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ABSTRACT 

The semiclassical method is used to analyze various 
optical potentials. Resonances in an optical potential appear 
as the interference between the wave reflected from the external 
barrier and the wave reflected from the interior part of the 
potential. The interference causes a dip in the amplitude of the 
total S matrix and is related to the zero of the S matrix. Optical 
potentials are analyzed in this framework. We found that (1) 
the enhanced backward angle cross section can be interpreted 
as due to a single potential resonance only when the absorption 
is weak, (2) the Regge pole parametrization studied by McVoy 
in his surface transparent potential represents the surface 
transparent property of the potential ; it has nothing to do 

with a potential resonance, and (3) the anomalous large angle 
40 scattering (ALAS) of a-Ca is due to the coherent contribution 

of many partial waves. The method is aJso useful to analyze the 
scattering by optical potentials in general. 
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I. INTRODUCTION 

Heavy ion scattering has offered us several interesting 

speculations about the resonances of composite systems l il• Such 

systems possess so many degrees of freedom that the scattering 

process becomes very complicated to describe. The usual pres

cription is to use a complex potential to describe the elastic 

scattering, where the imaginary part is used to lump in all the 

degrees of freedom that we are unable to describe. Because of 

the strong absorption, the ambiguity in the potential is a serious 

problem as the elastic scattering data is usually sensitive to 

only two out of the four or more parameters used to characterize 

the optical potentials [ 2] . On the other hand, for lighter ions 

(A<40), the imaginary part of the potential is not very large. 

In principle, for this case one should be able to determine a 

reasonable potential which can fit the scattering data well-

However, we do not yet know very well the characteristic properties 

of optical potentials. The fitted optical potential is usually 

poorly determined and varies from deep to shallow [ Ï) or from 

surface absorption [ 3] to surface transparency f 41 . 

Alternatively, there is an S matrix parametrization 

approach to the scattering problem. For the case of strong absorp

tion, the S matrix in the elastic channel is parametrized by a 

sharp or smooth cut off f 5J. To give a more detailed description 

of the differential cross section of light ions at backward angles, 

the model has to be extended to include many more parameters. 

One such parametrization involves using Regge poles, although 

it is still not known precisely what Regge poles correspond to 

in heavy ion physics, one of our motivations is to study the 
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following questions | 6] : (1) Does a Regge pole describe a family 
of resonances caused by mutual attraction of two ions ? or (2) 
Does a Regge pole describe surface phenomena ? Vie hope that our 
study can offer a clearer way to relate the parametrization of 
the S matrix to a possible type of potential or vice versa. 

The semiclassical theory of potential scattering has 
been applied to atomic,molecular [7,01 and nuclear scattering 
18,9/10] successfully for past few years. Since such a theory 
offers us a clear picture of potential scattering [ 8] , we want 
to extend the procedure to learn about various features of optical 
potentials. This study would be useful also for atomic and 
molecular physics when the incident energy is high. For a weak 
absorptive potential, the semiclassical theory is especially 
useful to learn more about the interior part of the interaction 
potential. 

The plan of this paper is as follows : In the second 
section, we review briefly the semiclassical method [9] to calcu
late the S matrix of potential scattering. We discuss the general 
properties of this semiclassical S matrix, which is expressed 
explicitly in terms of classical action integrals. In sectlo". 
3, we analyze various optical potentials, such as {1) the weak 
absorptive potential studied by McVoy [11] , (2) the Gobbi 

potential [4] which fits O -O data, and (3) the surface transpa-
40 rent potential oi McVoy [11], and (4) the a-Ca potential used 

by Michel and Vanderpoorten [ 121 • 
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II. THE SEMICLASSICAL METHOD OF POTENTIAL SCATTERING 

The semiclassical method of solving the three turning-
point problem has been extended to study optical potentials [9]. 
The real potential energy surface in heavy ion scattering looks 
like Fig,I, For a real potential and the energy E below the 
potential barrier, there are three real turning points, r%, r 2 

and r, , where (r 3,r 2) and fri,«) define the classically allowed 
regions. At energies above the potential barrier, the two 
turning points around the barrier r 2 and ri become complex conju
gate of each other. All the turning points move to the complex r 
plane for complex potentials. In Fig.2, we present the locations 
of the turning points for each partial wave. In general there 
may exist several other trajectories of turning points in the 
complex r plane. However in practice, only those which lie near 
to the real axis are of physical importance. In what follows 
we will discuss only the three turning 

point problem. In the next paper [ 13) we will generalize the 
method to treat problems where we have more than three turning 
points . Scattering by a surface transparent potential is one 
example of this. 

