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ABSTRACT 

These lectures discuss the implications of the hypotheses of short-
range order (SRO) and local conservation of quantum numbers (LCQN) for 
multiple production of elementary particles at high energies. The conse
quences of SRO for semi-inclusive correlations and the distribution of 
rapidity gaps are derived, essentially in the framework of the cluster 
model. Then the experimental status of local conservation of charge and 
transverse momentum is reviewed. Finally, by making use of the unitarity 
relation, it is shown that LCQN has important consequences for the elas
tic amplitude. The derivation is given both in a model-independent way, 
and in specific multiperipheral models. 
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1. INTRODUCTION 

The most important concept which has emerged from an intensive experimental and theor
etical study of multiparticle production in the past five years ' is certainly that of 
short-range order (SRO). Roughly speaking, SRO means that two particles which are widely 
separated on the rapidity axis are uncorrelated -* ; a more precise statement will be made 
in Section 2. The rapidity y is defined as usual: let p and p T be the components of p, 
respectively parallel and perpendicular to the collision axis, taken as the z-axis. Then: 

where m is the particle mass and nu, is often called the transverse mass. For the sake of 
definiteness, we shall always use the cm. rapidity, unless the contrary is explicitly men
tioned. 

The absence of correlations for large rapidity intervals Ay (large, meaning Ay £ 2) 
also implies that quantum numbers, for example charge, or strangeness, must be conserved 
locally (i.e. within an interval Ay ̂  2) on the rapidity axis: when a positive particle 
is produced with some rapidity, its charge should be compensated by a negative "cloud" over 
an interval ̂  2 units in rapidity. Transverse momentum p̂ , can also be treated as a quantum 
number, and a very interesting question is whether p T is locally conserved or not. In fact, 
local conservation is a little bit more general than SRO, and the precise relation between 
both concepts will be given in Section 3. 

A very important feature of local conservation of quantum numbers is that some proper
ties of the elastic amplitude can be derived via the unitarity relation. Actually, the 
calculation of the so-called overlap function (contribution of inelastic intermediate states 
to the unitarity relation) is a crucial test for models of multiparticle production, and 
this aspect of models will be discussed with some detail in Section 4. 

These lectures are divided into three parts. In Section 2, SRO is defined precisely, 
and a model is described which gives an explicit realization of SRO: this is the cluster 
model, which has been intensively used in the phenomenology of multiparticle production. 
There will not be many details about correlations, since this subject has been treated 

i 2I in many review articles ' ', but a more recent application of SRO to the distribution of 
rapidity gaps will be discussed. 

Section 3 will be mainly devoted to a study of local conservation of charge. After 
some definitions, we shall examine the relation with SRO, the explicit realization in 
models (cluster model and model with correlated links), and we shall make a comparison with 
experimental data. 

In Section 4 the transverse momentum properties of multiparticle amplitudes will be 
examined. We shall give the predictions of various models (uncorrelated jet and multiperi-
pheral models, model with correlated links), discuss the present status of local p„ conser
vation and the calculation of overlap function. Finally, we shall derive bounds on elastic 
amplitudes from local quantum number conservation. 
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2. SHORT-RANGE ORDER 

As already mentioned in the Introduction, the discussion of this section will be rather 

brief, as most of the material is probably well known. 

2.1 Definition of short-range order 

In order to define short-range order (SRO), we will start from the inclusive densities 
(!) f2") pv ' , p*- , etc. Let 

ç ( ^ • 4 V > ' ^ 
be the inclusive one- and two-particle cross-sections, y and y, being the cm. rapidities 

of the incident particles, and let a be the cross-section for the class of processes in 

which we are interested. (In general, we will take for a the total inelastic cross-section, 

but we could be interested, for example, in non-diffractive processes, or in annihilation 

processes, etc.: in that case, we would choose for a the corresponding cross-section.) 

The inclusive densities p^ , p^ , ... will be given by: 

<r e . v 

(2.2) e™<¥«,*k•,*.**> - - 4 - V ( * - ^ 
a- dyA dy 

Because of Lorentz invariance, p^ ' and p1- ' are functions of rapidity differences 

only: we can choose, for example, to write p (y&-y, y-ŷ )> P (ya

_yi> yi_y2, y2-y^). 

For the sake of definiteness we assume that the rapidity ordering is: 

We will then define SRO by the following two conditions: 

1) When one of the rapidity differences is much larger than some basic correlation 

. length L, then çS ' is independent of this variable. 

2) When |yi-y2 | » L, p1- ' factorizes in a product of one-particle densities: 

(k) 2) 
These two conditions can be trivially generalized to any p^ , k £ 3 . 

2.2 Consequences of SRO and discussion 

It is well known that condition (1) leads to scaling in the fragmentation region, and 

to Feynman scaling in the central region. Now, recent intersecting storage rings (ISR) 

experiments have shown that da/dy| _ may be increasing by as much as 30% to 40% in the 

ISR range. It could well be that this breakdown of Feynman scaling is a fundamental pheno

menon, which reveals that the conventional theoretical ideas on multiparticle production 

are incorrect. However, it is also possible to give explanations for this rise of da/dy 

within conventional theoretical frameworks. 
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a) One possible explanation is that the "bare" Pomeron of the Gribov calculus has an 
intercept Op(O) larger than one. Then, because of the AGK cutting rules , the inclusive 
cross-section is not affected by absorptive corrections and behaves to lowest order in 
perturbation theory as s 0 1 ^ 0 ^ - . On the contrary, the total cross-section is affected by 
absorptive corrections and increases much less (approximately as a + b log s ) . If we use 

•A the value a p(0) =1.13 proposed by Capella et al. , it is possible to account for a 20% 
rise of da/dy in the ISR range. 

b) The second possible explanation is based on t . effects in multiperipheral dynamics. 
It has been shown by Caneschi ' that in a multiperipheral model, the approach to scaling 
is given by 

o,s> -- ?'(*• OjOO^ - m 

<?!> (?) (2.4) 

where So is some energy scale [_So - 1 (GeV) 2], m the mass of the produced objects, and 
(pi) their average transverse momentum squared. If the produced objects are pions, the 
correction term in (2.4) is certainly much too small, owing to the smallness of the pion 
mass. However, if clusters of mass = 1 . 5 GeV are produced, with transverse momentum 
= 850 GeV/c, then it is quite possible to fit the experimental data5-^ (Fig. 1 ) . 

P T = 500 MeV 

> 
o 
E 
Q. 

m 
XI 

Ul 

0.01 0.02 0.03 
s- 1 / 2(Gev- 1) 

0.0A Q05 

Fig. 1 E do7d3p at p~ = 500 MeV and y = 0 as a function of s. The theoretical curve is that 
predicted from Eq. (2.4) (from Ref. 5). 
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As far as two-particle inclusive distributions are concerned, the agreement of SRO 

with experiment is good ' ' , provided we subtract diffractive events which lead to long-

range correlations, due to the mixture of the diffraction and pionization mechanisms. 

