
AECL-5233

ATOMIC ENERGY # 2 | § i L'ENERGIE ATOMIQUE
OF CAN ADA LIMITED W S m DU CANADA LIMITEE

THEORETICAL BASIS FOR A TRANSIENT THERMAL

ELASTIC-PLASTIC STRESS ANALYSIS OF

NUCLEAR REACTOR FUEL ELEMENTS

by

T.R. HSU, A.W.M. BERTELS, S. BANERJEE and W.C. HARRISON

Whiteshell Nuclear Research Establishment

Pinawa, Manitoba

July 1976



ATOMIC ENERGY OF CANADA LIMITED

THEORETICAL BASIS

FOR A

TRANSIENT THERMAL ELASTIC-PLASTIC
STRESS ANALYSIS OF NUCLEAR REACTOR

FUEL ELEMENTS

by

T.R. Hsu

A.I..::, bertels

S. Banerjee

W.C. Harrison

WHITESHELL NUCLEAR RESEARCH ESTABLISHMENT

PINAWA, MANITOBA

MANUSCRIPT PREPARED DECEMBER, 1974

PRINTED JULY 1976

AECL-5233



Base theorique pour 1'analyse des contraintes

elasto-plastiques thermiques transitoires

des elements combustibles des reacteurs nucleaires

par

T.R. Hsu*, A.W.M. Bertels*, S. Banerjee et W.C. Harrison

*Universito du Manitoba

Re s ume

Ce rapport presente une base theorique pour 1'analyse des
contraintes elasto-plastiques thermiques transitoires d'un
element combustible de reacteur nucleaire assujetti a. de
fortes charges thermo-mecaniques transitoires. On a recours
a une formulation d'elements finis aussi bien pour l'analyse
des contraintes non lineaires que pour l'analyse thermique.
Ces deux composants majeurs sont relies pour former un programme
integre capable de predire le comportement transitoire des
elements combustibles en deux dimensions. Des gtudes de cas
specifiques sont presentees pour illustrer les possibilit.es de
cette analyse.

L'Energie Atomicue du Canada, Limitee
Etablissement de recherches nucleaires de Whiteshell

Pinawa, Manitoba, ROE 1L0

Manuscrit prepare en decembre 19 74

Rapport imprime en juillet 1976
AECL-5233



THEORETICAL BASIS
FOR A

TRANSIENT THERMAL ELASTIC-PLASTIC STRESS
ANALYSIS OF NUCLEAR REACTOR FUEL ELEMENTS

by

T.R. Hsu*, A.W.M. Bertels*, S. Banerjee and W.C. Harrison

ABSTRACT

This report presents the theoretical basis for a transient

thermal elastic-plastic stress analysis of a nuclear reactor fuel el-

ement subject to severe transient thermo-mechanical loading. A finite

element formulation is used for both the non-linear stress analysis and

thermal analysis. These two major components are linked together to form

an integrated program capable of predicting fuel element transient be-

haviour in two dimensions. Specific case studies are presented to il-

lustrate capabilities of the analysis.

Thermomechanics Laboratory
Department of Mechanical Engineering
University of Manitoba
Winnipeg, Manitoba

Atomic Energy of Canada Limited

Whlteshell Nuclear Research Establishment

Pinawa, Manitoba, ROE 1L0

Manuscript Prepared December, 1974

Printed July 1976

AECL-5233



TABLE OF CONTENTS

Pa^e

1. INTRODUCTION 1

2. PRINCIPLE OF FINITE ELEMENT STRESS ANALYSIS 3

3. FORMULATION FOR AXISYMMETRIC ELASTIC SOLIDS A
3.1 ELEMENT AND STRUCTURE FORMULATIONS A

3.1.1 Introduction A
3.1.2 Nodal Displacements A
3.1.3 Strain Displacement Relation 5
3.1.A Stress-Strain Relation - Hooke's Law 6
3.:1.5 Element Stiffness Matrix 7
3.1.6 Numerical Evaluation of the Integrands 11
3.1.7 Quadrilateral Elements 12
3.1.8 Assembly of the Structure Stiffness Matrix 1A

3.2 BOUNDARY CONDITIONS 15
3.3 SOLUTION OF SYSTEMS OF LINEAR EQUATIONS 16

A. NON-LINEAR ELASTIC-PLASTIC FINITE ELEMENT ANALYSIS OF 17
SOLIDS

A.I INTRODUCTION 17
4.2 DERIVATION OF ELASTIC-PLASTIC STIFFNESS MATRIX 18
A.3 MATERIAL CONSTITUTIVE EQUATIONS 29
A.'4 CONTACT BETWEEN TWO MATERIALS 31
A.5 THERMO-ELASTIC-PLASTIC UNLOADING 32
A.6 SUMMARY 32

5. DOM-LINEAR FINITE ELEMENT THERMAL ANALYSIS 32

5.1 INTRODUCTION 32
5.2 THERMAL ENERGY BALANCE 33
5.3 CONDUCTIVITY MATRIX 35
5.A HEAT CAPACITY MATRIX 36
5.5 NUMERICAL INTEGRATION 38
5.6 BOUNDARY CONDITIONS 39

5.6.1 Free Convection AO
5.6.2 Forced Convection Al
5.6.3 Thermal Radiation A2
5.6.A Prescribed Surface Temperature A2



Page

6. CASE STUDIES 43

6.1 INTRODUCTION 43
6.2 CASE I: ELASTIC-PLASTIC MECHANICAL BEHAVIOUR OF 43

A THICK WALL CYLINDER
6.3 CASE II: 2-D STEADY-STATE HEAT TRANSFER PROBLEM 44
6.4 CASE III: A HYPOTHETICAL POWER TRANSIENT IN A 45

FUEL ELEMENT

7. DISCUSSION AND CONCLUSION 47

8. ACKNOWLEDGEMENTS 48

9. REFERENCES 49



FIGURES

Page

1. Shapes and Coordinate System of Toroidal Elements 51

2. A System of Banded Linear Equations 52

3. Stress/Strain Relations as Function of Temperature 52
and Strain Rates

4. Polynomial Approximation of Stress/Strain Relations 53

5. Postulated Loading and Unloading Paths 54

6. Contribution of Node i to Heat Capacity of an Element 55

7. Lumping of Heat Capacity in a Typical Quardrilateral 55
Fle'rsant

8. Instantaneous Values of [k] and [c] 55

9. Flow-chart of Computer Program 56

10. Geometry, F.E. Idealization and Material Properties 57
of a Thick Wall Cylinder - Case I

11. Comparison of F.F.. Results with Analytical Solution 58
of a Pressurized Thick Wall Cylinder - Case I

12. Temperature Distribution in a Solid Cylinder - Case II 59

13. Dimensions and F.E. Idealization for a Hypothetical 60
Transient - Case III

14. Thermophysical Properties of UO^ Used in Case III 61

15. Thermophysical Properties of Zircaloy Used in Case III 62

16. Stress/Strain Relation of Zircaloy used in Case III 63

17. Thermal Hydraulic Loadings for Case III 64

18. Fuel and Sheath Temperatures - Case III 65

19. Stress Components in the Fuel Sheath-Case III 66

20. Fission Gas Pressure and Radial Deformation of Fuel 67
and Sheath - Case III



NOMENCLATURE

A - area of element

b ,bo,...,b, - arbitrary constants

C,. - elements of elasticity matrix

C - specific heat of solid

E - modulus of elasticity

E' - plastic modulus

F - plastic potential function

G - shear modulus of elasticity

L - length of element

.!„ - second stress invariant

K. - work hardening parameter or thermal conductivity

H1 - slope of the plastic stress vs. strain curve

Q - heat generation in solid

r - coordinate along the radial direction

t - t ime

T - temperature of the structure material

z - coordinate along the axis of symmetry of the structure

u , u - displacement components along r and z coordinates respectively

v - volume of element
m

£.. - strain components

e - strain components due to temperature change, shrinkage, etc.

