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INTRODUCTION -

I t has been recognized for a long time that r e l a t i v i s t i c e f f e c t s 

are of great importance when dealing with inner-shel l ion izat ion 

phenomena. Despite of that , the influence of these e f f e c t s was s t u 

died, u n t i l about ten years ago, almost exc lus ive ly in the framework 

of the Dirac one-electron theory sometimes corrected for quantum 

electrodynamical e f f e c t s The main reason has to be found in the 

d i f f i c u l t i e s encountered when extending the Eirac theory to many-

part i c l e systems. Even i f acceptable approximated so lut ions have 

been avai lable since many years they require rather complicated 

ca lcu la t ions . I t was necessary to avait the powerful tensor algebra 

due to Racah and the fas t modern computers to be able to solve the 

problem in a quantitat ive way. 

Before discussing the many-electron systems i t seems neverthe

l e s s appropriate to summarize rapidly the -re su l t s for one-electron 

systems. The influence of r e l a t i v i s t i c e f f e c t s on hydrogen-like 

systems i s reviewed in the f i r s t part of sec t ion I while the second 

part deals with ionizat ion energies . The second sect ion i s devoted 

to the problem of double vacancies in i n n e r - s h e l l s . 



I - ONE-ELECTRON SYSTEMS AND BINDING ENERGIES -

I,a. - Hydrogen-like atoms -

The influence of relativistic effects on one-electron sys

tems is discussed in standard text books ' and various papers. 

Here we will only consider the variation of the energy levels of 

inn>r shells with a particular emphasis on the higher order rela

tivistic corrections, i.e. those not included in the Dirac equa

tion. In this equation, the- electromagnetic field is not quantized 

and the only corrections (for the special case of a particle in a 

central electric field) taken into account are the change in mass 

with velocity, the spin-orbit interaction and the so-called Darwin 
(A) term . These relativistic corrections to the classical energy 

levels are of relative order (Zo) 2 and are given for a selected 

number of Z values in column 2 of table I for the Is, 2s and 2pj[ 

2 

levels. As it is well known, the Dime energy levels are j de

generated (where j - Z + s is the total angular momentum) for a 

Coulomb field. This is an accidental degeneracy peculiar to the 

Coulomb case and when the central potential deviates (due for 

exemple to screening) from a Coulomb field, the level associated 

with the lower I (orbital quantum number) lies below that with 
the higher I. Nevertheless even for the Hydrogen atom de 2sĴ  and 

2 
2pi levels are experimentally splitted which is the well known 
* (5) Lamb shift . To account for this splitting one has to consider 

modifications to the Dirac theory of an electron, modifications 

which arise from the quantization of the electromagnetic field, 

the so-called "radiative corrections". Our purpose is not to dis

cuss these corrections from a fundamental point of wiew but to 



give estimate of their order of magnitude. 

Tablé I 

Engrgy_levclsrfor hydrogen-lite atoms (in eV). 

(a) ( b ) • • ' <c) <d> Total 

1 Is 5442.33 29.29 - 1.62 - 0.01 5469.99 

z - 20 | 2s 1360.58 9.16 - 0.22 1369.52 

I2pl 
2 

1360.58 9.16 0.01 1369.75 

Is 21769.32 484.56 - 16.30 - 0.50 22237.08 

z « 40 2s 5442.33 151.76 - 2.37 - 0.07 5591.65 
2Pi 

2 
5442.33 151.76 0.04 5594.13 

Is 48980.97 2603.62 - 61.71 - 6.17 51516.71 

z - 60 2s 12245.24 817 7 - 9.74 - 0.91 13052.46 
2pl 

2 
12245.24 817.87 - 0.04 - 0.20 13062.87 

Is 87077.29 9039.28 - 161.32 - 54.36 95900.89 
z - 80 2s 21769.32 2853.01 - 28.21 - 9.28 24584.84 

2 Pi 
2 

21769.32 2833.01 - 2.35 - 0.75 24619.23 

Is 136058.26 25556.34 - 352.57 - 454.58 160807.45 

z - 100 2s 34014.57 8126.70 - 69.82 - 93.65 41977.80 

2P± 
2 

34014.57 8216.70 - 12.43 - 14.02 42114.82 

(a) Non-relativistic value. 

(b) Dirac correction 

(c) Lamb-shift. 