The scattering of a wave can be visualized as follows : 
First the incident wave can be partly reflected from the external 
turning point ri. This reflected wave (called the barrier wave) 
picks up a phase shift 25i and is modified somewhat by the barrier 
penetration effect. Here the phase shift 
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'E) = / [ M l E - V t ( r ' - V 6 ( r ) - V H ( r 1 ] 1 

/ [j7 (E-Vt(r)-Ve(r>] dr (1) 

is the usual JWKB phase shift for the nuclear potential V N« In 

ELJ.(I) U, v^, V c, V M, r are the reduced mass, centrifugal 

potential. Coulomb potential, nuclear potential and coulomb 

turning point respectively. Another process is that the incident 

wave penetrates into the potential pocket and reemerges. 

7his wave (called the internal wave) picks up an extra phase 

shift of 2S 2i+2S 32 and is modified "greatly" by multiple reflec

tions in the potential pocket. Here S2i and S 3 2 are the classical 

action integrals between the turning points Cr2,rj) and (r 3,r 2) 

respectively, 

11/2 
S 2iU,E) = / l^i (E-V(rJÏ dr (2aj r & < E- v < r"] 1 

S 3 a U , E ) o / 2H (E-V(r)J dr C2b) 

with V(r) = V t(r)+V c(r)+V N(rJ. 

To evaluate the action integrals, we choose the branch cuts 

according to Ref.9. 

The total S matrix n of the scattering process can 

therefore be expressed as a sum of the barrier wave and the 

internal wave S matrices, 



e 2 1 i ' 
N(iE) 

n 1 = e 2 " ' e21Sj, e 2 1 S i 2 

N(iE) N(1E) gHsTT 
N(ie) 

(3c) 

The n can also be rewritten in a compact form as 

„SC .216, 1 t N(lE)e* (3d) 

The quantities N(ie) and N(ie) are called the barrier penetration 
factors and are given by. 

M(U) = m " ̂ f +ie *» 6'e 

N U E ) = /2ir - -2f - 1 E In E/e 

where e is related to the barrier action integral by 

Ne observe that the internal wave S-matrix is factorized 
into two parts, r\ and h, where 

J 
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N(ie) N(ie) 

h U ' E > i s T T < 7 ) 

1 + 2 
h'îieî 

The interpretation of Eqs. 16) and (7) is clear : e
2 l * s 3 ? + s 2 i > / N 

is the S matrix for a semiclasslcal particle which travels once 
inside the potential well and reemerges through the barrier. 
The factor h(4,E) expresses the multiple reflections of the wave 
within the potential pocket. In Appendix A, we will discuss the 
general properties of the barrier penetration factor N(ie). 

In arriving at the above formula, we assumed that the 
turning point rs is far from the turning points r; and rj. We 
used the linear comparison function for the region around r 3 

and the quadratic comparison function for the external region 
which contains (r?«ri). 

This method has been studied extensively in atomic and 
molecular physics [7| and applied successfully in heavy ion 
optical potentials [ 9]. Semiclassical calculations of S matrix 
and angular distribv.tions are indistinguishable from the results 
given by quantum mechanical calculations in many cases [9]. The 
virtue of the semiclassical method lies in that it offers a clear 
way of understanding several interesting properties of the S 
matrix. We list them below. 



10. 

II.1. The barrier wave S matrix 

For a real potential, when the energy (cm.) of the 

system is equal to the barrier height, the barrier wave S matrix 

n Is 2 ' . A weakly absorptive potential does not change the 

barrier wave very much, because the barrier is far outside the 

nuclear absorptive potential. Near to the grazing angular momen

tum Lo# the amplitude of the barrier wave S matrix can be well 

approximated by [ 14] 

1 (8) 
-U-L.J/A 

where the width A is estimated by the barrier penetration effect. 

Û s i - J* a + Jssa, 
2v ¥ a LS 

(9) 

Here R, a, k and n are the barrier radius, nuclear potential 

di£fuseness,wave number and the Sommerfeld parameter respectively. 

In the case of weak to medium absorption the width of the barrier 

wave S matrix is essentially due to the real potential. On the 

other hand, in the strong absorption limit and/or at high energy, 

the width A of the barrier wave is essentially determined by the 

the imaginary part of the potential 115]. In this case 

V R ) 1/2 A * k a (l - -2 )*•'* (10) 
E 

where a is related to the diffuseness of the imaginary potential. 

V (R) is the Coulomb potential evaluated at the most external 



turning point for grazing angular momentum. Notice that in this 
case A may depend on energy. 

In Pig.3, we present an example of the barrier wave S 
matrix for the case of medium absorption. For low partial waves, 
the waves transmitted into the potential well dominate, while 
for high partial waves, the barrier is high and the incident 
wave is reflected completely. As we will see in section 3, the 
width of the barrier wave S matrix can be explained by Eq.{8>. 
The barrier penetration factor N(ie) has an important effect on 
the barrier wave | 91. 

