
1 

TMIr«pon wu pnnwrt • 

SLS"- 5"« ™ ii" UM sub S^S 

" • • • H a n * no, . . , o f HutuSSJ! 

frMPy Pnwd^owedrtjhti, • » "o«w not 

ATOMIC PHYSICS TESTS OF QUANTUM ELECTRODYNAMICS* 

Peter J. Mohr 

Department of Physics and Lawrence Berkeley Laboratory 
University of California 
Berkeley, California 94720 

I. INTRODUCTION 

Experiments with simple atomic systems, for which the effects 
of quantum electrodynamics can be accurately predicted, have stead
ily become more precise and have been extended to systems with a 
wide variety of constituent particles. ' The corresponding increased 
demands on quantum electrodynamics theory have so far been met suc
cessfully. At this time, there does not appear to be any serious 
disagreement between theory and experiment. 

In this paper,, the tests of quantum electrodynamics derived 
from bound systems and the free electron and muon magnetic moments 
will be reviewed. The emphasis will be on the areas in which recent 
developments in theory or experiment have taken place. In addition, 
determinations of the fine structure constant from the Josephson 
effect and the fine structure of helium will be discussed. 

II. JOSEPHSON EFFECT DETERMINATION OF 
THE FINE STRUCTURE CONSTANT 

The most accurate value for the fine structure constant a is 
presently derived from the Joscphson effect determination of e/h. 
The value of a is related to the value of c/h through a scries of 
precisely known constants:2 
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The constants in the square brackets have been measured with uncer
tainties of 5 parts in 10 8 or less. The gyromagnetic ratio of the 
proton in water y ' has been the least well known, and has recently 
been measured witR improved precision by Olsen and Williams7 at the 
National Bureau of Standards. Their result 

Yl = 2.675 131 4(11) x 10 8 Rad s"1 t."» 0.42 ppm 
p ND& 

combined with measured values for the remaining constants yields2 

a"1 = 137.035 987(29) 0.21 ppm 
The value of ct obtained this way does not depend directly on quan
tum electrodynamics theory. 

III. FINE STRUCTURE IN HELIUM 

The calculation and measurement of the fine structure of the 
2 P levels of helium to a precision of 1 ppm provides a test of the 
theory of the two-electron system; or assuming the validity of the 
theory,, the theoretical and experimental results can be used to de
termine an accurate value for the fine structure constant.3 The 
theoretical program for such a calculation was outlined by Schwartz 
in 1964.* Precision experiments were undertaken by Hughes and col
laborators at Yale. The experimental values they obtained are 5 

Voi = [E(2 3P 0) - E(23P,)]/h = 29 616.864(36) MHz 1.2 ppro 

V i 2 = [E(2 3 P!) - E ( 2 3 P 2 ) ] / h = 2 291.196(5) MHz 2.2 ppm 

The theory i s based on a reduced Hamiltonian ll_ obtained from 
the Bethe-Salpcter equation: 6 

HD = H„ + H2 + H + H,. + . . . R a 

The reduced Hamiltonian consists of the nonrelativistic two-elec
tron Pauli-Schrodingcr Hamiltonian Ho, the relativistic corrections 
H 2 of order a 2Ry associated with the Brcit equation, a Hamiltonian 
associated with the anomalous magnetic moment of the electron II , 
and the remaining corrections Hi, of order o^Ry. The corrections 
are evaluated by perturbation theory starting with numerical cigen-
functions of H 0. The leading term is the first order correction 
due to the spin-dependent part of Hj, which must he evaluated ac
curately. 1" 7 This correction is of order a 2Ry. The first order 
correction due to IL contributes in order a 3Ry and c/'lly." The 
first order correction due to H^ is of order a*Ry.8 In addition, 
Hj contributes through second order perturbation theory terms of 
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order a*Ry, and through cross terms between the mass polarization 
operator and ll2 terms of order (m/M)a 2Rv.''""" There arc addi
tional corrections of order (m/M)a*Ry.*'Earlier results are summa
rized in Rcf. 13. 

The largest theoretical uncertainty has bcc.i in the terms 
evaluated in second order perturbation theory. Recent work of 
Lewis, Scrafino, and Hughes has reduced the uncertainty of these 
terms. 1 1 Their method of evaluation is based on DaIgarno-Lewis 
variational perturbation theory with up to 4SS term Hyllcraas trial 
functions. 

