energy correc-.

tion is almost as large as the zero order energy which follows

from (1.6.45). The diagonal matrix element of the derivative of

the potential, < k | 3W/3E | k >, appears in the expression for

aQ(k) ((1.6.7)); aQ(k) was then considered as first order. In fact

aQ(k) may take values up to approximately 0.2. it might be appro-

priate to cpnsider aQ(k) as a zero order quantity. In this sec-

tion we will consider a modified form of the perturbation scheme

in which the diagonal matrix element of the potential is accoun-

ted for exactly by defining two k-dependent effective masses

which incorporate it from the outset. The new perturbation ap-
14

proach, which was first presented by Shaw ), will give us mass-
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rt 'malised expressions for the energy of the electronic states,

and the screened form factor.

Again, we want to solve the model potential equation

[ T + W(Ek) ] | xk > = \ | Xk > (1.7.2)

In the expansion of the model wave function ini-o plane waves a_(k)

is considered as a zero order quantity

\\> = {l+an(k)} |k>+ £ a ,(k)|k+q*>
U q'?«0 q

= ;i+ao()t)}{|k> + t b ,(k)|k+q'>} (1.7.3)

-v a
a
 (k)

where b (k) = — -

q l+ao(k)

The coefficients b (k) are considered as first order. Substitu-
q

ting (1.7.3) into (1.7.2) and then multiplying the result first

by < k | and then by < k + q | we obtain the following pair of

equations,
E. -i-k2-<k|w(E. ) |k> = I b , (k)<k|w(E. ) |k+q'> (1.7.4)
k 2 k

 q./0
 q "

b (k){E k - - j |k+q | 2 - <it+q|w(Ek)|k+q>} = <k+q|w(Ek> \t> +

+ Z b , (k)<k+q|w(E )|]t+q'> (1.7.5)
qVO,q q

A substantial reduction in algebraic complexity can be obtained

by assuming that the model poter.tial W(Ek> is a linear function

of energy, that is

= WQ + Ej. 32- (1.7.6)

As mentioned in section 1.2, such a linear dependence on energy

applies to the model potentials described in this thesis. For

these model potentials 3W/3E. is zero outside the model radius.
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At this point we want to'define two k-dependent functions m (k)

and m, .

(1.7.7)
K • an •

and
V- 1 7 -v . . -k.

(1.7.8)

Shaw has denoted both functions by the term effective mass, which

seems to be more appropriate to m. than to m (k). By using (1.7.6-

8) we can write (1.7.4) and (1.7.5), obtaining

k2

m E ( k

k 2

2 l \

) =

1
2

1 - < k |

, 2 ?
k + < k

3E '

W0

k

k

>

>

and (3.7.9)

bq.(k)<k+q|f
a

| b (S) + t b
Zmk+q q qVO.q

(1.7.10)

Eq. (1.7.9) gives the expression for E. . An equation for b (k) is
K q

found by substituting the expression for E from (1.7.9) into

(1.7.10). We make use of the fact that the matrix elements are

real. Furthermore, we define

E ° ^ — - (1.7.11)

2mkmE(k)

and use <k+q|w(E°) \t> = <k+q|wQ|it> + E°<k+5||||k> (1.7.12)

Finally, we arrive a t the equation for b (k)*).
q

) A printing error appeared in Shaw's paper )
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+ I b (k; <k r— k+qxk+q Wn k+q'> - <k Wjk+q><k+q d k + q 1 :
qVO.q H L

m (k)<k+q|w(E°)|k> + I b ,(k) m (k)<k+q|w(E°)|k+q"
K qVO.q q L E k

£ b^ . tk lb^ .^ l

(1.7.13)

q"^n r, q

It should be noted that (1.7.13) is still exact for a potential

with linear energy dependence. We want to calculate b (k) from

(1.7.13) tc first approximation, i.e. retaining only terms which

are linear in b ,(k). One should realize that the matrix elements
q

<k+q' |w|k> (q^VO) are also of the order b , (ic) . Then, (1.7.13) re-

duces to _

^ <k+q|w(E )|k>
b (k) = „ (1.7.14)
9 ^ ^

This result is similar to the usual perturbation expression, but

it differs in two important ways. First, the matrix element

<k+q|w(E )|k> is evaluated at the energy E. ; second, the energy de-

nominator involves plane-wave energies which are modified by k-

dependent effective masses*) defined in (1.7.7) and (1.7.8).

We now return to eq. (1.7.9) for obtaining an expression for the

electron energy E .

) E can be shown to be equal to E' (eq. (1.7.1)) apart from
it K
terms of second and higher order.
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2
k + — ^ - I b , (it) < k | WQ | k + q

1

2nLm (k)
E = —=-= S (1.7.15)

l - _ L _ z b i(it,<it | | S | it + ̂. >
mE(k) qVO

 q 3E

This is still an exact result for potentials which depend linear-

ly on energy. By using eq. (1.7.14) for b (k) we readily obtain

the energy up to second order

k E°)|£+q><k+q|w(E°)|k>
E * _ _ + z £ __ _ _ 5 (1.7.16)

2 m ( k ) Ô (k)(k()(E^Ej;)

It is clearly demonstrated by eq. (1.7.16) that the usual first

order energy is absorbed in the zero order energy E . Further,

the expression is similar to the usual perturbation result. How-

ever, the zero order energy and the energy denominator of the se-

cond order term have been renormalised by effective mass factors.

Again, we want to mention that the off-diagonal matrix elements

are evaluated at E. .

The procedure to calculate the screened form factor is precisely

the same as in the previous section. The electron density is gi-

ven by

n(r) = L x*(r) x v (r) + P E S(r - ?.) (1.7.17)
k<kf

 K K i x

When substituting (1.7.3) we find for the spatially varying terms

to first order

n ( r ) = i E 2 J l + a ( £ ) 1 I b t fae+ p j S | J - r . )
k<kf

 L J qvoq i

( 1 , 7 . 1 8 )

We t a k e t h e f o u r i e r t r a n s f o r m a s d e f i n e d i n ( 1 . 6 . 1 7 )

n(q") = i E 2|1 + a (k)l2 b (it) + f S(q) (1.7.19)
k<kf L ° -I q W0
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The depletion hole derivation (section 1-5) is not altered by the

modifications we have made in the perturbation theory and the de-

pletion hole P is still given exactly by (1.5.3). With the new

expansion of X the appropriate expression for the renormalized

depletion hole is to first order.

p* = - Z 1 + a (it) 2 < k I H I it > (1.7.20)
k<k L J M

We use a star to distinguish this new result from the result

(1.6.15) of the previous section. To proceed we must calculate

a_(k) explicitely. From (1.6.6) we know that

l - < \ I * k > - < X k I X k > " < X k I I f I X k > d . 7 . 2 1 )

We substitute the new plane wave expansion (1.7.3) and get to

first order

— ^ - (1.7.22)

Therefore, the renormalized depletion hole can be written

v I 3w I t
P* = - Z ^ — ~ (1.7.23)

kfk mE(k)

Putting (1.7.19) into Poisson's equation and using the expres-

sions (1.7.14) and (1.7.22) for b (ic) and aQ(k) respectively we

get an expression for the total conduction-electron potential

* 41T | 2 <k+q|W(E°)|k>
V*q = %, I 4 t : . . „ n . + 5-S(q)| (1.7.24)p ' 1

This is the renormalized expression replacing (1.6.20). We pro-

ceed just as in the previous section. The screened matrix ele-

ment is written as a sum of the unscreened matrix element plus a

conduction electron part like in (1.6.21). We define a renorma-

lized Hartree dielectric function e (q) by
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A — ' o 0 = 4 ^ [i-e*^)l (1.7.25,
mE(k)mE(k+q)[Ek-Ek+q]

The renormalized expression for (1.6.27) is then

r _ i _ /
U 2q 2

 klk
?]
(1.7.26)

Eliminating from (1.6.21) the structure factor S(q) we get a re-

normalized expression for the screened form factor.

w*(k) = N<k+q|wQ(E°)|k>
4Tip*

N<k+q|wQ(E°)

TT q e (q) k<kc n
f

N<k+q|w (E )|k> is the matrix element of the bare model potential

(see (1.6.13)), which is written like in (1.6.20) as a sum of the

local part v and a nonlocal part f(k,q). Substituting (1.6.30)

into (1.7.27) we arrive at the final expression for the renorma-

lized Hartree screened form factor.

f (k,q) + g*(q) (1.7.28)
6*(q)

. . . • / > 1 2 r 3, f (k ,q )with g (q) = — g-g- / d k ?
e (q) w q k<kf mE(k)mE(k+q)[EJJ-Ek+q]

fl.7.29)

and the modified depletion potential is given by
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Again, it should be noted that all expressions in (1.7.28) should

be evaluated at energy E .

Now we will make some approximations enabling us to relate

the renormalized expressions in a simple way to those of the pre-

vious section. When calculating the masses m (k) and IIL , m (k)
E E 14

appears to be rather constant whereas IIL is strongly k-dependent ) .
4f iff

So, in the expressions for E (q) and g (q) one cannot simply take
14

m outside the integral. However, Shaw ) when actually carrying

out numerical calculations found that the energy E can be written
0 k2 15

approximately like E = constant + -r-; Hallers e.a. ) generalized

this to

Ek = Ek=o + 7 T — f1-7-31'
2m (k)

Eq. (1.7.31) defines another effective mass m (k). One expects m (k)

to be rather k-indeppndent as, indeed, was found by Hallers e.a. ).

Actually, m (k) and m (k) may be considered as constant masses m
+ E

and m . With this constant mass approximation it follows from
(1.7.31) that

(1.7.32)

e (q) and g (q) now can simply be related to e(q) and g(q) respec-

tively. From (1.7.25) and (1.7.29) we find with the constant mass

approximations:

e*(q) = 1 + ^ [ e(q)-l ] (1.7.33)

mE

(1.7.34)

Furthermore, from (1.7.23) and (1.7.30) we find

p* = z !*li = -£- (1.7.35)
m m

v * = ^ 3 . (1.7.36)
dq
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Using these results and neglecting the renormalized energy depen-

dence of the nonlocal terms, we can write the Hartree screened

renormalized form factor w (k) as

w (k) = w (k) + Aw (1.7.37)

with

+ v ,
. ,m ,, scq . .1 ..
Aw = (-=• - 1) — - * + (- 1) (1.7.38)

The screening potential v is given by eq. (1.6.38). For low

q-values the influence of the effective-mass corrections on the

form factor is considerable. Usually, the corrections for low q

are of the order of 20%, but in special cases it can be appre-

ciably more. For q near 2k_ the effective mass corrections con-

tribute only a few percent to the form factors. As an example,

Hartree sreeened form factors with and without effective mass

corrections for sodium and cesium are shown in figs. (1.7.1) ) .

3 -0.08r

-0.02

•,"••0.04

FIG. 1.7.1. The form factors for sodium and cesium.
Dashed line: Hartree screening; dotted line: Hartree. screening
and effective mass corrections; solid line: Toigo-Woodruff
screening and effeative mass aorreations. For q > 2k. the back-
scattering matrix elements are taken. The experimental points are
taken from De Haas-Van Alpken data.
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1.8. EXCHANGE AND CORRELATION

In this section we want to introduce electron exchange and

correlation effects into the present expression (1.7.28) for the

screened form factor. We will start by giving a definition of

the dielectric functions. When an external potential V. is applied

to an electron gas, a hypothetical test charge (not an electron)

placed in the electron gas will feel the external field plus a

field which is due to the response of the conduction electrons

to the external field. This latter field has its origin in the

direct Coulomb interaction and the associated potential is deno-

ted by V ,. The potential V seen by the test charge is re-

coul test J '

lated to the external potential by the dielectric function e. In

Fourier representation: _̂

Vq'u)

V tes t ( q ' w > = V q ' W > + Vcoul ( q 'w )

When exchange and correlation effects in the electron gas are

neglected e(q,u) is the well-known Hartree or Lindhard dielectric
H •*

function e (q,(D), which in its static fore was given by eq. (1.6.25),

When exchange and correlation effects are taken into account

E(q,u) is given by )

<q.> V ^ ., d
1 + G(q) [l - E (q.u)J

We see that exchange and correlation effects are usually described

by a function G(q). When G(q) = 0 the dielectric function reduces

to the Hartree dielectric function.

On the other hand, if an electron placed in the electron gas

is subjected to an external field it will experience in addition

to the above mentioned potentials V0(q,wj and Vgo^^f") an extra

effective potential V due to the exchange and correlation in-
sc

teractions between the electron and the electron gas. Therefore,
^ • *

in this case there will be a different dielectric function, e(q,(o),
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relating the potential felt by the electron to the external po-

tential.

V q > ( i ) )

V(q,u») = V (q,i.») + V . (q.w) + V (q.w) = -^-^ (1.8.3)
° C O U l e(q,w)

Mq.1'1) is expressed in terms of the Hartree dielectric function

tH(q) and the function G(q) by 1 5' 1 6)

e(q,u)) = 1 + [l-G(q)][eH(q,u)) - l] (1.8.4)

Again, £(q,<o) reduces to £ (q, w) if G(q) = 0 . In a review, Shaw )

showed that V (q.ui) is related to the charge density fluctua-
- > •

tions, n(q,;i>), through the function G(q) as

V (q,u) = T G(q) n(q,w) (1.8.5)

q

We will only consider static screening, that is, we take ti = 0.

From (1.8.5) it follows that including exchange and correlation

Poisson's equation for calculating the electron potential (eq.

(1.6.19)) should be replaced by

Veq = ^ 1 tX - G(q) ] "q (1-8'6)

Now one proceeds in exactly the same way as in section 1.6 to

find the screened form factor of the nonlocal model potential.

Eq. (1.6.27) changes into

with e(q) defined as in eq. (1.8.4)

Finally, when including exchange and correlation the Hartree scree-

ned form factor (1.6.34) is modified to

34



M e(q)

This can be written as

ri-G(q)l

^ [ ^ 1 g(q) d.8.0)

w(k) = w"(q) + Aw(q) (1.8.10)

with Aw(q) = - |ial [w
H(it) - w°(k) ] (1.8.11)

H "*•
where w (k) is the Hartree screened form factor given by (1.6.34)

and w (k) is the matrix element of the bare ion model potential

as given in (1.6.30).

In resistivity and thermopower calculations we will include

effective mass as well as exchange and correlation corrections.

Next, we will consider how the screened form factor will be modi-

fied when all these corrections are included. In this case formu-

la (1.6.20) is transformed to

ve [§
-r •+•! 0 !-»•

<k+q|W(E )|k>
(1.8.12)

q L k<kf mE(k)t

We define a new dielectric function analogous to eq. (1.8.4)

e(q) = 1 + [ 1 - G(q) ][e*(q) - 1 ] (1.8.13)

e (q) is the renormalized Hartree dielectric function as defined

in eq. (1.7.25). With (1.8.12) and following the arguments as in

sections (1.6) and (1.7) the formula corresponding to (1.6.27) is

(1.8.13)

Finally, after some manipulations, one arrives at the screened

form factor including effective mass corrections and exchange and

correlation effecLs.
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e(q) e(q)
(1.8.14)

which can be written as

w (k) = w*(k) + Aw(q) (1.8.14)
q q

with Aw(q) = - | ^ I j w*(k) - w°(k) (1.8.15)

E(q)

• •+ 0 •+

w (k) is given in eq. (1.7,28) and w (k) is the matrix element
Q Si

of the bare ion model potential as given in eq. (1.6.30).

Many investigators have tried to calculate the function

G(q) for an electron gas in an approximate way (see for instance

the references 17-22). Many of the early approximations for G(q)

are of doubtful validity. In particular, the pair correlation

function becomes negative for small r, which is an unphysical re-

sult. At this moment the most promising ones seem to be those

proposed by Toigo and Woodruff ), Vashishta and Singwi ) and
22

Geldart and Taylor ) which differ only slightly at metallic

densities, while G(q) was calculated with quite different tech-

niques. Usually, G(q) is not given analytically but in the form

of a table. In a computer program for calculating the resistivity

and thermoelectric power, developed by Devlin ) and Hallers ' )

the calculations are performed with five different forms for G(q),
18 17

viz. the forms proposed by Sham-Hubbard ), Shaw-Pynn ), Toigo-
20 21

Woodruff ), Vashishta-Singwi ) and Hartree (G(q)=0). The elec-

trical resistivity results for Toigo-Woodruff (T.W.) and Vashishta-

Singwi (V.S.) screening appear to be only slightly different,

while the results with the other types of screening are defini-
23

tely inferior to the results with T.W. and V.S. screening ), We

will discuss this in more detail in one of the following chapters.

It should be stressed that when calculating electronic properties
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of metals it is essential to include exchange and correlation.

As an example in fig. (1.7.1) the effect of the inclusion of ex-

change and correlation on the form factor of sodium and cesium

as calculated by Hallers ) is shown.
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C H A P T E R II

TRANSPORT PROPERTIES

II. 1. THE TRANSPORT EQUATION

In this chapter we will derive expressions for the electrical

transport properties of a piece of metal. The conduction electrons

are supposed to be affected by external fields and by temperature

gradients; they also suffer scattering from the ionic potentials.

As usual, the statistics of the assembly of conduction electrons

will be described by means of a distribution function f(k,r,t),

defined such that the number of electrons in the six-dimensional

volume element dkdr at time t is given by

-~ f(k,r,t) dkdr (2.1.1)

At equilibrium, f(k,r,t) depends only on the energy E and reduces

to the Fermi distribution f°(E)*)

(2.1.2)

In principle, the electronic transport properties of a conductor

are completely specified once f(k,r,t) is known. For example, the

current density at position r and at time t is given by

;j(r,t) = -~ J V f(k,r,t) dk (2.1.3)

) In this chapter the Fermi energy E will be denoted by
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Here e is the electronic charge. The main problem is now to find

the distribution function under certain specified conditions.

Therefore, we have to write down and solve the equation of motion

for f(k,r,t), which is called the Boltzmann transport equation.

This is described in several textbooks dealing with transport
1 2 3 4

properties ' ' ' ), and we will present only the results. In an

external electric field F and a temperature gradient V T, one ob-

tains, neglecting the second orfler terms, for a steady state:

4 ^ e" V> > = - <H>scatt.
(2.1.4)

It is supposed that the temperature is a well defined function

T(r) of position. Thus <i (being a function of temperature) is al-

so a function of position.

II.2. THE DISTRIBUTION FUNCTION IN THE PRESENCE OF AN ELECTRIC

FIELD OR A TEMPERATURE GRADIENT

-+ -+
The distribution function f(k,r,t) is written as

f = f° + g (2.2.1)

where g represents the deviation from thermodynamic equilibrium.

We will assume that a disturbed distribution will approach to

equilibrium by an exponential decay with a characteristic decay

time T

(|f) = - ?• (2.2.2)
ot ,_ i

scatt.

In general, the relaxation time may depend on the type of

perturbation. We will consider disturbances caused by an electric

field and that by a temperature gradient. It can be shown that a

unique (i.e. independent of the type of perturbation) relaxation
p c c.

time exists in the case of elastic scattering ' ' ) . The scatte-

ring process can be considered elastic if the temperature is
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above the Debye temperature. This requirement is fulfilled for

the liquid metals considered in this thesis.

Once having introduced a relaxation time we can directly

calculate the distribution function in the presence of an elec-

tric field alone. From (2.1.4) and (2.2.2) we get:

3f° - -
g = - t-gg") el v R . F (2.2.3)

and, f = f° + g = f° - (-̂ -) eT vR . F = f°(E - eT vfe . F)

0 (2.2.4)

or equivalently, f= f° - — {—) V.E . F = f°(k - — F) (2.2.5)

ti E k "h

The steady state distribution f is identical to the equili-
0

brium distribution f , but with the center of the distribution in

k-space shifted from the point k = 0 to k = e T F (see fig. 2.2.1).

The shift will not be the same for every sphere as, generally, T

is a function of k (or E).

Next, we will consider the perturbation set up by a tempera-

ture gradient alone. According to (2.1.4) and (2.2.2) we get

^ S1 V
We will expand (E - 5) in a Taylor series around the Fermi wave

vector k~. Provided | E - S | < < 5 , E - S can be replaced by

n k_/m (k - k^) (throughout this chapter we will assume spheri-

cal Fermi surfaces; m denotes an effective mass). Therefore,

or, f = f°(k - - ~ kQ(k - k ) (-VT)) (2.2.7)
m T r

From (2.2.7) we conclude that the steady state distribution func-

tion is obtained from the equilibrium distribution function by a

k-dependent shift. States exactly on the Fermi surface (k = kQ)
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00"

FIG. 2.2.l.JThe distribution function in the presence of an elec-
tric field F. Solid line; equilibrium distribution y i dashed
line: steady state distribution f in the presence of an electric
field. In the same picture g = f - f° is given.

1
= f-f°

FIG. 2.2.2. The distribution function in the presence of a ther-
mal gradient,. The picture on the left hand side; Fermi sphere
for kj= fex., represents the electrons with k > kfj shifted to
the -VT direction, represents the electrons with k < kf,
shifted to the VT direction. The picture on the right hand side:
solid line: equilibrium distribution f°; dashed line; the steady
state distribution f in the presence of a thermal gradient. In
the same picture g = f - fO is given.
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are not influenced by the temperature gradient. Surfaces corres-

ponding to energies in excess of the Fermi energy have their cen-

ters shifted in k-space opposite to the direction of the tempera-

ture gradient, whereas surfaces of lower energy have their centers

shifted in the direction of the temperature gradient (see fig.

2.2.2). So the distribution function is sharpened at the side where

k.V T is positive and spread out at the other side.

It follows from (2.2.5) and (2.2.7) that the shape of the

steady state distribution function depends sensitively on the cha-

racter of the perturbation. Consequently, the efficiency of a gi-

ven relaxation mechanism in restoring these two distributions to

equilibrium may also differ significantly. In that case, it would

be difficult indeed to define a suitable relaxation time. The tem-

peratures of the liquid metals considered in this thesis are all

above the Debye temperature. The electron scattering in that tem-

perature range can be considered elastic and a unique relaxation
f\ c *-

time can be defined ' ' ).

II. 3. THE RELAXATION TIME

3f
We will express the scattering term (g—) in terms of a

scattering probability P(k,k'); P(k,k') is the probability per

unit time that an electron in the state k will be scattered into

the empty state k' without change of spin. Thermal and impurity

scattering in metals do not, in general, change the spin state of

an electron so that only transitions of this kind need to be consi-
-+•

dered. The number of electrons initially being in an element dk

round k is equal to —=• f(k) dk (n is the volume of the sample);

the number of empty states in an element dk1 round k1 for an elec-

tron with a specified spin direction is equal to — - (1 - f(k'))

dk1. Therefore, the net increase per unit time of the number of

electrons in an element dk is equal to
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2{~? dk / [pOt'.k) f(it') (l-f(k)) - P(k.k') f(k) (l-f(k')) ] dk1

8*

(2.3.1)

Dividing by —-r, the density of states in k-space, gives us (-5—)
4T scatt.

