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FOREWORD

A major objective of the Great Lakes Research Program for the past
few years has been to determine which mathematical models, if any, could be
used to predict with reasonable reliability the characteristics of thermal
plumes from surface outfalls. The present report is the final one in a series
on the subject and summarizes our attempts to test the usefulness of existing
mathematical models by comparing model predictions with laboratory and field
data. In conducting these comparisons, we had to examine many aspects of
hydrothermal prediction. These included an £n-dcpth study of the formulation
of the models being tested and » close examination of the physical processes
being modeled. Comparisons of the model predictions to experimental data
were the major ingredient :n our evaluation of a given model. At the same
time, however, our evaluation of the formulation of each mode! was an integral
part of our judgment as to its competitiveness. The present effort to evaluate
models updates previously published works in this research area, such as
those of Policasiro and ToJsar (1972); and Benedict, Anderson, and Yandeli
(1974). Further mo re. we fe«l that this report presents a viewpoint not avail-
able in other review documents, such as those of Brady. Edinger. and Geyer
(1974); and Jirka. .Abraham, .und Harleman (1975). This report advances the
state of the art by its evaluation of existing models, its discussion of important
modeling issues, and in its suggestions for further modeling improvements.

all the models described here were developed by persons
outside Argonne National Laboratory, frequent consultation with model authors
was necessary to resolve questions. We are grateful to all authors who gave
generously of their time and knowledge through conversations and personal
correspondence. Without their cooperation a report such as this would have
been impossible. Among those researchers who provided valuable assistance
we re:

1. Or. Barry Benedict, now at Tulanu University, on the Motz-Benedict
Model (in Sec. li.Bl.

1. Dr. Keith Stolzcnbach and Mr. Erie Adams of the Massachusetts
Institute of Technology on the Stolscnbach-Haricman Model (in Sees. II.C and
IV.D).

3. Or. Edmund Prych now with the V. S. Geological Survey on his
own model (in Sec. II.D).

4- Dr. Mostafa Shirazi of the Pacific Northwest Environmental
Research Laboratory of the U. S. EPA and Dr. Lorin Davis of Oregon State
University on the Prych and Shirazi-Davis Models (in Sec. II.E) and Shirazi 'a
data analysis (Sec. IV .B).

5. Dr. Donald Pritchard of The Johns Hopkins University on the
two Pritchard Models (in Sees. II.F and II.G).

6. Dr. John Edinger of Edinger Associates Inc. on the Brady-Geyer
Model (in Sec. Il.H).
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7. Dr. John Paul, now at the U. S. EPA Grosse lie Laboratory, and
Dr. Wilbert Lick of Case Western Reserve University on the Paul-Lick Model
<in Sec. II.K).

8. Dr. William Waldrop (now with the Tennessee Valley Authority)
and Dr. Richard Farmer of Louisiana State University on the Waldrop-Farmer
Model (in Sec. ILL).

9. Mr. James Taft, Dr. Walt England (both now at Science Applications,
Inc.), and Dr. John Pritchett of Systems, Science, and Software on the Pritchett-
England-Taft Model (in Sec. II.I).

10. Dr. Henry Till of the Electric Power Research Institute on his
own model (in Sec. II.J).

11. Dr. Frank Fang of the Virginia Institute of Marine Science on the
Surry Plant field surveys (Sec. IV.B).

1Z. Dr. James Weil now with the Coppola Co. of San Francisco on his
work verifying the Prych model at Oskarshamnsverket (in Chapter IV, Sec. E).

13. Mr. Jim Davis of the Boston Edison Company and Mr. Dan Frye of
EGf'G Environmental Consultants for their discussions with us on the Pilgrim
Plant studies (in Sec. IV.D).

14. Dr. Heinz Stefan of the St. Anthony Falls Hydraulic Laboratory
for his helpful review comments on Chapter III.

The fact that the model authors mentioned above reviewed our dis-
cussion of their work before publication should not be construed as agreement
by them with the opinions expressed nor as an endorsement of the presentation.

The length of the present report necessitated its publication in two
parts. The- titles of the chapters contained in each part are as follows:

Part One

I. Physical Aspects and Mathematical Modeling of Surface Thermal
Plumes

II. Summary and Evaluation of Individual Models

Part Two

III. Discussion of Near- and Complete-field Modeling Issues

IV. Verification Efforts for Surface-discharge Models

V. Observations on the State of the Art
Appendixes

The two parts of the report do not stand alone, and the reader is urged
to acquire both parts because they are often cross-referenced.
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WATER RESOURCES RESEARCH PROGRAM
SURFACE THERMAL PLUMES: EVALUATION OF

MATHEMATICAL MODELS FOR THE NEAR AND COMPLETE FIELD

by

William E. Dunn, Anthony J. Policastro,
and Robert A. Paddock

ABSTRACT

This report evaluates mathematical models that maybe
used to predict the flow and temperature distributions result-
ing from heated surface discharges from power-plant outfalls.
Part One discusses the basic physics of surface-plume disper-
sion and provides a critical review of 11 of the most popular
and promising plume models developed to predict the near- and
complete-field plume. Part Two compares predictions from the
models to prototype data, laboratory data, or both. Part Two
also provides a generic discussion of the issues surrounding
near- and complete-field modeling.

The principal conclusion of the report i s that the avail-
able models, in their present stage of development, may be used
to give only general estimates of plume characteristics; pre-
cise predictions are not currently possible. The Shirazi-Davis
and Pritchard (No. l) models appear superior to the others
tested and are capable of correctly predicting general plume
characteristics. (The predictions show roughly factor-of-two
accuracy in centerline distance to a given isotherm, factor-of-
two accuracy in plume width, and factor-of-five accuracy in
isotherm areas.)

The state of the art can best be improved by pursuing
basic laboratory studies of plume dispersion along with further
development of numerical-modeling techniques.
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I. PHYSICAL ASPECTS AND MATHEMATICAL MODELING
OF SURFACE THERMAL PLUMES

During the past few years there has been intense interest in the thermal
effects of once-through cooling systems for steam-electric generating plants.
This concern is prompted by a growing national desire to protect and preserve
our natural environment, since both the number and size of steam-electric
plants have been increasing at a rapid rate. A thorough understanding of ther-
mal effects is essential input for the formulation of policies that will serve the
public's need for electrical energy and, at the same time, minimize environ-
mental abuse.

Only with a thorough understanding of the physical processes that dis-
tribute the heat to the environment can one reliably assess the biological ef-
fects. Consequently, a number of analytical models have been developed to
predict the distribution of waste heat from a power plant in a receiving-water
body. The models developed to predict thermal plumes range from the very • J
simple to the very complex. ''•-•

Mathematical plume models serve several purposes. First, such models
assist in the design of outfall structures by assessing the possibility of recir-
culation. Second, they can be used to estimate the size of the mixing zone.
Third, time-temperature predictions obtained from model calculations arc use-
ful in determining the temperature history of organisms as they are drawn into
the plant intake or are entrained with ambient water into the plume. These
temperature histories can be used in conjunction with temperature tolerance
studies (usually done in the laboratory) to help assess the biological impact of
the heated discharge on the organisms of interest. Of main concern are plank-
tonic organisms, small fish in the egg or larval state, and juveniles that may
have limited mobility. Fourth, models may also be used to predict the possible
effects of bottom scouring by providing velocity predictions near the bottom.
Fifth, dilution rates of discharged chemicals can be determined easily from
model predictions of velocity and spreading. Finally, these predictive models
may be used to help plan a postoperational field study of the thermal plume.

Although over 40 models have been formulated to predict surface dis-
charge plumes, in our opinion none has been experimentally validated suffi- ,
ciently enough to guarantee accurate predictions over a wide range of prototype
situations. This report is devoted to qualifying this statement. It is essentially
a compilation of our experience with the models. Being such, this report is
not a truly definitive nor objective appraisal of the state of the art. We ac -
knowledge and regret the following inadequacies:

1. Only a few of the over 40 available models have been adequately
considered, and even among these none has been studied thoroughly enough to i
pass final judgment on. (



2. Certain models have been particularly frustrating, with incorrect
equations or inoperative computer codes plaguing a fruitful investigation. Other
models contain vague or unclear procedures. Such difficulties have undoubtedly
biased our view of these models.

3. Our focus has been on models appropriate to the Great Lakes, and
our experience has not included extensive consideration of rivers and coastal
waterways. Had time permitted, a broader base of modeling situations would
have been desirable.

To compensate for the stated shortcomings, we have included as broad
a spectrum of opinion as feasible by citing numerous works of other authors.

This report i s divided into five chapters. This introductory chapter
discusses the basic characteristics of the surface plume; the processes that
disperse, diffuse, and dissipate the excess heat; and the general techniques
that have been used to analytically model surface-plume hydrodynamics and
heat transfer. The second chapter summarizes 11 analytical plume models,
including some that have been frequently used for power-plant siting along with
other new and untested models. Since the summaries arc brief, some prior
familiarity with the models would be helpful. A general discussion emphasizing
inadequacies of existing models i s given in the third chapter, which covers
issues that are fundamental to a good physical understanding of plume disper-
sion and, hence, basic to a correct theoretical modeling of the plume. The
fourth chapter summarizes several efforts at model verification, placing par-
ticular emphasis on comparisons of model predictions with prototype field data.
The final chapter summarizes our conclusions concerning the present status
of the problem of predicting plumes from surface thermal discharges.

A. Examples of Surface Discharges

The most common method of disposing of the heated effluent from a
once-through cooling system is by means of a channel or canal discharging at
the water surface. Most older plants use this type of outfall. Besides being
low in cost, these types of outfalls are easily maintained and serviced. In
addition, low-velocity surface discharges such as these yield minimal entrain-
ment of ambient water and somewhat greater surface heat loss. In contrast,
high-velocity discharges used in more recent designs give greater initial dilu-
tion with a corresponding decrease in average plume temperature and surface
heat loss.

There is a great deal of variation in the design of surface-discharge
structures. Each outfall design is individually tailored to accommodate the
nature of the receiving body, the size of the plant, and many different factors
not the least of which is the desire to meet local, state, and federal water-
quality standards. The idealized surface discharge is that of an open rectan-
gular channel. Most mathematical models, in fact, assume that the outfall is



a rectangular canal discharging effluent parallel to the water surface at a con-
venient distance offshore. The outfalls at the Point Beach Nuclear Power
Station, illustrated in Fig. I.A.I, exemplify a plant with such a design. However,
irregular designs for surface-discharge outfalls also exist. The Palisades
Nuclear Generating Station, shown in Fig. l.A.i uses a diverging outfall struc-
ture with condenser cooling water discharged at the shoreline. Both plants have
intakes £000-3000 ft offshore. The Waukcgar. Generating Station depicted in
Fig. I.A. 3 has a shoreline intake adjacent to its outfall and. a breakwater to re-
duce rccirculation. The individual characteristics of each outfal! structure
must be considered when analyses and modeling is attempted.

B. Near. Intermediate, and Far Fields

H*"-;,-.J effluent may pas.* through several regimes of flow as it is dis-
persed into the receiving body of water. For the purposes of analysis, the
plume is divided into two regions, the near ant! far fields. As the name sug-
gests. iht? near field is that part of t r thermal discharge closest to the actual
outfnil. This fit-id normally possesses a significant velocity disparity with the

LAKEMCHIMN
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This two-unit nuclear power plant has a tic; capacity of 497 MWv per unit. The normal
maximum cooling-water flow to each unit is S95 cfs. At this flow and full electric genera-
tion, the maximum temperature tisc acres; the condemn U 19.3 F* and the heat-rcjeciion
rate is abou: 3.9 x 109 Btu/hr for each unit. The discharge flumes extend in opposite direc-
tions about ISO ft into Lake Michigan at an angle of CO* to the shoreline. The outfal! width
and depth at discharge ate 35.0 and 13.9 ft. respectively. The nominal outfall velocity of
each unit is 1.82 ft/scc.

Fig. I.A.I. Schematic of Discharge at Point Beach Nuclear Power Station.
ANL Ncg. No. 130-1115.
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The Palisades Plant has a capacity of 714 MWe and discharges into
Lake Michigan. The once-through cooling system is scheduled to be re-
placed by mechanical-draft cooling towers during 1974. The present
cooling-water system pumps 405.000 gpm (900 cfs) from Lake Michigan.
The maximum cooling-water temperature increase is US l'\ and the heat-
rcjectlon rate is about 4,9 x 10 9 Utu/lir. The discharge canal Is a diverging
pile structure on the lake shore. It Is 37 ft wide at the outlet adjacent to
the building structure and diverges to a width of 100 ft at the point of dis-
charge, 108 ft from the outlet. The average discharge velocity is less
than 2 fps.

l-'ig. I.A.2. Schematic of Discharge ai Palisades Nuclear Generating
Station. ANL Nta. No. 190-1114 Rev. 1.
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The Waukegan Generating Station is a seven-unit
fossil-fueled plant with 1100-MWe gross capacity.
The cooling water is withdrawn from Lake Michigan
by way of a long canal. The heated water is discharged
through a canal parallel to the Intake canal and
separated from it by a breakwater, The canal is about
2000 ft long and discharges approximately at the
shoreline. The effective width at the outfall is 100 ft.
and the depth Is 5 ft. At maximum capacity, the flow
rate is 1950 rfs with a temperature rise of 12.8 F\

Kig, l .A.3. Schematic of Discharge at Waukegan Gen-
erating Siation. ANL Ncg. No. 190-1113.



rest of the water body and for that reason is often called the jet regime. Cor- : *
respondingly, the far field is referred to as the thermal plume or simply as ^
the plume, although the term "plume" is also used to mean any point not at am- i '
bient conditions. This rather confusing usage of terms is nevertheless quite *
common, the context determining which meaning is intended. •§

I
The point of separation jetween the near and far fields is nebulous. "•'%

Consequently an intermediate field, a transition zone possessing properties of §
both the near and far fields, is commonly considered. The definitions of the »
near and the far fields are somewhat arbitrary. The generally acknowledged
characteristics are listed below.

Near Field |JP

1. Temperature and velocity excesses are greater than about 20% of ' '
their outfall values. '-,-,

<.. Hydrodynamics of the plume are important. Particulars of the out- :?
fall structure must be considered. Characteristic nondimensional groups are ji
the aspect ratio, the initial densimecric Froude number, the ratio of ambient \i
to outfall velocities, the bottom slope, and the ratio of discharge depth to ini- \*
tial water depth. |,

3. Surface heat loss is minimal. i

Far Field ; .

1. For this peripheral area of the plume, velocity and temperature ;

excesses are small. i

2. Ambient conditions are predominant in determining dilution with :

virtually no dependence on outfall characteristics. Diffusion by means of am- ;
bient turbulence is considered to be the prevailing mechanism. :

3. Because of the large areas involved, surface heat loss is significant. ; :
i ;

Models are generally classified as near- or far-field models, depending
on whether outfall or ambient conditions are stressed. Models treating both ,: '••.
the near and far fields are called complete-field models. \

This report is confined exclusively to near- and complete-field mathe- ']')
matical modeling of surface thermal plumes. Purely far-field models are not j
considered, since we believe that models that ignore the dilution of the near ;
field cannot be used to assess reliably the size and character of the thermal .•;
plume. Two plants with the same heat-rejection rate can have vastly different !.|f
thermal plumes, depending on the amount of near-field mixing that occurs. For j 4 ^ .
example, if initia? dilution i s maximized by using a vertical s lot with a high d i s - ] J:

charge velocity, the thermal plume wil l be different than that resulting from a jjp
horizontal slot with a low discharge velocity where near-f ie ld dilution i s smal l . pi.



