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PREFACE 

This report was prepared as part of the Oak Ridge Rational Laboratory 
Prestressed Concrete Nuclear Pressure Vessel Development Program (199a No. 
0H003). The goal of the progran is to develop and further improve pre
stressed concrete reactor vessels (PCRVs) for high-temperature gas-cooled 
reactors in particular and gas-cooled reactors in general. 

In addition to contributing to the establishment of the overall state 
of the art of PCRV analysis capabilities, this report is intended to assist 
in identifying and interpreting specific needs in this particular ore*. It 
will therefore provide the basis for future work undertaken to develop im
proved sethods of analysis for complex concrete structures such as the PCRV. 
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SUftUKY 

The prestressed concrete reactor vessels (PCKVs) of the type cur
rently used in large high-temperature gas-cooled reactors are massive 
structures with complex, geometric characteristics that require three-
dimensional analytical aodels. These structures exhibit tine-dependent 
quasi-static response under noraal operating conditions. Their response 
to accidental overpressurixation requires a nonlinear constitutive nodel 
to describe naterial behavior, and the brittle aode of failure exhibited 
by concrete introduces localized violation of the conpatibility require
ments of continuun Mechanics. 

The finite-eleae&t nethod is the only numerical procedure currently 
available that is capable of providing a realistic aodel for a structure 
having the geometric complexity of a modern FCKV. Even with this method, 
difficulties arise in the structure of the system of algebraic equations 
that define the unknown parameters, and judicious utilization of the most 
advanced discretization techniques and solution algorithms is required 
if computation costs are to remain reasonable. Tuis is particularly true 
for incremertal tike-dependent and nonlinear analyses that require re
peated resolution of the system of equations. 

The time-dependent response of the vessel material under isothermal 
operating conditions and normal levels of stress seems to be adequately 
represented by the linear viscoelastic constitutive model. It is not 
clear that completely satisfactory analytical models have been identified 
for the cases of thermal transients and changes in moisture, although some 
satisfactory results have been achieved in the former case utilizing the 
time-temperature shift principle of thermo-rheologically simple materials. 
The implementation of the linear viscoelastic model within the framework 
of the finite-element method is understood; however, the required compu
tational effort is strongly affected by the analytical representation of 
the creep or relaxation functions. When an exponential series represen
tation corresponding to Maxwell or Kelvin rheological chain models is 
used, it is possible to develop recursive relations for computing the 
stress and strain increments occurring during a time increment and avoid 
the normal requirement of utilizing the total stress-strain history in 



BLANK PAGE 



viii 

this confutation. The resulting saving in computational effort is some-
what offset by increased difficulty in obtaining an accurate model for 
the actual material response using these representations. 

The nonlinear response of a PCRV to Moderate overpressurizaticn is 
the result of two separate phenonena: nonlinearity in the concrete stress-
strain relations and the propagation of cracks within the concrete as the 
faii'jre limits of concrete are exceeded. As the ultimate pressure is ap
proached, the response is primarily determined by the plastic response of 
the steel reiuforcing and prestressing members. 

Two material models are commonly used to simulate concrete nonlinear 
stress-strain response: plasticity and hyperelasticity. There are two 
fundamental difficulties associated with the use of the plasticity model. 
The first is the apparent difficulty in achieving an adequate representa
tion for the yield function and hardening law to reproduce the proper 
stress-strain response under multiaxial loadings. The second, and possi
bly related, difficulty is that the use of this model implies isotropic 
material damage, while the microcracking that accompanies the nonlinear 
response of concrete is known to exhibit directional preference depending 
en the state of stress. 

Two fundamental difficulties are also associated with the use of the 
hyperelastic model. The first is the inability of the model to account 
for irreversibility upon unloading, and the second is the apparent diffi
culty in achieving functional relations for the coefficients that prop
erly account for the stress-induced anisotropy accompanying the nonlinear 
stress-strain response. At this time, there does not appear to be a com
pletely satisfactory constitutive model for representing the nonlinear 
response of concrete, although recent work on utilizing the "endochronic 
theory" developed for work-hardening metals shows significant promise. 

Because the trial functions used in finlte-elenent-nethod analyses 
are continuous functions, the treatment of the displacement disconti
nuities associated with cracking poses serious difficulties. The modeling 
of concrete cracking has proceeded along two distinct lines. Some prac
titioners model the cracks as actual discontinuities in the displacement 
field by utilizing techniques of mesh redefinition, while others retain 
continuity in the displacement field but modify the material constitutive 



ix 

relations in an atteapt to achieve proper force-displacement relations 
for the postcrack condition. Neither of the techniques is coapletely 
satisfactory. In the foraer case, the aigorithas nust be developed for 
each specific case and, consequently, are applicable only for acadeaic 
studies, while the algorithm iwed in the latter case do not, in general, 
yield the proper force-displaceaent relations. At this tiae, a coapletely 
satisfactory technique for aodeling concrete cracking in a PCKV does not 
exist. 



A REVIEW OP ANALYSIS METWOS FDR PRESTRESSED 
CONCRETE REACTOR VESSELS 

W. C. Dodge Z. P. Basant R. H. Gallagher 

ABSTRACT 

Theoretical and practical aspects of analytical models 
and numerical procedures for detailed analysis of prestressed 
concrete reactor vessels are reviewed. Constitutive models 
and numerical algorithms for time-dependent and nonlinear re
sponse of concrete and various methods fjr modeling crack 
propagation are discussed. Published comparisons between 
experimental and theoretical results are used to assess the 
accuracy of these analytical methods. 

1. INTRODUCTION 

The prestressed concrete reactor vessel (PCRV) is extensively used 
in reactor designs having a gas as the heat-transfer medium for the pri
mary loop. Because of the characteristics cf this coolai.t, a large volume 
is required for the reactor core. A current 1160-MW(e) ccnercial reactor 
vessel1 has a core cavity height and diameter of 14.4 m (67.3 ft) and 9.97 
m (32.7 ft), respectively, and an external height and diameter of 27.8 m 
(91.2 it) and 29.3 m (96.0 ft). Because it is fabricated by on-site cast
ing techniques utilizing readily available materials, the PCRV oxfers dis
tinct advantages in the construction of these large vessels. 

The nature of the PCRV design also offers unique safety advantages. 
Due to the low tensile strength of concrete, steel prestressing tendons 
are used to develop compressive stresses in the concrete during normal 
operating conditions. These tendons represent the primary load-bearing 
elements in the vessel and are installed in such a manner that they may 
be inspected and/or replaced at any time during the life of the vessel. 
Insulation and cooling coils are attached to the steel liner at the Inside 
vessel wall to protect the concrete from exposure to excessive tempera
tures, and, consequently, the steel load-bearing portions of the vessel 
are not subjected to the plastic thermal cycling or creep that occurs in 
high-temperature steel reactor pressure vessels. Reinforcing steel is 
used to control any localized cracking of the concrete. Also, since the 
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concrete provides radiation shielding, the steel liner on the inside vessel 
vail is the only structural component of the vessel that is exposed to sig
nificant radiation. The high degree of redundancy in the prestressing and 
reinforcing sievents and the protection afforded then by the concrete re
sults in an extremely '.°w probability of undetected extensive failure lead
ing to vessel collapse. 

From tba standpoint of public safety, the aost significant aspect of 
the PCKV is that the conplete primary loop (consisting of reactor core, 
coolant circulators, and steam generators) is contained within a vessel 
that can exhibit a gradual mode of failure as its ultimate pressure is ap
proached. This response has been demonstrated in numerous model tescs of 
various vessel configurations.2•* In the early reactor designs (mid-
1960s), the complete primary loop was contained within a single central 
cavity of the vessel. The predominant vessel shape waj cylindrical with 
two distinct internal configurations depending upon the location of the 
steam generators. 

In the Britisfl Oldbury* and Dungeness B 5 reactors, the steam genera
tors are located around the periphery of the core (see Fig. 1). Ultimate-
load tests of scale models''7 indicated cracking and associated nonlinear 
behavior at 1.5 to 2 times the operating pressure and an ultimate-load 
capability in excess of 3 times the operating pressure. The steam genera
tors in the French St. Laurent II and Bugey I reactors* are located di
rectly below and In line with the reactor core (see Fig. 2). An ultimate-
load test of a one-fifth-scale model of the Bugey I vessel9 indicated 
cracking at 2.5 to 3 times the operating pressure and an ultimate-load 
capability in excess of 4 times operating pressure. As in the case of 
the British designs, the failure wau gradual and was the result of exces
sive leakage due to liner failure. The configuration of the American 
Fort St. Vrain vessel 1 0" 1 2 is similar to the French designs discussed 
above (see Fig. 3). The performance of the vessel was verified by a se
quence of tests using a one-fourth-scale model 1 3 that simulated various 
operating conditions including overpressurizution to twice the operating 
pressure. 
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Fig. 3. General arrangement of the primary reactor components 
(Ref. 11). 

Al hough the performance of the early PCRV designs discussed above was 
satisfactory, there are certain difficulties associated with these configu
rations. The large unsupported span across the head regions in the British 
design is not desirable, while the French configuration leads to a more 
complex path for coolant flow. In both designs, the steam-generator sys
tems awst be assembled within the vessel cavity, and thus a closely inte
grated schedule of delivery and installation is required. Access for re
pair work on these systems after Installation is by manhole only. These 
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problems are avoided in the modern high-temperature gas-cooled reactor 
(HTGR) vessel1* by placing the steaa generators and circulators in verti
cal cylindrical cavities within the vessel wall (see Fig. 4). By using 
removable closure plugs, it is possible to design the circulator-strem 
generator systea so that it can be shop fabricated and tested before in
stallation and removed for repair if necessary. The British Hartlepool 
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Fig. 4. The major components, system, and fuel enclosed in the HTGR 
PCRV for the Summit plant (Ref. 1). 
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reactor1* was the first reactor to utilize this multicavity vessel con
cept. A test of one-tenth-scale aodel of this vessel1* demonstrated a 
gradual aode of failure for this configuration similar to that of the 
previous single-cavity designs. 

The aodel tests ha^e demonstrated the gradual and predictable re
sponse of the PCRV to Increasing pressure. At the lower pressure levels, 
the response is linearly elastic with only highly localized nonlinearity 
or cracking. As pressure is increased, significant nonlinear response 
develops. This nonlinearity is due to two sources: nonlinearity in the 
stress-strain relation of concrete and the development of significant 
zones of concrete cracking. The latter effect becomes more pronounced 
as the pressure is increased, and as the ultimate pressure is approached, 
the vessel is reduced to a state that can be characterized as discrete 
blocks of concrete held together by steel reinforcing and prestressing 
members. The deformations in the latter phase are due primarily to 
plastic deformation of the steel members. Failure is generally the re
sult of excessive leakage due to rupture of the liner. Because of the 
distinctly different mechanisms involved, it is convenient to group the 
discussion of PCRV analysis into linear elastic analysis, nonlinear anal
ysis, and time-dependent effects of shrinkage and creep in the concrete. 

Although previous experience has demonstrated that safe and reliable 
prestressed concrete vessels can be designed and constructed, it should 
be recognized that (1) the PCRV is a more complex structure than a corre
sponding steel vessel, (2) the behavior of concrete is complex and subject 
to many factors such as changes in temperature and moisture content, and 
(3) the totality of design experience for prestressed concrete vessels 
extends for only two decades. The performance of the vessels discussed 
above was the result of careful design based upon extensive use of ana
lytical and experimental results. The purpose of this report is to review 
the analytical methods available to the designer of modern PCRV configu
rations and to assess their capability. 
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2. ANALYTICAL 1EPMSEKIATI0" OF A PCRV 

2.1 The Continuum Model 

At the macroscopic level, a POW is a quasi-homogeneous structure 
coaposed of aortar, aggregate, aad steel. At a aore refined level of 
gradation, the aortar aay be viewed as a porous solid framework with voids 
containing gas and liquid. The HquiS is held within the pores of the 
solid by interaolecular forces. Obviously, this level of aodeling is im
practical, and the first step in simplification is to view the PCRV as a 
three-diaensional continuua -oaposcd of two coapouents — concrete and 
steel. The equilibrium configuration of a continuua is uniquely defined 
by three conditions: (1) the deformations must be continuous and single 
valued (compatibility conditions), (2) the state of stress must satisfy 
conditions of equilibrium, and (3) the stresses and strains must satisfy 
appropriate constitutive relations for the aaterial.17 The compatibility 
of deformations and equilibrium conditions are physical relations, while 
material behavior is described by the constitutive relations. 

In a aodern finite-element code, the three requirements of compati
bility, equilibrium, and constitutive relations are considered in func
tionally independent portions of the program. This nodular structure, 
combined with the ability to handle probleas having complex geometry, has 
led to the wide acceptance of the method and has stimulated a rapid evo
lution in engineering analysis capabilities. It is anticipated that the 
method will play the dominant role in future PCKV analysis; consequently, 
it is pertinent to discuss such analyses in this context. 

2.2 The Finite-Element Formulation 

The finite-element method is a procedure within the broad class of 
nuaerical cechniques called methods of trial functions.19 A functional 
form of the solution is assumed that contains unknown parameters — usually 
constants - which are determined so as to achieve an approximate solution 
to the governing equations. The unique feature of the finite-element 
method is that the trial functions are defined only for finite subregions, 
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or elements, of the dona in. The principal restrictions placed on the se
lection of trial functions are associated with the continuity requirements 
of the nininization principle. There are a aanber of general texts on the 
finite-elenent nethod, two of which are Kefs. 19 and 20. 