Assuming the 1973 recommended value for a,'1' a."1 « 
137.036 04(11), the theoretical fine structure splittings are 1 1 

Voi « 29 616.883(43) MHz 1.4 ppm 

v,i •= 2 291.282(81) MHz 35 ppm 

in gopd agreement with the experimental values. Using the calcu
lated and measured values of v 0i to obtain a value for a, one finds 

a"1 •= 137.036 08(13) 0.94 ppm 

This result is consistent with other determinations of a (sec Sec
tion IX). 

IV. ELECTRON G-FACTOR ANOMALY 

The electron g-factor anomaly a e = (ge - 3)/2, uhich is a 
purely quantum electrodynamical quantity, is the deviation of the 
g-factor of the electron from its value predicted by the Oirac 
equation g c - 2. 

The experimental value of Wesley and Rich i s 1 * ' " 

a e - 1 1S9 656.7(3.5) * 10"* 3 ppm 

Nbrk on a new experiment, which is expected to improve the accuracy 
by up to an order of magnitude, is in progress by Rich and co-work
ers at Michigan. 1 7 A recent preliminary value measured in i reso
nance experiment by Van Dyck, Ekstrom,and Dchmelt at the University 
of Washington i s " 

a e - 1 159 655(5) x 10"' 4 ppm 

This value was obtained with a single electron trapped in a magnet
ic bottle." The precision is comparable to the precision of the 



Wesley.Rich measurement. 

In view of the prospects for improved accuracy in the experi
ments, it is appropriate to review the present status of the theory. 
The theoretical value for the g- factor anomaly is expressed as a 
scries in powers of a/u 

a e „ * a e Kn) a c U ) 

th (n) 
where each coefficient a*, is determined by evaluation of the n 
order radiative corrections. The first two coefficients in this 
series are known exact ly:"*" 

(2) 1 

ay' • ~ • ~ - | In 2 • | C(3) • -0.328 48 

The term a', ' rci|Uir?s the evaluation of 72 Fcynman tli:tjsr;iiii'«.'"* 
Recent work has led to improved numerical accuracy in the evalua
tion of the diagrams and analytic evaluation of many diagrams. The 
contribution of graphs with vacuum polarisation insertions, such a> 
the one shown in rig. | (a ) , is known analyt ical ly ." The cirf>irihu-
tion of graphs with light-by-light insertions, such as in |-"i l ib) , 
is known accurately numerically." Some combinations of the remain
ing graphs which contain no electron loops, such as in fig. 1(c). 
are now known a n a l y t i c a l l y . " ' 1 1 Combining the exact value vi' the 
analytically known graphs with numerical values for the remaining 
graphs, one obtains the following theoretical values for (he sixth 
order coefficient (the three values correspond to three independent 
numeri ca1 ovaluat ions): ?* 

.(») .?» • l.20o(4!>) l.cvinc and Wright' 

a£ 6 ) » 1.188(17) Cvitanovic and Kinoshita" 

a£ 6 ) = 1.070(39) Carroll and Yao" 

Higher order corrections, hadronic ef fects , muon loops, and weak in
teraction effects arc expected to have the effect of a change of 
less than 0.01 in a", 6 ' ." 

The sixth order coefficient can be cos-parent with the derived 
experimental value, obtained by subtracting the lower order theoret
ical values (assuming a"' « 137.035 987(29)) from the experimental 
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Fig. 1. I'cynmnn diagrams which contribute to ;r. fo) 

value of Keslcy and Rich: 
,(*) * J.53(53) 

(6) The thporctii.il uncertainly in û  ' is approximately an order of 
Magnitude smaller than in the experimentally determined value. 

V. W O N G- FACTOR ANOMALY 

A recent measurement of the muon p.-factor anomaly by lluiley et 
a l . at Cl-mi ha* yielded the value 1 0 

av - I 165 8!»5(27) x 10*' 23 ppm 

In this experiment, the g-factor anomaly is determined by observa
tion of the precession frequency of unions in a storage ring." 

The quantum electrodynamics! contributions to the muon anomaly 
are expressed in a power series in a/it in analogy with the electron 
anomaly: 

•«•> • »S2)t • • F t t ) ' • 4 6 1 (*) ' 
There arc two classes of Peynman graphs which contribute to aj . 
One class consists of the graphs obtained by replacing the elec
trons by auoits in the graphs associated with aj n'. The contribu
tion of these graphs to »J n' is just a^n'. The other class con
sists of nass-dependcut graphs with electron loop insertions such 
as the one shown in l:ig. 2: 

http://thporctii.il
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Fig. 2. Fourth order mnss-dependent contribution to a^ . 

a u a e * graphs with electron loops 

Sn second order, there are no such mass-dependent graphs: 

42) - 4 2 ) - o 
In fourth order, there is one mass-dependent graph, which is shown 
in Fig. 2 : 3 } 