Furthermore, the near field is of particular interest since potential episodes
of biological consequences may occur there. Moreover, the near field is the
regime of greatest interest from a regulatory point of view. Within this region
outfall architects must design their discharges to meet mixing-zone criteria.
These criteria limit the temperature rise in the thermal plume beyond a pre-
scribed distance from the point of discharge. Some states have adopted a re-
strictive mixing-zone criterion: others have none at all.

Before undertaking analytical modeling, one must decide what features
properly characterize the plume. legally, we might seek a point-by-point spec-
ification of temperature and velocity fW all times. Unfortunately, such a de-
scription is far beyond the state of the art, and we must resort to simpler
conceptualizations.

The first simplification normally made is to restrict attention to the
steady-state plume. As described in Chapter III, even plumes existing in so-
called stagnant ambient systems exhibit transient phenomena. Some recent
numerical models have made possible attempts at the treatment of unsteady
thermal plumes. Startup and shutdown of plants can be simulated by solving
the basic conservation equations numerically, using variable boundary condi-
tions. Tidal effects can also be simulated in this manner. Unsteady modeling
in the near and complete fields is very recent, and little validation presently
exists. Steady-state predictions therefore are still of prime interest and im-
portance, especially considering the large time scale of most unsteady effects
such as ambient current or tidal changes. Even considering only the steady
plume, processes are so complex that further simplifications are often made
to make the mathematics tractable and the physics more interpretable.

As a result of years of theoretical and experimental work, several
physical parameters have become standard measures of thermal-plume size.
Some of these parameters have been borrowed from classical jet theory. Clas-
sical nonbuoyant jet theory assumes that, after an initial potential core and a
transition region, velocity profiles become similar. It is only natural to at-
tempt to extend these ideas to buoyant surface jets, even though the connection
grows weaker as buoyancy becomes more important. Abstractions borrowed
from classical jet theory include the jet centerline or trajectory, centerline
temperature decay, centerline velocity decay, jet width, and jet thickness or
depth. These items are commonly discussed in the literature, although they
may not actually exist in the idealized fashion in which they are described.

Other concepts have evolved from the manner in which thermal-plume
measurements are taken. Relatively speaking, it is easy to measure water
temperature at many points in the plume. Even so, point-by-point data v. ould
be difficult to digest without further reduction. A good qualitative picture of
the plume may be obtained by sketching vertical and lateral isotherms from
the point-by-point data. These qualitative interpretations may be translated
into numerical values by planimetering the areas within specific surface iso-
therms. Being integral quantities, surface areas within isotherms tend to



average out. experimental fluctuations, and thus provide a reliable estimate of
plume size. The price one pays for this decrease in statistical variation comes
in the form of loss of detail. Nevertheless, area within surface isotherms is
the most common measure of plume size.

The features that relate to a good physical understanding of the plume
may be poor parameters for assessing biological consequences. In view of
the fact that no analytical model can reliably predict the simple physical pa-
rameters outlined above, it is not currently possible to give detailed descrip-
tions of the phenomena that are biologically important. One parameter of
biological interest, which can be easily obtained from the jet conceptualization,
is the temperature history of an organism traveling along the centerline of the
discharging jet. Exposure times are computed by integrating the reciprocal
of velocity along the centcrline.

Within the context of the jet conceptualization, there are five physical
processes that are thought to control plume dilution. These arc considered
next.

C. Five Basic Physical Processes of Thermal-plume Dispersion

The five phenomena important to the dispersion of momentum and en-
ergy within a thermal plume are: jet entrainment, crossflow interaction,
ambient-turbulence-induced diffusion, buoyant spreading, and surface heat ex-
change. These processes are shown schematically in Fig. I.C.I. Of the five
processes, only the last, surface heat exchange, involves actual removal of heat
from the water body. The other four are merely ways in which the excess heat
is mixed into and moved through the water body. In the regions of greatest in-
terest, the near and intermediate fields, only a small percentage of the excess
heat is lost to the atmosphere through surface heat exchange. Consequently,
the four processes of plume dilution are those of significant importance in
modeling these regions.
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Fig. I.C.I

Plume Dispersion Processes.
ANL Neg. No. 190-1146.
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The five p r o c e s s e s are now briefly defined and discussed.

1. Jet Entrainment

Entraisunent refers to the incorporation of ambient fluid into the
momentum-dominated jet. The velocity difference between the jet and the am-
bient fluid causes shear s t r e s s e s that in turn generate turbulent eddies . These
eddies , which transport jet momentum lateral ly and vert ical ly , cause the g r o s s
mixing of the jet and the ambient water. Entrainmcnt i s generally assumed to
be the principal mechanism for mixing in the near and intermediate fields
where jet momentum dominates.

For nonbuoyant jetr., entrainment i s the only mechanism by which
dilution o c c u r s . As a result , a s imple theory of the c lass i ca l jet has been
developed,1 which compares favorably with experimental resul t s . As noted
ear l ier , this theory forms the bas i s for much of the modeling of buoyant sur-
face je t s , although other p r o c e s s e s complicate the description considerably.

A schematic view of the c la s s i ca l
jet is given in Fig. l.C.Z. The jet
is assumed to exit with a nearly
uniform velocity profile. Sharp v e -
locity gradients existing at the jet
boundaries cause intense mixing to
occur with a corresponding smooth-
ing of the velocity distribution. This
mixing results in momentum trans-
port away from the jet ccnterline to
the ambient water. Near the point
of discharge, the central region of
the jet i s unaffected by the mixing,
which occurs only at the boundaries
of the jet. Proceeding outward along
the centcrlinc of the c lass ica l jet,
the width of the uniform region de-
c r e a s e s to zero and the profile be-

Fig. I.C.2. Schematic View of an Entraining Jet c o m e s completely smoothed. This
point, which has been found experi -

mentally to be four to s ix outfall d iameters from the outfall, marks the end of
the potential core region. Laboratory studies indicate that the smoothed v e -
locity profile can be accurately described as a Gaussian distribution. Beyond
the potential core , the velocity distribution i s s imi lar; i . e . , it retains the
Gaussian shape with only the height and width of the Gaussian changing along
the centerl ine. The c lass i ca l jet actually possesses a short transition zone
that separates the potential core and s imilarity reg imes . This zone may be ig-
nored when interest l i e s primarily in the fully developed jet . This jet ideal iza-
tion has been extended to buoyant jets by assuming an identical construction for
the temperature profi les . In some c a s e s , a correct ion i s made to account for
the fact that heat diffuses approximately twice as fast a s momentum by postu-
lating a faster spreading rate for the temperature distribution.
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I
lit 1956. Morton et al.* suggested that the amount of jet entrainment ;

should be proportional to some characteristic local velocity. Based on these .
early ideas, many models postulate a fictitious entrainment velocity, which as- :.'.
sumes the following form when no cross flow is present: !*

Vj = EU. | |

where if.

Vj = local-entrainment velocity, 1
U = jet-ccnterljne velocity, i

and S;

E •- coefficient of proportionality, known as the entrainment coefficient. , .
')

The product of this velocity and the circumferential area of the jet below the ('-;
water surface gives the net flow of ambient water into the jet. Thus, the en- !''
tr linment coefficient can be considered as the constant of proportionality j"
between the local velocity of entrainment water into the jet and the local jet- ['
centerline velocity. If an_ambient current is present. U in the above equation !
is typically replaced by |(J - Uaj. the magnitude of the vector difference be- [--
tween centerlinc and ambient velocities.

Although the concept of entrainment aids greatly in conceptualizing \ :
the inter facial mixing between jet and ambient fluid, it nevertheless grossly
oversimplifies this process and reflects a general lack of understanding con- ,
cerning it. ,

Successful use of entrainment velocities relies heavily on the ex-
istence of flow similarity. The presence of strong buoyancy forces in heated \ .
jets may destroy similarity and thus invalidate the use of the entrainment ve- :
locities. Even when similarity exists, buoyancy can affect jet entrainment.
Many models consider entrainment velocities in both the vertical and horizontal
directions to account for the reduction in vertical entrainment due to buoyancy.
Ellison and Turner3 have investigated the effects of buoyancy on vertical en-
trainment, assuming that the key parameter in evaluating the influence of
buoyant forces is the Richardson number, Ri, defined as

Ri =

where

_ Apgh
PU2

U = local jet velocity,

p = density of ambient fluid,
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and

Ap = density disparity between ambient and jet fluid,

g = acceleration due to gravity,

h = local thickness of the jet.

The numerator of the Richardson number is the vertical buoyant
body force per unit of lateral area; the denominator is the longitudinal jet mo-
mentum flux. Thus, the Richardson number represents the ratio of buoyant to
inertial terms.

Another nondimensional parameter commonly used to characterize
the buoyancy effects is the densimetric Froude number, F. The densimetric
Froude number is related simply to the Richardson number defined above by

F = Ri" Apgh'

Figure I.C.3 is a plot of the data obtained by Ellison and Turner
indicating that the rate of vertical entrainment decreases as the densimetric
Froude number decreases. In that figure, e represents the local entrainment
coefficient, and e o the nonbuoyant entrainment coefficient. The authors con-
cluded that for densimetric Froude numbers less than about 1.2, vertical en-
trainment is negligible. Thus, models that consider vertical entrainment must
allow the local vertical-entrainment coefficient to be reduced by a factor that
depends on the densimetric Froude number. Most often this is done by using
one of several fits to the experimental data of Ellison and Turner; e.g.,
Fig. I.C.3 suggests that the factor exp(-5/Fz) may be used.
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Because of its dependency on the local densimetric Froude number,
vertical entrainment may be suppressed in certain regions of the plume. The
scenario of a typical thermal plume is shown schematically in Fig. I.C.4a. At
the point of discharge (indicated by 0 in the figure), the densimetric Froude
number is larger than 1.2 and the plume will entrain vertically. Rapid mixing
causes the densimetric Froude number to decrease until (at position xj in the
figure) vertical entrainment effectively ceases. The stabilizing effects of
buoyancy limit mixing to lateral entrainment alone, hence the densimetric
Froude number will stop decreasing and may actually begin increasing. If the
densimetric Froude number again becomes great enough, vertical entrainment
will resume (position x2 in the figure). Vertical entrainment may also be lim-
ited by interaction with the bottom of the receiving reservoir. This is common
occurrence for discharges into shallow water. Figure I.C.4b illustrates such
effects indicating that vertical mixing is suppressed in the region where the
plume is attached to the bottom.

(-.f >.?-(-

77///////////'///////

(a) Effects of Buoyancy on Vertical Entrainmem (b) Effects of Bottom on Vertical Entrainment

Fig. l.C.4. Schematic View of Entrainment Process. Showing
the Effects of Buoyancy and Bottom. AKL Neg.
No. 190-1182 Rev. 1.

2. Cross flow Interaction

In the presence of an ambient crosscurrent, the jet bends in the
downcurrent direction until it eventually follows the current. Such bending is
the result of a pressure gradient across the jet produced by the ambient cur-
rent motion around the jet. Customarily, an analogy is drawn between such
behavior and that corresponding to the form drag experienced by a solid body
in crossflowing fluid. Although this heuristic approach aids in conceptualizing
crossflow interaction, there is no good experimental foundation for such a
theory in water-plume interaction.

For a jet discharged into a shallow area, bending is enhanced, since
the bottom restricts the ambient water from moving under the jet. On the other
hand, a jet discharged into deep water allows a much Ireer path for the cross-
flow. Bending is also generally greater for higher densimetric Froude num-
bers. High-velocity jets entrain more vertically, creating a greater area for
crossflow interaction. Low densimetric Froude number jets typically stratify
into a small layer on the surface presenting a small area for crossflow
interaction.
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Cross flow interaction can affect dilution in several ways. For ex-
ample, jet bending can partially isolate the lee side of the jet from free ambient
water and can therefore reduce the effectiveness of entrainment in lowering
plume temperatures. A horizontal circulation pattern may be established be-
tween the lee side of the jet and the shore. Water entrained into the plume near
the discharge may first move downstream with the plume and then be brought
back along the shore as part of a return current. This recirculation of plume
water can adversely affect dilution. Moreover, jets in the presence of a cross-
flow will generally exhibit asymmetric velocity and temperature profiles and
may never become fully developed. Crossflow interaction is discussed further
in Chapter III.

3. Ambient-turbulence-induced Diffusion

Ambient turbulence refers to the turbulence in all natural bodies
at water, the genesis of which is normally wind stress at the water surface.
Turbulent eddies are produced, which result in mixing that is similar to but
much larger than molecular diffusion. The scales of eddies present determine
the rate of mixing. In analogy to molecular transport, turbulent dispersion is
treated as a diffusion process, the diffusion coefficient being known as the eddy
diffusivity. Unlike molecular diffusion, however, the eddy diffusivity is gen-
erally a strong function of the local flow field. For diffusing plumes in oceans,
Richardson's 4/'3 power law is often used to calculate a lateral eddy diffusivity.
Here the eddy diffusivity is assumed proportional to the 4/3 power of the dis-
tance from the source. The assumption that all sizes of turbulent eddies can
take part in plume dispersion is implicit. In more confined bodies of water,
eddy sizes are restricted by the lateral and vertical boundaries. A constant
lateral diffusivity may be more appropriate, due to the restricted eddy spec-
trum. Horizontal and vertical di.-'usion can be appreciably diminished in both
near-shore and shallow areas.

Vertical diffusion due to ambient turbulence may be limited by the
interaction of turbulence and buoyancy as well as by the shallowness of the
water body. Vertical stratification, resulting from the natural distribution of
heat in the water body or from stratification of the heated effluent, inhibits
the mixing due to wind- or plume-induced turbulence. Vertical diffusivities
are typically given as functions of the gradient Richardson number, which is an
indicator of the relative ability of the vertical density gradient to inhibit verti-
cal mixing. Vertical diffusion in large lakes has been found to be two to three
orders of magnitude smaller than lateral diffusion.

Plume mixing induced by ambient turbulence is masked in the near
field by jet-induced entrainment, but becomes increasingly more important as
the jet momentum is dissipated.

4. Buoyant Spreading

Buoyant forces develop due to (l) the density disparity between the
discharge and the receiving water and (2) any density variation within the jet.
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These forces increase horizontal spreading and, as noted earlier, may inhibit
vertical entrainment. The importance of buoyancy is measured by the densi-
metric Froude number defined earlier.

For densimetric Froude numbers greater than about 1, the iaertial
forces of jet momentum dominate; on the other hand, for values less than
about 1, buoyancy forces are predominant. Discharges with large densimetric
Froude numbers produce much jet entrainment and rapid dilution; plumes are
typically long and slender, with significant vertical penetration. Discharges
having low densimetric Froude numbers typically have wide isotherms and form
a thin surface layer. Buoyancy restricts vertical entrainment and increases
lateral spreading. If large dilutions in short distances from the outfall are
desired, an outfall design with a large discharge velocity, a small outfall
depth, and minimal excess temperature (outfall-ambient temperature) would
produce a large initial densimetric Froude number and cause inertial forces
to predominate over buoyant forces, with jet mixing prevailing.