To summarize: SRO is a first useful approximation in the analysis of multiparticle 

production. It probably applies to the so-called "pionization" component, but owing to the 

ambiguities in the separation of "diffraction" and "pionization" components, it is not 

possible to make a detailed check by using only inclusive cross-sections. In order to go 

further, we must introduce specific models. As an example, a description is given of the 

independent cluster model, which is indeed the most popular realization of the SRO ideas. 

2.3 The independent cluster model 

In this model, we assume that clusters of particles are produced in some basic mechan

ism, and that these clusters then decay into observed particles. We also assume that the 

clusters are produced independently on the rapidity axis, and, in order to make life simple, 

we often assume also that these clusters are neutral objects. The assumption of complete 

independence is, of course, inconsistent with energy-momentum conservation, while there is 

no reason to assume a priori that the clusters are neutral. In the following we shall see 

what happens when these two assumptions are relaxed, but let us stick to them for the moment, 

in order to make simple calculations. 

Let us try to compute the inclusive densities in this model. It is convenient to use 

in an intermediate step the Mueller moments f, ' which are defined as integrals of correla

tions : 

?z~- j^^y^.^J^-fV'l <*a* (2.6) 

and the generating function G(z) of the multiplicity distribution 

<3(?)r Z 2 n ? (v>) , (2.7) 

where P(n) = a/a is the probability of producing n particles. Let P(m) be the multiplicity 

distribution of clusters ; then, since the clusters are assumed to be produced independently, 

P(m) should be a Poisson distribution, and the generating function G(u) for clusters is: 

r , -, T ™or ^ V * <**? e " C r H > £»»><"-+'> ( 2 8 1 

G l i O r 2 . u. P ( w ) z Z. <* - - z £ } •• > 

where (m) is the average number of clusters. Finally, let w(p) be the probability that a 

cluster decays into p particles of a given kind; the generating function \[z) of cluster 

decay is 

A f î ) = X 2 <*>-<p:> • ( 2 .9 ) 
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2 6~) 
We then use the following two results ' ' : 

Comparing (2.10) and (2.11) it is clear that 

(2.10) 

(2.11) 

(2.12) 

where it must be noted that the first expectation value is taken on the production mechanism, 
while the second one is taken on the decay mechanism. 

We must now require that the integral in (2.6) correctly gives f2. We thus need the 
rapidity distribution for cluster decay. Here we have to make the assumption of isotropic 
cluster decay. Then it can be shown that it is almost always a good approximation to des
cribe the rapidity distribution of particles by a Gaussian of width 6 (6 = 0.7-0.9), 

, - ( * " * > * / * * ' 

where y is the cluster rapidity. Again neglecting energy-momentum conservation in cluster 
decay, the two-particle distribution is then also given by a Gaussian of width ô/2~: 

The final formula for the two-particle correlation will then be: 

(2.13) 

where Y = y -y, , is the total length of the rapidity plot. By integrating over y! and y 2, 
we can check at once that the sum rule (2.6) is satisfied. 

The physical interpretation of (2.13) is clear: since the clusters are independent, 
correlations between observed particles can only come from particles emitted by the same 
cluster. This correlation should be proportional to the cluster density on the rapidity 

*) 
axis, which is (m)/Y , and to the average number of pairs of particles within a cluster, 
which is precisely (p(p-l)). 

There has been in the past some controversy about the properties of clusters, for 
example, about the number of particles (p) per cluster. However, an answer to such quanti
tative details can be provided only if the effects of energy momentum and charge conserva
tion are taken into account; the following discussion, which ignores these effects, is then 
only semi-quantitative, and more exact results will be given shortly. 

*) Since we have assumed a random population of the rapidity axis, the distribution of 
clusters is uniform in the interval Qy*>y J and equal to (m)/Y. 
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2.4 Application I: Semi-inclusive rapidity correlations 
It is of course possible to fit the inclusive correlations with the cluster model des

cribed above, but one has to face the separation of diffraction and pionization events. A 
more efficient way of testing the model is to look at semi-inclusive correlations, namely 
correlations at a fixed number of prongs n. If n > (n), we can reasonably expect that 
diffractive effects can be neglected, since diffraction should be important only in rather 
low multiplicity events. It is not possible to derive useful formulae from semi-inclusive 
correlations from SRO alone, and this is the reason why they have been discussed mainly in 
the framework of the cluster model. 

The standard definition of semi-inclusive correlations is: 

Within the framework of the cluster model, the following formula for C (0,y2) has been 
7-) n 

derived by Berger J : 

3 <p>„ 2ft S * (2.15) 

where p^ '(y) is the semi-inclusive density 

to lllN . 1 ^ . (2.16) 
(T. cL f"' '»> * 5 ^ 

The quantity (p(p-l))„/(?)_ is an average over cluster decay, which depends on the 
number of prongs. Its general expression J is not worth writing here. Let us only notice 
that if the clusters contain a fixed number p 0 of particles of a given kind: 

then 

and is n-independent. Roughly speaking, the n-dependence is a measure of the width of the 
intracluster multiplicity distribution w(p). 

The only essential assumption in deriving Eq. (2.15) is that the two-particle cluster 
density factorizes: 

This is of course satisfied by the independent cluster model {p^ ' = m/Y, p^ ' = [m(m-l)]/Y2}, 
but again is not compatible with energy-momentum conservation. 
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Nevertheless, experimental data can be analysed with Eq. (2.15), which can be inter

preted as the superposition of a positive short-range term {proportional to 

exp [-(y2/4S2)]} and a negative background proportional to the product of single-particle 

densities. This explains nicely the qualitative shape of semi-inclusive correlations . 

The data are consistent with Eq. (2.15); they give 6 = 0.6 and <p) - 2.0 charged 

particles per cluster 0 There is also an energy dependence of (p(p-l))n/(p)_ (Fig. 2), 

2.0 

i i i i 

PSB data 

• /s = 23 GeV 

1 

> 

1 1 

1.6 

1.2 

• /s~ = 62 GeV -r 

o 1 v 

-

0.8 

Ï 
-

QÂ 

1 1 1 1 1 

0.5 1.0 1.5 

n/(n) 

2.0 2.5 3.0 

Fig. 2 The ratio (p(p-l))n/(p)n as a function of n/(n> at 23 and 62 GeV 
cm. energy. The data are from the Pisa-Stony Brook experiment 
for charged particles only. 

which would suggest that the cluster properties are not really energy-independent. However, 

it should be remembered that Eq. (2.15) cannot be correct. A more exact analysis by 

Arneodo and Plaut ' , which incorporates energy-momentum conservation, shows that there are 

corrections of order ̂  201 to Eq. (2.15), even at the top ISR energy. They find that the 

data can be fitted with the following parameters: 

S- 0.7 

^P> = average number of charged particles = 2.0 , 

while the energy dependence in Fig. 2 is only a reflection of energy-momentum conservation. 