E - effective strain

a - Stefan - Boltzman constant

<J . . - stress components

cr - stress components due to e
o o

a..' - deviatoric stress components

a - effective stress

a ,a ,afi - linear coefficients along r-, z- and 6- direction respectively

6 - Kronecker delta

v - Poisson's ratio
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1. INTRODUCTION

Nuclear fuel in a power reactor must last for a long time

(y 2 years) while producing a great deal of heat and it must survive,

power transients without serious damage. The fuel pellets and cladding

form the first line of containment for radioactive fission products so

it is obviously important to understand their behaviour in normal op-

erating and transient conditions (such as refuelling, load-cycling,

accident conditions, shutdown and startup). Atomic Energy of Canada

Limited has basic models such as ELESIM and ELOCA codes for fuel

behaviour in normal operating or accident situations and has a con-

tinuing development program to improve and optimize fuel performance.

More comprehensive models are part of this development program. This

report presents the theory for a recently developed transient thermal

elastic-plastic stress analysis around which more comprehensive oper-

ating and acciaent fuel models are being developed. Some checks of the

computer code based on the theory are included. Verification and fur-

ther development of the code are continuing.

The thermo-wechanical behaviour of nuclear reactor fuel re-

sults from various forms of thermo-mechanical loading. Such loads may,

in some cases, be fairly rapid transients, e.g. during reactor startup

or shutdown, and in other cases, power reactor fuel may be exposed to

slower transients, such as changes in heat generation rate to follow

"peaking" cycles in electricity demand. Even when fuel produces heat at

a constant level (during normal steady power operation), the fuel mat-

erial properties change with time because of irradiation effects, and a

transient calculation is necessary.

The analysis presented calculates temperature, stress and de-

formation fields in the fuel structure but these fields are complicated by

several factors:
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(1) Typical nuclear fuel elements consist of a stack of

ceramic fuel pellets (e.g., uranium dioxide or uranium

carbide) clad in zirconium alloy sheaths for containment

of fission gases. Interactions between the fuel pellets

themselves and between pellets and sheath have to be in-

cluded in assessments of fuel behaviour.

(2) High temperatures and large temperature differences

usually exist in fuel pellets and temperatures can change

considerably during transients. These conditions require

incorporation of the temperature dependence of material

properties.

(3) During fast transients, the fuel materials are sub-

ject to high strain rates and the effects of strain rate

on mechanical properties have to be incorporated.

(4) In certain situations the thermo-mechanical stress in

the fuel element may exceed the yield stress and this may

be followed by unloading. A stress analysis which can

handle loading-unloading-reloading cycles is therefore

necessary.

(5) During irradiation, a portion of the fission gases pro-

duced is released by the fuel pellets and collects within

the plenum provided in the elements. During transients,

stresses induced by increased release of fission gases and by

heating (or cooling) of the gas must be considered.

The analysis developed is basically a finite element heat

transfer and elastic-plastic stress analysis. Initial geometry of the

fuel structure, and material properties as functions of temperature,

irradiation, and strain rate (for mechanical properties) are required as



- 3 -

input. Semi-empirical relations for conductance between fuel pellets

and sheaths are also required. Considerable development has been nec-

essary to incorporate some of the physical phenomena mentioned above.

A new constitutive equation has been proposed to incorporate both the

temperature and strain rate dependence of material properties. Since

the fuel geometry may vary during a transient, both the thermal and

stress analyses are made geometry dependent and are used in a combined

form.

This report deals mainly with the non-linear finite element

stress and thermal analyses. Section 2 states briefly the basic prin-

ciple of finite element stress analysis which applies equally to linear

and non-linear formulations. Section 3 presents a review of linear

finite element analysis to set the basis for the non-linear stress anal-

ysis treated in Section 4 and thermal analysis covered in Section 5.

The reader thoroughly familiar with finite element analysis may go

directly to Section 4. Section 6 presents results from several verifi-

cation studies.

The theory described in this report forms the basis for the

second generation AECL fuel model codes FULMOD (for normal operation)

and FAXMOD (for accident analysis),

2. PRINCIPLE OF FINITE ELEMENT STRESS ANALYSIS

The usual procedure1 in finite element stress analysis is to

divide a solid structure of complex geometry into a finite number of

elements. These elements are usually of regular shapes, e.g. triangular

and quadrilateral elements for plane structures, triangular and quadri-

lateral toroidal elements for axlsymmetrical structures, etc. After such

idealizations, the structure is no longer a solid continuum but a system

of discrete elements linked together at the node points. The equations

of equilibrium and continuity at the nodes in the idealized structures,
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together with the stress-strain relations provide a set of linear alge-

braic equations. With the boundary conditions prescribed for applied

loads and displacements, these equations can be solved to find the stresses

in the elements and the displacements at every node in the idealized struc-

ture .

3. FORMULATION FOR AX.SYMMETRIC ELASTIC SOLIDS

3.1 ELEMENT AND STRUCTURE FORMULATIONS

3.1.1 Introduction

Two basic types of elements were used in the code described

in this report. These are triangular and quadrilateral toroidal elements

as shown in Figure 1. The triangular elements will be discussed first as

they are the simpler of the two.

3.1.2 Nodal Displacements

The components of the displacement at the three nodes i, j, k,

of a particular triangular toroidal element may be assumed to be a linear

function of the coordinates, or:

ur(r,z) =

(1)

where u and u are the radial and axial displacements of a node and

... L, are arbitrary constants.

The above functions may be expressed in matrix form as:
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u 1 ^r z

r z
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1 r. z.
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or H = [A] |b} (2)

The constants b , t,, b , b,, b5> b,, may also be expressed in

terms of the displacement components by:

, -1|b} = [A]"1 |u | = [h] {u} (3)
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3.1.3 Strain Displacement Relation

The average of the strain components of an element may be ob-

tained by the following relation derived from the theory of linear e las t i c i ty :



- 6 -

3u

rr
E
ZZ

eee
e
rz

3r
3u
z

3z

ur/r

3u 3u
r . z

3z 3r

Using the displacement function given in Equation (1), we get:

e

E

e
E

rr

zz

ee
rz

C

0
1

r
0

1

0

1

0

0

0
z_
r
1

0

0

0

0

0

0

0

1

0

1

0

0

or (4)

Substituting Equation (3) into (4), we get

(5)

For structures subjected to thermal load,

[h] {u

in which | £ j. are the components of the strain due to temperature change,

e.g. thermal expansion, crystal growth, etc.

