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FOREWORD 

The work reported here was performed at Oak Ridge National 
Laboratory and at Battelle-Colurabus Laboratories under Union Carbide 
Corporation, Nuclear Division, Subcontract No. 2913 in support of the 
ORNL Design Criteria for Piping and Nozzles Program being conducted for 
the U.S. Nuclear Regulatory Commission, Office of Nuclear Regulatory 
Research. E. K. Lynn of the Metallurgy and Materials Branch, Division 
of Reactor Safety Research, USNRC is the cognizant RSR engineer and 
S. E. Moore of the Oak Ridge National Laboratory, Division of Engineering 
Technology (formerly Reactor Division) is the program manager. 

The objectives of the ORNL program are to conduct integrated 
experimental and analytical stress analysis studies of piping system 
components and pressure vessel nozzles in order to confirm and/or 
improve the adequacy of structural design criteria and analytical methods 
used to assure the safe design of nuclear power plants. Activities under 
the program are coordinated with other safety related piping and pressure-
vessel research through the Design Division, Pressure Vessel Research 
Committee (PVRC) of the Welding Research Council and through the ASME 
Boiler and Prersure Vessel Code Committees. Results from the ORNL pro-
gram are used by appropriate Codes' and Standards' groups in drafting 
new or improved design rules and criteria. 
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ABSTRACT 

A piping system analysis is accurate only to the extent that 
the flexibilities of all portions of the piping system are accurately 
known. The use of a "conservative" flexibility factor is not possible 
because such a factor cannot be defined. Branch connections require a 
definition of flexibility factor which is conceptually different than 
commonly used for curved pipe. An appropriate definition for the flexi-
bility factors of branch connections is presented. The background of 
the present Code formulations of flexibility factors for branch connec-
tions lo discussed. Additional theoretical data and test data are 
summarized. Recommendations are given for revisions to Code formulations 
for handling the flexibility of branch connections In a piping system 
analysis. 
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NOMENCLATURE 

A - reinforcement cross sectional area 

D = run pipe outside diameter 

d = branch pipe outsiie diameter 

E = modulus of elasticity (3 x 10^ psi used herein) 

F = force, with subscripts as shown on page v 

G = shear modulus 

h = t Rj^/r2 

I = moment of inertia 

= moment of inertia of branch pipe 

I = moment of inertia of run pipe 

J = polar moment of inertia 

J^ = polar moment of inertia of branch pipe 

J r
 = polar moment of inertia of run pipe 

k = flexibility factor 

L^ = length of branch pipe, see Table 2 

L f = length of run pipe, see Table 2 

M = moment, with subscripts as shown on page v. 

r = d/2 

R = D/2 

r = effective radius (see Figure 3) p 

R^ = bend radius of curved pipe or welding elbow 
* 

t = branch pipe wall thickness 
i, 

T = run pipe wall thickness 

•jf 
The corresponding Code nomenclature (Figure 3 herein) is: 

T = t = T = run pipe wall thickness s r r v 

t = T* = branch pipe wall thickness 



ot - coordinate angle of a curved pipe 

= arc length of a curved pipe 

9 = rotation, with subscripts as shown below 

8 = nominal rotation; e.g., 6 = Md/EL for moment nom ° nom Ha 
loading on branch 

1*3 

Branch Pipe 

Run Pipe 

NOMENCLATURE ILLUSTRATION 





1. INTRODUCTION 

Piping systems consist of a complex assemblage of cylindrical 
shells (straight pipe), curved shells (elbows, pipe bends), intersections 
of cylindrical shells (branch connections or tees), conical shells (re-
ducers), etc. In a pining system analysis, this complex assemblage of 
shells is modeled as an assemblage of straight or curved one-dimensional 
beam elements. The actual complex behavior of the shell structures is 
represented in the beam-model by the use of flexibility factors, stress 
indices, and stress intensification factors. 

This report is concerned with flexibility factors of small 
branch connections, for use in a piping system analysis. The need for 
accurate flexibility factors arises because if the flexibility factors 
are inaccurate, the evaluation of loads imposed on the piping system may 
also be inaccurate. The stresses in the products in the piping system 
are derived from the loads so the stresses may be inaccurate. Further, 
the loads imposed by the piping system on attached equipment such 
as pressure vessels, pumps, and valves may be inaccurate. 

It might be assumed that one could obtain conservative results 
from a piping system analysis by using conservative flexibility factors. 
Unfortunately, it is not possible to define a conservative flexibility 
factor. If a flexibility factor is used which underestimates the flexi-
bility at some particular location in a piping system, the calculated 
loads at that particular location may be overestimated and hence conser-
vative. However, at other locations in the piping system, the loads may 
be underestimated and hence not conservative. Accordingly, a need exists 
for accurate flexibility factors. 

Flexibility factors for curved pipe have been used for many 
years in piping system analyses; they are identified by the letter k. 
Equations to calculate the factors are contained in ANSI B31 Piping 
C o d e s ^ . This report is concerned with the more complex problem of 
establishing flexibility factors for branch connections. 

The specific objectives of this report are: 

(1) to document the background of the flexibility 
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factors for small branch connections in the 
present Code, NB-3687,5 . 

(2) re-examine the Code rules for flexibility 
factors and definitions thereof in light 
of new data. 

(3) recommend appropriate changes in the Code 
rules for flexibility factors and definitions 
thereof. 

* Code, as used in this report, refers to the ASME Boiler and Pressure 
Vessel Code, Section III, Div. 1, "Nuclear Power Plant Components"; 
Reference (2) herein. Portions of the Code are identified as in the 
Code; e.g. NB-3687.5. 
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2. DEFINITIONS OF FLEXIBILITY FACTORS 

In order to understand the problem involved in defining an 
appropriate flexibility for a branch connection, it is appropriate to 
review the fundamentals of a piping system analysis and how flexibility 
factors enter into that analysis. 

it 

Figure 1 shows a very simple piping system containing lengths 
of straight pipe, a curved pipe with bend radius R^ and 90° arc length, 
and a branch connection. As in all piping system analyses, the system 
is modeled as one-dimensional straight or curved beams. •kit 

Let us assume that point C is displaced by some distance, A, 
as indicated in Figure 1. The goal of the piping system analysis is to 
determine what forces and moments develop at points A, B and C due to the 
displacement. It is apparent that this is a statically redundant problem 
and to solve it the moment-rotation characteristica of all portions of 
the piping system must be known. Knowing the moment-rotation character-
istics, the problem becomes a routine matter of solving a set of simul-
taneous equations. In this simple example, a set of six simultaneous 
equations must be solved for six unknowns; e.g., the two forces and one 
moment at A and B***. Each equation involves the displacement A and the 
moment-rotation relationships. 

Now, what are the moment-rotation relationships? Loooking first 
at Piece 1 as sketched in Figure 1: which is a straight pipe with a small 
length (dL) such that the moment does not vary significantly from a to b, 
the moment-rotation relationship is simply = M(dL)/EI. The implicit 
flexibility factor is 1.0. The Code assumes that every Code user knows 
this. The rotation between points C and D is then obtained by integrat-
tion from C to D recognizing that the moment varies along the line C-D. 