2.5 Application II: Distribution of rapidity gaps 

Another application of SRO concepts is provided by the distribution of rapidity gaps, 

P(r) 
10) 

More precisely, P(r) is the probability that two neighbouring particles of a 

*) P(r) is the analogue of the distribution of time intervals between successive disinte
grations, in the case of radioactive decay. 



given kind (e.g. two charged, or two negative particles) are separated by a rapidity inter

val r. In the case of independent emission of particles, we have of course the standard 
*) result -* : 

-P r 

P(r) - p e r , 

where p is the particle density, assumed to be rapidity-independent in the central region. 

Let us try to compute P(r) when there are correlations between particles: we shall 

then be able to apply the results directly to the independent cluster model. 

We begin by computing the probability S(yi,y2) that no particle is produced in the 

rapidity interval Q = £yi,y2J. Then P(r) with r = yi-y2 follows immediately since 

In order to evaluate S, we have to generalize Eqs. (2.6) for Mueller's moments when 

we do not integrate over the whole phase space, but only over a restricted portion Q. For 

example, the average multiplicity of particles in region Q, (n[o]> (i.e. the average number 

of particles whose rapidity lies in the interval [vi>y2j) is: 

<"Z<tf>> - i f ç w > ( y ) djj, . (2.19) 

In order to prove (2.19), let us call T^ n' (yi, ..., y , p „, ..., p ~) the transition 

matrix element for producing n final particles with rapidities yi, ..., y and transverse 

momenta p l T , ..., p T. The operator which counts the number of particles in Q is: 

{ 
Then n x 

-}\£Z fa, fa *> < V ̂  tf%,*,~.^~lrt2°) 

where the identity of particles has been used. Similarly, it is easily proved that 

In terms of Mueller's moments restricted to the region Q, f£, we have: 

k' 

Ck> f? = r v ^ c < * , - , * > > c2-22) 
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where C1- ' is the inclusive correlation of order k. Now, from a relation analogous to 

(2.10) we know the generating function of the multiplicity distribution in region Q ' , 

and by inversion the multiplicity distribution P Q M itself: 

6a(>) -- 1 ** P*ln> - ftcpf Î <L^? £ ) . (2.23) 

In fact we are only interested in Pn(0) = S(yi,y2) {remember that S(y1,y2) is the proba

bility of finding no particle in Q = [yi,y2]'.}. Putting z = 0 in (2.23) gives 

V o ) z G^Co^) tr e X p (X il fj1) . (2.24) 

From SRO only, we expect that fS is proportional to r if r is much larger than the 

correlation length L: 

tf * «y r ~- 9 K • 
where a v is independent of Q. Then 1 1' 

k 
S(*,**V- e>f (£ I £2 f k) . (2.25) 

This is the last formula we can arrive at from SRO only. However, it is possible to 

go one step further in the case of the cluster model where we have [Eqs. (2.10) and (2.11)]: 

1 ÇL^> o _ < r m > ( X C * ) - 4 ) (2.26) 

and <m) = p Y, where p is the cluster density. We can then write (2.25) as: 

S C r ) - exj»[-ç> c r ( 4 - u r t o V J ' C 2 - 2 7 ) 

where we recall that w(0) is the probability that the cluster decays without emitting any 

particle of the given kind. 

It has been proposed by Pirilâ et al. -1 to use (2.27) as a direct measure of the 

cluster density p . Unfortunately the method does not work, first because the argument 

requires r » L, which is not satisfied in practice at top FNAL energies. In fact energy-

momentum conservation invalidates the argument completely, except maybe at top ISR energies . 

Secondly, one does not measure p exactly, but rather the product p [l-w(0)J. However, for 

charged particles, [l-w(0)] is almost certainly larger than, say, 0.8, and the error is 

only = 201. 

LOCAL CONSERVATION OF CHARGE 

The concept of local conservation (or compensation) of quantum numbers is closely 

related to SRO, and was certainly abstracted from models such as the multiperipheral model, 

which obeys both SRO and local compensation of quantum numbers. However, we can define 

*) A more systematic way of deriving such relations is the generating functional formalism, 
but it was considered preferable to avoid this in these lectures. 
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this concept in a model-independent way, and the first part of this section will be devoted 
to this point. The second part will treat models: cluster models, and the correlated link 

12") model advocated by Michael ' . 

In order to be specific, this section will be restricted to local conservation of 
charge (LCC), but all the analysis can be extended in a straightforward way to any additive 
quantum number (strangeness, baryon number, etc.) although experiment is of course much more 
difficult in those cases. 

The concept of LCC is interesting because there is a priori no reason for charge to 
be locally conserved; and if LCC is true, this fact gives us important information about 
dynamical mechanisms. 

3.1 Global conservation of charge 

It could be well imagined that there is no relation between the production of positive 
and negative charges; except, of course, that the total charge is conserved: this would 
be global conservation. We can imagine the following simple model: positive and negative 
charges are distributed at random and independently on the rapidity axis: 

3 f c--y/a. > * ^ y / 2 . 
f _ «;__« _+ _ + _l ^ 

How could we try to characterize such a situation? One interesting physical quantity 
is the dispersion of charge transfer at rapidity y, D2(y,y), which is defined as follows: 
let n+(y) [n_(y)] be the number of positive [negative] particles whose rapidity is less 
than y (we work in the centre-of-mass system). Then, by definition, 

^ y , y > = < ( » + < * ) - " - « » » * > • (3-D 

Since the distributions of n (y) and n_(y) are independent binomial distributions with 
average values n+[(y/Y)+(l/2)], an elementary calculation gives 

(For simplicity, it is assumed that the total charge is zero.) Averaging over all multi
plicities and taking, for example, y = 0 gives 

D 2(o,o) z i^n c t %> . (3-3) 
4 

Hence global conservation of charge leads to fluctuations which are large (they grow 
as the average number of charged particles) and which are not translation-invariant [as 
can be seen from Eq. (3.2)]. 

3.2 Local conservation of charge 

In the opposite picture, that of LCC, we would expect, on the contrary, that once a 
positive particle, for example, has been produced somewhere on the rapidity axis, it is 
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always surrounded by a "cloud" of negative particles which compensate its charge over an 
energy-independent and translation-invariant rapidity interval L. 

In order to formulate this in a mathematical language, we define the moments of the 
charge transfer at rapidity y, Q(y) ' : 

Q(^r? <j-d(9-c,j) ~[<|,«V^) +<U eVft>3 » (3.4) 

where q. represents the charge (±1) of the particle with rapidity y.. The second term in 
(3.4) is added in order to take into account the charges of the incident particles. In 
order to simplify the discussion without losing any essential point, we can put q = q, = 0 
(incident neutral particles). Technically speaking, Q(y) is a random function of the rapi
dity y, and we can define its moments (Q(y)>, <Q(yO Q(y2)), etc. From an experimental 
point of view, <Q(y)> for instance is obtained by summing over the N events available in 
the experiment: 

(a) where Q v ' (y) is the charge transfer observed at rapidity y in the event number a. Now LCC 
13") is defined by the following two conditions : 

1) (Q(y))> (Q(yi) Q(y2)), etc., are energy-independent and translation-invariant in the 
central region. 

tends to zero when | yi-y"21 » L, where L is some correlation length. 