(d) Nuclear size correction. 
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Recent calculations by Mohr provide an adequate descrip

tion of the self-energy contribution to the Lamb-shift for hydrogen

like atoms. To estimate the vacuum polarization contribution we have 

calculated the expectation value of the Uehling potential . 
(8) Wichmann and Kroll have studied the vacuum polarization to all 

orders in Za and have established that this approximation is valid 

within few percents. The total Lamb-shift (self-energy + vacuum 

polarization) is given in the third column of Table I. From the 

comparison with the values listed in column two, it can be seen 

that the Lamb-shift never exceeds a few percent of the Dirac correc-
4 

tion but as its value increases roughly as Z it is far from having 

a négligeable contribution. 

For the sake of completeness we also consider the influen

ce of the finite extension of the proton charge distribution. This 

contribution, given in the fourth column, wat. obtained by assuming 

an uniform charge distribution inside a sphere,the radius was ta-
1/3 

ken as 1.2 A Fm (A is the atomic mass). This correction is, for 

very high Z values, at least as important as the Lamb-shift contri

bution (this latter as quoted in Table I is also corrected for the 

finite size of the nucleus). For Z « 100 the nuclear radius is 

about 7.6 Fm and it may be worthwhile to consider that a change of 

0.1 Fm in this radius will modify the Is energy level by a much as 

8 eV. This value is to be compared with an estimate of the correla

tion energy of a K electron in such an heavy atom. Obviously no 

accurate calculation of correlation energy is available for such 



a system but we may expect that the phenomenological approach of 
(9) 

Cowan provides at least the order of magnitude. In his approach, 

Cowan made use of the known results for the low and high density 

limits of the free-electron gas which he fitted by a smooth curve 

and then corrected it to recover the available results for low Z 

atomic viumbtrs. His estimate of the correlation eiergy of a K elec

tron does not exceed a few eV, even for the very high Z atoms. This 

value is quite comparable to the uncertainty we may expect from 

our rather poor knoweldge of the real proton charge distribution 

inside the nucleus. 

I.b. - Inner Shell Binding Energy -

So far we have only considered one-electron systems and it 

is obvious that, even when dealing with inner ionization energies, 

we have to take the influence of the other electrons into account. 

As pointed out in the introduction any practical calculation has 

to rely on an approximate hamiltonian since no relativistic hamil

tonian exists in a closed form. The Bethe and Salpeter equation 

which describes correctly the relativistic interaction between the 

particles is pratically unworkable for systems with more than two 

particles. The only convenient formalism for self-consistent type 

of calculation is the one associated with the Dirac Breit 

hamiltonian with incorporates, besides the classical Coulomb repul

sion between the electrons, their magnetic interaction and the 

retardation in the Coulomb force. These two latter contributions 



Table II 

Binding energies in Fermium (in KeV) 

Is 2s 2Pi 
2 

Electric 142.929 27.734 26.791 

Magnetic - 0.715 - 0.09' - 0.153 

Retardation 0.041 0.008 0.013 

SeIf-Energy - 0.457 - 0.096 - 0.009 

Vacuum Polarization 0.155 0.026 0.004 

Theoretical Total 141.953 27.581 26.646 

Experiment 141.963 27.573 26.664 

1 
+ reference 16 



are considered only as first order perturbations and the validity of 

this approach is discussed in reference I. If we assume that this 

hamiltonian provides a satisfactory description for our purpose, we 

are in position to develop relacivistic atomic calculations in a 

way quite similar to their non-relativistic counterpart. A detailed 
(12) review of the formalism has been given by Grant and will not be 

repeated here, on the contrary we will try to estimate how good or 

not is this approximation working. 

In this paper we only consider the extreme case of inner-

shell binding energies for Fermiurn, a more general study of K 

electron binding energies of heavy atoms may be found in the paper 
(13) by Desiderio and Johnson . For the K binding energy of Fermium 

two independent calculations ' have been carried out and they 

agree both which each other and with the experimental determination 

of Porter and Freedman . The various contributions to the enem 

gy are given in Table II. The relaxation energy is included in 

the number quoted and amounts to about 90 eV for the Is electron. 

From the agreement between experiment and theory we may conclude 

that : 

- the Dirac-Fock method is a good scheme to calculate inner 

electron binding energies, 

- the higher relativistic corrections are fairly well calculated, 

- there is a strong indication that classical quantum electrodyna

mics remains valid and that non-linear effects , if any, are 

not important. 



Nevertheless the higher order relativistic corrections of order 
2 greater than (Za) (i.e. the magnetic interaction, the retardation 

and the Lamb-shift) contribute cnly for less than one percent to 

the binding energy and such a quantity cannot be used as a very 

sensitive test of the contribution of the various terms. We will 

consider this point again in the second section. 