* Figures and tables follow the text in numerical order. 
** This type of displacement might arise if, for example, point C wa& 

the nozzle of a pressure vessel which is heated while the pipe 
remained cold. The thermal expansion of the vessel would then 
displace point C with respect to points A and B. 

*** Having obtained the forces and moments at A and B, the problem be-
comes statically determinant; forces and moments at C and any other 
point within the piping system are easily obtained from equilibrium 
consideration. 
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Straight pipe lengths E-I, I-B and I-A are handled in the same manner. 
Looking at Piece 2, a curved pipe, we ask if the rotation 

between points D and E can be obtained by integration over the length 
R^tt? The answer is yes, provided that the peculiar characteristics of 
curved pipe are appropriately incorporated l.n the analysis. 

significantly more flexible than an equal Length of straight pipe. This 
excess flexibility arises because of the deformation of the cross section 
under either in-plane or out-of-plane moments. This complex shell-type, 
cross sectional deformation does not have to be described in detail in 
order to account for the flexibility of the curved pipe as modeled in a 
piping system analysis. For at least 40 years, piping system analyses 
have more-or-less routinely accounted for the complex behavior of curved 
pipe by a relatively simple flexibility factor. For curved pipe the 
flexibility factor is simply the ratio: 

no® 

where 9 » rotation per unit moment per unit length of curved pipe 
®nom = rotation per unit moment per unit length of straight pipe. 

The value of k has been established by theory and tests as equal to 
1.65/h, but not less than 1.0, for both in-plane and out-of-plane moments; 
and equal to 1.0 for torsional moment. 

The simplest application of the concept of curved pipe flexi-
bility is shown in Figure 1. To find the rotation between D and E: 

If the moment were constant through the length of the curved pipe, 
Equation (1) gives: 

It has been known since at least 1910 that curved pipe may be 

(1) 
0 

®DE = k EI ' R1 2 
n (2) R. 
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If we had a piece of straight pipe of length R^(n/2) we would get the 
same answer except that k would be unity. 

Now returning to Figure 1 and looking at Piece 3, a branch 
connection, we encounter some problems. First, we note tl at we need 
three moment-rotation relationships; those for rotations a with respect 
to b, a with respect to c and b with respect to c. Second, we ask 
where are the "ends" a, b and c? Unlike the straight pipe and curved 
pipe, with well defined "ends", there are no defined "ends" for a 
branch connection. Indeed, in the model, the branch connection is 
simply a point at the intersection of two lines. 

For branch connections, the flexibility factor is stated in 
(3) 

ANSI B31.1^ 7 as being equal to 1.0; but it is not otherwise defined. 
The question arises: What is to be multiplied by 1.0? There is no 
defined length analogous to R^a for a curved pipe. Apparently, all 
piping system analysts interpret k = 1.0 to mean that the branch 
connection is to be modeled as a rigid juncture between three beam 
elements as shown in Figure 2a. 

To the extent that the flexibility of a branch connection is, 
in fact, reasonably well approximated by the model shown in Figure 2a, 
then there is no real problem. However, there are certain branch 
connections and loadings for which the model of Figure 2a does not 
accurately represent flexibility. To cover such branch connections/ 
loadings, it becomes necessary to quantitatively define what is meant by 
"k" for a branch connection. 

The flexibility of a branch connection arises from a. complex 
set of local deformations in the vicinity of the branch-to-run-pipe junc-
tion region. It is not necessary to know in detail where these deforma-
tions occur, prrvided the overall effect can be reasonably closely 
approximated and used in the piping system analysis. For this purpose, 
it is useful to introduce the analytical model shown in Figure 2b. The 
actual complex shell deformations are represented by three "point springs". it Each spring has three rotational flexibility factors corresponding to 

* the three moment directions M , M and M . In the piping system analysis, x y z 

* Those readers who are familar with piping system analysis will recog-
nize that the model, as discussed at this point, covers only the main 
diagonal terms of the complete 6x6 matrix. The complete matrix is 
discussed in Chapter 4. 
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these "point springs" could be represented by an element of suitably 
small but finite length having different flexibilities in three orthog-
onal directions. 

It is apparent that the model of Figure 2b involves the 
abandonment of the concept of integration over a length (as used for 
curved pipe) because there is no defined length. However, despite this 
basic difference in concept, it is deemed useful to maintain the defini-
tion of k for branch connections in the same form as for curved pipe; 
e.g., in the form: 

9 = k — x "some length" , (3) 

where 0 is the rotation of the point spring. The flexibility factor is 
then a dimenaionless factor just like it is for a curved pipe. 

The choice of what to use for "some length" is purely arbi-
trary. However, of course, once it is defined and used to establish 
the values of k, it becomes an essential part of the subsequent use of 
the k factors. The choice of the branch diameter, d, for the "some 
length" when the moments are applied to the branch has merit, because it 
gives the user some "feel" for the significance of the flexibility factor. 
For example, with k defined as 9/e n o m and © n o m = Md/EI^, if k = 2 and 
the branch in an actual piping system lQOd in length, the chances 
are good that the flexibility of the branch connection can be ignored 
without significant error. However, if k = 20 and the branch is lOd in 
length, the chances are good that the flexibility of the branch connection 
will significantly change the results of a piping system analysis. 
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3. BACKGROUND OF PRESENT CODE EQUATIONS 

Flexibility factors for small branch connections are given in 
NB-3687.5 of the Code. These factors are based on the concept shown in 
Figure 2b. However, only two flexibility factors were considered to be 
sufficiently different than those obtained frnm the model shown in Figure 
2a to warrant special treatment in the Code. These two factors are k ^ 
and k z 3 ; associated with the spring S^ in Figure 2b and representing 

due to M ^ ai*d 9 z 3 due to M ^ , respectively. By implication, springs 
S^ and S 2 of Figure 2b are infinitely rigid; the torsional flexibility 
of spring S^ is replaceable by the torsional flexibility of a length R 
of branch pipe. This, in effect, reverts back to the model of Figure 2a 
for all flexibilities except those represented by k ^ and k ^ . 

NB-3687.5 reads as follows: 

NB-3687.5 Branch Connection in Pipe Meeting the 
Requirements of NR-3640. For branch connections in 
piping meeting the requirements of NB-3640and with 
branch diameter to rim diameter ratio not over y3, the 
requirements of (a) through (d) apply. 

"rim" should 

(a) The values of A: are given below. 

Md 
EIb 

where 
A / = M ] 3 or Mx3, which are defined in footnote 5 

of Table NB-3683.2-I, in. lb. 
Z>= run pipe outside diameter, in. 
d = branch pipe outside diameter, in. 

7*,- run pipe nominal wall thickness, in. 
Tt ,= branch pipe nominal wall thickness, in. 
Tt=> equivalent thickness, in. 