Let us make some remarks about this definition. First there is an obvious similarity 
between conditions (1) and (2) for LCC, and conditions (1) and (2) for SRO. Secondly, 
D2(yi,y2) is a generalization, for two different values of the rapidity, of the dispersion 
D2(y,y) discussed above. Finally, in the language of random functions, the translation 
invariance in the central region means that Q(y) is a stationary random function. 

3.3 Relation with SRO 

As was pointed out before, the definition of LCC is strongly reminiscent of that of 
SRO, and it is interesting to examine the connection between both concepts. In fact we 
can easily derive a relation between D2(yi,y2) and the inclusive correlation C(yi,y2). 
Let P and Q be two non-overlapping intervals on the rapidity axis. From Section 2 we 
know that the average number of particles <n[P^) in the interval P, and the average value 
(n[p] n[0j), are given by, 

<*CP1> : | P (%> <*$ (3.6) 
ye p 

$1 j*f i'«4 (3.7) 
+Lf c f y ' y 0 d* **' • 
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(3.8) 

Let us now choose as interval P ]-°°, y j and as interval Q [y 2, +°°[: 

P 3. 3>. Q 

Using charge conservation we get immediately: 

- <^Z(0- ^ C P T > < n ^ C Q T - W - C Q l > } 

or 

From this expression we see at once that SRO implies LCC: if C^(y-y') tends to zero 

rapidly when |y-y'| -»• °°, so does D2(yi,y2). However, the converse need not be true. It 

could be that all C. .'s tend to the same constant when |y-y'| •+• °°. In that case, LCC would 

still be satisfied, but not SRO: an example where this situation occurs is the naïve dif-
2") 

fraction + pionization model •*. 

A few remarks must now be made regarding Eq. (3.9): 

). 

(3.9) 

i) By using the charge sum rule 

V f: <a) - - ? L ^ C,'J C 3 ' y / ) d*' ' (3.10) 

we can recast (3.9) into the form: 

"L «6 -Lam 

(3.11) 

ii) Taking derivatives of (3.11), we obtain: 

^-r £ > ^ y . , y * ) = C ft* <*) +P.C3l)"] £Cy.-yIJ^-
dU. d5K (3.12) 

+ [ c + + + c._ - c + . - c . + ] . 
Assume that we wish to parametrize D2(yi,y2) in the form: 

t>a(y„ a O r A L e ~ l * - ^ l L . (3.i3) 

Then we get from (3.12): 

A = ± ^f*+e-) = \ fa (3.i4) 

- i b , - y r i / i _ 
^ „ 3 c ) = | f c v L e" (3.15) 

*) To simplify the notation, p(y) will often be written instead of p(*)(y) for the single-
particle density. 
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iii) In the case of random emission of positive and negative particles on the rapidit7 axis, 
we have (for a fixed number of particles in the final state): 

- c- = ° 
and by integration: 

<-+4 ~ <-— =• - — -

<u <^>-- ^ ( v n d ^ ) -

(3.16) 

(3.17) 

in agreement with (3.2) for the case yi = y2. As expected, D2(yi,72) is, in this case, 
clearly not translation-invariant (Fig. 3). 

A D2(y,,y2) 

1/4<nch> 

Fig. 3 D2(yi,y2) computed in an independent emission model with 
constant rapidity density between -Y/2 and Y/2. Full 
line: yi = 0. Dashed line: yi = -Y/4. 

We can give a slightly more general formulation for the case of independent emission 
of charges, by taking into account the y-dependence of the inclusive densities p(y). 
A formula which is consistent with the charge sum rule and describes independent emis
sion is 

(3.18) 

and we recover the standard result: 

iv) If the additive quantum number under consideration can take N values, Eq. (3.9) general
izes to 
D Z ( a.,yo =- f ^ [<V £ c ( W ; 9 ^ ) • (3.19) 
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3.4 Comparison with experimental data 

The predictions of LCC look a priori rather clear-cut: D2(yi,y2) should be energy-
independent, translation-invariant, and should decrease rapidly when |yi-y2| » L. The 
most complete data at high energy are those of Bromberg et al. at 100 and 400 GeV/c. 
They are given on Figs. 4 and 5, and we also give some relevant numbers: 

100 GeV: D 2(0, 0) = 0.90 ± 0.04 P c h(0) = 1.50 ± 0.10 

400 GeV: D 2(0, 0) = 1.12 ± 0.05 Jch (0) = 1.95 ± 0.12 

However, before drawing any conclusion, we have to take into account effects due to 
the finiteness of the rapidity plot. In fact, even at y = 0, p+(y) - p_(y) / 0, and we 
have to take into account the so-called effect of leading charges. According to 
Bia?!as et al. , we can separate leading (£) and production (p) effects: 

few-- f « > +tf> 

;es" pW(y) 

- °-« yut 

(3.20) 

The "flow of leading charges" p ̂  (y) has been estimated by Baier and Bopp . 

aui i °-7 • (3.21) 

From this estimate we find 

D 2 ^ ( 0 , 0) = 0.24 

400 GeV: pV^ (0) = 0.06 D 2 W ( 0 , 0) = 0.14 

We can now compare the theoretical expectations with data, 

i) Magnitude of D 2 ^ ( 0 , 0): independent emission would predict 

which gives 1.08 at 100 GeV (exp: 0.66 ± 0.04) and 1.75 at 400 GeV (exp: 0.98 ± 0.05), 
Independent emission of charges is certainly ruled out by the data. 

o 
o 

1 ' ' l • • • ' I 1 r i i • 

\ • 

1.0 f -

* \ 
-

0.8 -

J \ -

0.6 J 
1 i i 1 i i i i 1 1 1 1 1 

10 20 50 100 2 0 0 

Plab < G e V / c > 

500 

Fig. 4 D2(0,0) from 12 to 400 GeV (from Ref. 14). 
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0 I 
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Fig. 5 D2(y!,y2) as a function of Ay = yi-y2 (from 
Ref. 14). 

,2(p) ii) Energy dependence of D VVJ{0, 0):- there is a ̂  451 increase between 100 and 400 GeV, 
in apparent contradiction with LCC. However, this increase is probably only a reflec
tion of that of p ^ (0) (y 40°s between 100 and 400 GeV/c). In fact the correlation 
length determined from (3.13) is: L = 1.1 and energy-independent within errors. 

iii) Translation invariance: D2(-1.2, -1.2) decreases by ̂  101 with respect to D 2(0, 0). 
Again this is likely to be a reflection of the decrease with |y| of p j y ) . 

iv) At y! = -1.2, D2(yi,y2) is approximately symmetric as a function of (yi-yz), and the 
slope is the same as at y] = 0 . 
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in conclusion, there is strong evidence in favour of LCC, although it is certainly 

possible to build models with global charge conservation, which agrees with the present 
17") 

data: for example, Pirilâ et al. -* have presented a model with independent emission of 

charged clusters which is able to fit various data up to 400 GeV/c. 
Let us now conclude by examining briefly two models for LCC. 

