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The non-linear motion of plasma in a Tokamak is studied by means of (
numerically solving two-dimensional [2D] and three-dimensional [3D] systems
of magnetohydrodynamic (MHD) equations. The 2D model is a simplified system 3
of Kadomtsev equations which describes helical movements in incompressible
plasma with finite conductivity and a large longitudinal magnetic field.
For the helical mode m = 1, the dynamics of internal stripping are studied, '«
and for mode m = 2 the formation and evolution of magnetic islands is t
studied. The 3D model is a more complete system of MHD equations with '
allowance for compressibility. The motion of the individual modes in
cylindrical and toroidal plasma is studied. Preliminary results have been *
obtained on the mutual effects of helical modes.

1. Study of Non-Linear Helical Waves In the Two-Dimensional Model ,

Work [1] has shown that the helical movements of a pinch in a Tokamak, .
with allowance for finite conductivity, can be described by a system of two-
-dimensional MHD equations:
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Here h - hi, - oil H_ &.. 'U * \U O\ V\ = rnufh is

the longitudinal magnetic field, 2"j|- / i-s t n e spacing

of the perturbation screw, \/-~ _JL_ C is

uA a "
the conductivity of the plasma, a is the radius of the pinch. The parameters

a, 1J - J- i. _ J-̂ L. Uj _ "X(•_{. will be used as units

for measuring distance, speed, time, and pressure. Throughout this report the
plasma is considered to reach the surface of the housing at which the following
boundary conditions are used
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condition

I

The initial distribution of the magnetic field was determined by the ;|

N 1
where W/(,^)* "J ~ Q — 0 fn\ • This form of function |

i> corresponds to a parabolic distribution of current \~ « (1""*2- J . The |

position of the resonance surface ^ , at which Q/C^c•) - 1 i s I

I 1
described by the equation U> PZ^S — Q In the case of [3] this equation ;|

has the form ^ z. £ — Q, , When 1 < q < 2, the resonance surface is

located within the plasma.

The type of excited oscillations is determined by the initial distribution
of velocity

_ v „ -Sin V w
t=0 » (4)

When the initial velocity \J (*%\ n a s a radial profile, two different versions

are used:

= A ̂
(5a)

In the case of [5b] 1} f*Z^\ _ Q
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For the problem of [l]-[4] numerical simulation of internal stripping
was carried out in the first mode (m = 1), and the evolution of magnetic
islands was simulated in the second mode (m = 2). Initial results from the
calculations for the first mode were published in work [2]. When system [1]
was integrated, a Descartes difference set with heterogeneous 30 x 30 spacing
was used.

In correctly simulating an actual process, a significant role is accorded
to the selection of the parameter v, which describes the plasma's finite
conductivity. During an actual experiment this parameter was so small that
it was possible to use it directly for the calculations (v "' 10 6 ) . When
numerically simulating helical movements, it is necessary to increase the
parameter v, but in this case care must be taken to ensure that the model
remains adequate for the experiment.

The following simple considerations provide boundaries for selecting
parameter v in a numerical experiment. The initial conditions (3) for <p
have a characteristic size hi ~ 1/3. The initial velocities at which non-linear
effects begin to play a role is on the order of K.ftv "1}e*s n '-< When linear

instabilities develop, the maximum velocities will attain these values. The
upper limit for parameter v is determined by the requirement for the plasma to
be "ideal" over the time interval \ { with regard to motions of

scale tl:

The finite dimensions of the spacing of spatial set h imposed on parameter
v conditions from the other side. The value of the lower boundary for v depends
on the order of precision and the conservativensss of the difference circuit.
For a simple second-order circuit