As indicated in Fig. I.C.4 each thermal discharge eventually reaches
a downstream location at which the initial velocity has decreased sufficiently
to cause the local densimetric Froude number to become less than 1.2. Here
vertical entrainment is suppressed and the jet maintains an approximately con-
stant depth. Lateral spreading due to buoyancy becomes most important until
the normalized density difference Ap/p approaches zero and the local densimet-
ric Froude number increases above 1.2. At this point, vertical mixing becomes
significant again.

Depending on heat loss and mixing parameters, the discharged fluid
usually enters a regime of stratified flow where buoyant forces are dominant.
The rapid deceleration of fluid moving from the momentum-dominated jet re-
gime to a stratified flow regime may produce an internal hydraulic jump. This
phenomenon is discussed in Chapter III.

5. Surface Heat Exchange

There is continual heat exchange between the water surface and the
atmosphere through conduction, radiation, and evaporation. At a specific tem-
perature, Te , known as the equilibrium temperature, there is no net exchange
of heat with the atmosphere. The equilibrium temperature depends on many
environmental conditions such as wind speed, cloud cover, time of day, time
of year, air temperature, and humidity. The temperature of a natural body of
water continually approaches but seldom reaches this equilibritim temperature,
because of the long times needed to exchange large amounts of heat with atmo-
sphere. Consequently, the ambient temperature is lower than daytime equilib-
rium during spring heating and higher than daytime equilibrium during fall
cooling. During winter and summer months, the ambient temperature may be
close to equilibrium. Normally, condenser cooling water is at a temperature
higher than equilibrium and there is a net heat loss from the plume surface.
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Since temperature excesses in the plume are generally small, the rate of sur-
face heat loss is often assumed to be proportional to the difference between the
plume temperature and the equilibrium temperature. This is often expressed as

q. = K(T - Te),

where

and

q = surface heat transfer per unit area,
K = empirical exchange parameter known as the surface heat-

transfer coefficient,

T = surface temperature,

T e = equilibrium temperature.

Since the processes that determine the amount of surface cooling
from a heated plume are identical to those that prevail under normal condi-
tions, heating by a discharge may be regarded as a perturbation of the normal
ambient temperature variation. This observation is the justification for use
of the equilibrium temperature concept for surface-heat-loss calculations for
a heated discharge. Most treatments of surface heat exchange use the ambient
temperature Ta as the equilibrium, even though T e may be quite different from
Ta at certain times of the year. The error incurred by making this assumption
is believed to be inconsequential.

For typical values of K, the amount of heat transfer by this mecha-
nism is small in the near field. Unless surface areas are appreciable, surface
heat loss has a minimal effect on plume temperatures. Surface heat loss may,
however, be significant to near-field modeling in the following respect. Strati-
fication in the intermediate and far fields may be controlled by surface heat
loss. This downstream stratification may influence near-field flow patterns by
providing "boundary conditions" for the near field. This matter is treated in
greater detail in Chapter III.

A major effect of surface cooling is the ultimate limitation of the
areal extent of any thermal plume. Without surface heat dissipation, no thermal
plume would ever reach steady state.

D. Basic Modeling Techniques

There are five broad classifications of mathematical approach for plume
models. A given model may use more than one approach, particularly when the
model analyzes more than one regime of flow.

1. Phenomenological Method

This technique relies on correlations derived from numerous hy-
draulic model and/or field studies. Correlations for jet characteristics such
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as centerline temperature decay, plume half-widths (of the temperature
distribution), and surface isotherm areas are made with such variables as ini- I -
tial densimetric Froude number, outfall aspect ratio, bottom slope, and the • I
ratio of ambient current to initial discharge velocity. Such an approach is com- |*™
mon in many areas of fluid mechanics and heat transfer. An advantage of the jg
method l ies in its close relationship to the phenomenon being modeled; the prin- I*
cipal disadvantage is the often unknown range of physical situations for which \'"'i
the correlations are valid. j'J

2. Differential-Numerical Method

The differential-numerical method, or more simply the numerical
method, involves solving the general partial differential equations of motion
and heat transport to arrive at velocity and temperature distributions, using
either finite-difference or finite-element schemes. The problem of jet disper-
sion lies in gaining the solution to these equations once having established such
requirements as boundary conditions and eddy-transport coefficients. These *
boundary conditions and eddy-transport coefficients distinguish one plume >
problem from another; the hydrodynamic and energy equations are otherwise >.;
unchanged. The equations are impossible to solve analytically while retaining Mi
all the terms describing the motion and dilution of the heated jet. For the col- ! "
lective class of plume problems, the very few analytical solutions to the general I •
set of governing equations that do exist have been derived by making gross j '
simplifications of the physical phenomena. Differential-numerical modeling pi-
has an advantage in that many complexities associated with real physical phe- j. :
nomena do not have to be ignored, as required in the development of other \
methods of solution. Fewer assumptions about the nature of the physical phe- :-
nomena need be made. However, uncertainty as to the proper form of the gen- j
erally unknown and variable eddy-diffusion coefficients (for momentum and \"r

energy) and the precise flow and pressure boundary conditions has hampered '•
the development of a reliable differential-numerical model. In addition, prob- • •
l e m s such a s long expensive computer runs and numerica l stabil i ty have often :
negated the at tract iveness of a numerica l method (at l e a s t for the jet reg ime) . :

A note regarding the terminology i s appropriate h e r e . The r e f e r - \
ences to "numerical models" may be somewhat misleading, since models based '.
on other methods, for example the integral technique, often use numerical pro- - ,
cedures to solve their model equations. In general, the words "numerical :
model" will be reserved for models using finite-difference or finite-element I :

:

schemes to solve the generalized flow equations. 7 .

3. Integral Analysis
•

The integral analysis involves a sacrifice of the microscopic char-
acteristics of the flow and temperature fields in favor of a solution for the
macroscopic quantities. In the integral technique, one assumes the precise
shape of the lateral and vertical temperature and velocity profiles based upon ! ^
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intuition, hydraulic model experiment, or (quite often) both. Moreover, as-
sumptions on the mixing of ambient fluid into the jet and on the pressure field
are made by an a priori choice of an entrainment function and a pressure-drag
formula, respectively. Using the assumed profiles along with the entrainment
and drag functions, the multidimensional equations of mass, momentum, and
energy conservation are reduced to a set of coupled nonlinear ordinary differ-
ential equations that are solved analytically or numerically.

For a large initial Froude number, a common assumption made in
modeling the jet regime by the integral method is that inertial forces dominate
the buoyancy forces within the jet and that, to a fair approximation, density-
induced pressure gradients can be neglected in the equations of flow. Use of
this assumption results in an uncoupling of the flow and energy equations, whicli
clearly simplifies any solution. An alternative approach is to suppose that, in
plumes of low initial densimetric Froude number, buoyancy forces completely
inhibit vertical entrainment. The two-dimensional plume models use this
rationale.

In general, the integral models solve a more simplified set of
equations than do most numerical models. Several terms of advection and dif-
fusion are dropped from the governing equations necessitated by the very nature
cf the integral approach, being a "whittling and fashioning" method in which
small terms are dropped from the governing equations and the dependent vari-
ables are assumed to have a fixed general form.

The principal difficulty with the integral technique is that the
physical processes--entrainment, crossflow interaction, buoyancy, ambient-
turbulence-induced diffusion, and surface heat loss--must be simulated arti-
ficially in the context oi the presumed jet structure. This produces model
parameters that may not be physically measurable. Thus, the models must be
fit to large amounts of data before they can be used with confidence.

4, Subchannel Balancing Method

Subchannel balancing, which is a cross between the integral ap-
proach and the differential-numerical method, can be efficiently applied to those
hydrodynamic problems in which the flow i s essentially one-dimensional, as
in thermal discharges into rivers. In this technique, the flow field is divided
into numerous subchannels aligned with the principal direction of flow. Con-
servation equations are developed by balancing the longitudinal, lateral, and
vertical inflows of mass, momentum, and heat to each subchannel. A set of
perhaps several hundred coupled ordinary differential equations must then be
solved to obtain the model predictions, in contrast to the integral models in
which no more than 10 equations are integrated simultaneously and to the
differential-numerical models that solve multidimensional forms of the con-
servation equations.

The concept is extremely convenient when the flow is basically one-
dimensional, since the amount of computer time required is much smaller than
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that required for the differential-numerical models. Further, the conceptual-
ization of the discharge is far less restrictive than that of the integral models.
However, application of such a model to situations in which the flow is not pri-
marily unidirectional, as for thermal discharge into a stagnant lake or low-
flowing river, is questionable.

5. Stochastic Method

Stochastic models use probability theory to predict general plume
behavior. Such models are empirical and require a large amount of site-
dependent data for their application. This type of model is nondeterministic
as well as site specific. Currently, no models that we are aware of for the near
and complete field use this approach.

E. Summary of Existing Models

It is virtually impossible to review and compare to data all models
available in the literature. We have chosen for study eleven models that either
have been extensively used for environmental impact analyses or appear prom-
ising for future use or further development. This section enumerates the near-
and complete-field models that have appeared in the published and unpublished
literature on heated surface discharges. Development and verification of each
model is described briefly.

Some of the models in the list below are of historical interest only,
though others might achieve some distinction if further development work were
done. Each model makes some contribution to the methodology of thermal
plume prediction, so we feel that its existence should be acknowledged in this
report. Some of the models have already been critiqued by Policastro and
Tokar4 as noted below.

Near-field Models

1. Hoopes, Zeller, and Rohlich5 (The University of Wisconsin, Madison)

Type of Model: Two-dimensional (horizontal) integral,
steady state

Phenomena Considered: Jet entrainment, ambient crossflow, sur-
face heat transfer, wind stress, drag force

Treatment of Flow Only indirectly through calibration of
Establishment: model parameters to data

Method of Solution: Numerical solution of coupled nonlinear
ordinary differential equations

Verification: Model -was calibrated to field data taken
at two outfalls on Lake Monona, Wisconsin
and later compared to other field data for
the same sites5
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Computer Code: Available from authors or Argonne

[Mode! reviewed in Ref. 4]

2. Hayashi and Shuto6 (Chuo University. Tokyo, Japan)

Type of Model: Three-dimensional integral, steady state

Phenomena Considered: Buoyancy, surface hect transfer

Treatment of Flow None

Establishment:

Method of Solution: Closed form

Verification: Authors' tank data6

Computer Code: Unknown but may be easily written from
model equations

3. Wada (Model No. I)7 (Central Research Institute of the Electric
Power Industry, Tokyo, Japan)

Type of Model: Quasi three-dimensional integral (two-
layer flow with fluid properties averaged
vertically within each layer), time
dependent

Phenomena Considered: Jet entrainment, buoyancy, bottom slope,
surface heat transfer

Treatment of Flow None

Establishment:

Method of Solution: Numerical by finite differences

Verification: Unknown
Computer Code: Unknown

4. Carter8 (Chesapeake Bay Institute, Johns Hopkins University)

Type of Model: Two-dimensional (horizontal) integral,
steady state

Phenomena Considered: Jet entrainment, ambient crossflow, drag
force

Treatment of Flow Experimental from limited tank data
Establishment:

Method of Solution: Closed form

Verification: Limited comparisons with author's tank
data8
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Computer Code: Unknown
[Model reviewed in Ref. 4]

5. Motz and Benedict9 (Vanderbilt University)

Type of Model: Two-dimensional (horizontal) integral,
steady state

Phenomena Considered: Jet entrainment, ambient crossflow, drag
force, surface heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Experimental from limited tank data

Numerical solution of coupled nonlinear
ordinary differential equations

Fitting of model to tank and field data to
ascertain coefficients.9 Verification with
Point Beach and Palisades data appears
in Chapter IV of this report.

Available from authors or Argonne

[Model reviewed in this report and Ref. 4]

6. Koh and Fan (Model No. I)10 (Tetra-Tech, Inc.)

Type of Model: Two-dimensional (longitudinal, vertical)
integral model, steady state

Phenomena Considered: Jet entrainment, buoyancy, interfacial
shear, surface heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

None

Numerical solution of coupled nonlinear
ordinary differential equations

None

Available from authors

[Model discussed in Chapter III of this report]

7. Koh and Fan (Model No. 2)10 (Tetra-Tech, Inc.)

Type of Model: Axisymmetric (radial, vertical) integral,
steady state

Phenomena Considered: Jet entrainment, buoyancy, interfacial
shear, surface heat transfer

it

m
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Treatment of Flow
Establishment:

Method of Solution:

None

Numerical Solution of coupled nonlinear
ordinary differential equations

None

Available from authors
Ve r ification:

Computer Code:

8. Barry and Hoffman11 (Detroit Edison Co.)

Type of Model: Quasi three-dimensional numerical,
steady state

Phenomena Considered: Advection and diffusion (no pressure
variations), bottom interaction, ambient
crossflow, surface heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Numerical

Numerical by finite difference

Model is compared to field data taken
at the St. Clair Power Plant on the
St. Clair River n c

Proprietary

9. Stolzenbach and Harleman12 (Massachusetts Institute of Technology)

Type of Model: Three-dimensional integral, steady state

Phenomena Considered: Jet entrainment, buoyancy (longitudinal,
lateral, vertical), ambient crossflow,
surface heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Integral technique

Numerical solution of coupled nonlinear
ordinary differential equations

Comparison to authors' tank data;12

Pilgrim Plant field data comparisons;13'14

Point Beach and Palisades field data and
tank data of Carter et al.15-16 (see
Chapter IV)

Available from authors or Argonne

[Model reviewed in this report and Ref. 4]
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10. Me Lay, Hundal, Martinek, and Henson17 (University of Vermont)

Type of Model:

Phenomena Considered:

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Two-dimensional numerical, steady state
for zone of flow establishment. Two-
dimensional integral, steady state for
established flow region.

