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ABSTRACT 

Work leading to the discovery of the minimum dipole moment for 

electron binding, Omi = 0.639 eaQ (atomic units), by several groups 

in 1967-6S is described. I t was subsequently learned that this number 

had been published in 1947 by Femi and Teller, who did not, however, 

indicate how they derived i t . The author has found a numerical 

solution in Fermi's notebooks from 1946-50 at the University of 

Chicago Library. Fermi's work is described and presenter here with 

relevant material frets his notebooks. 
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This ar t ic le is not about one of the great discoveries in physics. 

Instead, i t te l ls the history of a small discovery. I t should be of 

some general interest because of the physics involved, and i t wi l l also 

serve to record a rather strange series of events that ended last fa l l 

in Fermi's Notebooks at the University of Chicago Library. 

ELECTRON CAPTURE BY ROTATIONAL EXCITATION OF POLAR MOLECULES 

When I reported for work in the Health Physics Division at the 

Oak Ridge National Laboratory in February 1962, my supervisor, G. S. 

Hurst, suggested several theoretical problems that I might work on. 

One experiment, which he and his colleagues had carried out, particularly 

intrigued me. Hurst's group had performed electron-swarm experiments 

and measured d r i f t velocities in mixtures consisting of small amounts 

of a polar gas added to non-polar ethylene. They determined the ratio 

of thermal-energy electron scattering cross sections for various polar 

molecules relative to ethylene and compiled these data over a range of 

molecular dipole moments. A plot of experimental results1 is shown in 

Figure 1. The straight line gives the theoretical cross section based 

on a f i rs t Born-approximation calculation by Altshuler of electron 
2 

scattering from a stationary point dipole. Although general agreement 

between experiment and theory was good for most molecules, a discrepancy 

was found with HgO, DgO, and HgS, which exhibited cross sections about 

a factor of two greater than expected. Hurst suggested that the torque 

exerted on the molecular dipole by an electron might cause a rotational 

excitation of the molecule with temporary capture of the electron. The 

excited ion would subsequently release the electron back into the swarm. 
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The process is il lustrated for the water molecule by writing 

* 

H20 * e" i H20~ . (1) 

This quasi-trapping and subsequent release of the electron would, in 

effect, increase the amount of elastic scattering and might account for 

the observed increase in the cross section over that calculated by 

Altshuler. 

The electron-dipole system is shown schematically in Fig. 2. The 

electron, with charge -e , moves in the f ield of two stationary charges, 

± q, separated by a distance R. The coordinates r ' and r" give the 

distances of the electron from the ends of the dipole. The dipole 
3 

moment is given by D = qR. Detailed calculations indicated that 

unimolecular electron capture by rotational excitation could occur with 

a high probability, provided the molecule possesses a Jarge permanent 

dipole moment and a small moment of inert ia, I . The latter property is 

important for two reasons. First , the capture probability varies as 

I . Second, the rotational energy-level spacings are of the order of 

thermal energies, kT, only i f the moment of inertia is small. Since 

the selection rules for changes in the rotational angular momentum J 

of the molecule are 0 = ± 1 and ± 2, rotational excitation wi l l be 

accompanied by capture into a negative-energy electronic state only 

when I is small. There are just a few molecules that possess this 

combination of large D and small I—NH^, HF, HC1, LiH, l.iF, and 

H202, in addition to H20, D20, and H2S. 

The above theoretical results were worked out in a Born-Oppenheimer 

approximation, in which the motion of the electron is calculated for fixed 

values of the nuclear coordinates. In the course of the investigation, 
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I became interested in the general problem of the bound states of an 

electron in the f i e l d of a stationary, permanent electric dipole. In 

calculating the capture probability I had assumed that the electron 

would be temporarily bound in a combination of S and P states with a 

hydrogenic ground-state radial dependence. Such a function gives a 

negative expectation value of the electron's energy for dipole moments 
4 

D >0.968 ea„, somewhat larger than the dipole moment of H^O, 0.728 ea . O c 0 
The question naturally arose whether a bound state exists for a rb i t ra r i l . 

small values of the dipole moment. 

MINIMUM DIPOLE MOMENT 

Wallis, Herman, and Milne had calculated the ground-state and 

several excited-state energy eigenvalues over the range of the dipole 
5 

moments from 0.840 to 30 eaQ. They set the dipole charges equal to 

the electronic charge, ± e, separated by a distance R, so that D = eR. 