The doaain is subdivided into discrete el—eats by specifying spatial 
points called nodes tint define the boeadary surface of each element (see 
Fig. 5). la the n»re cannon inpleneatatioa. the trial functions are con
tinuous displaceaent fields within each einemt. Tins, if the functional 
for* is such that conpstlbility of defomations is not violated along ad
jacent elenent boundaries-, the conpatibility relations of the continuum 
are autonatically satisfied. Coaaectivity is acconplished by specifying 
that adjacent eleneats snare HW—III nodes. It is convenient, and the usual 
practice, to use the value of the components of the displacement vector at 
the nodal points as the unknown parameters in the trial functions associ
ated with each element. These values are referred to as the degrees of 
freedom of the structural model. Thus, the trial functions have the form 

n 
of*, y. *> « 5 ^ (MjU. y, «)}T {t±) . (l) 

i-1 

where n is the number of nodal points associated with the elenent, l(x. 

a m owftis-iTsw 

Fig. 5. Subdivision of Che region into finite elements. 
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y, z) is the displacement vector, I. is the value of displacenent field 
at the tth node point, and V(x, y, z) is a functioc that is unity at the 
ith node and zero at all other nodes (see Fig. 6). The functions M are 
the interpolating functions for the displacenent field and are known col
lectively as the shape functions for the elenent. Mote that { } T indi
cates the natrix transpose and 0 is a vector whose conpooents are the 
values of the displacements in the coordinate directions (i.e., 6 , 6 , 

OMl IMC* i m 

Fig. 6. Shape functions fox quadratic elements of "Serendipity" 
and "Lagrange" functions (Ref. 19). 
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Fanilies of element formulations have been developed for specific 
problem classes (see Fig. 7). Three-dimensional tetrahedron and hexa
hedron elements are used for solid bodle* with generally three degrees 
of freedom per node. In planar situations (plane stress, plane strain, 
or axisymmetric problems), triangular and quadrilateral elements are used 
with two degrees of freedom per node. Shell and plate-bending problems 
utilize special forms for the shape functions and rotational degrees of 
freedom to better approximate the deformations associated with these 
structures. The important point is that the element formulations provide 
displacement trial functions that satisfy the compatibility requirements 
for the continuum and contain the nodal displacements as unknown param
eters. The solution to the problem is obtained by determining the un
known parameters so as to satisfy an appropriate minimization criteria. 
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Fig. 7. Types of finite elements (Ref. 20). 
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2.3 The Elastic Analysis 

Host structural Materials behave elastically vithin a certain stress 
range, and for the Majority of these Materials, the relation between the 
stresses and strains can be approximated with sufficient accuracy by a 
linear relationship, that is, 

ia) - {o,} - [Dj({e} - {e,» , (2) 

where {a} is a vector containing the coaponerts of stress and {e} is the 
vector of the coMponents of strain. The Matrix [D] is called the Material 
Matrix and depends, in the case of homogeneous isotropic Materials, on the 
Modulus of elasticity E and Poisson's ratio y of the Material. The vectors 
{a 0} and (eo) are the initial components of stress and strain, respectively 

The high-strength concrete typically used in PCRV construction re
sponds elastically to applied Mechanical loads at stress levels up to ap
proximately 602 of the ultimate strength.21 Vithin the elastic range, the 
initial strains are recoverable on unloading, and the structural response 
remains unchanged under repeated application of the load. Hence, it is 
standard practice to design the PCRV to remain elastic under credible com
binations of operating, accident, and envirooMental loads.22 Some highly 
localized regions of inelastic stresses may be tolerated if adequate 

reinforcement is used to control cracking. The effect of these inelastic 
stresses on an elastic analysis is negligible, except in the immediate 
neighborhood of the region involved. Thus, the elastic analysis serves 
as the primary analysis of the PCRV for credible design-base conditions. 

The principle of stationary potential energy2' provides a variational 
statement for determining the unknown parameters of the trial functions 
in the analysis of a linearly elastic structure. This principle states 
that equilibrium corresponds to the position at which the total poten
tial energy has a stationary value. Consider an element having n degrees 
of freedom that is in equilibrium under the action of forces {F,} applied 
at the nodes. Let {£,} be the equilibrium displacements of the nodes and 
{a} be the corresponding stresses. The necessary condition for stationary 
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potential energy i s 

/"{AC}1 {O> dv " ^ { ^ i ) 1 (Fj} « 0 , (3) 
i -1 

where {A6.} is an arbitrary infinitesiaal displacement froa the equilibriun 
position, {Ac} is the corresponding increaent in the strains, and the inte
gration is over the eleaent voluae. The strains are related to the dis
placements by 

n 
it) - J j [Sj] (6^ , (4) 

i-1 

where the aatrix [B.] is obtained froa differential operations on the ele
aent shape functions N . Utilizing the stress-strain relations given by 
Eq. (2) and the strain-displaceaent relation above, Eq. (3) becoaes 

{F^ - ^ [k^l {&J + f i * ^ 7 too) dv -fl*}]7 ID] (Co) dv , (5) 
j«l 

where 

fk^J -yiij] 1 ID] [BJ dv (6) J J 

is called the eleaent stiffness aatrix and the integration is over the 
voluae of the eleaent. This equation states the relationship between the 
equilibrium values of the degrees of freedoa and the corresponding nodal 
forces for the eleaent. 

Requiring that the external forces at each node equal the resultant 
of the forces exerted by the node on adjacei t elements yields a system of 
N linear algebraic equations 

[Kj{6} - {R} , (7) 
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where N is the total number of degrees of freedoa in the coaplete struc
tural aodel, [K] is an N * N matrix called the global stiffness aatrix, 
and {R} is the nodal force vector. The nodal force vector {R} is the 
sua of the external forces {F.} and the pseudonodal forces due to the 
initial strains (F.) and the initial stresses iF.} , where 

1 Co 1 Oo 

{ F i } eo * / l B i l T t D l { e ° } *" ( 8 ) 

and 

{ F i } a , * - / f B i ' T M * • (9) 

The integration in the above equations extends over all eleaents contain
ing the ith degree of freedoa. 

2.4 Sparsity of the Stiffness Matrix and Solution Algorithms 

Suppose the equilibrium values of the degrees of freedoa of the scruc-
ture are 

0 if I i j 
1 if i « j 

6^-1 ; '10) 

then 

Ri " L , KU 6£ ( 1 1> 
t«l 

is the value of the ith generalized nodal force required to aaintaln equi
librium for a unity value of the jth degree of freedoa, all other degrees 
of freedoa being zero. Only those eleaents that contain the j'th degree of 
freedoa will be deforaed by this displaceaent, and thus the force R. will 
be zero if the ith and j'th degrees of freedoa do not share a coaaon eleaent. 
Consequently, all K.. teras for which the ith and jth degrees of freedoa do 
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not share a common element will be zero. It follows that the global stiff
ness matrix contains relatively few nonzero tens, and by a suitable n—-
bering of the degrees of freedom, these terns can be restricted to a narrow 
band containing the sain diagonal, as shorn in Fig. 8. 

The fact that the aatrix is sparse and banded is the key to developing 
efficient algorithms that ante it possible to obtain a solution to the 
large nuaber of algebraic equations involved in a typical finite-element 
analysis. The M T I M bandwidth in a particular problem is determined by 
the maximum difference of the subscripts assigned to the degrees of freedom 
within any of the elements of the structure. 

The early single-cavity PCI? configurations could be modeled to a 
reasonable degree of accuracy as axiayametric structures and hence required 
only a two-dimensional analysis. For such an analysis, the bandwidth of 
the global stiffness matrix is related to twice the number of nodes along a 
line through the structure. The multicavity PCXV is a truly three-dimen
sional structure of relatively complex geometry. For this type of problem, 
the bandwidth is related to three times the number of nodes on a plane 

OftML-OWG 7S-17S* 
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Fig. 8. Banded global stiffness matrix achieved by suitable number
ing of degrees of freedom. 
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through the structure. Thus, in addition to the difficulty of handling the 
larger nuaber of equations involved in a three-diaensional analysis, there 
is the prohlea that the bandwidth is considerably larger. The solution 
algorithms in virtually all existing finite-eleaent programs utilize a di
rect aethod for which the nuaber of operations required is proportional to 
the product of the nuaber of equations and the square of the bandwidth. 
Thus, analyse? of three-diaensional structures with the geoaetric charac
teristics of the aulticavity PCRV are several orders of magnitude more 
expensive than analyses of plane or axisyametric structures of equivalent 
detail. 

The bandwidth problea can be avoided completely by utilizing an 
iterative-solution procedure based on the Gauss-Seidel method. 2*» 2 5 Since 
the procedure requires only successive matrix multiplications and does 
not alter the original stiffness matrix, it is possible to design the 
algorithm such that only the nonzero elements of the stiffness matrix 
need be stored or manipulated. Unfortunately, slow convergence is often 
characteristic of the iterative-solution aethod, and known procedures for 
accelerating the convergence are not uniformly effective and may produce 
divergence. Until better acceleration techniques are developed for the 
iterative-solution algorithms, the most efficient solution procedures will 
be based on direct methods.2' 

The aethod for the direct solution of banded equations commonly im
plemented in early codes is based upon the "block diagonalization" method 
developed by Clough and Wilson.27 In this aethod, the diagonal hand is 
partitioned into N square submatrices lying along the diagonal and tri
angular off-diagonal submatrices. By a procedure involving inversion of 
the diagonal submatrices and multiplication by the off-diagonal matrices, 
N groups of equations are formed for which the unknowns in the last group 
are obtained directly and the remaining unknowns are obtained by back-
substitution. If m is the bandwidth, the process requires N inversions 
of (m * m) matrices and in-core storage of the equivalent of two (m * m) 
matrices. 

More efficient algorithms based on triangular decomposition** have 
been implemented in recent codes. 2 9 In the later algorithms, the matrix 
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is decomposed into an upper and lower triangular fora by a process equiv
alent to Gaussian elimination, and the solution is obtained by back-sub
stitution, thus avoiding the matrix inversions required in the block 
diagonalization method. A technique called skylining is used to take 
partial advantage of sparsity within the bandwidth and can be implemented 
in such a manner as to provide a better balance between input and output. 
The latter comment is particularly true for the frontal-solution tech
nique developed by Irons.3' A more detailed survey and discussion of 
the various solution techniques is given in Refs. 31 and 32. 

2.5 Special Element Formulations 

Because of the strongly adverse effect that the matrix bandwidth 
has on solution cost, it becomes critical to utilize an efficient dis
cretization for modeling three-dimensional problems. To achieve an ade
quate model for the structure with a minimum nuaber of degrees of freedoa 
and bandwidth, two characteristics are necessary: (1) the elements must 
have sufficient flexibility in their geometric configurations so that the 
geometry of the structure can be modeled with relatively few nodal points, 
and (2) the elenent shape functions must be of sufficiently high order to 
model the existing strain gradients. The isoparametric element formula
tion provides a relatively simple means of achieving these requirements 
by utilizing a noraalized-basis coordinate system to express the func
tional representation of the shape functions, that is, 

m 
ta, n, O - ̂ {Njtt, n, 0 > T (Xj , (12) 

i-l 

where £» x\, £ are variables with a range of —1 to +1 (see Fig. 9); 6. is 
the value of the displacement vector 6 at node i; and a is the nuaber of 
nodas associated with the eleaent. These shape functions are also used 
to describe the element geoaetry in the global coordinate system in terms 
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Fig. 9. The isoparametric napping. 

of the coordinates of the node points of the element, that is, 

n 
P(5, n, c) - ^ { M ± « , n, c)>T (Pj) , U3) 

i-l 

where P is the position vector of a point in the clobal system and P. is 
the position vector of the ith node of the element. If bilinear inter
polation is used in the definition of the shape functions, curved con .-.ours 
of second degree are produced in describing the element geometry. Thus, 
the isoparametric representation provides a systematic procedure for de
veloping appropriate high-order displacement trial functions for elements 
having complex geometry. Host modern codes contain elements that are 
based on this formulation. 

The use of the high-order isoparametric element provides a means of 
representing the geometrical outline of the PCRV and simultaneously model
ing the strain gradients with relatively few elements; however, because 
of the high cost of formulating th* element stiffnesses and the large num
ber of degrees of freedom associated with these elements, it is desirable 
to utilize them efficiently. Thus, it is necessary to have available the 
special elements required to make transitions in the element mesh. These 

n 
i i 

(-1 . D n. i) 
> 

1 » i > i 

N «. q) 



19 

eleaents are of two types: hierarchical and degenerate. The hierarchical 
elements are those for which the number of nodes and associated order of 
the shape functions nay be different along different sides of the element 
(see Fig. 10). With the use of these eleaents, additional degrees of 
freedom may be introduced where higher-order strain gradients are expected. 
The degenerate elements are those for which two adjacent corner nodes are 
coalesced, as shown in Fig. 10. These eleaents are required at the center-
line apex of three-dimensional cylindrical models and at certain regions 
of mesh transition. The use of both hierarchical and degenerate elements 
for a typical multicavitr PCRV model is discussed in Ref. 33, and an ex
ample is shown in Fig. 11. Some of the special considerations necessary 
in the formulation of the stiffnesses for such eleaents are discussed in 
Ref. 34. 
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Fig. 10. Typical eleaents: (a) hierarchical, (b) "degenerate" 
(Ref. 33). 
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Fig. 11. Three-dimensional analysis of a pressure vaaaal indicating 
advantages In ideali«ation provided by hierarchical and "degenerate" ele
ments (Ref. 33). 
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Because only relatively few high-order elements are needed in an anal
ysis, the idealisation of the reinforcing bars and neabrane liners requires 
special treatment. Limiting these elements to coincide with boundaries of 
the solid elements places an intolerable restriction on the mesh layout. 
A less restricted formulation is presented in tef. 33 in which the bar and 
membrane elements are embedded within the solid elements but restricted to 
lines of constant £, n, or C in the basis-coordinate system (see Fig. 12). 
By assuming displacement compatibility between the solid elements and the 
embedded members, one can obtain the combined stiffness contributions. 
The major problem associated with this formulation is that, in general, a 
bar or membrane element is located by its position in the global coordinate 
system, and the corresponding position in the basis coordinate system may 
not coincide with positions of constant £, n, or £. This problem could be 
overcome by a suitable generalization. 