Advection and lateral diffusion (no pres-
sure difference) for zone of now estab-
lishment model, jet entrainment, wind
stress, ambient crossflow, drag force,
surface heat transfer for established flow
model

Numerical

Numerical by finite differences for zone
of flow establishment; numerical solution
of coupled nonlinear ordinary differential
equations in established flow region (fol-
lowing treatment of Hoopes, Zeller, and
Rohlich5 with altered coefficients)

None

Available from authors or Argonne

11. Stefan and Vaidyaraman18 (University of Minnesota)

Type of Model: Three-dimensional integral, steady state

Phenomena Considered: Jet entrainment, buoyancy (lateral,
vertical), ambient crossflow, drag force,
wind stress, surface heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

None

Numerical solution of coupled nonlinear
ordinary differential equations

Comparison to authors' tank data18

Available from authors

[Model discussed in Chapter III of this report]

12. Benedict, Polk, Yandell, and Parker19 (Vanderbilt University)

Type of Model: Two-dimensional integral, steady state
(rapid rivers)

" *
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Phenomena Considered: Jet entrainment, ambient crossflow, drag
force

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

None

Numerical solution of coupled nonlinear
ordinary differential equations

Comparison with data at the Piacenza Plant
on the Po River in Italy10

Available from authors

[Model discussed in Chapter IV, Section F of this report)

13. Prych21 (Swedish Meteorological and Hydrological Institute,
Stockholm, Sweden)

Type of Model: Three-dimensional integral, steady state

Phenomena Considered: Jet entrainment, ambient diffusion, buoy-
ancy (longitudinal, lateral, vertical) am-
bient crossflow, drag force, interfacial
shear

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Integral technique

Numerical solution of coupled nonlinear
ordinary differential equations

Comparison to Oskarshamnsvorket data
in Sweden,22 Stolzenbach-Harleman tank
data,21 Point Beach and Palisades field
data, tank data of Carter et al.'5'16

Available from author or Argonne

[Model reviewed in this report]

14. Cavanna and Folli20 (Center for Computational and Experimental
Studies, Milan, Italy)

Type of Model: Two-dimensional integral (rapid rivers),
steady state

Phenomena Considered: Jet entrainment, ambient crossflow
Treatment of Flow None
Establishment:

Method of Solution: Numerical solution of coupled nonlinear
ordinary differential equations
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Verification: Comparison wi'Ii data at the Piacenza Plant
on the Po Elver in Italy20

Computer Code: Unknown

[Model discussed in Chapter IV, Section F of this report]

1 5. Abramovich23 (Massachusetts Institute of Technology)

Type of Model: Two-dimensional integral (rapid rivers),
steady state

Phenomena Considered: Jet entrainment, ambient crossflow

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Experimental based upon tank data

Closed form

Comparison with tank data in author's
book2 and comparison with field data taken
at the Piacenza Plant on the Po River20

Not necessary but may be easily written

[Model discussed in Chapter IV, Section F of this report]

16. Engelund and Pedersen24 (University of Denmark, Copenhagen,
Denmark)

Type of Model: Quasi three-dimensional integral (fluid
properties are averaged vertically within
the plume)

Phenomena Considered: Jet entrainment, buoyancy (lateral,
vertical)

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

12S

None

Closed form / '

Comparison^to tank data24

y
Unknown'

17. Sill25 (Virginia Polytechnic Institute and State University)

Type of Model: /X Two-dimensional integral (for rivers)

Phenomena Considered: Jet entrainment, ambient crossflow, shear
/ force (between plume and bottom and

plume and nearshore), bottom depth vari-
ations, surface heat transfer
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Treatment of Flow
Establishment:
Method of Solution:

Verification:

Computer Code:

Integral technique

Numerical solution of coupled nonlinear
ordinary differential equations
Comparison to authors' tank data25

Available from authors

18, Hayashi, Miyahara, and Arita26 (Chuo University, Tokyo, Japan)

Type of Model: Three-dimensional integral, steady state
Phenomena Considered: Jet entrainment, buoyancy (longitudinal,

lateral, vertical), ambient crossflow, sur-
face heat transfer

Treatment of Flow
Establishment:
Method of Solution:

Verification:
Computer Code:

Integral technique

Numerical solution of coupled nonlinear
ordinary differential equations

Comparison to tank data'2

Unknown

19. Shirazi and Davis27 (Pacific Northwest Emdranmental Research
Laboratory)

Type of Model: Three-dimensional integral, steady state
Phenomena Considered: Jet entrainment, ambient diffusion, buoy-

ancy (lateral, longitudinal, vertical), inter-
facial shear, ambient crossflow, drag
force, surface heat transfer

Treatment of Flow
Establishment:
Method of Solution:

Verification:

Computer Code:

Experimental from limited tank data

Numerical solution of coupled nonlinear
ordinary differential equations
Comparison to assorted tank and field
data;27 tank data of Carter et al.15'1' and
Point Beach and Palisades field data (see
Chapter IV)

Available from authors or Argonne

[Model reviewed in this report]
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Complete-field Models

20. Wada (Model No. 2 p (Central Research Institute of Electric Power
Industry, Tokyo, Japan)

Type of Model: Two-dimensional (longitudinal and
vertical) numerical, steady state

Phenomena Considered: Jet entrainment, ambient and jet diffusion,
buoyancy (vertical and longitudinal), bottom
slope, surface heat transfer

Treatment of Flow Numerical

Establishment:

Method of Solution: Numerical by finite differences

Verification: None

Computer Code: Unknown

[Model reviewed in Ref. 4]

21. Pritchard (Model No. l)29 (Chesapeake Bay Institute, Johns Hopkins
University)

Type of Model: Quasi three-dimensional, integral/
phenomenological, steady state

Phenomena Considered: Jet entrainment (vertical, lateral), recir-
culation, surface heat transfer, buoyancy
effects on vertical entrainment (through
vertical mixing depth), limited heuristic
treatment of bottom effects

Treatment of Flow Empirical correlation
Establishment:

Method of Solution: Closed form

Verification: Comparison to Waukegan Plant data,29"
Point Beach and Palisades data (see
Chapter IV)

Computer Code: Available from Argonne

[Model reviewed in this report and Ref. 4]

22. Sundaram, Easterbrook, Piech, and Rudinger30 (Cornell Aeronautical
Laboratory)

Type of Model: Two-dimensional integral, steady state

Phenomena Considered: Jet entrainment, ambient turbulent dif-
fusion, ambient crossflow, surface heat
transfer
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Treatment of Flow None
Establishment:

Method of Solution: Closed form i

Verification: Model was fit30 to data of the Milliken

Station, Lake Cayuga

Computer Code: Available from Argonne

[Model reviewed in Ref. 4] j
23. Elliott and Harkness31 (Ontario Hydro, Toronto, Canada)

Type of Model: Two-dimensional integral/
phenomenological, steady state

Phenomena Considered: Jet entrainment alone simulated in the
integral model for jet trajectory; data
base for other plume characteristics in-
cludes outfall and meteorological param-
eters and measured plumes at the Lake view
site

Treatment of Flow Empirical
Establishment:

Method of Solution: Numerical solution of an ordinary differ-
ential equation for the jet trajectory; the
remainder of the model is closed form

Verification: Comparison again with the same LaVeview
data;31 comparison to field data at the
Douglas Point Generating Station31

Computer Code: Available from authors

24. Giles, Johnson, McComb, Morris, Schell, and Young32 (General
Electric)

Type of Model: Two-dimensional integral in the near field
and three-dimensional numerical in the
far field

Phenomena Considered: Jet entrainment in the near-field model
and diffusion, wind, waves, and surface
heat transfer in the far-field model

Treatment of Flow None
Establi shment:

Method of Solution: Closed form in the near field and finite-
difference solution of the heat energy
equation in the far field
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Verification: Comparison to field data at the
J. H. Campbell Plant32

Computer Code: Available from authors

25. L<oziuk, Anderson, and Belytschko (Sargent and Lundy Engineers)

Type of Model:

Phenomena Considered:

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Two-dimensional integral and numerical,
steady state

Jet entrainment and ambient crossflows
for flow-field integral model, surface heat
transfer, advection and diffusion for the
numerical model of the heat energy
equation

Empirical

Closed form for flow field; finite-element
method for temperature field

Comparison to field data on Horseshoe
Lake (cooling pond), comparison to lab-
oratory model of unspecified thermal dis -
charge into a river33a

Proprietary

26. Brady and Geyer34 (The Johns Hopkins University)

Type of Model: Three-dimensional numerical, transient

Phenomena Considered: Advection, diffusion, pressure differences
in all three directions, surface elevations,
bottom effects, ambient crossflow, surface
heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Verification:

Computer Code:

Numerical

Finite-difference scheme for continuity,
momentum, and heat energy equations

None

Available from authors

[Model reviewed in this report]

27. Till35 (University of Missouri - Rolla)

Type of Model: Three-dimensional subchannel balancing
technique, steady state

!'*•



Phenomena Considered:

Treatment of Flow
Establishment:

Method of Solution:

Aclvection. diffusion, pressure differences
in all throe directions, bottom effects,
ambient « rossflows, surface heat transfer

Subchannel balancing technique

Verification:

Numerical solution of coupled nonlinear
ordinary differential equations

Compared to data taken at F'hilip Sporn;35a

comparison to field data acquired at the
Point Beach po\vc;r plant* (see Chapter II
of this report)

Computer Code: Available from author

{Model reviewed in this reportj

28. Pritchard (Model No. 2)>fe (Chesapeake Bay Institute. The Johns
Hopkins University)

Type of Model: Quasi three-dimensional phenomenological
(from empirical correlations), steady state

Phenomena Considered: Data base includes crossflow, bottom.
aspect ratio, and initial densimetric
Froude number effects

T reatment of Flow
Establishment:

Method of Solution:

Verification:

Empirical

Closed form

Author's comparison36 to tank data of
Carter et al..15 Pilgrim Plant field data
and Ginna Plant field data; comparison to
tank data from Carter et al.15*16 and Point
Beach field data (see Chapter IV)

Compuler Code: Available from Argonne

[Model reviewed in this report |

29. Pritchett, England, and Taft37 (Systems. Science, and Software'

Type of Model: Three-dimensional numerical, transient

Phenomena Considered: Advection. diffusion, pressure differences
in all three directions, bottom effects,
ambient crossflow. surface heat transfer

Treatment of Flow
Establishment:

Numerical
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Method of Solution:

Verification:

Finite difference scheme for continuity,
momentum, turbulent energy, and heat
energy equations

Compared to data taken at Point Beach
and Pilgrim plants (see Chapter II)

Computer Code: Proprietary

[Model reviewed in this report]

30. Wu and Gallagher38 (Limnetics. Incorporated)

Type of Model: Three-dimensional integral and three-
dimensional numerical, steady state

Phenomena Considered: The model couples Prych's analysis of
the near field to a diffusion analysis in
the far field. The latter analysis involves
the heat-energy equation alone and treats
lateral and vertical diffusion in addition
to longitudinal advection in the direction
of the current.

Treatment of Flow
Establishment:

Method of Solution:

Integral technique (from Prych)

Numerical solution of coupled nonlinear
ordinary differential equations in the near
field (Prych's analysis); finite-difference
solution of the heat energy equation in the
far field

Verification:

Computer Code:

31. Waldrop and Farmer39 (Louisiana State University)

None

Available from authors

Type of Model: Three-dimensional transient numerical
model

Phenomena Considered: Advection, diffusion, pressure difference
in all three directions, surface elevations,
bottom effects, ambient crossflow, surface
heat transfer

Treatment of Flow
Establishment:

Method of Solution:

Numerical

Finite-difference scheme for continuity,
momentum, and heat energy equations

Lfc
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Verification: Comparison to Point Beach and Holston

River field data39c-39d (see Chapter II)

Computer Code: Available from authors

[Model reviewed in this report]

32. Paul and Lick40 (Case Western Reserve University)

Type of Model: Three-dimensional transient numerical
model

Phenomena Considered: Advection, diffusion, pressure differences
in all three directions, surface elevations,
bottom effects, ambient crossflow, surface
heat transfer

Treatment of Flow Numerical
Establishment:

Method of Solution: Finite-difference scheme for continuity,
momentum, and heat energy equations

Verification: Comparison*"1 to two Point Beach thermal
plumes (sec Chapter II)

Computer Code: Available from authors

[Model reviewed in this report]
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II. SUMMARY AND EVALUATION OF INDIVIDUAL MODELS

A. Introduction

This chapter discusses and critiques the theoretical development of
11 mathematical models that can be used for predicting surface thermal plumes.
The reviews are organized first by mathematical approach and then within each
approach by publication order. Moreover, the first generation models that use
the integral, integral/phenomenological, and the phenomenological approaches
are presented before the more recent numerical models. Further, the model
reviews vary in content and detail. Abbreviated reviews are given of the Motz-
Benedict, Stolzenbach-Harleman, and Pritchard No. 1 models, since they were
considered in an earlier publication of the Great Lakes Research Program
(Policastro and Tokar. 1972); of the Pritchard Model No. 2, since little experience
with it exists; and of the Brady-Geyer model, since i t i s not presently suitable for
prototype application. Only as much detail as is required to delimit what is
and what is not included in model development is provided. In contrast, the
numerical models of Paul and Lick; Waldrop and Farmer; Till; and Pritchett,
England, and Taft are given an expanded discussion so that readers may more
fully understand these complex numerical schemes. As documentation of these
models in the literature is often poor, the reviews were carried out in close
consultation with the authors of the models to resolve questions and to clarify
points in an effort to be as thorough as time permitted.

In addition to the criticisms leveled on a model-by-model basis in this
chapter, certain generic criticisms are given an expanded discussion in Chap-
ter III. That chapter seeks to identify the important modeling issues. In ad-
dition, the integral and phenomenological models are compared with laboratory
and prototype field data in Chapter IV. These comparisons, in principle, rep-
resent true laboratory and prototype testing of the models. Given our phi-
losophy for evaluating models, these comparisons are essential and form the
basis for many of our opinions on the viability of each model. Thus, considera-
tion of the information presented in total is necessary before deciding which
models are suitable for individual applications. Comparisons, of numerical
model predictions with prototype data ars included in the model reviews
of this chapter because they are few in number and they aid in explaining model
development. Some of these comparisons were carried out as mere modeling
exercises or as part of model development.

An unavoidable weakness of this report in general, and this chapter in
particular, is the omission of models that should have been reviewed. A good
example is the model by Stefan (Ref. 18, Chapter I). This integral model is
simple and easy to apply. The original computer code contained only a few
easily-corrected errors. Its major shortcoming seems to be the omission of
buoyancy-induced motion along the jet axis, which becomes important at low
densimetric Froude numbers. This model has received less attention in the
literature than have some others, but should not be discounted for that reason.
Time simply did not permit an investigation of all existing models.
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With readers forewarned that reviews of the models presented here
focus on model construction only and hence are not complete without the ad-
ditional information in Chapters III and IV, and with the imbalance in detail
explained, we proceed with the model summaries.
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B. Motz-Benedict Integral Model1

1. Synopsis of Approach

This two-dimensional, steady-state model uses an integral analysis.
Temperature and velocity profiles are assumed to be Gaussian in shape, equal
in width, and similar for all jet cross sections in the region of established flow.
These assumed profiles are used to generate ordinary differential equations
for the conservation of mass flux, x- and y-momentum flux, and heat flux. Two
additional equations of geometry complete the set of six ordinary differential
equations that is solved by a fourth-order Runge-Kutta scheme.

The results of hydraulic model studies conducted by Motz and
Benedict are used to handle the region of flow establishment and to provide
appropriate values for the model parameters.

2. List of Symbols

A Ratio of ambient velocity to initial jet velocity; U a /U o

b Half-width of jet

bo Half-width of outfall

bo Half-width of jet at end of flow-establishment zone

C Circumference through which tntrainment takes place

CJJ Drag coefficient

Cjj Reduced drag coefficient

c_ Specific heat

dA Differential area of jet cross section

E Entrainment coefficient

Frj Drag fcrce

Wo Initial densimetric Froude number

K Surface heat-transfer coefficient

M Nondimensional momentum flux

O Origin of the coordinate system (x, y), beginning of zone
of established flow

O' Origin of the coordinate system (x'.y1). point of jet discharge

s Coordinate axis of jet, referenced to beginning of zcne of

established flow

s1 Coordinate axis of jet, referenced to point of jet discharge

s e Length of flow-establishment zone
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S Nondimensional distance along jet axis, referenced to be-

ginning of zone of established flow

T Centerline temperature excess

T o Initial centerline temperature excess

T1 Local temperature excess

u Local jet velocity

U Centerline jet velocity
U a Ambient velocity
U o Initial jet velocity

V Nondimensional volume flux

VJ In-flow velocity

Wr Ratio of the width of the ambient system to the discharge
width

x Longitudinal axis, referenced to beginning of zone of estab-
lished flow; long-shore distance

X Nondimensional longitudinal axis, referenced to beginning of
zone of established flow

y Lateral axis, referenced to beginning of zone of established
flow; offshore distance

Y Nondimensional lateral axis, referenced to beginning of zone
cf established flow

z Depth of jet

Z r'ondimensional depth of jet

0 Angle between jet and ambient current

|3' Discharge angle

P o Angle of jet with current at end of flow-establishment zone

7] Horizontal distance along axis perpendicular to s axis

6/So Excess temperature ratio used when referring to isotherms

p Density

p a Ambient density

3. Basic Assumptions

The model is developed in the context of a coordinate system shown
in Fig. II.B.I. One coordinate, s, lies along the jet centerline; the other co-
ordinate, 1), is perpendicular to the centerline in the horizontal plane. The
basic assumptions oi the model are:
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a. The jet is completely turbulent when fully developed. Velocity
and temperature profiles are then assumed to be given by

and

where

u(s,T|) = U(s)exp(- \

= T(

and

u = local jet velocity parallel to jet centerline.