(||) = -^- / [ p(k',k)f (k1) (1-f (it)) - P(k,k')f (it) (l-f(k')) ] die
scatt. 8TI

(2.3.2)

In equilibrium there exists detailed balance and therefore

P(k\k) f°(k') (l-f°(k)) = P(it,k') f°(k) (l-f°(it')) (2.3.3)

0 •+ 0 •+
We will consider only elastic scattering, so f (k) = f (k1)

Then, eq. (2.3.3) reduces to:

P(k" ,k) = POt.it1) (2.3.4)

and

^ \ / ') [ f(k') - f(k) ] d£"^ \ / [ ]
scatt. 8it

= -AT I P(k,k') [ g(k') - g(i?) ] dk1 (2.3.5)
8TTJ

Here, (2.2.1) was used. According to (2.2.3) and (2.2.6) g(it) can

be written as

+ 3f°
g(k) = - X(k) (—•) (2.3.6)

scatt. 8ir *" L x(k)

(2.3.7)

From (2.2.2) we have

) T - T ( g ) (2.3.8)
scatt.
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And the relaxation time is then given by

J_L_ =JL/P<U-) [ l - ^ l <£' (2.3.9)
i(k) 8n L X(k) J

From both (2.2.3) and (2.2.6) it follows that, in the case of a

unique relaxation time,

*-<JS_i= _ J S _ (2.3.9a)
X(k) X(k) v k . u

has the same value for electrical and thermal transport. A unique

relaxation time was already assumed at the introduction of the re-

laxation time. In (2.3.9 ), u is a unit vector in the direction of

F or VT. Substitution of (2.3.9a) into (2.3.9) leaves us with an

integral equation for T(k). I n order to solve this equation the

following assumptions are .:iade: a) the scattering is elastic, b)

the Fermi surface is spherical, c) P(k,k') is dependent only on

the scattering angle 0 between k and k1 and d) t is a function of

| k | only. Then,

It will be shown that the integral is independent of the angle be-

tween the driving force in the direction of u and the scattering

wave vector k. The direction u of the driving force will be chosen
-y / 1 \ -+ ->• / k ] \ •+

in the x-direction: u = I 0 1. Both k (k = (kol) and k1 are pointing
\0J -»Ak3'

to an arbitrary direction. A new vector k", which is chosen as the

mirror image of k1 with respect to k, can be expressed in terms of

k1 and it by (see fig. 2.3.1)

+2 [iL^*-*.] = 2 ̂ • ̂  t - P
L I k

(2.3.11)

By evaluating,
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FIG. 2.3.1.
Fov expla-
nation see
text.

1 - ̂ r~= » - IT (2-3.12)
k . u 1

and

1 -

,(k' • k)
kl "

= 1 - = 1 - 2cos0 + —
kl

(2.3.13)

it directly follows that by summing (2.3.12) and (2.3.13) and di-

viding by two we get (1 - cosO). Therefore, the integrand in (2.3.10)

reduces to P(0) (1 - cosG). This result is independent of the an-

gle between the driving force and the scattering wavevector k,

and one can get the correct answer simply by taking k in the di-

rection of u. The expression for the relaxation time can be writ-

ten as

dk1 (2.3.14)

dS' is a surface element on the Fermi sphere.

As described in chapter I, the real scattering potential of

the metal can be replaced by a weak model potential with the same

scattering properties. With this weak perturbing model potential

the scattering probability can be calculated by time dependent
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perturbation theory. The transition probability per unit time from

the state k with energy E, to the state k' with energy E, , is gi-

ven by

(2.3.15)

If we remind that P(k,k') dk' is the scattering probability per

unit time from a state k to a volume element dk' in k-space and

that P(Ek,E ,) dE. , is the scattering probability per unit time

from a state E, to an energy range dE. , in energy space it is

clear that:

P(k,k') dS' dk1 = P(0) dS1 dk1 = P(E.,E. ,) dS1

(2.3.16)

With (2.3.15) and (2.3.16) the expression for the relaxation time

can be transformed to:

(2.3.17)

When t >-' r̂ -, S 1" Auit behaves like TT6 (AU) .

The scattering probability is very strongly peaked around Aw = 0,

in accoidance with our assumption of elastic scattering. Using the

properties of the delta function the integral becomes:

1
T(kf)

a i

V 'k=k f

n

/ ' I
0

(

< K W(r)

1 - cosO) 2Tt

1k

sin0

2

d0 (2 . 3 . 18)

We can write k = k because scattering only occurs for states at

the Fermi surface. We assume that W(r) can be written as a sum of
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identical model potentials w(r). Next, we make use of the central

result (1.6.10) of the diffraction model (q = k1 - k ) :

k | W(r) S(q") <k) | 2

where a(q) = — | E e
N i

-iq.?4

wq(k) | 2

(2.3.19)

(2.3.20)

a(q) is called the interference function. For Fermi surface scatte-

ring S(q) and a(q) depend only on the magnitude of q.

The following relations are

self-evident from fig. (2.3.2).

1 - cosO = 2 sin2>s0 =

-d cosO = - t dq. For spherical

energy surfaces V E = —

m FIG. 2 . 3 . 2 .

Then, we arrive at the following expression for the relaxation

time within the diffraction model ((w (it) is real and for a sphe-

rical Fermi surface w (k_) = w (k.)).

q f q f

(2.3.21)

I I . 4 . ZIMAN'S RESISTIVITY FORMULA

The e l e c t r i c a l current density can be calculated with formu-

la (2 .1 .3)

j(r.t) = ~ / v f(k,r",t) dk = ~ /
J k 3

,? , t ) dk (2.4.1)
4ir3

0

f (E) g ives no contribution to the current. Using (2.2.3) we ar-

rive a t :
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j"(r,t) = ~ ff vR vk . F T(k) (- -^-) dS —££ (2.4.2)

3f° k

Because (- -j—) behaves like a 6-function at the Fermi-energy,

the energy integration can easily be performed.

, 2 x(k) v. v. dS
4.1 fr k

The conductivity tensor o is defined by

- > • • < - » • - •

j = a . F (2.4.4)

>̂ 1 e
2 X °° \ \

4it Ti k

For a crystal with cubic symmetry or an isotropic fluid the con-

ductivity tensor reduces to a scalar. If F is in the x-direction

then £ v. (v . F) ] = v F = — v F. For a spherical Fermi sur-

face v = 'hk/m . With these assumptions

e2 T(k ) k3

o = 2*~^ (2.4.6)
3w m

Using the equality (heren i s the electron density, Z i s the valence),

k3 = 3Tl2n ; n = — (2.4.7)
f fl

we obtain the well known results for 0:

2
ne T(k )

a = — (2.4.8)
m

7 8
Combining (2.4.6) and (2,3.21) gives Ziman's ' ) expression for

the resistivity of liquid metals.

P = — = 2 I aW { w " O ^ 4'2k~' d^2k ' ^2"4 ^̂

Here m is the effective mass of the electrons at the Fermi level

and defined by k kf/(jf)k=k •
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It should be noted that we have circumvented (2.4.8). The reason

for doing so is that formula (2.4.9) will also be used for evalua-

ting an expression for the thermoelectric power, which, as we will

show further on, is proportional to the derivative of p with res-

pect to k_ with the electron density kept constant. Therefore, it

is essential to make no use of (2.4.7) when deriving an expression

for the thermoelectric power.

In the literature in this field it is usual to introduce by

brackets, < >, the following average of any function of q:

1
< f(q) > = / f(q) 4(^3-) d(^_) (2.4.10)

o kf 2 kf

Note, that this average is heavily weighted towards the upper end

(2k ) of the integration range (back-scattering).

Accordingly, eq. (2.4.9) can be written as:

P = , u" ' " < a(q) { w (k ) } > (2.4.11)
*>3 e 2 k2 N q f

II. 5. GENERAL TRANSPORT

In this section we will discuss electrical and heat transport

when both an electric field and a thermal gradient are applied. It

will be demonstrated that a thermal gradient gives rise not only

to a heat current but also to an electric field and that, similar-

ly, an electric field gives rise to an electric current as well as

a heat current. If we suppose that the conditions for a unique re-

laxation time are fulfilled, the departure of the distribution

function from equilibrium, g(k,r,t), when both an electric field

and a thermal gradient are present can easily be written down by

combining eqs. (2.1.4) and (2.2.2).

TOO vk. % ^ r

(2.5.1)
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Heat is internal energy minus free energy. The Gibbs free energy

of an electron is C, i ts chemical potential. In analogy with the

electric current density,

j"(r,t) = -^r- / v f (k,?,t) dk = - ~ / v. g(k,?,t) dk (2.5.2)

the heat current density q(r,t) can be written down as:

q ( ? t ) rr j v (E(k)-<;)f (k , r , t )dk = — - j v (E(k)-Og(k,r , t)dk
4TI 4TT

(2 .5 .3)

Using eq . (2 .5 .1 ) for g, we o b t a i n :

- t - 1 2 - > ^ - S °

4TT3 -n J Vk k 3E vfc * e r*

_i_ I // T(k) ̂  *fc i L ^ l ! (- ̂ . a „ . ( . V ) (2.5.5)

Let us discuss some of the physics behind these relations. Because
3f

(- "J5") behaves like a 6-function the integrands give only a con-

tribution in the region of the Fermi-tail. The first integrands at

the right hand sides of equations (2.5.4) and (2.5.5) correspond
->•

to the shift of the Fermi-distribution in k-space due to the elec-3f°
trie field (fig. 2.2.1). As ( r—) is a symmetric function with

dE

respect to 5, this shifted distribution primarily causes an elec-

tric current, but additionally it gives rise to a small heat cur-
3f

rent because (E(k) - 5)(- -s—) is an antrisymmetric function about
oE

5, which is not equally weighted at both sides of C by X(k) v

(assuming the tensor to be a scalar). Both integrands at the (ex-

treme) right hand sides of eqs. (2.5.4) and (2.5.5) correspond to

a situation where the Fermi-tail of the equilibrium distribution

is sharpened at one side and spread out at the other side (fig.
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2 3f°
2.2.2). As (E - C) (- -=—) is a symmetric function around £, this

oE

k-dependent shift primarily causes a heat current, but additional-

ly it gives rise to a small electric current or an electric field

(depending on the boundary conditions) owing to the fact that the

3f°

antisymmetric function (E(k) - C) ( ^—) around C is not symme-

trically weighted by I (k) v. .
We may note that the term V G acts like an electric field. An

r •+ 1 •*

electric charge experiences a net electric field (F - — V 5), which

will be denoted below shortly by F. Equations (2.5.4) and (2.5.5)

may be written in a much more comprehensive way by defining for

n = 0, 1 and 2 the tensors:

Then,

j = e KQ . F + | K X . (- VrT) (2.5.7)

->• •*->• -* 1 •*-*• -*

q = e Kx . F + - K 2 . (- VrT) (2.5.8)

•* 1 1 •*
By chosing V(—) and — Vu as the driving forces, and by taking

the particle flow instead of the electric current eqs. (2.5.7) and
(2.5.8) are transformed to a form in which Onsager's reciprocal
relations are recognized9'^'4). U is defined by,

U = S + e* ; F = - V<j> (2.5.9)

and is called the electrochemical potential or the partial poten-
tial (5 is the chemical potential)

" t ' T K0 • T W " T Kl * V (?} = Lll • T VU + L12 • V (?'

(2.5.10)

5 = - T ^ . iv, + T Y 2 . ̂  (i, =^ 2 1. i % + r 2 2 . v (i)
(2.5.11)

From eqs. (2.5^10) and (2.5.11) it is seen that Onsager's recipro-

cal relation, L 1 2 =*^2i'
 h o l d s-
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We will procaeo with eqs. (2.5.7) and (2.5.8) because the

electric field and the thermal gradient are directly measurable

quantities. The integrals (2.5.6) can be evaluated using the fol-

lowing expansion formula, which is derived in standard textbooks

on solid state physics. <f (E) is assumed to be a smooth function
3f°

of energy in the region of the Fermi-tail, where (- -55-) behaves

like a 6-function.

2
9 ( E ) (_ Z£—) d E = •>-"" • - -- '•- -»- ' S * ( E )

3 E 2

(2.5.12)

From (2.5.6) if follows that "K^. = - ^ r / T (k) vv vk -^-£(2.5.13)
4TI"

j T (k) v v.
Ti k

Imagine K (E) to be the value of (2.5.13) over some surface of

energy E, not at the Fermi level, then:

, (- >£> dE ̂  (kBT)
2 £

j (kBT)
2-K^(5) (2.5.14)

-<-»• t <-+ 3f n 2 ? f 3 <-*•
and, K j = / (E-C) K0(E) (- ^ dE = - (kBT) • |_ ̂ K0(E)

(2.5.15)

The electrical conductivity is defined under isothermal conditions

(V T = 0). From (2.5.7) we find:

Q (2.5.16)

By definition, thermal conductivity corresponds to the condition

j = 0 (open circuit), and therefore in general F ^ 0. Actually,

F can be calculated from (2.5.7):

F = ̂ X^X • ̂ (2.5.17)
eT 0 1

Putting this into (2.5.8) we get

« " ? Kl K0 Kl * VT " T" K2 • VT = k (K2 " Kl K0 Kl» • ("VT)

The thermal conductivity is:
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For metals the term with *?. ̂ K̂ ," *Kj is negligible, so one arrives

for the thermal conductivity at the coefficient of (-VT) in (2.5.8)

Comparing (2.5.18), (2.5.16) and (2.5.14) we find a simple rela-

tion between electrical and thermal conductivity, well known as

the Wiedemann-Franz law

3 e
(2.5.19)

The Wiedemann-Franz law is valid when a unique relaxation time can

be defined.

11.6. THERMOELECTRIC POWER

A thermal gradient along

a metal bar induces an elec- v v- v

trie field. This effect is

called the thermoelectric ef-

fect and is illustrated in fig.

(2.6.1). The thermoelectric po- FIG. 2.6.1.

wer Q is defined as the ratio between the net electric field F

and the thermal gradient VT, provided the electrical current j = 0.

F = Q $ T (2.6.1)

An equivalent definition of the thermoelectric power is (with re-

ference to fig. (2.6.1)):

Q = - S ? <2-6-2>
From the definition it follows that the thermopower is positive if

the hotter end is negative with respect to the colder end of the

metal. An expression for the thermoelectric power can readily be

found from (2.5.7) by putting j = 0 (for liquid metals KQ and K,

can be assumed to be scalars)
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? = itK~o Ki
From definition (2.6.1)

With (2.5.15) and (2.5.16) the thermopower can be expressed in

terms of the electrical conductivity:

J - F J ^ l = L J l T I" LlnjiiEL 1 (2.6.5)

It should be stressed that the derivative of In °(E) with respect

to energy at the Fermi energy should be performed while the elec-

tron density is kept constant.

For liquid metals expression (2.6.5) can be worked out using

Ziman's formula (2?4.9) for the resistivity. For spherical energy

surfaces (E = — ) eq. (2.6.5) can be written as:
2m*

3eE f 2 [ 3k J k = k f" 3eE f

where the dimensionless parameter

k.

(2.6.6)

has been introduced. From (2,4.9) we have:

2k
In P = c - 6 In k + In / a(q) ( w (k ) ) q dq (2.6.8)

0

N
c is a constant because the conduction electron density -r- is kept

constant. One should remind that, in general, the pseudopotential

is nonlocal (k-dependent) _, , . .

2a(2kf) (w2k (kf))
28k^+2 /fa(q)w (kf) (—^ )fe q

3dq
,ainP __ _6_ ^___ f_ 0 _j f
v 8k Jk=k " k 2k

/a(q)(w (kf)) q dq

(2.6.9)
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With u s e o f t h e b r a c k e t s d e f i n e d i n ( 2 . 4 . 1 0 ) we f i n d ,

a(2kf) (w2k (kf) )
2 2kf<a(q)wq(kf) [± w q 0 o ] k >

4=3-2 * 5— -j 5 <2-6-10)
<a(q)(w (kf)) > <a(q)(wq(kf)) >

which i s usually abbreviated to

5 = 3 - 2 s - - | r (2.6.11)

Formula (2.6.10) is the expression for the 5-factor within the

diffraction model of Ziman.

Next we will try to make the derived formulae slightly more

transparent, more specifically, we will try to understand which

sign the thermoelectric voltage will assume when a thermal gra-

dient is applied. For liquid metals the tensors K can be assu-

med to be scalars. From (2.5.7) we have:

•+• 1 e tt 3f" •* 1 err E-C 3f
, , . 3 1 " k 3E ,„ 3 i " k T 3
12U fl 12TT fl

( 2 . 6 . 1 2 )

And the thermopower (2.6.4) can be written as:

Q = « [//T(k)vk(~ %- ) d S d E] [//f (k)vk(E(k)-C) (- ̂-
(2.6.13)

Let us consider the coefficient of (-̂ T) in eq. (2.6.12).

a) First, we will assume T(k) to be a constant in the region of

the Fermi tail. Throughout, we assume spherical energy surfaces

with E(k) = 11 k /2m . Then, v. is an increasing function of ener-
2

gy and dS(= 2U k sinOdO) is proportional to the energy E(k). The

antisymmetric (about C) function (E-5) (—r=-) is weighted by v dS

in favour of the energies in access of the Fermi energy ?. Because

e is a negative number for electronic conduction, the coefficient

of (-̂ T) is negative. Therefore, the utmost right hand term in
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T+AT

eq. (2.6.12) will contribute a current in the direction of VT;

consequently the electron particles will travel in the direc-

tion of (-VT), i.e. from the warm to the cold end. If the cir-

cuit is open (j = 0), these electrons flow until a voltage

difference or, equivalently, an electric field F has been built

up to establish a stationary state. As the coefficient of F is

always positi"e, it follows from eq. 12.6.12) that F is pointing
->•

to the (-VT) direction (fig.

2.6.2). Therefore, the hot

end will be positive with _ +

respect to the cold end. It

follows from both (2.6.2)

and (2.6.13) that this cor-
F

responds to a negative
thermopower Q. FIG. 2.6.2.

The situation discussed above can also be explained with a

somewhat different reasoning. From eq. (2.2.7) it follows that

by applying a thermal gradient the electrons with wave vector k

below the Fermi wave vector k_ are shifted in k-space to the VT

direction, while the electrons with the wave vector k in eccess

of k- are shifted to the (-VT) direction in k-space. These latter

electrons have a higher mean velocity and they are more numerous

(as expressed altogether by the v dS term) than the former ones.
JC

So on the average, more electrons arrive at the cold end than at

the hot end, and the thermopower is negative, as concluded be-

fore.

b) More generally, the relaxation time T is a function of energy.

If X is a decreasing function of energy in the region of the Fer-

mi-tail (i.e. the electrons with energy E > C are scattered more

strongly than the electrons with E < 5) X(k) counteracts the

weighing action of (v, dS) of the antisymmetric function (E - S)
3f^

( —>. Therefore, the thermoelectric power will change sign
d£

from negative to positive if x changes from a constant to a suf-
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ficiently strong decreasing function of energy in the region of

the Fermi-tail. Although, the elec crons with k > k0 have a

higher velocity and are more numerous (v^dS) than the electrons

with k < kn the former axe scattered more strongly than the

latter ones; so, on the average, there will be an electron par-

ticle current from the aold to the hot end until a balancing

electric field has been established for a stationary state. There-

fore, a positive thermopouev Q means that just after applying a

thermal gradient, on the average, the electron particles will

flow from the aold to the hot end of the metal.

In the light of the reasoning given above, where the relaxa-

tion time in the region of the Fermi-tail plays an important role,

one would expect that the thermopower should be expressed in terms

of the relaxation time rather than in terms of the resistivity.

But the resistivity and the relaxation time are closely related

and the thermopower can be expressed in terms of the relaxation

time as well. From (2.4.6) we get:

In P = const. - In x - 3 In k (2.6.14)

Therefore, the 5-factor (2.6.7) can ba written as

*» ~ ~*r i v.— • » ^ i — 'i. i — ~2 ' ~o~

Evaluating (2.6.15) with use of (2.3.21) results in eq. (2.6.10)

again, which consists of 3 terms.

The first term of (2.6.10) is the constant 3, which is the

sum of the number 3/2 from (2.6.15) and another number 3/2 resul-

ting from -r- (—r^—) . The number 3/2 in (2.6.15) which comes

£ dK Kf

from the factor k3 in (2.4.6), results in fact from the weigh-

ing factor v.dS in (2.4.5). The second number 3/2 comes from the
3 1

factor l/kf in front of the integral of - (eq. (2.3.21)). There-

fore T is proportional to k and this means that the relaxation

is less effective when the Fermi-sphere is expanded, while the

electron density and the scattering integral,
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2k
/r a(q) ( w (k ) ) qJdq,
0 4

are kept constant. This less effective relaxation can be explai-

ned as follows: when the magnitude of the transferred wave vec-

tor is q, the scattering angle of the electrons for the nonexpan-

ded Fermi surface will be 0, while the scattering angle for the

expanded Fermi surface will be reduced to (G - <S) . Thus, for a

certain transferred wave vector q the relaxation at the expanded

Fermi surface is less effective and t is an increasing function

of k; in fact x <V/ k . From the discussion, given before, it fol-

lows that this will give a r> ;gative contribution to the thermo-

power, in accordance with formulae (2.6.6) and (2.6.10). The se-

cond term in 5 allows for the extra scattering from the q-values

between 2 k_ of the nonexpanded and 2 k of the expanded Fermi
2 1

surface. a(q) ( w (k ) ) is always positive and as — is propor-

tional to
2!^f 2 3
/r a(q) ( Wq(kf) ) qJdq

it follows that I decreases when the energy of the electrons, and

so kf, is increased. This results in a positive contribution to

the thermopower, in accordance with eq. (2.6.6) and the second

term of (2.6.10). If a(2k ) (w (k ) ) 2 is larger than 1,5 times

the weighted average < a(q) ( w (k ) ) > the second term will

be dominant over the first term and the thermopower will be posi-

tive (if we neglect the third term). The third term allows for

the fact that, in general, the pseudopotential is k-dependent.

For some of the systems investigated by us, the contribution of

this term appears to be rather puzzling. This will be discussed

in the following chapters.
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C H A P T E R III

LIQUID ALLOYS

III.1. INTRODUCTION

In this chapter we will derive, within the diffraction model,

expressions for the resistivity and thermopower of a binary liquid

alloy.

In chapters I and II it was shown that the central result of

the diffraction model is the factorization of the matrix element

into an interference function a(q) and a form factor w (k). The

interference function a(q) describes the arrangement of the ions

in the metal whereas the form factor w (k) is determined by the

scattering properties of one single ion in the metal.- This proce-

dure was applied to the calculation of the resistivity of a pure

metal. A similar separation in structural and ionic properties

can be performed for a liquid alloy as well. It will be shown that

in this case three so-called partial interference functions are

required for a complete description of the structure.

In both cases, liquid pure metals and liquid alloys, an ap-

proximation to the (partial) interference functions may be obtai-

ned from the so-called hard-sphere solution of the Percus-Yevick

equation. Th'j success of the hard-sphere model may be attributed

to the fact that the arrangement between the ions is dominated by

the strong ion-ion repulsion.

III.2. RESISTIVITY OF BINARY LIQUID ALLOYS

In chapter II eq. (2.4.9) we derived Ziman's resistivity for-

mula for a pure liquid metal. With reference to the eqs. (2.3.21)

and (2.3.19) the resistivity of any liquid metal or alloy may be
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written in terms of the total model potential W(r).

