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СТАЦИОНАРНЫЕ ДВУХПЕРЕНЕННЫЕ ВИХРЕВЫЕ

ГРАВИТАЦИОННЫЕ ПОЛЯ

I. НЕКОТОРЫЕ РЕЛЯТИВИСТСКИЕ ПРИНЕРЫ

А.Коплель

Р е з ю м е

На основе строгого анализа нерелятивистского предела
релятивистской теории гравитации /1-3/ изучены некоторые
свойства стационарных двухпеременных решений уравнений
Эйнштейна. Для этого случая разработан конкретный метод
определения т.н. вихревых гравитационных полей, описывае-
мых т.н. вихревыми решениями, которые переходят в нереля-
тивистском' пределе е—*• во в оешения неньютонова типа.
Выведены основные формулы для таких полей и дана общая
схема для их вычисления. Показано, что при определенных
условиях точные стационарные решения типа Папапетру ва-
куумных релятивистских уравнений /б/ являются вихревыми.
Этим, во-первых, доказано существование конкретных точных
вихревых решений уравнений Эйнштейна и, во-вторых, указа-
на новая возможность физической интерпретации класса реше-
ний Папапетру. При этом показано, что нерелятивистский
предел этого класса решений сильно зависит от структуры
параметров решений (при определенных условиях эти решения
могут иметь и ньютонов предел). Выведены "мультипольные"
и "однопеременные" частные решения класса Папапетру как
конкретные примеры вихревых решений. Показано, что в слу-
чае определенной структуры параметров известное НУТ реше-
ние, /7/", как принадлежащее к классу Папапетру, является
также вихревым решением.
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STATIONARY TWO-VARIABLE GRAVITATIONAL

VORTEX FIELDS

I. SOME RELATiyiSTIC EXAMPLES

А. К о p p e 1

0. Introduction

A new point of view in studying the non-relativistic

limit of the Einstein theory of gravitation has been pro-

posed by Keres /1-3/. In his works it was established that

there exist, in principle, two kinds of solutions of the

Einstein field equations: those satisfying the field

equations of the Newtonian theory of gravitation in the

non-relativistic limit ( c — # o o ) , and those, for which

this- condition is not fulfilled. Taking into account the

main properties of these two kinds of fields the first

were called irrotational gravitational fields and the lat-

ter rotational or vortex ones. The fundamental equations

of non-relativistic vortex fields, different from the

equations of the Newtonian gravitational fields, have been

derived /2/, and an example of a non-relativistic vortex

field with a point singularity has been presented /3/.

We know many exact solutions of relativistic equations

of gravitational field which have the Newtonian limit.

These are the Schwarzschild solution for a point mass, the

Kerr solution /4/, the Weyl type static solutions, the

non-relativistic limit of which for some special cases

having been studied also by Keres' method /5/, etc. And

still, there is ло concrete relativistic vortex solution

of the Einstein equations known as yet.
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in this paper, a method of determing gravitational

vortex fields in the stationary two-variable case is given

and, using that method, some exact relativistic solutions

of the Einstein equations with the non-Newtonian limit,

|< are demonstrated. These particular examples prove the fact
F
% that the set of exact vortex relativistic solutions is not
•I

| empty.

I In Sec. I we derive the basic formulae for the sta-

': tionary two-variable gravitational vortex fields and give

I a general scheme for the evaluating of these fields. In

I Sec. 2 we demonstrate that, on certain assumptions, the

i; exact stationary axially symmetric empty space solutions

| of the Papapetrou class /6/ are the vortex ones. We can

jb see that the physical interpretation of this class depends

essentially upon the structure of the solution parameters

and that there exist various kinds of interpretations of

any certain solution. In Sec. 3 and 4 respectively, we

construct the so-called multipole and "one-variable"

particular solutions of the Papapetrou class, as examples

of vortex solutions. In Sec. 5 we show that with a certain

structure of its parameters the NUT solution /7/, as one

of the Papapetrou class, is a vortex solution as well. In

Sec. 6 we consider the asymptotic behaviour of particular

solutions treated in the present paper and summarize

briefly the known interpretations of these solutions. We

supplement the knowledge pf the subject with the character-

ization of non-relativistic limit. The analysis of the

above-mentioned solutions from the viewpoint of their non-

-relativistic limit will be continued in the next paper,

| i.e. in part II of the present investigation of stationary

I two-variable gravitational vortex fields.

#

I
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I. Basic formulae for stationary two-

variable gravitational vortex fields

Basing on H.Keres
1
 works /1-4/, we have developed a

method for finding the non-relativistic limit of the sta-

tionary relativistic gravitational field described by two-

variable metric form /8/. With the help of the formulae

derived there, it is possible to analyse a wide class of

solutions of the Einstein equations. In what follows, we

shall summarize the essentialities of the method and

demonstrate its application especially for determining

stationary two-variable gravitational vortex fields.

The two-variable stationary metric form can always

be reduced to the so-called 0^3-form '

(I.I)

where, as usual,

гвг-
A - e c> (i.2)

о/,д and 3 are functions of У* and y * , and

The coordinate S° has been taken as timelike.

