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Summary

Seismic discrimination between earthquakes and underground

nuclear explosions is studied, utilizing magnitudes of two

kinds from several seismic stations. A model is given first,

where the mean values of the magnitudes are linear functions of

a parameter describing event size. It is shown how the model

parameters can be estimated after a minor restriction of their

space. When the discrimination rule is derived from the model,

a few different approaches are considered, and they are showr.

to coincide. It is found reasonable to use a discriminant, which

is linear in the magnitudes, and explicit formulas are obtained.

The power of the method is expressed by a measure of separation

between the alternatives, which also shows the importance of the

individual magnitudes. Missing data is a frequent problem in

practice, and the case is treated where there is a detection

threshold for one of the magnitudes. The classification probabi-

lities are computed when applying the rule to the available

magnitudes, and they depend on the event size. The method is not

optimal, and it is shown that it can be improved by using the

technique of identification by negative evidence, i.e. by utiliz-

ing the threshold as upper bound for a missing magnitude. The

model is one of general use, and the results thus have a wider

applicability.



Sammanfattning

Seismisk diskriminering mellan jordskalv och underjordiska kärn-

explosioner studeras, varvid magnituder av två slag från flera

seismiska stationer används. En modell ges först, där magnitu-

dernas medelvärden är linjära funktioner av en parameter, som

beskriver händelsens styrka. Det visas hur modellparametrarna

kan skattas efter en mindre begränsning av deras rum. När dis-

krimineringsregeln härledes från modellen, betraktas ett par

olika ansatser, vilka visas sammanfalla. Det befinns vara rim-

ligt att använda en diskriminant som är linjär i magnituderna,

och explicita formler framtages. Metodens styrka uttrycks med

ett separationsmått mellan alternativen, vilket också visar

individuella magnituders vikt. Saknade data är ett vanligt

praktiskt problem, och det fall behandlas, där det finns en

detektionströskel för en av magnituderna. Klassificerings-

sannolikheterna beräknas när man tillämpar regeln på de magni-

tuder som erhållits, och de beror av händelsens styrka. Metoden

är inte optimal, och det visas att den kan förbättras genom att

utnyttja tekniken för indirekt identifiering, det vill säga

genom att använda tröskelvärdet som övre gräns för en utebliven

magnitud. Modellen är i allmänt bruk, och resultaten har så-

lunda en vidare tillämpning.
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INTRODUCTION

There are several seismological methods to discriminate between

earthquakes and underground nuclear explosions. One of the best

is the nu (ll )-method, which is based on the magnitudes m. and M ,
b s b s

obtained at a seismic station from shortperiod body waves and

longperiod surface waves respectively. They are combined into a

linear discriminant, which for each kind of event has a certain

distribution irrespective of the event size. The method is, how-

ever, not as good as the separation of these alternative distri-

butions indicates, because the magnitudes are not always obtained,

A common reason for this is the noise, which here can be expressed as

detection thresholds for the magnitudes. The threshold provides a

partial information about a missing magnitude,because it is an

upper bound of the value. This can be included in the classifica-

tion rule, so-called identification by negative evidence, where-

by the applicability is somewhat extended to smaller sizes. It is

still desirable to improve tho discrimination capability, and

this can be done either by considering more quantities than the

magnitudes or by collecting data from other stations. Here the

combination of magnitudes from several stations will be studied.

The presentation has been divided into four parts. The two first

describe the chosen model for the magnitudes and a method to

estimate its parameters. They provide the basis for the main

discrimination problem, which is considered in the remaining two

parts. In the first of these the classification rule is derived,

and its characteristics are calculated. The last part is devoted

to the effect of a detection threshold.

The model is of a very general character, and it is applicable

to situations other than both magnitudes and seismology. The

terminology of the initializing problem has, however, been kept.

The simplifying assumptions, which are valid for this special

application, are also made. The report is of a theoretical charac-

ter: giving the tools and describing their properties,but with-

out, applying them to data. An example of use is found in Auste-

gard et al. (1975).



MODEL POR MAGNITUDES

The model is an attempt to describe the simultaneous distribu-

tion of body and surface wave magnitudes at several seismic sta-

tions. It is an extension of a model for a single station, see

e.g. Ericsson (1971a) and Elvers (1974). There are now I differ-

ent "channels" providing magnitudes. These will be denoted S

(irrespective of kind), and they arc assumed to be random vari-

ables which can be written in the form

S . = cr + 3. K + 6-» for i= 1,2,...,I, (1) 1

where each pair (a., 3.) of parameters is characteristic for its

channel, K is a measure of the size of the event, and the e• s

are independent random variables the distributions of which are

normal (o,a.). a_ will denote the vector (a-, ,..,aT) etc. This

type of model is assumed to be valid for both earthquakes and

underground nuclear explosions with the same (though possibly

of different length) ̂ -vectors, but with different zS c and

possibly also different o's. The subscript j , with the values Q

and X, will be added to denote the difference when necessary.