^ }
Ti e k 0

W(r,

On the analogy of (1.6.10), for a binary liquid alloy the matrix

element | < k + q | W(r) | k > | can be expressed in terms of

form factors and partial interference functions. Once more it

is assumed that the total screened model potential W(r) can be

written as a sum of screened model potentials; this1 time there

are two kinds of model potentials w (r) and w (r) corresponding

to the two types of ions (there are N, ions of type 1 and N« ions

of type 2; N = N, + N_):

W(r) (3.2.2)

We define, in accordance with def. (1.6.12), the form factor of

each of the species (labeled by a; a = 1 or 2)

Then we can write:

i 2-+ -*• i
<k+q|w(r)

1 /e-i(k+q).?( J wi (-.; i ) +
 Nj2 W2 ( ?_^ ) ) eik.? d;

NJ (• -i(k+q).r 1 ,->•->. ik.r" 5 N^ f -i(k+q).r 2 ->• •> ik.r 3 2
i Je w (r-r.)e d r t l Je ^ w (r-r.)e d r

a >i=i

^ ) i ̂  ikfr-rj 3

w (r-r.)e d r +

j w2(?-r.)e
ik(r-r.)
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N -iq.r N -iq.r
i 1 ? ^ i 2
w (k) + f e 3w (k)

q

?[ i=l

2 ( WJ(r)
q

2 , 2... ,2
(w (k) )
q

Here we used the fact that the form factors and the double sum in

the last term are real. For a binary alloy, Ashcroft and Langreth )

defined three partial interference functions by:

-v 1
a (q) = — <<

aa N

N - i q . r .
fe * » - N • 6 „ (a = 1 or 2)

a q,0

(3 .2 .3)

« "t "f ." -Y2</2

Here << *> denotes an ensemble average. It should be noted

that the 6-peak occurring for q = 0 is subtracted in (3.2.3);

q = 0 corresponds to forward scattering and does not contribute

to the resistivity. Furthermore, we may note that for a liquid

the a (q) (a,B being 1 or 2) are isotropic, that is: a (q) =

Now we can write:

|<k+q|w(r)|k>|2 =

W2(k)} =

(3 .2 .4)
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Nl N2
andl 2

Here, we have used Cj = — and c 2 = — . Accordingly, the resisti-

vity for a binary alloy is given by:

(3-2-5)

which reduces to eq. (2.4.9) if Cj = 1 and c 2 = 0 (pure metal).

4 3

Faber and Ziman ' ) have defined another set of partial in-

terference functions in terms of the distribution functions. Next

we will derive the relation between the Faber-Ziman partial in-

terference functions and those defined by Ashcroft and Langreth

(eq. 3.2.3)). For this purpose, we consider a system of N ions

in a volume S2. There are N, ions of species 1 and N ? ions of spe-

cies 2, the number densities being n. and n 2 respectively. If

n (r) represents the local density of atoms 6 at a distance r
ap

from an atom a, the pair distribution function g (r) is defined
ftp

by:
« n B(r) »

9aB
(r) = — x — (3-2-6)

Because for r -• °° the positions of the ions are uncorrelated,

lim g (r) = 1.
r •+ oo

With definition (3.2.6) we find from eq. (3.2.3):

- * • - * • ->•-»•

N iq.r. N -iq.r.,
a (q) = ̂- « ( f e X ) ( f e 1 ) » - N 6 f .

Na

iq.r N iq.r
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iq.r
= l + n j e [ g ( r ) - l l d r (3.2.7)

S imi la r ly , we may de r ive :

a12(q) = n^ n^ j e [ g12<r) - 1 ] d r (3.2.8)

4

Faber and Ziman ) have derived their partial interference func-

tions as follows:

. •*• •*

a ! f = 1 + 7! ! ( g _ D < r ) - D e d 3 r (3.2.9)

a and B may be 1 or 2. From the definitions it follows that the

a are less concentration dependent than the corresponding a .
Otp Otp

Comparing eqs. (3.2.7) and (3.2.8) with eq. (3.2.9) results in

the relations between the Ashcroft-Langreth and the Faber-Ziman

partial interference functions.

a (q) - 1 = c l a (q) - 1 I

-„(,) = c ! / 2
c y

2 r«"(q) " I ] (3-2.10)

The matrix element of expression (3.2.1) can be written in terms

of the Faber-Ziman interference functions as:

|<k+q|w(r)|k>|2 =

or = i

(3.2.11)

[w2(k)] (l-a22)-2w
1(k)w2(k)(l-a^)]} (3.2.12)
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For a strictly substitutional alloy (3.2.12) becomes particular-

ly simple. In that case all the partial interference functions

a are identical. For the resistivity (eq. (3.2.5)) we find (the

bracket notation of eq. (2.4.10) is used):

p = p1 + p " (3.2.13)

FZ
wlth p. a 3"<»)« < (C [w^kO^CjCw^k)]

2) a
•h e k N q q

, ,, 37T(m*)2fl , 2,k, 1,,>,2 FZ,
and p 1 1 = 3 < c c (w Ik) - w (k)) (1 - a ) >

•n e k N q

If, in additioni the two constituents have the same valency the
1 2

form factors w (k) and w (k) are independent of the composition.

Then, p1 is a linear and p 1 1 is a quadratic function of concen-

tration; consequently p is parabola-like. Furthermore, it fol-

lows that the height of the parabola increases if the scattering

properties of the two species differ more strongly from each

other.

Bhatia and Thornton ) have defined an alternative set of in-
terference function S (q), S^^(q) and S _(q), which are construc-

NN CC NC

ted from the Fourier transforms of the local number density and

concentration in the alloy. They can be linearly expressed in the

Faber-Ziman and Ashcroft-Langreth interference functions. These

interference functions have the property that in the long-wave-

length limit (q -> 0) S (0) and S (0) represent the mean square

thermal fluctuations in the particle number and concentration
respectively and SM_(0) represents the correlation between theseNC
two fluctuations, in formulae:

2
SNN < 0 ) = < < < A M > > - '" S CC ( O ) = N < < : < A c > 2 > > •' S

N C = <<(ANAC) >>

(3.2.14)
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S (0) is related to the Gibbs free energy G.S

S (0) - N k T . —\— (3.2.15)

(if)
3 C i T.P.N1

N is the total number of atoms, k is Boltzmann's constant,
B

c. = N./N is the concentration of species i, and the subscript N'

indicates that any N.

be used in chapter V.

indicates that any N. (j ? i) is kept constant. Eq. (3.2.15) will

III.3. THERMOPOWER OF BINARY LIQUID ALLOYS

Once found the expression for the resistivity of a binary al

loy it is a straightforward matter to derive from eq. (2.6.6) and

(3.2.5) a formula for the thermopower of a binary alloy within

the diffraction model. If we define:

F(q,kf )=ciai j (q) [w^(kf)]
 2+c 2a 2 2 (q) [w^(kf)]

 2+2cJ / 2C2 / 2a 1 2 (q)w^(kf )w^(kf)

(3.3.1)

and apply the bracket notation defined by eq. (2.4.10) then we

find:

Q " 3 e E < r L 3 2 < F ( q , k J > 2 •- 1(3.3.2)
r r i.

which is usually abbreviated to :

2 2

Q = — — E, , w i th C = 3 - 2 s - ^ r ( 3 .3 .3 )
3 e E f 2

The r-term is a consequence of the non-local (k-dependent) charac-

ter of the model potential. In chapters V and VII we will find

that the contribution of this term appears to be rather puzzling.
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III. 4. THE HARD SPHERE INTERFERENCE FUNCTIONS

For a pure metal the interference function

a(q) = I « ! j e l q " r i |2 » - » J ^

may be determined experimentally by X-ray or neutron diffraction.

To determine experimentally the three partial interference func-

tions of an alloy (eq. (3.2.3)) three independent experiments are

required for obtaining three simultaneous equations which can be

solved for a... a_. and a ,. This has only been done for a few

alloys and the results are of limited accuracy ' ). Therefore, in

alloys one has to rely on model calculations for the partial in-

terference functions. In a liquid metal the ion-ion repulsion ap-

pears to be the principal factor determining the ionic arrange-

ment. This interaction is idealized in the hard sphere model: the

potential being zero beyond the hard sphere radius and infinite

inside the sphere. Several approximate theories (for instance the

Born-Green, hypernetted chain and the Percus-Yevick theory) re-

late (but unfortunately only implicitely) the pair distribution

function g(r) to the pair potential ). The most successful of

these appears to be the Percus-Yevick (P.Y.) theory. In addition,

for this theory closed form expressions are given for the inter-

ference functions corresponding to the hard-sphere potentials.

9 10The=p expressions exist for the pure metals ' ) as well as for
11,

t>.c Alloys ) .

The interference function a(q) obtained from the hard sphere

solution Of the P.Y. equation contains two parameters: the hard

sphere diameter a and the packing fraction n, which are formally

related by the equation:

n = g- IT n a (3.4.1)

Here n is the number density of the ions. The hard-sphere expres-
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sion for a(q) ' ) appears to be rather lengthy and it will not

be repeated here. Greenfield et al. ) have compared the accurate

experimental interference functions of Na and K with the hard-

sphere interference functions. They ignored relation (3.4.1) and

tried to find the best parameter set (n,a) to fit the experimen-

tal a(q). However, it was found that this generalization did not

improve the result significantly if the whole range of q-values

is considered. Fig. (3.4.1), which is taken from their paper,

shows that, in spite of the discrepancies between the hard-sphere

a(q) and the experimental a(q) for sodium, the hard-spheres a(q)

may be considered as an acceptable approximation. Specifically,

if only the low-q part (0 <_ q <_ 2k ) is considered a reasonable

fit can be obtained.

The long wavelength limit (q ->- 0) of the interference func-

tion is difficult to measure by diffraction experiments, but the

limit is known from thermodynamics:

a(0) = n k T xm (3.4.2)
B T

where x i s t n e isothermal compressibility. The theoretical hard-

sphere value for a(0) is given by ):

a(0) = (1 " n ) (3.4.3)

(1 + 2n)

These relations will be used to determine the hard-sphere packing

fraction n from xT» if
 n o accurate experimental a(q) is available.

The hard-sphere partial interference functions are complete-

ly specified by the three independent parameters n, a and c ). Sup-

pose there are N. hard spheres of diameter o and N 2 with diameter

o . We arbitrarily choose the component 2 of the mixture to possess

the larger hard-sphere diameter cr . Then a is defined to be the

hard-sphere ratio:
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Ma 100 C
———— experimental curve
A 0 = 3.18 k i| = 0.456

0 = 3.31 A i, = 0.458

o= 3.41 A Tl =0.457

FIG. 3 .4 .1 . Interference functions for 0 < q < 7k for liquid

sodium at 100 C. For the identification of the curves see

inset. From the compressibility xr and eq. (3.4. S) one de-

rives n = 0.458 and a - s.30 fl (adapted from r-ef. 1).
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a = — (0 < r <_ 1) (3.4.4)

c is the concentration of the larger spheres, that is,

= 2
 = "2

C " N, + N 2 = nt + n 2

n is the packing fraction of the mixture.

volume occupied by hard spheres
total volume

The lenghtly expressions for the hard-sphere a (q) are given in
Otp

refs. 2 and 11. In the figs. (5.4.2) and (7.3.1) the partial hard

sphere interference functions a (q) for NaCs and LiMg alloys are

shown.

The reliability of the hard-sphere partial interference

functions, specifically if a is considerably less than 1, has not

been tested in detail as sufficient accurate measurements of a. .(q)

are not available. The a „ may be tested indirectly via calcula-

ted resistivities and thermopower results. Indeed, the resistivi-

ty is an integral involving interference functions and form fac-

tors whereas there are uncertainties in the form factors as well;

so the test is of limited significance.
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C H A P T E R IV

DESCRIPTION OF THE EXPERIMENTAL TECHNIQUES AND EQUIPMENT

IV.1. INTRODUCTION

From a theoretical point of view the alkali metals are of

considerable interest because of their relatively simple electro-

nic structure. Quite a number of physical properties can be cal-

culated by using a nearly-free-electron approach. From an experi-

mental point of view liquid alkali metals are attractive because

of their relatively low melting points. The central problem for

the experimentalist working with alkali metals is their high che-

mical reactivity, even at room temperature, with oxygen, water-

vapour and, in the case of lithium, nitrogen. To meet this expe-

rimental problem a high purity argon glove box played a central

role in preparing our samples of liquid (alkali-) metal alloys.

In the next section we will, therefore, describe the glove box

and the handling of the samples in it. In the remaining sections

we will describe the techniques and equipment used for the resis-

tivity, thermopower and NMR-measurements.

IV. 2. THE HANDLING OF LIQUID METALS IN THE GLOVE BOX

The argon glove box, developed by V.A.C.-California, con-

sists of a metal enclosure with a volume of approximately 1.25 m .

Manipulations inside the box may be performed using one of the two

pairs of gloves attached to one of the walls made out of a trans-

parent material (Homalite). The argon pressure inside the box is

automatically kept at atmospheric pressure. The argon atmosphere

inside the box is continuously purified from oxygen, moisture and

nitrogen to a level of 1 p.p.m. or lower. For this purification

the gas is continuously circulated and fed to the purification ma-
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terial. Tho circulation speed is about 700 1/min. Oxygen removal

from the argon is accomplished at ambient temperature with a re-

actant known as Q - 1, a material consisting of finely devided

copper on an alumina matrix, developed by the Dow Chemical Company.

During a regeneration cycle the copper oxide in this form can

be reduced to metallic copper by hydrogen at a temperature of

150 C - 300 C. Water is removed by a molecular sieve enclosed

by the same container as the oxygen reactant. The molecular sieve

is regenerated during the same regeneration cycle used for the

Q - 1 by purqing with dry gas, followed by evacuation. Nitrogen

is removed by titanium sponge at n temperature of about 850 C,

forming titaniumnitride (TiN). The nitrogen furnace is placed in

a bypass of the main circulation loop after the argon flow has

passed the molecular sieve and the 0 - 1. If oxygen in sufficient

concentration is fed to titanium sponge at 850 C, a reaction si-

milar to an acetylene torch occurs. Therefore, as a safety mea-

sure against improper use and serious leakage in any part a two

meter high stone wall was built around the titanium furnace.

All material can be moved from outside to inside the glove-

box and vice versa through an ante-chamber. One vacuum line and

many electric leads fed through the back wall are at disposal in-

side the box. Samples can be heated above room temperature (up to

700 c) inside the box by appropriate, electrically heated, fur-

The oxygen and moisture content inside the box can be moni-

tored by two meters. Under normal conditions both the oxygen and

moisture levels were less than 1 p.p.m. Then the surface of li-

quid sodium stayed bright and shiny for at least one and a half

hour. If the oxygen and moisture content was amply above the 1

p.p.m. le el, a surface layer was formed quickly. To our knowledge

there exist no simple devices to monitor the nitrogen content. A

few times the nitrogen content was determined with a mass spec-
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trometer. As it took a long period for N_ and CO (for both molecu-

les M = 28), remaining from previous measurements, to be removed from

the spectrometer, we only could determine an upper N_-level, which

was found to be a few p.p.m. When handling liquid lithium, the sur-

face stayed shiny for more than one hour.

Lithium was obtained commercially from Koch Light. It was seal-

ed vacuumtight in a tin under an inert gas. The nominal purity of

lithium is 99.98 weight %. The metal was melted in a stainless

steel container. Oxides and nitrides were removed by skimming the

surface at a temperature just above the melting point, where the

solubility is small. The solubilities of oxygen and nitrogen in

liquid lithium at 250 °C ' ) are 0.0096% and 0.02% respectively.

Sodium metal was obtained commercially from Merck in the form of

blocks under a mineral oil, packed vacuumtight in a tin. The no-

minal purity of sodium was 99.93 weight percent. The mineral oil

was removed using benzene. Oxides were removed just above the mel-

ting point. At 150 °c the solubility is less than 0.005% ' ). Ce-

sium was supplied by Kawecki-Billiton, sealed in glass ampoules

with a purity of 99.98 weight %. The ampoules were opened inside

the box, using a glass cutting knife and a hammer. Magnesium in-

gots were obtained from Alfa Metals, with a purity of 99.95 weight

percent. An ingot was sawed into small pieces, appropriate for

preparing samples. The outside surface layer was noi used.

Alloys were prepared by weighing the appropriate amounts of

the metals inside the glove box, using a Mettler balance with an

inaccuracy of 2 mg. Podium and cesium were transported as a liquid

from the pure metal container to the sample container using a

glass pipette. As lithium has a relatively high melting point

(180 °C) a nd as liquid lithium attacks glass, for this metal an

electrically heated pipette was constructed of stainless steel

(A.I.S.I. 321). A schematic drawing of this pipette is given in

fig. (4.2.1). The resistance heater is constructed of Thermocoax

(Philips) with a stainless steel outside wall. By connecting the
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FIG. 4.2.1. Schematic drawings of electrically heated pipette (A)
and spatula (B). 1) stainless steel, A.I.S.I. 321; 2) heater win-
dings (Thermocoax-Philips); 3) handle (teflon); 4) copper body
for heat conduction to the top of the spatula. All stainless steel
connections are argon-arc welded. Dimensions are in mm.
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pipette with a syringe and moving the piston the liquid mt-tal was

transforred in and out of the pipette. The alternative, to cut so-

lid lithium into pieces , proved to be impractical as solid lithium

behaves like tough chewing gum.

To prepare NMR samples the liquid metal alloy (sodium-lithium

in this case) has to be finely divided into particles with a dia-

meter less than the skin depth (for liquid Li ^ 85 Urn). Usually

this is performed by dispersing the liquid metal in a mineral oil.

The sodium-lithium system has a miscibility gap up to 303 C and

all measurements on this system had to be performed above this tem-

perature. All mineral oils we tried were attacked by lithium at

temperatures lower than 300 C. Therefore, another technique was

developed. The Na-Li alloys were mixed with LiF-powder by inten-

sive stirring with a spatula. To avoid phase separation all mate-

rial in contact with the alloy during the preparation should be

at a higher temperature than the phase separation temperature.

Therefore, an electrically heated spatula was constructed; a

schematic drawing of it is given in fig. (4.2.1). The outside wall,

constructed of sta.'iless steel (A.I.S.I. 321), encloses a copper

body improving the heat conduction to the top of the spatula. When

the mixing was finished the sample was cooled down. The particles

with a diameter less than 50 Um were separated from the bigger

ones by sieving the material. To ascertain that no composition

changes took place we prepared, for a few alloy compositions, dif-

ferent samples. For a specific alloy composition the Knight shift

reproduced within the limits of experimental inaccuracy.

The following property of liquid lithium should still be men-

tioned. Liquid lithium has a rather high surface tension of 398

dynes/cm at 180 °C. Consequently, it is not easy to skim oxides

and nitrides from the surface. In a stainless steel container li-

quid lithium has, in the first instance, a convex meniscus. After

some time (of the order of minutes) it starts wetting the stainless

steel and the form of the meniscus changes to concave. In tubes of
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small cross section (like the pipette and the resistivity tube;

inside diameter 3 mm) the level of the liquid is elevated several

cm when the meniscus changes from convex to concave as a conse-

quence of capillarity.

IV.3. RESISTIVITY MEASUREMENTS

The essential part of the experimental arrangement for measu-

ring the electrical resistivities up to 700 C is shown in fig.

(4.3.1). It is a further development of the equipment designed by
4

Hennephof et al. ), but it is constructed entirely of stainless

steel A.I.S.I. 321, which is highly resistant to lithium, the most

corrosive metal studied.

In the glove box the container A is filled with the appro-

priate alloy. The container is sealed with a copper ring pinched

betv=en knife edges (see inset of fig. (4.3.1)). For temperatures

above 500 c (Li-Mg alloys) the copper ring was coated with a chro-

mium layer to prevent a copper-lithium alloy formation as a conse-

quence of the lithium vapour pressure. The assembly is connected

with a vacuum/argon system and heated in a furnace. During the ex-

periment the overall argon pressure is kept just above 1 atm. to

prevent air from entering the system. After the alloy being melted

the liquid can be stirred by bubbling argon gas through it. Then

the alloy is raised slowly into the measuring tube by applying ar-

gon pressure. The argon pressure difference can be precisely moni-

tored by a U-tube filled with oil The height of the alloy in the

measuring tube was controlled by measuring the resistance of a

number of tube sections (see below).

Four platinum potential leads of 0.2 mm diameter were spot-

welded to the measuring tube. In this way one could determine the

resistivity of the alloy in three different sections of the tube

(1, 2 and 3 in fig. (4.3.1)) and check whether or not the results are

consistent. The upper, i.e. fifth and sixth, potential leads were used
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FIG. 4.3.1. Part of the equipment for measuring electrical resis-
tivities of liquid metals, a) measuring tube; b) six bore alvmina
tube; a) platinum potential leads (.$ - 0.2 mm); d) potential leads;
e) alumina insulation. The vaauum-tight sealing of container A
with a copper ring pinched between knife edges is shown in the
lower inset.
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for adjusting the level of the liquid column. The platinum poten-

tial leads are only a few cm longj they were welded to silver

leads of 0.5 mm thickness. The silver leads were led through a

six-bore alumina tube towards the outside of the furnace. The

silver leads were connected to copper leads in an ice bath to en-

sure a constant temperature for all contacts.

The resistivity measurements were carried out using a four-

point d.c. technique. The voltages over a tube section and over a

normal resistance (absolute inaccuracy less than 0.01%) were com-

pared in a Kelvin bridge. This method has the disadvantage that one

has to correct for any change with tomperature of the resistance

of the potential leads inside the furnace. In the course of the

investigations the Kelvin bridge was repl; ced by a digital micro-

voltmeter (Keithley 171 or 160) together with a constant current

supply (Delta D050-10). Thermal e.m.f.'s in the potential leads

were eliminated by reversing the current. With either method the

error in the resistance of each of the tube sections is approxi-

mately ±0.1%.

For calculating the alloy resistivity one has to know the in-

ner diameter, the length, and the resistance of the appropriate tube

section. The length of a tube section was determined with a measu-

ring microscope. The outside diameter of the tube was determined

with a micrometer as well as a measuring microscope. The results

agreed within 0.05%. The inner diameter was determined in two ways,

first, by weighing the amount of water 4"v"t can fill the tube com-

pletely, second, by determining the buoyancy in water of a part

of that tube. For each of the two methods the error was estimated

to be ±0.1% and mutually the two methods ag id, for all tubes

used, within the same limits of accuracy, .ne tubes appeared to be

fairly homogeneous. For the calculations the dimensions were cor-

rected for thermal expansion using the rominal thermal expansion

coefficient. The dimensions of a tube section are approximately
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3 mm (inner diameter), 4 mm (outer diameter) and 3 cm (length of

a section between two potential contacts).

The current leads (I % 2A) for the resistivity measurements

were attached to parts of the measuring system protruding from

the furnace (I in fig. (4.3.1)). In order to ensure decent equipo-

tential planes (perpendicular to the tube axis), the top level of

the liquid alloy was kept more than 3 cm above the upper section

(3 in fig. (4.3.1)) during an experiment. A source of systematic

errors may be bad wetting of the stainless steel by the liquid and

irregular filling of the tube (gas bubbles, oxides). In that case,

probably, the resistivity of the three sections should not be in

agreement with each other. Furthermore, after emptying and refil-

ling the tube the results would not be the same. As these effects

were never observed, we concluded that the liquids studied have

good wetting properties and that no irregular filling took place.

This is in agreement with more extensive experiments about proper
4

wetting and filling performed by Hennephof e.a. ). They found that

Na, Rb and Cs have good wetting properties while for K sometimes

wetting problems arise. We found that the wetting properties of

Li are excellent. Although lithium is known as a highly corrosive

liquid ), we found no evidence of attack of the 321-steel by li-

quid lithium (for temperatures up to 675 C).

The temperature was determined by a platinum-10% rhodium ther-

mocouple, spot-welded to section 2 of the measuring tube (not

shown in fig. (4.3.1)). The temperatures of the sections 1 and 3

were determined relative to the temperature of section 2 by chro-

mel-alumel difference thermocouples. During the measurements the

temperature differences between two parts were always less than

1 C and mostly less than 0.5 C.

Leaving out of consideration chemical impurities, the inaccu-

racy in the absolute value of the resistivities is estimated to be

0.4%. The discrepancy between the results from different tube sec-

tions of the same tube and between different tubes were of the or-

der of 0.1%.
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IV. 4. THERMOPOWER MEASUREMENTS

Thermopower measurements were performed on the Na-Cs alloys

system. We have applied the method with small temperature diffe-

rences between the two junctions.

When developing a device for measuring the absolute thermo-

power, one should realize that all junctions should be kept at well

defined, stable, temperatures.

The glass cell, used for Na-Cs alloys, was placed in a hori-

zontal furnace. The temperature was regulated electronically, using

a chromel-alumel thermocouple sensor, situated as close as possible

near the heating coil. The heating coil was divided into three sec-

tions. The end sections were wrapped more closely than the middle

section; furthermore, they could be shunted by variable resistors.