3.1.4 Stress-Strain Relation - Hooke's Law

From the theory of linear elasticity, we may express.the stress-

strain relation as:
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In matrix form this may be written as:
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(6)

where | CT I = stress components due to j £ I

3.1.5

The matrix [c ] is usually called the elasticity matrix.

Element Stiffness Matrix

As mentioned earlier, the idealized solid structure is no

longer a continuum but a system of discrete elements of finite size con-

nected at the nodes. It is necessary to maintain compatibility of dis-

placements and forces at all the nodes, and the nodal forces can then be

used to calculate the equilibrium conditions for the entire structure.

Concentrated nodal forces, distributed loads (pressure load,
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gravitation, etc.) and thermal stress loads may all act simultaneously on

some elements in the idealized structure. These are handled by calculating

the statically equivalent nodal forces. A simple procedure is to impose an

arbitrary (virtual) nodal displacement and to equate the external a^J in-

ternal work done by the various forces and stresses during the displacement.

Let the virtual nodal displacements = { u* f .

From equation (3):

|b*}= [h] {u* } .

From equation (5) the strain within the element is:

{£*1 = [G][h] \u*\ .

The work done by the nodal force j F | is equal to the sum of the

products of the individual force components and the corresponding displace-

ment, or

W = } u*l IF!-.
e x t t i l l

Similarly, the internal work per unit volume done by the element

stress components and the distributed forces ]Pf is:

= (CG][h]{u*})T{a|- ([h] {n*\ ) T \?\ .

Since ([A][B])T = [ B ] T [A]T, we have:

w.n = |u*}
T ([h]T [G]T{ai- [h]T jp} ).

For the structure to be in static equilibrium, the external work

must be equal to the total internal work obtained by integrating over the
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volume of the element giving:

\u*\ \p\ = \u*\ (/ [hi [G] jcjfdv-J [h] -ipldv)
( * ' * * * j 7̂ * * j v '

The equivalent nodal forces are thus equal to:

But from Equations (5) and (7)

{o\= Cce]{e}-{

Hence,

Since j u | is independent: of space,

|F}= (/^[h]T[G]T[Ce][G][h] dv){u}

The coefficient of the nodal displacement vector |u J in the above equality

is defined as the "Element Stiffness" by analogy with the coefficient of

displacement in the force-displacement relationship for a linear spring, or

/v[h]
T[G]T[Ce][G][h]dv.

Again, as [h] is not a function of the spatial coordinates, we have the

following relationship:
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= [h]T (/ [G]T[Ce][G]dv) [h]. (7)

The thermal load matrix is:

[L] = [h]T/v [G]
T|oo}dv. (8)

The distributed load matrix is:

(9)

The components of thermal stress in the element la \ may be obtained in

the following way:

From Equation (6),

The elements of the elasticity matrix [c 1 are:
e

i

= C,
11 22 33 (l+v)(l-2v)

VE
C12 C21 C13 = C31 C23 C32

C14

°o.

°o.

°o.

a
o.

rr =

zz

96 =

rz

c, = c2.

(C12ar + c2.

(C13ar + C2;

0

2 a
z
 + C23a6)

3az + C33a6^

AT,

«.

AT,

- °' C44=
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.here AT = change of the average temperature of the element,

i. a «_ = linear coefficients along r-, z- and 6- direction respectively.
r z 8

the form:

The integrands of Equations (7) and (8), after expansion, take

I 1 "2
:33 ' r"(C31+C33) '"2^33'
. - - I Ir- ,. I.

r 32

+C31 I+C14+C34 C14+C34 C12+C32

7

4 — (
3

I+C._)+C.. ,0 i -^C-.+C.. I -^C-^+C.-, 43' 44 • r 34 44 j r 32 42

T
I

(Symmetrical), ,0 ' 0 0

I
V r

i !

J44

J22

(10)

ao,e6/r

ao,rr + ao,E

zao,08/r

0

0

(11)

O,zz

3.1.6 Numerical Evaluation of the Integrands

For axisyrametric structures, the strain-displacement transform-

ation matrix [G][h] is a function of the coordinates (see Equation (4);
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therefore, integration is not simple. An approximate method for

evaluating the integrands is to introduce the centroidal coordinates of

an element,

r = (r + r + r )/3,
J

z = (z + z + z )/3,

and assume these to represent adequately transformations over the element.

Integrations are then reduced to a volume determination only, and the element

stiffness and load matrices become:

[K]e = [h]T[G]T[Ce][G][h] (A vol),

[L] = [h]T[G]T {a ((A vol), (12)

[L] = [h]T[G]T[Ce] {a} AT (A vol), (13)

where | a {• = coefficient of linear thermal expansion.

The "barred" matrices in the above equations are based on cent-

roidal coordinates. This approximation approaches exact values if small

elements are used.

3.1.7 Quadrilateral Element.0

A quadrilateral element consists of 4 sides and 4 nodes. There

are many advantages to using quadrilateral elements in finite element anal-

ysis. It reduces the number of elements and is easier to handle numerically

in a computer program. Perhaps the most important advantage is that the

convergence to an exact solution is usually superior to that of trianglar

elements because the computation scheme handles the quadrilateral element as
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four smaller triangular elements as shown in Figure 1. If triangular

elements were used in place of the quadrilateral elements, only two

triangular elements would be used. Thus, the precision is increased

significantly.

The element stiffness of a quadrilateral element may be cal-

culated in the following way. The element is first arbitrarily divided

into 4 triangular elements. For axisymmetric loadings, the equilibrium

equations are developed by standard techniques and involve 10 equations,

which are written in the following matrix form:

K ! K., I (u. 1 L

where F , u and L are the corresponding nodal forces, nodal displacements
3 3 3i

and the nodal thermal loading matrix associated with nodes 1-4. The quan-

tities with subscript b are the corresponding quantities associated with the

auxiliary node 5 (see Figure 1C), Expanding the above equation, one obtains:

Substituting the above into j F } and letting

we get the nodal forces for the quadrilateral element as
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(16)

The matrix [K ] in Equation (1A) is the element stiffness matrix of a
3.3

quadrilateral element.

3.1.8 Assembly of the Structure Stiffness Matrix

After determining the stiffness matrices for each element in

the structure by the steps discussed above, the total stiffness matrix

for the entire structure can be calculated by summing up all the element

stiffness matrices, or:

M

[K] = E L CKm]e ' (17)

in which [K] = overall structure stiffness matrix,

[K.] = element stir^aess matrix given in Equation (12) in the

global coordinate system, and

M = total number of elements in the structure.

Once the structure stiffness matrix is formulated, the dis-

placements of all the nodes in the structure may be calculated by the

following equation:

| Q } = [K] | u } , (18)

where jQ f = overall nodal load matrix, and

|u [ = nodal displacements.

The nodal load matrix { Q \ may be further divided into

M

{Q \ = {s}+ 2^_ {L } , (19)
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in which {s} = matrix of concentrated nodal forces, and

\hm\ = element thermal load matrix.