^•HH. ONG 7» I79M 

Fig. 12. Typical bar and membrane elements in curvilinear direc
tions within a solid element (Ref. 33). 



22 

2.6 Demonstrated Results 

The theoretical results for one of the earliest published coaparisons 
of analytical and experimental strain distributions in a coaplex three-
dimensional body'5 were obtained with a coaputer code 3' that utilizes an 
iterative-solution method and the constant-strain tetrahedral solid ele
ment. A 30* symmetry sector of the top half of a concrete pressure vessel 
was aodeled using 12,231 tetrahedral eleaents, as shown in Fig. 13. The 
solution of the 8034 algebraic equations by iteration required several 
hours of I1H 360/75 coaputer tiae; however, the use of a direct method 
for this systen of equations, whose bandwidth was approxiaately 500, would 
have been virtually impossible. The largo number of eleaents were re
quired in the model because the constant-strain tetrahedron is rather in
efficient in modeling strain distributions. Of the 12 degrees of freedom 
available in this element, 6 must be used to account for rigid-body motion 

O M H owe 7% ir*m> 

<«> ACTUAL STRUCTURE (»> OCTANT OF ACTUAL I d FINITE ELEMENT 
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Fig. 13. Finite-element analysis of prestressed concrete reactor 
vessel (Ref. 35). 
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of the element; thus, only half are available for approximating the strain 
distribution. Th? excessive coapating tine tats the result of the slow 
convergence of the solution for successive iterations. Although this 
study denoastrated that relatively accurate results can be obtained using 
the constant-strain tetrahedral element and an iterative-solution algo
rithm, the effort involved was considerable. 

With the high-order isocar ant trie elements and nore efficient direct-
solution algorithms, it became possible to develop reasonably realistic 
models of complex three-dinwnaional bodies that are simultaneously within 
the capability of these algorithms. This was demonstrated by a comparison 
between analytical and experimental results for a one-tenth-scale model of 
the Hartlepool reactor.37 Although the geometry of this vessel was more 
complex than that of the vessel previously discussed, satisfactory accu
racy was obtained using a model composed of 41 elements and 978 degrees 
of freedom (see Fig. 14). The frontal-solution technique was used, and 

CNMl O K f "*» 

Fig. 14. Finite-clement math (Ref. 37). 
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the solution uas obtained vith only 10 sin computing tine on the IBM 360/75. 
A nore complex nodel having 177 elements and 3519 degrees of freedon was 
also used and required 55 nin conputing tine. The differences between the 
two solutions were not significant, and both agreed relatively well with 
the experiment..1 values obtained froa the test. A histogram indicates that 
the major portion of the variations between experimental and analytical 
results were within —30 and 440 Um/n (pin./in.) of strain. The standard 
deviation of the variation was 17.5 um/a (pin./in.). This agrees favorably 
with the 25-um/m (uin./in.) standard deviation for similar results obtained 
froa a test of the Wylfa prestressed concrete pressure vessel M and with 
the results given by Bremer.3* Thus, it appears that agreement within this 
order of magnitude is as good as can be expected for currently available 
experimental instrumentation. A rather detailed discussion of the problems 
associated with the assessment of experimental results for PCRV models 
given in Ref. 40 tends to confirm this conclusion. 

• 

3. TIME-DEPEVDEftT BEHAVIOR OF CONCRETE 

3.1 Effects of Time-Dependent Deformations on a PCRV 

The time-dependent deformations (creep) of the concrete in a PCRV 
under normal operating conditions are significant from a design consid
eration. The amount of deformation may be several times the instanta
neous elastic deformations and must be considered to ensure proper equip
ment alignment and the maintenance of minimum tolerances and prestressing 
forces. They also produce increases in the compressive stress in the 
vessel liner that nay result in liner buckling. Moreover, differences 
in the creep properties across the vessel wall, caused by differences in 
temperature, hydration, moisture migration, etc., nay lead to significant 
redistribution of the stresses. If a vessel is subjected to extended 
periods of prestress without internal pressure, the str »s relaxation 
may result in tensile cracking of concrete along the inslie vessel wall 
upon subsequent pressuriz&tion, thus jeopardizing the inte;rity of the 
liner anchor studs. For these reasons, it is pertinent to consider the 
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nature of the time-dependent response of concrete and the analytical 
methods available for evaluating this effect. 

3.2 Basic Characteristics of Concrete Creep 

Hardened portland cement paste is .he binder for the concrete aggre
gate, and the properties of the paste and its bond with the aggregate 
determine: (1) the •aimer in which the concrete responds to changes in 
temperature and Moisture, (2) the characteristics of its nonlinear re
sponse, and (3) the nature of its failure. The interior structure of the 
aggregate has little effect on these properties, provided sound aggre
gates are used. The paste is an ultrafine gel-type structure consisting 
principally of calcium silicate hydrate formed by hydration of the cement. 
This hydration process is rapid during the first few days and continues 
at a decreasing rate thereafter, but remains significant throughout the 
vessel life. The gradual change in the properties of concrete that occurs 
during hydration is called aging, and aging introduces one of the major 
compiicacions into the analysis of concrete structures. 

The hardened cement paste is a strongly hydrophilic, porous material 
with a typical porosity of 0.40 to 0.55 and normally contains a substan
tial amount of evaporable water.* 1* % z Much of the evaporable water is 
held within pores several molecules thick by strong surface forces (see 
Fig. 15). The internal surface of the pores 13 enormous — roughly 500 
• 2/cm 3 (12.7 x 10 s in.2/in.3) of ceaent paste. Concrete has a relatively 
low degree of chemical stability, and its micrestructure reacts to any 
changes in temperature, water content, or stress. The principal mecha
nism responsible for the time-dependent deformation (creep) of concrete 
is thought to be the migration of molecules or ions of the solid particles 
of cement paste (perhaps Ca ions) from the loaded areas to the unloaded 
areas, as shown in Fig. 16. The presence of moisture facilitates this 
migration, especially when the water within the pores of the nicrostruc-
ture is moving as a result of differences in relative humidity or tempera
ture. The loss of evaporable water within the pores also produces sub
stantial capillary tensions and surface tensions on the walls of the 
pores, resulting in volumetric shrinkage. 



26 

Fig. 15. Idealized schematic of •icrostrocture of hardened port-
land ceaent paste; a « free adsorbed water aolecules, Ca * calclua ions 
(crosses), c » reaaining anhydrous ceaent, ch « calciua hydroxide, d « 
hindered adsorbed water aolecules, f • fracture surface, g « ceaent gel 
(lines represent sheets of calciua silicate hydrates), i * interlayer 
water, a » capillary •iniscus, o • original surface of anhydrous ceaent 
grains, p - capillary pore, v - water vapor and air, w « capillary water 
(liquid). Water aolecules and calciun ions are not shown everywhere 
they exist. Width of picture %30 \m (1180 uin.). Spacing of sheets 
\V30 A) relative to length of sheets is Magnified about 100 tlaes. 
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Fig. 16. Idealized drawing of the creep aechanlsa in ceaent paste. 
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3.3 The Superposition Principle 

Attempts to relate creep to processes at the aicrostructural level 
are plagued by the •any and complex interactions; consequently, the ear
liest and aost widely used methods for creep analysis are based upon a 
phenomeuological approach. In this approach, the creep response is ob
tained by performing tests on concrete mmpltn under representative en
vironmental conditions. To limit the number of tests, it is important to 
seek relations between the various variables and other simplifications. 

An important simplifying assumption commonly employed is that the 
creep response due to an increment of stress is independent of any pre
vious stress increments and may be superimposed linearly on the response 
due to the previous increments. This assumption is called the principle 
of superposition, ana without such an assumption, it would be necessary 
to conduct tests for each stress history of every element in a finite-
element analysis. If the vtlidity of this principle is «. . >pted, the 
creep law takes the form 

e(t) - J(t, t')o , (14) 

where e is the strain caused by the stress 0 and J(t, O is the function 
(called the creep compliance function) that yields the strain at tiae t 
caused by a constant unit stress spplied at time f (see Fig. 17), both 
t and %.' being measured from the tiae of casting. The fact that concrete 
undergoes a significant aging effect requires that J depend on two sepa
rate variables (t and t') rather than on the one variable (t — t')» as is 
normal in classical linear viscoelasticity. Mote that 1/J(t, t) equals 
the instantaneous elastic modulus E(t). The generalization of Eq. (14) 
to continuously varying stress, according to the principle of superposi
tion, yields the relation 

C(t) • f J(t, t') do(t') , (15) 

where do(t') is an infinitesimal increment in stress occurring at tine t'. 
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Fig. 17. Creep ~*&t and creep compliance function. 

Test results obtained by the U.S. Bureau of Reclamation*3 for sass 
concrete show fairly close agreement with those predicted by the principle 
of superposition. These and later results indicate that under constant 
temperature and aoisture the principle of superposition yields reasonably 
accurate results within a stress range approximately the same as that for 
which linear elasticity is valid.** 

With the assumption that Poisson's ratio is independent of time, the 
generalization of the uniaxial creep law to the case of constant multi-
axial stress follows directly and takes the form of the corresponding law 
for linear elasticity,*5 :hat is. 

e x - J(t, t')ox - w(t, t') [o + azl , 

e - J(t, t')o - w(t, t') [a + o ] , 
y y * * 
e - J(t, t')c - w(t, t') [a • a ] , 
z z x y 

(16) 

where 

w(t, t') - pJ(t', t') + uc[J(t, t') - J(t', t')J (17) 

and u and u. are the instantaneous and creep Frisson's ratios respec
tively. The experimental results given in Refs. 45 and 46 indicate that 
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the assumption of a constant-creep Poissoa's ratio is reasonable, and 
the value of this constant is approximately 0.1S to 0.19. 

3.4 Integral-Type Formulations 

Structural analysis based on Che stress-strain law given by Eq. (15) 
nay be performed by the following method. The total time interval is 
subdivided at discrete tines t (r - 1, 2, ...) into time steps it, and 
the integral is approximated by a finite s*^, chat is, 

er * £ J ( V ts-l/2> to. 
(18) 

Ac - a(t ) - a(t .) , s s s-1 

where subscripts r and s refer cc tines t and t , and t ... is an average 
time within the interval (t ., t ). Using this approximation, it is pos
sible to formulate the incremental stress-strain law as follows:*r 

bo 
Ae - — - • Ae" (i«) 
r — n r 

fcr 

with 

h ' J ( V Br-l/2> 
r-1 (20) 

s*l 

where E" is a pseudoelastic modulus and Ac" is the inelastic strain incre
ment due to creep. Obviously, both E" and At "can be calculated on the 
basis of previous stress increments prior to calculating Ac and Ao . 
Therefore, the analysis may be performed as a sequence of elastic analyses 
in individual tine steps At in which the modulus of elasticity is E" and 
the accumulated creep strains Ac "are incorporated as initial strains 
using Eq. (9). This procedure is generally applicable to any form cf the 
creep function J(t, t'). 
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The form of the creep function that enjoys widest international ac
ceptance is 

J(t, O » | + <fr<t') F(t - O , (21) 

where E 0 is a constant representing a typical value of the elastic modu
lus and <i> and F are continuous, positive, monotonic functions of one 
variable. This form is recommended by the Comite European de Beton-
Federation Internationale de la Precontrainte (CEB-FIP)"7 and the Aaeri-
can Concrete Institute*'. Excellent fits were obtained by Bazant*2 using 
a double-power law for the functions $ and F, that is, 

J(t, t') - ̂  + f^t')"" (t - t') n , (22) 

where $i, m, and n are nondimensional constants. Typically m and n are 
approximately 1/3 and 1/8, respectively. 

Simple, but relatively accurate, approximations are also obtained*' 
by taking J(t, t') to be the sum of an age-dependent instantaneous elastic 
part plus a logarithmic function of time after loading multiplied by a 
function that accounts for the effect of aging. This form has the advan
tage that the coefficients in the approximation can be obtained directly 
from semilog plots of creep strain vs time. 