The subscript i (and sometimes 1 also) will always refer to the

channel, while h will be used to number events. Capital and small

letters S and Y will be used to distinguish between random vari-

ables and their observed values.



PARAMETER ESTIMATION

Method and further assumptions

To estimate the parameters of the model one set of observations

[s..\ i=1,..., I, h=1,...,H, is available for each kind of

event. It should be noticed that in practice not all channels

will provide an s for each event. Regarding s^ as a matrix at

least two elements are needed in each row (i.e. for each chan-

nel) to estimate its pair (a., 3.), and each column (event)

should contain more than one element not only to estimate its

size K. The indices in the formulas below are restricted to

combinations with obtained s.. 's by the indicator function A. ,

which takes the respective values 1 and 0.

The maximum likelihood method has been chosen to estimate the

parameters, i.e. the likelihood function

expi- s _ a. _3 . K. ) /2a.'
• lh i i h 7 ' i

2\ (2)

is to be maximized with respect to £, 3_, o_, and _K. The method

can, however, not be applied directly. First it is observed that

every set of mean values (a. +0. K,) can bo realized in an in-

finite number of ways. The parameters have to be related to some-

thing, e.g. a fixed value of one pair (a ,3 ). The problem is

still not well defined, because by choosing the parameters so

that thore is a "perfect fit" for one channel, the function L

will become infinitely large. A reasonable way of attacking this

problem is to assume that the relative magnitudes of the standard

deviations are known, i.e. a. is of the form c.a with the vector

_c known and only the scalar a unknown. This was made also by

Ericsson (1971b) when studying the case 1 = 2.

The number of parameters is obviously still great compared with

the number of observations. There are (21- 1 +H) parameters for

each kind of event (disregarding that the |!_.-vectors are parallel),
J

and at the same time at most I »H observations. The situation

does not improve much with increasing sample size, because the



number of parameters increases linearly as well. This is due to

the sizes K , which, although of geophysical interest, are nui-

sance parameters from the present estimation point of view. The

problem is that of estimating a relationship, which has been

much discussed, see e.g. Moran (1971) for a survey, and where

open questions still remain. In that terminology the parameters

_£, 3_, and 2. would be called structural, whereas the K's are in-

cidental. The distinction between the two cases where the in-

cidental parameters are regarded as fixed numbers and as being

independent random variables from some distribution is important.

Identifiability and consistency are different, for example. Here

it is reasonable to take explosions as belonging to the first

case, while earthquakes are more similar to the second. The pro-

blem is interesting, but it will not be carried further here. It

is seen that a bias is contained in the ignorance of missing ob-

servations, because these are often small. The method should

still give reasonable estimates^ and the chosen numerical pro-

cedure is described in the next section. Interval estimates for

the parameters are not as easily accessible. One way would be

to use the jackknife method, and another suggestion, although

more doubtful, is to use the inverse information matrix as

approximation.

Way of execution

The two vectors SjL and IjLj., which are parallel, should be esti-

mated simultaneously from both kinds of events. It is, however,

considered that the estimates for earthquakes generally are more

reliable than those for explosions, mainly because of the great-

er number of observations. Therefore 3_ is set equal to the esti-

mate §_ obtained from the earthquake sample (or a desirable pa-

rallel vector), and the sample of explosions is used only to

estimate the other parameters.
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The maximization of the likelihood function is necessarilydone nu-

merically. An obvious way is to minimize the sum of squares in

the exponent of I by a standard computer programme, but this

seemed time-consuming compared with the following method which

was therefore chosen. The partial derivatives of ln(li) lead to

the below system of equations for earthquakes, and similarly

for explosions except for the second set.

HJ
2

ci h=1
H

\ -Lil / rt -tr ^ rt *-\ I* "1 U

h=1 i=1 1 h=1 i=

The two first systems are, for given 1C, simply a set of normal

equations for weighted linear regression. They are therefore

easily solved for a_ and 3_, and conversely for the third system.