The element stress and strain may be calculated from the dis-

placement components j u | obtained from Equation (18) by using Equation (7)

and (6).

3.2 BOUNDARY CONDITIONS

The solution of Equation (18) to obtain the displacement com-

ponents requires known conditions for the boundary nodal forces. Equation

(18) may be partitioned in the following manner:

where JQ \ = specified nodal forces (known, e.g. certain boundary nodes),

jQ I = unknown nodal forces (e.g. certain constrained boundary nodes,

interior nodes),

ju I = unknown nodal displacements, and

(u, i = specified nodal displacements (e.g. certain constrained

boundary nodes).

The first part of Equation (20) may be written as:

Since both {Q J and { VL j are known, |u I may be obtained dir-

ectly. The entire displacement field is thus obtained. The strain and

stress fields can then be calculated from Equations (6) and (7) respectively.
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3.3 SOLUTION OF SYSTEMS OF LINEAR EQUATIONS

As described before, the solution of the nodal displacements

of a structure requires the solution of a set of linear algebraic, equations

such as shown, in Equation (20) . We may rewrite these equations in a more,

representative form as:

[A]{x|=JB| (21)

where [A] represents the overall stiffness matrix,

{x[ is the unknown nodal displacement matrix, and

|B \ represents the given nodal load matrix.

For most structural applications, [A] is usually symmetric. The

length of an individual row in the matrix [A] is called the band width, M,

which is equal to the maximum difference in the element node numbers as

shown in Figure 2. Both symmetry and finite band width of the matrix [A]

make the Gaussian Elimination technique attractive for solving Equation (21).

The system used in our program is briefly outlined here.

Let the superscripts denote the sequence of eliminations and the

subscripts refer to the designations of the matrix elements; then

n+M-1

X = D - / , H .X.
n n r-^... n j n

j=n+ l J J

.n _ , n - l n - 1
\j ~ A i n "n j

n = A " 1 A 1 1 1 H i 1 = n + 1 n+M-1
i j V j " A i n nj U - i n+M-1

B? = B n " L - A1?"1 D i = n+1 n+M-1
i n n n i 2 ;

in which

D
n

H .
nj

n

= ^nj

nn

/A11"1

nn
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4. NON-LINEAR ELASTIC-PLASTIC ' tNITE ELEMENT ANALYSIS OF SOLIDS

A.1 INTRODUCTION

Many practical situations arise where precise knowledge is

required of limiting loads and limiting permanent, or plastic deformations.

These situations are usually caused by short duration, extreme conditions

of temperature, pressure, mechanical load and loading rates. Such conditions

can arise, for example, in nuclear reactor fuel subjected to severe power

trans ients.

Nost material properties at elevated temperatures differ sig-

nificantly from those at room temperature, so any transient thermomechanical

analysis should take into account the temperature dependence of these prop-

erties. Strain rate dependence of the material properties may also become

important and hence should also be included.

Any description of the relationship between stress and strain

under conLinued loading beyond the elastic limit of a material will be

stress level and strain dependent, and is, therefore, termed non-linear.

Various theories for such elastic-plastic material behaviour have been pra-
(4)

posed . Most of the resulting constitutive relations are expressed in

differential form and have to be solved step-by-step to allow for their

inherent non-linearity. These equations require a statement of the work

hardening character of materials, i.e., whether the material is capable of

sustaining stresses over and above the initial yield stress. This hardening

character is commonly expressed in terms of a single scalar point function

(functional) which is a function of the stresses and strains themselves. This

functional is usually referred to as the yield function or plastic potential.

It is also this functional which has to be used for experimental verification

of any elastic-plastic theory.

It may be shown that a finite element formulation of a physical

problem can be arrived at only if the overall behaviour of the phenomenon
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or collection of pheno. ?na can be described by a well-defined functional.

Plasticity, described by the plastic potential, fits into this general

class of problems, and, therefore, may be successfully analyzed by finite

element methods.

The following derivations are based on the plasticity theories

of Ueda and Yamada , which assume existence of incremental station-

arity of the potential energy of a system of finite elements (incremental

force balance). Since the linear elastic, finite element program des-

cribed earlier is also based on that energy principle, it can, therefore,

be modified in a relatively straightforward manner to incorporate step-

wise linearized plastic behaviour. For a selected class of problems (small

to moderately large deformations), the published results are encouraging,

so that adoption of the incremental equilibrium approach at this time is

warranted. A more generally applicable formulation with increased sophis-

tication has recently been reported . It relies on an iteratively ob-

tained overall balance of external and internal work performed from the

start of loading. Incremental procedures are still employed in the more

sophisticated theories, but they use iterations in each increment and

employ incremental load correction matrices in addition. Correction loads

are needed for larger deformations because of the large changes in struc-

tural geometry. (The initially applied, loads were acting on differently

shaped structures-) However, comparisons of the results from the present

analysis with the limited number of exact solutions and the few published

simple case studies based on ths more sopiiisticated approach, do not in-

dicate significant disparities. The main reason for this apparent agree-

ment is that the problems evaluated do not produce very large geometric

changes, which, if present, would require more sophistication. Iterative

methods employing incremental load correction matrices can be accommodated

in the present analysis but were not thought to be necessary at this utage.

4.2 DERIVATION OF ELASTIC-PLASTIC STIFFNESS MATRIX

As in linear elastic problems, the application of incremental

stationarity of potential energy leads to force-displacemont equilibrium



- 19 -

in each loading step:

| (22)

where

with

| AS. I = incremental concentrated nodal point load vector,

[Ko] = incremental elastic-plastic stiffness matrix,
% M

IAL.) = E , {<5L?} = incremental load vector,

JAQnl = overall incremental load vector,

JAFjl = incremental body force load vector, and

JAPj| = incremental pressure load vector.

System matrices and vectors are obtained by summation of

elemental properties as in

[K£] = £ [Km]6. (24)
m=l

However for general elastic-plastic transients, the plastic constitutive

relations between stress and strain vectors have to be introduced together

with the generalized Hooke's Law (Equation 6).

For elastic situations (below the yield stress) involving

material temperature and strain rate dependence (Figure 3), the usual

elastic strain i z | has to be supplemented for the additional elastic

straining due to temperature and strain rate variations, both of which

.vill be stress level dependent. The total strain at a given stress

level, therefore, has to be obtained through integrating small loads,

and stress and strain increments along the loading path. It may be shown

that during a small load increment,
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or total _ elastic strain thermal ex- strains due strains due
strain at constant T, £ pansion from to property to property

reference tern- variation with variation with
perature temperature strain rate

The general relation is of the functional form,

\e\ = \e\ (\a\ , T, [CJ^CT.E)) , (26)

where [c ] is the elasticity matrix as given in Equation (6).