. Ze m

When H ~ > &tr~'Z > A t ^ l O equations (6)-C7) yieldS° 3

&y {o
We will initially turn to the results of the calculations for the first

mode m = 1. The value q was assumed to be equal to 1.5, such that the resonance

surface was at a radius ^"£ — 0.7 and ^(0) = 0, The initial velocity was

S
selected in the form (5a) with amplitude of A = 0.1, Figure 1 shows the lines of
level <|) = const at time t = 4 for plasma with v = 0,005, It is evident that the
reclosing of the magnetic surfaces leads to the rapid movement of the central
portion of the plasma to the periphery. At time t = 4, in the reclosing area
x ~ 0.8 the velocity component v is close to zero, and component v is large,

x y
This leads to the rapid removal of plasma from this area and to equalization
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of the current distribution over the plasma cross-section. At selected initial ;)
velocities, a radially uniform distribution of potential ty is established |
within time t ~ 8. Subsequent movement is oscillatory in nature. Thus, the |
calculation results confirm the qualitative picture of plasma motion and of the f
closing of magnetic surfaces as developed in work [3]. |

We will now perform calculations for mode m = 2. Let us point out \
immediately that as a function of the radial profile of initial velocity \
(5a) or (5b) and the position of point **£ , various numbers of ,j

islands may appear upon reclosing: when *£ — Q 7 and with distribution 'f

(5a) four islands appear, and with distribution (5b) two islands appear. Figure fj
2a, b and c show the lines of level ty = const at times t - 2, 4 and 8 with t
velocity distribution (5a), A = 0.5/U = 0,125/ and v = 10"3. The process !

max $
develops as follows. At time t ~ 1 after the beginning of the motion at points %

m [ 1x1=0"$ y-0] and |M [Y-Q Ji$!=Q-^p) the magnetic surfaces begin to |
\,ZK < / */**• > s \

reclose, and by time t = 2 four islands are formed which are arranged symmetrically %
with regard to the origin of the coordinates (all the figures show the first ;|
quarter of the circle). From the figures it is evident that oscillations J
of finite amplitude then occur in the system. Central portion of the plasma |
is noticeably "elastic". It maintains the topology of the magnetic surfaces, j
With time the width of the islands gradually increases. The speed of the |
island's diffusion increase is a function of the value of parameter v. We |
note that in our calculations this parameter was not a function of time or |
coordinates. Allowance for the greater conductivity in the central plasma |
layers (reduction of v in this region) is apparently capable of inhibiting \
the expansion of the islands. An increase in the amplitude of the initial |
velocity by a factor of 2 (A = 1) has no qualitative effect on the above-described f
motion. As usual the kinetic energy of the excited oscillations is insufficient I
to shift the islands directly to the center of the plasma in order to perform I
secondary reclosing and reinforcement of the islands. I

Let us return to the initial conditions (5b). Figures 3a, b and c show I
the lines of level ty = const for times t = 2, 6 and 8 when q = 1,5, A = 0.5 !

-3 >
(u = 0.12), v = 10 . In this case the reclosing occurs only at points I
max i
• i ?
I X | = 0.7, ^ = 0 . and by time t = 2 two well developed islands 1

are formed with peaks at points X = 0, 1^1 = 0 . 7 Subsequently, !

I |
as in the preceding case, oscillations of finite amplitude occur in the system, j

When * Z e (qn is increased) the depth of the well of I(J "potential" sharply |

decreases [3] and the conditions for the islands to slip through the center of
the plasma are made more favorable. Figures 4a, b and c show calculation results
for q- = 1.75 (. *? _ Q cz ) , A = 1.5 (U « 0.54) and v = 3-10"4. It is

u ,c """ max

evident that after they are formed (Figure 4a) the islands move towards each 1
other and compress the central portion of the plasma (Figure 4b). By time t = 8 I
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the surfaces which divide the islands are reclosed, and a single-axis magnetic
configuration is formed. This process development corresponds to the internal
stripping of mode m = 2.

When qn decreases, point T - approaches tho plasma boundary. For a

a parabolic current, if q < 1.5 ( *£ "> 0,7 ). then inside of the resonance

surface there exists a magnetic surface on which i> - v;(l) = 0. This surface
delineates the inner boundary of the islands' growth. In this case it is
impossible for the islands to slip through the center so before this happens
the islands move to the outer boundary of the column. When the external
magnetic surfaces are reclosed and the islands emerge onto the hot plasma
boundary, the forces which hold the islands in the column are greatly reduced
and the pressure of the internal layers during Alfven times pushes them out to
the diaphragm or liner. The above-described picture may serve as one of the
possible mechanisms for the development of stripping with negative voltage
peaks.

