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Resume
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ABSTRACT

Fatigue crack propagation data for 7.V-2.5 Z Hb pressure

tube material at 20 and 400°C are presented. The practical application

of these data in terms of error analysis and extrapolation errors is

discussed.
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1. INTRODUCTION

The traditional approach to metal fatigue has been to prevent

crack initiation. However, it is more realistic to assume that small cracks

will exist, or be initiated, in a structure. Hence, the more crucial aspect

of fatigue is crack propagation. Fortunately, a quantitative understanding

of fatigue crack propagation is possible through linear elastic fracture

mechanics.

The application of this concept to crack propagation has resulted

in nuDierous raodels for describing fatigue crack growth,, The simplest is due

to Paris and Erdogan . Their model is based on the premise that the growth

rate of a fatigue crack is primarily a function of the range of the stress

intensity factor at the crack tip, AK, i.e.,

dL/dN = A(AK)n; An m e a n = Aa/2 (1)

where Ao is the mean stress, Aa is the stress amplitude, L is the crack
mean r

length, N is the number of stress cycles and A and n are constants. In

principle, this gives a simple method for relating dL/dN to Aa and the

geometry of the crack and the component in which it exists. AK is given by,

AK = Y(Aa)L1/2 (2)

where Y is a geometry constant. Therefore, it is possible to calculate how

many stress cycles of a given ACT are required for a crack to extend a given

length. Similarly, if N is fixed, Ao may be calculated. This is achieved

by integrating Equation (1):

N L2

N = j dN = (ACAoOW"1' J L'"n/2 dL, (n * 2) (3)

However, values of A and n must be found experimentally. Therefore, measur£>

ment errors are unavoidable and N cannot be found exactly. N is subject to
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statistical variation, and a realistic use of equation (3) requires a

suitable error analysis.

The purpose of this work was to generate fatigue data for Zr-2.5 %

Nb i.p terms of linear elastic fracture mechanics and to examine the practical

application of such data. To achieve the latter, errors due to extrapolation

and scatter have been examined.

2. EXPERIMENTAL

Specimens were cut from flattened Zr-2.5 7, Kb pressure tube

material (Bruce tube 218) according to the single edge-notch design shown

in Figure 1. The orientation of the specimens was such that the applied

load was in the tube hoop direction with the edge notch in the axial direc-

tion.

Two machines were used for fatigue testing: an MTS electro-

hydraulic machine and an Amsler vibrophore. Crack movement was monitored

automatically using an eddy current crack follower connected to a strip

chart recorder. The crack velocity versus load cycles relationships were

established using tangents to the curves plus the frequency of cyclic

loading.

Three groups of specimens, consisting of 16, 4 and 5 specimens,

were tested. Two groups were tested at room temperature, the other at 400°C.

The details are shown in Table 1. AK was calculated using the expression,

K2 = {(AP/B)2/W [7.59L/W - 32(L/W)2 + 117 (L/W)3]} (4)

where AP is load amplitude and B and W are specimen thickness and width,
(2)

respectively . At 400°C, crack propagation measurements were made by eye,

using a telescope and a set of fiducial marks on each specimen. All the

data are shown in Figure 2. The data plotted for the group of 16 are mean

values derived from the pooled data; the procedure is discussed later. All

the data points from the other two groups of specimens are shown with no
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distinction between individual specimens. The straight lines shown are

the best fits to the data points.

3. ERROR ANALYSIS

The usual method for determining A and n is to measure crack

length L, as a function of N at a given Ao and frequency of cyclic stressing.

From this relationship, dL/dN is obtained as a function of AK. More precisely,

dl./dN, AK pairs are found. Values of n and A are found by a least squares

fit* to the linearized form of Equation (1), i.e.,

In (dL/dN) = In A + nln AK (5)

The errors associated with In A and n are obtained directly fron the fit.

From standard error theory, the erroi* in N is given by:

V(N) = (3N/3n)V(n) + (3N/3A)V(A)

+ 2(3N/3A)(3i!/3n)COV(n,A) (6)

where V(N) is the variance of N, etc., COV(n,A) is the covariance of n and

A and V(Aa) = 0. The covariance term is included because n and A are not

statistically independent quantities. The solution of equation (6) is a

formidable problem. This is readily appreciated from the integrated form

of equation (3),

N = L ( - n / 2 + » -Ll
(-n/2 + X)j /(-n/2 + 1) A(YAa)n, (7)

(n + 2)

* T'ue classical method of least squares is based on the assumption that one
of the variables [in (dL/dN)], the independent variable, is error free.
All the error of the fit is assumed to lie in the dependent variable (In AK),
In this analysis dL/dN and AK are both derived quantities and are both sub-
ject to errors. Both depend on the measurement of L, and K is also depend-
ent on uncertainties such as crack tip shape.
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The main difficulty is in finding the partial derivatives, especially as

Y = F(L) (see equation (A)). However, some simplification can be achieved

by setting Y at a conservative value.

The above analysis applies to one data set, i.e., one specimen.