3.5 Rate-Type Fouiulatiocs 

A difficulty associated with the analysis procedure just discussed 
is that at each time step Eq. (19) requires the evaluations of sume over 
all previous steps for each stress component of every element in the model. 
This results in extensive storage and computational requirements. The 
problem can be avoided by approximating the creep function by a series of 
real exponentials (Dirichlet series), 5 0 that is, 

i A i r -(t-o/T.n 
Kt, t') + > - 1 - e , 

E(t') ~ E (t') L J 
(23) 
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in which T± are constants called retardation times and E. are coefficients. 
When this function is introduced into the superposition integral [Eq. (IS)], 
the integrand degenerates into the product of a function of t' and a func
tion of t. The latter function does not involve the variable of integra
tion and can be extracted froa the integral, leaving only an integration 
of functions that are independent of t. Thus, at each new tiae step, it 
is only necessary to coapute the change in value of the integral froa the 
last tiae step rather than froa the tiae of initial loading, as is required 
in the general case. 

A coapletely stable incremental analysis can be obtained by numeri
cally approximating the integral at discrete tiaes t«, t., . , t„ and 
using the assuaption that dO(t)/dt and E.(t') are constant within each 
tiae interval.so The incremental stress-strain law becomes 

*s - F^ +*;• • ( 2 4 ) 

r 

in which 

•1/2 

and (25) 

-•£t-.^]fcL-Ae 
i-1 

The effect of prior stress history is contained in the variable c., which 
is defined by the recurrence formula 

, r[l - e ' & t / T j V , t g -At,/ , A o l l - e J V A t r , -At /T 
( £ i>r * (E ) + < G ^-i • ' < 2 6 ) 

1 r lVr-l/2 
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Thus, the difficulty of computing SUMS involving the coaplete stress hir-
cory at each tiae step is avoided. 

It can be shown59 that che Dirichlet series is che solution to the 
systea of differencial equations 

e - o/E + > c± , 
i=l 

(27) 

a = o± + E i £ i , 

when a unit step stress o(t) is applied at time t'. This system of equa
tions, which corresponds Co che physical system shown in Fig. 18, is called 
the Kelvin chain model. The response of a typical element of the Kelvin 
chain in series wich che spring eleaenc to a scress pulse is shown in Fig. 
19. Since che formulation defined by Eqs. (27) states the relations be
tween the rates of stress and strain, ic is referred to as a rate-type 
formulation. 

Alchough the rate-type formulation offers computational advantages, 
the identification of the material parameters from experimental data is 
difficult. This problem was discussed by Bazant in Ref. 50, and an algo
rithm was presented chat was successfully used to fit various published 
data. In a later publication,51 an improved algorithm was presented along 
with its FORTRAN program listing. 
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Fig. 18. Kelvin chain model. 
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Fig. 19. Typical response of a Kelvin element in series with a 
spring eleaent. 

An alternate rate-type form is obtained if relaxation functions, 
rather than creep compliance functions, are expanded in a Dirichlet 
series.52 Mathematically, the relaxation function E(t, t') is defined 
by 

o(t) » Er(t, t')e , (28) 

where o(t) is the stress as a function of time due to the application of 
a constant strain e at time t". The function E (t, t") yields the stress 
at time t caused by a constant unit strain applied at time t" (see Fig. 
20). By direct substitution, it can be snown that the Dirichlet series 

is 

Er ( t' C'> * £ E i ( t ' 
-(t-O/T, 

)e (29) 
i-1 

i s the solution to the system of differential equations 

ii 

0 - 2 °i • 
i-1 (30) 

e - [o4 •o i/T i]/E1(t') , 
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Fig. 20. Relaxation test and the relaxation function. 

when a unit strain e(t) is applied at time t". This systea of equations 
corresponds to the physical systea shown in Fig. 21 and is called the 
Maxwell chain aodel. The response of a typical eleaent of the Maxwell 
chain in parallel with the spring eleaent to a stress pulse is shown in 
Fig. 22. One of the major differences between the Maxwell and Kelvin 
chain models is the part played by the single spring eleaent. In the 
Kelvin chain model, all the instantaneous response occurs in this eleaent, 
while in the Maxwell model, there would be no time-dependent recovery 
upon unloading without the single spring eleaent. 

One difficulty associated with the Maxwell aodel is that the tlae-
dependent properties are usually characterized by the creep function 
J(t, t")» while the determination of the paraaeters requires knowledge 
of the relaxation function. If the superposition principle is assumed 
to be valid, the relaxation function is uniquely defined in terns of the 
creep function as the solution to the integral equation 

h(t - t') 
r t 3E 

J J(t, A) —*-
3E„(A, t') 

d\ dA (31) 

where h(t — t') is the unit step function. The listing of a computer pro
gram to numerically determine the relaxation values corresponding to a 
general creep function is contained in Ref. 53 along with an algorithm for 
computing the aaterial paraaeters associated with the Maxwell chain aodel. 
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Fig. 21. Maxwell chain aodel. 
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Fig. 22. Response of a Maxwell element in parallel with a spring 
element. 

An increaental stress-strain law corresponding to Eq. (24) but based on 
the Maxwell chain is contained in Ref. 52. As with the Kelvin model, the 
stress history in the increaental law is defined by a recurrence relation, 
thus eliminating the need to sua the coaplete stress history at each tlae 
step. 

It was found that equivalent accuracy was obtained for the Maxwell 
chain with siapler expressions than those required for the Kelvin chain. 
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Additional advantages arise for the Maxwell aodel when the effects of 
teaperature and huaidity changes are included. 

3.6 The Effect of Teaperature Changes 

As a structural aaterial, concrete has a relatively low degree of 
cheaical stability and consequently its properties are strongly affected 
by changes in teaperature. The process of ceaent hydration that gives 
rise to aging is a cheaical process that i* accelerated by increases in 
teaperature. The aigration of aolecules or ions of solid particles that 
produces creep deforaation is also accelerated by increases in teapera
ture. Thus, teaperature directly influences the deforaation rat.- and the 
rate of aging of concrete. 

A type of teaperature dependence that is particularly aaenable to 
analytical description is applicable to the class of aaterials that are 
referred to as being therao-rheologically staple.5* With aaterials of 
this class, changes in teaperature cause the creep or relaxation functions 
to undergo a staple horizontal shift vhen plotted with log (t — t') as the 
abscissa (see Fig. 23). Thus, if 

CT(t, t') » J(t, t') - J(t', t') (32) 

is the specific creep at teaperature T and C_ (t, t") is the creep at 
teaperature To, then 

CT(*n(t - t')] - Q^llntt - t') • «>(T)] (33) 

or 

C7(t - O - C t o[(t - to)e* ( T )] , (34) 

where 4)(T) is called the teaperature-shift function. 
Using published data, Sackaan" found that concrete behavior could be 

modeled with sufficient accuracy with this aodel. Hukaddaa and Bresler56 

generalized the aodel to include the effect of teapersture on concrete 
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Fig. 23. Tine-teaperature shift principle. 

aging by introducing a second shift function, *»(g), where g is an equiva
lent age as a function of temperature. This concept was applied to the 
Kelvin chain node: '"» yi^ld a creep lav of the form 

CT(t - O - £ e^tCt-t'HO/fUl 9 

i-1 
(35) 

where 

•(g) » a# • aie 
-<*2g 

(36) 

and 

Ji, -A(T rT #) 
8 • x, + 7 ^ Ax^e 

i-1 
(37) 

This fom of the law was used to fit the Wylfa reactor data,'7 and a 
satisfactory fit was obtained. 
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Incorporating the teaperature effect into the creep law corresponding 
to the Maxwell aodel is rather siaple. Equation (27) is rewritten as 

where n. is the age-dependent viscosity associated with the ith Maxwell 
unit, which equals T.E. at constant teaperature T. Since creep is a ther
mal] y activated process, it is known froa physics that n. should depend 
on teaperai-ire according to the Arrhenius equation. 

v s-»l̂ Gf-f/| • (39) 

where To is the reference teaperature. He is the value of n at To, R is 
the universal gas constant, and U is the activation energy of the zth 
Maxwell unit. The effect of teaperature on aging is represented by aaking 
E. and n. dependent on T rather than on t, where At is an equivalent 
hydration period that yields the saae degree of hydration at teaperature 
T as occurs during a period At at teaperature T». This equivalent tine 
is given by 

At e - 0 T AT (40) 

with 

'r-^Irfe-ffl-
in which U. equals the activation energy for hydration. The method of 
identifying U. and U. froa test data, given in Ref. 58, is related to a 
tiae-tesperaturc shift of the relaxation curves. It has been demonstrated 
that various published data on elevated-temperature creep are properly 
fitted by the concept. 
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Although the creep laws discussed above seem to provide adequate fits 
of the experimental data, aost have not been validated for states of stress 
or environmental conditions simulating those existing under PCRV operating 
conditions. In particular, even if the theories provide adequate fits of 
isotheraal creep data, it does not necessarily follow that the implied 
•atheaatical generalization to tine-varying temperature conditions is valid. 
In particular, it is known that under high rates of change in temperature, 
a temporary acceleration of creep, called transitional thermal creep, oc
curs. Although this effect may not be of interest under normal PCRV opera
tions, it may be significant under certain accident situations. Some test 
data are available in the literature, and a theory based upon thermodynamic 
principles has been developed.*2 In the simplest form, this effect can be 
included by replacing n,(t ) in Eq. (35) by 

HjCt^Il + kTj , (42) 

where k is a constant to be found from test data. In general, additional 
research to experimentally validate the computational procedures under 
time-varying temperature* would be desirable. 

3.7 The Effect of Moisture Changes 

The behavior of concrete becomes more complex when the moisture con
tent varies within the pores. This movement of moisture produces an ac
celeration of the creep in the zones of changing moisture content. The 
development of constitutive equations for this condition is enhanced by 
utilizing -he principles of irreversible thermodynamics of multiphase sys
tems. Two kinds of pores in the cement paste must be distinguished: the 
micropores, which are less than 10 molecules thick, and the macropores, 
which are larger. The micropores probably are predominantly laminar in 
shape, a .id the water molecules are held by very strong adsorption forces. 
The macropores contain capillary water and air of varying amounts, depend
ing on the degree of saturation. Thermodynamic equilibrium between the 
adsorbed water (referred to by the subscript d) and capillary water (sub
script c) exists when 
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where C equals the Gibbs' free energy of water per unit aass (also called 
the cheaical potential). The free energy G is defined by its total differ
ential 

G. • -S. dT + I*-1 d* + p.r dl. d d w d v d 

G • -S dT + v dp , c c c rc 
(44) 

in which s is the entropy per unit aass, T is the aass of water per unit 
area of the pore's surface, * is the spreading pressure of the water at 
the surface of the adsorbed layer, p. is the disjoining pressure of water 
across the layer, I, is the thickness of the water layer, p is the pres
sure within the capillary water, and v is the specific voluae of the cap
illary water. The aicropores are part of the load-carrying aicrostructure, 
and thus changes of the thickness fc. are associated with aacroscopic strains. 

The conditions of thermodynamic equilibrium require equality of the 
Gibb's free energies per unit aass of the water within the aicropores and 
the nacro«*ores and siailarly for the walls of the solid aicrostructure. 
The aass flux of the water and solids between the aicropores and the aacro-
pores is thus assuaed to be proportional to the differences in their re
spective free energies. Using these basic relations and certain auxiliary 
ones, it is possible to deduce the fora of the constitutive equations for 
the voluaetric deformations: 

(45) 

a + * a • E fc - e - a T1 
si s i 8 i s i \ s si / 

C * $ O « E It " E - O TI 
Wi W i W i W i \ • W i / 

where T is the temperature, o and a are thermal dilation coefficients, 
• 8 i w i 
c is the instantaneous shrinkage strain due to a change in the specific 
s 

water content, and $ and 6 are coefficients. 
s. Wj 

The basic difference between the present equation and the previous 
rate-type formulation for constant aoisture, Eq. (28), is that in the 
present equation it is necessary to distinguish between two types of 
hidden stresses (those carried by the water in the aicropores, a , and 

w i 
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those carried by the solids, a ) and the two associated elastic noJu-
li E and E . For the case when e * T * 0, the water becomes immo-

w i si s 

bile and one nay lump the hidden stresses and elastic moduli as follow.,: 
a. * a + o i s w i i 

E * Ê  + E i S i w f 

(46) 

and Eq. (45) reduces to Eq. (28). The rate coefficients $ and 0 are 
Si W ± 

the principal coefficients determining the effect of humidity on creep. 
These coefficients decrease with decreasing water content and sharply in
crease when there is a difference in the Cibbs' free energy potential 
(C. — C ) , thus correctly aodeling the creep of predried concrete and the 
acceleration of creep due to induced moisture movement as in drying. 

The numerical values of the parameters involved in Eq. (45) were iden
tified, and good agreement with previous test data was demonstrated in 
Ref. 59. The stable tine-step algorithm developed for the Maxwell chain 
representation, given in Ref. 52, has been extended for Eq. (45); however, 
the use of independent hidden stresses in the water and the solid will re
quire twice as much computer machine time and storage as required for Eq. 
(28). 