II.2. The internal wave S matrix 

If the imaginary part of the potential is weak, a pertur
bation expansion implies that the amplitude of the internal 
wave S matrix decreases exponentially with the strength of the 
imaginary potential, W(rJ, 

-£/w(r«:))at 
|nxl = e 

s;'""' un 

For a deep real potential, the transit time j . for various partial 
waves is about equal and we expect that the amplitude of the 
internal wave E matrix is almost constant. For a shallow real 
potential, the cransit time for surface partial waves is consi
derably shorter than that for low partial waves. The amplitude of 
the internal wave S matrix will thus peak around the surface partial 
waves. In Fig.4, the internal wave S matrices of shallow and deep 
real potentials with absorption of medium strength are plotted fcr 
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comparison. For the case of weak absorption and of a surface 
transparent potential, the internal wave S matrix has more 
distinctive structure. This will be studied in section 3. 

II.3. The characteristics of resonances 

Potential resonances are usually defined as the poles 
of the S(î,E) matrix. This is equivalent to the outgoing wave 
only boundary condition, which can be satisfied only when energy 
or angular momentum is complex. 

For a real potential and a fixed angular momentum, the 
resonance poles of the S matrix are in the 4th quadrant of the complex 
E plane. The phase shift of the isolated resonance/ 6, will 
change by ir as the energy crosses the resonance. The rate of change 
of the phase shift determines the width of the resonance [16], 

T = -rsr— <*• - real) (12) 
<->E 
CLE E o 

For a fixed real positive energy, the pole'; of the S matrix are 
in che first quadrant of the complex I plane. These are Regge 
poles [17]. The phase shift 6 for an isolated resonance can be 
expressed as 

6U,E) - So - tan - i - ^ (E > 0) (13) 

a I where a_ + i —=• is the Regge pole of the S matrix. The Rcgge 
K 2 

pole has interesting feature which can be related to the 
deflection function P, 



ec_> - 2 ai 

= - — (14) 

°I 

Hence r a narrow Regge resonance at real integer angular mcntentum 

implies a large negative deflection angle, i.e. an orbitting or 

a long angular life [11,18J. 

For a complex potential» the resonance position is usually 

shifted and even more important, the width (T, or a x) of the 

resonance increases with the strength of the imaginary part of 

the potential. When the width of the resonance .J.s small, the 

above methods employed to analyze the resonance are equivalent. 

On the otherhand, when the widths of the resonances aïs large, 

many resonances overlap. The question then becomes, in which 

way we should analyze the potential in the case of overlapping • 

resonances. A semiclassical analysis could provide a clue. 

From Eq.(3d) the poles of the semiclassical S matrix 

are given by 

(15) 

This is a well known procedure used for searching for the Regge 

poles [7]. Similarly, one can use Eq.(15} to search for the poles 

in the complex E plane for the case of integer angular momentum. 

For E •> 0 and real &, there is no solution of Eq,(15). 

However when 

(16) 

J 



is satisfied, the enhancement factor becomes 

hU,E) = i (17) 
1 - e~2JaS*1/\KUc.)\ 

and could be large. In Eq. {16] ,*? is the phase of the barrier 
penetration factor N(ie). 

As will be shown in Appendix A, the phase factor i N is 
usually small and |N(ie)| is nearly 1. Hence, when 
ImSjz is small, or eguivalently, when the absorption is weak, 
hU,E) in Eq. (17) is large. 

We observed that the modified Bohr-Sommerfeld quanti
zation condition (Eq,(l6)) could enhance the internal wave. 
T'.iis is equivalent to saying that we are near to a pole of 
the S matrix. In Appendix B r we show that the enhancement factor 
at resonance is related to the Wigner delay time T D and the 
transit time T t by 

hU,E> = 1 + -£ •- (18) 

Therefore the enhancement of the internal wave is simply due to 
the time delay of the particle in the potential pocket. Assuming 
that the width of an "important" resonance is smaller than the spacing 
between the resonances. Miller [7] has found that T Q is bigger 
than 1.36 T t < This is equivalent to h(i,E) > 1.18. 

For a medium or strong absorptive potential, the waves 
which undergo multiple reflections within the potential pocket 
are almost completely absorbed and the enhancement factor in 



this case is always 1. However this does not mean that the 

Internal wave is negligible 1 9, see next section)- In the case 

of .aedium or strong absorption, the semiclassical S matri.v *ïan 

be expressed as 

DP ft. -2ii5i =2i6 t ,,„__ 2iS 3 2 

N N 

e2iSi 2 ± s 2iS 3 2 

£ (1 + e 2 1 S 2 1 S ) 

Here we used h=l explicitly. 