2. Plasma Motion In a Three-Dimensional Model

An experimental study of stripping instability shows that at the final
stage the interrelationship of various oscillatory modes may play an essential
role [4]. This relationship may be studied in both cylindrical and in actual
toroidal geometry only on the basis of a complete three-dimensional system
of MHD equations. This section will describe some of the results obtained
with the aid of this model.

The initial system of equations has the form

The units of measurement were selected to be the same as in the first section.
It was assumed that the plasma reaches the square-cross-section ideal-conductor
housing r with sides of length 2a. In this housing the following boundary
conditions are fulfilled

H (9)

The calculations were carried out for cylindrical and toroidal housings.
The initial equilibrium condition for k and ii was found either

analytically or by means of numerically solving the equilibrium equation for the
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poloidal field potential i|>. The longitudinal (toroidal) current in equilibrium
is represented by J polynomial relative to >l>. The motion was excited by
assigning initial velocities to the field.

2.1. Rectangular C>tinder

If the longitudinal current is proportional to y, then the solution to
the equilibrium equations in quadratic form is simple:

Here the equations x and y are calculated from the center of the column
cross-section, z is along the axis of the column, and the axial directions
are parallel to the sides of the cylinder, H. is the longitudinal field at

the boundary f.

It is convenient to characterize equilibrium (10) by the parameter

Y U
A ™° (L = 2TTR is the period length of the motions

under consideration along the cylinder axis). The resonance surfaces are formed
by the lines of force which close on themselves at a period of length J22_ /

These surfaces intersect axis x at points x which are approximately determined

by the equations Q /y\ ~ J2L For equilibrium (10) the ratio jycO _ Jl_

is small. This means that when n = 1 for the lower modes m = 1 and 2, no more
than one resonance surface can exist in the plasma. In order to study motions
with a large number of resonance surfaces, it is necessary to use current
distributions with sharper peaks than distribution (10).

This equilibrium was sought by means of numerically integrating the
equation for i|/: A iU — I ^ti7\ ^s a n e x a mPl e Figure 5 shows graphs of

the function j/y Q\ for equilibrium (10) (curve 3) and an equilibrium which

is determined by the dependency.
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(curve 2)). Here the dotted line indicates the curves for function q(x). ^ •

In the case of (11) ° Lj = 3.45, and there exists in the plasma two resonance <.

surfaces which intersect axis v at points x = x * 0.42 and x = x ** 0.84.
si S2 ; '

In the first calculations the initial speed was selected as follows:
inside a cylinder of radius 1 formulas (4)-(5) were used where mp was replaced \

by Vy» (tf H . "̂ 2 and in the angular areas outside of this circle the speed|Y)lf— ~
was assumed to be equal to zero. For current (10) the initial velocity of
(4)-(5) is close to the eigenfunction of the linearized problem. However,
in the case of (11) the initial velocity of (4)-(5) excites a large number of
radial harmonics, which makes it very difficult to interpret the results
obtained. We should also note that in order to give a compact description
of the solution to the three-dimensional problem, it should be expanded
in terms of a system of eigenfunctions [inherent functions] which are
associated with the initial equilibrium and we should examine how the
Fourier coefficients are a function of time. All of this gives rise to the
necessity of being able to construct the eigenfunctions of the three-dimensional
problems for at least the lower loads m = 1 and 2.

The simplest problem is to define the eigenfunctions which correspond to
unstable solutions. The motion of mode m = 1 when excitation is achieved
according to formulas (4)-(5) when t ̂ 2-3 is described by a complex mixture
of haxmonics, but as early as time t ~ 5-6 the amplitude of the basic harmonic
noticeably exceeds that of the others. In order to define the eigenfunction,
at this moment integration of system (8) is stopped, the equilibrium distribution
of the functions p, p and It is restored, and the instantaneous velocity
distribution is adopted as the initial distributions. Then integration of
system (8) is again initiated. Calculations carried out have shown that one
or two passes make it possible to "clarify" the unstable mode with a precision
of up to several percentage points.