3.4.1 Neutral oluster model 

In this model, charge is clearly locally compensated over an interval in rapidity 

which is proportional to the decay width 6 of the cluster. Since the correlation length L 

must then be proportional to the cluster decay width 6, we expect from (3.13): 

D*(a,1> - <* *fcU W ; (322) 

where a is a number depending on details of the model. Assuming a Gaussian rapidity dis

tribution in the cluster decay, Bia^as et al. find a = 0.62 . It is then possible to 

find the cluster width [using, of course, p'-P-' and D 2 1 - ™ ] . One finds 

S •=• o,?r ±o.4o . 

This value is somewhat large and leads to problems when one wants to fit the (yi-yî) 

dependence and semi-inclusive correlations ' . It thus seems necessary to introduce charged 
17") 

clusters, in agreement with the conclusions of Pirilâ et al. ' . 

3.4.2 Model with correlated links ' 

The idea is to impose limited charge transfer, and to parametrize the production pro

cess in terms of charge transfers. Let Q. be the charge transfer at link i: 

and |0w| be the maximum charge transfer. Then we parametrize the probability of a final 

state with (Qi, ..., Q ) as : 

n-4 

^ Q n - . Q ^ <* ÊfQ,)în V/(<?.'(QtvJ CCQn) . (3.23) 
«?i 

Q. runs from -|0j to + |0j : V(Q.,Q. ) can be considered as an element of a 

(2|Oj+l) (2|GjJ+l) transfer matrix V, while G is a coupling to the external particles. 

This model automatically satisfies LCC. In fact <Q(y) Q(y')> can be calculated from the 

largest and second largest eigenvalues X 0 and Xi of V
 l ' ' : 

so that the correlation length is: 

•- 1 ^ . (3.25) 

%L4 - X,/> 0) 
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TRANSVERSE MOMENTUM AND OVERLAP FUNCTION 

In this section we will study the transverse momentum (p^) properties of multiparticle 
amplitudes, and derive some results on elastic scattering via the unitarity equation. The 
first topic to be treated is that of local conservation of p~,. 

M 
The question mark means that there is at present no evidence in favour of local con

servation of p T , as we shall see in what follows. Before going to the general formalism, 
a brief description will be given of rival models of multiparticle production, which leads 
respectively to global and local conservation of p~: these models are the uncorrelated 
jet model (UJM), and the multiperipheral model (MPM), respectively. 

4.1.1 Unoorvelated jet model and global p~ conservation 

In the UJM, the transition matrix element T (p p, ; pi, ..., p ) (or simply T ) for 
les with momenta pi, , p 

p- T (p-factorized model): 
producing n final particles with momenta pi, ..., p is given by a factorized form in 

(4.1) 

The only correlation between transverse momenta is then due to transverse momentum 
cons ervat ion: _» 

Z ftr = ° • 
Taking the square of this equality and averaging with |TI 2, we get 

r 
- - < PT > 

C*-4.) (4.2) 

The correlation is independent of the indices i and j; or, in other words, it is inde
pendent of the position of the particles on the rapidity axis. 

In arriving at Eq. (4.2), all dependence on longitudinal variables have been neglected, 
CO either in the T-matrix or in the 6^ ' function of energy-momentum conservation. Let us 

then try to make a simple, and nevertheless realistic, ansatz for global p T conservation. 
Let us call C(yi, y 2, p 1 T , p 2 T ) the piece of the complete inclusive correlation which is odd 
in cos (|>, where § is the azimuthal angle. The simplest ansatz suggested by the UJM is: 

The proportionality constant is determined from the energy momentum sum rule: 

- p£ f c*, E, ) - fa. *>,T <P«T•% ) c c *, yx,tr, Xr ) . (4.4) 
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If we define p(y) and <pi(y)') by: 

J d > T ? ( 3 ' P T ) = f <«p (4-5) 

I d>T PT fy.fr) « <PÎ^> f ( ^ ( 4 6 ) 

we get from Eqs. (4.4) to (4.6): 

| d ? d*p ? pT* f t ? , f T > 

By a straightforward generalization of (3.19), this form of the correlation gives at 

once the transverse momentum transfer fluctuation*J 

PT (&'1K> " <^ T^.>- Q T ( ^ ) > / (4-8) 

where Qji(y) is defined as 

9 T ^ - ^ ô ^ y - a - ) pre- • (49) 

We finally find: 

„• ( . C *» ̂ l(a>> pfa) £**' ̂ ( / ;> p'3/; 
(4.10) 

r ^ ^?>> PC^ 
In order to compare this formula with experimental data, we must first solve the prob

lem of neutral particles. For a semi-quantitative approach, we can reasonably assume that 

the correlations are approximately charge-independent**J. Then it should be sufficient to 

multiply the RHS of (4.10) by a factor (2/3) and to replace p(y) by P-jjCy) everywhere. For 

example, the transverse momentum transfer fluctuation at yi = y 2 = 0 would be given, in 

the case of pp collisions, by: 

X>% (o,ctf r i < T p ^ x ( o ; > <"cv,> • (4.11) 
o 

As another illustration of Eq. (4.10), let us assume that (p~(y)> is in fact y-

independent. Then we find: 

(4.12) 

4.1.2 Multiperipheral model and local p„ conservation 

In the simplest version (Chew-Pignotti) of the multiperipheral model, the T-matrix is 

written in a form which is factorized in Q.~ (Q-factorized model): 

(4.13) ITJ 1 „ n , (&) 
*) Notice that (Qï(y)) = 0 from rotational invariance. 

**) This appears to be true for |yi-y2| ̂  1, but for |yi—y21 & 1 there are certainly charge-
dependent effects. 
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where 
—» —» 

+ p„ +-.. + p^ 
—> 

i\ ? i r 1 , i . 
—5 

P. 

* 3.- <U. 

(4.14) 

Since all Q.-'s are independent [there is no constraint from transverse momentum conserva

tion since there are only (n-1) Q. T's], we immediately discover that 

~> 

Since 

we find 

<qlT . Q;T > = o 

"̂  K "o 
PIT - Hit - Xi-O -1* 

- 4 -O —* 2. 

c * J 

U-j l=- l 

" - j I >^2 

(4.IS) 

(4.16) 

These results should be contrasted with those of the UJM, Eq. (4.2). 