One can note that it is useful for many concrete
problems

The capitalized indices from the beginning and from
the middle of the Latin alphabet take the. values 0, 3
and I, 2, respectively. The small Latin arid Greek i
indices take the values I, 2, 3 and 0, I, 2, 3, res- ,''
pectively. The suffix after the comma denotes the
ordinary differentiation with respect to the corres-
ponding coordinate. We adopt the traditional summation '
convention for each kind of above-mentioned coordinate
or tensor indices.
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L

to overgo from the isotropic coordinates -X fixed by

(I.I)-(I.2) to the more general X determined by

where iEf and л respectively, are functions of s\ and

д alone. In special cases when /F = 1, X
1
 and л coin-

cide, and when f= I, х
г
 and л coincide. In the new

coordinates we have

(F)
l
J •

Throughout this paper, the basic formulae are given in the

coordinates J
l
 . But it is always possible to rewrite

, when we take

account of the following connections between the differ-

ential operators:

We must admit that to find a non-relativistic anal-

ogue to any particular relativistic solution with the

help of the strict method given by Keres, appears to be a

mathematically very complicated task. Therefore, even in

the case of the solutions of kind (I.I), we had to make

some restricting assumptions. The situation has an analogy

with the problem of solving the Einstein equations: if the

case under investigation is not sufficiently specialized,

it is impossible to find any exact solution. But as it is

useful to know the exact solutions of the Einstein

equations, it is obviously advantageous to know the

specific ways of finding non-relativistic analogues of

known relativistic solutions.
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The method developed in /8/ is based on two assump-

tions. Firstly, it is supposed that the coordinate trans-

formations, by the help of which <*J3 -form (I.I) overgoes

to the so-called

f= - (f- $**/<#A Z $<J/cft + fo ctfdxl*, (1.7)

are the following:

Secondly, we require that the C^-form (1.7) obtained

by these transformations, should be at the same time the

so-called G-form, i.e. there exist the finite limit values

and

fe6//0 (i.

The first assumption is equivalent to a requirement that

the obtained CfY-foxm should also be at most a two-

variable one. It is possible that all the stationary two

variable <tf/3-forms are not transformable to the two-

variable ctf-form, but a certain subset of such forms

surely exists. Below some concrete examples will be pre-

sented, that lend support to this statement. The examples

demonstrate also that in many cases, at least by a suit-

able previous coordinate transformation, the satisfying

of the second assumption may be guaranteed as well.

To fulfil the above-mentioned requirements, the

coefficients of metric form (I.I) must have the following

structure:
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t

where the velocity of light С is no longer included in

the quantities labelled by the tilde. Note once more that

in many cases, for fulfilling conditions (I.II)-(I.I4), it

is possible to use such suitable previous coordinate trans-

formations which preserve the principal form of (I.I).

After overgoing to the limit С -*• OO the non-relativ-

istic gravitational field is described by the following ч

singular metric form:

In the present case of a non-relativistic limit, the

quantities "&
s
 and nf

fp
 are functions of the coordinates

X* and X
х
 . At that

й
- - , (1.17)

fit
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*** Т
For t£ and 1TZ we get

from where the condition of integrability of д gives

an equation for ^ - ̂ ^(x
1
 У

г
) . One can note that when,

according to (1.4), in the metric form (I.I) instead of

the coordinate J(
1
 , X , or instead of j

z
 , X is

used, then, in the limit form (I.15), too, ̂ nstead cf J(
4

stands X i
 an<a

 instead of X* stands* M , and

In this case, analogically to conditions (1.6) the opera-

tors fgz, or -S? , used in the following formulae,

will be^replaced by the operators for the limit coordi-

nates X or X •

For the non-relativistic gravitational field the

3-space with the metric tensor f̂V, is the Euclidean one.

In the case under consideration there are two possi-

bilities .If

) t
v
 (1.25)

then
• • ' -

В* +• &,лг
=
0 j (1.26)

and we may interpret the coordinates J?* as the general

orthogonal cylindrical ones. The non-relativistic limit

field is actually determined by two-dimensional plane

task. If '

1
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then

and we may interpret the coordinates У as the ortho-

gonal axially symmetric ones ( X
3
 is the azimuthal va-

riable) . The non-relativistic limit field is axially sym-

metrical or, in a particular case, centrally symmetrical.

As demonstrated '8/, in the general stationary two-

variable case, the non-relativistic gravitational field

is characterized by two scalar functions (potentials). One

of them satisfies the Pcisson equation and the other the

Laplace one in the 3-space with the metric tensor Xv :

is the Newtonian gravitational constant and <p,

the density of mast*. The potentials <£> and 4^" are

connected with the above-mentioned quantities гО- and IK

entering into the non-relativistic metric form:

( l e 3 3 )

It is important to note that in the case under consider-

ation equations (I.25)-(I.26) or (I.27)-(I.29) as. well as

equations (1.30)-(I 31) are the strict non-relativistic

limit equations of the Kinstein relativistic field

equations.