The heating coils were wrapped around a ceramic tube with an inside

diameter of 4.2 cm. Inside this ceramic tube a copper tube with a

wall thickness of 6 mm was placed. Both ends of the furnace were

closed with pyrophyllite caps. By this construction the tempera-

ture difference over the length (20 cm) of the glass cell was less

than 0.1 °C.

A schematic drawing of the glass cell is given in fig. (4.4.1).

Essentially it consists of two cylindrical vessels (1) connected

by a 15 cm long tube with an inside diameter of 2 mm. Inside the

cylindrical vessels glass tubes, containing electrodes (2, see in-

set), are terminated by a kovar cap (3), applying a glass-metal

seal. The high purity reference electrode (5) is soldered to the

inside of the kovar cap. In the same glass tubes Pt-Pt 10% Rh ther-

mocouples (6) are situated close to the kovar caps; they are, how-

ever, isolated both from the kovar caps as well as from the copper

electrocfes by thin glass capillaries (not shown in the figure).

Because of the relatively large size of the cylindrical vessels (1)

there are essentially no temperature gradients near the junctions
i

if the cell is filled with a liquid metal. Therefore, the kovar cap
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12

FIG. 4.4.1. Glass cell used for thermopower measurements. 1) cylindrical vessel; 2) tube containing
copper electrode and Pt-PtRh thermocouple; 3) kovar cap; 4) glass tube; 5) copper wire; 6) Pt-PtRh
thermocouple; 7) small furnace to establish the temperature difference hT; 8) glass tubes used for
filling the cell; 9) threaded kovar cylinder; 10) cone shaped copper body; 11) threaded steel cap;
12) avaldite.
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does not influence the thermopower voltage. In an earlier version

the copper electrodes were sealed through the glass wall and pro-

truding into the liquid metal (applying a glass-copper seal accor-

ding to the Housekeeper mehtod )). Using this construction, the

thermopower results were exactly the same, indeed. However, the

glass-copper seal appeared to be fragile.

Around one of the cylindrical vessels a small furnace (7)

could be slipped, in order to establish a small temperature diffe-

rence between the two junctions. The small furnace was constructed

by wrapping thermocoax wire around a copper cylinder. The tempera-

ture difference between the two vessels never exceeded 5 C.

The cell was filled in the glove box via the small glass tu-

bes (8) connected to the cylindrical vessels. At the end of both

glass tubes threaded kovar cylinders (9) were attached, applying

glass-metal seals. During filling, an electrically heated stain-

less steel tube (not showr> in the figure) , dipping into the appro-

priate alloy, was connected to one of the threaded kovar tubes.

The other threaded tube was connected to a syringe. By moving the

piston of the syringe the alloy was brought into the glass cell.

After filling the cell, it was closed vacuum-tight using a cone

shaped copper body (10)i softened by heat treatment, which was pin-

ched between a threaded steel cap (11) and the cylindrical kovar

tube (9).

During the measurements a constant (0 C) temperature for the

cold junctions was provided by a bath, consisting of a dewar filled

with a mixture of ice and water, which was stirred continuously. A

copper cylinder, filled with paraffin oil, and containing the cold

junctions of the thermocouples was placed into this ice-water mix-

ture.

All voltages were measured with a Keithley (model 140) ampli-

fier in combination with a Hewlett Packard digital voltmeter (4

full digit: v . The resolution of. this combination was 10 nV. The
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maximum voltage error is about 0.02% of the reading. T.n order to

connect the nanovoltmeter to the different thermocouples (inclu-

ding the sample to be investigated) a heavy copper switch (ther-

movoltage less than 100 nV) was used. During measurements the va-

riation of all thermovoltages, over a period of at least 5 minu-

tes, was less than the resolution.

IV. 5. EVALUATION OF THE THERMOPOWER DATA

The nominal thermovoltages of the thermocouples used for the

determination of the temperatures at various positions in the cell

are available in tables. For the temperature interval needed, these

values may be fitted by a polynomial. For instance (t indicates

table):

Vfc = a Q + a.T + a T
2 + a,T3 + (4.5.1)

If T is in degrees Celsius and the cold junction is at 0 C eq.

(4.5.1) reduces to:

Vfc = ajT + a2T
2 + a 3T

3 + (4.5.2)

The sensitivity S of the thermocouple is given by the derivative

of the thermovoltage.

S = aj + 2a2T + 3 a T
2 + (4.5.3)

Actually, thermocouple-voltages may deviate (and, indeed they do!)

from the tabulated values. Generally, i t is found ) that the dif-

ferences between the tabulated values (V ) and the measured ther-

movoltages of a particular thermocouple (v ) are linear with tem-

perature .

Vm - Vt = CUT (4.5.4)

<* has still to be determined. For the two thermocouples of the

glass cell, used for Na-Cs alloys, <x Was determined from the mel-

ting point of pure sodium. As a first order correction to the table

values of the thermovoltage of a particular thermocouple one gets:
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V1" = Vt + OfT = (a + a)T + a T 2 + a T 3 + (4.5.5)

and for the sensitivity:

S = {al + a) + 2a2T + 3a3T
2 + (4.5.6)

To determine the thermopower of a particular alloy we usually ap-

plied five distinct temperature differences (all less than 5 °C)

between the two junctions, constituted by the two copper referen-

ce electrodes and the alloy. Let us focus our attention to the

situation where a particular temperature difference A T is applied.

Accordingly, the two liquid metal-copper junctions in the cell

will be denoted as the hot and cold junction. We will give an ex-

pression for A T . The thermovoltage generated by the Pt-PtRh ther-

mocouple at or near the cold junction is given by:

T
V = / S dT (4.5.7)

0

and the thermovoltage generated by the thermocouple at or near the

hot junction can be written as:

T+AT

V = / S^ dT (4.5.8)
H Q H

In an experiment we are measuring V and V - V (then the thermo-
C H C,

couples are connected as a differential thermocouple). V - V =
H C

Av determines the temperature difference A T . It can be written
H—C

AV
H-C

T+AT
= / S d

0

T
T - / S d

o c

T

T = / (S
0 '

- S )dT H
i C

T-l-AT

\- j
T

S dT
H

(4.5.9)

The first term in the right hand side expression represents the
o

(voltage) difference between the two thermocouples at T C. For a

tenoerature difference less than 5 C S may be considered to be
H

l inear. Then, (4.5.9) changes to :
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AV = / (S - S )dT + S (T + - AT) . AT (4.5.10)

From (4.5.10) it follows that the temperature difference between

the two junctions is given by:

T
Av - [ (S - S )dT

H n c

AT = j (4.5.11)
S u (T + •=• AT)
H £

The circuit made up by the copper reference electrodes and the al-

loy is sketched in fig. (4.5.1). The voltage difference between

the two copper wires can be written as:

T T+AT 0

V — V = +Av — \ Q (T)dT + / Q (T)dT •+ J O
0 C u T a ° y T+AT C

T+AT T+AT
or AV = - J Q (T)dT + / Q (T)dT (4.5.12)

T
 u

 T
 a °y

For AT <_ 5 C Q is assumed to be linear. Then,

Av = { Q „ (T + ^ A T ) - Q (T + i AT) } AT (4.5.13)
*alloy 2 KCu 2

Combination of (4.5.13) and (4.5.11) and denoting Q - Q = O
alloy Cu

results in:
* i

m j Q (m ̂ . AT)

Q (T + •=• AT) V 2 T
AV = AV . / (S - S )dT (4.5.14)

S H ( T + t AT> S (T + i AT) 0 ^
— may be considered to be essential constant for a temperature
interval less than 5 °C. Then the relation between Av and Av „, if

H" -
AT is varied, is given by a straight line:

Av = C, Avt, „ + Co (4.5.15)
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al loy

Cu Cu

AV

!o°c

FIG. 4.5.1. Sketch of the circuit made up by the copper reference
electrodes and the alloy.

with C
(T + I

S (T + \ AT)
£1 t

-, giving the slope of the line (4.5.16)

and C,
Q (T + - AT) T

1 • / lSH " Sc ) d T'
S O ( T + ̂  AT) o

(4.5.17)

representing a correction because of the difference between the

two thermocouples. For the argument, T + - A T , A T should be taken

as the maximum temperature difference applied. A typical plot of

Av as a function of Av is given in figure (4.5.2). The experi-

mental points can be fitted perfectly by a straight line. The de-

viations of the individual points from a straight line are typi-

cally of the order of 0.05 yv.. From the slope, C, , of the line we
* 1 1

determined Q (T + r- £T) using equation (4.5.16). Here S (T + — A T )

is given by (4.5.6). Then, che absolute thermopower of the alloy

is given by:
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FIG. 4.5.2. A plot of the voltage &V (aopper-alloy-aopper circuit)
as a function of the voltage &VH_Q produced by the differenoe-
thermocouple registrating the temperature difference between hot
and cold junction.

Q a l l o y ( T Q*(T (4.5.18)

For T > 300 C, the absolute thermopower of pure copper i s given

by 8 ' 9 ) (T in °C):

Q = 1.54 + 5.45 10~3T ±0.15 UV/K (4.5.19.)

As is shown in fig. (4.5.2) the straight line does not pass

through the origin ' ), due to differences between the two

Pt-PtRh thermocouples and their leads. From the figure it is evi-

dent that a serious systematic error is introduced if the absolu-

te thermopower is determined from only one experimental point in

the figure. Following the procedure described above, systematic

errors caused by differences between the two thermocouples are

eliminated. In our opinion the error in the absolute thermopower

of NaCs-alloys is less than 0.2 UV/°c.
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IV. 6. KNIGHT SHIFT MEASUREMENTS

For the Knight shift measurements of Na-Li alloys we used a

standard Varian wide-line spectrometer. The 8 cm spacing between

the poles of the electromagnet was sufficient for accomodating si-

multaneously two cross-coil probes. One probe contained the Na-Li

sample. The other probe was used to calibrate the magnetic field

using the proton resonance frequency of a water sample. Therefore

a Varian 40 Mc/sec fixed frequency unit was amplitude modulated

with a frequency of 10 kc/sec in order to produce side bands at

either side of the central frequency. Both the uetal signal and

the proton signal were registered simultaneously in the memory of

a 1024 channel analyzer.

The miscibility gap and the reactivity of NaLi alloys (see

Ch. VI) presented a number of experimental complications. The re-

activity problem was overcome by using LiF crucibles ) made by

lathing cylindrical LiF crystals. The dimensions of the LiF cru-

cible were: i.d. 5 mm; o.d. 7.7 mm; height 20 mm. The crucible can

be closed with a LiF cap to reduce air convection. A fine disper-

sion of liquid metal particles, as required for NMR experiments,

was obtained by mixing the liquid alloy with LiF powder (see sec-

tion IV.2). To maintain the sample during an NMR experiment at

an inert Ar-atmosphere the crucible was placed in a cylindrical

glass tube (see fig. (4.6.1)), which is closed vacuum-tight in the

glove box. The temperature inside the crucible is measured by a

sheated (stainless steel) thermocouple. The measurements were per-

formed at a temperature of about 400 C, being well above the top

of the liquid miscibility gap.

To attain this temperature inside the Varian cross-coil probe.

) This advice was given by Dr. H.W. den Hartog and was based on

his experience in producing colour centers.
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610

28

FIG. 4.6.1. , Sample holder for MR experiments. 1) sample; 2a) LiF-
aruaible, 2 ) LiF cap; 3) quarts tube; 4) sheated ahromel-alumel
thermocouple; S) kovar; 6) brass; 7) thermoaouple plug.



FIG 4.6.2. Variable temperature system to fit the EMR-probe. 1)
leads connecting heater coil and power supply; 2) airstream (% 2.5
cc/sec); 3) heater coil; 4) aluminum cylinder to protect and sup-
port the dewar; 5) quartz dewar, the inner walls of the dewar are
coated with a gold layer; 6) to vacuum pump; 7) O-ring; 8) air-
stream to cool the probe; 9) scribed gold coating to allow the
r.f. signal to pass the dewar wall; 10) Varian probe.
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which is very sensitive to temperature variations and does not to-

Jerate temperatures higher than 60 C, a high temperature quartz

dewar equivalent to those described by Schreiber ) and Clark )

was designed (see fig. (4.6.2)). The dewar is coated with a gold

layer to reduce heat losses by radiation. To obtain the gold layer

at the inner walls of the dewar, each piece is painted homogeneous-

ly w\th "Degussa-Glanzgold FF IV", an organo metallic compound.

Then, after the paint had dried, both coated surfaces were scored

in the vicinity of the transmitter and receiver coils, using a

lathe and a scribe. A fairly fine cross hatch (% 2 nun) allows the

r.f. signal to pass the dewar wall. By firing the two painted pie-

ces in air at a temperature of about 700 °C a bright gold mirror

is formed. The sample inside the dewar is heated by an airstream

of •fe 2.5 cc/sec, which has passed a resistance heater wound around

an alumina tube of 3 mm o.d.. The wall of the dewar wad kept at va-

cuum with a pump. With this dewar the sample can be heated to a

temperature of at least 500 C. For a sample temperature of 400 C

the temperature gradient over the sample is about 25 c/cm. The

Knight shift is not influenced by this temperature gradient as it

is almost temperature independent. The temperature gradient might

cause a change in the alloy composition due to Watt's principle.

However, a shift of the Knight shift as a function of time was ne-

ver observed.
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C H A P T E R V

THE SODIUM-CESIUM LIQUID ALLOYS SYSTEM*)

V.I. INTRODUCTION

For a number of liquid sodium-cesium alloys the electrical

resistivity P and the thermoelectric power Q have been determi-

ned accurately as a function of temperature. The measurements

were mainly undertaken to compare experimental transport quanti-

ties with calculations along the lines of the Faber-Ziman diffrac-

tion model.

When Hennephof e.a. ) measured the electrical resistivity in

a small temperature range about 100 C they found that (-T—) ,

when plotted as a function of the atomic concentration c of ce-

sium, exhibits a pronounced maximum for c ^ 0.25 and a minimum

for c "• 0.60. The maximum was tentatively ascribed to an ordering

phenomenon, more particularly to the formation of a compound Na Cs

in the liquid at temperatures close to the melting point. The

existence of such a metallic compound i as strongly suggested by
4

the results of Kim and Letcher ) on ultrasonic absorption. This

ordering was supposed to disappear gradually at temperatures above
cp

the melting point, giving rise to a larger value of (—•) in that

particular temperature range. The maximum was then expected to

disappear at higher temperatures. In order to check this supposi-

tion the resistivity measurements were extended towards higher

temperatures, and for some of the alloy compositions also to lo-

wer temperatures.

) Parts of this chapter have been described in refs. 1 and 2.
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Related work on this alkali system has been reported by

other authors. Tamaki e.a. ) have performed measurements on tho

pressure dependence of the resistivity of sodium-cesium alloys.

This pressure dependence of the resistivity can be related to

our data on the temperature dependence of the resistivity. Ichi-
6

kawa e.a. ) obtained the composition dependence of the chemical

potential of sodium in liquid sodium-cesium alloys from electro-

chemical cell measurements. They concluded that there are long

range concentration fluctuations in the vicinity of c =0.2.

This feature is not reflected in our resistivity measurements.

These experiments formed a stimulus for determining the thermo-

electric power Q and its temperature dependence (-̂=-) of the
oT p

same alloys in order to establish whether or not an effect con-

nected with the resistivity anomaly would show up in the results

for this related transport property.

Below, we will first present our resistivity and thermo-

electric power measurements. Then we will compare them with theo-

retical calculations within the diffraction model of Faber-Ziman.

Finally we will discuss other measurements on liquid sodium-ce-

sium alloys.

V.2. RESISTIVITY EXPERIMENTS

The experimental equipment for determining the resistivity

of liquid alloys at high temperatures has been described in

chapter IV. For each alloy composition we measured the electri-

cal resistivity as a function of temperature between 80 C and

300 C. For three alloy compositions near the eutectic concen-

tration (c **> 0.75) we performed also measurements at lower tem-

peratures, viz. between the liquidus and 100 C, using the

equipment described in ref. 3. The experimental resistivity da-

ta as a function of temperature were fitted with a polynomial of

decree two or three, depending on the alloy composition. The
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No 0.2 0.4 0.6 0.8 Cs

Cs
FIG. 5.2.1. The resistivity of Na-Cs alloys as a function of con-
centration at 100 °C and ZOO °C. Open circles: Hennephof e.a.3
100 °C; black dots: present results at 100 °C and 300 °C.
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standard deviations of the least squares fits were typically of

the order of 0.1%.

Sodium and cesium were commercially obtained from Merck and

Kawecki-Billiton, respectively. The nominal purity of sodium is

99.93 weight percent, and that of cesium is 99.98 weight percent.

Cesium was delivered in sealed glass ampoules. Sodium blocks were

melted in stainless steel containers. Its oxides were removed by

skimming the surface at a temperature just above the melting

point where the solubility is negligible (less than 0.005%)19'20) .

For both sodium and cesium a glass pipette was used to transfer

the appropriate amount of metal into the container used for the

measurements.

In fig. (5.2.1) we have plotted the resistivity P as a func-

tion of the cesium concentration c at 100 and 300 degrees Celsius.

At 100 C we find fair agreement with the resistivity data of

Hennephof e.a. ), which are shown in the same figure. The resis-

tivity data obtained by Tamaki e.a. ) differ appreciably (5-10%)

from ours. Only their sodium data are in good agreement with ours.

For pure cesium we find reasonable agreement (within 3%) with the

resistivity values obtained by Hyman ). Our resistivity data for

pure sodium are in very close agreement with those obtained by
Q

Savchenko and Shpil'rain ) as is demonstrated in table II of chap-

ter VI, which also includes the less accurate sodium resistivity
9

data of Freedman and Robertson ). It should be noted that the com-

position of the alloy with concentration c £ 0.23 in fact was de-

termined by comparing the measured resistivity with the resisti-

vity data of Hennephof e.a., as difficulties had arisen with the

determination of the concentration in the usual way. The resisti-

vity versus concentration shows a parabola-like behaviour with a

very high top. The resistivities of the sodium-cesium system are

considerably higher than those of the corresponding sodium-rubi-

dium and sodium-potassium alloys ). This could be expected as the
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0.02
NQ 0.2 0.4 0.6 0.8 Cs

FIG. 5.2.2. (5p/2T) of sodium-cesium alloys as a funation of the
aesium concentration. Black, dots: experiment, high temperature se-
ries; open circles: experiment, low temperature series; crosses:
experiment, Hennephof e.a.
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scattering properties of sodium and cesium differ more strongly

from each other than the other pairs of alkali metals.

The temperature derivative of the resistivity at constant

pressure (-g—) as a function of concentration is shown in fig.

(5.2.2) for different temperatures. Again, fair agreement with

earlier rasults has been obtained ).

Furthermore, it is evident that it is not the maximum of

'IT' t n a t disappears at higher temperatures, but rather the mi-

nimum: (-rrj) varies strongly as a function of temperature in

this part of the concentration range, whereas for c < 0.25

(3 P/3T ) almost vanishes. This is in contradiction with our

earlier supposition.

It is interesting to compare our results on the temperature

dependence of P with those of the pressure dependence obtained

by Tamaki e.a. 5). In fig. (5.2.3) their data for (|̂-) at 100 °C

are shown as a function of concentration. At the outset it should

be noted that these data are calculated from the difference of

the resistivity at only two pressures (by lack of more experimen-

tal data). But the P versus pressure relation is probably quite

nonlinear in this pressure range. This was expected because also

) In ref. 3 a linear approximation for P versus T was applied,
d^P

as for small values of —=- the number of data in the rather
dT2

small temperature range was generally insufficient for a hig-

her order approximation. But for the central part of the Na-Cs

composition range it is meaningful to take into account also
the curvature of the older P-versus-T results. Then the va-

lues of —— given in ref. 3 and repeated in fig. (5.2.2)

can be shown to apply effectively to temperatures lower than

100 °C, down to 80 °C. The discrepancy for pure cesium cannot

be explained in this way.
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for pure cesiu.n this relation is non-linear ) and it has been

confirmed by a private communication. Therefore, fi<j. (r>.̂ .i)

has only a qualitative meaning. It is seen that C'.r")™ i s

negative for c < 0.35 and for c > 0.77 (as it is for all pure al-

kali metals except Li), whereas it is positive for intermediate
3p

concentrations. The central composition range, for which I—) '• 0,

corresponds fairly well to the valley found for (•?—•) . The two

quantities are related by

<H>v " *P
 + (H>T <&v

and (^v = f (5-2"2)
T

1 3V
where a = — (—) is the volume expansion coefficient and

1 8v
8 = - — (TJ—) is the isothermal compressibility. For the pure

p 3p 3p 3p
alkali metals except Li, (-jrr) , ("ĵp) an<l (rrly are positive

quantities whereas (-5—)_ is negative*0"13). Consequently,
3p 3p p dp 3p
'"ST'V * '"3T* a n d' i n d e e d' experimentally one finds that (g^y/ (ĝ r)

is roughly equal to 2/3 for the pure alkalis.

Before using eq. (5.2.1) we want to notice, first, that the

pressure applied by Tamaki e.a. (intervals 2-4 kbar) gives rise

to a considerable volume change. A temperature of some hundreds

of degrees Celsius is required for achieving comparable relative

volume changes (but, of course with opposite sign) by heating the
3P

metal. Secondly, the values of (T—) aj .1- to densities lower than
3 T P3p

those at room temperature, whereas ( y ) _ i s determined at higher

densities.

Significant changes of the physical properties, particularly
3p

(•5—) _, have been reported for liquid cesium in the pressure inter-

val of 0-4 kbar ' ). As mentioned above, from the work of Tama-

ki e.a. one also finds that for Na-Cs alloys P(c) shows a strong
3p

nonlinear behaviour as a function of pressure. Therefore, (-r—) , as

calculated with use of differentials from data of Tamaki e.a., ap-

plies effectively to higher densities than at 1 atm.
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FIG. 5.2.3. ("Sp/apJ™ of sodium cesium alloys as a function of the
cesium concentration at 100 °C. The data are taken from ref. 5.

Q.I-

0.00
Na 0.2 0.4 0.6 0.8 Cs

CCs *
FIG. 5.2.4. !dp/dT)y calculated from (dp/ZT) and (Zp/dp)T data
using eq. (5.2.1); see text. (dp/ZT) in vQ. Bm/K.
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If for c % 0.60 the measured (-r—) is fictitiously extrapola-

ted to higher densities (i.e. to temperatures below the melting

point) the valley deepens faster than at lower densities (i.e.
32p

(—-) increases when going to lower temperatures) .-This corres-

ponds with the observation of Tamaki e.a. ) that (—j) increases
3T p

when going to higher densities.

Although we should be careful with drawing conclusions from
3p

the data we will, nevertheless, substitute our (-r—•) data at 100
*. ". oT p

°C and the ("jr")™ data of Tamaki c.a. at 100 °C in eq. (5.2.1).
14

Data for a can be obtained from Huijben's ) density measurements.