To be of any practical value, the analysis must be extended to covei many

sets of data. There are several ways by which this can be achieved. If

the data sets are not statistically different, the data may be pooled and

equation (6) applied. However, it is simpler to consider the slopes (n)

and the intercepts (In A) of the data sets as being statistically independent.

This assumes that n and In A belong to families of values, the means of which

give the best estimates of n and In A. If n ; and In A are the Y ' s e t °f

crack propagation data and if there are J sets of data, the mean value of n

and In A of the data are given by:

J J

n^ /J; In A = ^ J In A^ /J (3)

Y=l J L Y=l J

and the variances of n and In A are given by:

J

V(u) = > (n - n ) z /J(J - 1) (9)

V(ln A) = I 2 (In A,, - In A) | /J(J - 1). (10)

The covariance of n and In A is given by:

COV(n, In A) = (n - n) (In A - In A)/(J - 1)J. (11)

The variance of N is estimated as previously via equation (6) with n and

In A replacing n and In A. However, neither of these two routes avoids the

difficulty in solving equation (6).

3.1 ANALYSIS OF DATA AND DEMONSTRATION OF ESTIMATING ERRORS

All the data points for each specimen were fitted via the least

squares method to equation (5) to determine n and A. Next, the. values of n
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and A were determined according to equation (8). The results are shown

in Table 2. For each of the 16 specimens, dL/dN was measured at the same

values of L, i.e., AK. The meare of the 16 sets of dL/dN values at each AK

value were determined and also fitted to equation (5). This produced the

same result as pooling all the data from the 16 specimens in one least

squares fit. This result is included in Table 2. The standard deviations

shown were not used in any estimation of error; they are included for those

who wish to attempt the solution of equation (6).

To show hy the simplest method possible the nature of the errors,

an example estimation v.as made from the data for each of the 16 specimens.

This method of finding the distribution of N for a particular estimation

should approximate closely the more rigorous method via equation (6). The

parameters of the example were L.. = 10 mm, L? = 35 mm, to = 1,5 x 10 Pa and

Y = 1. The results are shown in Figure 3. They demonstrate that the range

of estimated fatigi'e life.- N, is significant (an order of magnitude) .

Examination of the mean of the data for the 16 data sets shows

the sigmoicial nature of the dL/dN versus aK relationship (see Figure 2).

The last data points at each end of each of the 16 data sets did not fall

on the straight line representing the bulk of the data. Further, they did

not effectively cancel one another out, and if included in the least squares

fit, produced an n value too large and an A value too small. Therefore, to

find the appropriate straight line fit, some data points -.* the beginning and

end <.f each data set had to be discarded. This was a subjective procedure

open to criticism. However, it could not be avoided and is recognized as a

source of uncontrolled error. The important consideration, however, is

whether the omission of the extremity points from a data set leads to a more

conservative estimate.

To examine this possibility, the data were reanalyzed without

the extremity data and the estimation was made using the new n and A values.

The results are shown in Table 3 and Figure 3. They show that the omission

of the extremity data points produces a more conservative estimate for N in
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the test case. However, if ACT is increased in the test calculation, the

situation is reversed. The reversal of conservatism is best appreciated

with the aid of Figure 4, which shows schematically the two crack velocity

relationships for the two means of the data (with and without extremity

points). Initial length L. corresponds to AK(L.) and similarly L, corres-
1/2

ponds to AK(L ), since AK(L) = Y(Aa)L . Most of , .ie N stress cycles,

necessary for growth from L. to L~, are spent in the first part of growth.

Hence, the N calculated from line A as opposed to line B is smaller (conserva-

tive), reflecting the slower crack growth at low values of AK. If L.. or Aa

is increased, either AK(L.) is increased or both AK(L.) and AK(L.,) are

increased. This increases the dependence on the relative positions of lines

A and B at increased values of AK. Hence, the N calculated from line B

becomes the smaller (conservative).

3.2 EXTRAPOLATION ERRORS

Figure 5 shows the typical sigmoidal relationship between dL/dN

and AK. Typical experimental points are included. The broken line represents

the least squares fit of the points according to equation (5) when extremity

points are disregarded. It is obvious that equation (5) is only an approxi-

mation of the crack propagation behaviour shown in the test. Below some

value of K (the fatigue limit, K f ) , crack propagation is negligible. Above

a certain value of K (the critical value, K ), crack growth accelerates

rapidly until the crack becomes completely unstable. Typical extrapola-

tion cases are shown below:

(i) AK1 < AKf and AKf < AK « AK ,

(ii) AKf < AK2 « AK2 and AK2 <_ AKc,

(ill) AK < AK « AK and AK » K ,

where AK]L = f(L ,Aa) and AK2 = f(L ,Aa) refer to the estimation desired, and

AK and AK refer to the test data,
f c
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The fatigue life estimates, N, in the above cases are

(i) conservative

(ii) good

(iii) optinistie since L. exceeds the critical crack length.

Hence, before an estimate of N is made for any given values

of Ao, L and L , the limits of applicability of the data must be examined.

4. DISCUSSION

The linear elastic fracture mechanics approach to quantifying

fatigue crack growth is valuable. However, because of measurement errors,

i<_ is of practical use only when coupled with a statistical treatment. This

means chat measurements frora one specimen only are of limited value. (Note

that all the scatter is not due to measurement; some undoubtedly stems from

variability in the fatigue process,) Many specimens must be tested to find

the distribution of any required prediction.