The main stable modes were defined according to a similar procedure.
It was only necessary to match the moment of the pass with the maximum kinetic
energy E . In this case two or three passes make it possible to "clarify"

the lower radial harmonic well. In order to define the upper radial harmonics,
we should use the conditions of orthogonality with regard to the lower modes
which have been found.

Figure 6 shows the profiles of velocity tX, (X 0 "5~ ) a t time

t = 0 for equilibrium (11) before "clarification" (dotted line) and after a
single pass at moment t = 5 (solid line curve) when mode m = 1 is excited.

pa
The solid-line curve is close to the eigenfunction.

The possibility of constructing eigenfunctions permits us to study how
the increment depends on the velocity amplitude and the problem parameters.
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As amplitude increases, the role of the non-linear currents also increases |
and the increments begin to decrease. Figure 7 shows the instability increment |
of mode m = 1 as a function of velocity amplitude for equilibrium (11). 1
From the figure it is clear that the non-linear effects impose a threshold j
on the development of instability at level U . ~ 0.3-0.4. J

Now let us examine non-linear motions, In order to reduce the computation |
time the initial velocity amplitudes will be selected to be fairly large, I
a total of 1.5-2 times below the threshold levels. From Figure 7 it is clear |
that this selection of initial conditions makes it possible to simulate the I
transition from linear to non-linear processes sufficiently well. |

Let us compare the results of 2D and 3D models on the reclosing of f
magnetic surfaces. In this process we should remember that because of the f.
housing shape selected (square), the motion excited by the initial velocity |

n*f\ Z> / T) \ *
y I '" U J*£ vcAP — Q 2 ) will be helically symmetric with a precision |

which does not allow for processes which occur in the small angular areas,
Therefore in our 3D model no precise scalar potential exists even in the case
of special initial excitation. In addition, the two-dimensional equations
of (1) used in a model of incompressible hydrodynamics ( i. °~f )•

These conditions make it difficult to carry out a quantitative comparison of
the 2D and 3D models.

Nevertheless, in the center portion of the plasma the above-noted
discrepancies should play a small role. For a 3D model, we can introduce
the function

,"T \ u * I I t"» I • V\ ii —>

*? I (12)

which approximately describes the behavior of magnetic surfaces in this region.
Function (12) simulates the potential 4> of the two-dimensional model. First
term in expression (12), the poloidal field ft , retains its helical character,

while the velocities in the angular regions are low. The precision of the
second term in expression (12"> is determined by the discarded terms which
have an order of magnitude of >y^ f A. A in

Figure 8 shows the result of calculating plasma motion for equilibrium
(10) q(l) = 1.3, v = 0.001 when mode m = 1 with a velocity amplitude of A = 0.2
is excited. Here we see the lines of the level IJJ* = const for time t = 3.
A comparison of Figure 8 and Figure 1 shows that they agree qualitatively.
In the 3D model the natural development of instability causes the reclosing
of the magnetic surfaces, interspersion and the formation of a configuration
with a flatter current distribution.

In order to study the interrelationship of the modes, we will excite
motion with the aid of the initial velocities
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where v are eigenfunctions constructed by means of the above-described procedure
m _»,

and standardized according to amplitude w, 0] 1 ^e w ^ * find the initial

n*
field and pressure distribution by means of equilibrium (11). Despite the presence
of a second resonance surface, mode m = 2 proves to be stable. This agrees
both with Saydem's [Translator's Note: as transliterated] local criterion
and with the calculations of work [5],