(4) 

(5) 

(6) 
"T 11 should 
be "T " e 
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(b) For branch conneclions per Fig. NB-3686.1-1 F i g u r e N B - 3 6 8 6 . 1 - 1 
sketches (a), (b), and (d) and extruded outlets per NB- i s shown h e r e i n a s 
3643 F i g u r e 3 . 

Tt - T, 

(c) For branch connections per Fig. NB-3686.1-1 
sketch (c) 

Te=T, + j for M,s 

T e=T,+jj(otM t l 
where 

A — actual area of reinforcing within the zone of 
reinforcemeni given in NB-3643.3(b), sq in. 

It = moment of inertia of branch pipe, in.4 

E= modulus of elasticity, psi 

(d) For load displacement relationship not cov-
ered, useNB-3687.4. 

The g e n e r a l d e f i n i t i o n o f a f l e x i b i l i t y f a c t o r i s c o n t a i n e d i n 

N B - 3 6 8 2 ( c ) w h i c h r e a d s a s f o l l o w s : 

(c) Flexibility factors are identified herein by the 
lower case letter, k, with appropriate subscripts. The 
general definition of a flexibility factor is: 

"(mm 
where 

Bab= rotation of end, a, with respect to end, b, due 
to a moment load, M, and in the direction of 
the moment, M 

0nom = nominal rotation due to moment load, M 

The definition of k, while appropriate for curved pipe, is obviously not 
appropriate for branch connections because ends a and b are undefined 
locations. We will Include recommendations on this aspect later. In 
the following we will discuss the background of the NB-3687.5 indices, 
recognizing that their intended use is with a model as shown in Figure 2b. 

Talkie 1 summarizes experimental data that were available when 
the present Code flexibility factors were formulated. The last two 
columns of Table 1 headed "k = 0 / 8 " show the measured flexibility m nom 
factors derived from these tests. The measured values of 8 were m 
obtained by subtracting the calculated nominal rotations of the run 
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pipe and branch pipe from the raw test data measurements of rotation. 
The branch pipe length, for calculating its nominal rotation, was taken 
from the surface of the run pipe to the point at which the rotation was 
measured. Accordingly, represents the excess flexibility of the 
branch connection due to local deformations at and near the branch-to-
run pipe juncture; it may be considered as representing the Btiffness of 
a spring of zero length located at the juncture of the branch pipe axis 
with the surface of the run pipe as shown in Figure 2b. Values of are 
in the direction of the applied moment M ^ or Mzg. The available test 
data gives information on only these two of the possible 36 moment-rota-
tion relationships; the calculated magnitudes of the other relationships 
are discussed in Chapter 4. 

Figures 4 and 5 show how the test results for unreinforced and 
(11} 

drawn-outlet branch connections compare with Bijlaard's^ ' theoretical 
results . It should be recalled here that Bijiaard's analysis applies 
to a load distributed over a rectangular area on the surface of a cylin-
drical shell; there is neither a nozzle or an opening in the shell. In-
asmuch as k is defined as the ratio of actual local rotation to the 
nominal rotation of a one-diameter length of branch pipe, the branch pipe 
thickness is involved in the value of k computed from Bijiaard's theory. 

The test data is in qualitative agreement with Bijiaard's 
theory in that: 

(1) Flexibility factors increase as D/T increases 
(2) Flexibility factors for M ^ are larger than for M ^ 
(3) There appears to be a maximum in the value of k/(t/T) 

as a function of d/D; at d/D in the general range of 
0.2 to 0.5, depending upon D/T and the bending plane. 

In a quantitative sense, Bijiaard's theory consistently over-
predicts the actual flexibility factors as indicated by available test 
data. The following empirical equation was developed to obtain closer 
•k 

Calculations are based on a loaded square with sides equal to 0.875 
times the diameter of the branch pipe. This assumption was recommended 
by Bijlaard for application of his theory to estimate the stresses in 
branch connections due to moment loadings. It may or may not be a good 
assumption for estimating factors. 
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agreement with the test data. 

k = c (D/T)3/2 (t/T)(d/D) (7) 

where c = 0.09 for M _ 
Zj 

= 0.27 for M x 3 

Equation (7) is shown in Figures 4 and 5 as dashed lines. The 3/2 expo-
nent of D/T and the linear dependence on d/D are simple means of expressing 
the trends shown by Bijlaard's analysis. It can be seen in Figures 4 and 
5 that, for d/D < 1/3 and D/T < 100, Equation (7) gives k-factors lower 
than given by Bijlaard's analysis. For most values of d/D and D/T, Equa-
tion (7) gives about one-half to two-thirds of the flexibility factor 
given by Bijlaard's analysis however there are some combinations of d/D 
and D/T in which Equation (7) gives higher factors than are given by 
Bijlaard's analysis. 

Equation (7) was modified to include coverage of saddle or 
pad reinforced branch connections; i.e., 

k = c (D/Te)3/2 (t/T)(d/D) (8) 

where T g = thickness of run pipe for unreinforced and drawn 
outlet branch connections (i.e. T = T) e 

T g = thickness of run pi;>e plus A/d for M ^ ; plus A/2d 
for Mx3> where A ~ reinforcement cross sectional area. 

Figures 6 and 7 compare Equation (8) with test data from Table 1 for all 
models with d/D < 0.42; Equations (7) and (8) are intended for use only 
up to a d/D of about 1/3. 

It can be seen that Equation (8) is in the same form as the Code 
equation for k; Equations (4) and (6) herein. However, the Code does not 
permit pad or saddle reinforcements for Class 1 piping. For branch con-
nections per Figure 3c, in which the reinforcing distributes the load over 
a wider area on the cylinder, the value of T e was increased by A/d for 
M z 3; by A/2d for M x 3, where A is the area of reinforcing within the zone 
of reinforcing limits, if A is just sufficient to provide the required 
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reinforcing for pressure loading, then A = dT and: 

T e = T + A/d = 2T, for M z 3 

T e = T + A/2d = 1.5T, for M x 3 

Upon re-evaluation of these formulations, it appears that the 
flexibility factor for type (c) nozzle configuration is inconsistent with 
respect to the other three types of branch connections shown in Figure 3. 
This is illustrated by Figure 8, which shows Type (a) and Type (c) branch 
connections, both with A = dT and with identical reinforcing diameters at 
the point of contact with the cylindrical shell. While these two rein-
forcing types distribute the load to the cylindrical shell in about the 
same manner, the present formulation gives a flexibility factor for M « 

3/2 
for Type (a) of (2) = 2.83 times that for Type (c); for M „ the ratio 

3/2 
is (1.5) = 1.84. 

It appears that a more appropriate way of including the effect 
'pa 

giving: 

of the "pad" diameter is to include the factor (d/2r ) in Equation (7), P 

k = c (D/T)3/2 (t/T)(d/D)(d/2rp) . (9) 

The symbol r^ is defined by the dimensions shown in Figure 3; 
for Type (c) branch connections it is specifically that radius at which 
the reinforcing thickness normal to the cylinder is 0.5T. 