The temperature and strain rate effect on the material properties

r1
dependence on temperature results from thermal expansion.

is expressed implicitly by the flexibility matrix [c ] (T,e); the explicit

Expansion of (26) in differential form gives

. dT + — = | . de ). (27)

From Hooke's Law, {a} = [C ] j e [ and from the expression for thermal strain,

je }= jc^T, the first two terms on the right-hand side of Equation (27) may

be calculated and Equation (27) becomes:

dW = K r d H i a \ d T +W\n>f— •dT + - i f— •di I - (28a)

From Equation (25),

d{E4+ d H +

Solving 28 (a) and (b) for the stress increment, the general stress-strain

^elation takes the following form:



- 21 -

B /9[C ]~x 3[c TX \

a} dT + { ° } i - # - dT + -5E— d 7 } (29)

It is seen that the last two terms of Equation (29) which represent the effect

of temperature and strain rate dependent mechanical properties in the elastic

range give rise to an elastic non-linear constitutive equation. These ad-

ditional terms are neglected In the usual elasticity analyses. Equation (29)

cannot be solved directly due to its non-linearity even in the elastic range,

but has to be integrated along an appropriate loading path.

If plastic strain occurs due to loading exceeding the elastic

limit, Equation (25) has to include plastic strains (e ), which again de-

pend on temperature and strain rate. Then,

E«} +{ 6 ep} • (30)

Additional relations required to solve for the plastic strains are obtained

from the yield condition, or the plastic potential. One of the most prac-

tical and reliable yield functions is considered to be the von Mises plastic

potential. Its general form is:

F = F (\a\ , K, T, {e\) (31)

where K. is the usual hardening parameter.

The von Mises yield criterion is defined as:

F = J2 - T^ = J 2 _ 1 a2 < 0 ( 3 2 )

where Jo = second stress invariant

= 1/2 o i a ' , (33)

a..' = deviatoric stress components

= a.. - c
lj m

a = 1/3 a 6
m IJ ij '
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where 6 = Kronecker delta

" = 0 if i ̂  j

= 1 if i = j .

T ,a = yield stress in pure shear and in uniaxial tension respectively

(constant).

For plastic deformation to occur,

F = 0

2
which yields J_ = 1/3 ay

From Equation (33) one obtains

But the effective stress is defined as

V~3 ; r

2 aij°i3 *

Hence 0 = ay has been used in the present analysis as the yield condition.

Referring to Equation (33), it may be found that

or in matrix form
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Because of the restrictions imposed on the plastic potential function F,

as indicated above, a basic relation between the stress and strain incre-

ments in the plastic range (the flow rule) may be obtained. It has been

found that the plastic strain component increments are proportional to

the flow stresses or deviatoric stress components (a 1), or:

d£ll d£22 dE33 dE13

°11 " °22 " °33 " a13

which leads to the Prandtl-Reuss stress-strain relation:

ide I = dX {a1} (36)

where dA is a proportionality factor.

By substituting Equation (35) into (36), we have:

•

In order to solve for the plastic strains in terns of the various hardening

mechanisms, the potential function F has to be expanded in differential form

and be equated to zero. Referring to Equation (31), this expansion takes

the form:

or, expressing the hardening in terms of plastic strains,

From Equation (30), the elastic strain increment is:
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The s t r e s s increment can then be obtained by Hooke's Law as

{da} = [c e ] ^ AEJ-{Ae
T}"{AeTe}"{Aeee}""{Aep}) » (39)

and Equation (38) becomes

* • if « * S * • »•
Solving for dX using equation (37) , the following equation i s obtained:

}
The relation \ -5—if = \ wr ( = {o'\ has been used in the above der-

ivation since {CJ'|= \o\ - ia I andia I (the hydrostatic pressure) makes no

contribution to the variation of the plastic potential function.

The constitutive relations in the plastic range can also be

derived from Equation (39) with the aid of Equations (29) and (36) as:

/ 3[c r 1 a[c r 1
 av

\td) = [Ce]{Ae}- [Ce]̂ {a}AT + _ ^ _ | a } A T + - ^ | — \a\M+ f

Upon substituting Equation (41) , one obtains r1 \
{a} Ae.

r1 \
} e.j
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3FH8F|_Tr

8e

(42)

with

Now, if the plasticity matrix is introduced,

tc.n.[M»[cj /

p S S

Equation (44) is the same as Equation (10) of Reference (6) and (10).

Let the elastic-plasticity matrix be of the form,

[Cep] = [Cj - [cp] , (45)

then a new constitutive equation for the elastic-plastic analysis can be

written as:

3[C V1 S[C if1
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Following the derivation given in Reference (10)
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in which G = shear modulus of elasticity

and

/9F\T rn T/SF) 4 -2 (48)

where

[Ce] = 2G

1-V
1-2V

V
l-2v

V

1-v
l-2v

V 1-v
l-2v 1-2V l-2v

0 0 0

0 0 0

0 0 0

SYM.

(49)
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The elasticity matrix shown above is used for a general iso-

tropic solid in Cartesian coordinates and has the same meaning as in

Equation (6).

It is also shown in Reference (6) that:

« V V

where H' is the slope of the effective stress (a)/effective strain (e)

curve.

i i i i j 2 - 2

Since <o><0 o cQ 2a > = •=• 0
r z 6 rz 3

It follows tha t

!L / !!i iV i£ I - _ it ~2 H '
I p 7 K

Substituting Equations (48) and (51) into Equation (43), we get

S = | (3G+H1) a2' - (52)

The plasticity matrix [c ] may be calculated by substituting

Equations (47) and (52) into (44) leading to
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2G-

3G + H1 (53)

where \ 7/7777Tn-rr^. ~\ is the synunetric deviatoric stress matrix given in Equa-

tion (47).

The elastic-plasticity matrix in (45) may thus be written as:

a'2

I^2\T S

[C ]=2G
ep

a' a' Trr zz 1-V zz SYM.
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Equation (53) is virtually the same form as Equation (17)

of Reference (5).

4.3 MATERIAL CONSTITUTIVE EQUATIONS

The numerical determination of H' from experimentally estab-

lished relations between 5 and E at various levels of temperature and

strain rate, is of concern. All the published results from incremental

finite element theories use predetermined, piece-wise linear approximations

of stress-strain curves. Such an approach requires the use of the concept

of initial yield functions and relies on elastic behaviour up to this in-

itial yield surface. Since in practice, such a yield surface is determined

by measuring a fixed percentage of plastic deformation, such concepts are

unnecessary and can be eliminated by the use of continuous representations

of measured stress-strain behaviour. The present analysis relies on such

a continuous representation.

A continuous family of constitutive relations was proposed by

R.M. Richard and J.R. Blacklock , for use in an approximate inelastic

method of finite element structural analysis (not based on the incremental

method). However, a very sharp transition from "elastic" to plastic be-

haviour requires that these functions represent a non-hardening, ideally

plastic material, a significant disadvantage because most engineering

materials at larger plastic strains are usually linearly hardening.

Richard and Blacklock's family of curves (Figures 1 and 2,

Reference (ll))was represented by

a = E
F | _ , , - (55)

where:

a = the plastic stress; asymptotic value of o for E -»• °°,
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with a tangent modulus, E ,

da E
t " dV (56)

Equation (55) can be generalized by replacing the "non-hardening" plastic

stress, a , by a linearly hardening function of the form (Figure 4)

a =
Ee

TJ) J
(57)

5
0,E=O

where:

o' = starting stress of the linearly hardening curve, and

E' = asymptotic slope of the stress-strain curve for £ •+ °°.