The barrier wave and the internal wave interfere destruc

tively when 

Be S 3 2 + Re s 2i - - ¥ > « - (n + -)n (20) 
2 N 2 

is satisfied. This interference condition is an alternative 

indication of a resonance. For a real potential, the action 

integral S 21 is purely imaginary. This is because when the energy 

is below the barrier, the wave number is purely imaginary, while 

if the energy is abrve the barrier, the turning points r 2 and 

rj are complex conjugate of each other. The condition (20) is 

then exactly identical to the resonance condition in Eq.(16). 

For a complex potential. Re S-zi is still small, because the 

turning points ri and r 2 are in the tail region of the nuclear 

potential. The interference condition is actually describing 

the zeros of the S matrix. For a real potential, the zeros and 

poles are complex conjugate of each other in the complex n or E 

planes. The poles and zeros contribute equally to the phase shift. 
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For a complex potential, the poles of the S matrix are pushed 
away from the real axis, whereas the zeros of the S matrix are 
found nearer to the real axis (IS]. The zeros of the S matrix 
are thus a natural indication of potential resonances. Therefore 
the interference of the barrier and internal waves offers us 
an alternative picture to the analysis of important features 
of heavy ion optical potentials. In the next section, we will 
use the resonance conditions, Eqs. (16) and (20), to analyze 
heavy ion optical potentials. 

Before closing this section, we would like to emphasize 
again that the poles of the S matrix are due to the multiple 
reflections of the internal wave within the potential pocket, 
while the zeros of the S matrix come from the interference 
between the barrier and the internal waves. 
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III. ANALYSIS OF OPTICAL POTENTIALS 

Results of numerical calculations are reported in this 
section. The first example is 0- 0 scattering by a weakly 
absorptive potential, which was studied by McVoy { 111 . In this 
case the multiple reflection inside the potential well is impor
tant and enhances the backward angle cross section. The second 
example is 0- 0 scattering by a stronger absorptive potential 
f4]- This potential fiLs the experimental data. In this case the 
multiple-reflectio.-i is not important but the internal wave is 
still important. The resonances show up in the destructive 
interference between the barrier and the internal waves. In 
contrast to the previous cases, we study then the 0-"1 0 scatte
ring by a surface transparent potential studied by McVoy [ll]. 
The internal wave S matrix sharply peaks at the surface partial 
waves. This resembles the Regge pole term in the parametric S matrix. 
The surface peaking has, however, nothing to do with a resonance, 

but is only due to strong absorption of small partial waves. 
40 The last example concerns a-scattering by Ca. The anomalous 

large angle scattering (ALAS) is due to a strong real potential 
with a moderate absorption. Several surface partial waves contri
bute coherently to cause a strong backward angle cross section. 
The oscillation in the excitation function at 180° is due to the 
interference between the barrier and the internal waves. 



The oj'tical potential is represented by a 4-parameter 
Saxon-Woods potential with-parameter sets given in the first 
row of Table L. Though the real potential is rather shallow* 
it gives a potential pocket for partial waves less than 4 = 
20. Fig.5 shows the S matrices as functions of the angular momen
tum. The quantization condition Eq. (16) is nearly satisfied at 
the angular momenta 1, 4, 7, 10, 13. The difference between n z 

and ni clearly shows that multiple-reflection is very important 
at these partial waves. The total S matrix shows minima corres
pondingly. The unsymmmetrized cross section is shown in Fig.6. 
The cross section at the backward angle is dominated by the 
internal wave and is enhanced strongly by the effect of multiple-
reflection. We have also calculated a cross section by replacing 
nI b v ni * T n i s l e d to a much smaller internal wave cross 
section by about factor 40 at the backward angles. Fig.7 shows 
the deflection functions defined by , 

9(1) =• 2 — Re 6 S C (21) 
dî. 

We observe that an orbiting does happen at L * 10.6h. One may 
probably conclude that the angular distribution at the backward 
angle is due to this orbiting. To examine this we define a partial 
wave decomposition, 

L 
F(6 î L) = 2 ^ (2Î+1) nI(Jt)PJL(cos0) (22) 

1=0 

Fig.8a shows F(8,L) at 9=178°. The dominant contribution comes 
indeed from the partial wave & = 10. 



III.2. 1 6 o - O scattering tb) moderately absorptive potential 

Gobbi et al. [4] used a stronger absorption to fit the 

experimental data. The parameters of this potential are listed 

in the second row of Table 1. For this potential the modulus of 

the internal wave S matrix does not show any oscillation [see 

lower figure of Fig.5]. The effect of multiple-reflection is 

small and shows up in the cross section only at backward angles. 