Calculations have shown that with initial velocity amplitudes of A^ and

A9 ~ 0.2 the mode link coefficients are so small that they ensure noticeable

energy transfer during time t ~ 10. However, in as little as time t ~ 5 when
v = 5-10 "*, there is time for reclosing and interspersion in the first mode and
for islands to form in the second. This is shown qualitatively in Figure 9
where the distributions of current j. on axis x are plotted for times t = 0, 1

and 3. We can see the motion of the central portion of the current through the
left boundary of the plasma, the formation of a minimum current and a plateau
beyond the second hump and a gradual rise in the profile in the area

| C Xe K' 0.42 . Unfortunately, the rare difference set (16 x 16 x 10)

does not make it possible to resolve the fine structure in the reclosing area
(x ~ -0.42). It is only clear that here the derivative f"j : changes

it:; sign. The same picture is also characteristic for the circumference
of the second resonance surface x ~ 0.84.

s
2.2. The Torus

Equilibrium was constructed for the torus with the aid of the numerical
solution to the equation

(14)

•* o

Here ' \ > c are the cylindrical coordinates with axis Z, which

coincides with the main axis of the torus, and R is the large radius of the torus.
Figure 10 shows the profiles of the longitudinal current { /£_ ̂  _\ for

equilibria which are determined by the relationships

f
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Or
with the same amount of total current. Parameter Q s- ~"— for these

equilibria changes by 1.5, 3 and 8 times, respectively (i is the angle of |
rotational conversion). ]

t
The oscillations were excited according to formulas similar to (4)-(5). I

For equilibrium (15) Figure 11 shows how the kinetic energy of the oscillations !
of mode m = 1 are a function of time. Despite the presence of a resonance I
surface at approximately the middle of the plasma radius, the helical oscillations |
are stable. This agrees with Mers'e's [Translator's Note: as transliterated, §
possibly spelled "Mercier"] local criterion. When v ~ 5*10 "*, the increments f
of the dissipative instabilities are small, and detection requires an extremely I
fine analysis of the calculation. |

The authors would like to thank B. B. Kadomtsev for stating the problems f
and for discussing the results of calculations. }
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FIGURE CAPTIONS

Figure 1. Lines of Level ip = Const (Magnetic Surfaces) At Time t = 4 When Mode
m = 1 is Excited, v = 0.05, > ,• = 0.7, v = 5-10"3.

max js

Figure 2. Lines of Level v = Const When Mode m = 2 is Excited According To
Formula (5a), v = 0.125, £ r = 0.7, v = 10"3; (a) t = 2, (b) t = 4,

(c) t = 3.

Figure 3. Lines of Level <j> = Const When Mode m = 2 is Excited According to
Formula (5b), v = 0.12, >£ r = 0.7, v = 10"3, (a) t = 2, (b) t = 6, (c)

nitix -j

t = 8.

Figure 4. Lines of Level IJJ = Const When Mode in = 2 is Excited According To
Formula (5b), v = 0.54, ^ = 0.5, v = 3-10'14, (a) t = 1, (b) t = <• ,

(c) t = 8.

Figure 5. Profiles of current j (x) and Parameters q(x) For Some Functional

Dependencies j (i|0-

Figure 6. Initial Velocity Distribution For Mode m = 1, Corresponding To
Formula (5a) (Dotted Line) and Velocity Distribution At Time t = 5 (Solid
Line), Close To the Profile of the Eigenfunction.

Figure 7. Increment y As a Function of Amplitude of Initial Perturbation
For Mode m = 1, ?*-/•" =0.42.

Figure 8. Lines of Levels ** = Const When Mode m = 1 is Excited In 3D Model
For q(l) = 1.3; v = 10 3, A = 0.2, t = 3.

Figure 9. Distribution of Longitudinal Current j (x) For Various Moments of
Z -4

Time When the Mixture of Modes is Excited (A = 0.2, A = 0,34) and v = 5'10 .

Figure 10. Equilibrium Density Profiles of Current j (2l_) in the Torus

(R/a = 4) At Various Functional Dependencies j (t|<) and x = Const.

Figure 11. Evolution In Time of Kinetic Energy of Toroidal Pinch When Mode
m = 1 is Excited.
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Figure 2(a) t = 2.

Figure 2(b) t = k.
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Figure 2(c) t = 8.

Figure 3(a) t = 2,
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Figure 3(b) t = 6.

Figure 3(c) t = 8.
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Figure 4(a).
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Figure Mb).
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