A more convenient form is obtained by introducing a,. (Figure 4), the

stress at the intersection (kink) of the lines drawn with slopes equal to

the initial and asymptotic moduli.

Therefore, Equation (57) becomes

o
EE
EE -]n 1/n

(58)

with the new tangent modulus E , where

E =do =
t dE

n+1

n n+1
(59)

It is seen from (58) and (59) that E, E', o, . ., n are the only material
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properties required to determine the functions uniquely. The previously

proposed curves are a special case of this general family presented here

and are obtained by putting E' = 0 .

The slope (H1) of the effective stress/plastic strain curve

is obtained by considering that for the effective sti. ins the following

relation holds

de = dc + di . (60)
e p

Using

da , ,- da
e = dE and % = W

.- do
* - i; •

it follows that

H' = x
 1

 x . (61)

The temperature and strain rate dependence is easily incorp-

orated by specifying all material properties (E, E', o\ . , , n) as functions

of temperature and strain rate. This results in a very significant reduc-

tion in the amount of information commonly required to describe such general

stress-strain behaviour by many dimensional linear approximations. In add-

ition, it circumvents the normal problems of step size matching between

loading and stress-strain approximations.

4.4 CONTACT BETWEEN TWO MATERIALS

Contact between two materials such as, for example, between the

fuel and sheath in a nuclear fuel element may be handled by assuming a layer

of very thin interface elements. These elements have thermophysical and
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mechanical properties selected to simulate gap behaviour. This is dis-

cussed further by means of an example in Section 6.4.

4.5 THERMO-ELASTIC-PLASTIC UNLOADING

One of the most difficult features included in the program is

the temperature dependent loading-unloading scheme. Figure 5 shows the

different loading-unloading paths taken for a stress increment (or dec-

rement) ha for all six possible conditions. The selection of which

schemes apply and represent the real world is by no means clear and will

be determined by experiment.

4.6 SUMMARY

The theory for elastic-plastic behaviour outlined in this sec-

tion is the most general method presented up to now with respect to incor-

porating the phenomena which are important for high temperature, high load-

ing rate processes.

5. NON-LINEAR FINITE ELEMENT THERMAL ANALYSIS

5.1 INTRODUCTION

The basic principles of the finite element approach for stress

analysis can be applied also to non-linear thermal analysis. The main

difference is that the two-dimensional displacement field is now replaced

by the temperature and its time derivative fields. The triangular element

is used again for the purpose of illustration and the temperature over the

triangular region is assumed to be a linear function of the spatial co-

ordinates. The present analysis is based on the framework proposed by

Wilson and Nickel(8) .
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5.2 THERMAL ENERGY BALANCE

As in the s t r e s s a n a l y s i s , t empera tures in an element may be

expressed i n terms of nodal po in t temperatures given by the fol lowing

matrix equation:

( 6 2 )

where

T (r,t),|T(t)[ = temperatures in the element and at nodal
m points respectively,

= spatial coordinates, and

= interpolation function.

The temperature gradients are:

rM • (63)

For a solid structure in thermal equilibrium, the temperature

field must be continuous between elements. This condition cannot be sat-

isfied completely as the structure is now approximated by a finite number

of elements which are interconnected at the nodal points. Variational '

calculus is used to ensure continuity of the temperature variation at the

nodal points and obtain a good approximation of the continuity of the

temperature field between the elements. The functional used for this

particular case was derived by Gurtin as:

m
* r i

m m m m m,i" ij * m,j

- 2p q T - 2p C TmT ) ( r , t ) d v
m Tn m m m o m m

Sm
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where p , c , k.. = mass density, specific heat and thermal conductivity
of element material,

M = total number of elements in the system,

q = heat generation in the element,

v = volume of element, andm
n, = outward normal to the element surface S .
i m

Substituting Equations (62) and (63) into (64) gives:

$ = | |T(t)}T[c]{T(t) } -|T(t)}T[c]{T(o)|

+ | |T(t)|T[K]|T(t) [ -{T(t)}T{Q(t) } (65)
m m

where [cl=^[C
m], W = ̂ [ K m ] , {Q(t)} -

i l m=l

The element heat capacity matrix is:

£ Pm(r){bm(r)} C J ^ ^ C ? ) } ^ . (66)
m

The element conductivity matrix i s :

»- (67)

The element heat flow is:

/ Q (r.t) n \b_(r)f dS_ . (60)

-'s i i

Now, by taking the first variation of Equation (65) over T(t)

for 0 < t < °°, one may obtain
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[c] ({TOO} - {T(O)})+ [K] |x(t)} ={q(t)} . (69)

The physical interpretation of Equation (69) is as follows:

At any time "t":

Rate at which heat is
stored in elements
adjacent to the node

Rate at which heat
flows from elements
adjacent to the node

Rate at which
external heat
enters the node

5.3 CONDUCTIVITY MATRIX

The element conductivity matrix [K ] given in Equation (67)

for a triangular element may be expressed in terms of the interpolation

function< b (r, t) > in Equation (62) as

3 33z r d A (70)

in which

or

<b (r,t)|

2A +

V - v
-b.r + a.z

(71)

where A is the area of the triangular element and a., a., b., b are the
j k j K

local coordinates of the nodes (see Figure l(d)).

The differentials are:

k

h K-v
and
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Assume k is constant over the triangular element. Then, sub-

stitution of the above expressions into (70) and evaluation of the integral

for one radian of the ring element yields:

( b j - b ^ + u ^ ) 2 bk(bj-bk:

bk + i -bjVakaj

SYM. b2 + a.2
4A~

where r is the radius of the center of gravity of the triangle.

As described earlier, quadrilateral elements may be treated

as four triangular elements, as shown in Figure l(c). The heat capacity

term associated with the nodal point 5 is assumed to be distributed to

the four adjacent nodes. The 5 x 5 element conductivity matrix is re-

duced to a 4 x 4 m _rix by the assumption that there is no external heat

flow at node 5.

5.4 HEAT CAPACITY MATRIX

The heat capacity matrix of the structure is given by the direct

summation of the element capacity matrices. The element capacity matrix is

given in Equation (66). Since the interpolation function <b (r, t)\ ion:

the axisymmetric structure is defined by Equation (71), the element capacity

matrix may be obtained by integrating Equation (66). However, a simpler

method may be used for calculating this matrix. This method is based on the

concept of lumping the heat capacity of the element at the four nodes of the

element, a scheme which is similar to the lumped mass idealization in vib-

ration problems.

Assume that for a unit rate of change of temperature at node

n (T = 1) only the material within half the distance to the next node on
n

each side of the node contributes to storing heat in the body area (hatched)
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in Figure 6. If the volume of the i element is Vm and the specific

heat C and the density p of th

heat capacity of the element is:

heat C and the density p of the material are constant, then the total
m J m

A = v p C
m m m m

This quantity is lumped at the four nodes of the element, such that the

magnitude of the capacity at each node is proportional to its contribution

to the volume.