U = jet-centerline velocity,

b = characteristic width of the lateral profile,

T1 = local temperature excess,

T = jet-centerline temperature excess.

b. The effects of ambient turbulence are negligible.

c. Buoyancy forces completely inhibit vertical entrainment, but
are otherwise negligible.

d. Lateral entrainment is simulated in terms of an inflow ve-
locity, which is assumed proportional to the difference between the jet-
centerline velocity and the component of the ambient velocity along the jet
centerline; thus,

Fig. n.B.1

Motz-Benedict Coordinate System.
(Adapted from Motz-Benedict. 1)
ANL Meg. No. 190-1180.

i

_ _ | o1 I — 2btf
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where

and

= K(U - Ua cos P),

vj = local entrainment velocity,

U = jet-centerline velocity,

U a = ambient velocity,

0 = angle of jet trajectory with ambient velocity,

E = empirical entrainment coefficient.

The entrainment coefficient is to be determined by the combined use of
Fig. II.B.2 and Table n.B. l . Motz and Benedict do not specifically state how
this is done, other than to suggest that the coefficient should be first estimated
from Fig. II. B.2 and then corrected for the effects of initial discharge angle
and the finite width of the receiving body using Table II.B.I. (See Criticisms
and Limitations, Sec. 5 below.)

e. Crossflow interaction may be treated as though the jet were
a solid body experiencing form drag due to the acceleration of ambient fluid
around the jet. The force acts perpendicularly to the jet centerline as shown
in Fig. II.B.3. The drag force is assumed to ba of the form

C D Z U a s i n 3

U.3

0.4

03

0.2

01,
i

0.01

-

A

-

O

o

•

o

a

o

o

• •

E far A-0.2
5 m

m

#

1 |

•

^ — — ^ _ _ — —

• WTZ-BBKOICT

O TWI-BHEOtCT

a STEM*

A «U£«S.nK
• «KHK«ianr
o BOWERS ma

A R0NKKKL7

• i I

0.0 0.1 0.2 0.3 0.4
A as 0.7

Fig. n.6.2. Enttainment Coefficient as Function of Amfciem-
to-dischaige Velocity Ratio. (Adapted bom Motz-
Benedict.1) ANL Neg. No. 190-1144.
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TABLE II.B.I. Effects of Angle and Width Ratio on
intraincnt Coefficient (fro> M>tz-Benedict3)

Data Source

Lab

Lab

Widows Creek

VIM
VU2
TVA

New J o h n s o n v i l l e

Stefan (lab)

Vandy (lab)

Fitch
(lake St.

Croix)

Ayers
(Michigan City)

tafcerg
(Waukegan)

fio

90°

45660°

85°
85°
85"

60*

-

90°

60°

90*

90*

ffo

3.4-6.9

3.1-6.3

4.3
3.7
3.7

1.3

3.7-4.1

4.2-7.4

-1.0

1.2

5.6-6.0

°o

1.37-5.2

1.53-5.2

2.0
1.5
1.33

1.75

-

3-30—

3.19b

10b

1.7-5.6

V

24

24

7.5
7.5
7.5

4

34

24

20

-

-

E

avg • 0.4

avg - 0.2

0.16
0.16
0.16

0.04

.06-.09

0.4-.04

.11-.296

.04

.046-.059

aHr is defined as the ratio of the width diaension of the receiving body to
the width of the discharge. Ihis value is only significant for rivers,
hydraulic nodels and perhaps saall lakes.

bEstiaated values.

ii

Fig. U.B.3

Force Diagram of Motz-Benedict Model. (Adapted
fona MoE-Benedict.l) ANLNeg. No. 190-1141.

hi.:

m
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where

and

F Q = drag force per unit length,

Z = depth of the jet,

C Q = empirical drag coefficient, normally taken to be about 0.5.

f. Surface heat exchange is small and may be treated through
the use of an empirical heat-transfer coefficient as

q s = KT'.

where

and

q s = rate of heat loss per unit area,

T1 = local temperature excess,

K = empirical heat transfer coefficient.

I'. The centerline temperature and velocity remain unchanged
from their nominal values throughout the zone of flow establishment, which

begins at the point of discharge and ex-
tends a distance s e downstream. In the
zone of flow establishment, the width
grows from its initial value of b o to the
value bo while the angle between the jet
and the current changes from 3O at the
outfall to 0O at the end of flow establish-
ment. Thus, the region of flow establish-
ment is characterized by the parameters
s e , bo, and Po. The authors of the -.nodel
recommend that b o /b o be taken as a con-
stant, 1.6. The values of s'e and 0O are
functions of the ratio of ambient to out-
fall velocity. Figures II.B.4 and 5 show
the results of their hydraulic model
studies to correlate these parameters
with the velocity ratio.

2.0 -

1.0 -

0.5
0.1

1 I I I

-

" >< :

M
il

I i l l

1 i 1 I

A -
90.0*

60.V
45.0*

1 1 1 1
0.2 0.S

Fig. n.B.4. Length of Flow Establishment as a Func-
tion of Ambient-to-discharge Velocity
Ratio. (Adapted ftom Motz-Benedict.3)
ANI. Neg. No. 190-H55 Rev.l.

4. Equations of the Model

The authors of the model
develop four basic conservation equations

in terms of the integrated quantities of mass flux, momentum flux in the
x direction, momentum flux in the y direction, and heat flux. The integral
form of these conservation equations is given in Table II.B.2.
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TABLE II.B.2. Integral Form of Conservation
Equations for Motz-Benedict Model 7

IS.Conservation of Mass Flux

% J u dA - J V± dC
A C

Conservation of Momentum Flux in the X-direction

d D ' u (u cos B) dA I = C V- U
A J a * FD sin

Conservation of Momentun Flux in the Y-direction

d / u (u sin B) dA j = - FD cos S

Conservation of Heat Flux

u = local velocity

V- = entrainment velocity

Ua = ambient velocity

T1 = local temperature

3 = angle of jet trajectory with shore

FD = drag force on jet

K = heat loss coefficient

P = density of effluent

c = specific heat of effluent

A = cross sectional area of the jet
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8
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1
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A
a
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1 I I

*

A. -
o 90.0*
• 60.0'
a 45.08
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0.0 05

*
u>

Fig. H.B.5. Angle of Jet with Cunem at End of Zone of Flow Establish-
ment as a Function of the Discharge Angle and the Ambiem-
tc-Dischaige Velocity Ratio. (Adapted ftoro Motz-
Benedicc3) ANL Neg. No. 190-1188.

The conservation of mass flux is arrived at by equating the rate
of change of mass flux along the jet centerline to the net inflow due to entrain-
ment. The two equations for the conservation of momentum flux are developed
by equating the rate of change of momentum flux along the jet centerline to the
rate of entrainment of ambient momentum plus the net drag force in each cf
the two coordinate directions. The conservation of heat flux is expressed as
an equality between the rate of change of heat flux along the jet centerline and
the rate of surface loss.

Using the assumed forms for the local velocity and temperature
distributions, integral quantities may be determined and the conservation equa-
tions expressed in terms of a single independent variable, s. Nondimensional-
izing the conservation equations and adding the two equations of geometry yield
the set of Table II.B.3.

5. Analysis

The values of nine parameters must be established in order to
make model calculations:

po = angle of discharge with respect to the current,

bo = half-width of the outfall channel,

A = ratio of ambient to outfall velocities,

E = entrainment coefficient,
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(N cos B) * / ? > ( " - A cos 6 • ACJ sin2

Equations of Geoaetxy

§-cosB

| r - s i n B

V • I T 5 - (nondiaensional voliae flux)
o o

H - T° (nondiasisional mmeatam flux)

Q • ..f¥ • (nondiaensional heat flux)
uo o o

S m s (nondisensicnal axe length)

Zo - - ^ - z0 (nondi«nsional pluae depth)

U
A » jp (nondiaensional aabient current)

Cp • jjjr (reduced drag coefficient)

• - — ^ - ^- (reduced heat loss coefficient)

i
TABLE II.B.5. Nondimensionalized Equations of I

the Motz-Benedict Model If

Conservation of Mass Flux t
)

Tff * v * A cos B

Conservation of Moaentui Flux in X-direction

Conservation of Hoaentua Flux in Y-dixecticn •'

^ (M sin 6) - - STk (ACJ sin B COS B) : ••

IConservation of Heat Flux <#
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Q = drag coefficient,
K = heat-transfer coefficient,

L = ratio of length of flow establishment to the width of the
outfall,

r = ratio of jet width at end of flow establishment to the width
of tite outfall.

and

r' = ratio of the angle the jet makes with the current at end of
flow establishment to the equivalent angle at the outfall.

Among the nine parameters, only the first three are directly
measurable. The others must be determined from experimental data. Be-
cause the data are sparse, the results from which the values are to be deter-
mined are inconclusive and prove to be one of the greatest inadequacies of the
model. Until these parameters have been well correlated with experimental
data, we cannot recommend the model as a predictive tool. Not all the param-
eters, however, are significant in their effect on model predictions. It is
important, from both a modeling and practical point of view, to determine which
parameters are most important in fitting the model predictions to data. To
this end, it is instructive to examine the exact analytical solution that exists
for A = K = 0.

T

AREA(e/eo) =

16 T ln\

Lr + f(e/6o)|-J;

s~z d<r « 0.095X"4 < 0.5).

This last formula allows a quick estimate of the area within the lower isotherms
without using the computer code.

j
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lIn this simplified example, the crucial parameters; of the model ?'
are exposed. They are the entrainment coefficient E and the jet-width ratio r.
The parameter L i s significant only in determining the location of predictions
with respect to the outfall. We note also from the above solution that center -
line velocity and temperature decay approximately as s'1**, while width grows
linearly. Areas are roughly proportional to r z / E .

For the more general case of A / 0, the deviation from the above
behavior is smal l . The effects are principally on the jet trajectory, but widths ,.,,
and areas are normally smal ler in the presence of crossf low. %:

For typical values of K, the effects of surface heat l o s s are smal l fg
and are detectable only at large distances from the outfall near the l imit of §8
the model1 s applicability. Areas within lower temperature i sotherms are j#
slightly reduced, and the rate of temperature decay i s somewhat increased.

A computer program written by Motz and Benedict has been mod-
ified by the Argonne Energy and Environmental Systems Division to facilitate
our comparisons of model predictions with prototype field data. These c o m - *
parisons appear in Chapter IV. We have also prepared a sample calculation I i"
with this program; the input parameters and computer output appear in I*
Appendix A. \-,

6. Criticisms and Limitations j -

a. Generic Limitations of Integral Models. The generic limitations - ;
of integral models are summarized in the Shirazi-Davis review (Sec. II.E), the \J:

last in the sequence of integral models considered. id

b. Specific Limitation of the Motz-Benedict Model i :

[ :
(1) Range of Initial Pensimetric Froude Number. Because ! •

the model treats neither vertical entrainment nor buoyant forces, the types of j
discharges for which the model may be used are severely limited. For \ %
densimetrie Froude numbers l e s s than about 5, buoyant convective motions I §
and the resulting lateral spreading are important. For densimetric Froude K
numbers exceeding 5, a substantial amount of vertical entrainment may be •
expected. Within the Froude-number ranges referred to, these effects have i .
been neglected. :

9
(2) Small Ambient Currents. The local jet velocity is assumed

to go to zero at large distances perpendicular to the jet centerlme. Such an
assumption is obviously physically invalid when a nonzero, crossflow velocity
exists. Motz and Benedict chose this form to obtain convenient nondimensional
relationships in terms of the velocity ratio A. If the velocity inflow equation
were modified to account for an asymptotic approach to the ambient cross cur-
rent (or better, its component in the jet axial direction), the fitted values of E
would probably differ from those presently specified by the authors of the
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model. In any case, this inflow velocity assumption becomes a physically in-
valid approximation when any but small ambient currents are present. The
assumption is especially inappropriate at distances from the outfall where the
jet centerline velocity approaches the ambient current value. Moreover, for
ambient velocities of the same order of magnitude as the outfall velocity, the
existence of a Gaussian velocity or temperature profile is doubtful. An addi-
tional problem in model applications when an ambient current is present in-
volves the erratic results that occur when the ambient velocity exceeds about
half the outfall velocity.

(3) Correlation of E with Ambient Velocity Only. The authors
of the model assume that the. entrainment coefficient can be successfully cor-
related with the ambient-to-outfall current ratio alone. There is considerable
experimental evidence that entrainment depends on many other factors such as
local densimetric Froude number or local ambient turbulence. In its present
form, the model does not consider these effects.

(4) Unequal Spreading Rates for Heat and Momentum. Ex-
perimental data have indicated that velocity profiles in a turbulent surface jet
are about half as wide as the temperature profiles. The model cannot success-
fully predict this behavior, since the assumption of equal widths is incorporated
into the foundation of the model.

(5) Vague Selection Procedure for Entrainment Coefficient, E.
Unfortunately, Motz and Benedict do not provide a clear, definitive scheme for
selecting one of the most crucial parameters of the model, namely, the entrain-
ment coefficient. Instead, a shotgun pattern of data is given (Fig. II.B.2) from
which a value of E is to be obtained, based on the current ratio, A. For 90°
initial discharge angles and A = 0, a value of 0.04 is recommended. For the
same angle and A > Q.Z, a value of 0.4 is suggested by the authors. In between,
where many prototype situations lie, there is no clearly specified value. In
the past, we have used linear interpolation between the above values, but must
admit that the choice is arbitrary. The correction for an oblique discharge
angle requires the insight of the user. When the current is large (A 2 0.Z),
the authors of the model recommend that a value of 0.2 be used for the entrain-
ment coefficicient if the discharge angle is more like 45 than 90°, say 15-60°.
For smaller ambient currents, the correction is less certain.

The major drawback to using this model in a predictive
sense is the need for the specification of the drag, and particularly the entrain-
ment coefficients. The value of the entrainment coefficient depends on boundary
effects, the relationship being unknown, except in a gross way.

The drag coefficient Crj is reasonably well behaved, com-
paring favorably with the empirically obtained laboratory data. As a first ap-
proximation, therefore, either an extrapolation of the laboratory coefficients
to the prototype situation can be considered to obtain CD , or a value of roughly
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0.5 can be assumed, as indicated by the field data of Motz and Benedict. They
recommend the value 0.5 for general use; the model is not sensitive to the '-
value chosen, except in determining the jet trajectory.