For mass concrete structures, the effect of moisture changes has been 
generally ignored, because the loss of moisture to the atmosphere occurs 
only to a depth of several feet from the surface. However, this does not 
preclude the existence of significant moisture movement that might be in
duced by the sustained temperature gradient across the wall that exists in 
the PCRV during normal operations. The significance of the effect of mois
ture movements on the creep occurring in a PCRV under normal operating con
ditions has not been evaluated at this time. A coordinated experimental 
and analytical program to ascertain the validity of this constitutive model 
and then proceed to an analytical investigation of the effect of moisture 
migration on a PCRV under various operating conditions would be desirable. 
Such a study would provide greater insight into the significance of this 
effect and a basis for either rejecting or accepting the hypothesis that 
the effect can be ignored. 
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3.8 Effective Modulus Method 

When the changes of a from tine t' to tine t are very snail, aa ac
ceptable approximation of the resulting strain is 

e<*> • E T t-> ( 4 7 > 
e f f U ' C ' 

with 
Eef f • li^-TT • <"> 

where E f f is called the effective modulus. This equation has the form of 
a linearly elastic law, and linearly elastic finite-eleaent codes nay be 
ured to analyze structures for these conditions. The prinary deficiency 
in applying this Method to the analysis of a PCX? is that differences in 
creep strains within the structure (due to differences in teaperature and 
age of the concrete and the presence of steel) produce redistributions of 
stress with tin*. As the approxiaation is only valid for snail changes in 
stress, this nethod is only applicable for relatively short tiae intervals. 

3.9 Demonstrated Results 

It is difficult to obtain reliable experimental data on the tine-
dependent response of a PCRV for environmental conditions and loadings 
representative of actual operating conditions. As previously discussed, 
concrete is sensitive to both teaperature and moisture conditions, and 
tacit of these must be carefully controlled. One is also faced with the 
problem that the experimental instrumentation (in particular, embedded 
strain gagas) is neither very reliable nor very accurate.** Because of 
these problems and the high cost associated with tests of this type, there 
are only a limited number of experimental validations of the analytical 
nethods for time-dependent conditions approxiaating those existing in a 
PCRV under* operating conditions. In addition, it is not possible to 
establish a consistent set of factors for nodel scaling that meets the 
requirements of dimensional similitude." Thus, the trend has been either 
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to nse a fnll-siae vessel as a direct verification of the 
or to vse a scale aodel to validate an analytical nethod and then nse the 
analytical netted to extrapolate the nodel resnlts to the fall-sine vessel. 

rnatddrd strain sages were nsed in the Oldbnry" and llylfa" vessels 
to experimentally detemine their strain raaponaa anring connlssloning and 
early life. The scatter in the experiaeatal resnlts from the Oldbnry ves
sel was so excessive that general conclnsions arc not justified (see Fig. 
24). For the Wylfa vessel, analytical resnlts were obtained wsing linear 
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Fig. 24. Measured tenpcraturc and strain and calculated hoop 
stress and strain at gage 41 in Oldbury vessel (Ref. 61). (1 psi • 
6895 Pa) 
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superposition for changes in load and temperature and a power-law type of 
creep law. The agreement between these results at.i the experiaental results 
was very good (see Fig. 25). 

For the Fort St. Vrain reactor, a scale aodel of the vessel was used 
to validate the analytical nethod. Two separate analyses were published. 
In the first,*2 a logarithaic form of the creep law was used with the super
position principle to account for changes in load and temperature. A non
linear Modification was introduced into the superposition principle in an 
atteapt to correct the tendency of the linear theory to overestimate the 
strain recovery during unloading. Generally good agreeaent was obtained 
between the analytical and experiaental results (see Fig. 26). In a later 
analysis,57 linear superposition was combined with an analysis that in
cluded a cracking model for the concrete. The tiae-temperature shift algo
rithm due to Sackman55 was used to account for the effect of teaperature 
on creep. (The effect of teaperature on aging was not included in the 
analysis.) The results of both analyses were essentially the saae. 

The latter analysis method was also used to obtain results for the 
Oak Ridge thermal cylinder experiment.63 A sealed, thick-wall, cylindrical 
vessel, without restraining heads, was subjected to internal pressure, 
axial and circumferential prestressing, and a teaperature crossfall. Good 
agreement was obtained between the experiaental and analytical response 
throughout the loading history; however, the analysis significantly under
estimated the creep strains during the heatup phase of the experiment (see 
Fig. 27), and the resulting error remained essentially constant throughout 
the remainder of the test. The source of this error is not fully under
stood but may be related to transitional thermal creep previously discussed 
in Sect. 3.6. 

These test results seem to indicate that, with the possible exception 
of cases Involving large thermal transients at high rates, the time-depen
dent response of a PCRV car be determined with sufficient accuracy by uti
lizing a constitutive model based on the linear superposition principle, an 
appropriate creep lav, and constant Poisson's ratios for both elastic and 
creep strains. However, the results of the Oak Ridge thermal cylinder test 
seem to Indicate that the creep response during thermal transients may not 
be accurately accounted for ff the temperature change is large. 
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Fig. 25. Measured and predicted strain changes with time related 
to operating conditions for the Wylfa reactor vessel. (Gages located 
at four positions at 90* intervals around the equator and 300 mm (0.98 
ft) from the inside face of the vessel wall (Ref. 62). (1 N/om2 -
1 MPa - 145 psi) 
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Fig. 26. Circumferential concrete strain at inner aidplane (Ref. 
13). Set Ref. 13 for explanation of test activities. (1 uin./in. « 
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4. TIME-INDEPENDENT NONLINEAR BEHAVIOR OF CONCRETE 

4.1 Basic Characteristics 

Perhaps the aost important consideration in the design of a prestressed 
concrete reactor vessel is the assurance of an adequate margin of safety 
against failure by internal pressure. If adequate margins are obtained for 
noraal operating conditions by the use of elastic and tine-dependent anal
ysis methods, it reaains only to validate the vessel performance for over
pressures due to potential accident conditions. Because concrete is rela
tively weak in tension, the basic philosophy in the design of concrete 
pressure vessels is to maintain compressive stresses under the action of 
internal pressure through the use of prestressing tendons. At a certain 
level of overpressure, the effect of prestressing is overcome and tensile 
cracking develops in the concrete. In addition, due to the restraining 
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effect of the head on the wall deformations of the vessel, large values of 
shearing and compressive stresses develop in the head and head-to-vessel 
intersection. Tc predict the response of the vessel to accidental over
pressures, it is accessary to conduct analyses that include tensile crack
ing and the nonlinear stress—strain response of concrete at high stress 
levels. Since it is inconceivable that an accident causing high internal 
pressure would be of long duration, only short-tine nonlinear behavior is 
of interest. 

It is useful to regard concrete as a structure consisting of large 
aggregates (gravel) bonded by mortar, which is a structure of fine aggre
gates (sand) bonded by ceaent paste. The elastic Moduli, Poisson's ratios, 
thermal expansion coefficients, and long-time deformation properties of the 
gravel, aortar, and ceaent paste usually differ, and therefore, any leading 
or temperature change produces self-equilibrated internal stresses in the 
microstructur^. These stresses are further intensified by any drying 
shrinkage in the ceaent paste. 

Under low triaxial confinement pressure, the weakest links in the 
microstructure are the paste-aggregate interfaces; therefore, the internal 
stresses first produce microcracking at the interface bonds. This micro-
cracking at the bonds between the mortar and the large aggregates, shown in 
Fig. 28, is the main source of the nonlinear stress-strain response at high 
stresses and subsequent concrete failure. The inelastic strain due to this 
microcracking is accompanied by volume dilatation, a circumstance that dif
fers significantly from the inelastic response of ductile metals. Failure 
occurs due to coalescence of bond microcracks by various modes into inter
connecting cracks within the mortar. 

The behavior of concrete under high triaxial confining pressure is 
completely different. Formation of. bond microcracks is prevented and very 
large shear strains can be achieved without significant damage to the ma
terial. Particles of cement paste, subjected to shear, are able to slide 
relative to each other while continuously breaking and reforming bonds. 
The same phenomena exist within the bond zone between the mortar and aggre
gate. Under very high confining pressure, concrete exhibits as much duc
tility as metf.ls do, and, as with metals, no volume change accompanies this 
type of inelastic strain. 
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CONNECTING 
CRACKS 

Fig. 28. Schematic drawing of microcracking in concrete. 

There have been a number of efforts directed toward understanding the 
complex behavior of concrete through the use of idealized models. An in
teresting example of this work is described in 3ef. 64. Nine circular 
disks representing aggregates were embedded in a mcrtar matrix to produce 
a square array (see Fig. 29). This model was tested under biaxial stress, 
and the results were compared with those obtained from a finite-element 
analytical idealization. In the analysis, the material component:.; were 
assumed to be elastic, and the Mohr-Coulomb shear theory of failure'5 was 
used to predict the loss of cohesion at the aggregate Interfaces. If the 
tensile stress in the mortar exceeded its measured tensile strength, a 
"crack" was introduced by appropriate modification of the material proper
ties. Even with this highly idealized model, the agreement between the 
experimental and analytical stresses at failure was very good, as seen in 
Fig. 30, and both results exhibited rhe characteristic features of the bi
axial failure surface of conventional concrete. The stress-strain response 
of ..he two models, however, did not agree very well, and neither reproduced 
the features that characterize conventional concrete (see Figs. 31 and 32). 
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Fig. 29. The concrete model (Ref. 64). 

Although idealized models provide qualitative descriptions of concrete 
behavior and confirm that the primary mechanism is initiation and propaga
tion of microcrac' s, they do not provide a quantitative description of 
sufficient accuracy for detailed analysis of concrete structures. Thus, 
as in the case of time-dependent response, the description of the time-
independent nonlinear response of concrete must be based on an empirical 
description obtained from detailed testing. 

One of the major difficulties encountered in the testing of concrete 
subjected to biaxial and triaxial stresses is tht development of loading 
fixtures capable of producing a well-defined and uniform stress state in 
the specimen. This is thought to be the primary reason for the consider
able deviation commonly found in biaxial test data reported by various in
vestigators. For example, reported strength values for equal biaxial com
pression are found to vary from 80 to 350Z of the uniaxial compressive 
strength, with the higher values obtained when rigid platens are used and 
the lower values obtained when well-lubriuated platens are used. Although 
Foppel" had shown in 1900 that a prismatic specimen may be confined along 
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Fig. 30. btrcr.»th envelope for model with d/r * 0.5 (Ref. 64). 

its loading surfaces by friction and that such restraint results in an in
crease in the apparent stiffness and strength of the specimen, it was not 
until 1965 that a completely satisfactory solution was found. 

To overcome the problem of end restraint, Hilsdorf'7 developed a brush 
bearing platen consisting of closely spaced small steel bars that are flex
ible enough to follow lateral deformations without significant restraint 
but yet have sufficient buckling stiffness to transmit the required com
pressive forces (see Fig. 3?). Using the brush platen system, Kupfer, 
Hilsdorf, and Rusch" conducted a series of biaxial tests of concrete 
specimens of various strengths. The failure stresses for the various con
cretes, normalized by dividing by the magnitude of compressive strength, 
are shown in Fig. 34. It can be seen in the figure that the normalized 
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Fig. 31. Experimental stress-strain curves for Models with d/r 
0.5 (Ref. 64). (1 pin./in. • 1 \m/n) 

strengths for various biaxial stress ratios are only slightly affected by 
the concrete aix. Also, the strengths under biaxial tension are essen
tially the saae a* those under uniaxial tension. 

The stress-strain relations obtained in these tests for biaxial com

pression, coMbined tension and compression, and biaxial tension loading 
are shown in Fig*. 35, 36, and 37, respectively. As seen in these figures, 
the stress-strain relations for compressive loading are quite nonlinear, 



53 

OMML CMC 7C 179S3 

I I 
o,/tfe 

1-41 

, , N 

.v. STRAIGHT 
LINE 

,/•, = as 
02 

-t f-&"> 

fV. \l Hff 

rf / # 

"/* y » T — » 

STRAIGHT LINE 

J_ I I 

ISCONTINUITY 

ELASTIC LIMIT 

400 0 400 800 1300 
ELONGATION 

STRAIN (*•*... m.) 
CONTRACTION 

Fig. 32. Stress-strain curves obtained froa finite-eleaent analysis 
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while under tensile loading the relations are essentially linear. Plots 
of voluaetric strains under biaxial coapression are shown in Fig. 38. It 
can be seen in the figure that slight nonlinearity begins at about 40Z of 
the failure stress, while at approximately 952 of the failure stress, the 
ainiaua voluae is obtained and a aajor inflection exists in the curve. It 
is generally agreed that this inflection point coincides with the stress 
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Fig. 33. Brush bearing platens; diaensions of filaaents: 5 * 3 aa 
(0.195 * 0.118 in.); spacing of filaaents: 0.2 aa (0.0008 in.) (Ref. 68) 
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Fig. 34. Biaxial strength of concrete; results of experimental in
vestigation (Ref. 68). 

at which major aicrocracking occurs. An important aspect of these test 
results is that the ratios between the various significant stress levels 
appear to be essentially independent of the biaxial stress ratio (see Fig. 
39). This implies that the saae functional form can be used to define 
these various stress levels in stress space, a fact that is often used in 
modeling concrete response. 

Recently, there have been a number of experimental investigations 
into the behavior of concrete under biaxial and triaxial loadings, with the 
major emphasis placed on establishing appropriate failure criteria."~71 
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Fig. 37. Stress-strain relationships of concrete under biaxial, 
tension (Ref. 68). 
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Fig. 39. Stresses at the elastic limit, minimum volume, and failure 
of concrete subjected to biaxial stress states (Ref. 68). 

Relatively less effort • has been devoted to establishing the nonlinear 
relationship between the stress and strain that exists prior to failure. 
From an analytical viewpoint, this sparsity of effort seeas rather short
sighted in that there is little advantage to having accurately defined 
failure criteria available if one is unable to accurately calculate the 
stresses in the neighborhood of the failure limit. Also, since failure 
of the concrete in a reinforced concrete structure does not necessarily 



a 
imply failure of the structure but only a transfer of load froa the con
crete to the reinforcing steel, an accurate estiaation of aaxiaua loads 
requires appropriate aodels for toe postfailure response. 