The interference between the barrier and the internal waves 

is important at intermediate angles. This interference is 

the indicator of the resonances [l]. 

III.3. 0- 0 scattering (c) surface transparent potential 

The trajectories of the turning point calculated by a 

surface transparent potential are presented in Fig.9. The 

parameters of the potential are given in the third row of Table 

This potential is typical in having an extremely strong absorp

tion in the internal region. This changes very much the trajec 

tories of the internal waves, and actually led to three internal 

turning points, series 3, 4 and 5. When the absorption is very 

weak there exists a trajectory 3', which describes a reflection 

of waves due to the inner barrier made by the real potential. 

There exist trajectories 4' and 5* in the vicinity of the poles 

of the imaginary potential. The third trajectory in Fig.9 is 

probably an evolution partly of the trajectory 3' and partly of 

4*. A study of how the trajectories -évolue with the strength 

o£ the imaginary potential W 0 can be found in Ref. 10. Only the 



3rd trajectory is important, because it is nearer to the real 
axis and further outside of the strong absorption region. The 
wave, which penetrates beyond the 3rd turning point, will be 
absorbed completely. We thus ignore the 4th and the 5th trajectories. 

The S-matrices are given in Fig.10, which shows that 
the internal w?' e S-matrix sharply peaks at the surface partial 
waves. Notice that the plot is on a semi-logarithmic scale. This 
surface peaking of the internal wave S-matrix reminds us of a 
Regge pole S-matrix. McVoy has studied this system with the 
Regge pole parametri2ation. We compare in Pig.11 the internal 
wave S-matrix with McVoy's Regge pole term [ll] , which is parame
trized as 

-£i*l (23) 
t - L P - irU>/2 

with B U ) = 1/U+e"101
 a~<*-W/A] 

D U ) = D / t l + e U _ L , / A I 

and T U ) = r / [ l + e U - L , / A ] 

We see that they indeed resemble each other. The two matrices 
differ in their magnitude, but their phases are quite similar. 
Furthermore the cross sections calculated with these matrices 
are almost the same at the backward angles This can be seen 
in Fig.12, where the semiclassical differential cross sections 
together with the quantum mechanical cross section are presented. 
The interference between the barrier and the internal waves, 
which gives rise to local minima in the S-matrix, is most 
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important at the intermediate angles, where the two cross 
sections are almost equal in magnitude. The backward angle 
cross section is given almost completely by the internal 
waves. Partial wave decomposition at the backward angle shows 
that none of the special partial waves, such as resonance 
partial waves, dominate the cross section (see Fig.8b). Thus 
the Regge pole S-matrix in this case serves to mock up the 
surface transparency of the potential. 

obbi et al. [4] has proposed another type of surface 
transparent potential to fit 0- 0 scattering data. The 
imaginary part of this potential has much shorter range than 
that of the real potential and has much smaller diffuseness. 
The internal waves can also be reflected by the surface of 
the imaginary potential. This introduces additional trajecto
ries of turning point. We have then five trajectories as in 
Pig.9. Contrary to McVoy's potential, however, Gobbi's surface 
transparent potential has relatively weak absorption. There
fore we have tc take into account both of the reflection pro-
cesses of the internal waves, i.e. reflection by the surface 
of the imaginary potential and reflection due to the inner 
barrier made by the real potential. An extension of the three 
turning point semiclassical formula to 4 or 5 turning point 
problem is thus needed and will be treated in a succeeding 
paper ' 13] , where we will show that the modulus of the internal 
wave S-matrix shows a distinctive oscillation as a function of 
the angular momentum. This is due to the interference between 
two different reflection processes of the internal waves. This 
potential is, however, transparent not only for surface partial 
waves but for all partial waves. 
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III.4. a- 4 < JCa scattering 
This is the system to which the semiclassical theory has 

been applied successfully [.9| . In this paper we study the 
interaction given by Michel and Vanderpoorten [ 12] , 

which fits the experimental data quite well. The optical poten
tial is represented by a Saxon-Moods potential raised to a power. The 
parameters are listed in the 4th row of Table l. Ref. 9 has 
shown that the ALAS is dominated by the internal waves and 
multiple-reflection is not important. To see more in detail 
the .ingredients of the ALAS, we decomposed the internal wave 
scattering amplitude into partial waves (see Fig* Sc). We 
observe that several surface partial waves contribute coherently 
to cause ALAS. This contrasts with the case studied in section 
3.1, where the strong backward angle cross section was due to 
multiple-reflection and was dominated by a single resonance 
partial wave. Coherency of the several surface partial waves 
is related to the strong real potential. This is because/ if 
the real potential is deep, the effective potential resembles that 
of a harmonic oscillator and twice the real part of Sa2 is expected 
to change by ir when angular momentum changes by one unit (see 
Eq. (4.6) in Ref. 9). On the other hand the phase shifts 5i 
and Re Sai are small for surface partial waves. Furthermore 
p (e = TJ) = e . Thus the scattering amplitudes of these 
surface partial waves are in phase. 