Now we shall write down the equations of freely

falling particles for the non-relativistic limit case con-
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cerned here. We proceed from the general form of these

equations /9/:

where

~ ~ (1.33)

As in our case of stationary two-variable gravitational
*** *** s*

field hold the following conditions: &ч.~ &/,- О and

then the equations of freely falling particles become

( I
.

3 M

or, taking account of (1.32)-{1.33),

The quantities Q̂ . are the components of the acceleration

of a particle with the unit mass in the Euclidean 3-space

with the metric tensor £< . This acceleration is caused

by nonrelativistic gravitational forces which are described

- -• : V .
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by the right sides of equations (1.39) or (1.40). Tn this

way, evaluating the quantities i&
L
 and ^^ (or the deriv-

atives of <t> and V
х
 ) in the limit case, the field of

non-relativistic gravitational forces can always be put

into correspondence with the relativistic solution regarded.

The metric form (I.15) of the non-relativistic gravi-

tational field is an invariant for the transformations

By means of these transformations we may always overgo to

the Cartesian coordinates u* as well. For rigid 3-space,

when &
к
 does not depend on time, as in our case, we have

By the above-mentioned coordinate transformations the

i equations of freely falling particles (1.40) transform, ,

' but, as shown in the general theory of gravitational vortex

^ fields /2, 3/, in case the second derivatives of the po-

tential У with respect to the Cartesian coordinates u
K

do not vanish, i.e. if

%? * 0 j (1.43)

it is impossible to get rid of the Coriolis terms on the

•: right sides of (1.40), including the components of veloc-

I . ity of the particle jf* , by means of the transformations

I like (1.42). It is in this fact where the vortex or non-

t -Newtonian character of the field finds its expression.

X We can see, that (1.43) is equivalent to the condition

I "
(1.44)
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where, in our case, C^ and C
o
 are constants. We

conclude that in the case of fulfilling (1.43) or (1.44)

we can to interpret V"
7
 as the vortex potential of the

field.

Let us now summarize the above statements. We have

established that the non-relativistic limit of stationary

two-variable solutions of relativistic field equations

may be the non-Newtonian one, i.e. these solutions may

describe the gravitational vortex field, if in accordance

with formulae (1.12), (1.33) and (1.44), the component o ^

of relativistic metric tensor has a certain structure.

The general scheme for evaluating of these vortex fields

is the following:

First of all one must give the relativistic metric

a form by which the components of the metric tensor

satisfy conditions (I.II)-(I.I4). After that we can

evaluate the vortex potential ty from (1.33). Then, taking

into account the connection between the used curvilinear

coordinates У* and the Cartesian coordinates ^ * (1.42),

it is possible to establish whether (1.44) is satisfied

or not. In the first case, we have just the relativistic

gravitational vortex field, i.e. the field which has the

non-Newtonian limit; in the second case, the gravitational

field is irrotational, i.e. the relativistic solution has

the Newtonian limit.

2. Papapetrou empty space solutions

as examples of the vortex field

Papapetrou /6/ has found a class of exact stationary

axially symmetric empty space solutions of the Einstein

equations, presented by the following:
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where

//=<Xc6(zYy.-psA(lVj j (2.2)

К . (2.3)

satisfies the Laplace equation '

-0
.

d and 0 are arbitrary constants. Note that for

<^=±B , i.e. for ct/ = const., this class of solutions

contains the Weyl class of static axially symmetric solu

tions /10/.

It is expedient to express solutions (2.1)-(2.5) in

the so-called general canonical coordinates j(* and y*

instead of the above-used Weyl-Lewis '10, II/ canonical

coordinates f and g . In so doing we have

Ц where the conjugate harmonic functions J) and J) are

§( connected by means of the Cauchy-Riemann equations

] -Д, =D , J>
z
=-J) ,4 (2.7)

' In the Papapetrou original paper, instead of the har-
monic function V , another harmonic function X

 h a s

been used, where r"X,g. • The constant в has been
taken with the opposite sign.

v*

h
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'Э О
Now.- for the differential operators ^ - a n d ^ 7 occurring
in formulae (2.1)-(2.5) we get

( 2 . 8 )

By means of (2.8), (2.3)-(2.5) take the form

(2.9)

= 0 . С2.П1

In the new coordinates for the metric form (2.1) we get

Let us now investigate the non-relativistic limit of

the above-mentioned Papapetrou class of solutions. Suppose

that by means of the previous coordinate transformations in

the system of general canonical coordinates the structure

(I.II)-(I.14) of metric coefficients is guaranteed.

One must note at once the complete analogy of for-

mulae (I.31) and (2.II) as well as of (1.33) and (2.10),

respectively. From here we can conclude that when CO ?

? const, one might interpret the function ^* as a rela-

tivistic analogue of the non-relativistic vortex potential

9̂  . Below we shall demonstrate that on certain conditions



г
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it is really possible.