The computational work is not great and convergence has been

reached in not very many steps when iterating between them, (it

can be noted that the rate of convergence increases by computing

the whole vectors a_ and §_ from the equations, after which the

result is transformed as to have the prescribed values of a and

3 •)



DISCRIMINATION

The discrimination principle adopted is that of testing a sta-

tistical hypothesis: maximize the probability of identifying an

explosion correctly subject to the condition that the probabi-

lity of making a false alarm, i.e. misclassifying an earth-

quake, is at most equal to a predetermined value r. The respec-

tive structural parameters a. 3 . and cr. are now considered as

known constants. As they are only estimates the results are

random. The reliability depends on the underlying samples, and

it can be measured in various ways, but this will not be dis-

cussed here. The two alternative magnitude distributions are

still not simple because of the incidental size parameters K.

These are here considered as fixed numbers for both kinds of

event. The likelihood ratio method, which is generally used in

such situations, is studied first, followed by a few other ap-

proaches. It is found reasonable to restrict the classification

rule to a discriminant, which is linear in the magnitudes. At

last the quality of the procedure is treated together with the

importance of the individual channels.

The likelihood ratio method

The likelihood ratio is

I

(4)

The numerator and the denominator are the same except for para-

meter values. The respective supremuras are attained for

I I

Substitution of these values in the respective exponents gives

the result
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/a 2

1-1 1-1

i=1 1=1

3,,

6 i l = 0 f o r i ^ l for i=1 ,..., (1-1), 1=1,..., (1-1), j=Q,X

It is easily found that Y_= (Y ,..., Y ) follows a multivariate

normal distribution with mean value ^. - (n . t.. .j p .) and cova-

0. .3
riance matrix £. with elements L., .=6. ̂ o. . + " p" J T . . It is also

verified that the matrix of order (l-i) x(l-i) witv . as its

elements is the inverse of £.. The likelihood racio J : thus pro-

portional to the ratio between the frequency functions of the

two completely specified alternative distributions of the vector

Y.

The discriminant

The like'. .>ood ratio method reduces the problem to a test be-

twr. ••, vw known multivariate normal distributions.

The solution for the particular case of .qual covariance matrices

is given eg by Anderr\.,n (1958). The discriminant is then lirkar

in the components of Y (and the choice of subscript j is arbitrary),

? * (7)
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If _Y_ is transformed back into S_, and the explicit expression for

the inverse matrix is utilized, the discriminant can be written

D =Vf.S. with V-|>iX-«iQ-3iQ ^ .^S, }/̂ iO (8)
}

1=1

2

'' 2
a 1 0

With unequal covariance matrices the best discriminant is ge-

nerally quadratic. This means in the univariatc case, that the

classification regions are the interior and the exterior of a

finite interval, (because the tails fall off more rapidly for

one alternative than for the other). One of the exterior parts

is then often not of a great practical interest, and a one-

sided test is used instead, as for the m, (M )-method. It seems

reasonable to make this restriction to linear discriminants with

a single critical level also in the roultivariate case. The dis-

criminant (7) is best within this smaller class not only when

the covariance matrices are equal, but as soon as they are pro-

portional. This is equivalent to the vectors £_. being parallel,

which is often true. Only this case will be studied in the fol-

lowing, but the optimal discriminant can be computed also in the

general situation,as described by Anderson and Bahadur (1962).

Other approaches

The discriminant (7) was obtained from the likelihood ratio

method followed by a restriction to linear ones. Would the re-

sult have been different if one had started with the whole

class of discriminants which are linear in the magnitudes?

The two alternative distributions of the linear discriminant

I.
') g.S. depend generally on the size K of the event. It i 3 de-
i=1

sirable to avoid this, and the obvious way is to make the re-

f
strictions ,> g. 3. . = 0 for j equal to Q and X, which are satis-

i=1
fied simultaneously. This implies that
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1-1

so that the answer is denying.

The last result can be compared with those of Rao (1966) in a

study of discrimination between composite hypotheses. He con-

siders similar divisions of the sample space, i.e. classifica-

tion regions with the error probabilities independent of un-

known parameters,and searches optimal solutions in two ways.

One of them consists in first finding a sufficient statistic

and then using the alternative conditional distributions (given

the statistic) to discriminate. The other one starts from a

statistic, which is ancillary, i.e. its distribution does not

involve the unknown parameters. The first way is not useful in

the general case of unequal ccvariance matrices, but here the

same statistic / (P /a.Q)S. is sufficient for the unknown size

î 1

parameter under both alternatives. It is found that this sta-

tistic, a general choice of ancillary statistic, and the likeli-

hood ratio method all lead to the same quadratic criterion. Rao

shows that the obtained discriminant is optimal not only in the

above sense, but also under certain other conditions. Moreover he

gives a property, which is of interest particularly when nothing

is known in advance of the form of the covariance matrices. It is

then convenient to regard the observations as coming from a po-

pulation, which is a mixture (of unknown form) with respect to K.