"in (4) (4) 1 . "'U 25 . it' m c 
1,1 - 3p = . in 

a i i - a i = -7 In TT • v — • . . . = 1.094 20 
u e 3 mc 36 I mu 

in s ixth order, a l l the mass-dependent graphs except those with 
l ight -by- l ight insert ions are known a n a l y t i c a l l y . 1 ' Itecciu work by 
Samuel and Chlouber has improved the numerical evaluation ol tlie 
graphs with l i g h t - b y - l i g h t i n s e r t i o n s . " 1 The combined contribution 
of ana ly t i ca l l y known graphs plus l i gh t -by - l i gh t graphs i s 

a £ 6 ) " a e f > ) = , - 9 4 4 • 21.32(5) = 23.26(5) 

An estimate for the eighth order term, obtained by evaluating the 
eighth order graphs tt-'iich arc expected to give the dominant contri
bution, is given by" 1 

i u
8 ) * 150(70) 

In addition to the quantum clectrodynamical contributions to 
ay, there is a hndronic contribution which arises from the graph in 
Fig. 2 with the electron loop replaced by virtual hadronic interme
diate states. The value for this contribution is obtained from 
measured values for the cross section o(e+c"-* hadrons) by means of 
a dispersion relation. 2 2 The result of a recent calculation is 3 6 
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au(hadronic) = 66(10) x 10"9 

Weak interaction contributions are expected to be small (au(weak) 
•v. 2 x 10'9). 

The total theoretical value for a., is 

a u = 1 165 918(10) x io"9 

in good agreement with the experimental value. The hadronic con
tribution is necessary in order to have this agreement. 

VI. GROUND STATE FINE STRUCTURE OF POSITRONIUM 

Two recent measurements of the ground state fine structure of 
positronium have been made. Mills and Bearman obtained37 

Av(exp) = 203.3870(16) GHz 

Egan, Frieze, Hughes, and Yam have determined38 

Av(exp) = 203.3849(12) GHz 

The current theoretical value is less accurate. There remain 
terms of o^der a 2 relative to the main term which have not yet been 
evaluated. The theoretical expression up to this order is3" 

Av(th) = o2Ry \~ - ± (~ * In 2) + ±<x2 In o> • 0(o2)l 

corresponding to a value of 
Av(th) = 203.404 GHz • 0(a*Ry) 

Some of the corrections of order al|Ry have been evaluated. The 
quantum clcctrodynamical correction without recoil yields'10 

-1.937a*fy = -0.018 GHz 

Vacuum polarization corrections to the one-photon annihilation dia
gram contribute*' 

-0.298a*Ry = -0.003 GHz 

These contributions, combined with the lower order result, give a 
tentative theoretical value of 

Av(th) = 203.383 GHz 
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However, a d e f i n i t i v e t e s t of the theory must await evaluation of 
the remaining terms of re lat ive order a. . 

V I I . 2*S, - 2 S P 2 ENERGY SPLITTING IN POSITRONIUM 

The f i r s t measurement of an exc i ted s ta te energy s p l i t t i n g in 
positronium has been reported by M i l l s , Berko, and C a n t e r . u l l-'or 
the 2 3 S l - 2 3 P 2 s p l i t t i n g , they obtained the value 

AE(2JS, - 2 3 P 2 ) = 8628.4(2.8) Mis 

The theoretical value has been calculated to lowest order in u 
by rcrrell:1'3 

AE(a*Ry) = 8394 Mil: 

The correct ions of re la t ive order a, which include the leading order 
radiativc correc t ions , have been calculated by l :ulton and Martin:'"' 

AP.fVlty) » 231 Mllz 

The total theore t i ca l result 

AU(2 3S, - 2 J Pj) * 8625 Mis • 0(0."%) 

is in good agreement with the experimental value. 

The experiments on positronium mentioned in this section and 
the preceding section, and the recent measurement of the lifetime 
of orthopositronium in a powder by C.ullcy, Marko, and Rich" 1 arc 
reviewed by Mills, Rrrko, and Canter in these proceedings.11' 

VIII. MUONIUM IIYPUKI-'INE INTERVAL 

A precision measurement of the muonium hyperfinc interval by 
Caspcrson ct al. at LAMP!-' has yieldcd,', 

Av = 4463.3022(14) Mllz 0.3 ppm 

This result is consistent with the "world average" ol" previous meas
urements quoted by Kobrak et al:*' 