Figure 7 shows the cross section of a quadrilateral toroidal

element. The element may be divided into four quadrilaterals by connect-

ing the mid-points of the opposite sides. The common vertex of all the

quadrilaterals is located at a point with radius

c . + r . + r k + r ] L ) / 4 . (73a)

The radius of the centroid of each quadrilateral is approx-

imately :

r + r..
rci = (2rl + 2

 + r c ) / 4 ) ( 7 3 b )

rcj = (2rj + k
 2
 1 + rc ) / 4' ( 7 3 c )

rck= ( 2 \ + ! j 4 ^ + rc ) / 4' <73d>

rcl= (2rl + ! k T ^ + r c ) M ' (73e)

The total heat capacity is lumped at each node, and is proportion-

al to the radius of the centroid of the quadrilateral sub-element which con-

tains that node. The element heat capacity matrix given in Equation (66)

has thus become the diagonal matrix:
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5.5

p C v
r_m-i _ m m m
LC J 4r~~

ci 0 0 0

r . 0 0

SYM. r , 0
ck

NUMERICAL INTEGRATION

Lcl

(74)

For a solid structure in thermal equilibrium, Equation (69)

must be satisfied. This Equation, when expressed as

represents a set of non-linear differential equations which may be solved

by a numerical integration techniques. For instants of time t and t + At,

the above state equation may be expressed as follows:

[c]{tt}+ [K]{xt} ={Qt}

where At is the time increment and [c1] and [K1] are the respective ca-

pacity and conductivity matrices at temperature T . . For simplicity,

these two matrices are assumed to be constant within every time increment

as shown in Figure 8. The difference between the above two expressions re-

presents the change of states over the time interval At, or

(75)

Again, by assuming a linear variation of temperature within each

time increment (Figure 8),

I atl -
(t+At)-t
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Equation (75) can thus be simplified to:

where K } = {Tt+At} " {Tt}'
and {AQt}={Qt+At}-{Qt}-

T - T
Kow, uith (T) = ( — - — T — - - " t ) , the above equation may be expressed in the

following form

where [K*] = ^- + [K] (77a)

(77b)

Equation (76) can now be solved directly for the nodal temperature

increments at the end of the time increment. The nodal temperatures at given

instant t can thus be calculated. The matrix [K*] is a function of time and

may be computed at selected intervals when the change of magnitude of k is

significant.

Since the solution of Equation (76) requires the temperature con-

dition at the end of the previous time step, a starting procedure is required.

The equation used for the first time increment can be obtained from Equation

(69):

(78)

in which <T >are the initial nodal temperatures.

5.6 BOUNDARY CONDITIONS

One of the features of the present analysis is that it is capable

of handling non-linear thermal boundary conditions. These are discussed below.



5.6.1 Free Convection

This condition applies when the fluid surrounding the contact

solid surface is stagnant, or moving at a very low velocity. The heat flow

across a boundary layer at the surface of the body is given by:

Q = ah(T - T ) = ah (T - T )Q(T - T ) (79)
e s c e s e s

where a = area of the contact surface,

h = heat transfer coefficient by free convection,

h = a constant, or time dependent function of the heat transfer
coefficient,

a = index number to be determined by experiments,

T = temperature of the bulk fluid, and

T = temperature of the contact surface.

Now, if we consider a section of the contact surface between

nodes i and j, heat transfer across the surface may be approximated by con-

centrating the total heat flow through the boundary at the nodes i and j.

If the temperature of the contact surface is taken as (T + T.)/2, then

Q t = b c (Te - Ti) (80a)

Q. = b (T - T.) (80b)
3 c e J

Lth T i + TJ
where b = -^ (T =—-)a ,

t = thickness of the element, and

L = linear distance between nodes i and j .

The additional heat flow across the boundary elements evident

from Equation (80) requires Diodification of the heat flow equation (69) or

Equation (76) by addition of the following:
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K1

i i

K!.
J J

Q i
Ql

j

= K*
i i

= K*.

= Q*

= Q*
J

+

+

+

+

b
c

b
c

b Tc e

b T
c e

(81a)

(81b)

where K'. . , K! . = diagonal terms corresponding to nodes i and j , respectively,
11 •'-' in the modified overall conductivity matrix,

K*., K*. = diagonal terms corresponding to nodes i and j, respectively,
-'-' in the conductivity matrix given in Equation (77a),

Q!, Q! = rate of heat flow at nodes ± and j, respectively, in the
1 -1 modified heat flow matrix, and

Q*» Q* = rate of heat flow at nodes 1 and j , respectively, in the
•* corresponding terms of Equation (77b).

This procedure can be applied repeatedly for all the free convection boundary

elements.

5.6.2 Forced Convection

This boundary condi t ion applies to a so l id surface in contact

with fast-moving f lu id . The heat flow across the contact surface i s s imilar

to Equation (79):

Q = a F ( t ) P (T - T ) (82)
e s

where f(t) = time-dependent function (input data)

8 = index number determined by experiments.

Using a similar approach to the free-convection case (5.6.1),

the rate of heat flow at nodes i and j can be expressed as:

Qi = bf (Te " V
Q . = br (T - T .) ,
J f e 3

in which

b f = i Lt
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Again, this type of boundary condition may be accommodated in

the analysis by modifying the conductivity and heat flow matrices as in

Equations (81), except that b , is to replace b for forced convection prob-

lems .

5.6.3 Thermal Radiation

This boundary condition is significant wherever there is a large

difference in temperatures between two opposing surfaces, or whenever both

surfaces are at high temperatures. The Stefan-Boltzman relation for thermal

radiation between "black" surfaces is:

Q = aadj 4 - T2
4] (83)

where T and T_ are the thermodynamic (absolute) temperatures of the two

surfaces, and a is the Stefan-Boltzman constant.

Equation (83) can be expressed as

Q = a hr (TL - T2)

where

hr = °tTl2 + T 2 2 ] (T1 + V • (84)

This thermal radiation condition can be included by following procedures

similar to those outlined for the convective boundary conditions.

5.6.4 Prescribed Surface Temperature

This boundary condition can be handled by assuming an imaginary

super-conductive element connected to the node for which the temperature is

specified. Suppose the temperature at node I is prescribed to be T. then

the necessary modifications to Equation (76) are:
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and

Q!!
NN ,

where e = > (K* x 10 ),
f ••_ mmm=l

N = total number of nodes in the system, and

K* = the diagonal elements in the overall conductivity matrix,
mm

6. CASE STUDIES

6.1 INTRODUCTION

A computer program called TEPSA (Tjransient Elastic-PJLastic ^t

Axialysis) has been developed from the theory outlined the the previous sections.

The program comprises two major components, the elastic-plastic stress analysis

subroutine called NLSTRS, and the non-linear transient thermal analysis sub-

routine called NLHEAT. Figure 9 shows the required input information, the

overall structure of the program, and the output quantities which c e may ex-

peet from the analysis.

The subroutines NLSTRS and NLHEAT have been tested separately

against several analytical solutions. The results of running the combined

program on two of these cases are presented here as a means of checking the

links of the combined subroutines in the TEPSA code. A third case presented

involves the prediction of the complicated thermo-mechanical behaviour of a

fuel element subjected to a hypothetical power transient and demonstrates

the general capability of the analysis.