In fact the T-matrix in the multiperipheral model is parametrized in terms of the 

four-momentum transfers t. = Q?. The identification of t. with -Q?„ is possible only when 

the density of particles on the rapidity plot is very low: n/Y « 1. This requirement is 

not met in practice, where we have rather n/Y ̂  1. A more satisfactory parametrization is 
12 19") 

given by the model with correlated links ' : 

| T j a o. G Cq„> { Tj V CQ;T , Q;+, ,T ) ] G (q^ 
(4.17) 

It is interesting to see how we can arrive at a parametrization like (4.17), starting 

from the standard version of the multiperipheral model. Assume that T is given by: 

T 
1 M 

K.1 

P e 
i^4 

Î * z e |rt, (4.18) 

and that the mass of the produced particles is much larger than their average transverse 

momentum: this is certainly false for pion production, but could well be realistic for 

production of clusters. A final approximation is that all particles are equally spaced, 
2 0 2 1 ) 

with rapidity interval Ay, on the rapidity axis. Then a simple kinematical calculation ' 

leads to 

i 51 4Ï-1 f 

— - 1 Û 
C1- e'aS) 

(4.19) 

c ZA 
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19~1 
Apart from end factors, T can be rewritten as ' : 

X : H ex p [ - « (Q<; - q^ + z,£ Q. T . Q. ) ] ; (4.20) 

where c and e (|e| < I) are functions of a and Ay: 

S •= 5 C r . (4.21) 
-1+ ft-2*9 ^ * £ 

It is clear that IT I 2 can be cast into the form (4.17) with 1 n 1 

(4.22) 

The generalization of (4.16) is easily obtained for this model with correlated links. 
When the number of links is large, and also when particles (i) and (i+k) are not too close 

19") 
to the ends of the rapidity axis ' , it is found that 

M 
(4.23) CS \A+ S J 

(4.24) 

Since |e| < \, the number raised to the power k in (4.23) is less than one, and 
(Q •($. , T > is a decreasing function of k. This property will lead to local p T conserva
tion. 

12") 

Another formulation of these results has been given by Michael ', who remarked that 
an important role is played by the eigenvalues and eigenf unctions of V(Qp,Qi), considered 
as a transfer integral operator. Let us call ip (Q) the eigenfunctions of V(Q,Q'), where 
m is a magnetic quantum number and r a radial one: 

* . , - * - " • * 
and <(> is an azimuthal angle. The eigenvalue equation is 

x„r^CQT> / . K Q ; V C Q T / Q ; > < , C Q ; ) . ( 4 2 5 ) 

For large values of k, (Q- T'Q- +, ~ ) is controlled by the largest eigenvalue X m cor
responding to m = ±1 (it is clear that only m = ±1 can contribute to the expectation value 
of something proportional to cos $). We find ' } 

As in the case of charge transfer, we can estimate the inclusive fluctuation D£,(yi,y2) 
by assuming a random distribution of particles on the rapidity axis. Using, for example, 
Eq. (4.26), we find 

*) We have normalized V in such a way that the largest eigenvalue AQO = 1-
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so that the correlation length L T is given by: 

L,. - - • (4.28) 

The same result would have been obtained from Eq. (4*23) since, in the Gaussian model 
(4.20) for Vtfjpf^,) , Aio is given by 1 2^ : 

X - -Zll (4.29) 

Finally, it is interesting to notice the relation: 

<?T(3>> = * M - V 1 0)^Q^y)> , (4.30) 

which is the inclusive analogue of (4.23) and (4.24) for k = 0. This relation can be de
rived, for example, by using formulae analogous to (3.12). 

4.1.3 Comparison with experimental data 

In order to make a meaningful comparison, it should be necessary to remove the dif-
fractive events for which we necessarily have long-range azimuthal correlations. Unfor
tunately the data available at present are only inclusive data, which do contain a diffrac-
tive component. 

The experimental results are generally given in the form of the so-called asymmetry 
parameter, which is defined as follows: if <J> is the azimuthal angle between p 1 T and p 2 T 

and the observed particles have rapidities yi and y 2, the asymmetry B(y 1,y 2) is by defini
tion: 

Q f „ N i events l«fl">nA) - Ni events I «f I ̂ n / i ) 
S C 3 . . 3 v ) -

fsj ( events lif I > n / t ) •+ A/ ( events | <f| > n / t J 

B(yi,y 2) can be clearly rewritten in terms of inclusive distributions*): 

(4.31) 

(4.32) 

2 2~) 

Experimental data at 100, 200 and 400 GeV/c are presented on Fig. 6 ' . Clearly there 
is a long-range component which is inconsistent with local p™ conservation, unless the cor
relation length L_ is very large (L~ ̂  3). Similar results were obtained at the ISR in the 
CHV experiment ' . However, we must also ask whether the magnitude of B is correctly 
given by global p T conservation (UJM). We can estimate B by using the form (4.7) of the 
correlation C, by writing 

? W ( 3 . , 3 0 = Çfy>f fy*) ̂  + ft<bi,îKO • (4.33) 

*) It is also possible to define an asymmetry parameter B(yi,y2,pix) if one does not inte
grate over 'P'IT in (4.32). 
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Fig. 6 The asymmetry parameter B as a function of Ay, for yi = 0 
(from Ref. 22). Circles: 102 GeV/c. Squares: 205 GeV/c. 
Triangles: 400 GeV/c. Dashed line: predictions of 
Eq. (4.34) at 100 GeV/c. Full line: same at 400 GeV/c. 

Ay 
Fig. 7 D™(y!,y2) computed from Eq. (4.10) for yi = 0 (from 

Ref. 25). Data from Ref. 24. The hatched area cor
responds to errors due to input data. 
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Then we get 

0l9n9») - ~ • (4.34) 

Comparing with 100 and 400 GeV/c data (Fig. 6) we see that there is almost perfect 

agreement between the prediction (4.34) of UJM and experiment. 

There is also a measurement of D 2(0,y 2) in TT p interactions at 147 GeV/c . The 

authors of Ref. 24 conclude in favour of local p T conservation, but a calculation of D~ 

based on the simple ansatz (4.10) gives a fair agreement with experiment ' (Fig. 7). The 

discrepancy at large |yi—y2| can again be ascribed to the diffractive component. 

To summarize, the experimental status of local p~ conservation is still far from being 

clear. It seems, however, that more precise statements could be made by analysing high-

statistics data at FNAL energies and measuring D~(y!,y2) for n - (n) in order to eliminate 

the diffractive component. The most crucial tests would be the energy behaviour and the 

translation invariance (or non-invariance I) of D2,. 

4.2 Impact parameter representation of 
multiparticle amplitudes and overlap function 

This subsection is not directly connected to local p-, conservation. However, it is a 

useful intermediate step between the first part and the final part of Section 4, in which 

we shall examine the consequences of local Prj, compensation on elastic scattering. 

The main idea in this subsection is the following: given a model for multiparticle 

production, we should be able to calculate the elastic amplitude, or more precisely its 

imaginary part from the unitarity equation. In fact, we do not calculate Im T , (A 2), where 

A is the momentum transfer, but rather the so-called overlap function 0(A 2), which is equal 

to Im T i(A2) minus the contribution ̂  l T

eil
2 t 0 t n e unitarity equation. In other words, 

the overlap function is the contribution of inelastic states to Im T ,(A2) in the unitarity 

relation. 

In order to calculate 0(1 2), it is useful, but not compulsory, to use the impact para

meter representation of multiparticle amplitudes, which is nothing but their Fourier trans

form with respect to the transverse momentum variables. In fact we can compute directly 

the overlap function, but the physical interpretation of the calculation is much easier to 

visualize in the impact parameter formalism. In particular we shall derive the random walk 

picture in impact parameter space of the MFM. 