To fulfil conditions (I.II)-(I.I4), the function У

as well as the constants oL and J3 must be expanded

in negative powers of С :

* +
/'

(2.13)

(2.14)

oi , p and r do not contain the velocity of light

С any more, r must obviously be taken as zero and (2.2)

takes now the form

From (2.10) we get

J

{2.16)

Since °(*o~ ~

of (I.II) and (I.12), it follows that

S. i,

, then, on account

(2.17)

(2.18)

(2.19)

J

(2.20)
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A comparison of (2.20) with (1.33) shows that neo ;ting

the constant of integiation

,, . Jfc. (ft
*p-(F/J V (2.21)

rIf r ? const, then, by virtue of (2.18), we have

(e/ (*> л

J3=0
/
 <*- U - (2.22)

(2.19) and (2.21) become

- Y
t
 (2.24)

and, by virtue of (1.32), it follows

(2.25)

If у = const, then, not losing generality, it can

be taken

V=0
/
 °i=0

f
 (2.26)

and we get

¥ f (2.27)

Y- 0, (2.28)

Ф'Р (2.29)

In order to complete the seeking of basic formulae

for the non-relativistic limit case under consideration we

must also investigate the limit of (2.9) and (2.II). As

can be seen, jX • const, owing to (2.13). From equation
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(2.II) we get

3v - о
9

for the lowest ncnvanishing term r in expansion (2.13),

where S is the limit of f - DQf
4
^) and it satis-

fies equation (1.28). The form of X> characterizes tne

coordinate system of 3-space in the non-relativistic limit.

Thus we have seen that the physical interpretation if

the relativistic solutions of the above-mentioned Papa-

petrou class depends essentially upon the structure of the

function r and the constants Ы and в .

If in expansion (2.13) f ft const., if conditions

(2.17) and (2.22) are fulfilled and if, in accordance with

(2.24), (1.43) is satisfied in the non-relativistic limit,

then the class of solutions under consideration presents

the class of relativistic vortex solutions. The function

У can now really be interpreted as a relativistic analogue

of the non-relativistig vortex potential
 1
У , whereas in

the simpliest case ( Y = 0 when n> 1 ) it differs from

the latter by the factor jr only. We can see that by virtue

of (2.25) the Newtonian potential ф is proportional to

the vortex potential V while the factor of proportion-

ality a is an independent parameter. This proportionality

is the specific property of relativistic vortex solutions

concerned.
 (г

/ (*)

If in expansion (2.13) Y ? const and т is a

constant (which can be taken as zero), the non-relativistic

limit of the Papapetrou class of solutions is Newtonian.

In this case, because of (2.29), the function У can be

interpreted as a relativistic analogue of the Newtonian

potential <p , whereas in the simpliest case ( j3 = I and

Г = 0 when n > 2) it differs from the latter by factor

-gr only. Note that if rt and ±в are not equal then

we shall deal with the stationary relativistic solutions

к
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{CO? const,) in general. But i f

<* = ±n = k= ±J3 = 1 (2.31)

we shall have the static axially symmetric solution of the

Weyl class ( CO = 0). We conclude that if Г = 0, then

the difference between the stationary and static solutions

is a relativistic effect which in the non-relativistic

limit does not become apparent in the structure of the .

gravitational field.
 (tf

 (it

If У~О(£э) , i.e. Г* Г- О , then the

Papapetrou class of relativistic solutions does not have

the non-trivial non-relativistic limit.

In conclusion of this section one can note that the

above analysis of the Papapetrou class of the solutions

of relativistic field equations may, on the one hand,

demonstrate the existence of various kinds of interpre-

tations of any certain solution and, on the other hand,

indicate how the knowledge of the possible non-relativistic

limits may help to discover the possibilities of physical

interpretation of this relativistic solution. As a matter

of fact, a separate problem is what kind of considerations

(the non-relativistic limit, the boundary conditions, etc»)

prevail in stating the manner of containing the parameter

С in the structure of relativistic solution, but we are

not going to discuss this problem here.

3. Multipole particular solutions

As we have seen, the relativistic solutions of ̂he

Papapetrou class under consideration are determined by the

two-dimensional Laplace equation which in the system of

general canonical coordinates takes the form (2.II). Using

particular solutions of this equation we can construct
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various concrete exact solutions of the Papapetrou class.

Let us choose the harmonic function JD in the

t
: following way

Denoting

we can see that in the non-relativistic limit we have the

ordinary spherical coordinates in the 3-space?

(3.3)

9

Note that in the present case for (I.4)-(I.5) we have

(3.4)

Now due to differential operators (1.6), (2.30) and also

(I.31) are the two-dimensional Laplace equations in the

standard spherical coordinates:

Preserving designations (3.2) also for the relativistic

case, equation (2.II) has formally the same form (in this

case, of course, the meaning of the coordinates R. , Q ,

*f differs from that in the non-relativistic case).