Equation (9) is based on the observation that, according to 
Bijlaard's theory, the rotation S decreases more-or-less linearly 
with increase in the length of the loaded (square) area; i.e., 8 
decreases in proportion to the increase in r , where r represents the 

P P 
length of the loaded area. Equation (9) is deemed to provide a more con-
sistent and logical equation than Equation (8); however, neither test or 
theoretical data are available to establish the validity of either 
Equations (8) or (9) when applied to configurations with local reinforcing. 

For T = 2T for k ,. and T = 1.5T for k Equation (8), for e zj e XJ 
reinforcing like Figure 3(c), and Equation (9), for any type of reinforcing, 
compare as follows. 
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k/ f c ( t m fd/D)1 
D d_ Equation (8~) Equation (9) 
T 2r 

P kz3 kx3 k „ and k ,, z3 x3 

10 2/3 11.2 17.2 21.1 
1/2 11.2 17.2 15.8 
1/3 11.2 17.2 10.5 

100 5/6 354 544 833 
2/3 354 544 667 
1/2 354 544 500 

In the following sections of this report, we will be discus-
sing theoretical data and additional test data for models with configur-
ations as Indicated in Figure 3(d). For such models, d = 2rp and A = 0, 
hence, Equation (9) is identical to Equation (8). Accordingly, the 
additional data does not provide any additional basis evaluation of 
branch connections with "local" reinforcing. 
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4. FLEXIBILITY FACTORS CALCULATED USING THE 
FINITE ELEMENT COMPUTER PROGRAM "JOINT" 

* 
The computer program JOINT was used to calculate displacements 

of the five models shown in Table 2 with loadings as indicated- The 
boundary conditions assumed in the analysis are shown in Table 3. 

In the following we will first discuss the results with respect 
to the specific flexibility factors k ^ (rotation 9 ^ due to and in the 
direction of M ^ ) and k ^ (rotation 9 ^ due to and in the direction of 
Mz2>• Subsequently, the other 34 flexibility factors for moment loading 
and flexibility factors for force loadings will be discussed. 

Calculated Flexibility Factors k x 3 and k z 3 

Displacements were calculated along the boundary between the 
branch pipe and run pipe at 45° intervals from 0 = 0 to 0 = 180,. The 
co-ordinates of the displacements used are shown in Figure 9 and are 
marked with primes because they are not the same as those used in the Code 
for the moment co-ordinates. 

When the displacements are plotted against location across the 
branch diameter, a reasonably straight line is obtained. Figure 10 is a 
typical plot of this type. Accordingly: 

W M X 3 = + Z180)/2 - Z90 ] / r 5 / Mx3 <10> 

9z3t / Mz3 - " Zi80> / 2 r5 / Mz3 < U > 

These rotations are due to two effects: (1) rotation due to local 
bending in the vicinity of the branch-to-run intersection, which we 
want to include in the flexibility factor, and (2) rotation due to bend-
ing of the run pipe as a beam along the length L^, which we do not want 
to include in the flexibility factor. Subtracting out the beam bending 
gives: 

* Background of the development of this computer program is given in 
Reference (12). The calculations were made by R. C. Gwaltney at Oak 
Ridge National Laboratory. 
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0x3 / Mx3 - 9x3t / Mx3 " V G J r ( 1 2 ) 

6z3 / Mz3 = 9z3t / Mz3 " L r / E I r ' ( 1 3 ) 

The flexibility factor is defined as 0/9 , J nom' 

where ®tiom = ^ / E I ^ bence 

kx3 = <6x3/Mx3> X E 1 b / d <14> 

kz3 = ^z3 / Mz3> X E I b / d * ( 1 5 ) 

The flexibility factors obtained as described above are 
summarized in Table 4, identified as k^. In addition, flexibility 
factors calculated by Bijiaard's analysis, identified as k^, and those 
calculated by the present Code method, Equation (7) herein, are tabulated. 
The Code method factors are identified as k^. 

Complete Set of Moment/Rotation Flexibility Factors 

The flexibility matrix which we will complete is shown in Table 
5, The calculated displacement were converted to total rotations by: 

i j 
9. . XJ 

Nominal 
Rotation 

X 3 Zi80> / 2 " Z 9 0 ] / r ML /GJ r r 

y 3 <xis0 " X o ) / 2 r ML /EI r r 
z 3 " Zi80> / 2 r ML /KI r r 
X 2 <xo " X180> / 2 R 2ML /GJ r r 

y 2 1*90" ( yo + y 1 8 0 ) / 2 ] / R 2ML /EI r r 
z 2 <YISO " y o > / 2 R 2ML /EI r r 

In the above, the coordinates used are shown in Figure 9; the subscripts 
0, 90, and 180 refer to the angle 0. 

Table 5 shows the first and third quadrant of the total matrix 
In the first quadrant, the flexibility coefficients are in the form of 
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' I n t h e t h i r d quadrant tha flexibility coefficients are 
in the form of ^ ^ (M^gD/EI )' t e r m s equivalent rotation of a 
one-diameter length of run pipe. 

Two of the three main diagonal terms in the first quandrant 
have been discussed previously. The third diagonal term, due to 

indicates that the torsional flexibility is negligible. The off-
diagonal terms are also essentially zero. 

The main diagonal terms in the third quandrant are large com-
pared to the off-diagonal terms. However, we have not yet subtracted 
out the nominal rotation of the run pipe. It should be noted that the 
run pipe is 39" long (exactly 3.9 diameters for Models 11-44, almost 3.9 
diameters for Model 3). Accordingly, for M ^ (torsion on run) we will 
subtract 1.3 x 3.9; for M 2 and M „ we will subtract 3.9. 

Table 6 shows the main diagonal of the 
matrix, but now with 

the nominal run pipe rotation subtracted out. It can be seen that the 
and are only slightly reduced by subtracting out the run pipe 

rotation. However, Table 6 indicates that for 0 „ (torsion) is signifi-y-i 
cantly negative for one model and that B ^ , ®y2> a n d ®z2 a r e neSat*-ve 

most of the models. These results directly indicate that the run pipe 
with a branch connection in it is stiffer than the run pipe. This is, 
of course, an entirely possible situation however several aspects of the 
results suggest that there may be inaccuracies in the JOINT analysis or 
in the boundary conditions used for those particular models, particularly 
with respect to displacements due to torsional loading of the run pipe. 

*Off diagonal terms in the first and fourth quadrant are not involved 
in nominal rotations hence they do not change from Table 5. 
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The complete 6x6 matrix of moment-rotation relationships can 
be discussed in terms of the model shown in Figure 2b. 

The data presented so far in this report indicate that springs 
S^ and Sg are not needed in the model or, if Incorporated in the model, 
could be assigned zero flexibility (or infinite stiffness). However, 
subsequently we will discuss a teat model where the springs S^ and Sj 
may be needed. 