When one goes to larger and larger values of the dipole moinemt, the 

electron tends more and more to be associated with the positive charge 

of the dipole. At large R the system is equivalent to a hydrogen atom 

perturbed by a distant, stationary electronic charge. The ground-state 
g 

binding energy when R = 30 eaQ is 0.933 Ry. In going to small values 

of R, Wall i s , Herman, and Mil ties reported that the convergence of one 

of the continued fractions in their calculations became poor. The binding 

energy for D = 0.840 ea0» where their computations leave o f f , is 4.64 x 

10~5Ry. As to whether there is a minimum value R > 0 needed to bind the 

electron, they conclude, "One s t i l l cannot t e l l for sure whether Eg 

[the binding energy] is greater than zero for every R greater than 

zero. . ." 
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In the summer of 1964, Kenneth Fox joined me in working on the 

electron-dipole system. We solved the problem by Hamilton-Jacobi 

theory and found that, classically, there is always a bound state, no 
7 8 matter how small the dipole moment. * We also worked out a quantum-

g 

mechanical solution in the WKB approximation and found that a non-zero 

minimum value is required to give a bound state. The WKB solution 

gives bound states only when D > 0.860 eaQ. While we knew alreuuy from 

the Wall is, Herman, and Milne work that negative-energy states occur 

for this value of D, we fe l t that the requirement for a minimum dipole 

moment greater than zero must be due to the quantum-mechanical nature 

of the problem rather than the WKB method. Fox and I also carried out 

a variational calculation, assuming that the ground-state wave function 

is a sum of S and P states and has a radial dependence of the form 

expC-otr^), where a and t are adjustable parameters. When a and t tend 

toward zero, this function represents a weakly bound state, spread out 

over a large region of space. In this l imit we found'^ that a bound 

state exists for dipole moments D > 0.650 eaQ, lower than the smallest 

value D = 0.840 eaQ for which Wall is, Herman, and Milne had made 

calculations. 

At the suggestion of R. D. Present, we set up the problem in 

e l l ip t ic coordinates. I t then became apparent how one might 

accurately calculate the value of the cr i t ical dipole moment. With 

reference to Fig. 2f one defines the coordinates p - (r1 + r")/R and 

y = (r1 - r") /R. The ranges of the variables are given by 

l < p < -» and -1 < y 1. The Schrodinger equation, 
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H- = [ - § ! v 2 + ec> + ' e¥ , (2) 

is independent of the azimuthal angle about the dipole axis. In 

e l l ipt ic coordinates with q = e, this equation gives 

3p ' airj + [ 0 ~ v } ^ J - (ep2 - ey2 + Bu) * = 0, { 3 ) 

2 2 
where e = -mR E/2fi and s = 2R/aQ. The dipole moment appears only in 8» 

and its numerical value in atomic units is given by R = 6/2. Fox and I 

used a t r ia l function in the form of a series 

= e " a p t / 2 I C p q P M = I W p q (4) 
p,q=0 p,q=0 

in which ot, t , and the C are adjustable, real parameters. Picking a 
r H 

fixed value of R and using a f in i te number of terms from (4) , we calcu-

lated the expectation value of the Hamiltom'an and minimized i t by 

variation of a and t . Mathematically, one solves for the lowest value 

of X in the determinatal equation, 

det (H-XN) = 0 , (5) 

in which the matrix N has elements 

N . . = f d> <f>. -d-t (6) 
p q . u J V t i j 

where dt is the volume element. The ratios of the C can be calculated 
r M 

for this x from Eq. (5) and used in Eq. (4) to give the normalized wave 

function. With this variational procedure we eventually got down to a 
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- 2 0 binding energy of 8.97 x 10 Ry, for which a 35-term t r ia l function 

gave D = 0.667 ea^1"* 

I t was not feasible to go al l the way to zero binding energy by 

the continuation of this procedure because of rapidly increasing 

computer overflow problems. Instead, i t was found possible to re-

arrange the determinant (5) in the limit t = 0 with x = 0 in such a way 

as to factor i t into a product of identical, rapidly converging sub-
12 

determinants. The solution to the rank-two sub-determinant gave 

0 = 0.649520, the same value we found earl ier1 0 with the S- and P-state 

t r ia l function; rank 3 gave 0.639370; and rank 4, 0.639316. The 

precise value is Dmin = 0.639315.11 j13 

Other Investigators Show Interest 

Without giving i t much thought one way or the other, I assumed 

the problem was about wrapped up; but then an unexpected flurry of 

activity occurred. Fox was in Europe at the time I obtained the final 

result in the summer of 1966. I wrote up our solution and sent a 

draft to him on August 19. Incorporating his comments, I submitted a 

manuscript to Physical Review Letters which was received on September 12. 

Subsequently, a letter dated September 27 came from Marvin Mittleman, 

with whom I had had an exchange of correspondence about the dipole 

problem in August. Mittleman related that he and Myerscough had solved 

the problem of D .„ by using results of an earlier paper of his with fin n 
14 

von Holdt. Mittleman and von Holdt had found, for a point dipole, 

that scattering amplitudes could not be obtained for electrons when one 

of their parameters reached the value 1.279. This number implied that 

D = 1.279/2 = 0.6395 eao? but they had not interpreted this finding or 
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related i t to the bound-state problem. Mittleman had received our 

manuscript to review for Physical Review Letters and suggested in his 

letter that our two papers, which were entirely different mathematically, 

be submitted together, but to another journal. He did not feel that 

rapid publication was necessary and had returned our manuscript to 

Goudsmit with that recommendation. By this time I was aware that 

several investigators were following upon papers that Fox and I had 
9 10 published, ' and so I f e l t that speed of publication was warranted. 

12 
We sent the two papers to Physics Letters, where they appear together. ' 

Their paper was received on October 7 and ours on October 17, editor 

ter Haar kindly allowing me one re-write to comply with the journal's 

length restrictions. 