Av - 4463.3040(18) Mllz 0.4 ppm 

The theoretics value is given b y " 
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AV = f a 2 R ^ ( 1 + m j ) ( 1 + b + ^ 6 u ) U B 
where b is the Breit correction, q is the quantum electrodynamic 
correction, which includes the anomalous magnetic moment of the c-
lectron, and S u is the recoil correction of order m c/m u. The theo
retical expression for Av can be written in terras of the experimen
tally determined parameters a and Uy/Up:1*7 

Av = a*—[2.632 9S7 87 i 0.6 ppm] x 10 7 Mllz 

The error quoted in the square brackets arises from the estimated 
uncertainty in the quantum electrodynamien 1 contributions of rela
tive order u 3 . 1 " liquating the theoretical and experiment;*1 values, 
assuming the value for a given in Section II, one obtains1*7 

— = 3.183 329 9(25) 0.8 ppm 

and 

"Hi 
— = 206.769 27(17) 0.8 ppm 
Rig 

The value for U u/Vn obtained this way differs hy two standard devi
ations from the value 5 0 

— = 3.183 34b 7(82) 2.6 ppm 

determined by observation of the muon precession frequency in 
liquids. 

IX. DERIVED VALUES 01' a 

It is of interest to compare the values of a derived from com
parison "f theory attd experiment for various precision experiments. 
The .alucs from the hydrogen fine structure and hydrogen hyperfine 
structure are discussed in Uef. 14. The results from muonium hy-
pcrfine structure, helium fine structure, electron anomalous g-
value, and a c Joscphson effect arc discussed in the preceding 
sections. The derived values are shown in Fig. 3. 
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Ippm 

g' 1 VALUES 

1 Hydrogen fine structure0 

"—•—• Hydrogen hyperfine structure0 

Muonium hyperfine structure1* 

Helium fine structure0 

Electron anomalous g-valued 

a c Josephson effect* 

Recommended value -1973° 

i—i—i—l_i i—i i l_j i_j i I I__J 
0.005 0.006 0.007 

137.0300 + 
Fig. 3. Values of a derived from various measurements: Ref. 14; 
bSec. VIII; CSec. Ill; dScc. IV; eSec. II. 

X. HYPERFINE SPLITTINGS IN JHe* 

The theoretical expression for the hyperfine splitting in the 
nSij state of a hydrogen-like system is given by 

A v n - A V ( l +!J)*J(l . b n * qn • 6n) 

where Av n
r is the Fermi splitting, M is the mass of the nucleus, 

b n is the Breit correction, q n is the quantum clcctrodynamic cor
rection for a fixed point nucleus, and 6°n represents the remaining 
corrections including the effect of nuclear size and recoil. In 
3lle+, 6 n is of the order of lO*1* and can be calculated only with 
limited precision. Uncertainty arising from this term limits the 
accuracy of a direct comparison of theory and experiment as a test 
of quantum electrodynamics. The main contribution to 6 n is propor
tional to |i|»n(0)|2 <* ri"5 as is the Fermi splitting Avn':, so the dom
inant part of o'n is independent of n. Therefore, by comparing 
theory and experiment for the difference 8A\>2 - A\>i, the main con
tribution of the nuclear structure effects, which is proportional 
to &z - 6| in the difference, is eliminated. This fact was recog
nized some time ago and calculations of the necessary differences 
have been done. The results for the case of 3He + are given by 
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A v , F ( ' * S) ( l > 2"b , ) = I - 1 S 2 98 mz 

A v i F ( l • 2 \ ( , u . q i ) = ( , _ 0 3 6 0 3 m z 

AVi F ( i • fy (&z - 6 , ) = 0.000 80 mi 

The di f ference b? - b | includes Breit corrections through order 
( Z o ) * . S I The difference q 2 - qj has been calculated by Zwaiuigev 
through order a f - a ) 2 . " The di f ference fi? - 6\ was f i r s t calculated 
by Sternheim"1'1 through order (m/M)(Zal ? and includes corrections 
calculated by Selmarti. ^ 

An improved comparison for 3Hc* has been made poss ib le by a 
recent mcasuren—iit of Av2 by Prior arid Wang," which i s described 
by Prior in these proceed ings . 5 8 A precise measurement of Avi has 
been made by Schuessler, Fortson, and Dehmclt . 5 7 Both of these 
measurements were made by an ion storage method. The experimental 
values arc 

AVj = 1083.3S4 982 5(71.J Mill 7 ppb 

Av, * S66S.649 807(101 Milt 1 pph 

The d i f ferences are 

Exp: SA\>2 - Av, = 1.189 993(62) MSIz 

Th: 8A , - Av, = 1.189 80 Mllz 

Comparison of the experimental and theoret ical values confirms the 
quantum e lec t rodynamical correct ion to approximately 0.5"... The re
sidual d i f ference between theory and experiment is presumably due to 
uncalculatcd contributions to <52 - 5 i , including terms of order 
(Za) 'Si , and uncalculatcd contribut ions to qj - qi of order a ( Z o ) 3 . 