The model shown in Figure 2b results In a flexibility (or 
stiffness) matrix as shown at the top of Table 7. The model matrix is 
symmetric about the main diagonal, hence, A14 = A41, A52 = A25 and A63 
- A36. Also because springs S^ and S^ have equal magnitude and are 
located adjacent to the intersection point, the model matrix gives A14 
= A44/2, A25 = A55/2, A36 = A66/2, Once the elements of the main dia-
gonal are established, the entire matrix is known. 

The bottom portion of Table 7 shows the rotations calculated 
using the computer program JOINT for Model 11. It can be seen that the 
model relationships between elements is almost satisfied by the JOINT 

— 8 - 8 calculations; e.g., A41 = 1.24 x 10 is almost equal to A14 = 1.11 x 10 
- 8 

and A14 is almost equal to one-half of A44 = 2.43 x 10 . 
The model of Figure 2b permits generalization of the calculated 

rotations (which are for M ^ only and for M ^ only) to any combination 
of M 1 2 and M1;}. For example, if M z 2 = 30,000 in.-lb and M z 3 = 100 in.-lb, 
then 30,100 in.-lb of moment goes through spring S^, 30,000 in.-lb through 
spring S2 and 100 in.-lb through spring S^. The rotations due to the 
springs are: 

0z3 ® s3 x 1 0 0 + si x 30,100 

e z 2 = Sl x 30,100 + s 2 x 30,000 

where S^, S a n d S^ are the spring flexibilities, G/M. Using the flexi-
bility factors given in Table 6 for Model 11, we obtain: 

9 z 3 = 3.99 x x 100 + x El" X 3 0 > 1 0 0 

D r 
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„ n n 1.15 . , 0.168 . __10 = 3.99 x t x 100 + — x — - x 30,100 
3 x 10 x .0239 3 x 10 x 65.97 

= 6.40 x 104 + 1.28 x 10"5 

-4 = 6.53 x 10 radians 

Q Q.168 D , 0.168 D n n n 
z2 = 2 I T x 3 0 ' 1 0 0 + i r x 3 0 ' 0 0 0 

r r 

= 2.55 x J.0"5 radians 

The preceding illustrates a general procedure that would be 
applicable if S^ and S^ were significant. However, for Model 11 as well 
as the other four models included in JOINT calculations, the conclusion 
is that only the k ^ and k ^ flexibility factors are significant. As will 
be discussed subsequently, one test model with D/T = 100, d/D = 0 . 5 sug-
gests that this conclusion is not necessarily valid for branch connections 
with d/D approaching unity. 

Force Loadings 

In addition to the set of six (independent) moment loadings, a 
branch connection can also be subjected to the analogous set of six (inde-
pendent) force loadings. The subject of force loadings with respect to 
stresses is discussed at some length in Reference (13). Force loadings 
were applied to the five models (Table 2) at the end of the branch (F^, 

Fy3' a n d a t tlie e n d t*ie 11111 ^FX2' Fy2' Fz2'>* 0 n l y t W O o f t h e s e 

forces does not generate a moment at the branch connection; i.e., F _ and 

Fx2« The other forces produce moments and the significant displacements 
from these force loads are essentially the same as for an equivalent 
moment load. This aspect is shown in Table 8 for the significant dis-
placements; e.g., comparison of due to with 9 ^ due to F T h i s 
result is, of course, dependent upon the distance from the branch connec-
tion at which the forces are applied. Application of forces very close 
to the branch connection poses problems in generalization in that the 
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displacements will depend upon the precise manner in which the force 
loading is applied; e.g., a point load vs a load distributed thru a 
ring. 
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5. ADDITIONAL EXPERIMENTAL DATA 

The experimental data which was used to develop Equation (8) 
are shown in Table 2, Recently, displacement data became available on 
two of four machined steel test models which were constructed and tested 
by ORNL. References (14), (15), (16) and (17) cover the results of these 
four models with respect to measured stresees due to moments applied to 
the branch pipe or run pipe. The four models are identified by numbers 
1, 2, 3, and 4. Displacement data are available on Models 1 and 4. 

The test arrangement is shown schematically in Figure 11. The 
dimensions and dimensional ratios are also shown in Figure 11. 

Rotations were measured by dial gages which were mounted on a 
frame extending from the anchor. A pair of dial gages were used to measure 
each rotation. The "displacement planes" ( see Figure 11) were bolted to 
the pipes and had extension arms such that the dial gages were mounted 8" 
on each side of the pipe axis for Model 1 tests; 14.5" on each side of 
the pipe axis for Model 4 tests. Assuming that the dial gages can be 
read accurately to + 0.001", the corresponding accuracy of measured rota-

-4 
tions is + 0.001/8 = + 1.25 x 10 radians for Model 1; + 0.001/14.5 = 
6.9 x 10 radians for Model 4. 

The magnitude of applied moments and measured rotations at those 
moments are summarized in Table 9. Values of 0.00 have been entered where 
the measured rotations are less than the (approximate) rotation reading 

-4 -5 accuracy of 1.25 x 10 radian for Model 1, 6.9 x 10 radian for Model 4. 
For Model 1, the test data (Table 9) gives a complete moment-

rotation matrix. The main diagonal terms are relatively large. As dis-
cussed earlier, the beam/springs analytical model shown in Figure 2b 
indicates that we should obtain rotations for A14, A25, A36, A41, A52, 
and A63. We do obtain significant measurements for A41, A52, and A63, 
but not for A14, A25, or A36. The reason is that the magnitude of the 
moments imposed on the branch were limited by the need to avoid yielding; 
the moments were too low to give any measureable rotations at the displace-
ment plane on the run pipe. There are also a few (A12, A21, and A23) 
measured rotations where the analytical model of Figure 2b would give zero 
rotation; however, these are relatively small and about the same magnitude 
as the measurement accuracy. 
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For Model 4, the test data give only the branch rotations due 
to application of branch moments. There are two rotations (A23 and A31) 
off the main diagonal with magnitudes somewhat higher than the assumed 
accuracy of + 6.9 x lO-"* radians. 

The main significance of the off-diagonals terms is that they 
are relatively small and can be considered to be zero. 

Reduction of the measured rotations to flexibility factors is 
shown in Table 10 for Model 1 and in Table 11 for Model 4. These results 
are compared with earlier results in the following Chapter 6. 
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6. DISCUSSION 

The additional data for k 3 x and k,^; both from the five calcu-
lated models and the two additional tests, are shown in Figure ' . and 13. 
These new points fit in reasonably well with the prior test data and 
indicate that the empirical equations are adequate. 

With the exception of the test data on Model 1, the additional 
data confirm the hypothesis that the only significant flexibility factors 
are k 3 x and k,^. The test data from Model 1 (D/T « 100, d/D = 0.5) indi-
cate that for large d/D-values, the flexibility factors k^3> k ^ , k ^ 
k ^ may have some significance in a piping system analysis, This may be mor« 
significant for branch connections with d/D > 0,5; an aspect not covered 
by this report. 