On October 21, W. Byers Brown sent me a letter and preprint of the 

solution that he and Robert E. Roberts had obtained for Dmi.n. Their 

solution, which was received by the Journal of Chemical Physics on 13 
October 24, was published as a letter. The October 31 issue of 

Physical Review Letters contained the abstract of an article with s t i l l 

another solution to be published in Physical Review. This paper,16 

by Oean-Marc Levy Leblond, was received on August 15, and so he was 

probably the f i rs t of these four groups to find that Dmi-n = 0.639 eaQ. 

His method and that of Brown and Roberts are essentially the same. 

The latter authors also showed that inclusion of a repulsive radial 

core does not affect the value of Dmi*n' 

A number of investigations rapidly added to the knowledge of the 

electron-dipole system. Crawford and Dalgarno1^ presented a general 

argument that a non-critical value exists and gave its correct value 
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based on the Mittleman-von Holdt paper.^ Crawford^ showed that the 

existence of bound states depends only on the value of D when the f ield 

is that of either a point dipole plus a sufficiently repulsive core or 

a f inite dipole. Each symmetry class of states has its own crit ical 

value of D and an infinite number of states exist when any do. Bound 
19 states for the pure point dipole "fall to the center" unless there is 

20 

a strong repulsive core. Coulson and Walmsley extended the work of 

Mittleman and Myerscough and calculated the minimum dipole moments 

necessary for having excited states with different numbers of nodes and 

values of angular momentum about the dipole axis. 

Possible Physical Implications 

Figure 3 summarizes some of the information developed at this 

point. The solid curve shows the ground-state electronic binding energy 

calculated by Wallis, Herman, and Milnes as a function of dipole 
5 11 moment. The dashed curve shows our values. As seen from the 

figure, the crit ical moment fal ls among values for a number of common 

molecules. The theory appears to rule out the capture hypothesis 

introduced to explain the data in Fig. 1. While the dipole moment of 

HgO is sufficient to bind an electron, that of H2S is not. On the 

other hand, the existence of D -n might be expected to affect scattering 

behavior in other ways, since additional channels of interaction are 

opened when D > D - . mm 
An intensive effort was made—without success—during the next 

few years to detect experimentally some effect to show the existence 
21-24 of D in electron-swarm experiments. Theoretical attention min 

shifted to positive-energy electronic states and to non-stationary 



1 2 

O.R.N.L. DWG. NO. 66-11753 

D ( e a j 
Fig. 3 



1 3 

dipoles. In early 1969, I was preparing to leave on a year's assignment 

to CERN in Geneva, Switzerland, and discontinued work on the problem. 

My colleague, W. R. Garrett, continued the important theoretical investi-

gations at this time. He showed that, for a dipole free to rotate about 

i ts fixed center, the crit ical dipole moment depends on both the moment 

of intertia I and the length R of the dipole, even for fixed 0. 

Moreover, the crit ical values for rotating dipoles increase with the 

angular-momentum quantum number. Thus, measurements of d r i f t velocity 

for an electron swarm in thermal equilibrium with a polar gas at room 

temperature could not be expected to permit measurement of D . . 
mi n 

Garrett's work and the contributions of other investigators are suminar-
25 ized in his 1972 paper. 

The Capture of Negative Mesotrons in Matter: Fermi-Teller, 1947 

In early 1968 this story took an unexpected turn. At a seminar 

that Ken Fox gave at the Jet Propulsion Laboratory, where he was 

working that year, H. B. Snodgrass remarked that he thought the 

electron-dipole system had been worked out by Wightman in a Princeton 

thesis in the late 1940's. A search of the Physical Review Index 
26 

quickly uncovered A. S. Wightman's 1949 paper entitled "Moderation 

of Negative Mesons in Hydrogen I : Moderation from High Energies to 

Capture by an Hg Molecule." Wightman calculated the slowing-down times 

for negative a and * mesons and particles with other masses. At high 
2 meson velocities (v >> e /h) he used the ordinary stopping-power 

formula and at intermediate speeds, an exact Born-approximation evaluation 
2 

for atomic hydrogen. At low speeds (v < e /h) he employed an adiabatic 

approach in which the negative meson and nuclei are regarded, to a f i rs t 
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approximation, as being at rest, with the electrons moving in stationary 

states around them. To understand molecular hydrogen, Wightman f i rs t 

discussed the tt~ interaction with atomic hydrogen in some detail. He 

says, "The qualitative nature of the electron wave function is evident 

from the fact that for large proton separations, R, i t must be approxi-

mately the wave function of a hydrogen atom, and for small separations 

that of an electron moving in the potential of an electric dipole of 

moment eR. For sufficiently small R, such a dipole has no bound states. 

Consequently, i t is clear that there exists a crit ical radius R^0 '0^ 

such that for R < R ^ 0 ' 0 ) no bound stater; exist.8" Wightman's foot-

note 8 refers to s t i l l earlier work: " . . . The existence and size of the 

crit ical radius for our problem was pointed out by Fermi and Teller, Phys. 