The isothermal compressibility B can be calculated using the re-
15

lations )

- Y 3g = Y -ij (5.2.3)
dv

T V a 2

p s
(5.2.4)

Here, Y is the ratio of the molar heat capacities; 6 is the adia-

batic compressibility; d is the density; v is the speed of sound

and V is the molar volume. For Na and Cs at 100 C the values of y

are found to be almost equal ' ' ). We adopt the same value,

Y = 1.12, for all alloy compositions. For the sound velocity, v ,
4 s

the data of Kim and Letcher ) and for the density the data of
14 ' a

Huijben e.a. ) are taken. As a result we obtain for -3— a cur-

ved function of concentration. When applying eq. (5.2.1) it fol-

lows that the second term at the right-hand side counteracts the
3p

oscillation in the concentration dependence of (-j-r) . The calcu-

lated ("jcr).. shows no pronounced valley (fig. 5.2.4) and it can be

considered as a rather smooth function of concentration. It should

be noted that the anomaly in the temperature dependence of the

sound velocity at c - 0.25 ), which can be attributed to phase se-
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paration or compound formation, has only negligible influence on

the calculation. From the calculation it follows that the valley

in fig. (5.2.2) and the hill in fig. (5.2.3) are closely related.
dp

Furthermore, as the calculated (•»=•)„ turns out to be a rather

smooth function of concentration ("normal behaviour") and as (•—)
3p 3 T v

exceeds (-g—•) for c % 0.60, volume effects (structural effects)
3p

may play a predominant role in the oscillation of (-g—) .

14
But is was shown by Huijben e.a. ) that the density and its

temperature derivative show no special effects in the vicinity of

c % 0.60. Therefore, the valley in [y-) and the hill in (|£-)

cannot be explained on the basis of density effects, within the

accuracy obtained by Huijben (the quoted inaccuracy in d ranges

from 0.08% for Cs to 0.15% for Na).

V.3. THERMOELECTRIC POWER MEASUREMENTS

Next, we will present the experimental thermoelectric power

data. The experimental equipment for determining the thermoelec-

tric power of liquid Na-Cs alloys between room temperature and

200 °C has been discussed in chapter IV. We have used the method

with small temperature differences AT between the "hot" and

"cold" junction. For each temperature T of the "cold" junction

thermoelectric voltages were measured at five regularly chosen
o

temperatures T + AT of the "hot" junction (AT never exceeded 5 C).

The thermoelectric power is determined by the slope of the straight

line relating the thermoelectric voltages and the corresponding

temperature differences AT. By taking this slope one eliminates

errors resulting from small differences between the two thermo-

couples and the leads used for measuring the temperature diffe-

rences, fis discussed in chapter IV, these errors may enter if

the measurement is performed for only one temperature of the hot

_. 21,22.
junction ).
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FIG. 5.3.1. Thermopower Q of pure sodium as a function of tempera-
ture. MP indicates the melting point.-*—9--~e- present results;

P w. Kendall53); H.A. Davies24); C.F. Bonvllx

FIG. 5.3.2. Thermopoiier Q of pure aesiian as a function of tempera-
ture. MP indicates the melting point. Triangles, Kendall^5); open
circles, present results.
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a. Pure Elements.

In fig. 15.3.1) we compare our data for sodium with those

obtained previously by Kendall ) , Davies ) and Bonilla e.a. ).

From our measurements we found a nearly negligible change (% 0.1

UV/ C) of the thermoelectric power at the melting point of sodium.

The slope of the Q(T) curve has a small change at the melting

point. Analytically, the thermoelectric power of Na is given by

the following linear relations.

QNa ° 0 °C < T < 9 7 . 8 °C

l i q u i d = _ 5 2 8 _ 2 4 2 1 Q - 2 T u v / ° c 9 7 > 8 < T < 220 °C

For cesium we obtained also good agreement between our ther-

moelectric power measurements and those of Kendall 1, as is

shown in fig. (5.3.2). The thermopower of liquid cesium is non-

linear as a function of temperature. Analytically i t is given by

QCs,qUld = 7 * 0 1 " 2 ' 8 7 1 0 ~ 2 T " °*58 1 0 ~ 4 T 2 VV/°C 28 °C < T < 220 °C

At the melting point the cesium thermopower exhibits a big jump

of + 7.0 uV/°C.

In chapter II we derived the expression for the thermopower:

e e ( 5 3 1 )

From the experimental data of pure sodium and cesium we can cal-
16

culate the £ values. E is determined from the density ) using

free electron theory.

For sodium we find:

C = 2.58 at 100 °C and 5 = 2.63 at 200 °C.

i .e . S i s almost constant in this temperature range. Therefore,
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-18-
No 0.2

Ts'

FIG. 5.3.3. Thermopowev Q of liquid sodium-cesium alloys as a func-
tion of cesium concentration OQS, for various temperatures. Full
curves: experiment. Chain curve: theory for 100 °C3 including term
hr. Dashed curve: theory for 100 °C, term %r excluded.
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the temperature dependence of the thermopower of sodium is almost

completely determined by the factor T (E changes only slightly

with temperature).

For cesium the situation is different. Here we find:

£ = -1.25 at 29 °C; 6 = -0.34 at 130 °C and £ = +0.31 at 230 °C.

For liquid cesium, both the factor T and the factor ? contribute

considerably to the change of the themopower with temperature,

whereas the temperature dependence of E, gives only a very small

contribution.

b. Alloys.

For each concentration the thermopower Q was measured as a

function of the temperature T at temperature intervals of 20 C.

Q(T) was fitted by a polynomial of degree two. In all cases the

standard deviation was less than 0.05 jiV/ C. The total error in

the absolute thermoelectric power was estimated to be ±0.2 nV/ C.

In fig. (5.3.3) we present the thermoelectric power plotted as a

function of concentration for a few selected temperatures. We

want to mention the following features: (a) at each composition,

the thermoelectric power decreases when the temperature is in-

creased; (b) when sodium is added to pure cesium the thermopower

sharply drops; (c) for 0.2 < c < 0.8 Q is only a slowly varying

function of concentration; (d) the sodium rich end of the concen-

tration range exhibits a small hump in the thermopower as a func-

tion of concentration.

In fig. (5.3.4) our data at 100 C are compared with those

obtained by Tamaki e.a. ) . Although there exists overall agree-

ment our data are much more detailed. In particular Tamaki e.a.

missed the hump at the sodium rich end.

From the Q versus T fits one easily obtains the (-̂ ) data,
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FIG. 5.3.4. Thevmopowev Q of liquid sodium-aesium alloys at 100 °C
as a function of aonoentvation. Tviavg7.es, Tamaki e.a.°); open aiv-
oles, present results.
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FIG. 5.3.5. Temperature dependence, dQ/dT, of the thevmopower of
liquid sodium-aesium alloys as a function of cesium concentration
aCs> and at different temperatures indicated in the figure.
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FIG. 5.3.6̂  Second derivative with respect to temperature of the
resistivity (upper figure) and the thermopower (lower figure) of
liquid sodium-cesium alloys. Each of the values constitutes an
average over the temepvature trajeat of the measurement.
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which are presented as a function of concentration in fig. (5.3.5)

for a few temperatures.

The thermopower measurements were started to investigate
3p

whether or not effects related with the anomaly in {-?=) could
oT p

be found. In both fig. (5.3.3) and (5.3.5) no pronounced effect

shows up at c ^ 0.6. One may incline to argue that at T = 50 °C

a plateau develops accompanied by a hill at high cesium concen-

tration. But this effect hardly exceeds the experimental error

and it occurs at a higher cesium concentration than the minimum
3p

in (-g=-). - Therefore, our conclusion is that the thermopower ex-

periments exhibit no effects which are clearly related with the
3pminimum in (-jr-) .

32Q 32p
(——) and (—=•) in one r e spec t show a remarkable s i m i l a r i -
3T P 3T P 3^0 32P

t y . The curves represen t ing (—5-) versus c and (—5-) versus c
« t p Urn D

have a sharp bend at c ̂  0.3. This is illustrated in tig. (5.3.6).

As the effect is rather subtle, we do not know yet whether this

similarity is physically relevant. It will not be discussed fur-

ther.
If the (scarce) (•==•) data of Tamaki e.a. ) are plotted as

a function of concentration then: for 0 < c < 0.6 (•*•*)_ is small
3o

positive and almost constant; for 0.6 < c_ < 0,95 Or2-)- increases
30 P 30

and for c > 0.95 {•?*•) rises very steeply. Therefore, (g*) and

(g )_, show roughly the same overall features tfhen plotted as a

function of concentration. On the other hand, it should be noted

that Q is a linear function of pressure ) (for pressures up to 4

kbar) for all compositions, while Q is a curved function of tem-

perature for cesium-rich alloys. Concluding, the thermopower data

(as a function of pressure) of Tamaki e.a. show no effect which

can be related with the resistivity anomaly.
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V.4. CALCULATIONS WITHIN THE DIFFRACTION MODEL*)

The resistivity and thermopower calculations are based on

model potential form factors and hard sphere structure factors.

For the calculation of the resistivity of sodium-cesium alloys

the formula derived in chapter III is used.

If one tries to calculate the optimized model potential for

cesium using experimental term values one obtains for S, = 2 an

unphysically large model radius, viz. the small core approxima-
26

tion is violated. In order to avoid this problem Hallers e.a. )

dropped the dependence of R on I and E by taking R.(E) = R . This

means that the optimization of the model potential is ignored.

When taking R.(E) = R in expression (1.4.8) one obtains a bare

ion model potential which is a combination of the Heine-Abarenkov

and Shaw model potential. The potential is only modeled for i-va-

lues up to S.o, where 8.. is the highest core state. For cesium

and sodium R_. was taken 4.75 a.u and 3.4 a.u, respectively in ac-
27

cordance with Animalu and Heine ) . For the calculation of the

sodium and cesium screened form factors eq. (1.8.14) was used,

i.e. effective mass corrections as well as exchange and correla-

tion effects were properly included.

For calculating the core shift A (defined in eq. (1.3.5)) in

the pure metals and in the alloys the formula's given in Hallers
26

paper ) were used. The core shift A is actually not constant

but it varies slightly in r-space. Therefore, Hallers took the

average of A over a unit cell and he demonstrated that this

gives almost the same result as averaging A over the core re-

gion.

Next, we will consider the procedure which was followed to

find appropriate parameters, describing the hard sphere partial

) Most of the calculations in this section were performed by
26

Hallers )
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Na 0.2 OX 0.6 0.8 Cs

'Cs

FIG. 5.4 .1 . The resistivity of sodium-cesium alloys at 100 °C as
a function of the cesium concentration. Dashed curve, experimen-
tal resistivities; dotted curve, calculation of Tamaki e.a.5); sr
lid curve, present calculation.
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interference functions of the alloys (the packing fraction n, and

the hard sphere diameters a and n0 of the two constituents). For
28

sodium and potassium Greenfield e.a. ) considered the packing

fraction n and the hard-sphere diameter c as independent varia-

bles and fitted them to the accurate experimental interference func-
29 o

tions as measured by Greenfield e.a. ). For pure sodium at 100 C

the best fit for q <_ 2 k corresponds to a packing fraction n =

0.455 and a hard-sphere diameter o = 3.25 A. When the calculations

were performed no accurate experimental interference function for pure

cesium was available. Then, it was assumed that just above their

respective melting points the packing fractions of cesium and po-
dn

tassium as well as the derivatives — are equal. When the n va-
28

lue for potassium is taken from Greenfield e.a. ) one finds for
n = 0.423 at 100 °C. For the hard-sphere diameter it was assu-

Cs K 1/3
med that the following relation is valid: o = a (o /JJ ) ' ,

CS K \J U

fi_ being the mean atomic volume. Then, one obtains o = 8.838

a.u. = 4.677 5 ) . in order to calculate the partial interference

functions for the alloys, the packing fraction was linearly inter-

polated between the values of the pure components, while the hard-

sphere diameters of the components were taken to be the same as in

the pure liquids.

In fig. (5.4.1) the calculated together with the experimen-

tal resistivities at 100 C are plotted as a function of concen-

tration. The function G(q) for exchange and correlation correc-

tions as calculated by Toigo and Woodruff ) was used. As illus-

trated by the figure the calculated curve gives fair agreement

with experiment and differs at most 25%. For comparison, the cal-

culated curve by Tamaki e.a. ) is plotted too. Calculated sodium-

cesiuro resistivities, using different functions for G(q) are com-

* 34

) Recently, Huijben ) has obtained accurate data for the struc-

ture factor of liquid cesium. His result could not be included

in this thesis.
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pared in table (5.4.1).

TABLE (5.4.1)

Calculated resistivities P (in uficm) using different screening

functions

cesium

concentration

P (Hartree)

P (Sham-Hubbard)

P (Shaw-Pynn)

P (Toigo-Woodruff)

p (Vashishta-Singwi)

P (experimental)

0

6.42

7.18

8.01

9.09

9.04

9.61

0.2

59.92

63.76

70.45

79.57

79.43

81.5

0.4

87.82

92.86

103.23

118.66

118.60

143.0

0.6

93.61

98.27

108.86

124.65

125.09

164.0

0.8

83.59

85.82

92.54

101.10

102.20

90.0

1

62. 2B

59.86

58.70

53.20

54.52

44.68

It is evident that the screening functions as given by Toigo-Wood-

ruff ) and Vashishta-Singwi ) give significantly better results

than the Hartree (G(q) = 0 ) , Sham-Hubbard ) and Shaw-Pynn )

screening functions. As mentioned in chapter I, T-W and V-S type

of screening are calculated applying different techniques. It is

encouraging that they give only slightly different resistivity

results, both close to the experimental values.

34

Recently, Huijben e.a. ) have determined the interference func-

tion of liquid cesium experimentally, applying the X-ray transmis-

sion method. Substitution of this experimental interference function

in the resistivity formula reduces the discrepancy between experi-
3p

ment and theory for pure cesium to 3% and, additionally, {-^)

could be calculated with an error of only 10%. This has considera-

bly strengthened our belief in the accuracy of the form factors

used.
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FIG. 5.4.2. Calculated screened fovr factors and partial interference functions (as defined bv
Ziman) for sodium-cesium alloys at three concentrations.



It is interesting to consider the concentration dependence

of the form factors and the partial interference functions. They

are plotted in fig. (5.4.2) as a function of q in units of k for

three concentrations. For the partial interference functions we

have chosen the set as defined by Faber-Ziman which, in the case

of a strictly substitutional alloy, are all equal to each other

and independent of concentration (see chapter III). However, the

atomic volume ratio of pure liquid cesium and sodium is 3. From

fig. (5.4.2) it is evident that, indeed, for C C s = 0.4 the par-

tial interference functions deviate drastically from the substi-

tutional alloy result 5 0' 5 1' 1 7).

The shape of the cesium form factor is strongly concentra-

tion dependent, i.e. k,-dependent. The pure cesium form factor is

negative for all q _< 2 k_, whereas the form factor for cesium in

nearly pure sodium is strongly curved and reaches a positive maxi-

mum for q % 1.5 k . The sodium form factor is less k -dependent.

Its dependence on concentration comes mainly from the change of

the q-interval up to 2 k_ because of the variation of k .

It should be noted that, when effective mass corrections are

included, the form factor limit for q -»• 0 given in (1.6.45) is not

valid any more, viz. lim ? •=• E .
q-K)

It was shown in chapter III, that with use of the partial in-

terference functions as defined by Faber and Ziman the resistivity

of an alloy can be written as a sum of two terms (eq. (3.2.13)):

P = p- + p11 (5.4.1)

For a substitutional monovalent alloys-system, P' varies in a li-

near fashion between the resistivities of the pure species and P' '

behaves like a parabola with the maximum at c = 0.5. Sometimes,

the same argument is extended to non-substitutional liquid alloys

of monovalent metals to explain, in a qualitative way the parabo-

lic behaviour (Nordheim parabola) of the resistivity on concentra-
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FIG. 5.4.3. The contributions p ' and p" to the resistivity of so-
dium-cesium alloys. Here p - p ' + p"

2. 2
e fc _

"Cs

FIG. 5.4.4. Concentration dependence dp/dT for the Na-Cs alloys
system. Dashed curve: experimental result at 100 °C; dotted curve:
experimental results at S00 °C; solid curve: calculations at 100 °C.
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tion ). We will consider this in more detail. In fig. (5.4.3) the

contributions P' and P " to the calculated resistivity P of Na-Cs

alloys are plotted. It is evident that for this non-substitutional

alloy P' is not a linear function of concentration and that P''

has not a parabola-like behaviour. This illustrates the fact that

P' and P'' are sensitively determined by the details of form fac-

tors and partial interference functions, which are all concentra-

tion dependent. Further, the "constant" factor B = 3TT (in ) n/n e k N

in front of the resistivity integral is, if m is assumed to be con-

stant, in fact proportional to 1/k . Therefore, in general, it is not

allowed to explain the Nordheim resistivity parabola of non-substitu-

tional monovalent liquid alloys by the simple arguments, true for

substitutional alloys.

Incidentally, the difference between the calculated resisti-

vity of pure sodium and pure cesium is almost entirely caused by

the (1/k ) dependence of the factor B:

( 1 / kf )L / ( 1 Af )Cs - °-163 and P
Na

/PCs = °'171

Hallers has determined {-%-) from the calculated resistivi-

ties at 100 °C and 110 °C. At 110 °C, the parameters, describing

the hard sphere partial interference functions, were found in the

same way as described for 100 C. Tht result is given in fig.
3p

(5.4.4). It follows that the calculated (~) versus concentra-

tion curve does not reproduce the oscillatory behaviour at 100 C.

This could be hardly expected as the hard sphere interference

functions ar.e not supposed to reflect any minor structural effect.

As shown in the figure, the calculated curve is similar to the

experimental one for 300 C.

It is important to mention that the temperature dependence

of the resistivity for pure monovalent metals is mainly determined

by the temperature dependence of the interference function. When

120



the temperature increases the top of the first peak of the inter-

ference function diminishes, whereas the flat portion and the

steeply rising part in front of the first peak increases ' ).

The form factor is relatively much less affected by the small

decrease of k when the temperature is increased. Similarly, one

expects that the temperature dependence of the resistivity of bi-

nary alloys is mainly determined by the temperature dependence of

the partial interference functions.

The thermoelectric power for sodium-cesium alloys has been

calculated using the same form factors and partial interference

functions as for the resistivity calculations. The full expres-

sion for the thermopower Q of an alloy, which was given in eq.

(3.3.2) is usually written as

3 e E E
3 - 2s - j r (5.4.2)

For some selected alloy compositions the calculated values for

s, r, and Q, using T.W.-screening, are given in table (5.4.2).

TABLE (5 .4.;2)

Calculated and experimental thermopower data

at 100 °C. ^2 k2 T

cesium

concentration

2S

2 r

Q (r included) [uv/°c]

Q (r neglected)[uV/°c]

Q experimental [uv/ cj

0

+0

-0

-7

-6

-7

74

23

15

49

.70

0.

+1.

+0.

-4.

-5.

-6.

2

60

29

08

14

68

0.4

+1.58

+0.225

-5.16

-6.13

-7.70

for Na-Cs alloys

0.6

+1.66

-0.14

-7.30

-6.61

-7.78

0.

+2.

-1.

-10.

-5.

-6.

8

04

03

65

14

25

1

+3.

-3.

-18.

+4.

+3.

72

97

56

12

56
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At the cesium-rich end of the composition range there is no agree-

ment at all between calculated and experimental thermopower. How-

ever, when neglecting the r-term in eq. (5.4.2) one arrives at

the remarkable observation that the resulting thermopower is quite

close to the experimental data (see fig. (5.3.3) and table (5.4.2)),

Even the small hump at the sodium-rich end is reproduced when r is

put zero.

For pure cesium the bad agreement between the calculated

thermopower, including all terms of eq. (5.4.2), and the experi-

mental value is caused by the big r-term, reflecting the strong

k-dependence of the cesium form factor. At high sodium concentra-

tion the r-term is small and, consequently, the calculated ther-

mopower is only slightly affected by neglecting the r-term. In

chapter VII we will find that also for Li-Mg alloys the calcula-

ted thermopower is in better agreement with the experimental va-

lues when r is neglected.

Pure liquid cesium at 100 C has a positive thermopower. As

explained in chapter II this means that by applying a thermal

gradient on liquid cesium the electrons will move from the cold to

the hot end until a balancing thermoelectric voltage (Seebeck vol-

tage) has been established. The reason for this is that the elec-

trons with energy in excess of 5 are much more scattered than

those below 4, because the relaxation time l i s a rapidly decrea-

sing function of E around £ (a(2 k ) [w™ (kf)] is large) . When

neglecting the r-term, the positive thermopower of liquid cesium

is explained in terms of Faber-Ziman's formula (5.4.2) by the

fact that the term 2s is larger than 3; i.e. a(2 kf) |w2k <
k
f'l

is larger than 3/2 times the weighted average of a(q)|w (k^)j ,

formally expressed by < a(q)[w (2 k )] >.

Solid cesium just below the melting point has a negative

thermopower (-0.9 UV/°C). The large increase in thermopower on

melting can, in a qualitative way, be explained mainly by the

122



fact that the change from a long range ordered structure to a

short range ordered liquid gives rise to a considerable increase

of a(2 kf) . As, additionally, [w (k.)] has a rather large value

at q = 2 kf, the s-term changes considerably on melting.

Sodium has a negligible change of the thermopower on mel-

ting. This can be considered as being partly due to a concurren-

ce of circumstances and partly due to the s-term being small. Ex-

plaining this requires a somewhat subtle reasoning. If we assume

that the effective mass does not change on melting, the factor

3 e E f

will change by only fy 1% and it can be neglected. Also, we will

neglect r. In the liquid the s-term is small (= 0.37) as w (kf) at

q = 2 k is small. On melting the denominator of s increases (̂  45%),

while the numerator changes by a decrease of [w (k )] at q = 2 k

(% 16%, as a consequence of the change of k,) and presumably a

larger increase (of the order of 50%) of a(q) at 2 k f
3 5 ' 3 6 ) . Then,

it is possible that s does not change significantly on melting.

V.5. DISCUSSION

In the previous sections we have discussed our resistivity

and thermopower measurements. It was demonstrated that the mini-

mum in the temperature dependence of the resistivity at: c % 0.60

is closely connected with the maximum in the pressure dependence

of the resistivity. The thermopower data showed essentially no

effects at c % 0.60. we also mentioned that the density measure-

ments of Huijben e.a. showed a regular behaviour of the density

and its temperature dependence on concentration. In this section

we will discuss measurements of other physical properties of Na-Cs

alloys and their interpretation.

4

Kim and Letcher ) have performed ultrasonic absorption mea-

surements on Na-Cs alloys. For 100 °C they found a distinct peak
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at c = 0.25 which reduced rapidly in the temperature interval

up to 200 C. Also the temperature dependence of the sound velo-

city showed a peak at the same concentration. Kim and Letcher

attributed this effect to the formation of molecular associations

Na_Cs. However, at the end of their paper they noted that the ob-

servations could also be explained in terms of long range concen-

tration fluctuations in the liquid alloy or, equivalently, in

terms of a tendency to phase separation

Ichikawa e.a. ) determined the chemical potential of Na in

liquid Na-Cs alloys by measuring the voltage of an electrochemi-

cal cell. Their cell is schematically represented by

Na (liquid) | Na (3-alumina | Na-Cs alloy (liquid).

The connection between the chemical cell voltage e on one hand

and the chemical potential v and the acticity a on the other hand

is given by the formula:

u . = p ° + k T l n a . = u ° - — e. (5.5.1)
1 1 B 1 1 N 1

Here, F is the Faraday constant, N isAvogadro's number, k is
A B

Boltzmann's constant, and i labels the components of the mixture.

The cell voltaga e is related to the mean square concentration

fluctuations ), as will be discussed below. If an alloy consists

of N. atoms of species i the Gibbs free energy can be written as

G = I u. N. (5.5.2)

i

The chemical potential U. of species i can be defined as the par-

tial derivative of G with respect to the number H^ of that species,

under the condition that the number of atoms of the other species

is kept constant together with the temperature T and the pres-

sure P.

u = (-̂ -) (5.5.3)
1 3 N ± T,P,N"

124



Here N1 indicates £hat any N. (j f i) is kept constant. Bhatia and
38Thornton ) have defined three interference functions S (q) , S (q)

NN CC

and S (q) which are respectively associated with (number) density-

density, concentration-concentration and density-concentration

correlations. In the long wavelength limit S (q) is equal to
2

the mean square fluctuation in concentration (= N << (Ac) >^) and

related to the Gibbs free energy:

2 N k B T

S^O) = N« (AC.) »= —5 = (5.5.4)
LA- 1 ~£

t-4)
3C. T.P.N1 Ni

where N is the total number of atoms and C. = — . Furthermore the
i N

following equality holds:

2 3u
,3 G, N , i . , c . _,

It then follows from (5.5.4), (5.5.5) and (5.5.1) that:

9 RT 1
Scc(0) = N « (AC., » = - _ ( ! - C.) _ _

(3ci
)T,P

(5.5.6)

with R = N k . Therefore S (0) can be determined from the slope

of the experimental cell-voltage versus concentration curve.