Though we emphasized here the importance of the phase 
relation among the partial waves, and hence the importance of 
the strong real potential/ we should also keep in mind that the 
absorption should not be too strong. The weak absorption in 
a- Ca scattering is important to explain the isotope effect 
of the ALAS. 
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Semiclassical analysis of the excitation function at 

backward angle is presented in Fig.13. The experimental data 

were taken from Ref. 12. It is seen that the oscillation is 

due to the interference between the barrier and the internal 

waves. Table 2 shows the diffuseness of the barrier wave S-matrix. 

The values estimated by £q.(9) are also given. We see that à is 

nearly constant and Eq.O) gives a good estimate at intermediate 

energies. The energy dependence of the barrier and the internal 

wave cross sections may be understood as follows. The Coulomb 

barrier is around 6 HeV. Since the waves cannot penetrate the 

potential barrier when the energy is too low, the internal wave 

cross section o r should be very small. At high energy, o- starts 

to decrease again because the absorption becomes stronger. The 

energy dependence of the barrier wave cross section o_ can be 

understood in terms of a Poisson decomposition of the barrier 

scattering amplitude t201• 
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Appendix A s The properties of the barrier penetration factor 
N(ie). 

N(Z) m JlnZ/e 

(A.l) 

The region of the complex Z-plane that we are interested in is 
related to the action integral S 2i by 

s-=r < X ( r ) ) i / 2 dr 

(A.2) 

(A.3) 

and x(r> lU (E-V c(r)-V J l(r)-V N(r)) (A.4) 

We will divide our study into two cases. 

<1) Real E > Q and real angular momentum. 
Near the barrier, the x(r) can well be represented by 

quadratic approximation, i.e. 

X(r) = x(Ro) + - <r-R„> 2 ^ * I 
2 dr 2 R, 

(A.5) 

where x*( Ro)~0. In this approximation we then have. 

*<R«> 
(2 X"(Ro)) 

V I R Q I - E = in 
1/2 tiu 

(A. 6) 

J 



where, 

h U a = ^ » 2 | V W ! 

S— J5 (Lf+kR,,) (a.7) 
I J E 2 l a 

z = i HSsizE ( A . 8 ) 

The real part of z is essentially due to the imaginary part of 
the potential and is relatively small and positive because, 
at the barrier R 0 , the strength of th<± Imaginary potential is 
small and negative. We also note that the imaginary part of Z 
changes sign as the energy crosses the barrier.The imaginary part 
of Z is also small, around the barrier regionr where 
we expect the modification of the wave due to the barrier penetra
tion factor to be most important. There ara several cases, where 
the real part of Z becomes small and negative for low partial waves. 

A strong Imaginary potential with small diffuseness provides 
such an example. 

(2) Complex angular momentum or complex energy. 

For complex angular momentum, aR+i<*i/2> i f °t * aR' 
we can use a perturbation expansion in Eq.(A..&). The most impor
tant Regge pole (n=0) is usually near the grazing angular montentum 
L 0, i.e. a R = L 0- Furthermore, the imaginary part a- must be 
sm^ll for it to be important. Hence 



1 liu 
" taR + - -

a. !sL ï . .J«- » 

- . • V F 

lA.il) 
Ï 

Lé 

made for complex energy, i.e. Re2 = -r/2nti>t where r is the 

imaginary part of the energy. In the limit of nonoverlapping 

resonances, ReZ > - 1/2. We will now study the properties of 

N(z) in the region mentioned above. 

In arriving at eq.(A.l), we have chosen the branch cut 

along the negative imaginary axis of Z plane Il3l. The function 

NiZ) is then a single valued function. 

Let z = x+iy. He have 

^ p xfcn/x^+yVe - ytan (y/x) 

|N(Z)| = 

| r ( i +x+iy)I x > a 

(A.10) 

/2TF £ X i n r t S y ' / e -y ( i t - tan - 1 -%—) 

|r<i+ x+iy) | | x | 

x < 0 

|N(x i iy) 1= [ i j — J (x=0, y > 0) ( i J 2 " / 

arg H (x+iy) = y ln[ /jr'+yVe] +x tan" s - argr (- +x+iy) 
x 2 

x > 0 

H 

J 

http://lA.il


27. 

arg H(x+iy) » y in[ / x '+yVe l+x( i r - t an _ 1 - ^ - ) - a r g r ( - +x+iy) 
1*1 2 