If the moments of this distribution are inserted in the formula

of the discriminant, the result turns out to be independent of

the mixture. They can thus be used instead of the original ones

corresponding to a fixed K.
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The "quality" of a discriminant

I
The discriminant D - f.S. was obtained as being the best in a

certain sense. An event is classified as an explosion when Dsd,

and as an earthquake otherwise. The value of d is determined by

the condition that the probability of a false alarm (PFA) is

equal to r. Being a linear combination of normally distributed

random variables, D also follows a normal distribution. The al-
I

ternative parameters are £. - >' f.a.. for the mean and

u). = J f.a. 2 for the variance. Put b . = (Q . - d)/uj. and a . = $(b . ) ,

i=1

where $ is the distribution fucntion of the standardized normal

distribution. (The notation $ will be used also for the bivari-

ate case, but the difference is obvious from the number of argu-

ments. ) Then a equals PFA, and ax is the probability to identify an

explosion correctly (PDE). The quantity a , or equivalently bx,

is thus a measure of the quality of the discrimination procedure.

It is found that ^ - £n = u>n (when the vector cu is used for the

coefficients f. as in (8)), and that

r, «iX-*lQ
2 y

= I N I 2 - ^ 2 withA.=ipa, B.=-
||B||2 X aiQ X aiQ

In the classical case with equal covariance matrices Z. the

quantity <juo is known as the (squared) Mahalanobis' distance.

It is a measure of the separation of the alternatives. In the

present case there is an influence also from the proportionality

factor Y = o.v/a.n.
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The separation quantity ou can be expressed in geometric terms,

through the vectors in (1O), as the orthogonal distance from A_

to B. These vectors can also be used to measure the relative

importance of the channels, which all have their own coordinate.

It is founl by direct calculation or through the formulas in

Urbakh (1971) that the square cuQ is decreased by the following

quantity if the l:th channel is omitted

To interpret this geometrically, let A_ be the projection of

k_ onto the plane spanned by _B and the l:th unity vector. Then

(12) is the square of the orthogonal distance from A to B.

The choice of scaling, i.e. of v, (̂  ( ^ in the above nota-

tion, is without influence on (11) and (12) as expected, be-

cause the length of _B never enters and Â  is only affected by

amounts parallel to B. The formulas (1O) and (12) are important

when discussing the choice of channels for the data collection,

but also other facts must be considered, such as frequency of

missing data.



DISCRIMINATION PROCEDURES WHEN THERE IS A DETECTION THRESHOLD

It has already been mentioned that all magnitudes are not al-

ways obtained in practice. The classification is usually based

on those available. The characteristics of this procedure de-

pends not only on which magnitudes are missing, but also on

why they were not obtained. The reason can be of a systematic

nature, such as values being too small to be detected, or more

random, for example interference from other waves. It is desi-

rable to take the different facts into account already when

constructing the classification rule.

As mentioned earlier, a common reason when a magnitude is mis-

sing is that the wave wa£ hidden in noise. This can be includ-

ed in the model, see Elvers (1974), by assuming that there is a

detection threshold t. such that the magnitude S. is obtained

if and only if it exceeds t.. The distribution of the magnitude

has thus been censorized from below. If there are detection

thresholds for all magnitudes their simultaneous distribution

is also truncated, because events with all magnitudes below

their thresholds are not detected.

The number of combinations of obtained magnitudes when there

may be missing values is great. The study will therefore be re-

stricted to the case that (l-i) of the magnitudes are always

obtained while there is a detection threshold for the last one.

The results ought to be indicative also for more general cases.

A new discrimination procedure is needed because of the change

in model. If the likelihood ratio method is tried again, the

expression corresponding to (4) involves the distribution func-

tion $. Explicit results cannot be obtained, and the numerical

work would be rather heavy, so only a few obvious choices and

their properties will be considered below.
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Classification by positive evidence

In the situation specified above an intuitive choice of classi-

fication rule is "the best possible". Let a prime as super-

script indicate that only (S ,...., S ) were used to con-

struct the best linear discriminant. The use of D' instead of D

can be thought of as substituting S by its best linear pre-

dictor based on th: other magnitudes. An event is classified

as an explosion when

S >t and !><• d or S < t and D' ä d1 (13)

The probability of this is (for j equal to Q or X)

*(L , b ; - p j + *(-L ) $ (b1 ) (14)

where L.= (cv_. + 0_.K-tT) /ov . and p„ = f T o~_ • /w • •
3 IJ Ij I Ij 1 I I] 3

The correlation coefficient p between D and S is independent

of 3 as are all other p's below, because the vectors a,, are pa-

rallel.