4.2 Failure Surfaces for Plain Concrete 

Any state of stress is completely defined by its three principal 
values and their corresponding three orthogonal directions. If the 
strength of the material is independent of direction (an isotropic char
acteristic), the state of stress at failure can be represented as a point 
in the three-diaensional space whose coordinate axes are the three princi
pal stresses. The plot of all such points defines a surface in the stress 
space called the failure surface for the aaterial. 

In recent years a nunber of investigators have undertaken the devel-
opaent of analytical descriptions of experimentally deterained failure 
surfaces for concrete. Basically, the failure envelope is a conical-like 
surface with curved meridians and noncircular cross sections, augmented 
by a cutoff in the tensile regime (see Fig. 40). 

One of the simplest descriptions of the surface is given by Hansson 
and Schimmelpfennig.7* The surface is described by a vector £ on the line 
of hydrostatic compression, 

£ - - ~ - (0i + o 2 + o 3) , (4-0 

and a perpendicular vector, 

c " " F V\ liai ~ 02)2 * (°2 ~ ° l ) 2 + (°3 ~ 0l)2j • (50) 

c 
The relationship between £ and C,, 5o(£), on the meridian al * o 2 > a 3 is 
approximated with a quadratic function of the for* 

£ - co • c,C0 •»• c2$\ , (51) 

and the shape of the other meridians are defined by 

C - H(6) C,(£) , (52) 
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Fig. 40. Failure envelope of plain concrete (Ref. 7P). 

where 

H(6) 
1 - (1 - X)(l- 3/v arc 6 ) 1 - ' 

(53) 

and 6 is the angle perpendicular to the axis of hydrostatic compression, 
with 0 • 0 for Ci » O2 > Oj and 6 » 60 for Oi > 0"2 * 03. 

The four parameters Co, ci, C2, 3nd X are determined by using the uni
axial tensile and compressive strength, the biaxial compressive strength, 
and the requirement that the intersection of €o(€) with the £-axis be 
determined by a straight line through the uniaxial and the biaxial com
pressive strengths. The comparison of the fits with experimental data 
alcng the meridians 6 * 0 and 8 * 60 is shown in Fig. 41. The shape of 
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Fig. 41. Comparison of fits with experimental data along meridians 
v * 0 and v * 60 (Ref. 74). 

the surface is shown in Fig. 42, and the trace of the surface in the bi
axial plane is shown in Fig. 43. 

Willam and Harnke 7 5 also developed an analytical expression for the 
failure surface based upon the uniaxial tensile and compressive strengths 
and the biaxial compressive strength. Straight meridians were used in 
this model, and, hence, it was not possible to obtain an accurate fit at 
high levels of hydrostatic stress; however, the failure surface is con
tinuous and has continuous derivatives, a property not exhibited by the 
previous model. This latter property ensures that a unique normal vector 
exists at each point on the surface for defining the direction of inelastic 
deformation** according to the normality principle of the theory of plasti
city. The functional form of the expression for the failure surface is 
rather complex and will not be restated herein; however, the shape of the 
surface is shown in Fig. 44. An even more complicated five-parameter 
model was developed to obtain a more accurate fit of the exper'.mental data 
at high levels cf hydrostatic stress. As can be seen in *i<. 45, this 
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Fig. 42. Shape of the fa i lure surface approximation (Rtsi. 74). 
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Fig. 43. Biaxial trace of the failure surface approximation (Ref. 
74). 

model has curved Meridians and produces a better fit with the experimental 
results. 

The primary advantage of the expressions presented in this work is 
their applicability to an elastic-plastic computational scheme. With 
this in mind, the authors presented in detail all the required additional 
relations required for such a computation. Another interesting feature 
of the proposed failure surface is that it includes, ** degenerate cases, 
the Drucker-Prager criterion, which is a three-dimensional approximation 
of the Mohr-Coulomb criterion, and the von Nlses criterion, commonly used 
to represent metal behavior. 
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Fig. 44. Fitting of triaxial test data - low compression regiae 
(Ref. 75). 

Other efforts7'-** to develop criteria for triaxial failure surfaces 
have generally either led to sore complicated representations and/or did 
not provide fits of the experimental data that were as accurate. Some of 
these7"*7' include attempts to use the Mohr-Coulomb criterion t>af defines 
the relation between shear stress T and normal stress a at a plane of fail
ure according to 

|T| - c - o tan 4 , (54) 

where c is the material cohesion and A is the angle of internal friction. 
One of the basic deficiencies of this model is that, contrary to experi
mental observations, it predicts fai.'ure independently of the intermediate 
principal stress. 
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Fig. 45. Five-para»eter aodel - fitting of triaxial test data 
(Ref. 75). 

4.3 Postfailvre Models for Tensile Failures 

One of the basic difficulties that arises in attempting to establish 
appropriate aodels for failed concrete is that, for plain concrete, the 
test is terminated when the speciaen fails. One Bight atteapt to avoid 
this problea by testing reinforced concrete speciaens, but then coaplex 
interactions are introduced between the concrete and the reinforcement. 
The coaaon apprcach is to siaply hypothesize the postfallure aodel and 
then justify it by comparing the results obtained using the aodel with 
results from structural testr.. The problea with this approach is that 
other assuaptions are generally introduced into the analysis so that the 
comparison does not necessarily provide a true test of the hypothetical 
model. Also, a model which is valid for certain situations may not be 
valid for others. 

http://3S7.it
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Urder tensile leading, the failure of plain concrete is rather con
spicuous and takes the form of cracks in planes transverse to the direc
tion of maximum tensile stress. After failure, the aaterial has no re
sistance to tensile stress in the direction normal to the ..rack plane, 
but it retains its ability to trausait coapressive stresses in this di
rection. Also, depending on the aaount of crack opening, it may retain 
soae ability to transmit shearing stresses across the crack due to aggre
gate interlock. Except for aggregate interlock, for which there is no 
satisfactory aodel at this tine, the hypothetical aodel for a tensile 
crack is clear, and the aain question regaining is how to achieve the 
aodel within the context of the analytical procedure. 

Even for this rather staple aode of failure, a fundamental difficulty 
arises in its iapleaentation in a finite-eleaent analysis. In the finite-
element method, continuous trial functions are assumed for the displaceaent 

fields within each element (see Sect. 2.2), while a crack is characterized 
by the existence of displaceaent discontinuities. Thus intereleaent crack
ing cannot be readil/ accommodated. 

Displaceaent discontinuities can, however, be accommodated along ele
ment boundaries by "disconnecting** the adjacent elements at the nodal 
points (see Fig. 46). This approach was used by several analysts'*•"**2 

to account for the displaceaent discontinuities, but it gives rise to prob
lems cf another nature. When adjacent elements are "disconnected,** addi
tional degrees of freedom are introduced into the problem that, in general, 
abolish the banded nature of the stiffness matrix and give rise to diffi
culties in obtaining a solution to the algebraic stiffness equations (see 
Sect. 2.4). This problem can **+ avoided if the solution algorithm is based 
on an iterative technique. An alternate approach would be to terminate the 
analysis when tensile cracking is indicated, redefine the structure with 
due regard paid to the associated bandwidth such that the faces of the 
crack become boundaries of the body, input the revised information, and 
continue the calculations. 

While the techniques discussed above are useful in theoretical studies 
of simple structures, it would be extremely difficult to develop the re
quired algorithms to automate the procedures for use in an analysis of a 
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Fig. 46. Accounting for displacement discontinuities at the crack 
by "disconnection" of nodes. 

complex structure for which the crack planes cannot be predetermined. Be
cause of this, the more co*r,»n approach is to ignore the displacement dis
continuities and attempt o>ly to achieve force-displacement relations for 
the cracked eleaent that 2re consistent with the existence of the crack. 
When the tensile stress in an element exceeds the failure criteria, the 
material properties of the element are modified to produce an orthotropic 
material (see Fig. 47) with zero elastic modulus in the direction normal 
to the crack and zero shear modulus for the appropriate orthogonal direc
tions. 

For the constant-strain elements to which it was first applied,•*»•* 
this procedure can be implemented in a simple and consistent manner. In
corporating the new material properties into the material matrix, (DJ, and 
computing the integral (see Sect. 2.3), 

UjjJ - /"fB tJ T [DJ |D\.] dv , (55) 

yields an eleaent stiffness matrix that produces consistent force-displace
ment relations for the cracked element. 
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Fig. 47. Cracked constant-strain triangular element (iUf. 83). 

Certain theoretical difficulties arise when one attempts to use the 
aaterial-aodificiation technique for Modeling cracks in the high-arder iso
parametric elements cu—nnly used for analysis of aulticavity PCRVs.7**'*'" 
For these types of elements, the eleaent stiffness is determined by numeri
cal integration of Eq. (55). The usual procedure is to calculate the 
stresses at the integration points and compare them to the failure criteria. 
If the failure criteria is exceeded, the material properties at tiwrt point 
are modified in the manner discussed above (see ?ig. 48), and the revised 
element stiffness is determined by summing tne contributions associated 
with each integration point. The number and position of the integration 
points depend upon the type and order of integration used, but, typically, 
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Fig. 48. Cracking in the isoparametric element. 

second- or third-order Cawssiao integration is used. One difficulty with 
this procedure is that Che aaount of aaterial Modified is affected by the 
integration order used. If a single-point integration is used, the aate
rial properties are nodifled for the entire element, but as the integration 
order is increased, the voluae of aaterial affected diminishes until the 
voluae becoaes zero and the existence of the crack has no effect on the 
calculated eleaent stiffness. Another difficulty is that when the aate
rial properties are set to zero at a point, the polynomial interpolation 
used in the numerical integration implies, in general, negative values for 
th* arterial properties over a finite adjoining region. It appears that 
neither of these undesirable characteristics of the method have been rec
ognized by the authors who have utilized this technique. 

A second fundamental difficulty that arises in the analysis of post-
crack behavior is asscciated with the fact that failure of concrete is 
accompanied by a declining branch in the stress-strain curve (see Figs. 
35, 36, and 37). When failure of this type occurs, the aaterial becoaes 
locally unstable, with the result that the deformations tend to localize 
into a narrcw band. In such a situation, the propagation of cracks through 
the eleaent system depends on the size of element chosen. If the eleaent 
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just ahead of cne crack front is replaced by several smaller elements, the 
tensile strain will concentrate in the* (see Fig. 49). By choosing suf
ficiently small frontal elements, the stresses in the* can be made arbi
trarily Urge. Thus, the failure load depends on the chosen size of the 
elements, which is a theoretical?y incorrect featuxe. A possible solution 
is to enhance the criterion of cracking by imposing an additional coudition 
on the relative displacements across the band of cracked elements similar 
to the condition of maximum crack-opening displacement of fracture mechan
ics. 

0«<IH. OftG «• " » M 

STRAIN LOCALIZES >WTO 
A SMALL ELEMENT AMD 
COMB SMARTEN CRACK 
TIP. CAUSING HIGHER 
STRESS CONCEMTRA-. ION 

SMALLER LOAOtttOEO 
TO CXTENO CRACKtNG 
MERE 

Fig. 49. The spurious affect uf finite-element size on propagation 
of a crack b»nd. 

4•* Postfailure Models in the Compressive Regime 

The failure of concrete in the compressive regime is more complex Chan 
that occurring in the tensile regime. In discussing this problem, Newman 
and Kewman' suggest that unc*»r uniaxial compressive states of stress, Che 
first microcracks develop in che mortar parallel to the direction of the 
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compressive stress. As the load increases, the crack path extends, divid
ing and traveling around the hard aggregates until, after final disruption, 
isolated particles of aggregates are produced to which are adhering small 
cones of mortar aligned in the direction of the principal compressive 
stress (see Fig. 50). Under biaxial compression, the fracture paths extend 
in the directions of both principal compressive stresses, dividing around 
the aggregates to produce, at final disruption, isolated particles sur
rounded by a "halo" of adhering mortar (see Fig. 51). 

The particles that have been isolated by the dividing crack path exert 
a wedging influence on the crack that gives rise to the development of 
cleavage planes. The fracture patterns commonly observed at failure for 
specimens tested under biaxial stress conditions are shown in Fig. 52. 
At low biaxial compression-tensioa stress ratios (zone 1), the failure is 

ri.v 50. Particles of coarse aggregate removed from concrete speci
mens afcer loading to ultimate failure under uniaxial compression showing 
typical cone formation (Ref. 87). (1 in. - 25.4 am) 



74 

PHOTO C:«-76 

Fig. 51. Particles of coarse aggregate reawed froa concrete speci
mens after loading to ultimate failure under biaxial compression showing 
typical "halo" formation (Ref. 87). (1 in. « 25.4 ma) 

characterized by a single cleavage crack *»s discussed in the previous sec
tion. The failure is abrupt with an essentially linear stress-strain re
lation up to failure. For stress states close to uniaxial compression 
(zone 2), the crack pattern undergoes a transition to multicleavage frac
tures for which the propagation is more gradual, giving rise to nonlinear 
stress-strain relations. In the major part of the compression-compression 
zone (zone 3), the pattern becomes one of several parallel cleavage planes 
whose propagation is still more gradual, producing a greater nonlinearity 
in the stress-strain relations prior to failure. 