Considerable judgement must be exercised before making any estima-

tion for fatigue crack propagation. This is especially true if the data are

taken from the literature. To estimate fatigue life, a reasonable route is

to:

(a) search the literature for data,

(b) reject data that must be extrapolated,

(c) make the estimation desired for each data set, and

(d) rank the estimates and plot them as a probability distribu-
tion via P = i/(m + 1) where i is ranking number and m is
the number of data sets.

The most conservative (shortest) estimate of fatigue life obtained can be

taken as the optimistic working estimate. The pessimistic working estimate

is an order of magnitude smaller. However, if it is clear from step (d)

that the estimates derived from the individual data sets do not approximate

to a normal distribution, some of the data are suspect. Perhaps, it will



be obvious which set of data is out of place and which, therefore, can be

ignored. However, depending on the importance of the estimation required,

it may be advisable to carry out an independent fatigue testing program.

If that is deemed necessary, it is important that the test program should

parallel the practical service case in as many respects as possible. Also,

enough tests must be performed to allow a reasonable statistical analysis.

5. CONCLUSIONS

Fatigue crack propagation is variable over a wide range. To

make quantitative predictions for fatigue crack growth with confidence, a

statistical approach is essential. This applies to both the acquisition of

data and how they are used.
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TABLH 1

I'ATIGUE TEST DETAILS

Machine

MTS

MTS

UTS

MTS

MI'S

Vibrophore

Ao
in MPa

55.15

69

104

138.

176

27.6

Act mean
in MPa

55.15

172

155

138

121

55

frequency
in Hz

30

10

10

10

10

120

Temperature
in °C

20

400

400

400

400

20

Number of
Specimens

16

1

1

1

1

5
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TABLE 2

VALUES OF n AND A FOR THE SET OF 15 SPECIMENS

(A is in newton me!:re units)

Specimen Number

1

2

3

4

5

6

7

fl

9

10

11

12

13

14

15

16

Estimate of n

1.73

1.63

2.29

2.36

1.74

1.79

1.97

2.06

2.20

2.10

1.78

1.60

1.90

1.99

2.30

1.72

Estimate of A

1.41 x 10~ 1 9

1.08 x 10 °

5.25 x 10" 2 4

2.10 x 10~ 2 4

1.04 x 10~ 1 9

— on
5.00 x 10 z u

2.07 x 10~ 2 1

4.11 x 10" 2 2

2.92 x 10~ 2 3

-?2
2.06 x 10

4.77 x 10~ 2 0

1.24 x 10~ 1 8

7.61 x 10" 2 1

1.06 x 10~ 2 1

4.99 x 10~ 2 5

1.66 x 10" 1 9

n = 1.95, V(n) = 0.062 ) , ,
n-t \ mean of aoove parameters

A = 2.84 x 10 , V(ln A) = 19.9 f

1-16, taking all
points together
in fit

1.92 4.68 x 10 2 1
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TABLE 3

VALUES OF n AND A FOR THE SET OF 16 SPFCIMENS WITH EXTREME i POINTS OMITTED

(A is in newton metre units)

Specimen Number

1

L

3

4

5

6

7

8

9

10

11

12

13

14

15

16

r.atimate of n

1.40

1.39

2.21

1.77

1.57

1.79

1.97

1.94

2.0

1.97

1.43

1.37

1.54

1.89

2.30

1.51

Estimate of A

4.94 x 10~ 1 ?

6.24 x 10~ 1 7

2.01 x 10" 2 3

6.86 x 10" 2 0

2.21 x 10" 1 8

5.00 x 10" 2 0

2.07 x 10~ 2 1

3.50 x 10" 2 1

1.07 x 10" 2 1

1.68 x 10~ 2 1

2.28 x 10~ 1 7

6.46 x 10" 1 7

4.00 x 10~ 1 8

5.23 x 10" 2 1

4.99 x 10" 2 4

6.92 x 10" 1 8

n = 1.75, V(n) = 0.091 , ,
„_ \ mean of above parameters

A = 8.45 x 10 , V(ln A) = 29.0 (

1-16, taking all
points together
in fit.

1.72 1.43 x 10 1 9
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FIGURE 2: CRACK PROPAGATION DATA FOR Zr-2.5 % Nb AT ROOM TEMPERATURE
AND 4OOCC.



10 -

0 0.2 0.4 0.6 0.8 I
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FIGURE 3: STRESS CYCLES, N, REQUIRED FOR CRACK GROWTH FROM 10 mm (Ll) TO
35 mm (L2) WITH Aa = 1.5 x 107 Pa. OPEN CIRCLES GIVE 16
RANKED ESTIMATES FOR CASES WHERE EXTREMITY DATA POINTS ARE
OMITTED. OPEN SQUARES ARE FOR WHERE NO DATA POINTS ARE OMITTED.
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FIGURE 5: TYPICAL SIGMOIDAL DATA PLOT FOR FATIGUE CRACK PROPAGATION.
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