X < 0 (A.12) 

arg (M(x+ly)) = - arg(N(x-iy)) x > 0 (A.13) 
arg H(x-iy) = - arg N(x+iy) + 2x.ir x < 0 (A.14) 

With Stirling's formula, we have 

+ -i-
N(Z) 1- e 2 i Z |argz| < it (A.16) 

| Z | ~ 

Egs. (A. 11) and (A.16) indicate that at an energy far below 
the potential barrier, the barrier penetration factor N(Z) is 
essentially l. At an energy far above the top of the 
barrierr the factor N[ie) is 

i; 21 Re s,, ( R e S i i < 0 ) 

N(i E) = \ (A.17) 
(Be S21 > 0) 

In Fig. (Al) , |N(Z)| and argN(z) are plotted as functions of 
y for various values of x * 0. In Fig.(A2), similar quantities 
« e plotted for (x < 0, y > 0) . |N(Z)| deviates from 1 only 
near the barrier region, where y = 0. For y < 0, the curve 
follows the symmetry property of N(Z) (Eq.A.14). 

The factor N(ic), which is given by Eq.(4b), is important 
to rlefine the zeros of the S matrix. We can always calculate 
N(ie) from N(ie) by using the following identity 

N(iE) N(i€) = 1 + e" 2" E (A.18) 



Appendix B : Relation of the enhancement factor to the 
Wigner delay time. 

The enhancement factor h, defined by Eq. (?) , is a measure 
of the multiple reflections of a resonance. It is natural to 
relate it to the time delay of the scattering due to the potential 
pocket. First let us .1.00k at the classical expression for the 
transit time. The transit time between two points a and b is 
related to the energy derivative of the action integral by 

fb îfjb.2 f 
dE h i 

dt 

= -&• (B.i) 
ti 

We note that 2 S ^ is just the phase shift for the semiclassical 
particle traveling from a to b and back. It is also clear that 
the width of a resonance is naturally related to the energy 
derivative of phase shift [Eq.(12)J. The Wigner delay time of 
the scattering process is defined as the energy derivative 
of the internal wave phase shift 6 r , 

T n = 2h <^A (B.2) (!H 
At resonance, 
resonance. The Wigner delay time is useful to characterizo 
resonances in scattering process. To simplify our discussion, 
we will study the JWKB phase shift for a real potential [ 7] . 

J 
Jh 



The JWKB internal wave phase shift can be written as 

IB.3) 

«.(E) = 'itS ' ! (B.4> 
(l+e- 2 l r f - l / 2 * i 

with E = 
IT 

is related to the transit time between the turning points r 3 

and r 2 , T = T32, by 

_*_t 

The enhancement factor for a real potential at resonance can 
then be expressed as 

(B.5) 

Thus an enhancement factor larger than 1 is essentially due to 
the time delay of the potential resonance. The above result will 
also hold for absorptive potentials. In this latter case, the 
damping of the enhancement factor is due essentially to the 
absorption of the wave in the potential pocket. 

n m* it 
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Parameters of the optical potentials 
The optical potential is represented by 

/ E=5 y / r-*wY 
\l + c a v J ^ + eVÇj 

~V 

sys t em E l a b ( M e V ) Vo (MeV) R(fm) a(fm) V W» (MeV) V f m ) aw<fi"> v w 

1 6 0 - 1 6 0 3 2 . 0 l 1 7 . 0 6 . 8 0 0 . 4 9 1.0 0 . 5 6 . 8 0 0 . 4 9 1.0 
1 6 0 - 1 6 0 3 2 . 0 1 7 . 0 6 .80 0 .49 1.0 2 . 0 6 .80 0 . 4 9 1.0 

1 6 o - 1 6 o 5 6 . 0 1 7 . 0 6 .80 0 .49 1.0 3 4 . 8 8 4 . 1 7 0 . 8 0 5 1.0 

a - 4 ° C a 
E* 2 8 7 . 9 4 . 8 6 8 0 .558 2 . 6 5 3 2 9 . 9 1 

3 .853 
4-0.035EJ 0 .558 2 . 6 5 3 

1 6 0 - « o 3 9 . 8 6 1 7 . 3 6 .80 0 .49 1.0 3 . 7 1 6 .80 0 . 4 9 1.0 

L_ J 



Table 2 Dlffuseness of the barrier wave S-matrix 
The diffuseness A is estimated by : 

L, - L, L, - L, 
4.4 and/or "1/2 

2.2 
where TIB<I»2' " ° - 9 ' "B' 1 1! 1 = ° - 1 a n a "B ( LI/2' = ° - 5 -

The values of A given by Eg. (9) are also given for comparison. 