(14) is a function of the size K of the event, which has the

horizontal asymptotes a1. and a. when K tends to -» and +»
J J

respectively. The function has a single extremum, which is a

maximum or minimum depending on the sign of fT. It will be as-

sumed in the following that f is positive. This is usually

true for surface wave magnitudes, which are of the greater

practical interest here. There is then a minimum of $(b., b'.; p?)

at I. = _(b- - p9 b'.)/pn, where p 9=»1-p
2. The Figure shews the

corresponding curves (dotted; for a numerical example. The para-

meter values are fetched from the study by Austegard et al.

(1975), and they are given in the Table.

The quality of the classification procedure is now given by the

pair (14) of functions, particularly the one for explosions.

Roughly, the quality equals that of D( for small events and
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that of D for large ones, with the boundary near L. = 0, i.e.
J

that value of K for which the mean of S equals t It should

be noted that the quality is below that of D around the minimum

but the "loss" when j =X is usually not great.

Classification including negative evidence

Even if S is not obtained,there is the information that it is

at most equal to t . This is called a negative evidence. Be-

cause the coefficient f is positive the discriminant D would

have been at most equal to

1-1

D(t)= (15)

Therefore, if D(t)sd, this would have been true for D too.

There are thus the two discriminants D(t) and D1 when ST is not

obtained. This is in contrast to the m, (M )-case studied by

Elvers (1974), where there is no discriminant D1 when M^ is not
o

obtained because I is only 2. Here D itself has higher quality

than D1, but D(t) may exceed the true value of D considerably.

Both discriminants have thus advantages, which is also illustra-

ted by the Figure (the two broken curves).Consider the rule of

classifying an event as an explosion as soon as either of them

does. Compared with formula (14) for classification by positive

evidence the difference is the probability

^ t j , D(t)sd, Df >d'| = $(-L.) #( L1., -b'.j -

I

where iA = (p., L. + b .) / p2 and p? = ̂ (f j f

(16)

.
. u> .)

p is now seen to be the correlation coefficient between D and

D(t). p, is the correlation coefficient between D and D1, and

it can be simplified to (u>'./cu.). The total can be written as

(where the first term corresponds to pure negative technique)

(17)
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These quality functions have the horizontal asymptotes a1 and
J

a. as before. The zeroes possibly occurring for the derivatives
j

can unfortunately not be found analytically. It is important to

find out whether there is a maximum for j=Q, because then at

least one of the levels must be adjusted (which one is a sub-

jective choice) so that the value r is not exceeded. For the

example only a minimum was found for j = Q and no extremes at

all for j=X. (other numerical studies have resulted in eg.

maximum values of 0.012 and 0.0103 when j=Q for r=0.0i).

Compared with classification by positive evidence, the quality

has here been strictly increased by the inclusion of D(t).

Another way of expressing the improvement is, that the boundary

between the two regions of different quality has been lowered

about a third of a magnitude.

Still, the deep minimum of PPA indicates that the classifica-

tion procedure is not optimal. It is a drawback of the method

of positive evidence that D is positively correlated to S.

This suggests that a discriminant with a mean which increases

with K is included. There is no longer an obvious choice, and

a more formal method, like the likelihood ratio, seems to be

needed at least as starting point. The above methods have,

however, in spite of their simplicity given good results.
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CONCHJDING REMARK

The initial aim of the study was to provide a method to diseri-

rinate earthquakes and explosions by utilizing magnitudes from

several seismic stations. The derivation went through several

steps, whereby further results were obtained, which have their

own interest. Parameter estimates and measures of discriminaticn

capability are such examples. In this larger context all investi-

gations have not been completed, as pointed out in the presenta-

tion, and the discrimination procedure was not carried to an end

either. Thus, although the obtained results seem to cover the

original task, several interesting points still remain.
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1 
H

1

2

3

4

Kind of L

magnitude

body i

body

surface '

surface .

2.32

2.99

1.91

1.27

-u

3.07

3.80

1.86

1.30

1 .00 '

0.71

0.90

1.44

0.30

0.30

0.30

0.30

aiX

0.30

0.3C

0.30

0.30

aQ
aX

i

fi

4.9

6.5

-3.6

-4.4

; 0.01

0.75
i

f

2

4

-6

0

0

i

i

•2 !

. 1 •

.01

.52

Table. Basic information about the numerical example
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aoi

0.005

PFA

1.0
PDE

K
1

Figure The different functions PPA and PDE for the numerical
example. The dashed and dotted curves correspond to classifica-
tion by pure positive and negative evidence respectively, and
their combined procedure is given by the solid curves.