Having established the relation between S and G we now

proceed by investigating, on the basis of a few models, the be-

haviour of G on alloying. For an ideal binary solution the Gibbs

free energy is given by (G. and G_ are the Gibbs free energies

per mole of the pure species):

G = (1 - c) Gj + CG2 + N ^ T [ c In c + (1 - c) In (1 - c) ]

(5.5.7)

Then, S (0) is equal to:CC

Scc(0) = c(l - c) (5.5.8)
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For non-ideal alloys deviations from (5.5.8) are observed39'40'37).

When an alloy reveals a strong tendency to chemical associations

(compound formation) s c c(°) will tend to zero at the concentra-

tion c corresponding to the chemical composition of that compound.

On the other hand if an alloy has, at some concentration, a

strong tendency to phase separation (as for example near the cri-

tical point) — j approaches zero; consequently, S (0) will tend

to infinity and there will be long-wavelength concentration fluc-

tuations in the fluid. By measuring the voltage £ of an electro-

chemical cell one can calculate S (0) which gives information

about compound formation and/or a tendency to phase -separation.

From their cell-voltage measurements at 110 °c Ichikawa e.a. )

found a peak in the curve of S (0) versus c at a cesium concen-

tration of 0.20, together with a broad shoulder at the cesium-

rich side of the peak. They found the height of this peak to be

3 times the value of the shoulder. It was noted that the peak in

the S__(0) curve for Na-Cs alloys is much less pronounced than
6

for the Tl-Te system ), which exhibits a miscibility gap. From

the measurements they concluded that long range concentration

fluctuations (a slight tendency to phase separation) occur in

the vicinity of c = 0.20. To this conclusion we would like to

give the following comment. The peak in S (0) corresponds to a

flat part in the e versus c curve. Although Ichikawa e.a. do not

specify their experimental inaccuracy one can find from their

table with experimental data that it mvst be of the order of
6a

0.15 mV. Moreover, as in the first publication ) discontinuities

were reported in both the e(c) and the — = — — curves at C =0.33
6b

while in a second paper ) these quantities were found to be con-

tinuous functions of concentration; it is evident that the expe-

rimental inaccuracy really impairs the reliability of their con-

clusions.

More particularly, having in mind the experimental inaccu-

racy and the scarceness of experimental points in the flat part
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of the e(c) curve it appears questionable whether the Sc(_,(0) peak

is sufficiently established from experiment ) .

Using eq. (5.5.4), S (0) can be calculated if one has an ap-

propriate expression for the Gibbs free energy. For Na-K alloys
41

Bhatia e.a. ) used succesfully the expression for conformal solu-

tions (or: regular solutions, which in this respect are not dis-

tinguished from conformal solutions ' )). Then, the molar Gibbs

free energy of mixing is given by:
G = RT { c In c + (1 - c) In (1 - c) } + c(l - c)u (5.5.9)
M

where u is the interchange energy per mole. For this case S (0)

is given by:

scc(0) = , t1 " C> , (5-5'10)
1 - — c(l - c)

As w is assumed to be independent of c this function has its maxi-

mum for c = 0.5 and it is a symmetrical function with respect to

the concentration. Therefore, the model of conformal solutions

cannot reproduce the S (0) curve for Na-Cs as found by Ichikawa

e.a.. The conformal solution theory is generally considered to be

valid if the volume ratio of the two constituents is less than

two. For Na-Cs alloys this volume ratio is almost equal to 3. To

account for this big volume difference in the model Bhatia and
42

March ) used an expression for GM which was first derived by

Flory. This expression can be written as:

GM = KT [c In * + (1-c) In (1-$)] + -̂<t>(l-<t>) [Vftc + VB(l-c)]
A

(5.5.11)

Here $ is the concentration by volume and V and V are the
A B

atomic volumes of species A and B. Flory's expression for the mo-

lar Gibbs free energy of mixing leads to:

SCC ( 0 ) - 1 - cU1-"cS:)f(c) (5'5-12)

) Recently the existence of this peak has been confirmed by small

angle X-ray diffraction ).
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w i t h f ( o = ° + { ( 2 / B 3 ) » - 3 ) W - i / a > ( 5 - 5 i l 3 )

{ ( 1 / 0 ) - c }

v
r ~ 1 A wwhere, 6 = — - — , r = —, and W = —. The c e l l vol tage i s givenr v RT

by eq. ( 5 . 5 . 1 ) :

RT
C = - 7 l n a N a < 5 - 5 - 1 4 >

With Flory's model the activity is given by (c is the sodium con-

centration) :

(5.5.15)

For Na-Cs alloys r = 3 and 0 = -j. W is the only adjustable para-

meter. For W = 1.14 Bhatia and March obtained a good fit for both

the cell voltage e and S _(0) as a function of concentration. The

theoretical curve exhibits not a shoulder at the cesium-rich side

of the peak in Scc(0). But, as noticed by Bhatia and March ("It

is not clear to us how well such a marked shoulder is established

from the E.M.F. data") this seems not to be a serious point for

the model. The peak height of the theoretical S (0) curve is ex-

tremely sensitive to small changes in W. If W is taken 1.17 and

1.11 respectively, the peak height changes from 1.65 to 0.98,

whereas the standard deviation of the total fit varies only slight-

ly; this exemplifies, again, that the conclusions suffer severely

from the experimental inaccuracy.

Using Flory's expression for GM Bhatia and March could also
42

nicely fit the liquidus curve for the Na-Cs system ). The flat

portion of the liquidus curve about c =0.20 originates from

the peak in the concentration fluctuations, since the slope of

the liquidus curve contains a factor -—rrrr- .

Concluding, we may say that from the cell-voltage measure-
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ments together with the nice agreement between the theory presen-

ted by Bhatia and March and the experimental data, it follows

that Na-Cs alloys around c =0.20 exhibit a slight tendency to
cs

phase separation giving rise to long wavelength composition fluc-

tuations.

The concentration fluctuations are not reflected in our re-

sistivity measurements. This is not surprising for several rea-

sons. First, we have measured the resistivity at c = 0.14 and

c = 0.23, while the peak in the concentration fluctuations is at

c - 0.20. Besides it should be noted that the measurements of both

alloys were started at 86.5 °C which is respectively ^ 10 °C and

* 14 °C above the liquidus, but below the temperature where S (0)

was evaluated (110 °C). Second, the peak in s c c(0) is much less

pronounced than in systems with a miscibility gap like Tl-Te ).

Third, when searching in the literature for influences of concen-

tration fluctuations on the resistivity (resistivity of liquid

alloys near the critical point), these appear to be smaller than
43

is sometimes supposed. For the metallic system Ga-Hg ) and the
44

semiconducting system Tl-Se ) no influence of concentration

fluctuations on the resistivity was found near the critical tem-

perature. For the Li-Na system ' ) the negative deviation of

the resistivity near the critical point was found to be of the

order of 1%. For Bi-Ga the situation is not clear. Both a posi-
45 47

tive and a negative deviation are reported ' ).

When discussing physical properties of Na-Cs alloys we should

also mention the Knight shift measurements. We have determined ac-

curately the Knight shift of both sodium and cesium as a function

of concentration. For both species the Knight shift was found to

be a strictly linear function of concentration ' ). The anomaly

in the Knight shift, reported in ref. 6, can be reduced to a mere
49

scatter of too few experimental points ).

For the moment it is not clear how to explain the minimum in
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the temperature derivative and the related maximum in the pres-

sure dependence of the resistivity at c = 0.60. The sodium-cesium

system is now further investigated by Huijben, who is performing

accurate X-ray and neutron diffraction measurements.
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Synopsis
The resistivities of liquid lithium-sodium alloys have been determined as a function

of temperature for alloy compositions covering the entire concentration range. When
the resistivity is plotted as a function of concentration, the nonlinear terms corres-
ponding to the Nordheim rule appear to be remarkably small. A shallow minimum was
found at the lithium-rich end of the composition range. As the measurements were
carried out from 500 C down to temperatures below the phase separation temperature,
the temperature coefficient of the resistivity could be calculated. Additionally, the
immiscibility loop of the phase diagram has been determined. Calculations along the
lines of the diffraction model provide satisfactory agreement with experiment but
appear to be rather sensitive to one of the input parameters.

21.1. Introduction. The resistivity measurements communicated in this
paper form part of a systematic investigation of the transport properties
of liquid alkali metal alloys'~s). Up to now, lithium alloys have been
excluded from this program because of some experimental difficulties to
be mentioned below. The results obtained for the alloys not containing
lithium can be summarized as follows.

For all of the six alloy systems the relation between resistivity p and
atomic concentration c* can be rather well represented by a parabola as
first predicted by Nordheim6) and later derived by Faber and Ziman7)
for substitutional alloys on the basis of the diffraction model. As
expected, the height of the parabola correlates with the difference
between the strengths of the scattering potentials of the two components.
More quantitatively, the alloy resistivities can be calculated with fair
accuracy from adequately chosen scattering potentials and structure
factors14-8-9).

•Unless stated otherwise, concentrations ,:re given as atomic concentrations
throughout this paper.
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These results could be obtained because sodium, potassium, rubidium
and caesium form a group of closely related metals with a relatively
simple electronic structure. For these reasons, they are rather easily
accessible to theoretical considerations.

Among the alkali metals, lithium is more or less an outsider since many
of its physical and chemical properties are atypical for this group of
metals. Here we shortly mention two of such properties, because they are
important for the experimental conditions.

First, the binary systems of lithium with the other alkali meta's exhibit
sizable liquid miscibility gaps, whereas sodium, potassium, rubidium and
caesium are mutually completely miscible in the liquid state at tempera-
tures above 100°C. Of all the lithium—alkali systems the sodium-lithium
system offers the most favourable conditions as it appears to have
complete miscibility above 303DC. During some time serious disagreement
has existed with respect to the exact position of the phase separation loop
in this phase diagram (compare refs. 10-13) and it has been one of the
purposes of the present work to eliminate this ambiguity. Near the top of
the phase immiscibility loop, critical phenomena occur which affect the
resistivity13). These effects have also been observed by us although the
equipment was not particularly designed for that purpose.

Secondly, lithium, though reacting less violently than the other alkalis
with oxygen and water, heavily attacks isolating refractories and easily
forms nitrides when exposed to the air.

These properties of lithium offer some difficulties to the experimen-
talist since one has to work at rather elevated temperatures in a nitrogen-
free atmosphere and one has to abandon the use of glass pieces in the
experimental equipment.

From a physical point of view, the extension of the investigations to
lithium is appealing. One of the most fundamental properties determining
the physical behaviour of a metal is its average conduction electron density.
For the alkali metals, this quantity increases by a factor of 5 from caesium
to lithium. Yet, even lithium has a smaller electron density than any of
the non-alkali metals. This is demonstrated in fig. 1 where rs(^v r\Z = J2,
S2 being the atomic volume and Z the valence) is given for a number of
metals. Clearly, lithium is an intermediate case between the heavier alkali
metals already investigated and the non-alkali metals. Therefore, it is
interesting to find out, whether the results found for the binary systems
of the heavier alkali metals, apply to the lithium-sodium system as well.

The organization of the paper is as follows. The experimental equipment
and the measuring procedure are described in the next section. In section
3 the experimental observations and the resulting phase diagram and
resistivity data are discussed. It appears that the "Nordheim parabola" is
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not as high as was intuitively expected from the large size difference of the
two components. In section 4 it is demonstrated that a straightforward
calculation along the lines of the diffraction model is able to provide
reasonable agreement with the experimental resistivities. But this result is
obtained by a rather arbitrary adjustment of one of the parameters enter-
ing the theory.

Whin visiting the University of Nottingham (U.K.), one of us found
that, almost simultaneously with our work, the same kind of measure-
ments on the Na-Li system had been performed by Dr. R. J. Pulham and
coworkers (Department of Chemistry). There exists an overall agreement
between the two sets of experimental results, but, in detail, some
discrepancies remain. As the objectives of the two investigations were
rather different, it was decided to communicate them separately.

3ZLi. Experimental equipment and procedure. The essential part of the
experimental arrangement for measuring the electrical resistivities is shown
in fig. 2. It is a further development of the equipment designed by
Hennephof et a/.1) but it is constructed entirely of stainless steel AISI
321, which is highly resistant to lithium.

In a glove box, the container A is filled with the appropriate alloy. The
container is sealed with a copper ring pinched between knife edges (see
inset of fig. 2). The assembly is connected with a vacuum/argon system
and heated in a furnace. During the experiment the overall argon pressure
is kept above atmospheric pressure in order to prevent air from entering
the system. After being heated up to =» S0°C above the phase separation
temperature the alloy was stirred by bubbling argon gas through the
liquid for a short time. The alloy was then raised slowly into the measur-
ing tube by applying argon pressure.

Four platinum potential ieads of 0.2 mm diameter were spot-welded to
the measuring tube. In this way one can determine the resistivity of the
alloy in three different sections of the tube (1 ,2 and 3 in fig. 2) and check
whether or not the results are consistent. The upper, fifth, potential lead
is used for adjusting the level of the liquid column.

Zn Mq Ag No. K Rb Cs
• • • • • • • • • • •

Ai Pb Cu Li

rs(a.u.) •

Fig. 1. Values of rs for a number of metals; rs is defined by (4rr/3) r* Z = fi, fi being
the atomic volume and Z the valence.
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Fig. 2. Part of the equipment for measuring the electrical resistivities of liquid metals.
The vacuum-tight sealing of container A with a copper ring pinched between knife
edges is shown in the inset.

The resistivity measurement was carried out using a four-point d.c
technique. The voltages over the tube section and over a normal resistance
were compared in a Kelvin bridge. This method has the disadvantage that
one has to correct for any change with temperature of the resistance of
the potential leads inside the furnace. In the course of the investigation
the Kelvin bridge was replaced by a Keithley 171 digital microvoltmeter
together with a constant-current supply. With either method, the error in
the resistance is approximately ±0.1%.

For calculating the liquid alloy resistivity one has to know the inner
diameter, the length and the resistance of the appropriate tube section.
The inner diameter was determined in two ways, first by weighing the
amount of water that can fill the tube completely, secondly by deter-
mining the buoyancy in water of a part of the tube. For each of the two
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methods the error is estimated to be ± 0.1% and mutually the two methods
agree within the same limits of accuracy. The tube appeared to be fairly
homogeneous. For the calculations, the dimensions were corrected for
thermal expansion using the nominal thermal expansion coefficients. The
dimensions of a tube section are approximately: 3 mm (inner diameter),
4 mm (outer diameter) and 3 cm (length of a section between two
potential contacts).

The current leads for the resistivity measurements were attached to
parts of the measuring system protruding from the furnace (I in fig. 2). In
order to ensure decent equipotential planes (perpendicular to the tube
axis), the top level of the liquid alloy was kept more than 3 cm above the
upper tube section (3 in fig. 2) during an experiment. As the wetting
properties of these lithium alloys are excellent, the electrical contact
between the alloy and the tube wall presented no problems.

The temperature was determined by a platinum - 10% rhodium
thermocouple, spot welded to section 2 of the measuring tube (not shown
in fig. 2). The temperatures of the sections 1 and 3 were determined
relative to the temperature of section 2 by chromel-alumel difference
thermocouples. During the measurements the temperature differences
between two parts were always less than 1°C and mostly less than 0.5°C.

Lithium and sodium metal were commercially obtained from Koch-
Light and Merck, respectively. The nominal purity of lithium is 99.98
weight %, that of sodium 99.93 weight %. The typical analysis according
to the suppliers is given in table I. The alloys were prepared in an argon
glove box connected with a closed circuit purification system removing
water vapour, oxygen and nitrogen down to concentrations of a few ppm.
The pure metals were melted in stainless steel containers. Oxides and
nitrides were iemoved by skimming the surfaces at a temperature just
above the melting points, where the solubilities are small: the solubilities
of oxygen and nitrogen in liquid lithium at 250°Cni14) are 0.0096% and
0.02%, respectively and the solubility of oxygen in sodium at 150°C is
less than 0.005%1US).

In the glove box, a glass pipette was used to bring the appropriate
amount of sodium into the container (A of fig. 2). For lithium, an
electrically heated stainless steel pipette was used. A balance is available
in the glove box. After filling the assembly is hermetically sealed, taken
outside the glove box and connected with the vacuum/argon system.

3ZL3-Experimental resu/fs.2I^.Experimental observations and
their interpretation. Before passing on to a presentation of the final
results we want to illustrate by a typical example in which way a run of
measurements proceeds and how the experimental observations are
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TABLE I

Chemical analysis of the components according, to suppliers

Lithium (Koch Light)

Impurity
element

sodium
potassium
chlorine
nitrogen
aluminium
calcium
cobalt
chromium
copper
iron
nickel
silicon

Estimated
content

in weight %

0,0030
0.0033
0.0031
0.0019

<0.001
<0.001
<0.00l
<0.001
<0.001
<0.001
<0.001
<0.001

Sodium (Merck)

Impurity
element

chloride
sulphate
phosphate
nitrogen
heavy metals
(like Pb)
iron
calcium
potassium

Estimated
content

in weight %

<0.002
<0.002
<0.0005
<0.0005
<0.0005

<0.001
<0.05
<0.01

interpreted. Let us, therefore, focus attention on an alloy with sodium
concentration c0 = 0.601, as indicated in fig. 8. In this figure, the immis-
cibility loop of the phase diagram as determined by K_iida et al.i0),
Schumann and Parks13) and by ourselves is given. The homogeneous
phase of a liquid alloy of composition c0 exists for temperatures T>T0:
for the alloy chosen as our example, To = 291°C.

A run of experiments starts by heating tlie metallic mixture up to a
temperature of 500°C, which is considerably higher than the top of the
immiscibility region in the phase diagram. The temperature is then
lowered in steps of about 15°C and, following each step, the resistivity of
the alloy is determined in each of the three tube sections. For T> To the
resistivity appears to be an almost linear function of temperature. This is
illustrated in fig. 3. In this temperature traject the results from the three
tube sections almost coincide and cannot be plotted separately.

When the phase separation temperature 7"0 is approached the temper-
ature steps are decreased to approximately 4°C. When the phase separa-
tion temperature has been passed a two-phase system develops, a sodium-
rich and a lithium-rich one according to the horizontal dashed line in
fig. 8. As the densities of the two alloys are different, two layers are
formed by gravitational separation. This separation proceeds faster than
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4
i

20

•B

• E

200 260 320

TI'C)

380 500

Fig. 3. The resistivi.y p as a function of tempe:ature 7" for 60.1% Na as measured in
the three tube sections. • above B: tube sections 1, 2 and 3; • between B and A: tube
sections 1 and 2; • below E: tube section 1, x effective resistivities; tube section 3;
0 effective resistivities; tube section 2. The resistivities represented by BC and EF
pertain to a two-phase system.

the temperature stabilization of the furnace (* 10 min). The lithium-rich
phase forms the upper layer. Its volume grows continuously from zero
onward after the phase separation temperature has been passed. When the
temperature is further reduced the lithium concentration of the lithium-
rich phase increases and simultaneously the interface between the two
liquid phases is moving downwards.

Let us now consider how the phase separation is reflected in the
resistivity. The onset of separation is marked by a break in the resistivity
vs. temperature curve (point A in fig. 3). As long as the upper layer has
not penetrated section 3 of the measuring tube, we are, for decreasing
temperature, observing the resistivity of an alloy with increasing sodium
concentration. Anticipating the final results (fig. 6) we know that, even
at constant temperature, the resistivity decreases as a function of sodium
concentration in the composition range considered here. Therefore, if the
temperature is towered for T<T0, the resistivity decreases faster than it
did for T > To and this is observed indeed for the three tube sections (see
trajectA-Boffig. 3).
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At point B the volume of the lithium-rich phase has increased so much
that it enters into the tube section 3. Of course, the tube sections 2 and 3
now start to produce diverging results. The resistivity corresponding to the
sections 2 and I continues to decrease as before, whereas that correspon-
ding to section 3 rises as a consequence of the resistivity of the lithium-
rich phase being higher than that of the sodium-rich phase.

In fig. 3. C and E mark the temperature at which the lithium-rich phase
enters the second tube section. The resistance of section 3 now decreases
again by the combined effects of temperature and concentration change,
comparably to what has happened in the traject A-B (notice, that the
concentration of the lithium-rich phase is now in between the minimum
and the maximum in fig. 6). The resistance of section 2 increases for the
same reasons as it did at the traject BC for tube section 3. Of course, th>
resistance of tube section 1 continues to decrease until the lithium-rich
phase has entered this section too.

Near the critical temperature Tc[ and the critical composition ccr

corresponding to the top of the phase separation curve, critical opalescence
has been observed with small-angle X-ray diffraction16). The long-wave-
length concentration fluctuations are also reflected in the resistivity. As
an example, in fig. 4 the resistivity of an alloy containing 30.0% sodium is
plotted as a function of temperature T for a small temperature interval
including the phase separation temperature To = 300°C. In the homogen-
eous phase, dp/dT is considerably larger for temperatures close to To than
it is at higher temperatures. This effect has been investigated and discussed
extensively by Schurmann and Parks17')- They have demonstrated that
dp/dT diverges at the critical temperature and composition. Our observa-
tions for alloys with 30.0 and 40.3% sodium, although less accurate than
those obtained by Schurmann and Parks, agree with their results within
the limits of experimental accuracy.

YLl.7.. Resistivity results. For the homogeneous phase p(T) data were
fitted by a polynomial of degree two. For each one of the three tube
sections the standard deviation of the data was typically 0.1 %. The
discrepancy between the results from different tube sections was of the
same order of magnitude. The measured resistances didn't change when
the alloy was lowered or raised in the measuring tube by a few cm.
Apparently, the electrical contact between the alloy and the tube wall was
satisfactory and no gas bubbles were enclosed. Likewise, if the liquid
metal was let down entirely into the container A and raised again into the
measuring tube, the results remained the same within the limits of
accuracy. The inaccuracy of the absolute values of p is ± 0.3%.

For several temperatures, the resistivity data are given in fig. 6 as a
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30.0 (

29.2 f

' 290 30D 310 320 330 310 350 360

Tl'CI -

Fig. 4. The resistivity p as function of temperature T for an alloy with 30.0% Na near
the phase separation temperature. The critical effects show up in the temperature
interval of 300-312°C as an increase of dp/d7".

function of concentration. The Nordheim resistivity is small compared to
that of most other alkali systems. This result is in contradiction with our
intuitive theoretical expectations. As the atomic volumes of lithium and
sodium differ by a factor of two, a corresponding difference in the electron
-ion scattering potentials is expected. According to the Faber-Ziman
theory the Nordheim resistivity should then be large. Indeed, for either
of the systems Na-K and Li-Na, the ratio of the atomic volumes is
approximately 2 but the Nordheim resistivity is considerably larger for
Na-K than it is for Li-Na. We will return to this point in section 4.