U
The model predicts characteristically long, narrow iso- :

therms for nearly all applications. For problems having lower densimetric
Froude numbers, the model underestimates plume widths and surface isotherm \j
areas. j "

More difficulties appear upon a close examination of ',
Table II.B.I and Fig. 11.3.2. A simple inspection shows considerable variation 27
in the value of the entrainment coefficient from situation to situation. In par-
ticular, for lake data, the value of £ is shown to be extremely small, ~0.04; ac

while for riverine situations, E is about an order of magnitude larger. A
particularly interesting contrast is afforded in Table H.B.l when the Motz-
Benedict laboratory data for 90° are compared with the Romberg-Ayers lake ;
data. Although most of the initial conditions are similar, the entrainment co- ,
efficients are different by a factor of about 10. The influence of ambient cross-
flows on the entrainment coefficient as the velocity ratio A approaches low ^
values may be important here. Perhaps, too, part of the problem lies with the
fact that the data were taken from locations at which prominences (breakwaters,
for instance) were present.

Reference

1. L. Motz and B. Benedict, Heated Surface Jet Discharged into a Flowing
Ambient Stream, Department of Environmental and Water Resources
Engineering, Report No. 4, Vanderbilt University, Nashville, Term.
(Aug 1970).

" i\ T. •. •-. -.- .J
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C. Stolzenbach-Harleman Integral Model1"5

1. Synopsis of Approach

This model is developed from the three-dimensional, time-
averaged equations of mass, momentum, and energy conservation for a turbu-
lent, incompressible fluid. Molecular processes such as heat conduction and
viscous transfer are ignored as is mechanical dissipation. These equations
are integrated using similarity forms for temperature and velocity to yield a
set of nonlinear ordinary differential equations that must be solved numerically.

The model relies on nonbuoyant jet theory, wherever possible, with
corrections made for buoyant effects- Accordingly, entrainment coefficients
are determined first by solving the nonbuoyant jet equations and then by reduc-
ing vertical entrainment to conform to the experimental results of Ell icon and
Turner.6 Buoyant spreading is simulated by means of a lateral spreading
velocity. Crossflow velocities are assumed small, with the corresponding
dynamic pressure neglected.

2. List of Symbols

A

b

b

bo

nb

Discharge channel aspect ratio; h o / b o

Half-width of the turbulent region of the jet

Half-width of the discharge channel

Specific heat of water at constant pressure

Ratio of local jet flow to initial discharge flow; dilution

Diameter of circular discharge

Depth of water in hydraulic tank

^ 1 Nonbuoyant spreading rate

Densimetric Froude number;

Densimetric Froude number at the point of discharge;

u«
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FT Local densimetric Froude number in the jet;
L

Fy, F z Similarity functions for jet-velocity distribution

f Similarity function for velocity; (1 - ^Z)Z

g Acceleration due to gravity

HT Dimensionless heat flux

h Vertical height of turbulent region of jet

h h / - /h o b o

h o Depth of the discharge channel

= 0.4500

= 0.3160f
J t(c)dg = 0.6000

Jj t(c)dCdC = 0.

f
Jo

2143

= 0.2222

Jo

J f(c)t(£}dc = 0.3680

k Surface heat loss coefficient

p Pressure

p^ Dynamic pressure

r Vertical distance from jet centerline to boundary of
core region

r r / V h o b o
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s Horizontal distance from jet centerline to boundary of

core region

s s / V h o b o

T Local temperature
T' Turbulent temperature fluctuation

T a Ambient temperature

T o Outfall temperature

Ty, T z Similarity function for jet temperature distribution

t Similarity function for temperature; (1 - £3</2)

u, Vt w Velocity components in coordinate system relative to
centerline of the deflected jet

u', V'I w1 Turbulent velocity fluctuations

u. v, w Velocity components in the fixed coordinate system

u Dimensionless surface centerline jet velocity; U ^ U Q

u o Velocity in discharge channel (assumed uniform)

u c Surface centerline jet velocity

V Ambient crossfiow velocity

V Ambient to outfall velocity ratio; V / u o

Vjj Lateral velocity in jet at \y\ = s and -h < z < -r

v e Lateral velocity of entrained flow at jet boundary

v s Lateral velocity in jet at |y | = s and -r < z < T)

w e Vertical velocity of entrained flow at jet boundary

wjj Vertical velocity in jet at z = -r and s < | y | < b + s

wr Vertical velocity in jet at z = -r and 0 < | y | < s

x, yi z Coordinate directions relative to centerline of the
deflected jet

x, y, z Coordinate directions infixed system

x Bimensionless distance along jet centerline; x/vhobo

a L teral entrainment coefficient in nonbuoyant and

buoyant jets

az Vertical entrainment coefficient in a nonbuoyant jet

a _ Vertical entrainment coefficient in a buoyant jet
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0 Coefficient of thermal expansion; —rr= =" s;
P oT p AT

AT Temperature e x c e s s above ambient: (T - T a )

AT Surface centerline temperature e x c e s s ratio; A T C / A T O

A T C Surface centerline temperature e x c e s s ; ( T c - T a )

ATO Initial temperature excess at the discharge; (T o - T a )

Ap Difference between local and ambient water d e n s i t i e s ;

(Pa - P)

Apo Density difference at the discharge; (pa - Po)
e Spreading rate of the turbulent undeflected nonbuoyant

jet fO.ZZ)

T\ Water surface elevation

9 Angle between jet centerline and y axis

8 O Angle between d i scharge channel center l ine and y ax i s

P Density of water

Pa Density of ambient water

p o Density of effluent at the outfall

3. Basic Assumptions and Model Development

The two coordinate systems used in the development of the modei
equations are shown in Fig- II.C. 1. The x, y, z system is a rectangular
Cartesian coordinate system oriented so that the x direction i s offshore, the

CROSS FLO*

TOP
VIEW

Fig. n.c.1
Stolzenbach-Harieman Coordinaie
System. (Adapted ftomStolzenbach
and Hailenun.3) ANL
No. 190-1148.

HDUI1
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y direction is shore parallel, and the z direction is vertically downward- The
origin is located at the midpoint and surface of the discharge channel. The
second system, designated x, y. z, is a rectangular Cartesian system cen-
tered on the hypothetical jet axis as shown in Fig. n.C.l. These two systems
are related by the following equations of geometry:

dx
dx— = sin 6 (1)

and

= c o s (2)

where 9 is the angle between the jet centerline and the y axis. Also shown in
Fig. II-C-1 is the profile of the ambient crossflow V(x) assumed in model de-
velopment. The ambient flow is treated as shore parallel but is allowed to vary
with offshore position.

Motivated by experimental results from nonbuoyant jet theory,
Stolzenbach and Harleman divide the jet conceptually into four separate regions
as shown in Fig. II.C.2. The assumed physical characteristics of the four re-
gions are:

SIDE
VIEW

VELOCITY TEMPERATURE
DISTRIBUTION DISTRIBUTION

CROSS SECTION

Fig. II.C.2. Assumed Jet Structure of Stolzenbach-Harlenun Model. (Adapted from
Stolzenbach and Harleman.3) AtSL Neg. No. 190-2261 Rev. 1.
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Region 1: An unsheared central core of half-width s and depth r.
Region 2: A vertically sheared region of thickness h below the

core.

Region 3: A horizontally sheared region of width b. laterally
adjacent to the core.

Region 4: A region sheared in both directions.

In the unsheared regions, the velocity and temperature profiles are assumed
to be uniform, whereas in the sheared regions the profiles are assumed to
decay smoottily from their maximum value at the interior edge of the region
to zero at the boundary of the jet. In particular, the similarity profiles as-
sumed for the jet are taken to be

and

where

u(x, y. z) = uc(x)FyFz + V cos 6

AT(x.y.z) = ATc(x)T Tz .

(3)

(4)

and

T, =

1.

t(

0

1.

0

0

0

—1 s

s

< |y|

<W\

+ b<

r < z

< s

< s +b

|y|.

. 0

Fy =

= T|.

t(c) = 1 - C3/2

z< -r - h,

(5)

(6)

(7)

(8)

(9)

It should be noted here that regions 1. 2, and 3 exist only within the initial flow-
development regime commonly referred to as the zone of flow establishment.
At the outfall, only region 1 exists implying that a uniform discharge profile is
assumed.
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Unlike the other integral models reviewed, where model equations
are derived by balancing mass, momentum, and heat flows into a control vol-
ume slice of the jet, the Stolzenbach-Harleman equations are obtained by
integrating the equations of flow with terms of small order omitted. To do
this a number of boundary and interregion conditions must be specified. On
the one hand, the control-volume methods present, in our opinion, a clearer
view of the physical assumptions being made, but entail a number of confusing
geometric considerations such as the vector addition of velocities at the center
and edge of the jet. On the other hand, the Stolzenbach-Harleman approach
tends to obscure the assumptions being made, but does allow an almost mechan-
ical derivation of the model equations. Stolzenbach5 states that, with the divi-
sion of the jet into four regions, the control volume approach is particularly
cumbersome from the standpoint of satisfying the attendant geometrical
considerations.

The concept of entrainment is introduced in developing the model
equations. In the Stolzenbach-Harleman treatment, a lateral entrainment
velocity ve and a vertical entrainment velocity we are assumed to exist on the
three submerged sides of the jet. These entrainrnent velocities are further
assumed to be proportional to the centerline velocity uc(x). Thus,

= ffyUc(x),

and

(10)

(11)

where aBZ and ay are vertical and lateral entrainment coefficients, respec-
tively. To evaluate these coefficients, the authors apply results from nonbuoy-
ant jet theory. Lateral entrainment is assumed to be only negligibly affected
by buoyancy and the above formula is applied without a correction for buoyancy.
Vertical entrainment is reduced to account for the presence of buoyant forces
according to the theory of Phillips7 and the experimental results of Ellison and
Turner.6 Stolzenbach and Harleman write

(12)
- d i

lie
. 2

ftl"

h£
2

Uc

s

s

r

r

> 0

= 0,

> 0

= 0, (13)

and

a sz = «zexp(-5.0F£f), (14)

where e is the spreading rate of a nonbuoyant jet, normally taken to be 0.22.
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The derivation of model equations is outlined in Tables II.C.1-3.
An important point here is that the assumptions and conditions used in the
derivation are motivated largely by the desire to achieve equations which, in
their final form, state the basic conservation laws for integral quantities such
as mass , momentum, and heat flux. In a sense, the end justifies the means
although Stolzenbach and Harleman1'3 present plausibility arguments to sup-
port the specific boundary conditions given. The reader should refer to the
original reports for those arguments, for they will not be repeated here.

TABLE II.C-1- Partial Differential Equations of SloEzenbach-Harleman
Model Indicating the Scale of Various T e r m s

Conservation of Mass

1 1 I

Conservation of Longitudinal Momentum

/

z

3x - a ~x ~x "V -*

i . 1 5 F"' 5 6 1 1

Conservation of Lateral Momentum

juv by* 3vw ^ p / J^p _I_ "Pd JuV cv'z :v'w'
3x by dz *e?y " TA J[ ~ Z " 7̂  ^ ^ sj" " 5*

1 1 1 5

Conservation of Vertical Momentuir

duw

6

dvw

5

Conservation of Heat

i u T
Ox

1

dvT
Sy

1

s

dwT

i

1 sPd
p a cz

d£TJ

F

k

Sx
£

av-T'
»y

1

dy

1

dw'T

' IT

where

u. v. w - mean velocity components

u'. v*. w' - fluctuating ve loc i ty components

T - mean temperature

T" - fluctuating temperature

^ surface elevation

P = density of fluid

a = reference density

Ap = o a - p

p d - dynamic pres sure

g = acce lerat ion due to gravity



60

TABLE n.C-2. Stolzenbach-Harleman Equations with
Terms of Small Order Neglected

Conservation of Mass

du dv dw
dx dy dz

Conservation of Longitudinal Momentum

du* . duv duw „ f d&! . , du'v1 3u'
-3— + -5— + -5— = 9g I -3— dz1 - - 3 — - —5-
dx dy dz 6 I dx dy d:

Jo

Conservation of Lateral Momentum

aduv dv Svw 1
dx + dy * dz 8 /

Conservation of Vertical Momentum

dy dz

Conservation of Heat

duAT dvAT
Ax dy dz

dv'T' Sw'T'
dy " 3z

TABLE II.C.3. Integration of the Stolzenbach-Harleman Equations

Continuity and x-momentum Equations

The continuity and x-momentum equations are integrated separately
over the four regions of the jet using the following boundary and interregion
velocities:

At the bottom of the jet (z = -r - h)

o<W<.

s + b <
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TABLE II.C.3 (Contd.)

and

on the side of the jet (|y| = s + b)

- r < z < 0

z < -r - h.

where

and

f(C) = t*(c) = (1

ve = ayuc(x).

we = oszuc(x).

At z = r

0 <

At |y|

s + b < |y|.

-r < z < 0

> z < - r - h.

Since the interregion velocities wr, wj,. v s . and vb are eliminated in the next step, only
the functional form of the interregion conditions is important.

Turbulent transfer between jet regions and between the jet and ambient is elimi-
nated by requiring that:

At y = 0. ly( = s, |y| = s + b. (v1)2 = u'v' = v'w1 - 0.

At ii = 0. z = -r. z = -r - h. (w1)* = u'w1 = w'v1 - 0.

Two additional boundary conditions are obtained from jet symmetry

v = i a t y = 0

i * •

i

• 4
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TABLE n.C.3 (Contd.)

and from the free-surface condition

w = 0 at 2 = 0.

Using these boundary conditions, the following eight equations may be
obtained.

Region 1. continuity

d
rs—-(uc + V cos 6) + rvs - swr - 0.

Region 2. continuity

s—[h(uclj + V cos 9)J + (uc + V cos 8)j£ + wr - orSz"c + vbhl! - 0.

Region 3, continuity

d .- . ds
r-^[b(ucli + V cos 9)] + (uc + V cos 9)-j— - v s + ayu c - wjjbli - 0.

Region 4, continuity

g^[hb(uclf + V cos 9)] + (ucli + V cos 6 ) ( b ^ + h-J—) + (wj, - a s zu c)I,b- (vb-ayuc)I,h = 0.

Region 1. x momentum

(uc + V cos 9)[2rsj~(uc + V cos 6) + rvs - swrl +

Region 2. x momentum

s<-^-[h(u2I2 + 2ucI,V cos 9 + V2 cos2 9)) + (uc + Vcos 9)2 |p + wP(uc + V cos 9)

(' d&Tch
2 dr\l

I4— " + IjATch—!>• + vbh(ucl2 + I,V cos 9) = 0.

Region 3, x momentum

[|l2 + 2ucl!V cos 9 + V2 cos2 9)] + (uc + V cos 9 ) 2 ^ - v s(u c + V cos 9)
dfiTcbh

1 [i daTc
oryucV cos 9j - wnb[ucl2 + I,V cos 6| + 6g\f — ^«yuc

+ ATc(V+I,hrJS2.| =
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TABLE II. C. 3 (Contd.)

Region 4. x momentum

^[hb(ucl| + 2uclfV cos 6 + V2 cos2 8)] + (ucl2 + 2ucI,V cos 0 + V2 cos2 6) (b j — + h j j |

+ (whb - vbh)(ucl2 + I,V cos e) - ucl,(orszb - oyh)V cos 9 + Bg(l3 —

T - l = 0.