XI. LAMB SHIFT 

The main theoret ical contribution to the l.atnh sh i f t 
S = AE(2Si) - AU(2Pit) in a hydrogen-like system a r i s e s from the 
lowest order s e l f energy and vacuum polarization correct ions corre
sponding to the Feynman diagrams shown in Fig. 4. The contribution 
of the s e l f energy to the Lamb s h i f t Sgj: i s given by 
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(a) (b) 
Fig. 4. Feynman diagrams for the lowest order self energy (a) and 
vacuum polarization (b) corrections. 

SSH = 
a (Za) m c 2 j l n (Za)~ z - In K 0 (2 ,0 ) 

24 Ko(2, l ) 
+ H1 + ik' \in 2 ) r M ) - f ( z a ) 2 i n 2 t z a ) " 2 

+ ( | | | + 4 In 2 ) ( Z a ) ! lnCZa)"2 + (Za) 2 G s l . ; (Zu)] 

and the con t r i bu t ion of the vacuum p o l a r i z a t i o n t o the l.amh sh i f t 
S v p i s 

Svi- = i 
a (Za)" 

'[•i 64 ir(Za) - jfi ( Z a ) 2 ln(ZcO~ 

+ (Za) 2 G v , , (Za) 

In each expression, the energy shift is divided into known parts ol" 
lowest order in Za and a function which contains the exact higher 
order remainder. Calculations of the lower order terms are summa
rized in Ref. 22. The remainder, contained in Gs(.;(Za) and (iypCZu) , 
gives a significant contribution (-0.17 Mllz) to the l.timb shift in 
hydrogen. Erickson and Ycnnie calculated the main contribution 
G s l ;(0) = -19.08 + 5 . 5 8 Erickson lias estimated the value 
(;sn(<*) = -17.1 i O.fa and has obtained an approximation for l'<5|.;(Z«l 
for a wide range of Z 59 Recently, the self energy has been evalu
ated numerically to all orders in Za for the 2S 1 ; and 21*1, states for 
Z in the range 10-110. B 0 The results, in terms Jof the function 
Ggi:(Za), are shown in Fig. 5. The value at Z = 1, Ggi;(a) = -23.4 
± 1.2, is the extrapolated value obtained by fitting the function 

a + b(Za)ln(Za)~2 + c(Za) 

to the calculated values at Z = 10, 20, and 30. 6 0 
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Fig. 5. Calculated values of G S E(Za) and the extrapolated value 
at Z = 1, from Ref. 60. 

The numerical evaluation is based on the expansion of the 
coordinate space Green's function in the expression for the self-
energy shift as a sum over eigenfunctions of angular momentum.G> 

Each term in the sum factorizes into a radial Green's function and 
a part which contains the functional dependence on the coordinate 
angles. The radial Green's functions for a Coulomb potential are 
known in terms of Whittaker functions which can be evaluated to 
high accuracy. The numerical work consists of evaluating the ra
dial Green's functions, summing the series associated with the 
angular momentum expansion, and evaluating a three-dimensional 
integral over the sum. It is necessary to isolate and remove the 
mass renormalization term. Technical difficulties, such as numer
ical cancellation for small Z and slow convergence of the angular 
momentum sum, are dealt with by algebraic rearrangement of the 
expression, and by the introduction of suitable subtraction terms. 

Evaluations of the self-energy contribution to the lSij-state 
energy at high Z which take into account electron screening effects 
and finite nuclear size effects have been done by an independent 
method based on summation over angular momentum eigenfunctions by 
Desidcrio and Johnson and recently by Cheng and Johnson. The 
resu l t s of Cheng and Johnson for the IS^-stato in a Coulomb poten-
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tial and the results of the method described in the preceding par
agraph for the lSj_-state61are in close agreement for Z in the range 
50-130. 

Evaluation of the vacuum polarization contribution to the Lamb 
shift is facilitated by expanding the vacuum polarization potential 
in powers of the external potential. The first term, which is 
linear in the external potential, is the Uehling potential61* which 
gives rise to the lowest order terms in S v p and the dominant part 
GuUcO of G v p(Zc0: 6 5 , G 0 

GVp(ZoO = G^Za) = - ij§| + yfg ir{Za)ln(Zor2 + O.S(Za) + ... 