By means of particular solutions of (3.5), taking

into account (2.13), we can now construct the vortex

solutions (fixing <П = I) as well as the solutions having

the Newtonian limit (fixing -Л = 2). Here we shall use
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the solutions of (3.5) presented in the form of the folio-

wing series:

and using (2.2), (2.9), (2.10), (3.1),- (3.2) and (3.6)

with П - I, we get metric form (2.12) as follows:

where f£(ccs0)axe the Lsgendre polynomials. In the classi-

cal potential theory solution (3.6) describes the potential

of the field of such a bounded source which has the multi-

pole structure. To get the concrete particular axially

symmetric static solutions of the Weyl class, series (3.5)

have been used by several authors (see, for example, /12/).

Now we shall construct a set of relativistic vortex

solutions by means of series (3.6). Taking, in accordance

with the above results,

(3.7) s
! • ;

The non-relativistic limit of these "multipole" particular

solutions of the Papapetrou class is determined by (2.23)-

(2.25). j
Note that metric (3.8) has a singularity at R-+0 . Щ

Since for R-+ 0 , the function rt increases expo- Ш

Щ
i
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nentially

where K
m
 is the maximum value of the index К , the

above-mentioned singularity is "stronger"when *£, is larger,
i.e. the higher the order of the multipole moments existing
in the solution is, the "stronger" is the singularity. If
R. ? 0, metric (3.8) is regular everywhere. Its asymptotic

behaviour will be considered in Sec. 6.

4. "One-variable" particular solutions

Let us consider here the solutions of equation (2.II)

by which the condition

¥,=0 (4.1)

is valid. Then we get as the first integral of (2.II)

D^^aE t (4.2)

where Q is a constant and c(*J is a function of J( .
From here we can see that in the present case the harmonic
function D must have the structure with separable
variables (see Appendix)

In the isotropic coordinates У
4
 and • the possible

forms of E and r have been given by formulae (A 10)-

(A 18) in Appendix. If to use, instead of Ы
1
 or У* ,the

coordinates Jf or Jr , respectively, E and f will

be obtained from (A 10)-(A 18) on account of (A 20)-(A' 23).
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Inserting (4.3) into (4.2), we have

From here we get

j r-a/f=:. (4.5)

or, on account of (1.4),

Now, choosing in all possible ways, in accordance with

(A 10)-(A 18), the concrete form of FQe*) or, using also

(A 21) and (A 23), the concrete form of f(Jf/ t we get

the all concrete forms of т . Further, taking into

account the corresponding Cyry or SQ(J, we can construct

by means of (2.9) and (2.10) all the concrete particular

solutions of the Papapetrou class by which (4.1) is valid.

Then, neglecting the additive constant of integration, we

get

Equations (2.9) take the form

4
 3) —

From here we get for ЛС = 0, Jf j* 0

' In order to compensate the oversimplification of £
and F the constant of integration A is essential
( A d i )

4
btdiit ox integration /i is essential

f (see Appendix). '\
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and for 9C ¥ 0

Since, owing to (4.1), the "generating function" Y is

now a one-variable one, we call the particular concrete

solutions considered here also the "one-variable" solutions.

As in the general case, the physical interpretation

of "one-variable" solutions depends upon the structure of

the constants Ы , & and the function r . Note that

choosing ac - £ В = j , the solutions under consideration

are static (of the Weyl type). But, choosing

(*! Co iff)

- A'A , (4.II)

for the most possible forms of т mentioned above, we can

also get vortex solutions.

Consider some examples of these vortex solutions.

I) Let condition (A 13) be fulfilled:

e
yZ
 (4.12)

<? Then for metric form (2.12) we have

(4.13)

where

//-e(fl^(-^ae" /—ps&£-ZoeT J. (4.14)

Suppose that (4.II) hold as well. It can be shown now that

by suitable transformations of the coordinates this
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solution will be reduced to the vortex solution given by

formulae (3.8)-(3.II) if, we take Cfc • 0 with «>O .

Thus, solution (4.13) is equivalent to the above multipole

vortex solution in case only the "monopole" term does not

vanish.

2) Let condition (A 15) be fulfilled:

(4.15)

Then from (4.5) we get

Y^m6n(^A~) (4.16)

and for metric form (2.12) we have

/j(sHx* sen*
1
cfc

3
) +

'Г 2 zi? (4 17)

where

f/~ 2* I ~зС* ~j~ I 7 /«•*"* л I (4.18) •;

If we suppose that (4.II) hold, this metric form represents

a vortex field solution by which in the non-relativistic

limit the potentials are determined by (2.23)-(2.25) and

at that the equipotential surfaces ( У* = const) are

prolate ellipsoids of revolution. Note that, as we shall '

see in the next section, metric form (4.17) may be inter- '',

preted as representing vortex field also by another choice Ц.

of the structure of the constants, which differs from fj

( 4 . I I ) . • . • |

• . . Ш

Л
. - I
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5. NUT solution as an example of the

vortex field

Let us return to metric form (4.17) and use instead

of Y* the coordinate л defined by (I.4). Denote

(5.1)

On account of (4.15) (i.e. (A 15)), (A 21) and (A 23) we

get

1. (5.2)

Formula (1.4) takes now the form

and then, neglecting an additive constant, (4.6) gives

^77
 (5

-
4)

Taking accovnt of (4.7) and (4.10), we have for metric

form (4.17):

H[(r- т)г- 4]fcai$cirf+ (5.5)

where

»74 1°
( 5
-

6 )

Let us now make the following transformations in the

? . • '
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obtained metric form

?Г Г*АГ (5.7)
A '

\ denote also

i j
 A

j *n
s
 ЯМ (5.8)

and thereupon consider the special case

a=/. (5.9)

We obtain

(5.10)

where

(5.II)

(5.12)

(5.13)

v If, after all, to suppose that

then

(5.15)



*? _2

t Л/ — fr) •

*=(€)*+("Г)*. (5.17)

j Metric form (5.10) with (5.14)-(5.17) represents the well-

known empty space solution of the Einstein equations. Such

a solution is usually called the NUT solution /7/.