Eliminating the four arbitrary interregion parameters and nondimensionalizing,
we obtain the following equations of continuity and conservation of x momentum in terms
of the initial densimetric Froude number Fo,the aspect ratio A, and the dimensionless
variables denoted by a bar.

-p|u(S + bl,)(r + hi,) + V cos 9(s t b)(r + h)] - u[apz(s + blj) - oy(r + hi,)] = 0. (A)

jr[u2(s + bI2)(r + 25V cos 6(s + bI,)(F + hi,) + V2cosz 6(s + b)(r + h)

bl,){lr2 + rhl, + h2l4)| - uV cos 9[asz(s + bl,)

- oy(r + hi,)] = 0.

(rb + sii)<(ul2 + I,V cos 8)jr--*- |"

(B)

V cos e

2 r r 3 dxj " s z

(u + V cos 6)j=(u + V cos 6) + F o
2 /

Heat-energy Equation

) 2 = 0.

- 0.

(C)

(D)

To obtain the heat-energy equation, three conditions are imposed on the turbulent
transfer of heat as follows:

At y = 0. |yj = s + b. v'T1 = 0.

At z = 0. ZPF' = k(T - Ta).

At z = - r - h. w'T1 = 0.

These conditions, coupled with the ones for velocity, give, after carrying out the neces-
sary integrations and changing to dimensionless variables.
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TABLE II.C.3 (Contd.)

^[5AT(S + W7)(? + hl7) + LTV cos 8(s + WjKr + hl3)] + f ^ J AT(s + bl3) = 0- (E)

Conservation v£ y momentum:

A different set of boundary conditions is specified for the integration of the
y-momentum equation.

For all z,

/ A X/Z. s < |y | < s + b (v has sign of y).(O. - ê  u

0 otherwise,

where db/dx and c are the total and nonbuoyant spreading rates respectively.

At z = -r - h.

w = 0.

Integrating the y-momentum equation, using these conditions on v and w rather
than those previously given and changing to ditnensionless variables, yields

5x | ( | l " e ) t u ^ I ' ( F + "a) + 25bI5V cos 9(r + hi,) + f bV8 cos2 9(r + h)]t

-F-^-^ATfir 2 + ?hl3 + PL,) = 0. (F)

The coefficient of the underscored term was incorrectly given as 1 in the Stolzenbach-
Harieman model equations and computer code. It has only very recently been corrected
and all calculations of which we are aware were made with the wrong value. The effects
of this error on the results are not presently known.

Equation of Jet Bending

An equation of jet bending, used only for nonzero crosscurrent cases, is derived
from the following integral conservation relationship.

^ fS f u2(x, y. z)dy dz = V sin 6"! f v e f ( ^ - ^ ) d* * f
X Ja J-r-h [J-r-h J-r

e d y +J
o s J

When these integrations are performed an 1 the dimensionless variables introduced, the
result is

d9 + - s . n Q [ s z ( s b l , ) t a y ( r M,)1 =

dx + S i n 52(5 + bIj)(F + hl2) + 35V cos 6(1" + bl,)(r + Mi) + V2 cos2 6(s + b)(? + h)

(G)



65

Stoizenbach and Harleman begin with the time-averaged equations
of turbulent flow as shown in Table Il.C.i. Assuming that the scale of verti-
cal motion is small compared to horizontal motion, that dynamic pressure
(drag force) is small compared to hydrostatic pressure, and that surface
fluctuations are small compared to the mean jet depth, the authors determine
the scale of each term and eliminate those of order 6, as noted in Table II.C-1.
This results in the somewhat simplified equation set of Table II.C.Z.

Table II. C. 3 shows how the equations are then integrated using the
boundary conditions specified in that table and the similarity forms postulated
earlier in this review. Equations A-G of Table n.C.3 and Eqs. 1 and Z. given
earlier, constitute the nine basic model equations, although the jet-bending
equation (Eq. G, Table II.C. 3) is required only when a nonzero crossflow is
treated.

There are several important features of the derivations summa-
rized in Table II.C 3 that warrant comment. First, the boundary conditions
used to integrate the continuity and x-momentum equations seem to us to be
somewhat arbitrary, although Stoizenbach1'2'5 argues their validity based on
intuitive reasoning. In particular, the functional form of the interregion
velocities and the elimination of turbulent transfer between regions seems
questionable to us. Second, a subtle point is obscured by the algebraic com-
plexity of the continuity and x-momentum integrations. It appears that the
two physical laws have been expanded to four independent equations. In
actuality, the four equations are derived from the two physical laws plus the
two equations specifying entrainment velocities. Third, a different and con-
flicting set of boundary conditions is used in the integration of the y-momentum
equation. The contradiction between the form specified for w in the continuity
and x-momentum integrations and that used in the y-momentum integrations
is particularly disturbing. Also noteworthy is the similarity form specified
for v when the y-momentum integrations are performed, winch is where the
modeling of buoyant spreading is included. We think this form is untested and
to a large extent can never be tested, except through its effects on overall
model performance. Stoizenbach,1'5 on the other hand, argues the validity of
this modeling concept based on his general conceptualization of the jet and its
spreading mechanisms. Finally, the equation of .jet bending is formulated
using only the flow due to "entrainment." If the boundary flows specified in
the continuity and x-momentum integrations were used instead, an additional
term would arise. Stoizenbach5 argues that such a term is incorrect in the
jet-bending equation, bexause it would lead to bending even if the entrainment
coefficients were set to zero. Furthermore, the model does not allow external
forces, such as wind acting at the surface or the drag of ambient current, to
bend the jet. Instead, only the entrainment of ambient momentum is considered.
We consider this omission only a small deficiency, for our experience indi-
cates that momentum entrainment is the major component of bending even
within the integral models that allow drag force.
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The model equations in their final form do present the traditional
point of view in which the rate of change of a basic integral quantity is bal-
anced against the forces or flows that are thought to produce the change. The
conservation of heat equation is a simple example. In that equation, the first
term represents the rate of change of jet heat flux along the jet center line,
and the second term is the rate at 'which heat is lost to the atmosphere at the
surface. The ability to identify these integral balances in the final equation
justifies, to a limited degree, the procedure outlined in Table II.C.3; but does
not explain away, the problems in that derivation such as the previously men-
tioned need to choose different boundary conditions for different equations.
In our opinion, the procedure followed by Stolzenbach and Harleman does not
alleviate, and to some extent, aggravates, the problems associated with the
control volume method. To a certain extent, Stolzenbach5 agrees.

4. Coding the Equations for Numerical Solution

Since the second order derivative of b appears in the y-momentum
equation, the equations of Table II-C.3 are equivalent to a set of ten first order
ordinary differential equations. These equations can be integrated by any of
several standard numerical techniques (the Runge-Kutta method is used in the
Stolzenbach-Harleman code), provided that explicit expressions can be found
for each of the ten derivatives. This is a straightforward matter for four of
the derivatives: however, the solution for the other six is very difficult. For-
tunately, the six difficult-to-solve ordinary differential equations form a linear
algebraic system, the unknowns being the derivatives. This algebraic system
can be solved numerically through matrix reduction. At times, the coefficient
matrix of the system, which must be solved at each integration step along the
jet axis, has a determinant less than 10"12 implying that the set is very nearly
singular. The combination of numerical integrations and matrix reductions
makes the procedure very susceptible to numerical error and caution should
be exercised in interpreting results obtained from this two-step numerical
procedure.

To compound the difficulties discussed above, the computer code
written by the authors of the model suffers from several operational problems.
To fully explain this st-tement, we must digress from the model development
and present several facts concerning the computer program itself. First,
there are several editions of the code in use:

MIT Version No. 1

A computer code was originally published by- Stolzenbach and
Harleman along with their hydraulic model data and sample model predic-
tions.1 It included a treatment of bottom interaction that was later abandoned
by them and therefore that treatment was not discussed in our review of the
model. The code failed in all of our attempts to use it. We were never able
to get the code to run successfully, despite the fact that the deck and sample



output were supplied to us by MIT. No coding changes were needed as the
program was a l ready wri t ten in IBM FORTRAN. This p r o g r a m , or some
modification of it, was used by MIT for predict ions at P i l g r i m (see d iscuss ion
in Ch. IV); but, we were never able to duplicate any resu l t s of the " theory with
bottom slope," nor to understand why our deck failed to run. F u r t h e r m o r e , a
Hue-by-l ine check of the p r o g r a m uncovered no d iscrepancies . One possible
explanation for the var ia t ions in code per formance is some unknown difference
in the two computers . If this is t rue , we ser ious ly question the adequacy of
the code.

MIT Vers ion No. Z

This p r o g r a m i s the so-cal led " U s e r ' s Manual Code" p resen ted • "
by Stolzenbach et al .3 With this code we were able to duplicate all of the tes t
cases supplied with the deck and, with a few exceptions, all of the curves i
presented in the U s e r ' s Manual.3

Following the publication of the U s e r ' s Manual Code. Har leman 4

suggested some minor changes in the c r i t e r ion used to t e rmina te the in tegra- ^
tion of the equations; these a r e summar ized below. ,

1. The var iab le UI is added to blank common. ;

2. UI is set equal to 1.0 in the main p rogram.

3. In subroutine OUTP these s ta tements

UI = U

IF(ABS(M-RMI)-.25) 180.180,158 f? ••-

are replaced by i'

UI = U + V*DCOS(TH) ?

RMX = RMI*SIN(THI)/DSIN(TH) I

IF{ABS(M-RMX)-25) 180,180,158

We made these changes in our copy of the User's Manual Code
following Harleman's suggestion.

Argonne Version ! •*•

It is our policy to spotcheck each computer code that we use for ^
model calculations. Time, unfortunately, does not permit a very thorough \'J.f _a

examination of each code, because the methodical unraveling of a complex * j
program is a painfully slow process. During the course of our routine . i
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investigation, however, we encountered some potential errors in coding.
These issues were discussed with the model developers who agreed that the
errors did exist in the code but hoped that the corrections would have an
insignificant effect on the calculations. Nevertheless, the program changes
summarized in Table II.C.4 were incorporated into our copy of the Stolzenbach-
Harleman computer code near the end of subroutine FCT. Later discussions
with the model developers revealed that none of the corrections we suggested
were implemented by MIT until recently (May 1975). (For example, the
Pilgrim predictions prepared by MIT and discussed in Sec. IV.D were made
without the code corrections.)

TABLE II.C 4 Corrections at the Stolzenbach-Harleman Computer Cude

Original Statements

C(5) = <U+VCT)»DT

CO TO 9

8 A(4. I) = A(4. I) + VCT*II*(R*B*S*:i)

A<4.2) = A(4. 2) + S«U«VCT«Hl-ll/UI

C(4) = C(4) - R*U*VCT*ai-H/U)*BX

132 A(6.1) = A<6. 1) + 2*B»VCT*I5*H2*DB

Corrected Statements

{ C«S) = <lftVCT)*DT

8 A(4. 1) = A(4. I) • VCT*I1»(R*B+S*H)

A<4. Zt = A(4. 2) * S*U*VCT'(11-UI1)

C(4; = C(4| - R*U»VCT»(I1-I2/I1)*BX

132 A(6. 1) = A(6. I) + 2*B*VCT*I5*H1*DB

Two additional comments are warranted. First, the corrections
presented in Table II-C-4 are those uncovered after only a cursory examina-
tion of the code, and we feel that a closer look is needed. Second, given the
location and nature of the Argonne modifications, differences between the
MIT (Version No. 2) and Argonne predictions, if any, should occur only in
nonzero crosscurrent cases.

To determine whether any significant difference exists between
the MIT and Argonne versions, we decided to run both codes for the two sites
for which published model-data comparisons exist.

Comparison to Published Pilgrim Calculations

As expected, the two computer codes (MIT Version Z and Argonne
Version) agree exactly for all stagnant cases. Further, our code results
agree with the published results of MIT 8'9 with one notable exception. That
exception is the case of April 19, 1973, in which the initial densimetric Froude
number is 1.7. The results that we obtained agree with the MIT curve for the
first hundred feet or so from outfall. At that point, our curve changes slope
and then quickly terminates. The MIT curve continues on with an almost
negligible change in temperature for several hundred additional feet, a result
that is physically most improbable.



69

In the few nonzero crosscurrent cases published, the two com-
puter codes give very similar, but not exactly equal, results. Furthermore,
general agreement exists between the two codes and the published compari-
sons. Thus, for all practical purposes, we are able to duplicate the Pilgrim
model-data comparisons with both the MIT and the Argonne versions of the
model. We would say, then, that the corrections appearing in Table II-C.4 do
not materially affect results in these cases.

Comparison to Published Point Beach Calculations10

Again, for stagnant lake cases, the two codes agree exactly; how-
ever, for the crosscurrent cases, only the Argonne version ran successfully.
The published comparisons10 were, of course, prepared with the Argonne
version of the code. The errors are quite significant in this case because the
code will not run without the corrections. Furthermore, we found that one or
both versions of the cods may fail for some low initial densimetric Froude
number cases, for some small values of aspect ratio, and for discharge
angles greater than 90°.

These circumstances are quite unfortunate because they hamper
the fruitful analysis of the model and becloud the results obtained so far. The
potential model user is thus forewarned of the operational difficulties that
have been encountered in past applications oi the model. A thorough examina-
tion of the code seems warranted. The anomalous predictions discussed in
the next section are most disturbing to us. It is not clear whether these diffi-
culties are the result of some easily-corrected coding errors such as those
discussed above, are the result of the two-step numerical procedure, or are
the outward manifestation of errors in the basic modeling concepts used in
model development. We suggest that a careful review of the code be carried
out to assure that the results are not due to errors in programming or in
numerical technique.

5. Criticism.*? and Limitations

a. Generic Limitations

As in the other integral models, Stolzenbach and Harleman
assume that certain physical mechanisms are dominant in plume dilution.
Clearly, the model will give incorrect or only fortuitously correct predic-
tions if these phenomena are not actually controlling the dispersion. A strong
indictment of the work so far completed in validating integral models is that
the models are often applied to situations that deviate significantly from those
postulated in the development of the models. These situations are, however,
the ones of practical interest and the integral models are often too idealized
to be of any value in treating these practical problems. An expanded dis-
cussion of these generic limitations is given in the review of the Shirazi-
Davis model (Sec. II. E).

I

II
\4
U
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b. Specific Limitations

(l) Bottom Effects. In its present form, the Stolzenbach-
Harleman model, like the other three-dimensional integral models reviewed,
fails to account for the possibility of bottom contact and the corresponding
cutoff of vertical entrainment- These models assume that the receiving water
body is infinitely deep or that the receiving basin is deep enough that the en-
trainment demands of the plume are completely satisfied. An early version
of the Stolzenbach-Harleman model included a treatment of bottom interference,
but this treatment was found inadequate in comparisons with hydraulic tank
data.1

In our judgment, the inclusion of bottom interference in
the Stolzenbach-Harleman model was an invalid extension of free-jet simi-
larity theory. Moreover, it represented the beginning of a trend to extend

the integral approach to treat effects
alien to the fundamental concepts on
which the approach itself is founded.
In the original documentation of the
Stolzenbach-Harleman model, several
methods of schematizing prototype
effects such as ambient stratification,
nonideal discharge geometry, and
obstructions of the free discharge
were advanced. Figure II.C. 3 shows
several of these schematization pro-
cedures (middle and bottom left of the
figure). We feel these recommenda-
tions are an invalid extension of the
model and further contributed to the

ma EHMMCHI raw na sos

~L^%

DtUHJMCS •!!« UmtMOT <KH OK S t t

SMEMTIiWW POSSIBLE

—if l
scrtuiiunoi wi KSSWC
•cause a mnui mmi

OISWMKES «lli< MSIItttCIKIB

trend toward extrapolation of the
capabilities of free-jet models.