There are additional well-known corrections to the Lamb shift 
which are reviewed in Ref. 22. They arise from fourth order radi
ative corrections, reduced Mass effects, relativistic recoil cor
rections, and the effect of nuclear size. The nonrelativistic size 
correction 

S NS - - ^ ( R / ^ m c 2 

depends on the r.m.s. nuclear charge radius R = (r2)^ which is 
determined by experiments on muonic atoms and by electron scatter
ing experiments. In the case of hydrogen, only the latter informa
tion is presently available. 

The result of a recent analysis of electron-proton elastic 
scattering data by Borkowski et al. is R = 0.87(2) fm. 6 6 This value 
is larger than the values R = 0.805(11) tm 6 7 and R = 0.80(2) fm 6 B 

which have been generally used in evaluating the Lamb shift in 
hydrogen. 5 0' 5 9'"' 6 0 The difference, AR = 0.07 fm, produces a 
change in the theoretical value for the Lamb shift of 0.02 MHz 
which is at the level of precision of the most recent measure
ment. 6 9 In order to choose a "best" value for R to evaluate the 
Lamb shift, we consider the relevant electron scattering data. 
Fig. 6 shows a sample of measured cross sections over a wide range 
of the four-momentum transfer squared q2. Fig. 7 shows data at low 
q 2 which is included in the analysis of Rcf. 66. A normalization 
error of 3-4% in the data in the figures is not included in the 
error bars. The data are normalized to the dipole fit which is 
the cross section based on the Rosonbluth formula with 

GJ?(q2) = (1 + q*/18.23 fnf 2)' 2 

C#(q 2) - KGJ>(q2) 
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Fig. 6. Elastic electron - proton cross sections normalized to the 
dipole fit, from Berger et al., Ref. 70. The DESY data have been 
multiplied by 0.989 and the SLAC data by 0.984. 
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Fig. 7. Low q s elastic electron-proton cross sections normalized 
to the dipole f i t , from Borkowski et a l . , Ref. 71. 
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substituted for the electric and magnetic form factors G E(q 2) and 
Gy(q2) of the proton; u is the magnetic moment of the proton. The 
proton r.m.s. charge radius is related to the electric form factor 

dG E(q 2) 
R 2 = -6 " „ 

d 1 I q 2 = 0 
The dipolc form factor G"(q ) gives R = 0.81 fm. If the approxima
tion of one photon exchange together with the scaling relation 
Gfi)(l2) = uGp(q2) describes the scattering, then the cross section 
is proportional to G E

2(q 2), and deviation of the slope of the data 
from zero at q 2 = 0 signifies deviation of the value of R from the 
dipole value. The data in Figs. 6 and 7 indicate a systematic 
deviation of the cross section from the dipole fit and appear to 
approach q 2 = 0 with a negative slope. The apparent slope of the 
data is consistent with the value R = 0.87 fm, but not with 
R - 0.80 fm which would require a small positive slope. Hence, we 
shall tentatively assume R = 0.87(2) fm in evaluating the Lamb shift 
in hydrogen. Additional experimental information on the proton 
charge radius would be useful. 

The contributions to the Lamb shift are listed in Table I. 
The theoretical value, with an estimated uncertainty for uncalcu-
lated terms, i s 2 2 ' 6 0 

S-ĵj = 1057.888(13) MHz 

where R = 0.87(2) fm 6 6 has been assumed. 

TABLE I. Contributions to the Lamb shift in hydrogen 

CORRECTION ORDER (mc 1) VALUE {Ml 

Self energy a(2a)* l ln(Za)" 2 , l .Zo , . . . ' l 108S.812 

Vacuum polar izat ion a ( Z a ) " [ l , Z a , . . . l -26.897 

Fourth order a 2 (Za^ 0.101 
Reduced mass o(Za)"m/Mlln(Za)* 2,l] -1 .636 

R c l a t i v i s t i c reco i l (Za) 5m/M[ln(Zo)" ?,ll 0.359 

Nuclear s i z e (Za)*(R/*) 2 0.148 

TOTAL 10S7.888 
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TABLE 11. Comparison of theory and experiment 
for the Lamb shift (Z i 3) 

ION THEORY EXPERIMENT REF. 

Li 2* 62 737.5(6.6) MHz 62 765(21) MHz 
62 790(70) MHz 
63 031(327) MHz 

76 
77 
78 

c54 781.99(21) GHz 780.1(8.0) GHz 79 
07* 2196.21(92) GHz 2215.6(7.5) GHz 

2202.7(11.0) GHz 
80 
81 

F8* 3343.1(1.6) GHz 3339(35) GHz 74 
Ar l 7 H 38.250(25) THz 38.3(1.2) THz 73 

There has been a substantial improvement in the measurement of 
the Lamb shift in hydrogen. Lundecn and Pipkin, using the separated 
oscillatory field method to produce a resonance narrower than the 
natural lincwidth, have obtained89 

"EXP 1057.893(20) MHz 

which agrees with the theoretical value. For discussion of the 
experiment, see Ref. 72. 