It is clear from the previous discussion that the single-cleavage 
model used as the postfailure model in the tension regime will not suffice 
in the compressive regime. The commonly used model for the compressive 
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Fig. 52. Idealization of the macroscopic fracture patterns observed 
at ultiaate failure for specimens loaded under biaxial stress states 
(Ref. 87). 

postfailure condition is to assume that the concrete yields plastically 
when the compressive failure criteria is satisfied by the stress state. 

In a plasticJ:y analysis, yielding is assumed to occur if the stress 
state {a} satisfies the yield criterion 

F((o}, K) - 0 (56) 

where < is a "hardening" parameter. This condition can be visualized as 
a surface in the n-dimensional stress space whose position depends on the 
parameter K (see Fig. 53). If the state of stress satisfies the yield 
criterion, then an increment of strain, {de}, is divisible into an elastic 
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Fig. 53. Yield surface and normality criterion in two-dimensional 
stress space. 

part, {de }, and a plastic part, {de }. Thus 

{de} - {dee} + {dep} , (57) 

where {dc} is the total strain increment. The component of plastic strain 
is assumed to be normal to the yield surface; hence 

{ d e P } ' * ̂ T ' (58) 

and the elastic strains are related to the stress by the elastic material 
matrix, [D], where 

3F {de} - [DP1 (do} + X jfa (59) 

During plastic deformation the stress state must remain on the yield 
surface; thus 

im} <M + £ * • ° (60) 
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Note that for strain-hardening materials, die ̂  0 and the yield surface is 
displaced during plastic deformation, while for perfectly pi;"tic mate
rials, die • 0 and the surface remains fixed in stress space. After some 
manipulation, the incremental stress-strain relation for plastic deforma
tions becomes"»" 

{do} = [D] {de} , (61) 

with 

1*>L_ - ID] UB_mMhi 
" ' fe}T '»> m 

(62) 

and 

A = * { ° } 31^7 ' ( 6 3 ) 

Several analysts 7 e , , 0» , 1 have utilized the elastic—perfectly plastic 
model for the postfailure condition in the compressive regime. In these 
analyses, the failure surface is taken as a yield surface. 

An objection to Che use of this model is that the normality condition 
of Eq. (58) gives rise to a volumetric dilatancy during plastic straining 
that exceeds that which occurs in actual concrete. A possible correction 
to the latter problem is the use of the "constant volume criterion" sug
gested in Ref. 92. A more fundamental objection to the use of the plasti
city theory for concrete is that the existence of a unique yield surface 
in a principal stress space implies that the material properties are inde
pendent of direction, while the damage due to microcracking is known to 
be directional in nature. 

Although there are theoretical objections to the use of the plasticity 
model for concrete, the effect of these theoretical inconsistencies on the 
accuracy of the analysis is not known, and reasonable results have been 
obtained for practical problems. Some of these results will be discussed 
in Sect. A.9. 
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4.5 Monlinear Stress-Strain Relations 

One of the difficulties with the elastic—perfectly plastic model 
discussed in the previous section is chat it ignores the nonlinearity 
of the stress-strain relations for compressive loading. This deficiency 
can be overcome by using the discontinuity surface as the initial yield 
surface and introducing nonlinear hardening into the plasticity model. 
Care must be exercised so that the subsequent yield surfaces are bounded 
by the initial discontinuity and failure surfaces. 

Probably the best example of such a model is the one proposed by 
Chen and Chen.'* In this work Che yield surfaces are defined by the re
lation 

F({a}, K) « | J 2 - ^ Ii ± j2 I» + ^ V , " T
u ' ( 6 4 ) 

where the positive sign on Che third term applies in the compressive region 
and the negative sign applies in the compression-tension region. The tern 
Ii is the first invariant of the stress tensor, and J2 is the second in
variant of the deviatoric stress tensor. The sbipe of the surfaces in 
principal stress space is shown in Fig. 54. It should be noted that the 
surface has circular cross sections with curved meridians. 

The kinematics of che yield surface involves a translation along the 
hydrostatic axis and a simultaneous isotropic expansion. The form of the 
functions describing the strain hardening were obtained by generalizing 
uniaxial stress-strain data utilizing 

°e * T +V*~ * ( 6 5 ) 

as the definition of the effective stress and 

e p - J«/{de p} T {dep} (66) 

as the definition of the effective plastic strain. Idealized equivalent 
stress-strain relations obtained from the experimental data given in Ref. 
72 are shewn in Fig. 55. It was necessary to define separate »»train-
hardening functions for Che tension-compression and compression regimes. 
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Fig. 54. Failure and initial discontinuous surfaces in principal 
stress space (Ref. 80). 

A comparison between the experimental and idealized stress-strain relations 
is shown in Figs. 56 and 57. It can be seen in the figures that ttu>re is 
good agreement, except for some deviations in the stress-volumetric strain 
curves at high stress levels. 

An alternative to the use of the strain-hardening plasticity model is 
to utilize a model based upon the theory of hyperelasticity to introduce 
the nonlinearity in the stress-strain relations. In this theory the re
quirement of reversible elastic deformations is dropped, and it is stipu
lated instead that the stress increments be linearly dependent on the 
strain increments, that is. 

{do} - lC({o}, {e})J {del , (67) 

where the coefficients of the matrix [C] depend on the components of the 
stress and strain tensors {a} and {e}. This formulation is complicated, 
and Identification of the material parameters from given test data is dif
ficult. The matrix [C] is a fourth-r»nk tensor which, in general, is a 
function of two second-rank tensors and must be considered to be aniso
tropic as a result of the dependence of (o) and {e} (stress-induced anisot-
ropy), even though the material is isotropic with regard to the initial 
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Fig. 55. Equivalent stress-strain relations: (a) compression zone; 
(b) tension-comprassion zone (Ref. 80). 

state. Because of these difficulties, it has not been possible, thus far, 
to consider more sophisticated functions for [C({o}, {e})] than a linear 
tensor polynomial in terms of {o}. This has been done by Coon and Evans, 4 3 

who demonstrated acceptable agreement with uniaxial, biaxial, and triaxial 
stress-strain diagrams up to about 85% of the ultimate strength. However, 
their formulation implies infinite strain at peak 3tress, which is incor
rect, and it does not properly represent the inelastic volume dilatancy 
due to shear. 
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Fig. 56. Stress-strain relationships of concrete: (a) under biaxial 
compression; (b) under combined tension and compression (Ref. 80). 
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Fig. 57. Stress-strain relations in compression zone: (a) stress-
strain; (b) stress-volumetric (Ref. 80). 
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Others have considered the matrix [C] in simpler forms that either 
neglect the stress-induced anisotropy, making the components of [Cj de
pendent only upon the invariants of {a}, or introduce incorrect forms of 
stress anisotropy in which [C) depends upon certain components of {o} but 
is not an invariant tensorial function.72»'* Such formulations cannot be 
correct, in general, because the material properties are not independent 
of the choice of direction of coordinate axes. These formulations have 
served a useful purpose in describing the biaxial stress-strain diagrams 
of concrete, but they fail for other types of loading. 

4.6 Endochronlc Theory 

A promising new type of constitutive relation that may offer a better 
description of material behavior is the endochronic theory. This theory, 
whose first practical application was to work-hardening metals, seems to 
be particularly effective for materials in which the inelastic strain 
develops gradually. A preliminary development of the theory for concrete 
has been made by flazant and Bhat.*5 The basic concept in the endochronic 
theory is that of an intrinsic time z which represents & ntonotonically 
increasing variable whose increment dz depends on the actual time increment 
dt as well as the deformation increments d£{.> Using the condition that 
the intrinsic time may never decrease, it can be shown that its increment 
dz must be defined as 

dz V d ? 2 + | r ) 2 • « " V p i J k i d e u d e k i * ( 6 8 ) 

where P l 1 k l and Ti are coefficients depending on the state of the material 
variables a.,, e «, and z. Further simplification of the expression is 
possible using the conditions of isotropy and the assumption of an absence 
of inelastic strain in purely volumetric deformation. 

The presence of dt in Eq. (68) allows simultaneous consideration of 
strain-rate effects and creep. Coefficients P l 1 k l "ay be selected in a 
form that reflects the strain hardening as well as the strain softening 
of concrete and the restraining effect of hydrostatic pressure on the de
velopment of inelastic strain. The variable t, may be useful as a measure 
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of the accumulation of daaage to the aicrostructure of concrete caused by 
the deviatoric strain. The daaage suffered by concrete as a result of the 
aicrocracking that accompanies shear strain has long been regarded as the 
crucial phenomenon in the inelastic behavior of concrete. 

For tiae-independent deformations the stress-strain relations in the 
endcchronic theory are written in the fora 

(69) 

where e is the voluaetric strain, o is the voluaetric stress, A is the 
inelastic dilatancy whose increaent dA depends on d£. The deviatoric 
stress-strain relation is analogous to a similar relation in the theory 
of plasticity, and it can be shown that equations of the fora of the 
Prandtl-Reuss equations of plasticity can be obtained as a special case 
of the endochronic theory. However, in contrast to plasticity, the stress-
strain relations of endochronic theory cannot, xn general, be reduced to 
a linear relation between do and de, as in Eq. (61). 

The method by which the endochronic theory models the inelastic strain 
aay be clarified by considering the special case of short-tine uniaxial 
deformation, for which, according to Eq. (69) for T> • °», one has 

d* - kV(<te) 2 - k(de| (70) 

and so 

do - E(de - de") - Ede - ok|de| , (71) 

where E is Young's modulus and k is a constant. The stress increment is 
composed of an elastic increment Ede and an Inelastic increment -Ok|de| 
(see Fig. 58). When loading is suddenly reversed to unloading, de is 
changed from positive to negative, while the inelastic strain does not 
change its sign. This causes the unloading branch of the stress-strain 
diagram to have substantially higher slope than the loading branch. The 
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Fig. 58. (a) Elastic-plastic strain-hardening material; (b) strain 
increment in endochronic theory. 

irreversibility of loading, which is the salient feature of all inelasti
city, is thus embodied in the theory without using any inequality condi
tions. 

Relative to implementation in a finite-elraent analysis, the endo
chronic theory has an additional advantage. Due to the absence of inequal
ities in the constitutive equation, no surfaces of discontinuity in mate
rial properties exist within the structure, in constrast to elastic-plastic 
models for which surfaces of discontinuity separate plasticized regions 
and elastic regions. The absence of a discontinuity surface is consistent 
with the smooth interpolation polynomials in the finite elements. 

4.7 The Effect of Reinforcement 

The proper treatment of cracking in reinforced concrete structures 
should take due account of the reinforcement. Many different paths have 
been followed in this regard, and they can be grouped under three general 
headings: (1) discrete Idealization, (2) smeared, and (3) embedded. 

Discrete idealization. This approach is the most obvious scheme for 
idealization of reinforced concrete structures and was therefore the first 
to be employed. In the discrete idealization, different elements are used 
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or the steel and concrete. Additional "special" elements nay be incor
porated to represent bond slippage and other phenomena. Although the nethod 
has been used widely in research studies and has found application ia prac
tical analysis, it is gecerally not economical for large-scale applications. 

Perhaps the earliest report of discrete idealization of concrete struc
tures is that of Ngo and Scordelis,'1 who employed rectangular elements for 
the concrete, axial members for the steel, and a zero-length spring element 
to represent bond slippage. Subsequent studies were conducted by HiJson,"2 

Nirza and Mufti," Valliappan and Doolan,'7 Kan and Salmon,5* and Huto et 
ml.** All of these are planar analyses and, with the exception of the work 
by Huto, addressed research examinations. 

The elements employed in the planar analysis of concrete have been of 
varied form, depending on the purposes of the investigation. The rectan
gular eleneats, based on bilinear displacement fields, found eatly use in 
all types of problems and remain a desirable mode of representation when 
there is no bias. Some analysts have used the 8-node planar element, which 
is the two-dimensional counterpart of the most popular three-dimensional 
element (the 20-node brick element). It should be observed that the quad
ratic displacement fields on which these elements are based implies the 
definition of bar elements that are three-jointed axial members. References 
85 and 100, among others, employ this type of axial member formulations. 

Smeared representation. In the smeared element approach, the effects 
of steel and concrete are r.ssumed to be uniformly distributed over the ele
ment, with due account being taken of the directional nature of the steel 
reinforcement. This approach assumes perfect bonding between steel and 
concrete. In general, the basic constitutive relationships are expressible 
in the following form. For concrete alone, which is designated by the sub* 
script "c," 

{0 } • |E ] (t } (72) 
c c c 

and, for a system of n steel bars, 

(el - [El it) . s s s (73) 
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Now, if there is full strain compatibility, 

(e) - {c } - {c } , (74) 
s c 

and, with the total stress given by the sua of steel and concrete, 

{a} - io) + {o } c s 
(75) 

• UE C ] + [Esl> U) . 

As in the case of discrete idealization, aost of the published efforts 
have been concerned with planar situations. One of the most notable of 
these, due to its implementation of certain schemes for cracking and in
elastic behavior, is that of Scanlon and Murray," 1 but it is concerned 
exclusively with plate flexural elements. Indeed, many of the developments 
associated with smeared representations involve plate flexure, since this 
class of problem is not easily treated by discrete idealizations. 