E l a b . ( M e V ) L2 Ll/2 Ll 4a *b A(Eg.(9>> 

15.0 9.0 7.6 4.9 0.932 0.636 0.755 

22.0 11.6 10.4 B.5 0.727 0.636 0.630 

29.0 13.9 12.6 10.9 0.682 0.591 0.623 

40.7 17.0 15.3 13.7 0.750 0.773 0.554 

49.S 18.7 17.2 15.6 0.705 0.682 0.542 

>jrt-<) 



Figure Captions 

Fig.i The real part of an a- Ca effective potential 
V(r) « VN(r)+vcfr)+VJL(r) with £=15. The nuclear 
potential v--(r) is of Hoods-Saxon type with parameters 
V 0=183.7 MeV,Wo=*l6.6 MeV, R0=4.925 fni/ a-0.564 fm. 
The r i t r 2 and ri are turning points for the real poten
tial only. 

Pig.2 Solid curves show the trajectories of the turning 
points rj, rj and ri for the a- Ca nuclear potential 
(see figure caption of Fig.l). The dashed curves show 
the trajectories for the real potential only. Numbers 
indicate angular momentum values. 

Pig. 3 The dashed line indicates the effect of the barrier pene
tration factor in the barrier wave S matrix. The 
optical potential is the same as in Fig.l. 

Fig.4 The amplitude of internal wave S matrices for various 
optical potentials are plotted for comparison. Strengths 
of real and imaginary potentials are given in MeV in 
the brackets. The form factors of the potential are 
given in Table 1. 

Pig.5 The amplitudes of semiclassical S matrices for 0- 0 
scattering at ECM=*16 MeV are compared for weak absorp
tion (Wo-0.5 MeV) and medium absorption (W0=2 MeV). 



The parameters of the two potentials are given in the 
first and the second rows of Table 1 respectively. In 
the figure, |nBl» ] n°^\, | n x I and |n S C| are the 
amplitudes of the barrier wave, the internal wave without 
multiple reflection, internal wave with multiple 
reflection and the total semiclassical s matrices 
respectively. 

Fig,6 The unsymmetrized semiclassical cross section (thick 
solid line) of 1 6 0 - 1 6 o scattering at B c m=l6 MeV with 
weak absorption are decomposed into the internal wave 
cross section (dashed line) o 3/o R and barrier wave 
cross section (thin solid line) 0 B/o R. The parameter 
set of the potential used in this calculation is 
listed in the first row of Table 1. 

Fig. 7 The semiclasâical deflection function of a v.^akly absorp
tive potential is shown. The dashed line is the Coulomb 
deflection function, the dot-dashed line is the 
deflection function of the nuclear potential, and the full 
line is the total deflection function. 

Fig.8 The partial wave decomposition F<8,L), defined in Eq. 
(22), of various optical potentlair is plotted for 
(a) 0 - 0 scattering with weak absorptive potential, 
(b) the same system with a surface transparent potential, 

40 and (c) a- Ca scattering. The parameter sets of 
the optical potentials are listed in the first row, 
the third row and the fourth row of Table l respectively. 

J 



Fig.9 The turning points of the surface transparent potential 
of 0- 0 scattering are plotted. The potential 
parameters are listed in the brackets as (r 0, V 0 t a 0; 
and (r , w 0, a ) . The number beside the turning point 
indicates the partial wave number. The xV and xW 
represent the pole positions of real and imaginary 
potentials respectively. 

Fig.10 The semiclassical S matrices of the surface transparent 
potential are compared with that of quantum mechanical 
calculations on a semi-log scale. The internal wave S 
matrix |n T| is sharply surface peaked. The parameter 
set of the potential is the same as that in Fig.9. 

Fig.11 The internal wave S matrix of the surface transparent 
potential is compared with the Regge pole term of 
McVoy's S matrix parametrization 111]. The parameters 
for the Regge pole term are r=7.02, D=3.54, L 0=l8.1, 
L=l8.1, A=1.62 and «=0.526 for E c M =28 MeV. The |nI 
and <£ are the amplitude and the phase of the S matrix 
respectively. 

Fig.12 

(cf. Figs.9. 10) are compared with that of quantum 
mechanical calculations. 

Fig.13 The oscillation of the excitation function (full line) 
40 at 179 of a- Ca scattering is shown as due to the 

interference between the barrier (dashed line) and 
the internal (dot-dashed line) wave cross sections. 

•• •^•,-f 



r 
The potential parameters used in this calculation are 
listed in the 4th row of Table 1 The data points 

were taken from Ref.12. The Rutherford cross 
section (thin line) at 180° is plotted for comparison. 

Fig.Al Values of |N(ie)| and argN(ie) for various values of 
x = -Ime > 0. 

Fig.A2 The same as Pig.Al but for x = -Imc < 0. 

J 
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