Measurements of the Lamb shift in high Z hydrogen-like ions 
have been extended to Ar 1 7* by Gould and Marrus who have reported 
a preliminary value at this conference.71 A result for F 1* has 
been reported by Kugcl ct al. 7* The theoretical and experimental 
values arc listed in Tabic II; the theoretical values are from 
Ref. 75. There is generally good agreement between theory and 
experiment. Measurements at high Z provide a test of strong field 
binding effects in the Lamb shift. 

XII. FINE STRUCTURE IN MU0NIC HELIUM 

The first Measurement of the fine structure li^Pj^) - E(2S|/i) 
in (y*llc)+ has been reported by Rcrtin ct al.*1 The experiment was 
described in the previous conference of this series.'1 The measured 
value is 

AB(2>'3/2 * 2S, / 2) " 1527.4(0.9) neV 
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TABLE III. Theoretical contributions to the fine structure 
E(2P-._) - E(2S.,-) in muonic helium (in mcV) 

Fine structure 145.7 
Vacuum polarization, order a 1666.1 
Vacuum polarization, order a 2 11.6 
Self energy, muon vac. pol. -10.7 ± 1 
Finite nuclear size -103.1 < r2> fin"2 

Nuclear polarization 3.1 ± 0.6 
TOTAL 1815.8 ± 1.2 - 103.1 < r2> fnf2 

Early theoretical studies of low-Z muonic atoms were done by 
Di Giacomo,*11 and by Campani.85 Two conflicting estimates have been 
made for the nuclear polarization correction. Bernabeu and 
Jarlskog 8 6 estimated 3.1 ± 0.6 meV with a calculation based pri
marily on measured photoabsorption cross sections as input data. 
Henley, Krejs, and Wilets87 estimated a correction of 7.0 ±1.5 meV, 
based on a harmonic oscillator model for the helium nucleus, in a-
greement with an earlier calculation of Joachain.88 Bernabeu and 
Jarlskog,89 in an analysis of the two results, point out that the 
harmonic oscillator model predicts a nuclear electric dipolc polar-
izability which disagrees with the value deduced from measured 
photoabsorption cross sections; hence, the smaller value appears 
more likely to be correct. An independent calculation by Rinker 
confirms the value 3.1 meV.90 

Theoretical contributions to the energy separation are listed 
in Table III. The values in that table are taken from the compila
tion of Borie,91 with the exception of the vacuum polarization cor
rection of order a which is taken from Rinker,90 and the nuclear 
polarization correction which is taken from Bernabeu and Jarlskog.66 

It is interesting to note that the electron vacuum polarization 
contribution to the fine structure is an order of magnitude larger 
than the Dirac fine structure splitting. The splitting is sensitive 
to the nuclear size, so that it is convenient to parameterize the 
corresponding energy shift in terms of the r.m.s. nuclear charge 
radius. The self energy and muon vacuum polarization terms are 
point nucleus values with an estimated uncertainty due to finite 
nuclear size corrections. Relativistic recoil corrections, which 
are estimated to be less than 0.5 meV, 9 0' 9 1 are not included. 

Assuming the value (r 2)' 1 = 1.650(25) fm for the nuclear radius, 
based on a weighted average of electron scattering results,82 the 
theoretical value for the fine structure is 



19 

A E ( 2 P 3 / 2 " z sl/2> = 1 5 3 5 ( 9 ) m c V 

which is in good agreement with the experimental value. The error 
is mainly due to uncertainty in the nuclear radius. If the theory 
is assumed to be correct, one can use the measured energy splitting 
to deduce the value 

<r 2>' s = 1.673(4) fm 

for the nuclear charge radius. 