4.2.1 Impact parameter representation 

We proceed by analogy with the case of the elastic amplitude, where the Fourier trans

form T -, (b) is defined as : 
-a -» 

"T e (b) ^ ^ A e T e e ( A ) . (4.35) 

Notice that if Im T(î 2) is an exponential in A 2 = -t: 

T - r - r - X > ^ „ 4 t ~ A ù 
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then 

A r 1 <b > 
4 

We shall need this relation in what follows. 

(4.36) 

Using the experimental fact that at high energy the transverse and longitudinal degrees 

of freedom are approximately decoupled, and that transverse momenta are strongly limited, 

it is reasonable to generalize (4.35) as follows: 

rt-l 

\3fV = I[n/\' 
• ~3 ~3 

• ' 3 * T > aw) • 

a definition will be useful only if the correlation between Q- T and y. is weak. 

(4.37) 

Of course, it is always possible to define T (R,) from Eq. (4.37). However, such 
n,y K 

.w» 

The unitarity equation can be written graphically in the form 

P* Pa P* '. 

Pb Pfc x Pv ^ Pt 

?: 

with: 

—> -if -!> — » -2> ? 

A : P . - r » « Pb~ Pi, 
We can also write formally, using rotational invariance, 

OCÛX) = Z fx, ( p . f ^ x J TTfpifi-i v . . ) * * 0 0 , (4.38) 

s(n) 
*>3 

where d*1- J is the phase-space element. It is easy to find the transformation law for Q- T 

in the rotation which brings (p_,Pu) into (p',p/). For the sake of definiteness, let us 

assume that this rotation is made around the x-axis, and call 9 the (small) rotation angle 

(remember that the z-axis is taken as the collision axis). 

Since \t\ « |p |, we have 6 = A/p « 1, and 

P * - ft» * 6 P < * = ?i, * ~ - f « * 
Now p-_/p„ is nothing but the Feynman variable x- of particle i, so that we get in vector 

form 

-> 

?u * ?u + *; ù • (4.39) 
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This relation is immediately translated for the QÎ^'s: 

Q'; T ^ Q - T - X ; * , C 4 - 4 0 ) 

where 

fc Z XA * X v «... + 3Ct" . (4.41) 

The contribution 0 (A2) to the overlap function of a final state with fixed n and a 
n>y *•> 

fixed rapidity configuration y = (yi, ..., y ) will then be from (4.38) ': 

o„, a a* > = { n **<,„ T % 3 (^, ; T ; c? k * h t ). («•«) 
By taking the Fourier transform of (4.42) we obtain 

(4.43) 

From this equation it is clear that the total impact parameter b is given by some 

suitable average of the sum £, Xv %<-• F° r example, at fixed (n,y), 

S^ (t) = f *»(? - x h \ ) \ \ s ak)C n a*ek 

The total (b2> would be obtained by summing over all (n,y) configurations weighted with 

their respective probabilities. 

In order to illustrate Eqs. (4.43) and (4.44), we shall first apply them to the Chew-

Pignotti model where 

"T* CQ.O- n e * ' (4-45) 

so that __>z 

T„ C^) r H e 2 c * . (4.46) 

Since |T (B-)|2 in Eqs. (4.43) or (4.44) is written in a factorized form, the various impact 

parameters B. are uncorrelated. We thus arrive at the famous random walk picture in impact 

parameter space: b is the sum of (n-1) random steps x- *.. As is well-known, we thus have 

for (P) : 

<?*>-.i X ivr> -- <**>& ti, (4.47) 

*) From now on we shall suppress the subscript T and write simply Q, p instead of Q^, p T. 
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where from (4.46) (B2> is nothing but c . 

<B>V> Z C z 4/<T> ^tf<T> (4.48) 

The random walk picture 
n = 5 

'2. / 

X.6, ~ 
Let us now choose a general Gaussian form for T (Q-). This form is chosen for three 

reasons : 

i) it leads to easy analytical calculations; 

ii) it is general enough and in fair agreement with experimental data since it leads to 
Gaussian distributions in p„; 

iii) it will allow us to derive bounds: since B and Q are conjugate variables, and since 
a Gaussian form is known to saturate Heisenberg's inequality (uncertainty principle), 
we will be able to put lower bounds on (b z). 

Let us then write T as 

T ^ « % ) ~- *f (-*(?. * 3)) ; (4.49) 
"'3 " ' ' 1 J 

where 

The matrix A can be written 

A r R +t k. , (4.50) 

where R and K are real and symmetric matrices, and in addition R is a positive matrix 
(otherwise the Gaussian integrals would not be defined). From well-known properties of 
Gaussian integrals, we get 

%*(%)* *><?[• là,*1**] (4.51) 

and 

where 

l T ^ ( 8 ; ) l - * * « p [ - ( B y R 8) J , (4.52) 

V : d ( A'' * A** ) . (4.53) 

*) Do not forget that (B2) is calculated by using |Tn(B)| as a probability distribution 
and that Î is a two-dimensional vector. 
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We thus have 
<B;.8j> = R:. 

and using Eq. (4.44) 

Now, if 
A * R+ i k A"' ̂ R'+ t' k' 

(4.54) 

it is easy to derive that 

R' : (R 4 K d K ) " = R* (4.56) 

and the final result for <b2> will read 
n,y 

<lN ~- <X, *X> + (X, l < R" 1 , <X) • (4.57) 
**# 

Let us now apply this result to seme examples: 
i) Model with correlated links ZEq. (4.20)3 

19) 
If we assume that A is real, for the sake of simplicity, we find . 

z o \i~j \>* 2. 
so that 

< * * > . - - e «[V • » £ , x.-*«) • (4.59) 

A reasonable approximation is to take x- = 1> i = 1» •••» n-1. This approximation 
corresponds to the fact that most of the energy is taken by the leading particles (i = 1 
and i = n), so that xi = -x = 1 and x. = 0, i f 1, n. Then (4.59) becomes simply 

<"S V\ - C [ A + {Y^-V)(.A + ^ty) (4.60) 

The picture is now that of a compressed walk, rather than that of a random walk: each 
step tends to be taken in a direction opposite to the previous one (remember that e < 0): 

4—— _ 
The compressed walk 

This picture leads obviously to a reduction of (b 2) . 
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ii) Lower bound for (b2) 
à n,y 

Since R (and then R ) is a positive, symmetric matrix and K a symmetric matrix, the 

second term in (4.57) is always positive. Moreover, if we choose a non-Gaussian form for 

T , we shall always obtain a larger result for (b2>, owing to Heisenberg's inequality. n 
Then 

t^X^ > <X, * e A X ) • (4.61) 

Now the matrix Re A is a quantity which can be measured experimentally since 

<?.-.$>= R R * A ) ^'J -- *</ 
Hence <b2) can be bounded below ' : 

n,y 

« X , » C X , r<?c.5 J >3' r) 

(4.62) 

(4.63) 

iii) Role of the phases 

The role of the phases in the calculation of the overlap function can be rather well 

illustrated by taking K proportional to R: 

A - [A + Lot ") fc . (4-64) 

Then c l e a r l y , 

< P > r OU <**) (ft, R/> (4.65) 

so that <b2> gets multiplied by (1+a2). In any case we have seen that neglecting the 

phases transforms (4.57) into an inequality. 