6.2 CASE I: ELASTIC-PLASTIC MECHANICAL BEHAVIOUR OF A THICK WALL
CYLINDER

This case illustrates an application of the TEPSA program to a
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structure subject to mechanical load only. A thick wall cylinder is loaded

by uniform pressure applied at its inner surface. The dimensions, material

properties, and the finite element idealizations of the structure are shown

in Figure 10. The distribution of the tangential stress and the radial dis-

placement of the outside surface of the cylinder are plotted against the

analytical solutions in Figure 11. Agreement between the two solutions is

excellent.

6.3 CASE II: 2-D STEADY-STATE HEAT TRANSFER PROBLEM

This problem tests the TEPSA program in solving a heat transfer

problem. Although the code is intended for transient analysis, it calculates

the steady-state condition as well.

Consider a solid cylinder of homogeneous material with radius

"a" and length "2L". The surface temperature of the cylinder is kept at

zero except at its mid-plane where the temperature varies according to f(r),

By using the coordinate system shown in Figure 12, the following differential

equation and boundary conditions apply:

D r2 r 3 r 3 z2

T(r,z)|z=L = T(r,z)|r=a = 0

T(r,z)|z=0 = f(r) .

The solution of the above equation satisfying the specified boundary con-
(12)

ditions may be found in Carslaw and Jaeger and is

J0(V}

a n=l Jn (a a) Sinh(Lct )
I n n

where a are the positive roots of the transcendental equation:
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J 0 ( V ) - 0.

Results from this analytical solution are compared in Figure 12 with results

computed by the TEPSA program for the following input data:

L = a = 25 mm f(r) = 1000 (1 - -) , DC .
3.

The highest deviation of the results occurs at the center of the geometry

(i.e. r = z = 0) . This maximum deviation is approximately 50°C. Good

agreement is shown at other parts of the cylinder.

6.4 CASE III; A HYPOTHETICAL POWER TRANSIENT IN A FUEL ELEMENT

In order to demonstrate the capabilities of the analysis in

handling complicated combined thermomechanical, structural problems, es-

pecially the behaviour of a fuel element, a hypothetical case describing a

power transient in a fuel element is considered next. This is a simple

case involving a quite severe transient. The analysis can handle, of course,

many other complicated transients of interest in fuel design.

Figure 13 shows the geometry and dimensions of the slice of a

fuel element considered. The fuel element is assumed to be fresh and free

from any residual stress or strain, and a 0.05 mm gap is assumed between

the rod and the sheath in the cold conditions. The idealization of the fuel

element for the finite element analysis is shown also in Figure 13. A total

of 16 nodes and 7 quadrilateral toroidal elements were used.. Element num-

ber 5 (the cross-sectioned element) is a pseudo element simulating the gap

material between the rod and the sheath. The properties of this element

were chosen to simulate, the complex but important thermo-mechanical inter-

actions between the rod and sheath and will be discussed further. Appropriate

thermophysical material properties of the fuel and sheath are shown in Figures

14, 15 and 16.
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Since the primary function of the interface layer material is

to simulate the complicated thermal mechanical interaction between the fuel

pellet and the sheath, the material properties of this layer must be selected

with care. Table I shows some of the properties used in this case.

TABLE !'• Assumed Properties of Interface Layer Material

State

before contact
& after sep-
aration

after contact

Modulus of
Elasticity (MPa)

0.007

1.72 x 105

Yield
(MPa)

7 x 104

1000
(non-sliding)
0.007 (sliding)

Thermal Conductivity*
(W/m°C)

0.17

0.23 x 10~5(He gas)

of UO (Temp-
erature-dependent)

* the transition values as the gap closes:

equiv. Axg - 0.025 . 0.025

a f

where AxT = total gap clearance = gas gap + 0.025 mm

Ax = instantaneous gas gap (mm)

k = thermal conductivity of He gas
g
k = thermal conductivity of U0..

The gap is considered to be fully closed when it reaches 0.025 mm.

Since the behaviour of a fuel element during a power transient

depends on the operating condition before the transient, start-up and steady

state conditions were run as shown in Figure 17. The transient thermal hy-

draulic loadings (axisymmetric for this case) were applied when the time

reached 70 seconds.



Figure 18 shows the temperature variations in the fuel structure.

The 'thermal shock' effect on the fuel sheath when the fuel first contacts

the sheath at about 16 seconds is evident. The temperature rise in the

sheath is in good agreement with unpublished results calculated by other

means for the same thermal conditions. Figure 19 shows the stress com-

ponents in the sheath during the transient.

Figure 20 shows calculated fission gas pressure and thertno-

mechanlcal contact pressure between the fuel pellet and the sheath. The

fission gas pressure was calculated from changes in the volume and temp-

erature of the gas in the gap between the pellet and sheath. It also shows

the radial displacements of the outside surface of the pellet and inner sur-

face of the sheath. It is interesting to note the secondary separation of

the fuel sheath from the fuel pellet at approximately 10 seconds after the

power transient.

7. DISCUSSION AND CONCLUSION

The case studies presented demonstrate the potential flexibility

and usefulness of the finite element analysis described in chis report in

calculating fuel behaviour during transients. However, the ultimate merit

of any analytical method lies in its comparison with experimental results.

Such comparisons are being made and indicate to date a good correlation

within the ability to define the boundary conditions and material properties.

Accurate material and interface properties are important as in-

put for the analysis, and the results of certain cases can be quite sensitive

to these data and the way they are handled. Work is in hand to improve both

the data and their handling.

Though the future looks good for applications of the finite

element technique to nuclear fuel behaviour, there are still a number of

problems to be tackled. Non-linear finite element programs have large computer
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time and storage requirements. A strong incentive exists for improvements

in many facets of the numerical calculations. Of these, increased speed of

solution for large systems of linear equations and conservation of memory

space are foremost. In the present case, a new type of higher order shape

function appears to be desirable. Such functions would not only have to be

able to offer a more refined representation of deformation, but they also

should include material property variations while allowing large element

aspect ratios. Generalizations of the load accelerator approach used by

Nayak and Zienkiewicz and applied to accelerator matrices for thermo-

mechanical problems could also prove beneficial for increasing allowable

incremental load steps or reducing the number of iterations. In this con-

text, evaluation of the efficiency of time domain representations by finite
(13)

element approximations as suggested by Oden, Argyis and others may be
worthwhile.

Detailed studies to improve the efficiency and capability of

the analysis are continuing along with an experimental program aimed at

more complete verification.
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i'igure 1: Shapes and Coordinate System of Toroidal Elements
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Figure 3: Stress/Strain Relations as Function of Temnerature and
Strain Rates
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Tigure 5: Postulated Loading and Unloading Paths



Figure 6: Contribution of Node i to Heat
Capacity of an Element

Figure 7: Lumping of Heat Capacity in a Typical

Quadrilateral Element

Figure 8: Instantaneous Values of £k] and [c]
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Figure 9: Flow-chart of Computer Program
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