For approximately 6% sodium, p(c) exhibits a weak minimum
accompanied by a maximum at higher sodium concentration. The dii UT-
ence between the resistivities at the maximum and the minimum is of the
order of 1% but the minimum becomes more pronounced at lower
temperatures. If the alloy with 30% sodium is cooled down to below the
phase separation temperature, the resistivity of the lithium-rich phase is
higher than expected from an extrapolation of the high-temperature data
(omitting those data which are affected by critical effects, see fig. 4). This
is due to the concentration changes accompanying the temperature
variation and indicates that there is a resistivity maximum for cpja < 30%.
For an alloy of initially 20.5%, the opposite effect occurs below the phase
separation temperature. (For this alloy the critical effects, apparent for
the alloy with 30.0% sodium, are unobservable.) It can be concluded that
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the maximum of pic) occurs for 20.5% < c'Na < 30.0%. Additionally,
from a least squares fit of a 7th degree polynomial to the experimental
data at 310°C follows that the maximum of p(c) is at <>ia = 2\7c This is
in reasonable agreement with a remark in ref. 13 stating that the maxi-
mum occurs for approximately 22.5% sodium. At higher temperatures,
the maximum seems to shift towards higher lithium concentrations. The
resistivity data for the alloy containing 5.65% sodium were analyzed in a
similar way as those for the 20.5 and 30.0% alloys. It followed that the
minimum of p(c) occurs for a sodium concentration of approximately 5%.

In table II, the results for pure sodium and lithium are listed (see also
fig. 5) and compared with those obtained by other authors. Our results for
sodium agree quite well with those of Savchenko and ShpiFrain17) but
are systematically higher by approximately 5% than those of Freedman
and Robertson18). For lithium, the resistivities measured by Savchenko
and Shpil'rain19) at 200°C and 500°C are lower than ours by 0.2% and
2.3%, respectively. Better agreement was obtained with the results of
Faber20). When comparing results for lithium one has to take into consid-
eration that the resistivity of lithium is very sensitive to impurities
dissolved in it.

TABLE II

Resistivities of sodium and lithium in iiSlcm

This measurement
Savchenko and Shpil'rain17)
Freedman and Robertson18)
J. Hennephof et al.2 )

This measurement
Savchenko and Shpil'rain19)
Faber20)
Freedman and Robertson18)

Sodium

100°C 200°C

9.61 13.44
9.64 13.45
9.44 12.90
9.60

Lithium

200°C

25.79
25.74
25.7
25.06

300°C

17.61
17.58
16.78

300°C

29.24
28.55
29.0
28.28

400°C

22.21
22.13
21.12

400°C

32.20
31.26

31.04

500°C

27.32
27.20
26.00

500°C

34.67
33.88

33.44
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500

Fig. S. The resistivity p of pure Li as function of temperature 7". The resistivity is
represented by p = 17.719 + 0.04494r - 21.92 X 10"6TJ (Tin °C>.

Detailed investigations of impurity contributions to the resistivity of
lithium have been carried out by Arnol'dov et al.Wi) and by Savchenko
and Shpil'rain19). The results are rather complex, but a few of them may
be mentioned shortly. The increase of the resistivity due to the addition
of 1% of nitrogen is of the order of 10 /u!2cm but depends strongly on the
sodium content: if the sodium content is decreased from 0.15% to 0.024%,
dp/dcN more than doubles. If 0.03% sodium is added to lithium
containing no more than 0.6 X 10"3% nitrogen, the resistivity decreases
by 3-4%. Clearly, the contributions to the resistivity from different
impurities can't simply be added but are interdependent in a rather
complicated way. Anyhow, the results of Savchenko, although stressing
the disturbing effects of non-metallic impurities, seem to confirm the
existence of a minimum of p(c) near the lithium-rich end of the Li-Na
composition range.

In spite of the precautions taken during the preparation, we may not
entirely exclude the possibility that our observations are slightly affected
by such impurities. The preparation in the glove box should guarantee a
nitrogen content of less than 0.05%. Contamination of the sample after
removal from the glove box should show up in fig. 6 as a scatter in the
results obtained from different samples.

In fig. 7 bpjbT has been plotted as a function of concentration for
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three temperatures. It is a smooth function, but an irregularity, probably
of experimental nature, occurs for CNa = 0-2- As illustrated in fig. 7,
d*p/dT2 is negative for lithium while it is positive for sodium. For
approximately 30% sodium, bpldT has a crossing point, i.e. the resistivity
is a linear function of temperature.

It is interesting to extrapolate the results to higher temperatures. At
680°C the resistivity of the sodium-lithium alloys will be independent of
concentration within a few percent.

ase diagram. The phase separation temperature appears in
p(T) as a discontinuity of dp/dr (fig. 3). It can be determined precisely
by calculating the intersection of two curves fitted to the resistivity data
above and below the phase separation temperature. Our results are plotted
in fig. 8 together with those of Kanda et al.I0) and of Schumann and

35

Fig. 6. The resistivity P of sodium-lithium alloys as function of concentration r for
several temperatures.
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0.05

Li 0.2 0.4 0.6 0.8 Na

Fig. 7. 9p/3r of sodium-lithium alloys as function of concentration c for three
temperatures.

0.2 0.4 0.6 0.8 No

Fig. 8. The phase separation curve as determined by Kanda et al.. Schurmann and
Parks, and ourselves. • Kanda et al.10); A Schurmann and Parks'3); o this investigation.
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Parks"). The inaccuracy of the temperature is ± 1°C. The solid curve is a
least squares fit of a polynomial of degree seven in the sodium concentra-
tion x (x being expressed in atomic percentages):

7-0(.v)= 101.15 + 28.6376.V 1.79722.Y2 + 6.37593 X 10~V

1.355154 X lCTV + 1.701280 X 10 5v s 1.161235

X 10 7 A* + 3.28902 X 10"lo.v7.

The immiscibility loop is different from the one determined by means of
thermal a.ialysis by Howland and Epstein12) and quoted by Elliott" ).
Any thermal effects at higher temperature would most probably show up
in the resistivity too, as they are usually accompanied by a change of
the structure factor. But we didn't see any irregularity in the p(T) curves
at temperatures up to 500°C.

Finally, we were able to estimate the eutectic composition and
temperature at the lithium-rich end of the composition range. The onset
of phase separation for an alloy with 2.68% sodium occurs at 171.8°C: it
is finished at 169.9°C. Making the assumption that the liquidus is a straight
line from pure lithium to the eutectic point, one finds for the eutectic
composition c^a = 3.4%.

"SlAA.Theoretical analysis. In this section the experimental results for the
resistivity are shortly discussed in terms of the diffraction model7-8). The
calculations proceeded along the same lines as those presented previously
for the sodium—caesium system22). Form factors derived from model
potentials and partial structure factors based on the hard sphere solution
of the Percus—Yevick equation were substituted in the resistivity formula
for binary alloys.

There has been some discussion in the literature23'24) about the choice
of the parameters appearing in the Heine—Abarenkov model potential for
Li. General pseudopotential theory requires that only the angular momen-
tum component / = 0 should be taken into account because there are no
occupied core states with higher angular momentum in a lithium ion.
But Bortolani and Pizzichini23) have argued that it is important to model
also the / = 1 component. Comparison of calculated25) and experimental26)
phonon frequencies indicates that best agreement is obtained if model
potentials are constructed for / = 0 as well as / = 1 and if an appropriate
expression for the dielectric screening by the electron gas is applied.
Accordingly our model potential for lithium contains angular momentum
components for / = 0 and / = 1 and many-electron effects were included
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using the Toigo-Woodruff27) expression for the dielectric screening.
Furthermore, corrections were applied for the effective mass and for the
concentration dependence of the core shift (see ref. 22). A remarkable
conclusion can be drawn from the form factor calculations: for each alloy
concentration, i.e. for a common Fermi wave vector kf, the form factors
of lithium and sodium ions look very similar although they are quite
different for the pure metals. This similarity gives an explanation for the
observed less pronounced parabolic behaviour of the resistivity versus con-
centration curve.

For the calculation of the structure factors for the pure metals the
following values for the packing fraction i? and the hard-sphere diameter
a were substituted in the hard-sphere solution of the Percus-Yevick
equation.

Na 0.397 3.26 A

Li 0.404 2.43 K

These values apply to a temperature of 310°C. For sodium TJ was found by
linear extrapolation of the values given by Greenfield et al.') for 100°C
and 200°C and ONa was obtained from ref. 28: for lithium i\ was calcu-
lated from the iso-thermal compressibility as given by Novikov et al.29)
and the choice of o will be discussed below. For the alloys, the packing
fractions were linearly interpolated between the values for the pure
components.

The calculated resistivities for the lithium-sodium alloys at 310°C are
given as a function of concentration in fig. 9 (full curve labeled th),
together with the experimental data (full curve labeled exp).

The calculations give rise to the following comments:
(a) The results of the calculations depend very strongly on the value of

the hard-sphere diameter chosen for lithium. The value a = 2.43 A proves
to give satisfactory quantitative agreement with experiment. The strong
dependence on a y of both the absolute values of the resistivity in the
lithium-rich end of the composition range and the general shape of p(c) is
illustrated in fig. 9. The dashed curve labeled a pertains to a hard-sphere
diameter for lithium of 2.70 A as obtained from viscosity data28).

(b) In order to check the influence of the choice of the model potential
for lithium, the resistivity was also calculated with a potential modeled
only for / = 0. To obtain an acceptable resistivity for pure lithium, a was
taken to be 2.70 A (see fig. 9 dashed curve labeled /). For this model
potential the shape of p(r) deviates very strongly from the experimental

147



P. D. FI-ITSMA. J. J. HALLHRS, F. V. D. WFRFF AND W. VAN DFR LUGT

Fig. 9. The calculated resistivity at310 Casa function of concentration.
th : / = 0,l , T.W. screening , 0=2.43 A;

_ a : / = 0,l , T.W. screening , o = 2.70A;
I : 1 = 0 , T.W. screening , o=2.70A;
H : / = 0,l , Hartree screening, o=2.43A;
exp : experimental curve.

curve. For a i j = 2.43 A the results were even worse.
(c) The influence of screening is also displayed in fig. 9. The dashed

curve labeled H gives the resistivity in case of Hartree screening instead of
Toigo-Woodruff screening (aLi = 2.43, / = 0,1 modeled).

(d) For solid lithium at 98 K the resistivity was calculated using a
similar form factor as for the liquid metal (/ = 0,1 modeled, Toigo-
Woodruff screening). The structure factor at this temperature was
derived from the experimental phonon spectrum26). A value of 4.9 ji£2cm
was found whereas the experimental value is 1.7 pSlcm30). This large
discrepancy is likely to be due to deviations of the Fermi surface from
spherical symmetry, particularly in the [ 111 ] direction where the matrix
element < Ap + GIW | Arp > of the potential (G being the smallest
reciprocal lattice vector) is of the same order as the band width. Some
question has arisen regarding the validity of the Born approximation used
in the resistivity formula. Greenfield and Wiser31) have defined a relative
scattering strength R being a criterion for the validity of the Born
approximation. We find /{-values (R = 0.18 for liquid and R = 0.08 for
solid lithium) that are intermediate between the extrerr i cases of validity
and invalidity of the Born approximation.

The band effective mass, defined as m* = kp/(dE/dk)kr, was calculated
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in first-order perturbation theory. We found in* = 1.19. The restriction to
first-order perturbation theory is open to some doubt. As shown by Shaw
and Smith32) for the / = 0 model potential of lithium, second-order
contributions to the effective mass can be as important as first-order ones.
As the calculation of the second-order contribution is rather laborious,
this will be a subject of a separate investigation.
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C H A P T E R VII

THE LITHIUM-MAGNESIUM LIQUID ALLOYS SYSTEM*)

VII.1. INTRODUCTION

The lithium-magnesium alloys system is an example of a mix-

ture of a monovalent and a bivalent metal. In the Faber-Ziman mo-

del this has considerable consequences for the range of integra-

tion with respect to the first peak of the interference function .

The first peaks of the interference functions of pure lithium and

pure magnesium occur approximately at the same q-values, as the

atomic volumes of both metals are almost equal. The k values of

both metals are quite different because of the valence difference.

When adding magnesium to lithium 2k increases from the front side

to the backside of the first peak of the (partial) interference

functions. It is interesting to investigate how well the diffrac-

tion model describes the transport properties of mixtures of mono-

valent Li and bivalent Mg.

Therefore, we have measured the electrical resistivity and

its temperature dependence up to 675 C. From the resistivity

measurements we could determine the liquidus of the lithium-mag-
2

nesium phase diagram, which was not yet well established ). Our

results are in agreement with those of Grube e.a. ) , but, in the

Li-rich part, differ strongly from the more recent results of
4

Freeth and Raynor ).

Resistivities and thermopower are calculated within the Fa-

) The main part of this chapter was described in a paper presen-

ted at the Third Int. Conf. on Liq. Metals, Bristol 19761).
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ber-Ziman diffraction model. The form factors are calculated ta-

king into account proper corrections for effective masses, core

shift as well as exchange and correlation effects. For the fore

metals the calculated resistivities are close to the experimen-

tal values, while the calculated resistivities for the interme-

diate concentrations are systematically somewhat higher than the

experimental ones. For the thermopower calculations we arrive,

like for Na-Cs alloys, to the remarkable observation that good

agreement with experiment is obtained when neglecting the r-term,

while inclusion of this term deteriorates the result.

VII. 2. RESISTIVITY MEASUREMENTS

The experimental equipment and procedure for measuring accu-

rately the resistivity has been described in chapter IV. Magne-

sium ingots were supplied by Alfa Metals with a purity of 99.95%.

In a dry box the magnesium ingots were sawed to small pieces (0.5-

1 gram). The outside surface layer was not used. The lithium me-

tal, supplied as ingots by Koch Light, had a purity of 99.98%. The

removal of the oxide and nitride layer has been described in chap-

ters IV and VI. The measurements were started at the highest mea-

suring temperature of about 675 °C. in order to check whether or

not the alloy is homogeneous, the resistance was measured two ti-

mes while in the meantime the measuring tube was emptied and re-

filled again. The alloy was supposed to be homogeneous if the dif-

ference in resistance between the two measurements was less than

0.1%, a condition which was usually satisfied. From 675 c the

temperature was decreased stepwise. The temperature intervals we-

re regularly chosen, such that the total number of steps was about

20. Near the liquidus, the temperature intervals were reduced to
o

about 1 C. Attaining the liquidus is observed as a discontinuity

in the P versus T curve.

For the homogeneous phase the resistivity versus T data were

fitted with a polynominal of degree 2. The standard deviation was
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Li 0.2 0.4 0.6 0.8 Mg

cMg "
FIG. 7.2.1. Isotherms of the electrical resistivity for a number
of liquid lithium-magnesium alloys; —- experimental3 different
temperatures indicated in the figure; — - - theoretical,
parameter set I; — - - theoretical, parameter set II. Theoretical
values apply to 6SI C.
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always less than 0.1%. The discrepancy between the three sections

was of the order of 0.1%. The absolute error in the resistivity

was estimated to be 0.4% (chemical impurities are left out of con-

sideration, but the composition inaccuracy is taken into account).

In fig. (7.2.1) we have plotted the resistivity isotherms as a

function of the magnesium concentration. They exhibit the usual

aarabola-like behaviour. The toy is not at c = 0.5, but shifted

towards the Li-side; this remains true if the linear part

(1 - c) P, . + c Pm, is subtracted from the measured resistivity.
Li Mg

therefore, P (c) is not exactly of the form c(l - c) , as was t.ome-
23

times supposed ). When our measurements were in progress, Van

Zytveld ) published some lithium-magnesium resistivity dat? ,it

the liquidus. In fig. (7.2.2) we compare his data with ours ai-

the liquidus. At c = 0.14, 0.25 and 0.75 his values are apprecia-

bly higher than ours. For the pure metals, his experimental inac-

curacy was estimated to be 4% ). in his paper Van Zytveld devotes

only one sentence to the sample preparation technique, leaving

the impression that it is a rather crude one. Thereiore, some of

the discrepancies may be due to oxide and nitride impurities.

3p
The temperature derivatives (-s—) of lithium-magnesium alloys

are plotted in fig. (7.2.3). It appears that (-jrr) is small for

all the alloys. Lithium has the smallest temperature dependence

of all pure alkalis. As is well known, the divalent metals, inclu-

ding magnesium, have only a very small temperature dependence. We

will return to this point in section 3 of this chapter. We found
3p

small negative (•?-) -values for 0.5 < c < 0.85
' 3T p Mg

The liquidus temperature appears in P(T) as a discontinuity
3p

in (TT~) . An example is given in fig. (7.2.4). The P (T) data above

and below the liquidus temperature were fitted with a polynomial

of degree two; the liquidus temperature was found from the inter-

section point of these two curves. In fig. (7.2.5) the liquidus

of the Li-Mg phase diagram is plotted. Over the entire composition

range our data agree within a few degrees with those determined by
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PIG. 7.2.2. Electrical resistivities of liquid lithium-magnesium
alloys at the liquidus; —•— experiment, our data; x experimental
data Van Zytveld5); theory, parameter set II.
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Li 0.2 0.4 0.6 0.8 Mg
CMg "*

FIG. 7.2.3. The temperature dependenae of the resistivity, -^, for

liquid lithivm-magnesivm alloys.

3 2
Grube, Von Zeppelin and Bumm ' ) applying thermal analysis. For

the lithium-rich end of the composition range the more recent da-
4 2

ta determined by Freeth and Raynor ' ) (applying thermal analysis)

deviate strongly from ours. It is worth mentioning that they de-

termined the lithium-rich part of the phase diagram in one series

by successive additions of magnesium to lithium. At the end they

checked the composition by chemical analysis. Both, Grube et al.

and Freeth-Raynor agree in establishing an eutectic composition

at about 78% Mg (they found 78.2 and 77% respectively), while the

relative maximum occurs at 71% Mg and 593 C. Furthermore, we

want to mention the work of Henry and Cordiano ), who, at the li-

thium-rich end of the phase diagrams, found a liquidus in agree-

ment with ours. But, in the magnesium-rich part, they found a pe-

ritecticum instead of an eutecticum.
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FIG. 7.2.4. The electrical resistivity p as a function of the tem-
perature T for a HthCum-magnesiicr. alloy containing 68.5 at.% Mg.
It should be noted that the temperature coefficient of the resis-
tivity is negative and that the passing of the liquidus is clear-
ly marked.
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Li

FIG. 7.2.5. The liquidus of the lithium-magnesium alloys system;
-H- our results; • Gvube et al.3); Freeth and Raynov*).
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VII. 3. THEORETICAL CALCULATIONS AND DISCUSSION

The theoretical calculations ) were performed along the same

lines as those for Na-Cs and Li-Na alloys. Again, a combination

of a Heine-Abarenkov and a Shaw model potential was used, one mo-

del radius, independent of I, was chosen and modeling was per-

formed up to a certain J.- value. According to Shaw, S.Q should be

equal to the highest angular quantum number for which there are

core states. However, if term values are available for higher I

values there are no restrictions to model the potential for I > B.Q

too. As discussed in chapter VI it is essential to model the li-

thium potential not only for i. = 0 but also for I = 1. During the

calculation it was found to be an improvement to model the magne-

sium potential not only for 8. = 0 and 1 but also for i = 2. We

have adopted the model radii as chosen by Animalu and Heine ) .

They are 2.8 a.u. and 2.6 a.u. for lithium and magnesia respecti-

vely. The screened form factor was calculated from eq. (1.8.14),

which includes effective mass and exchange and correlation effects.

R— 1 2
The atomic volumes of the pure liquid metals are well known ) ,

At T = 651 °C we have fiT. = 24.50 8
3 and ft = 25.40 8 3 (the dif-

Lx Mg

ference is less than 4%I). As the densities of the alloys are not

known, additivity of atomic volumes was assumed.

For the partial interference functions we used the hard sphere

solution of the Percus-Yevick equation (ch. III). As for lithium

the present calculations pertain to much higher temperatures than

those for lithium in chapter 6, the hard sphere parameters have to

be adjusted accordingly. We have chosen two sets of (n,<J)-parameter

pairs (see table (7.3.1)). The first set is obtained by determining

n from the isothermal compressibility X ) applying )

) The actual calculations were performed by Dr. T. Lee.
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TABLE (7 .3 .1 )

Parameters for the hard-sphere structure factors of Li and Mg.

Set I and II are defined in the text.

Parameter
set I
(from x )

Parameter
set II
(from peak
matching)

Li 180 °C

n

0.492

0(8)

2.757

Li 651 °C

n

0.329

0.391

o(8)

2.49

2.64

Li 727 °C

n

0.314

0.376

0(8)

2.46

2.62

Mg 651 °c

n

0.450

0.440

0(8)

2.79

2.76

Mg 727 °C

0.444

0.434

°(8)

2.84

2.75

TABLE ( 7 . 3 . 2 )

Calculated resistivities P (in UHcm) using different screening

functions.

CMg

P (Hartree)

P (Sham-Hubbard)

P (Shaw-Pynn)

P (Toigo-Woodruff)

P (Vashishta-Singwi)

P (experimental)

0

31.07

33.50

35.33

39.01

38.12

37.95

0.2

59.31

64.93

69.00

76.91

74.81

57.2

0.4

62.52

68.45

72.46

80.67

78.24

60.3

0.6

53.01

58.57

62.10

70.16

67.46

54.4

0.8

35.89

40.79

43.78

51.52

48.61

40.8

1

16.11

20.16

22.59

29.71

26.76

25.35
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kB X T
 T (i - n ) 4

a(0) = B
o
 T = -& 2L_ (7.3.1)
"o (i + 2nr

(a(0) is the interference function for q = 0, Jl is the atomic vo-
lume, k is Boltzmann's constant, T is the absolute temperature,

B

and n is the packing fraction). Subsequently the hard sphere dia-

meter ° was determined from 1 and the density with help of the

relation

The second set was obtained by adjusting the Percus-Yevick

hard sphere interference functions to the experimental interfe-

rence functions at their first peak positions. For liquid magne-

sium, we have used the experimental interference function obtai-

ned by Woerner et al. ) at T = 675 C (X-ray diffraction) and
14

listed by Stoll ). For lithium the experimental interference

function obtained by Ruppersberg ) at 320 °C (neutron diffrac-

tion) was used. From the experimental interference functions the

packing fractions n were estimated. The change of n from the tem-

perature where the experiment was performed to the appropriate

temperature was derived from the corresponding change of XT« using

(7. 3.1 ). Subsequently, using relation (7.3.2), o was obtained. In

table (7.3.1) we have listed both parameter sets at different tem-

peratures. The parameters at 651 °C (924 K) and 727 °C (1000 K)

were used to calculate the temperature derivative of the resisti-

vity. From the table it follows that the two parameter sets obtai-

ned for magnesium are not much different. However, the two parame-

ter sets for liquid lithium differ appreciably.

The calculated isothermal resistivities, applying T-W type of

screening, are presented in fig. (7.2.1), where they can be compa-

red with the experimental data. The calculated resistivities are

systematically higher than the experimental ones. The shift of the

161



0)
to

0.8 16 2.4 0 0.8 1.6 U 0 0.8 1.6 2.4

FIG. 7 .3 .1 . Calaulated screened form factors and hard sphere partial interference functions (as de-
fined by Faber—Ziman, and applying parameter set II) at three concentrations. Three form factor va-
lues obtained from De Baas-Van Alphen datc&O) are shown for pure magnesium.



top towards the lithium side is in agreement with the experimen-

tal observation. It is evident, indeed, that the difference be-

tween the two curves (corresponding to the two sets of parameters)

is almost entirely due to the lithium contribution.

In fig. (7.3.1) we have plotted the form factors and inter-

ference functions (as defined by Faber-Ziman, and applying para-

meter set II) at three concentrations. As the atomic volumes of

pure lithium and magnesium are almost equal, the first peak of

their interference functions occurs at approximately the same va-

lue of q. As a consequence of the valence difference between Li

and Mg, k, increases by a factor 72 = 1.26 when the alloy compo-

sition changes from pure Li to pure Mg. Although Li and Mg consti-

tute one of the best examples of substitutional liquid alloys it

follows from the picture that the three partial interference func-

tions are, for c = 0.4, not equal to each other as they should be

for a strictly substitutional alloy. This is partly due to the

fact that 651 °C is far above the melting point of lithium.