4.2.2 Applications 

i) Experimental bounds on 
£ n>y 

Equation (4.63) has been applied to many different reactions. Let us examine briefly 
27) 

the results of Webber et al. , which use FNAL data at 205 GeV as well as conventional 

accelerator data. 
The reactions which are studied are 

f pp -+ pprrV 
i _ + _ 7 - 2 0 5 G e V /c . 
I IT p "* TT piT TT 

The results are very similar for both processes. For example, at 205 GeV/c the bounds on 

(S 2) are: 
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It is interesting to notice that these bounds are ̂  301 higher than those which could 
be obtained from an uncorrelated jet model. However, we have to remember that the true 
value of (b 2) may be somewhat larger than the bound, because of phase arid spin effects. 

ii) Calculation of the Vomer on slope in MPM 

In the previous calculations of (b 2) we can set n = <n> in order to estimate the slope 
(in t) of the overlap function. This slope is not very different from that of elastic 
scattering, and from [4.36) we have 

A - 1 <tXy ~ 1 < T"X ^ . (4.66) 
4 4 < M > 

In the Chew-Pignotti model we get from Eq. (4 .47 ) , 

o y 
A ~ 1 C <vwl> cr ^ . (4.67) 

The slope is then proportional to Y and can be parametrized as*-̂  : 

AT * ; y 

where aL is the Pomeron slope. Then, 

(4.68) 

o(l - ? (4.69) 

1 < ft.*> 
For a numerical estimate of (4.69) we can take p - 3, (p„) - 0.2 (GeV)2 so that 
aL - 7.5 (GeV) ! This is obviously an unreasonable result [remember that experimentally 
al = 0.25 (GeV) ~\. Naturally the Chew-Pignotti model is not really reliable, since, as 
explained before, we should have p « 1, while p - 3. 

The model could be more realistic if applied to cluster production, where p = 1 [a 
standard estimate gives - 3 particles per cluster '~\. But even in that case we would ex
pect that the correlations between links play an important role. In fact, with the 
correlated-link model defined by Eq. (4.20), we find 

*'m = -L_- C-W20C1 + -LL.Ï S-=\A-4£l 

, - * • * • 

or in terms of the eigenvalue A m , 

(4.70) 

*; c f C A _ JL±1S\ . (4.71) 

Taking p = 1 so that Ay = 1 and e - -V3 from (4.70) we have 

and we see that (p 2 ) = 0.55 (GeV)2 for cluster production would lead to a correct value 
of a£. 

*) The constant (i.e. Y-independent) term in A probably appears because of end effects which 
we have neglected here. 
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Numerical calculations of the overlap function have been performed by Jadach and 

Turnau2 . They found that relation (4.69) between a.L and (p2,) was badly violated in a 

MPM for pion production. In fact their results can be easily interpreted from the previous 

discussion: 

a) Parametrization of the kind: 

7; ~ P e * - C4.72) 

with a n-independent. The relation (4.48) between (p£> and the impact parameter step (B2> 

is almost unchanged in spite of link correlations: 

< f r > r - ^ — P ( 0 0.ti£ {<«>$ 4 . ( 4 . 7 3 ) 

However, i) the link correlations lead to a compressed, rather than a random walk, and 

od is reduced by a factor (l+2e); ii) the relation between (B 2) and a is also modified by 

a factor (l+2e): 

<$ > ; C - . (4.74) 

Finally in the expression of od the (l+2e) factors cancel and uL~= XA ap. 

With this parametrization the proportionality between (b2) and n is still approximately 

valid, if we neglect the n-dependence of e. 

b) Parametrization of the kind 

T ^ H (!% ) * Z \ (4.75) 

where S. . is the sub-energy of the pair (i, i+1) of produced particles, M some mass 

^ 1 (GeV), and a(t) = ao + a't a Regge trajectory. The effective a is given by 

a'* -a a + -2.«'tojl(4 + CciUbs)m)\ ( û ^ - X (4.76) 

and is thus n-dependent. This n-dependence will lead to a decrease of the impact parameter 

step (B 2) as a function of n; if the effect is strong enough, it will overcompensate the 

increase with n of (b2> , and it may happen that ^b 2) is in fact a decreasing function of 

n. This actually happens in the calculation of Jadach and Turnau ' . 

4.3 Inclusive bounds on (b 2) and al 

Finally it is possible to give model-independent bounds on (b 2) and aL from the knowl

edge of the momentum transfer fluctuation D~(yi,y2). These bounds have been originally 
13) 

derived by Krzywicki and Weingarten ' . We shall follow here a simpler and more physical 

approach due to Grassberger and Miettinen2 . Since the impact parameter step B, and the 

transverse momentum transfer Q, are conjugate variables, we can write commutation relations 

£ K. o i l * <•' $#«r * k k ' > ( 4 - 7 y ) 
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where a,a' = x or y. In the approximation where b = £, B, , we have from (4.77) 

or 

tb", $(?<*>**! = t ^ y (4 

Now, from Heisenberg inequality, 

so that 

Local p™ conservation implies that 

C4 
Hence 

4I> "> ^ _ L _ (4 

and local p T compensation implies that the diffraction peaks shrink! The bound for the 
Pomeron slope is obviously 

*i >, J (4 

If we assume an exponential form for D~: , , 

(4 

we find 
/ 

* f L-r <?f > 
Hence we can estimate that the transverse correlation length L- Z 1.3. 

A similar calculation can be performed for charge exchange processes: 

I^ >ce* CQ> < e x p r y (AQ) 1 
I*. T e e (o) g *• J 

C4 

where a 0 is the integral of the charge transfer fluctuation 

V . (4 d c : [ *DT(«") <*1 
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However, strictly speaking, the derivation is valid for infinitesimal AQ only; other

wise, higher correlations [such as (QQQQ)] appear in the final result. Assuming that the 

contribution of these correlations is negligible, and using the results of Section 3 

(p , - 2, L - 1.1), we find that a 0 = 1.2 and 

I~Tc«,Co> ^ e " ° ^ V

 z /^V (4.87) 

5. CONCLUSION 

We have seen how SRO and LCQN can lead to many well-defined predictions in multiparticle 

production. Furthermore, one interesting point is that these concepts can be formulated in 

a model-independent way, which hopefully makes them very general. Then it is obviously im

portant to check in detail their experimental validity. In particular, the situation con

cerning the mechanism for transverse momentum conservation should be clarified as soon as 

possible. Also experimental data'about local conservation of strangeness or baryon number 

would be very useful. 

It is also worth checking more detailed, but model-dependent, predictions, such as 

those of the cluster model. Although this model is extremely naïve, and without much 

theoretical basis, it seems very successful phenomenologically, and one would like to know 

its limitations. 

Finally, from a theoretical viewpoint, one very interesting idea is that one can derive 

some properties of the elastic amplitude via the unitarity relation. For example, LCQN 

leads to bounds on the Pomeron slope, while more specific multiperipheral models allow it to 

be computed explicitly. This may provide powerful constraints on models of multiparticle 

production. 
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