Thus, we have obtained the following result: if

conditions (5.9) and (5.14) are fulfilled, the particular

solution, considered here, is the NUT solution. The fact

that the NUT solution belongs to the Papapetrou class of

empty space solutions (2.1)-(2.5) has been revealed already

formely /12-14/. Our treatment somewhat generalizes this

proof, whereas we have also pointed to a more general so-

lution (4.17) or (5.5) of the Papapetrou class, including

the NUT solution as its particular case. At the same time

we have demonstrated the new form of the NUT solution which

I can be obtained from (4.17) on account of (5.9) and (5.14).

| In this metric form, the standard parameters *TJ and €

I of the NUT solution are replaced by p and A and the

connections between these parameters are given by (5.14)

and (5.17). Taking into account (5.I),(5.3) and (5.7), we

get the formulae connecting the standard coordinates of

the NUT solution with the coordinates of metric form

(4.17):

Q=X1 <f*-4~ (5.18)

As was established in the previous section, the par-

ticular solutions of the Papapetrou class presented by

> metric form (4.17) may be the vortex ones if (4.II) is

ь
 fulfilled, i.e. if the parameter a^-%- is reciprocal to

p the first power of С and the parameter ft= f\ does

I not contain с . Now we can see that in the case of the

I NUT solution a = I. Nevertheless, as will be shown below.
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on certain conditions the NUT solution may be a vortex one

as well.

Let us consider the function , (5.4), taking

account of (5.7)-(5.9):

r-m+A
Suppose that the parameter n has the structure

(5.20)

By virtue of this assumption the function r (5.19) can

be expanded in negative powers of с •

J- ф-т+А *Lr->*+AJ • J

We can see that in expansion (5.21) the term у is absent

(cf. (2.13)), and we have

Г-=Г , (5.22)

(5.23)

Taking into account the results obtained in Sec. 2 we

can now conclude that the NUT solution ̂ is a vortex one, if

in expansion (5.21) the coefficient A does not vanish:

l<0
A*0. (5.24)

In this case the non-relativistic limit of the NUT solution

is determined by (2.22)-(2.25). It is easy to be convinced

of the fulfilling of (1.43). If
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A-0
t
 A* 0 , (5.25)

the NOT soli. ь. о
 ;
 has the non-trivial Newtonian limit deter

mined by (2.Л/. 2.29). In the non-relativistic limit in

both cases the coordinates Г , В and У of metric

form (5.10) overgo to the ordinary spherical coordinates.

From (5.14) and (5.17) we get the following formulae

for standard parameters m and t . If the NUT solution

is the vortex one, these parameters have the structure

Р0(), (5.26)

In this case the NUT parameter v obtains the meaning

of the vortex characteristic of the field. If the NUT

solution has the Newtonian limit, then

0(p) (5.28)

w y

Now the NUT solution contains the Schwarzschild one as a

particular case:

A
=А=~

г f
 1=0. (5.30)

6. Concluding remarks

1
 Let us consider the asymptotic behaviour of metric

form (3.8) at /?-»,a? . If we confine ourselves to the

; first power of ~ , we get

t re



i

I

t

(6.1)

Let us write down also the asymptotic expression of the

NUT metric. Then it is expedient to start from metric form

(4.17). We consider the asymptotic behaviour of this

form at j(
z
—* oo and confine ourselves to the first

powers of e""* . Taking into account that зпх
г
-Спз(

1
^^'

л

at X*-*oo and using transformations (5.18), we get

cost

17
 { 6

*
2 )

where

4e
x
. (6.3)

A comparison of (6.1) with (6.2) shows that if in

(3.C) there is only the "monopole" term, i.e. if О
9
Ф О

and Q
n
 = 0 for 4J>0 , then multipole solution (3.8)

and NUT solution (5.10) have the similar asymptotic

behaviour at Rr* OC7. At that we must take

If (5.30) is valid, then (6.2) represents the asymp-

totic expression of the Schwarzschild metric. Comparing

this expression with (6.1) one may interpret the quantity

J3 O, as proportional to the Newtonian mass
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WW

pa
0 ы

But when Q
o
 is nonvanishing then metric forms (6.1)

and (6.2) are at Rr~ <*> the following:

< 6
'

6 )

The topology of this space-time is not pseudo-Euclidean

/15/.