Therefore, the hard sphere volume ratio of pure Li and pure Mg

deviates more from 1 than the ratio of the atomic volumes.

The change of the form factor with concentration is mainly

caused by the variation of k • Three form factor values obtained

from Oe Haas-Van Alphen data ) are shown in the figure for pure

magnesium. The agreement with our calculated form factor is quite

good (within 0.002 a.u.).

In table (7.3.2) we give the calculated sensitivities (apply-

ing parameter set II) of Li-Mg alloys for different screening

functions (see section 1.8). For the pure metals, V-S, T-W and

S-P screening correspond to calculated resistivities which are in

fair agreement with experiment. It should be noted that no adjust-

ment of input parameters to optimize the final answer has been involved.
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Using T-W screening, it is shown in fig. (7.2.1) that for both

parameter sets the calculated resistivities of Li-Mg alloys are

systematically higher than the experimental ones. Assuming the

form factors to be reasonably accurate, this may either be due

to an improper choice of hard sphere parameter sets or it may be

an indication that the P-Y hard sphere model itself produces par-

tial interference functions deviating from the real partial in-

terference functions. This question can not be answered unambi-

guously until accurate experimental partial interference func-

tions become available. We only note that, at intermediate con-

centrations, the overall agreement was rather insensitive to

slight changes of the hard sphere parameters.

This calculation of the pure magnesium resistivity is consi-

dered to be substantially better than previous ones (see table

7.3.3), because of a better account of exchange and correlation

effects. It can be substantiated by the following arguments. First,

TABLE (7.3.3)

Authors

Ashcroft-Lekner )
1966 2 0

Van Zijtveld e.a. )
1972 2 1

Paasch and Trepte )
1971 22i
Cubiotti e.a. )
1975

This work 4

Experiment

[pflcm]

19.2

15.2

17.1

24.6 (23.0)

26.8

29.7

22.6

25.4

type of model
potential

Heine-Abarenkov

Heine-Abarenkov

Shaw

Cubiotti

H-A-Shaw

H-A-Shaw

H-A-Shaw

type of
screening

Sham-Hubbard

Hartree

Hubbard

Sham-Hubbard

Vashishta-Singwi

Toigo-Woodruff

Shaw-Pynn
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from table (7.3.2) it clearly follows that exchange and correla-

tion corrections have a considerable effect on the resistivity.

Second, the magnesium form factors calculated with V-S, T-W or S-P

screening are in good agreement (within 0.002 a.u.) with De Haas-

Van Alphen data. Third, the resistivity integral of pure Mg, which

includes the first peak of the interference function is much less

sensitive to changes in 1 and a than the resistivity integral of

monovalent liquid metals, the integrand of which is sharply ri-

sing at 2k . As we use a hard sphere interference function, fitted

to the experimental one, we believe that the calculated resistivi-

ty of pure Mg gives us a possibility for testing the quality of

the screening function and the model potential. The calculated Mg-

resistivities, using V-S, T-W or S-P type of exchange and correla-

tion effects are, taking into account the various uncertainties,

in reasonable agreement with the experimental value. The authors

listed in table (7.3.3) performed the calculation of the Mg-re-

.\stivity by applying Hartree, Hubbard or Sham-Hubbard type of

sex ?ening, which are inferior to those mentioned above. Cubiotti

used his own type of model potential and applied Sham-Hubbard

type of screening. The first node is obtained for a value of q

which is 0.1 k lower than in our case, while near 2 k his form

factor is slightly lower than ours. Although his calculated resis-

tivity is close to the experimental value his form factor deviates

more from the De Haas-Van Alphen data than our form factor.

3p

The temperature derivative (-j~) is evaluated from the diffe-

rence between the calculated resistivity at 727 °C (1000 K) and

651 c. For the two parameter sets I and II, the hard sphere para-
3p

meters are given in table (7.3.1) and (g—) is plotted in fig.

(7.3.2). The quantitative agreement with the experimental values

is bad, but the shape of the experimental (-^r) curve as a func-

tion of concentration is roughly reproduced. Probably, the change

of the hard sphere parameters C\,o) with temperature is not pro-

perly accounted for by the given procedures.
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cMg *

FIG. 7.3.2. The temperature dependence of the resistivity,
liquid lithium-magnesium alloys. Exp.: experimental data;
ry, parameter set I; II: theory, parameter set II.

for
theo-

theory r=0

Li 0.2 0.i 0.5 0.8 Mg
cMg *

FIG. 7.3.3. The thermopower of liquid lithium-magnesium alloys at
the liquidus. experiment (Van Zytveld^)); - — -
theory, r included; theory with r put zero.
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Within the Ziman diffraction model it is easy to explain, qua-

litatively, why generally for bivalent metals the temperature deri-

vative of the resistivity is small. If the temperature rises one

expects the disorder to increase, leading to a damping of the os-

cillations in g(r) <is well as a(q). Then, the part of the interfe-

rence function in front of the first peak increases whereas the

height of the first peak is reduced. As for bivalent metals, the

integration interval of the resistivity integral includes the low-

q region and the first peak region, the change in contributions

clue to the low-q and peak regions will largely cancel.

Wa have also calculated resistivities at the liquidus. 1 and

o were derived according to the procedure described for parameter

set II. For magnesium, the density and the compressibility at tem-

peratures below 651 C are found by extrapolation of the values

for the liquid. As for the isotherms, the resulting resistivities

are definitely higher than the experimental ones (fig. (7.2.2)).

Van Zytveld ) has calculated the resistivities of Li-Mg al-

loys at the liquidus by using the resistivity formula valid for

strictly substitutional alloys; in this case the three partial in-

terference functions, as defined by Faber-Ziman, are equal to each

other (the atomic volumes of Li and Mg at their melting points are

22.22 and 25.40 X 3 respectively, i.e. a difference of 14.9%. The
24

parameters of the Ashcroft model potential ) , used by him, were

found by fitting the resistivities of the pure metals to their ex-

perimental values. Hartree type of screening was used, in this way

his calculated curve was close to the experimental one. However,

by taking the experimental interference function for Mg he found

a curve which was, at the top, 22% lower than the experimental

curve.

In fig. (7.3.3.) the calculated values of the thermopower Q

at the liquidus are compared with experimental data determined by

Van Zytveld ). The same set of parameters as used for the resis-
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tivities at the liquidus was employed. Like in the case of Na-Cs

alloys (see Ch. V), we observe that neglecting the r-term in the

thermopower expression (eq. (3.3.3)) leads to significantly bet-

ter results than including it. Especially the change in curvature

at high Mg-concentrations is meaningful .as in this concentration

range the interference functions and the Mg-form factor are rather

well known and, moreover, the thermopower is rather insensitive to

small changes in the hard sphere parameters. Additionally, it ap-

pears that small changes of the hard sphere parameters do not

change the overal curvature of the total Q(c) curve; it changes

merely the magnitude of Q for high Li concentrations. It remains

puzzling why the term -r r should be neglected.
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C H A P T E R VIII

23 7

KNIGHT SHIFT OF Na and Li NUCLEI IN LIQUID SODIUM-LITHIUM AL-

LOYS*)

VIII.1. INTRODUCTION

The Knight shifts in alkali alloys not containing lithium

have been determined by Rimai and Bloembergen ), Van der Molen et

al., ' ) and by Kaeck ). A review of the results and their inter-

pretation is given in a recent paper by Van Henunen et al. ) . The

experimental results can be summarized in the following rules.

(i) The Knight shift K is a linear function of the atomic

concentration c.

(ii) If the indices a and b refer to the components with

the smaller and larger atomic weights, respectively,

dK die
~ > 0 ; — ^ > 0 . (8.1.1)
dc. dc.

b b

(iii)

dK dK

K dc. K, dc.
a b b b

J S.% J__i (8.1.2)
K dc. K, dc '
a b b

where K and K, refer to the same composition. For the interpre-
a D

tation of rules ( i ) - ( i i i ) , two models have been discussed.

A) Constant Pf.

4
According to a conjecture by Kaeck ) and calculations by Per-

dew and Wilkins ), the contact density of the conduction electrons

) The main part of this chapter was described in ref. 29 and 30.
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P is approximately independent of the composition. As in this mo-

del the spin susceptibilities X of potassium, rubidium, and ce-

sium appear to be nearly equal, the linear relation corresponding

to the first rule follows by substituting

ft = c n + (1 - c )«, (8.1.3)
a a a b

in the well-known relation

K = | it x fl P_. (8.1.4)
3 p F

Here X is the Pauli susceptibility per unit volume, 12 is the
P

mean atomic volume and P_ is the conduction electron density at

the nucleus averaged over the Fermi surface. Relation (8.1.3) ap-

plies, by definition, to ideal mixtures. For sodium alloys, the

supposition of constant P does not lead so simply to a linear
5

K(c). Measurements in ternary alloy systems ) have demonstrated

that p may be rather strongly dependent on concentration in al-

kali alloys containing sodium.

B) Single-augmented-plane-wave (A.P.W.) model.

Van Hemmen et al. ) have developed a model in terms of single

augmented plane waves which is based essentially on appropriate

wave-function normalization. If X is taken to be proportional tc
P

its free-electron value and if, again, relation (8.1.3) is applied,

a linear K(c) follows for all binary alkali systems not containing

lithium. Indeed, the assumption of free-olectron-like susceptibi-

lities still lacks sufficient justification.

The extension of the investigations to lithium alloys is ap-

pealing from a physical point of view but entails some experimen-

tal difficulties. The conduction-electron densities of the alkali

metals, although varying strongly from Cs to Li, are all conside-

rably smaller than those of the other metals. Clearly, lithium

forms an intermediate case (see Ch. VI, fig. 1). Therefore, it is

interesting to investigate to what extent rules (i)-(iii) mentio-
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ned above are obeyed by the Na-Li alloys system, which covers a

conduction-electron density range of 1:2.

A complication is that - probably as a consequence of its

small core - many physical and chemical properties of pure lithium

are atypical for alkali metals. The liquid Na-Li system exhibits

a miscibility ga£ up to 303 C (Ch. VI). Lithium heavily attacks

most isolating refractories and easily forms nitrides when expo-

sed to the air. From the large size difference between sodium and

lithium j.ons one expects a large Matthiessen resistivity for the

Na-Li system, which in fact has been shown to be snail compared

to the other alkali systems (Ch. VI).

Fortunately, the spin susceptibilities of Na and Li are ra-

ther well known from conduction-electron-spin-resdnance (CESR)

experiments. The absence of reliable values of X for the heavier

alkali metals is the main obstacle for the definite analysis of

Van der Molen's results. This is extensively discussed in the pa-

per by Van Hemmen et al. ). They also provided strong evidence

that for sodium alloys - perhaps in contrast to the alloys of K,

Rb and Cs - the conjecture of Kaeck (constant P ) is significant-

ly violated. But then one might expect that in lithium alloys the

deviations of the "constant P rule" be even stronger. As we will
F

show, the availability of reliable values of X for Li and Na al-

lows us to arrive at definite conclusions in this respect.

Various experimental determinations of x are collected in
P

table (8.1.1). It follows that the temperature dependence of the

susceptibility, particularly in the liquid region, is not accura-

tely known but certainly small. As the measurements have been per-

formed at 400 C we need X -values at this temperature. We have
-6 p -6

chosen X = 2.06 * 10 for Li and X = 1.10 * 10 for Na, both
P P '

in cgs volume units.
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TABLE (8.1.1)

Spin susceptibilities for lithium and sodium

Lithium

Authors
X p (10~ cgs
vol. units)

Temperature
(K)

technique

Schumacher
and Slich-
ter (ref. 8)

2.08

Ryter (ref.

Kettler et
(ref.

Hecht

10)

(ref.

Kushida et
(ref. 12)

9)

al.

11)

al.

2

2

1

1

• 13a)

.09; 2.18

.96

.98

300

4.2

290; 4.2

C.E.S.R. area

day shift

C.E.S.R. area

1.5; 77; 300 C.E.S.R. saturation

room temp. C.E.S.R. area

Change of Xp at
melting point: &X.
Hanabusa et al. —£=0.008+0.006 453 (=m.p.) C.E.S.R. area
(ref. 13; see p
also ref. 14)

Sodium

Schumacher 1.12; 1.13; 1.09 77; 20; 4.2 C.E.S.R. area
and Vehse
(ref. 15)

Ryter (ref. 16) 1.09

Kushilda et al. 1.07
(ref. 12)

1.2 day shift

200 and room C.E.S.R. area
temp.

) Value derived from Ryter"s P and K = 0.026%
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VIII.2. EXPERIMENTAL RESULTS AND INTERPRETATION

The NMR equipment and the technique of sample preparation has

been described in section IV.6. The Knight shifts of sodium and li-

thium were measured directly with respect to NaCl and LiCl. It ap-

peared that the magnetic field inside the gold coated dewar was

slightly different from the field at the water sample, which was

used as a field reference (see IV.6). This field difference has a

strongly non-linear dependence on the temperature. It was indepen-

dent of frequency. Fortunately, the magnetic field difference was

almost constant for 300 °C < T < 500 °C. Furthermore, the top of

the liquid miscibility gap is at 303 °C. Then it was decided to

perform the measurements at 400 °c.

The Knight shift results at 400 °C are given in fig. (8.2.1),

AK
K«

-0.2 >

FIG. 8.2.1. Relative

change hK/K* of the

Knight shifts of so-

dium and lithium nu-

clei as a function of

the atomic concentra-

tion of sodium, c-,.

Data were taken at

400 °C.
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AK
 K ( cb ) " Ko

where — = is plotted for each of the components. Here

KQ is the Knight shift of the pure components at 400 °C and cfa is

the concentration of the heavier component sodium. We found KQ =

0.0257% for Li and Kn = 0.1219% for Na. The slopes — - — of the
u K0 b

straight lines of fig. (8.2.1), obtained by a least squares fit,

are 0.44 and 0.21 for lithium and sodium, respectively. The figure

shows that rules (i) and (ii) mentioned in the introduction are

obeyed by the Na-Li alloys. Because the Knight shift of pure li-

thium is much smaller than that of pure sodium, the error in AK/KQ is

considerably larger for the lithium nuclei than it is for the so-

dium nuclei. Consequently, the linearity between K and c appears

to be less certainly established for the lithium resonances. Yet,

the deviations from the straight line are quite randomly distribu-

ted and we have no reason to assume that nonlinear terms are nee-

ded for representing the experimental data.

The third rule mentioned above (Eq. (8.1.2)) is, at the other

hand, not obeyed. For example, at the sodium-rich end of the con-

centration range, K~ dK/dc. = 0.211 for Na and 0.304 for Li. The

relation (8.1.2) is a mathematical consequence of the single-APW

model. If this relation is violated, this model is not applicable.

It may also be shown that P is not a constant throughout the sys-

tem. Indeed,
PF.Na ( 0 )

 =
 Xp,Li "Li PF,Na ( 0 ) _ KNa' 0 )

 = J74
, T . (0) X T . flT . P., T . (0) K . (0)
r,Ll p,Ll Ll F,Ll Ll

(where the argument of P and K is c.), whereas in the same way

one finds ,,

T h u S PF,Na/PF,Li d e P e n d s o n V Consequently, P p ( N a and P^.. can-

not be simultaneously independent of concentration. Numerically,

substituting known atomic volumes ) and susceptibilities in Eq.

(8.1.4), one finds *FiVlaW>/*Ftlfa
{0) = 1 - 1 9 a n d PF,Li ( 1 ) / PF Li ( 0 ) =

1.35. So the conjecture of constant P does not hold for this
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alloy system. A similar conclusion was obtained for sodium in ter-

nary alkali systems ). It should also be noticed that the single-

APW model requires P /P to be constant. There is still ano-
F, Na F * LI

ther reason why an evaluation in terms of this model is unfeasible.

The ratio of the spin susceptibilities of pure lithium and pure

sodium is 1.85, whereas for free electrons it should be 1.22. The

assumption of free-electron susceptibilities is of vital importan-

ce for the APW model.

So we are left with the puzzling situation that, on the one

hand, the linear relation between Knight shift and concentration

still holds for the Na-Li system as well as it did for the other

alkali systems, but on the other hand, as a consequence of the nu-

merical results, we are deprived from the means of its theoretical

justification in terms of the unsophisticated models previously used.

The interpretation of the results is seriously handicapped

by our lack of understanding of the electronic structure of pure

lithium. For solid lithium, X amounts to approximately 2.6 times

its free-electron value. As upon melting the Knight shift chan-

ges by only a negligible amount (ref. 18, which is in agreement

with our own observations) one expects almost the same value of

X in the liquid state. For lithium, the experimentally observed

change of x is less than 1% indeed (table (8.1.1)). There exists

no conscensus about the origin of this high X # but one is probab-

ly not far from the truth in attributing it to a combination of a

large density of states (conveniently expressed by an effective

mass ratio m /m) and a considerable enhancement by electron-elec-
19 *

tron interaction. Indeed, Ham ) has calculated m /m = 1.66 and,

more recently, Rudge ) found m /m = 1.65 and m /m = 1.55, depen-

ding on the type of exchange interaction applied. From the spe-

cific heat measurements of Filby and Martin ) follows a m /m

of 2.19 which reduces to 1.82 when corrected for electron-phonon
22 •

and electron-electron interaction ). Forsodium, m /m is usually
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believed to be close to 1. In the alloy system, m /m changes more

rapidly than either of the two Knight shifts. Therefore, m /m can-

not be obtained by some simple interpolation; a reliable calcula-

tion of m /m is a primary precondition for a theoretical interpre-

tation. The enhancement due to electron-electron interaction is

also of the order of 1.6 for pure lithium, but in the usual appro-

ximations it is a slowly varying function of ft ) . It constitutes no

serious problem in explaining the Knight shift.

In case of the sodium-lithium alloys eq. (8.1.3) applies ).

This enables us to calculate the free-electron susceptibility X f-

Furthermore, p can be expressed in the free-atom contact density

p» b v po = ^PTV' PTV being known accurately from optical pumping ex-
24 25

periments ) and atomic beam experiments ). Substituting X f, ®i
and Pp into eq. (8.1.4), we can reduce the Knight shift da-

ta to the convenient quantity Sx /X ,, which is of the order of 1.
p 2§f

Using Dupree and Geldart's results ) for the electron-electron en-

hancement we can further reduce this quantity to 5m /m. Both quan-

tities are plotted in Fig. (8.2.2) as a function of concentration.

1.2

- 1.0

0.2 0.4 0.6 0.8 Ha

Cu -

FIG. 8.2.2. (Xp/X ^ 5

/ ) ^ as derivedand (m

from the measurements,

plotted as a function

of atomic aonaentra-

tion.
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For cb = 0 and cfc = 1 we can calculate 5 from the measured Knight

shift, the chosen values of X and the known values of ft and P .
P A

For lithium:

5(0) = 0.41 , 5 U ) = 0.55
Li Li

and for sodium:

£(0) = u.48 , 5 d ) = 0.57
Na Na

As calculated above the contact densities increase by 35% and 19%

in going from c = 0 to c = 1.

26 27 2fl
Recently, Vosko and Perdew ' ' ) have calculated X for

P
the pure alkali metals in a calculation from first principles,

where they include simultaneously lattice, core-electron and many

body effects. The results are in good agreement with the available

experimental X values. It would be interesting to extend this

type of calculation to liquid Na-Li al?^oys (as well as the other

alkali alloy systems). If these calculations are combined with re-

liable calculations of the contact density P , real progress in

understanding the Knight shift can be made. A first step could be

the calculation of P_ for sodium in the limit of c •* 0 and P
F Na F

for lithium in the limit of cT . •*• 0, because these values are now
Li

available from our experiments.
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S A M E N V A T T I N G

De in dit proefschrift vermelde experimenten moeten worden gezien

tegen de achtergrond van de ontwikkeling van het zgn. diffractiemodel

voor eenvoudige metalen, oorspronkelijk geformuleerd door Ziman, en in

het laatste decennium verder uitgewerkt door een aantal theoretici.

Het diffractiemodel is gebaseerd op het gebruik van pseudopotentialen

of de daarmee verwante modelpotentialen. Dit zijn zwakke electron-ion-

potentialen die in vele berekeningen de echte (veel sterkere) poten-

tialen kunnen vervangen. De modelpotentialen, die in dit proefschrift

worden gebruikt, worden direct uit de termwaarden van het betreffende

atoom afgeleid en er kan een grote mate van fysische realiteit aan wor-

den toegekend. De berekening van modelpotentialen voor metalen wordt

in hoofdstuk I uiteengezet.

Het diffractiemodel is evenzeer van toepassing op vloeibare als

op vaste metalen; dit is vooral van belang voor de studie van de vloei-

bare metalen, omdat hiervoor nog nauwelijks bruikbare theorieën be-

stonden .

Doel van het onderzoek was het uitvoeren van metingen aan eenvou-

dige vloeibare metalen en legeringen, teneinde over experimentele ge-

gevens te beschikken waaraan het diffractiemodel getoetst kon worden.

Hiervoor komen in de eerste plaats electrische transporteigenschappen

in aanmerking, omdat deze direct bepaald worden door verstrooiing van

geleidingselectronen aan de metaalionen (Hoofdstuk II). Van groot be-

lang hierbij is kennis van de onderlinge rangschikking van de ionen;

deze komt tot uiting in de zgn. structuurfactor, waardoor een relatie

met het gebied van vloeistofstructuren (Hoofdstuk III) is gelegd.

Metingen van de electrise? • weerstand zijn verricht aan de vloei-

bare systemen natrium-cesium, natrium-lithium en lithium-magnesium

terwijl van het eerstgenoemde systeem ook de thermokrachten werden ge-

meten. De experimentele methoden worden uiteengezet in hoofdstuk IV;
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de resultaten en de discussie daarvan in termen van het diffractiemo-

del vindt men voor de drie genoemde legeringssystemen in respectieve-

lijk de hoofdstukken V, VI en VII. In het algemeen bestaat er goede

overeenstemming tussen experiment en theorie. Er blijven echter ook

enkele vragen over: zo is in het Na-Cs systeem een anomalie in de tem-

peratuurafhankelijkheid van de soortelijke weerstand gevonden, die noq

niet verklaard is. Bij de berekening van de thermokrachten van het Na-

Cs systeem en het Li-Mg systeem blijkt dat een term, afkomstig van het

zgn. niet-locale karakter van de modelpotentiaal, verwaarloosd moet

worden om overeenstemming met het experiment te verkrijgen. In het Na-

Li systeem treedt de verwachte "Nordheim parabool" nauwelijks op. Hoe-

wel dit theoretisch geïnterpreteerd kan worden, is het resultaat sterk

afhankelijk van een juiste keuze van enkele parameters.

Naast de transporteigenschappen is ook de Knight shift gemeten en

wel in het Na-Li legeringssysteem (Hoofdstuk VIII), ter completering

van vroegere metingen aan binaire alkalisystemen verricht door Van der

Holen. De Knight shift onttrekt zich tot nu toe vrijwel geheel aan een

goede theoretische interpretatie binnen het diffractiemodel. Daarom

leek het interessant om juist aan dit legeringssysteem metingen te ver-

richten, ten eerste omdat lithium en natrium beide een eenvoudige elec-

tronenstructuur bezitten, ten tweede omdat een belangrijke grootheid

voor de interpretatie, ni. de spin-susceptibiliteit, voor de beide zui-

vere metalen goed bekend is. Ook in dit geval W Ö S een sluitende inter-

pretatie van de metingen niet mogelijk, wel werd nader inzicht verkre-

gen in enkele aspecten van de theorie.
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