Rev. 72, 406 (1947)." 

27 

The Fermi-Teller paper is entitled "The Capture of Negative 

Mesotrons in Matter." They calculate in some detail the slowing down of 

mesons in the energy range below 2000 eV, where the f i rs t Born-approxi-

mation theory of stopping power is not valid. They show that the time 

required for a meson to slow down and be captured is short compared with 

the meson's natural decay time. Fermi and Teller also discuss the influ-

ence of the physical and chemical states of matter and the relative 

probabilities of capture by nuclei of different atomic number in a 

medium. They derive an energy-loss formula for a particle interacting 

with a degenerate electron gas and apply i t to metals, insulators, gases, 

and chemical compounds. In discussing insulators Fermi and Teller 

point out that the energy received by an electron must be at least as 

large as the gap between two Brillouin zones. Their discussion includes 
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the following description: "Furthermore, the actual size of the 

Brillouin gap is affected by the localization of the mesotrcn on one 

lattice atom. Since, at least in the crit ical cases, the mesotron is 

captured fa i r ly far inside the atom, the atom is effectively turned 

into an element with atomic number (Z- l ) . I f we are dealing with an 

isolated atom, this would lower the ionization energy of the atom and turn 

i t into the much smaller value which usually is called the electron 

aff inity of the atom of charge (Z- l ) . Actually this electron af f in i ty 

may even be zero. In the special case of mesotron capture by the hydrogen 

atom, i t is found that when the mesotron approaches the nucleus to a 

distance of 0.639 Bohr radi i , the binding energy of the electron becomes 

zero. In the closed shell structure usually found in insulators " 

The value of the crit ical dipole moment is thus given in passing, 

almost as an aside. No other mention is made of D .„ in the Fermi-min 
Teller paper, nor is there any indication of how i t was calculated. I had 

a fear at this point that the calculation might be t r iv ia l . At any rate, 
12 13 15 16 

unknown to the four groups ' ' ' who were in press simultaneously to 

publish Dm1-n> and unknown to a number of authors of subsequent papers--

and journal reviewers--this discovery was made independently in molecular 

physics some twenty years after i t had been made in particle physics. I f 

the Fermi-Teller calculation was so simple that the method was not worth 

noting, then that fact, too, had escaped the molecular theorists. 

I tried to think of ways to uncover the Fermi-Teller solution. 

The f i rst thing I did was consult the University of Chicago Press two 28 

volumes of Fermi's Collected Papers, which have introductory notes to 

many of his publications. The paper in question is No. 233, and is 



1 6 

introduced by Teller together with paper No. 232, entitled "The Decay 

of Negative Mesons in Matter." Teller's introduction is included here: 

N° 232 and 233. 

Fermi's interest in the peculiarly small interaction 
of the \i mesons with nuclear matter was excited by the work 
of M. Conversi, E. Pancini and 0. Piccioni. In a colloquium 
at which Fermi was absent, I happened to hear about this work. 
A few days later I told Fermi about the puzzling fact found 
by the Italian group that decay of negative y mesons seems 
more probable than reaction with the nuclear matter in the 
carbon nucleus. I t was at once obvious that this points toward 
a very weak interaction of y mesons and nucleons. Weisskopf 
had arrived at a similar conclusion and through correspondence 
we arranged a short joint note. 

At the same time Fermi fe l t that alternative explan-
ations should be investigated as vigorously as possible. He 
wondered whether the process of capturing the u meson into its 
lowest orbit around the carbon nucleus may perhaps take a ron-
siderable length of time. I f so, the relatively great number 
of y meson decays might take place during the time of capture. 
As a result we looked into the capture process in very great 
detail. Actually in our conversations I was most of the time 
the listener. Due to the fact that the statistical (Fermi -
Thomas) picture of the atom proved adequate, the answer 
could be obtained in a straightforward and convincing way. 
There was only one somewhat d i f f icul t question: Whether a 
relatively high number of y mesons could be trapped in high 
angular momentum states around the nucleus. (Energy loss fron 
these states is more d i f f icu l t . ) In the end an orderly survey 
of the energy loss mechanisms in varying substances proved 
feasible. 

At the time when this art icle was written Fermi and I 
shared a secretary (Nancy McMillan) who had a degree in 
chemistry. The paper was actually written by giving dictation 
to Mrs. McMillan. Since Fermi and I frequently interrupted 
each other in the actual formulation the f i rs t draft became 
a l i t t l e confused. That a draft was produced at a l l was due 
to the excellent work of our secretary. I t was then my job 
to transform the f i r s t draft into a manuscript, The Capture 
of Negative Mesotrons in Matter. This I did ( I am afraid) 
with limited success. 

E. Teller. 
No mention of the crit ical charge separation for electronic binding. 
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Teller visits ORNL 

I t was about this time that I learned that Edward Teller was 

coming to ORNL to visi t the Civil Defense project. His schedule in 

Oak Ridge was extremely tight, but I hoped to have an opportunity to at 

least ask him about the 1947 paper. The program for Friday afternoon, 

April 26, 1968, called for Karl Morgan, Director of the Health Physics 

Division, to drive Teller from the X-10 site of ORNL over to the Biology 

Division at Y-12--about a ten-minute tr ip. Morgan graciously consented 

to my request to accompany the two of them and use this opportunity to 

ask Teller about the calculation of D „•„. mm 
During the short time available we only briefly got into the 

problem. Teller did not recall off hand how the number was arrived at 

for the 1947 paper, but made one or two suggestions and said he would 

write me after looking into his fi les when he returned to Livermore. 