In order to satisfy the pseudo-Euclidean boundary

conditions at R.—+00 it is necessary to suppose O
o
~0

in metric (6.1). Since by virtue of («3.5) this assumption

also leads to the vanishing of the mass of the source,

the solutions of the Papapetrou class under consideration

are estimated as being of limited physical interest /6,12/.

When O
0

s
0 ,then with an accuracy to the terms of 0(jo/

there is only one term in the metric form in which respect

this form differs from the Galilean one:

/г
This term will be added to the Schwarzschild metric in the

case of slowly rotating spherical mass (see /16/ p. 410).

On these grounds the solutions of the Papapetrou class are

interpreted as describing rotating, but massless localized

sources /6, 12, 13/.

The properties of the NUT solution as a particular

case of the Papapetrou class have been investigated more

extensively by several authors /7, 12-15, 17-23/. As noted

above, a coordinate system, in which this metric is asymp-

totically pseudo-Euclidean, cannot be found. Misner /15/

has shown that the NUT solution describes the space-time
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which, in the case of localized source, does not admit a

reasonable interpretation without a periodic time coordi-

nate. Jackson /17/ has sought the interior solution corres-

ponding to the NUT solution, and he has found one, which

' has unphysical regions and the "wormhole" topology. From

; here he has concluded that the NUT field actually cannot

j have a physically reasonable isolated source. Bonnor /18/

V has interpreted the NUT solution as representing the

; exterior gravitational field of a spherical body of the

mass -Л7 at R.-О , together with a semi-infinite spike

b- of pure angular momentum, characterized by the constant

f С , along the line 0—$T . Sackfield /13/ has constructed

a specific kind of isolated asymptotically flat system

consisting of two bodies which gives rise to the NUT met-

ric as a limiting form. A more reasonable interpretation

of the NUT solution has been found within the framework

of the so-called Taub-NUT cosraological model /15, 19/. In

several works analytical extensions of the Taub-NUT metric

:; are considered /15, 20-23/.

In the present paper, we have obtained some results,

which allow, perhaps, to throw just a little new light to

the above-mentioned solutions. First of all, we have seen

:> that they represe t some concrete examples of those exact

; solutions of the Einstein equations which have the non-

Newtonian non-relativistic limit. Further, if to hypothe-

size that the Newtonian theory does not embrace the

description of the all gravitational phenomena in the non-

relativistic case, it is possible that the above-mentioned

property of the solutions of the Papapetrou class will

hold out new prospects for their physical interpretation.

It is not excluded that the interpretation of these solu-

tions as describing specific vortex gravitational fields

might have some applications in the astrophysics and cos-

mology. (Note that certain rotational property of the NUT

solution, leading to the precession of the plane of the
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orbit of test particle, was discovered already in the

original work of Newman, Unti and Tamburino /7/. As it

follows from our investigation, this effect may already

be of non-relativistic nature.)

We can see from the formulae of Sec. 3 and 5 that, if

there is only the "monopole" term in multipole solution

(3.8), then the non-relativistic limit of this solution

coincides with the limit of the NUT solution in the case

of (5.26)-(5.27). Thus, these solutions have both a similar

asymptotic behaviour and, in the case of a certain struc-

ture of the parameters, the coincident non-relativistic

limit. In this case, the difference of these relativistic

solutions represents a relativistic effect. Note that

there exists an analogous relationship between the static

solution of the Weyl class which is constructed also by

the "monopole"variant of (3.6) and repeatedly considered

/24-28/, and the Schwarzschild solution.

The main purpose of the present paper was to establish

some exact relativistic vortex solutions of the Einstein

equations. A more detailed analysis of non-relativistic

gravitational fields, corresponding to these exact rela-

tivistic vortex solutions, will be the aim of our next

paper, i.e. part II of the present investigation. By this

analysis we shall make an attempt to clarify, what kind

of new possibilities will open for the physical interpre-

tation of these solutions.

Received August 12, 1474
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A P P E N D I X

Let the function J) —DQf,*) be a harmonic one in

the isotropic coordinates j(
4
 and У , i.e.

ДнДлг^О (A I)

and let i t have the structure with separable variable >s

D=F0r(**J (A 2)

Inserting (A 2) into (A I) we have

^ . (A 4)

As the first integrals of these equations we get

* , (A 5)

* * , (А 6)

where T , ЭС and 5£ are constants.

The general solutions of (A 3) and (A 4) are well

known (see, e.g., /29/ p. 405):

when <C< О

E. ={ L\ •*• С,У when 'С'- О (А 7)

when

We get analogical formulae for / as well when, instead

of "Г and j(
1
 , we take -f and' У

г
 , respectively.
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The metric form of 3-space

is a form-invariant for the transformations

£ , <A 9)

О ). Neither does this form change when we replace Z)

with =r- i where /\ is a nonvanishing constant, and when,

at the same time, we make a suitable transformation of the

coordinate у and add to the function м a suitable

constant CrtA • From here it follows that taking account

of this additive constant in the structure of мл. , we can

suppose, without losing generality, in formula (A 7):

I) when ХГ< О then T---/ and either C, = 0 , C
z
= 4

or C
4
-C^4 or C^-fjCfO; 2) when f=- 0 then either ,

C'O , Cz
=/
f or Cfi'GfOi 3) when T>0 then t- 4

and Cj- 4 , C
1

S
 О . It is possible to act analogically in

the formula for r .