Constant-strain triangles have been employed by a number of authors 
in smeared representations. Colville and Abbasi1'2 use them directly, 
while Yuzugullu and Schnobrich103 contrive a quadrilateral from four tri
angular elements. Reference 102 gives detailed relationships that account 
for the arbitrary orientation of a bar eleaent within the overall eleaent. 

Three-dimensional analysis has been undertaken using the smeared ap
proach by Suidan and Schnobrich," and again the basic element is the 20-
node brick. The median ratios of reinforceaent in the respective coordinate 
directions comprise the terms of a diagonal [E ] matrix, and th>. [E ] matrix 
is the conventional representation froa isotropic elasticity. The treatment 
of cracking and of dowel action in this work should be noted. 

One aajor unresolved question of the definition of material stiffness 
properties in the scheme discussed a\>ov* concerns the shear effects on the 
crack interface. These effects are due to aggregate interlock, dowel ac
tion, and shear reinforcement. Although experimental data show this effect 
to be nonlinear, the conventional approach to its representation1°* is in 
a linear manner through multiplication of the material shear modulus by a 
factor 0, where 0 ranges between 0 and 1. The value 0 * 0.5 ban been used 
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5. Stresses and accumulated plastic strains are updated consistent 
with the results of step 4. 

6. The process moves to the next load increment, where steps 3 to 5 
are repeated. 

The process of load incrementation, represented by step 6, is contin
ued until the desired load amplitude i* reached or until the structure is 
at its ultimate load capacity. 

<phe tangent stiffness method is not often employed by itself in the 
nonlinear analysis of structures. This is true especially in the analysis 
of concrete structures, where the method to be described in the next sec
tion has been favored. A basic difficulty in tangent stiffness analysis 
is that the solution tends to drift from the correct solution as the load 
Intensity increases. This effect can be reduced by basing the tangent 
properties in an increment on the estimated conditions in the middle of the 
Increment and by using smaller increments. 

Both of the above methods for reducing the errors in a tangent stiff
ness analysis have disadvantages. It is rather difficult to incorporate 
in a general-purpose, finite-element program an automatic and reliable 
scheme fcr the estimation of mid-increment stiffness properties. The re
duction of increment size enhances a more basic difficulty of the tangent 
stiffness method — the fact that in each increment the global stiffness 
matrix must be reconstructed and solved again. 

Initial stress method. The objective of the initial stress method 
in nonlinear finite-element analysis is to eliminate the difficulty of con
structing and solving the global stiffness matrix in each iterative cycle. 
This is done by forming a "reference" global stiffness matrix, which is 
usually the stiffness for linear elastic behavior, and treating departures 
from linearity as initial forces. The transformation of departures fr?m 
linearity intc initial forces is not unique and gives rise to various algo
rithms. Attention is limited in the following discussion to the algo'ithm 
that has been most widely used in PCKV finite-element analysis — the "ini
tial stress" approach to formation of initial forces. 
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In Chap. 2 of this report [see Eqs. (7) and (8)], it was observed that 
the foraula for stiffness analysis is of the following general form: 

T] f IBJT
 t0j IB] d(vol) {«.} - {*} - 0 . (76) 

'vol 

where the matrix [B] comprises the transformation of the joint dlsplace-
:s {5 > of a typical jth element into strains, and [D] is the matrix of 

elastic constants. Furthermore, sincfc 

(Oj} • [D] { E j} - [DJ [B] {6..} (77) 

as a consequence of the stress-strain and strain-displac«meat laws, the 
stiffness equations can be written as 

5 ^ f [B] T <a } d(vol) - {R} - 0 . V78) 
"Vol 

Now, if a linear analysis is performed for an increment of load in
stead of the correct nonlinear inelastic analysis, the substitution of the 
calculated stress {5 } into the first term of Eq. (78) results in a resid
ual on the right side of the equation, rather than zero — 

/ ! / [B] T ioj d(vol) - {R) - {*} * 0 . (79) 
" vol J 

Because the loads {R} are independent of the displacements, the change 
in residual {dty} due to the stresses {do} associated with a change of dis
placement {d6} can be calculated from 

2 J / [B] T {da} d(vol) - {d*} . (80) 
'vol 

Using the residual of Eq. (80) as a load and preserving the initial stiff
ness [K 1], the correction to the displacements is 

ti6l) - - P C 1 ] " 1 ty1} . (81) 
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The changes ic displacement so calculated permit the calculation of stress 
changes and the formation of a revised total stress. The revised total 
stress will, ;.n general, produce changes to the displacements which will, 
in turn, cause new residuals, and still further corrections are made until 
the residuals are negligible. 

The foregoing procedure has been described as if the initially imposed 
load were the desired full intensity of load, although it is generally im
possible to achieve a convergent solution for such cases. The initial 
stress procedure can be identified as a form of Newton-Raphson iterative 
process, which itself is a linear extrapolation scheme. The linear extrap
olation might not succeed when the residual is large. It is therefore 
customary to divide the load history into a number of intervals, as in the 
tangent stiffness method. If the stiffness properties pertinent to the 
start of the interval are used, the first step of the initial stress method 
is identical to the tangent stiffness procedure. Insertion of the calcu
lated stresses into Eq. (79) gives the residual for the increment, and the 
correction for this can be made via Eq. (81)• 

The procedure to be followed in steps beyond the first is ambiguous. 
It is possible, of course, to construct revised stiffnesses after each 
cycle within a lead increment. Alternatively, the stiffness that is cal
culated at the start of the interval can be used throughout all the cycles. 
Indeed, the linear stiffness matrix obtained from the first load increment 
might be used for this purpose. 

Same, 1 0' among others, presents the results from numerical studies 
of various alternatives in the definition of stiffness properties within 
an interval. This work demonstrates that it is suitable to update the 
stiffness matrix at the start of the load interval and use it in all com
putational cycles within the interval. 

4.9 Applications in Practice 

The prevalence of numerical analyses of PCRVs using the methods pre
viously discussed is remarkable in view of the high cost of performing 
such analyses. These studies require hundreds of elements and solution 
unknowns and involve repeated solution or iterations in the nonlinear 
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regiae. Nevertheless, organizations in aany countries (France, Japan, 
Ceraany, Denaark, United Kingdoa, and Italy, to naae a few) have sponsored 
rather substantial efforts in this respect. It should be noted that these 
efforts pertain Mainly to previously designed PCRV structures chat ar-s of 
practical proportions or to scale models of existing reactor vessel de
signs. Few, if any, of these annlyses have preceded the design phase. The 
following review of the analyses teferred to above is liaited to the most 
recent developaents, since the intent of this section is to define nore 
realistically the state of the art. 

A useful starting point for this review is work done in the United 
States by Sarne."» 1 0 6 These efforts involved a 20-node brick isopara-
aetric finite element to represent the concrete and an 8-node planar ele
ment to describe the liner. A scheme of 15 numerical integration points 
was eaployed to evaluate the stiffness properties of the brick eleaent. 
The steel reinforcing bars were treated as axial aeabers. 

This work accounts for cracking, tiae-independent inelasticity, and 
creep. The treatment of cracking is based on an assessaent of the cracking 
criterion at each numerical integration point; principal stresses are 
determined, and if the maximum principal stress exceeds that which is 
allowable, the stiffness in the corresponding direction is set equal to 
zero. The approach taken in dealing with tiae-independent inelasticity 
involves assessaent of the respective principal stresses in turn, with 
due account *->eing taken of the influence of stresses existing in the 
other two directions. For creep, a viscoelastic model consisting of 
Kelvin elements in series is adopted. The algorithm for creep analysis 
is a standard initial st~ain formulation. The PCRV analyzed in Ref. 86 
is of realistic proportions [approximately 27.4 m (90 ft) high and 30.5 
m (100 ft) in diameter, with a core cavity 11.3 a (37 ft) in diameter 
and heads 7.6 m (25 ft) and 9.8 m (32 ft) thick]. The analyses included 
dead weight, prestressing load, working pressure, and thermal gradients. 
The effect of creep was examined for the intended life of the structure. 
The finite-element idealization, it should be noted, was limited to a 
30* wedge of the complete structure. 

Takeda, Yamaguchi, and Imoto 9 0 have described the inelastic finite-
element analysis of a aulticavity PCRV for which 1/20-scsie test data were 
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available.107 Two independent analyses, one with axiaymmctrie triangular 
ring elements and the other with 20-node brick elements, were performed. 
In the planar case, the analysis employed the tangent stiffness approach 
to the inelastic calculations with the Prager-Drtcker yield criterion,''i 

wherein the yield function f is given by 

f - oJi + ̂ 57 , (82) 

where Ji and J2 are the first and second stress invariants and a is a 
•aterial-dependent constant. A secant stiffness approach V4s taken in 
the three-dimensional analysis. 

In these analyses, as in the work by S a m e , 1 0 6 the steel Mner is 
modeled by planar elements and the condition of cracking is determined 
by testing the principal stresses to see if the maximum value equals or 
exceeds the allowable. The analysis test results of the paper show, in 
general, a high degree of correspondence. 

Zienkiewicz, Phillips, and Owen 1 0* have described analyses of a pre
viously tested reactor vessel 1 0 9 that are noteworthy on account of the use 
of isoparametric reinforcing elements embedded in 20-node brick isopara
metric elements. Cracking is treated by assessing the principal stresses 
at the numerical integration points in the same manner as described above 
fo-. other applications, but after cracking, the aggregate-interlock effect 
on the crack surface is accounted for by using a reduced shear modulus at 
the integration point. The nonlinear character of the concrete stress-
strain relationship, aside from cracking effects, is accounted for by the 
initial strain algorithm discussed in a previous section using a consti
tutive law that accounts for both hydrostatic (Jj) and deviatoric (J2) 
stress invariantj. 

The most extensive reports of applications analyses of PCRVs.appear 
to be those by Saugy et al.* s'"° They use 20-node isoparametric brick 
elements in a general three-di-aenslonal analysis. The emphasis ot tnia 
work is upon constitutive relationships for time-independent plasticity 
and creep, with cracking accounted for as described in the prior develop
ments but without consideration of interface shear transfer. Analyses 
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have been conducted of a hypothetical reactor structure of realistic pro
portion, and aore recently11' consents have been made regarding coapari-
sons with test data from an actual structure of this type. Results for 
the latter, bouever, have not yet been reported. 

Another finite-element PCKV analysis conducted along the above general 
lines was one described by Wade and Henrywood,111 who have been concerned 
with the design of United Kingdom and G e n u reactors. Hexahedronal ele
ments with 20 rodes were employed in the finite-element discretization. 
Analyses were performed for pressure, temperature, and prestress loads in 
'he presence of creep. It appears that neither cracking nor time-inde
pendent inelasticity were taken into account in this analysis. 

Studies in progress in Denmark by Ottosen and Anderson 1 1 2 and in Italy 
by Ballio, Castellan!, and Final 1 1 3 bear siailarirf^s to the work discussed 
above. 

It can be seen, then, chat the 20-node isoparametric brick element is 
virtually a standard in large-scale practical analyses of PCKVs. Eight-
node planar elements, which are compacible with the brick elements, are 
used to model the liners. There are significant differences among the 
reported analyses in the number of points used for numerical integration 
of the element stiffness properties. Customarily, the principal stresses 
are calculated at each numerical integration point for each load level. 
If a principal stress is identified as being larger than the tensile 
strength, a crack is defined in the p?.ane perpendicular to the correspond
ing principal direction. Some treacmencs approximate the influence of 
compressive stresses in the perpendicular direction on the tensile strength. 
The represeccacion of interface shear transfer is conceptually possible, 
but few groups have included this effect in numerical analyses because of 
scarcity of information about the shear stiffness properties. 

There appears to be no uniformity in adopted yield functions in the 
analyses reported to date. Generally, these yield functions are chosen to 
correspond to test dat* generated in the past by the group Involved in the 
finite-element analysis. Similarly, there is a divergence of views on the 
algorithms for inelastic analysis, although there is a decided preference 
for initial-stress algorithms since these avoid the necessity for repeated 
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solution of large-scale systems of algebraic equations. Initial-strain 
algorithms continue to be standard in creep analysis. 

As in the case of Interface shear stiffness, the proper treatment of 
reinforcement, including dowel &nd bond action, continues to be an open 
question. Although many different attempts at finite-element representa
tion of these phenomena have been made, insufficient PCRV experimental 
data are available to define their adequacy. 

5. CONCLUSIONS 

Concrete is a complex composite material with a relatively low degree 
of chemical stability whose microstrueture reacts to changes in tempera
ture, water content, or stress. Fortunately, at low stress levels and 
quasi-constant temperatures, its response to stress can be approximated 
within a reasonable degree of accuracy as a linear-viscoelastic material. 
Because prestressed concrete pressure vessels are designed to operate at 
low stress levels, the only unresolved question pertaining to their anal
ysis for normal operating conditions is that of resolution and/or valida
tion of an appropriate model for thermal transient conditions. However, 
the geometric complexity of the PCRV introduces numerical difficulties that 
require special attention if accurate numerical results are to be obtained. 

On the other hand, the proper theoretical model for analysis of a 
PCRV under conditions of accidental overpressurization is not clear. All 
too often the models commonly used suffer from deficiencies of either a 
theoretical or a practical nature. The most critical aspect pertains to 
modeling of tensile cracks in plain and reinforced concrete. Of slightly 
less Importance is the modeling o. nonlinear and postfailure modes under 
compressive loading conditions. Until these problems are resolved, the 
results of such analyses must be viewed with some skepticism. 
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