I.e. - Ionization Cross Sections -

Even, if for lack of space, we concentrate on the modifica

tions in the energy levels, it «nay be whorthwhile to briefly con

sider the influence of relativistic effects on the ionization cross 

sections at leatt in a qualitative point of view. We omit the ob

vious case where the ejected electron is very fast, to consider 

only slow ejecteù electrons for with the wavetunction is essential

ly non relativistic. Let us first consider what happens to the 

bound states : low angular momentum electrons tend to have their 

vavefunction concentrated towards the nucleus while the charge den

sity of the higher angular momentum electrons tends to be expanded 
(18) compared to the non-relativistic case . This redistribution of 

the charge density will obviously modified the electric field expe

rienced by the ejected electron. Furthermore, if a* usual ve consi

der an orthonormal set of one-electron wavefunctions, the free-

electron orbital has to be orthogonal to the bound orbitals of the 

same symmetry and this constraint alone will induce change in the 

continuum wavefunction. As the matrix element which governs the 

transition probability is generally an oscillatory function, w»? 
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may expect that even a small change in the relative positions of 

the nodes of the bound and free orbitals vill substantially modify 

the value of this matrix element. Furthermore the variation in the 

bound electron energy will also be reflected in the transition 

probability. Extensive calculations of photoionization cross sec-
Ci 9) 

tions have been carried out by Scofield in the framework of 

the Dirac-Slater approximation for all the elements and for photon 

energies from I to 1500 keV and the reader is referred to this 

work for further details. 

II - TWO HOLE STATES IN INNER-SHELLS -

In the first section we have knowingly neglected the problem 

of angular momentum coupling among the electrons. We were dealing 

with single inner shell vacancies and the influence of the cou

pling among and with the open valence shells may be expected to be 

of little importance on the calculated binding energies, but in the 

cases of two holes states we cannot afford to tackle the problem. 

As the Dirac equation explicitly includes the spin-orbit interac

tion we cannot any longer consider simultaneous eigenfunctions of 

the orbital and spin angular momenta 'since only the total angular 

momentum and the parity remain good quantum numbers. Stated in an 

other way this implies that we have to built our wavefunctions on 

a jj basis instead of a LS one. If the pure jj coupling scheme is 

certainly well adapted to the actinides (for the inner sheMs), 

it would be meaningless to consider pure jj states for low or me

dium Z elements. This problem of angular momentum coupling 
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introduces further complication in relativistic calculations since, 

in general, we have to consider, in a computational point of view, 

more thai one configuration. By many relativistic configurations 

we mean the various jj subconfigurations arising from a single LS 

one. To be more explicit consider the simple case of the L.L- _ 

double nole state. Instead of the sp non-relativistic configura-
4 2 3 tion we have to deal with the two sp /_p,/2

 a n d sPt/2 P V 2 8 u ^ c o n " 

figurations for which the wavefunction has to be written as : 

a ' 8 pI/2 p3/2 ( , ~ a > ' 8 pl/2 p ' -
2J/2, 2 3 

"•3/2' 

where the "a" coefficient has to determined. It may be chosen to 

give the pure IS limit or deduced from experimental results or 

calculated completely "ab initio". In this latter case we see that 

we have to perform a multiconfigurational calculation not, as in 

the non-relativistic case, to introduce some correlation effects 

but only to overcome the problem of the jj coupling scheme. If the 

calculation is more complicated, it has the benefic counterpart of 

handling the intermediate coupling scheme compl.etly "ab initio" 

and to provide the ability of a smooth transition between the pure 

LS and jj limits. Thi« problei. has been studied recently in 

the calculation of oscillator strengths for the Li and Be sequences 

of highly stripped ions. Both with respect to the coupling scheme 

problem and to a more precise test of the calculation of higher 

order relativistic corrections we will now consider the case of 

atoms doubly ionized in inner shells. 



II.a. - K Hypersatellite Spectra -

We restrict ourselves to the consideration of the K binding 

energy in the presence or not of a K spectator vacancy. Double va

cancies in the K shell occur, with low probabilities, in nuclear 

processes like electron capture and internal conversion. The radia

tive decay scheme of atoms doubly ionized in the sane inner shell 
(21) has been recently reviewed by Briand et al. and we just outline 

here the most important points with respect to the study of relati-

vistic effects. In term of total energies, the shift in the binding 
(22) energy in the presence or not of a K spectator vacancy is given 

for the K line by : 
«1 

E - E O s ^ p 3 ) - E(ls°2p4) -[E(1s 22p 3) - E O s ^ p 4 ) ] 