Thus the essentially different possibilities can be

classified as follows:

E=J<'J f- 4 z (A

( A

• (A

т=#=5ё=4 «*- Е=^пх\ F=st}y*-
t (A

 „, |
X
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*; (A i6)

; (A

• (A

On account of the Cauchy-Riemann equations (2.7) we

shall find the conjugate harmonic function D with an

accuracy to a constant factor, and an additive constant

3** М-1т1)(эс*'->-эе*') + E
t
r

z
^

• ' * (A 19)

Let us overgo to the new coordinates Jf and .)( ,

accordingly to (1.4). Here we shall identify the functions

E. and г in (A 2) and in (1.4). Taking into account

operators (1.6), we get general solutions of (A 3) and

(A 4) in the new coordinates:

{Ef=-T(jff-a»iY
4
+«, (A 20)

*, (A 21)

where W} , *7 , "fl and *7 are constants. By virtue of

the integrals (A 5) and (A 6) we have

(A 22)

(A 23)



- 38 -

R e f e r e n c e s

1. Kepec X., ЖЭТФ, 46, 17*1 (1964).

2. Кёрес X., ЖЭТФ, 48, 1319 (19б5) '.

\ 3- Керес X., Тезисы докл. 3-й Советской гравитационной

! - конференции, Ереван, 1972, р. 71.

| 4. Керес X., ЖЭТФ, 52_, 768 (1967).

5. Коппель А., Гр. ИФА АН ЭССР, № 33, 126 (1967).

6. Papapetrou A., Ann. d. Phys., Г2, 309 (1953).

7. Newman Е., Tamburino I»., Unti 0?., J.Math. Phys., 4_,

915 (Г963).

8. Коппель А., Изв. АН ЭССР, Физ.Матем. , 2_3_, 370

(1974).

9. Kepec X., Гравитация. Проблемы, перспективы. Киев,

1972, p. 62.

10. Weyl H.
f
 Ann. d. Phys., 5£, 117 (1917).

11. Lewis Т., Proc. Roy. Soc. (London), A 136, 176, (1932).

12. Levy H., Nuovo Cimento, В 56, 253 (1968).

13. Sackfield A., Proc. Cambridge Phil. Soc., 7J3, 89 (1971),

14. Gautreau R,, Hoffman R., Phys. Lett., A 39, 75 (1972).

15. Misner C , J. Math. Phys., ±
r
 924 (1963).

16. Ландау Л.Д., Лифшиц Е.М., Теория поля, М., 1973*

17. Jackson J., J. Math. Phys., II, 924 (1970).

18. Bonnor W., Proc. Cambridge Philos. Soc., 6_6, 145 (1969),

19. Мизнер Ч., Тауб А., ЖЭТФ, 55., 233 (1968).

20. Hajicek P., Communs. Math. Phys., I7_, 109 (1970).

21. Hajicek P., J. Math. Phys., I£, 157 (1971).

22. Miller J., Kruskal M., Godfrey В., Phys. Rev. D: Par-

ticles and Fields, £, 2945 (1971).

23. Miller J., J. Math. Phys., ^4, 486 (1973).

": 24. Chazy J., С ,r. Acad. sci., 172,
 3 0 3

 (1923); Bull. Soc.

math. Prance, 5_2_, 17 (1924).

25. Curzon H., Proc. London Math. Soc., Ser. 2, 23_, 477

(1924).



-- 33 -

26. Silberstein L., Phys. Rev., 4£, 268 (1936).

27. Takeno H., Progr. Theoret. Phys., %_, 317 (1952).

28. Пийр И., Тр. ИФА АН ЭССР, If 25, 36 (1964).

29,^ Квмке Э., Справочник по обыкновенным дифференциальным

уравнениям, Н., 1961.

к

Щ
Ш



•$/:'ff.^®S№?"i№^^

I '*
I

J

I
Академия наук Эстонской ССР. Институт физики. g
Ааре Аугустович К о п п е л ь . Стационарные двухперемен- Ji
ные вихревые гравитационные поля I. Некоторые релятивист-,
ские примеры. Препринт И-34(1974). На английском языке.
Редакционно-издательский совет АН 8ССР, Таллин.
Toimetaja J. bShmue. TrOkkida antud 10. 12. 74. Kirjutue- l

paber 30x40/8. Trfflcipoognaid 2,5. TingtrOkipoognaid 2,32. I

Arveetuspoognaid 1,62. Triiklarr 250. MB-09939. EHS7 ТА
 л

'

Toimetue- Ja Kir;Jaetuen5ukogu, Tallinn, Salcala 3. BHfSV

ТА rotaprlnt, Tallinn, Sakala 3. Tellimue* nr. 355. '

Hind 16 kop. .:



16 kop<

Ju'-'J,