XIII. HIGH Z MU0N1C MOMS 

Accurate measurements of the x rays emitted in transitions be
tween large n states in high Z muonic atoms provide a test of 
quantum electrodynamic corrections to the energy levels. In par
ticular, the muon levels are sensitive to the effect of vacuum 
polarization, which is tested to better than 1°„ with present-day 
experimental precision. Recent experiments hy Tauscher et al. 
and by Dixit ct al. 9 3 have yielded results for muon transition 
energies which arc in good agreement with theory, in contrast to 
the results of earlier experiments which disagreed with theory.91" '"' 

A recent improvement in the theory has been made hv the evalu
ation of the effect of nuclear size on the higher ord^r vacuum 
polarization correction. This effect has beer calculated by 
Arafune, 9 6 by Brown, Calm, and Mcl.crran,97 and by Cyulassy. 9 6 For 
the 5gg/T - 4f7/2 transition in muonic lead, the finite nuclear si.-.e 
correction decreases the magnitude of the higher order vacuum polar
ization correction by 6 eV from the Coulomb value of about fill eV to 
-44 eV. A calculation of the higher order vacuum polarization cur 
rection which takes finite nuclear size into account has been done 
by Rinker and Wilets. 9 9 

There has been interest in a correction of order a'(Za) ? corre
sponding to the Delbrtick-like diagrams shown in Fig. 8. It was sug
gested that the correction could be ,'arge (~ -35 eV) for the 
589/2 " ^1/2 transition in muonic lead. 1 0 0 However, Wilets and 
Rinker estimated a range of 1 to 3 eV for the correction. 1 0 1 The 

--̂ r -^ -qr 
Fig. 8. Feynman diagrams for order a 2(Za)' l)clhriick-l ike correc
tions to muon energy levels. 



TABLE IV. Muonic Atom Energy Level Differences (eV) 

-_,__.,._„ Point Finite Vacuum Polarization Self Rel. Nuc. Elec. T„,. a 1 iransttion t l a c l e a s S i z e x n I i r w E n . R e C i P o l p S c r . ">tai 

s e 8 3 

4 f S / 2 ' 3 d 3 / 2 439 069±1 -146±8 2436 -21*2 17 1 9±3 3 7 -18+1 441 357±9 

4 f 7 / , - 3 d 5 / 2 431 6 3 4 t l -55±5 2328 -20±2 16 1 -8±2 3 7 -1S±1 433 908±6 

5 g 7 / , - 4 f 5 / 2 200 544+1 0 761 -9±1 5 0 2±1 1 0 -31±2 201 273±3 

S « 9 / 2 - 4 f 7 / 2 199 194±1 0 747 -9±1 3 0 -2±1 1 0 -31 ±2 199 905+3 

S » 7 / 2 - 4 f 5 / 2 414 182*1 -8±1 2047 -42±2 14 1 7±2 2 3 -78±4 416 128+5 

5 f i 9 / 2 * 4 f 7 / 2 408 465±1 -2 1972 -40±2 14 1 -6±2 2 3 -79±4 410 330±5 

2 0 3 - , 
8 1 " 

S 6 7 / 2 - 4 f 5 / 2 
424 850+1 -9±1 2117 -44±2 15 1 7±2 2 4 -79 ±4 426 864+5 

5 g 9 / 2 ' 4 f 7 / 2 418 837±1 - 3 2039 -43+2 14 1 -7±2 2 4 -81+4 420 763±5 

8 2 ^ 
5 S v 2 - 4 f 5 / 2 435 666±1 -10±1 2189 -46 ±2 15 1 7±2 2 4 -81+4 437 747+5 

5 S o / 2 _ 4 f 7 / 2 429 344±1 -4 2106 -4S±2 15 1 -7±2 2 4 -83±4 431 333+5 

I. a(2a) Uehling term. II. a(Zc0 s + + finite size. III. a2(Zat). IV. a 2(Za) 2 DelbrUck term. 
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Fig. 9. Comparison of theory and experiment for muonic atom transi
tion energies. The experimental values are from Backenstoss et al.! 0 5 

Dixit et al., s l* Walter et al.,' 5 Tauscher et al., 9 2 and Dixit et al. 9 3 

small value has been confirmed by Fujimoto; 1 0 8 Borie has recently 
reported a value of 1 eV for the correction. 1 0 3 

The contributions to the muon energy level differences for a 
selection of transitions are listed in Table IV. The point nucleus 
contribution is the reduced-mass Dirac energy separation. The value 
employed here for the mass of the muon is based on the muonium hyper-
fine structure determination described in Section VIII. The remain
ing numerical values are from Table 2 of the review by Watson and 
Sundaresan, 1 0" with the following exceptions. The vacuum polar
ization correction in column II includes a finite size correction 
based on the formula of Arafune 9' (which predicts a S cV correction 
in the Sgg^ - 4 f 7 / 2 transition in lead). The o 2(Za) 2 term is based 
on results in Refs. 101-103. Theory and experiment for muonic atom 
transitions with energy > 410 keV are compared in Fig. 9. We note 
that the most recent experimental results would disagree with theory 
without the higher order vacuum polarization correction. 
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