In May I wrote him that I was unable to carry through a derivation based 

on our conversation. On October 22 Teller wrote back, "At last I have 

gotten around to considering the dipole problem which we discussed. 

I am quite sure that at the time Fermi and I worked together I handled 

this portion by using the separate two-center equation and used some 

simple approximation, I forget which." He went on to describe a hand-
29 

book article he was preparing with H. L. Sahlin on two-center problems. 

In this paper Teller and Sahlin used the separated equations and 

employ a variational principle to obtain upper bounds for pairs of 

values of R and the separation constant. They obtain a very simple 

approximate solution, which yields D = 0.6394 eaQ for zero energy. 
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With this development the historical quest of the problem 

appeared to be finished without having uncovered the 1947 solution. 

Four Years Later—Lunch at the University of Chicago 

I t was not until January of 1972 that I got excited again about 

the possibility of tracking down the original calculation of the 

cri t ical dipole moment. Ray Garrett and I had visited Argonne National 

Laboratory and, before leaving for Oak Ridge, we had lunch at the 

Universty of Chicago with Ugo Fano and several of his graduate students. 

The discussion got around to our describing the history of D ^ as 

related above. Fano observed that Fermi's collected papers and notebooks 

are located there on the campus in the University Library. Armed with 

the information that the Fermi-Teller paper was received by the Physical 

Review on May 28, 1947, one of the students, Ted Roth, wrote me shortly 

thereafter that he had found about fifteen notebook pages on the dipole 

problem in the Fermi collection. The work showed a number of attempted 

solutions and several numerical integrations involving hyperbolic func-

tions. The material appears in Notebooks 100 (012), covering the 

period October 5, 1945-January 7, 1947, and 101 (Oi l ) , covering 

January 8, 1947-June 12, 1947. Roth arranged for the Library to send 

me photocopies of these pages. The following material and photographs 

are made possible by the Curator of Special Collections, University of 

Chicago Library. 

Fermi's Notebooks 100 (D12) and 101 (Dll) 

Figure 4 shows the beginning of Fermi's calculation on page 285, 

dated December 31, 1946. of Notebook 100 (D12). On this page and the 
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next, Fig. 5, he introduces atomic units and separates the two-

dimensional Schrodinger equation in e l l ip t ic coordinates p and p. 
Equation (3) , above, with iJj= u(p) v (u) leads directly to the two 

differential equations in the lower half of Fig. 5, in which a is the 

separation constant. On the next page, which is dated January 3, 1947, 

Fermi introduces the transformation p = coth x and obtains for the 

"radial" equation 

d2u _ ( a , cosh2x 
2~ 1 2~ e ~ — T ~ lu> 17) dx \s inh x sinh x ' K f ' 

where 0 < x < The substitution a = -e-y leads to 

d2U _ , E T t ( 8 ) - I ; j U , 
V sinh x sinh^x / dx 

in terms of the modified separation constant y. In the "angular" 

equation Fermi introduces a new variable by writing p = tanh z , with 

-co < z < The second of the separated equations in Fig. 5 then 

becomes, in terms of z, 

4 - (—V + - V - + 6 ̂ V ^ v' (9) 
dz y cosh z cosh z cosh z J 

which appears on page 293 of the Notebook. 

The next several pages in Notebook 100 (D12) are taken up with 

t r ia l solutions, numerical approximations and sketches of various 

functions and terms, particularly for small e, y, and x. On page 297, 

which appears as Fig. 6, he solves the radial equation for zero energy 

and small x, obtaining the condition y < 1/4. This is the last page 

in Notebook 100 (D12). 
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Fermi continues the dipole problem by rewriting the separated 

equations on page 3 of Notebook 101 (Dl l ) , except that he changes the 

separation constant from a to -a and writes, now, a = e + -y. Taped at 

right angles to page 3 along the center margin of the notebook is a 

single sheet of "Explanations added 2/10/50" (some three years later) . 
30 

The two sides of this insertion are shown in Figs. 7 and 8. At the 

bottom of the front side, Fermi summarizes the derivation of the separ-

ated equation, which he had written on page 3 of Notebook 101 (Dl l ) . On 

the back of the sheet, Fig. 8, he indicates that, when e = 0, the f i r s t 

[radial] equation gives a = 1/4. (With reference to Fig. 6, a = y when 

e = 0.) The second [angular] equation determines the crit ical value of 

b. He references page 12 for the numerical solution. 