It is a bit unfortunate that we do not have any theoretical data 
for the models for which we have test data. However, it may be noted that 
theoretical Model 11 is almost the same as test Model 4. In both cases, 
the data indicate that only and k _ z3 are significant. The two models 
compare as follows: 

Model Data t-
No. Source D/T d/i) t/T x3 z3 

11 Theory 59.5 0.115 0.238 6.923 3.990 
4 Test 50.0 0.129 0.320 6.4 3.1 
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7. SUMMARY 

The additional data provided by JOINT calculations is highly 
valuable in that they establish quite firmly that, for (d/D) < 1 / 3 and 
(D/T) < 100, the only significant flexibility factors are k x 3 and k ^ . 
The values of k - and k „ derived from JOINT calculations conform x3 z3 
reasonably well with the existing experimental data (see Figures 12 
and 13). 

The additional test data from ORNL Test Models 1 and 4 also 
give k^^ and k z 3 factors in reasonable agreement with existing experi-
mental data (see Figures 12 and 13). Model 4 indicates that k y 3 is 
negligible; in agreement with the JOINT data. However, the data from 
Model 1 suggest that, for d/D greater than 1/2, the values of k^3> k ^ , 
k ^ and k ^ may be significant. 

The additional data on k^3 and k z 3 are in reasonably good 
(2) 

agreement with the existing Code formulation; Equation (7) herein. 
However, a re-evaluation of the background data does suggest a modified 
form of the Code*2^ equations and wording as contained in the RECOMMENDA-
TIONS of this report. 
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8. RECOMMENDATIONS 

It is suggested that NB-3687.5 of the Code be revised to roiad 
as follows: 

NB-3687.5 Branch Connections in Pipe Meeting 
the Requirements of NB-3640. 

For branch connections meeting the requirements of NB-3640 
and with branch diameter to run diameter ratio of not over 
one-third, the load displacement relationships shall be 
obtained by modeling the branch connections in the piping 
system analysis (NB-3672) as shown below. 

Branch 

Run 

Element of negligible length 
with flexability such that 
6 across the element is equal 
to k Md/EI^. 
Rigid length 

— Rigid juncture 

k 

k 

M 

D 
d 

= 0.27 (D/Tr)3/2 (T£/Tr)(d/D)(d/2r ) for M x 3 

3/2 = 0.09 (D/Tr) (T'/Tr)(d/D)(d/2rp) for M z 3 

= 0 for other moments as defined in footnote 5 of Table 
NB-3683.2-1. 

= M x 3 or M z 3, as defined in footnote 5 of Table NB-3683.2-1 

= run pipe outside diameter, in. 
= branch pipe outside diameter, in. 

4 
I, = moment of inertia of branch pipe, in . (To be calculated b . 

using d and T^) 
E = modulus of elasticity 
T , T' and r are defined by Figure NB-3686.1-1 r b p 
8 = rotation in the direction of the moment, M 
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(2) It is recommended that NB-3682(c) be deleted and the title of 
NB-3682 be changed to "Definitions of Stress Indices". 

(3) It is recommended that revisions be made in NB-3687.1, "Straight 
Pipe", and in NB-3687.2, "Curved Pipe and Welding Elbows", so as 
to eliminate the use of 8 nom 
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Piece 2 

Piece 

Piece I, Straight Pipe 

•ll" a M(dL) 0 o c = i r l m d U 

Piece 2, Curved Pipe 
dot 

8, 
kM 

ob " EI 
R,(da) 0 D E = — ^ M(da) 

Piece 3, Branch Connection 

O 

FIGURE 1: ILLUSTRATION OF FLEXIBILITY EVALUATION 
IN A PIPING SYSTEM ANALYSIS 
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Flexibility of S, = S2 

b. Branch Connection Model with Point Springs 

FIGURE 2: MODELS OF BRANCH CONNECTION FOR USE IN 
A PIPING SYSTEM ANALYSIS 
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7> for branch connsction in pip* 
Tf, for branch connection in formed head 

(2) 
FIGURE 3. FIGURE NB-3686.1.1 OF C0T3E 



30. 

FIGURE 4. COMPARISON OF BIJLAARD THEORY AND TEST DATA FLEXIBILITY 
FACTORS FOR IN-PLANE BENDING 
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d/D 

FIGURE 5. COMPARISON OF BIJLAARD THEORY AND TEST DATA 
FLEXIBILITY FACTORS FOR OUT-OF-PLANE BENDING 



FIGURE 6. COMPARISON OF TEST DATA WITH EQUATION (8) 
FLEXIBILITY FACTORS FOR IN-PLANE BENDING 



33. 

FIGURE 7. COMPARISON OF TEST DATA WITH EQUATION (8) 
FLEXIBILITY FACTORS FOR OUT-OF-PLANE BENDING 
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( a ) (c) 

k proportional to k proportional to For 

( D / T ) ( 2 ) 3 / 2 D / T M z 3 

( D / T ) ( l . 5 ) 3 / 2 D / T M X3 

FIGURE 8. ILLUSTRATION OF RELATIVE FLEXIBILITY FACTOR ASSIGNED TO 
NOZZLES OF TYPES (a) AND (c) BY PRESENT CODE RULES 



FIGURE 9. CCH ORDINATES OF THE DISPLACEMENTS FROM JOINT 
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FIGURE 10. PLOT OF z' VERSUS (1-cos i), 
MODEL 11, M = 83 IN-LB 
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Model D d t 
No. D T d t T D T 

1 10.0 .1 5.0 0.05 100 0.500 0.500 
4 10.0 .2 1.29 0.064 50 0.129 0.320 

* D. P. is the displacement plane. Displacements measured at 
both planes for Model 1; at the branch D. P. only for Model 4. 

FIGURE 11? DISPLACEMENT TESTS ON ORNL MODELS 1 AND 4 
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FIGURE 12: COMPARISON OF TEST DATA WITH EQUATION (8) 
FLEXIBILITY FACTORS FOR IN-PLANE BENDING, 
WITH ADDITIONAL DATA 
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300 

100 
Equation 8 

Out-of - Plane Bending 

Type of Tee 
Fabr icated, unreinforced 
Drawn outlet 
Pad reinforced 
Saddle reinforced 
Additional data , Model No. 

100 4 0 0 
D/To 

FIGURE 13: COMPARISON OF TEST DATA WITH EQUATION 
FLEXIBILITY FACTORS FOR OUT-OF-PLANE 
BENDING, WITH ADDITIONAL DATA 

(8) 



TABLE 1. SUMMARY OF DIMENSIONAL RATIOS & TEST DATA, FLEXIBILITY FACTORS OF BRANCH CONNECTIONS 

k = e /e m nom 

Ref. 
No. 

Nom. 
Size 

D 
T 

d 
D 

t 
T 

T, 
inch 

Type of 
Branch 

Connection 
TP' 

inch 
D 
P 

inches 

M . z3 
In-Plane 

Mx3 
Out-of-Plane 

(4) 12x 4 68 .35 .88 .188 Saddle Reinforced .368 7-5/16 4.5 18. 
(5) 24x 4 76 .18 ,76 .312 Fabricated, 17. 31. 

unreinforced 
24x12 .53 .80 M 

— - - 8.4 44. 
24x24 1.00 1.00 it - - - - 17. 16. 