where p stands for P*/*' F r o m t n " expression it is clear that con

tributions to this shift arise only from the rearrangement of the 

orhitals between the various ioqic states under consideration and 

also from the differences in the Breit interaction (essentially the 

magnetic interaction) between the different states. Thi? is th-j 

reason why the contribution of the Breit interaction amounts to 

(22) 

about 16Z of the shift in the case of Thallium . When calcula

ting this shift in the binding energy, the contribution of the 

Lamb-shift is of relatively low importance since it involves one-

electron operators, the contribution of which would be zero in 

some frozen-core approximation. From the above considerations it 

is clear that a precise measurement of this shift will provide a 

quite accurate test of the validity of the Dirac-Breit hamiltonian 

for high Z systems. In the thallium case the theoretical value was 



within the experimental error bar. A much more precise experiment 

whill be carried out in the near futur at che Laue-Langevin Insti

tute in Grenoble on uranium and will hopefully provide a more cru-
(21) cial test of the theory. As pointed out by Briand ec al. in 

their paper, only the Dirac-Fock results are able to correctly 

reproduce the experimental results. If the experiment can be done 

with a precision less than about 10 eV we will have to worry about 

not only many-body effects but also on the solid state influence 

when comparing atomic calculations with the experimental results. 

Here again, like for the Lamb-shift contribution, the solid state 

effects will modify the atomic results only through the rearrange

ment of the orbitals between the various configurations under con

sideration. If hard to evaluate rigourously we may nevertheless 

estimate their contribution. We can also rather easily take into 

account the modifications in the Lamb-shift contribution and cal-
9 

culations are in progress under these lines. The greatest uncer

tainty in the theoretical value will certainly arise from our 

almost absence of knowledge of the the many-body effects. Never-

thtless if one is able to measure both the K and K hypersa-
«1 02 

tellite lines and consequently their intensity ratio this will 

give rather unique information on the intermediate coupling scheme 

and enable to judge the correctness of our method to handle this 

problem. 

II.b. - KLL Auger transition energies -

Assuming from the preceeding discussion that we are able 



to assert the validity of the Dirac-Breit hamiltonian, we will now 

show that the study of Auger transition energies provides essential 

information both on the Lamb-shift correction and on the interme

diate coupling scheme. To calculate the KLL Auger transition ener

gies we use the multiconfiguration Dirac-Fock m ethod we briefly 

outlined at the beginning of this section. As the peculiar problem 

of Auger energies is presented in an other session of this confe-

(23) 

rence and is the subject of a forthcoming paper we just summa

rize the main conclusions. The multiconfiguration Dirac-ock method 

is the only completly "ab initio" available method to handle the 

problem of intermediate coupling scheme and it has been shown that 

it is quite adequate to reproduce fairly well the measured Auger 

transition energies. A very good agreement is obtained when the 

experiments have been performed on gases and then are directly 

comparable to atomic calculations or for very heavy elements for 

which the solid states effects are relatively of little importance 

and certainly smaller than the experim ental uncertainty. Let us 
just mention that for the Argon KLL auger spectra, the splitting 

3 3 between the P, and P Q states of the KL_L_ line has been measu-
(24) red* ' as 2.3 eV while the calculated value is 2.2 eV. 

A precise evaluation of the Lamb-shift contribution is of 

prime importance to correctly predict the Auger energies. For 

example any error in the 2s Lamb-shift will be counted twice when 

considering the KL.L. line. On the other hand when dealing with 

double 2p final hole states, the uncertainty in the Lamb-shift is 

of the same relative importance as the one discussed for the 



binding energies. From these very simple remarks it is easily con

cluded that the double 2p hole states provides a rather good test 

of our method of handling the intermediate coupling scheme while 

the double 2s hole state is quite sensitive to the estimation of 

the Lamb-shift for the 2« electrons. 

Auger intensities are quite sensitive to the relativistic 

effects and the reasons are identical to the ones we have briefly 

discussed in the first section for the ionization cross sections. 
(25) Calculations have been performed by Bhalla in the Dirac-Slater 

approximation and quantitative results may be found in this work. 

-n i 

CONCLUSION -

In this short review of .the relativistic effects on inner-

shell ionization phenomena we have tried to demonstrate that a 

careful comparison between theory and experiment enable us to 

check the validity of the approximate methods we are forced to 

use to estimate quantitatively these corrections. We are now 

almost in position to assert the "correctness" of the theory 
-4 

within few parts in 10 or better. This number by itself illus
trates the recent progresses which have been made if wc remind 
that about ten years ago the solution of the Dirac-Fock equations 
for heavy systems was still a challenge.. 
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