Following these inserted explanations, pages 4-6 in Notebook 101 

(Dll) contain numerical calculations, using expansions for the powers 

of sinh and trying a solution of the form u = e~*\ At the bottom of 

page 6 is written the last date, January 9, 1947. Pages 7 and 8 have a 

rough numerical solution for y= 0,09 and e= 0, based on the fact that 

u is constant for large x. On page 9 Fermi returns to u = e"^ with x 
2 4 2 4 2 small, and on page 10 he calculates 1/x , 1/x -1/x and y(l /x -1/x ) 

with x varying between 0 and 3.0 in steps of 0.1. 

Page 11, shown in Fig. 9, gives a numerical solution of the 

radial equation (8) with e = 0 and y = 1/4. In the original wave equation 

(Fig. 4) , p varies between 1 and p = 1 representing the line connecting 

the two charges. The transformation p = coth x inverts the coordinates 

so that, when x tends toward inf ini ty , p tends toward unity. Thus, 

when x is large the electron is near the dipole and the radial wave 
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function, which Fermi denotes by y on page 11, does not change much as * 

approaches infinity. The condition y * constant at large x permits inte-

gration of the radial eouation in closed form. With the boundary 

condition y(*} * 1, the approximate solution for large x is given at 

the bottom of page 11. The formulas can be used to calcuate y and y' 

at large x and begin the numerical integration of the radial equation 

toward * = 0. The last three columns give y , y", and v", starting 

from the values calcuated for y(3.0) and y ' (2 .9) with ax * 0.2. I t is 

clear that x » 3 is "Urge," because » 3 coth 3 « 1.00S0, showing that 

the electron coordinate is almost on the dipole axis. On page 12 

(Fig. 10) Ferai integrates over a fine mesh, &x « 0.02, froc, x = 1.00 

to zero. The starting entries in columns 3 and 4 are y(1.00) and y' 

(0.99), calculated from the formulas on page 11. 

From the description in Fig. 8 1 assumed that the numerical 

solution for the crit ical value of b appears on page 12. At f i rs t 

glance i t is not altogether obvious exactly what the numbers represent. 

Toward the bottom of page 12 there appears to be an interpolation 

around the value 0.6234, which catches the eye. Detailed work shows, 

however, that the last three columns on page 12 represent the same 

quantities as they do on page 11: y, y ' , and y", but over a finer mesh 

and over the smaller interval, 1 to 0. 

Fermi began a new problem on page 13, and nothing more on 

the dipole appears in the Notebook, which covers the period beyond 

receipt of the 1947 manuscript by the Physical Review. I searched the 

notes described here high and low for any clue as to how Fermi 

determined the crit ical value of b. I reproduced virtually every 
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number he had written in various places. In Fig. 9, for example, 

1.17520 = sinh 1; 3.854 = 3 + In 2 sinh 1 = 4y(1) = 4x.9635. Ray 

Garrett and Hal Schweinler went through the notes with me several 

times. After much v.ork, I gave up again. 

A Visit to the Fermi Collection, June 1975 

I could never quite get the problem out of my mind, though. 

I intended to v is i t the Fermi collection someday and have a f i rs t -

hand look. Considerable time had passed when I received a letter in 

the spring of 1975 from Fano about another matter. In answering him, 

I decided that there would never be a better time to visit Fermi's 

collection; and so I asked Fano to put me in touch with the proper 

authorities. I boned up again on the mathematical details of Fermi's 

notes and spent June 24 at the Regenstein Library, University of Chicago. 

When you visit the Fermi collection, you are shown a l i s t that 

briefly describes the collection and, in some detail , the contents 

of the 49 boxes that comprise i t . The l isting is not indexed, 

and so some study is required to get a bearing on where specific 

material might be located. The photocopies that I had from Ted Roth 

came from the Notebooks in Box XX of the collection, and so I started 

there. Figure 11 shows the reading room in the Special Collections 

Department of the Regenstein Library, where material is brought to 

visitors for study. From the windows of the reading room, one can 

see the monument that marks the site of the f i rs t chain-reacting pile 

on December 2, 1942. 
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I looked through Notebooks 100 (012) and 101 (Oil) page by page 

to try to find any calculations Fermi had made on the dipole problem 

in addition to those 1 already had. I ended the day .10 more enlightened 

than I had begun i t , except for having clarif ied one mystery. The 

upper right-hand corner of the "Explanations added" sheet (Fig. 7) 

bears the notation "See MG 3/904." I fe l t that this reference could be 

a key to the missing calculation of D I searched without success 3 min 
through several boxes that contain Fermi's "Art i f icial Memory." Mary 

Janzen Wilson of the Library's staf f , who wts helping me look through 

some folders in another box, found a sheet of paper bearing the label 

"MG 3/903." I t contained, in Fermi's handwriting, the expressions for 

the square of the element of distance, the element of volume, and 

the Laplacian in parabolic coordinates. Behind i t was "MG 3/904" with 

these quantities written in e l l ip t ic coordinates (Fig. 12). 

When I returned to Oak Ridge I went through the numerical 

calculations again to try to see whether I had missed something 

essential. I went through page 12 (Fig. 10) of Notebook 101 (Dll) once 

more in detai l , especially over the region around x = 0.10, where 

Fermi had apparently interpolated. I used a mesh ax = 0.002 and 

plotted the functions y , y' and y" in an attempt to discover any 

evidence of peculiar behavior there. R. N. Hamm and H. A. Wright 

joined in this search, but nothing new turned up. The reason for the 

special marki? lear the bottom of page 12 remains a mystery to me. 