(6) 24x 4 .18 .76 Saddle Reinforced .344 9-5/8 1.5 15. 
24x 8 .35 .80 M .437 17-1/4 2.1 22. 
24x12 1.00 .80 ii .437 25-1/2 2.8 12. 
24x 4 .18 .76 Pad Reinforced .375 7-3/4 4.7 20. 
24x 8 .35 .80 II .375 15-3/4 3.6 28. 
24x12 .53 .80 tr .375 25 5.6 18. 
24x12 .53 .80 f Sleeve Reinforced .375 25* 5.6 22. 

(7) 16x 6 31 .41 .56 .5 Drawn Outlet • • — 2.7 11.8 
16x 6 31 .41 .56 .5 Pad Reinforced .500 12-1/8 1.5 8.4 
16x 6 31 .41 .56 .5 Saddle Reinforced .500 11-5/8 1.3 3.0 
16x 6 15 .42 .28 1.0 Drawn Outlet — 1.1 1.7 

(8) 48x 6 78 .13 .45 .625 Fabricated, 5.6 11. 
unreiuforced 

48x 6 78 .13 .45 .625 Pad Reinforced .625 10-1/2 1.6 10. 
(9) 2 Ox 6 19 .33 .43 1.0 Drawn Outlet (L) 1.1 2.3 

20x12 19 .64 .69 1.0 Drawn Outlet (D) - - — 1.8 3.5 
20x12 19 .64 .69 1.0 Fabricated, — — 1.8 

unreinforced (R) 
(10) 36x 4 93 .12 .42 .375 Fabricated, _ _ 4.0 10. 

unreinforced 
36x 6 93 .18 .75 .375 ii 

- - 8.0 27. 

•p-o 

6 m = measured rotation - ML^/EI^ - MI^/El^ 

8 = nominal rotation = Md/EL nom b 

T = thickness of pad or saddle P 
D = diameter of pad or saddle erccept * is sleeve length 
P 

Mean diameters were used in this table. 
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TAB1E 2. DIMENSIONS OF MODELS AND LOADINGS ANALYZED USING COMPUTER PROGRAM JOINT 

Model Dimensions in Inches 
No. D T d t L r h 

D 
T 

d 
D 

t 
T 

s 
S 

11 10. 0.168 1.15 0.040 19.5 9.50 59.5 0.115 0.238 0.483 
22 10. 0.500 0.20 0.010 19.5 0.20 20.0 0.202 0.020 1.000 
33 10. 0.500 0.80 0.237 19.5 6.65 20.0 0.080 0.474 0.169 
44 10. 0.500 3.20 0.500 19.5 9.50 20.0 0.320 1.000 0.320 
3 9.8 0.200 1.122 0.168 19.5 9.50 49.0 0.114 0.840 0.136 
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TABLE 3. BOUNDARY CONDITIONS USED FOR JOINT ANALYSES 

Nodes A -LOADS B-LOADS 
AX" AY" AZ" x 1 9 . Y 

AX" AY" AZ" 9 , 
X 

CD
 

A-B 1 0 0 0 l 0 1 1 I 0 

B-C 1 0 0 0 i 0 1 1 1 0 

C-D 1 0 0 0 l 0 1 1 1 0 

D-E 1 0 0 0 l 0 1 1 1 0 

E-F 1 0 0 0 l 0 1 1 1 0 

F-G 1 0 0 0 l 0 1 1 1 0 

G-H 1 0 0 0 0 1 1 I 0 

H-A 1 1 1 1 l 1 I 1 1 1 

1 indicates constrained nodes. 
0 indicates unconstrained nodes. 

A-LOADS: M M , z3 z2 
B-LOADS: M , M , M ,, M , 
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TABLE 4. COMPARISONS OF FLEXIBILITY FACTORS 

Model D d t Flexibility Factors ^ 
No. T D T Moment k. J kB kA 

11 59.5 0.115 0.238 M „ x3 6.923 5.68 3.40 

M „ z3 3.990 2.66 1.13 

22 20.0 0.020 0.020 M _ x3 0.0047 0.0029 0.0096 

M „ z3 0.0041 0.0029 0.0032 

33 20.0 0.080 0.474 M , x3 0.964 0.97 0.92 

MZ3 0.749 0.63 0.31 

44 20.0 0.320 1.000 MX3 7.747 15.5 7.73 

MZ3 2.807 5.24 2.58 

3 49.0 0.114 0.840 MX3 10.11 14.50 8.87 

MZ3 5.258 7.04 2.96 

(1) kj = flexibility factors from Computer Program JOINT 

kD = flexibility factors from Bijlaard's analysis B 

kA = flexibility factors from ASME Code, Equations (5) and (6) herein 
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TABLE 5. MOMENT/ROTATION FLEXIBILITY MATRIX WITH VALUES 
SHOWN FOR FIRST AND THIRD QUADRANTS BEFORE 
SUBTRACTING NOMINAL RUN PIPE ROTATIONS 

loaei 
No. 6x3 9y3 0z3 ®x2 y2 0z2 

11 6.931 .00065 0 
22 .0047 .000001 0 
33 .972 -.00019 0 
44 8.006 -.0092 0 
3 10.140 .000000 0 

11 .00059 .097 0 
22 .000002 .0059 0 
33 .000028 .0032 0 
44 .00041 .072 0 
3 .00013 .028 0 

11 -.00065 0 3 .996 
22 .000000 0 .0042 
33 .000037 0 .754 
44 .00071 0 3 .007 
3 .00074 0 5 .280 

11 4.817 -.0095 0 
22 3.520 -.045 0 
33 3.517 -.041 0 
44 3.500 .011 0 
3 4.911 -.0043 0 

11 -.0075 4.007 0 
22 -.040 3.657 0 
33 -.035 3.627 0 
44 .017 3.324 0 
3 .000000 3.991 0 

11 0 -.019 4.068 
22 0 .0020 3.648 
33 0 .0020 3.648 
44 0 .013 3.640 
3 0 -.011 4.054 

M x3 

M y3 

M z3 

M x2 

M y2 

M z2 
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TABLE 6. MOMENT/ROTATION FLEXIBILITY MATRIX, MAIN DIAGONAL TERMS 
AFTER SUBTRACTING OUT NOMINAL RUN PIPE ROTATIONS 

"NO!1 6X3 0Y3 0z3 ®x2 0y2 0z2 

11 6.923 
22 .0047 M , 
33 .964 3 0 

44 7.747 
3 10.11 

11 .091 
22 .0059 M , 
33 -.00027 y J 

44 -.127 
3 .0060 

11 3.990 
22 0.0041 M 
33 0.749 z i 

44 2.807 
3 5.258 

11 -0.253 
22 -1.550 M 9 
33 -1.553 
44 -1.570 

3 -0 .262 

11 0.107 
22 -0.243 M 
33 -0.273 
44 -0.576 

3 -0 .012 

1 o y 2 

11 0.168 
22 -0.252 M -
33 -0.252 z L 

44 -0.260 
3 -0.074 
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TABLE 7: MOMENT-DISPLACEMENT MATRIX FOR MODEL SHOWN IN 

FIGURE 11, AND NUMERICAL ROTATIONS FOR MODEL 11 

0x3 CD
 

U
I Gz3 0x2 V 0z2 

All 0 0 A14 0 0 Mx3 
0 A22 0 0 A25 0 My3 
0 0 A33 0 0 A36 Mz3 

A41 0 0 A44 0 0 M X2 

0 A52 0 0 A55 0 V 
0 0 A63 0 0 A66 M Z 2 

Beam Model: A41 = A14, A52 = A25, A63 = A36 
For branch in center of run: 

A14 = A44/2, A25 = A55/2, A36 = A66/2 

Calculated Rotations per unit moment, Model No. 11 

All 
1.11E-5 

A22 
1.56E-7 

A3j 
6.41E-6 

A41 
1.24E-8 

A52 
7.17E-9 

A63 
9.78E-9 

A14 
1.11E-8 

A25 
9.89E-9 

A26 
9.49E-9 

A44 
2.43E-8 

A55 
2.02E-8 

A66 
2.06E-8 



47 

TABLE 8. COMPARISON OF FLEXIBILITY FACTORS FOR MOMENT LOADING 
WITH FLEXIBILITY FACTORS FOR FORCE LOADING 

Model D d s (1) 
No. T D S Load kj 
11 59.5 0.115 0.483 Mx3 

Fz3 Lb 
Mz3 

Fx3Lb 

6.92 
7.50 
3.99 
4.43 

22 20.0 0.020 1.000 Mx3 
Fz3 Lb 
Mz3 

Fx3 Lb 

0.0047 
0.0025 
0.0041 
0.0240 

33 20.0 0.080 0.169 MX3 
z3 b 
Mz3 

Fx3 Lb 

0.96 
1.06 
0.75 
0.86 

44 20.0 0.320 0.320 M X3 
Fz3 Lb 
M -z3 

Fx3 Lb 

7.75 
7.94 
2.81 
2.45 

3 49.0 0.114 0.136 M X3 

z3 b 
M 
z3 

x3 b 

10.11 
10.90 
5.26 
5.84 

(1) Flexibility Factor = B/Md/EI^ or e/FLbd/EIb. 6 calculated from 
JOINT displacements, with nominal rotations of run pipe subtracted. 
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TABLE 9: MEASURED ROTATIONS, ORNL MODELS NO. 1 AND NO. 4 

(a) Test Model No. 1 (Reading Accuracy~ 1.25 x 10~^ radians) 

Test Rotations, radians 
Moment 
I den. 

Moment, 
in.-lb 9 X 3 8 , 6 , y3 z3 0x2 ey2 0z2 

x3 608 2.619E-3 --1.469E-4 0.00 0.00 0.00 0 .00 

M i y3 
M
2 3 

4000 
2400 

1.938E-4 
0.00 

1.688E-3 1.844E-4 
0.00 2.084E-3 

0.00 0.00 
0.00 0.00 

0 
0 
.00 
.00 

M X2 20000 5.280E-4 0.00 0.00 1.553E-3 0.00 0 .00 

MV2 20000 0.00 4.906E-4 0.00 0.00 9.125E-4 0 .00 

M Z 2 20000 0.00 0.00 5.375E-4 0.00 0.00 1 .300E-3 

(b) Test Model No . 4 (Reading Accuracy ~ 6.9 x 10~5 radians) 

Moment 
Iden. 

Test 
Moment, 
in.-lb 

Rotations, ] Radians 
Moment 
Iden. 

Test 
Moment, 
in.-lb 6 _ 8 , x3 y3 0z3 

M X3 400 3.503E-3 0.00 0.00 

V 1600 0.00 6.016E -3 3.966E-4 

Mz3 400 1.103E-4 0.00 2.276E-3 



TABLE 10. REDUCTION OF TEST DATA FOR ORNL TEST MODEL 1 TO FLEXIBILITY FACTORS 

Data Note 
No. ^x3 *^x3 0 ,:M „ y3 y3 6 _ :M _ z3 z3 6x2 : Mx2 6y2 : My2 9Z2 : MZ2 

Test 0/M 1 4.308E-6 4.220E-7 8.683E-7 7.765E-8 4.563E-8 6.500E-8 
Nominal 0/M 2 0.092E-6 1.080E-7 0.870E-7 3.354E-8 2.580E-8 2.580E-8 
Excess 6/M 3 4.216E-6 3.140E-7 7.813E-7 4.411E-8 1.983E-8 3.920E-8 
Reference©/M 4 6.998E-8 6.998E-8 6.998E-8 8.747E-9 8.747E-9 8.747E-9 

k 5 60. 4.5 11.2 5.0 2.3 4.5 

(1) Test measured rotation divided by test moment. 

(2) Nominal rotation per unit moment by beam model. 

0 _:M „ 19.5 x 1.3/EI + 5/EI, 6 „:M „ 29.5 x 1.3/EI 
x 3 x 3 r b x 2 x 2 r 

6 :M _ 19.5/EI + 5 x 1.3/EI, 0 _:M _ 29.5/EI y3 y3 r b y2 y2 r 

0 _:M _ 19.5/EI + 5/EI 9 „:M _ 29.5/EI z3 z3 r b z2 z2 r 

E = 3 x 107 psi, I = 38.107 in4, I. = 2.382 in4 
r b 

(3) Excess 0/M = Test 6/M - Nominal 0/M 

(4) Reference for k, = d/EI^ for branch moments; = D/EI^ for run moments, 

d = 5", D = 10" 

(5) k = Excess 0/M divided by Reference 0/M. 



TABLE 11. REDUCTION OF TEST DATA FOR ORNL TEST MODEL 1 TO FLEXIBILITY FACTORS 

Data Note 
No. 

9 ,:M „ y3 y3 6 -:M , z3 z3 

Test 6/M 1 8.758E-6 3.760E-6 5.690E-6 
Nominal 0/M 2 2.803E-6 3.633E-6 2.798E-6 
Excess 6/M 3 5.955E-6 0.127E-6 2.892E-6 
Reference 9/M 4 9.259E-7 9.259E-7 9.259E-7 

k 5 6.4 0.14 3.1 

(1) Test measured rotation divided by test moment. 

(2) Nominal rotation per unit moment by beam model. 
7 ^ 

9 ,:M _ 19.5 x 1.3/EI + 3.875/EI E = 3 x 10 psi ° 
x x r b I = 38.107 in* 

r = 0.04644 in4 D 
9 :M _ 19.5/EI + 3.875 x 1.3/EI. y3 y3 r b 

9z3 : Mz3 19-5/EIr + 3.875/EIb 

(3) Excess 0/M = Test 9/M - Nominal 9/M 

(4) Reference for k. = d/EIb; d = 1.29" 

(5) k = Excess 9/M divided by Reference 9/M 