During the next few weeks, as I continued looking through the 

notes I had, I thought of three other, more remote, possibilities 

for finding the solution. First , Fermi may have worked out D . 
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after the 1947 article was submitted in Hay and inserted i ts value in 

proof. Therefore, I should search his notebooks through the end of 

1347, by which time the proofs were probably returned to the Physical 

Review. Second, I should try to find what he was working on around 

February 10, 1950, the date of the added explanations. Something on 

that day led him to add the sheet to Notebook 101 (Dll ) . Third, I 

could see whether the Fermi collection had copies of galley proofs or 

correspondence with the Physical Review which could possibly enlighten 
31 32 me. Perhaps the Physical Review s t i l l had a f i l e on the paper. 

Second Visit , October 1975 

On October 7 I returned to the Regenstein Library with limited 

optimism, feeling that this would probably be the last chance to find 

Fermi's solution. I f i rs t looked through successive Notebooks, 

page by page, through the spring of 1948. The f i rs t plan fai led. 

There was no evidence of further work on the dipole problem. Next, 

in Box XIX I located Notebook 107 (D5), covering the period from 

December 24, 1949 to May 3, 1950. Fermi wrote an index in the back 

pages of each Notebook, and so I f i r s t turned there. Figure 13 shows 

this index, which is typical in i l lustrating the range of problems 

treated in his notes. What caught my eye at once, of course, was the 

entry. "Meson capture by hydrogen 54-57." Page 54 is shown in Fig. 14. 

Taped to the bottom half of this page is an overlay sheet, which is 

folded out in the figure. Page 54 bears the date February 10, 1950 

and shows the long sought calculation of the eigenvalue 6 = 1.28. 
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Fermi references the separated equations in Notebook 101 (D l l ) , 

page 3. The left-hand table gives the calculation for e = 1.3; the 

right-hand, for 6 = 1.2. 

As seen from Fig. 8, the wave function is constant for large, 

positive x. Fermi evidently calculated the coefficient v out to x = 

4.4, where i t is almost zero, and started the numerical integration 

at the bottom of the table for x > 0 by setting v(4.4) = 100 and 

v1(4.3) = 0. The numbers on the left-hand side of Fig. 14 then follow. 

The term with tanh x changes ^ign when x becomes negative. The 

integration is continued out to x = -4 , where the f i r s t derivative 

becomes constant, v' = -2. The process is repeated with 6 = 1.2 in 

the right-hand table, where the f i rs t derivative is found to approach 

the value v' = 7 for large negative x. Linear interpolation implies 

that the f i rs t derivative would approach zero when 8 = 1.28. Fermi 

goes on for the next two-plus pages to consider the cross section 
- 1 7 7 

(3.6 x 10 cm ) for this process. He estimates that a 3000 eV 

meson would experience 71 collisions within the cr i t ical distance in 

monatomic hydrogen before coming to rest. 

While Fermi's solution at last turned up, i t s t i l l leaves 

some questions unanswered. There must have been some work done 

elsewhere—or s t i l l lying undiscovered in one of the 49 boxes of 

the Fermi collection—leading to the knowledge that the cr i t ical e 

is between 1.3 and 1.2. The f i rs t three columns on the taped-in 

right-hand side of Fig. 14 are typed, suggesting that they are copied 

from notes elsewhere. 
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In summary, I cannot say exactly how D^ .rst calculated. 

That i t is not in Fermi's 1947 Notebooks is consistent with Teller's 

recollection of having done that part of their paper. I t is also 

consistent with Fermi's having done i t himself in 1950, when he again 

became interested in the problem. On the other hand, i t is curious 

that Fermi would solve the radial equation numerically in 1947 and not 

go on to find the cr i t ical radius then. At any rate, a l l of this 

was unknown to those of us who became interested in the problem and 

recalculated D . = 0.639 ea„ twenty years later. At least we know mm o J J 

that the value has not changed in the intervening years! 

Acknowledgements 

I wish to thank the staff of the Special Collections Department 

of the University of Chicago Library, particularly Mary Ganzen Wilson 

and Alice Eysenbach. Their courtesy, help, and patience made this 

art icle possible. Figure 11 and the photographs from Fermi's Note-

books were furnished by the Curator of Special Collections, University 

of Chicago Library. Teller's introduction to Papers 232 and 233 in 

Fermi's Collected Papers is reproduced here with the kind permission 

of the University of Chicago Press. I also want to thank 

H. C. Schweinler, W. R. Garrett, and Mary Janzen Wilson for reading 

this manuscript. A number of their comments and suggestions are 

included. I am very grateful to Mrs. Laura Fermi for permission to 

reproduce the material from Professor Fermi's Notebooks. 



3 8 

REFERENCES 

1. G. S. Hurst, J. A. Stockdale, and L. B. O'Kelly, 0. Chem. Phys. 

38, 2572 (1963). 

2. Saul Altshuler, Phys. Rev. 107, 114 (1957). 

3. J. E. Turner, Phys. Rev. 141, 21 (1966). 

4. The atomic unit of the electric dipole moment is ea = 2.54 x o 
- 1 8 

10 esu-cm, e being the electron's charge and aQ the radius of 

the f i r s t Bohr orbit in hydrogen. 

5. R. F. Wall is , R. Herman, and H. W. Milnes, J. Mol. Spect. 4, 51 

(1960). 

6. 1 Rydberg (Ry) = e2/2aQ = 13.6 eV. 

7. J. E. Turner and Kenneth Fox, "On the Bound States of an Electron 

in the Field of a Permanent Electric Dipole," ORNL-3895, Oak Ridge 

National Laboratory, Oak Ridge, TN 37830 (1965). 

8. J. E. Turner and Kenneth Fox, J. Phys. Al, 118 (1968). 

9. Kenneth Fox and J. E. Turner, Am. J. Phys. 34, 606 (1966). 

10. Kenneth Fox and J. E. Turner, 0. Chem. Phys. 45, 1142 (1966). 

11. J. E. Turner, V. E. Anderson, and Kenneth Fox, Phys. Rev. 174, 

81 (1968). 

12. J. E. Turner and Kenneth Fox, Phys. Letters 23, 547 (1966). 

13. W. Byers Brown and Robert E. Roberts, J. Chem. Phys. 46, 2006 (1967). 

14. M. H. Mittleman and R. E. von Holdt, Phys. Rev. A140, 726 (1965). 

15. M. H. Mittleman and V. P. Myerscough, Phys. Letters 23, 545 (1966). 

16. Jean Marc Levy-Leblond, Phys. Rev. 153, 1 (1967). 

17. 0. Crawford and A. Dalgarno, Chem. Phys. Letters 1, 23 (1967). 

18. 0. H. Crawford, Proc. Phys. Soc. 91_, 279 (1967). 



3 9 

19. Cf. L. D. Landau and E. M. Lifshitz, Quantum Mechanics, 2nd ed., 

pp. 118-21 (Pergamon Press, Oxford, 1959). 

20. C. A. Coulson and Mary Walmsley, Proc. Phys. Soc. 91_, 31 (1967). 

21. J. A. D. Stockdale, L. G. Christophorou, J. E. Turner, and 

V. E. Anderson, Phys. Letters 25A, 510 (1967). 

22. J. M. Levy-Leblond and J. P. Provost, Phys. Letters 26A, 104 (1967). 

23. K. Takayanagi and Y. Itikawa, J. Phys. Soc. Japan 24, 160 (1968). 

24. L. G. Christophorou and D. Pittman, J. Phys. B2, 71 (1969). 

25. W. R. Garrett, Mol. Phys. 24, 465 (1972). 

26. A. S. Wightman, Phys. Rev. 77, 521 (1949). 

27. E. Fermi and E. Teller, Phys. Rev. 72, 406 (1947). 

28. The Collected Papers of Enrico Fermi, University of Chicago Press, 

Chicago (1965). 

29. E. Teller and H. L. Sahlin, Physical Chemistry, An Advanced 

Treatise, Vol. V, Henry Eyring, ed., Academic Press, New York (1970). 

30. The right-hand side of the equation near the bottom of Fig. 7 

should read (ep2 - eu2 + B p H -

31. The Collection does contain some copies of correspondence between 

Fermi and the Physical Review, but I could find nothing related 

to this problem. 

32. In i t ia l contacts with Peter Adams of the Physical Review indicate 

that f i les on at least some old manuscripts may s t i l l exist in 

storage at Brookhaven. 



4 0 

FIGURE CAPTIONS 

Fig. 1. Summary of data (points) from Hurst, Stockdale, and 0'Kelly 

(Ref. 1) comapred with theory (solid line) of Altshuler 

(Ref. 2). The ordinate gives the ratio of thermal-energy 

electron scattering cross sections for various polar molecules 
p 

in »thylene. The abscissa is in units of (esu-cm) . 

Fig. 2. Schematic representation of electron in stationary dipole 

f ield. 

Fig. 3. Binding energy, -x , as a function of dipole moment, D. 

Fig. 4. First page of Fermi's work on dipole problem. Notebook 100 

(D12), p. 285. 

Fig. 5. Separated equations. Notebook 100 (D12), p. 286. 

Fig. 6. Condition on modified separation constant, y = -a-e, for 

zero-energy solution. Notebook 100 (D12), p. 297. 

Fig. 7. Sheet inserted on page 3 of Notebook 101 (D l l ) , front side. 

Fig. 8. Back side of inserted sheet. Notebook 101 (D l l ) , p. 3. 

Fig. 9. Notebook 101 (Dl l ) , p. 11 

Fig. 10. Notebook 101 (D l l ) , p. 12. 

Fig. 11. Reading room in the Special Collections Department, 

Joseph Regenstein Library, University of Chicago. 

Fig. 12. The missing reference, "MG 3/904." 

Fig. 13. Index to Notebook 107 (D5). 

Fig. 14. Fermi's calculation of the crit ical value, 6 = 1.28. 