Fig. H.C.3. Model Schematization Offered by
Stolzenbacb and Haileman. (Adapted
from Stolzenbach and Hatleman.)

The two prototype sites where
the Stolzenbach-Harleman model has
been tested (Pilgrim and Point Beach)
both suffer from significant bottom

effects; the Pilgrim site has bottom interference during lowtide and midtide
stages (see Ch. IV)- Unfortunately, bottom interference occurs, to some ex-
tent, for nearly all existing discharges. It is common practice to apply the
Stolzenbach-Harleman and other three-dimensional integral models to shallow
water discharge sites, although such application is risky due to the assump-
tion of deep water in the model formulation. Application of the model to these
two sites represents, in major part, an attempt to determine the severity of
the limitations imposed by the restrictive idealization offered by the integral
models. The conclusion generally reached is that the Stolzenbach-Harleman
model is applicable only to situations that almost identically match the ideal-
ization of the model, and this in terms of centerline-decay predictions only.
(See further discussions of bottom effects in Ch. III.)
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(Z) Large Ambient Crossflow. The authors have developed ;
their model to treat heated surface jets in the presence of ambient currents :
less than about 10% of the outfall velocity. There are three areas of weakness
in the formulation of the model that make its use with larger ambient currents
unwise. First is the assumption that temperature and velocity profiles arc
symmetric about the jet centerline. Second, the possibility that different
rates of entrainment may occur on the two lateral fides of the jet is omitted.
Third, no consideration is made of the dynamic pressure (drag force) that
may be expected when a cross current is present- :

A further indictment of the model is its erratic behavior
for nonstagnant cases. This behavior has been documented by Pagenkopf
etal.9(See discussion of Pilgrim model-data comparisons in Ch. IV.) That
report well illustrates the inconsistent performance of the model as cross
current is varied. Additional difficulties encountered in our use of the model
are:

1. The code may not run for certain nonstagnant cases
no matter how smalt a nonzero current is used.

2.. The asymptotic behavior of the model is incorrect
for some cases, i.e.. the nonstagnant predictions do
not approach the stagnant predictions ax the current
goes to zero.

These characteristics may possibly be linked to the cod-
ing errors previously discussed, but may also be due to fundamental flaws in
the foundation of the model. Those concerns provide additional motivation for
restricting the use of the model to stagnant cases-

(3) Low Densimetric Froude Numbers. The Stolzenbach-
Harleman model exhibits a number of anomalies that seem to disappear when
momentum dominates buoyancy either as a result of a high initial densimetric
Froude number (greater than 6) or a large ambient current. Recall, however,
that the model shows anomalies of a different kind under this latter circum-
stance. Specifically, three features are most distressing to us. We will
consider these in their approximate order of importance.

In our opinion, the Stolzenbach-Harleman model incor-
rectly predicts jet-widths. A plot of a jet width as a function of centerline
distance reveals that predicted widths are too small near the discharge and
much too large at points farther out in the jet. The data we arc familiar with
have never indicated such a trend but. more typically, show a nearly linear
growth with centerline distance. The problem is also clear from a plot of «
surface isotherms. As shown in Fig. II.C.4. the model isotherms have a 4
mushroomlike shape with the stem of the mushroom located at the discharge. |
We have never seen any data that suggest such a shape tor surface isotherms. '
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Stolzenoach* contends that the discrepancy «.=»y t>c due
to the fact that most existing data were taken under conditions whirr.-- ambient
turbulence or boundaries tended to limit lateral spreading. We do not find
this argument canvincing and feel strongly that the preponderance of data
(laboratory and field, buoyant and nonbuoyant jets) contradicts the trend of
jet widths predicted by the model.

It is interesting that the excessive lateral spreading
docs not seem to contaminate the temperature-decay predictions- Except for
the other anomalies noted here, the temperature-decay predictions appear to
be adequate in comparison to tank studies at moderate to large densimetric
Froudc numbers where no bottom or ambient current effects exist. An ex-
ample is given in Fig. II.C 5 where temperature predictions and data arc
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plotted from those presented by Koestcr-" The data snow the effects on
center-line temperature decay of decreasing the basin depth. Three model pre-
diction* are also given. One is the prediction obtained from the Stolzenbach-
MarIonian code. The other two curves are results of a simple interpretation
of two- and three-dimensional nonbuoyant jet theory- It is readily observed
that neither the data tier the Stotzenbach'Harlcman model deviate significantly
from thru*.--dimensional jet theory. This is to be expected because the initial
dvnsimetric Froudo number is large and the Stolzenbach-Harleman model is
built on nonbuoyant jet theory. No wiuth comparisons were given by Kocster.
The model compared poorly to isotherm area measurements for that data,
however. As a contrast. Fig. II.Co compares model predictions and labora-
tory data presented by Stolzenhach and Harlcman' for an initial dcnsimctric
Froude number of 1.8. Again, it seems as if the predicted centerlinc tem-
perature decay compares favorably with the data, but the predicted widths are
excessive over must o: the distance over which the calculation was made.
Even with this laboratory data where the effects of ambient turbulence arc
small, the widths appear to be incorrectly predicted. (In fact, if any unnatural
effects are to be seen, we feel that the confined laboratory basin should in-
crease widths over those of a limitless ambient.)
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In essence, the problem with widths is particularly
acute at low initial densimetric Froude numbers. Widths are slightly under-
predicted near the outfall and largely overpredicted as the local densimetric
Froude number approaches unity. Furthermore, the effect on centerline
temperature-decay predictions is generally small. Finally, we expect area
predictions to be in error since widths are typically too large at lower tem-
peratures but centerline temperature decay is about right.

The second anomaly we find is the existence of a tem-
perature plateau in certain predictions, particularly at low local densimetric
Froude numbers. Figure II.C.7 is a plot of several jet characteristics as a
function of nondimensional centerline distance for an initial densimetric Froude
number of 8. The temperature decay (iTc/iT,,) and the local densimetric
Froude number curves are of particular interest. The temperature decay
shows a flattening as the local densimetric Froude number approaches unity.
Furthermore, the rate of dilution decreases significantly at this point. Al-
though the plateau appears to be small in this log-log plot, a careful examina-
tion shows that it occupies approximately half the region for which predictions
are made.
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Fig. 1I.C.7. Jet Behavior as Predicted by the Stolzenbach-Harieman ModeL (Adapted
from Stolzenbach and Harleman.3) ANL Neg. No. 190-1212 Rev. 1.

Cased on predictions like those in Fig. II.C.7. Stolzenbach
and Harleman suggest that the jet passes through four definable regimes of
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flow. The first one encountered as one moves out from the discharge is the
core region, also referred to as the region of flow establishment. The sec-
ond region is characterized by good dilution due to entrainment. The third or
stable region shows the plateau and in the fourth region temperature decay
resumes due to surface heat transfer.

We do not feel that a stable region, as shown in Fig. II.C4.
actually exists, at least not one of the length often predicted by the Stolzenbach-
Harleman model. Especially dramatic examples are afforded in the Pilgrim
studies (see Ch. IV) in which a temperature plateau of several hundred feet is
predicted- Furthermore, we feel that many of the assumptions made in model
development are tenuous at densimetric Froude numbers near or below one
and the meaning of predictions in this region is questionable. StoU'.enbach*
suggests that ambient turbulence may be at work here and thai the temperature
plateau is destroyed by it. This assertion is certainly plausible but is very
difficult, if not impossible, to check.

The final anomaly commonly observed at low initial densi-
metric Froude numbers is an increase in centerline velocity just after the
point of discharge. The model often shows an increase in velocity of 5- 10%.
Stolzenbach* states that such an increase may welt be due to buoyant accelera-
tions but that the amount of increase is insignificant. We agree that the error
is quantitatively unimportant, but we are concerned that such behavior may be
an outward sign of deeper trouble-

Unfortunately, to trace with certainty the characteristics
that we find anomalous to particular assumptions is not possible, for none of
the assumptions can be validated separately from the model as a whole; and
the only judgments possible are based on the cumutative effect of all assump-
tions. However, given this limitation, we feel that the lateral spreading as-
sumption is the one most open to question- Stolzenbach and Harleman treat
buoyant spreading by superimposing a buoyant spreading velocity on the
natural lateral spreading velocity of a classical jet. They write

§\ /db\ (

where the subscripts nb and b indicate the nonbuoyant and buoyant contribu-
tions, respectively. The Prycn and Shirazi-Davis models make a similar
assumption-

In the Stolzenbach-Harleman formulation, the nonbuoyant
spreading rate is taken as constant and equal to 0-22. The buoyant spreading
rate is assumed to vary inversely with the square of the local densimetric
Froude number, a choice not based on experimental data but instead on intu-
itive reasoning. To see how this assumption manifests itself in predictions
of centerline temperature, consider the following simple result, which can be
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derived from the Stolzenbach-Harleman model equations for the entrainment
and stable regions of the jet (see Fig. II.C.7 and attendant discussion for def-
inition of these regions) assuming only a stagnant ambient free of surface heat
loss.

AT = e x P US
L •'"EOCR

(16)

Here the subscript "EOCR" is introduced to denote the end of the core (begin-
ning of entrainment) region.

First, we observe that this result reduces to three-

dimensional ncnbuoyant jet theory 6T = fiTjrnr-iil5t/xjrn^n) I it we set

irther,

buoyant jet theory JAT = AT E O C R {x /x E O C R j J if

b - «(x/Jirnro I- Second, we note that the factor multiplying

h = b = e^/*EOCR^ an(*' *urt* ier« reduces to two-dimensional non-

we set F L -» • . h = • and

is the
reciprocal of the effective dilution (local volumetric flow along jet centerline
normalized to one at the end of the core region). The result that temperature
decays inversely with dilution is. of course, expected, because surface heat
loss has been ignored- Thus. Eq. 16 relates dilution or. equivalently. center-
line temperature decay to the local characteristics FL> h. and b. An interest-
ing feature of Eq. 16. which requires some reflection to comprehend, is that
dilution does not deviate significantly from that predicted by nonbuoyant jet
theory until F, nears one. At this point, the local width, b. becomes rapidly
large due to the lateral spreading assumption and the contribution of vertical
entrainment is cut off. As a consequence (again referring to Eq. 16), dilution
rate becomes negligible and a temperature plateau is produced. Moreover,
had linear growth in width been assumed instead of the choice made by
Stolzenbach and Harleman. no temperature plateau would be encountered.
(The Shirazi-Davis model, e.g., has nearly linear growth in widths and no
temperature plateau. The Prych model also shows no plateau. Although the
fundamental difference is not presently clear, it may be that the dilution due
to ambient turbulence that Prych includes may be compensating.) The
Stolzenbach-Harleman model apparently can calculate approximately correct
centerline temperature in the entrainment region, barring such factors as bot-
tom interference, because the volumetric inflow into the jet due to lateral and
vertical entrainment is based on classical jet theory. Since dilution calcula-
tions are so based, predicted depth must decrease in order to compensate for
large model widths. Comparisons with data generally show that the Stolzenbach-
Harleman plume is too shallow, although the effect is difficult to observe be-
cause only small changes in depth are produced by large discrepancies in
width and because the data are often not sufficiently refined to give accurate
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depth estimates. The effects of the Stolzenbach-Harleman lateral spreading
assumption on predicted depth lead to somewhat of a paradox since the plume
is predicted to be entraining vertically yet decreasing in depth.

Returning to the lateral spreading assumption itself.
some investigators have attacked the sum decomposition into buoyant and non-
buoyant components as inherently incorrect, because it overlooks the nonlinear
interaction between buoyancy and entrainment and the possible inte action be-
tween buoyancy and ambient turbulence. The problem is aggravatej by the
fact that in a typical surface discharge the local densimetric Froude number
drops from its initial value to a near-unity value at some distance from the
outfall. Thus, the modeling of buoyant and nonbuoyant spreading must be
valid over a wide range of densimetric Froude numbers.

An additional consideration is the assumption that no
turbulent transfer occurs either between regions of the jet or between the jet
and the ambient water- In our opinion, the elimination of turbulent transfer
through the boundaries is tantamount tc elimination of the entire turbulent
diffusion mechanism at the outset. However, because the model is built on
the "spreading rate" idealization of nonbuoyant theory. Stolzenbach and
Harleman assume that the true turbulent diffusion of momentum can be arti-
ficially treated through the entrainment coefficient in the context of similarity
profiles.

As noted earlier, the Stolzenbach-Harleman model has
been applied to the Point Beach and Pilgrim Nuclear Power Stations. Both of
these sites have a surface discharge of condenser cooling water but neither
one matches the model idealizations well. In fact, we are not aware of any
field site that matches the idealizations of these integral models, even
offshore-sited plants. However, many existing field data come from those two
sites where the Stolzenbach-Harleman model has been extensively applied.
The results and conclusions we draw from those results are summarized in
Sees. IV.D and IV. F.
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D. Prych Integral Model1'2

1. Synopsis of Approach

The Prych three-dimensional model builds on the conceptual frame-
work established by Fan,3 and Stolzenbach and Harleman.4 In addition to the
classical type of entrainment that is due to vector velocity differences between
jet and ambient fluids, Prych allows "entrainment" due to ambient turbulence
in the mass flux equation. The momentum flux equation i s formulated to in-
clude buoyancy forces, shear forces between jet and ambient fluids, drag force
due to crossflow, and entrainment of ambient momentum. The heat flux equation
includes surface heat loss . -

Following the treatment of Stolzenbach and Harleman, the rate of
lateral spreading is written as the sum of a nonbuoyant and a buoyant compo-
nent. The form of the buoyant component i s derived by considering a moving
density front such as exists when oil i s spreading over water.

With the addition of two equations of geometry, six ordinary differ-
ential equations result. Prych provides a well-documented program to inte-
grate these equations numerically by the Runge-Kutta algorithm due to Gill.

2. List of Symbols

A Cross-sectional area of jet

B Local characteristic half-width of jet

B o Half-width of outfall

Cp Empirical drag coefficient

Cp- Ceeffi nt of interfacial shear

Cp Specific heat of water at constant pressure

c Celerity of a density front

Ci Dimensionless coefficient of order unity

d Uniform depth of fluid behind density front

(dB/ds)b Buoyant spreading rate

(dB/ds)n D Nonbuoyant spreading rate

E Two-dimensional, jet-entrainment coefficient

E n Multiplier used in computer program to change the
assumed value of Sjj

E o Entrainment coefficient for a two-dimensional,
uniform-density jet flow

Ey Multiplier used in computer program to change the
assumed value of e v
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F Densimetric Froude number

FJJ Drag force

F o Initial densimetric Froude number

f Function for reducing vertical entraiament '

g Acceleration due to gravity

g1 Reduced acceleration due to gravity; (APo/po)g i -

H Local characteristic depth of je+ v

Ho Depth of outfall

J Local kinematic heat flux in jet

k Heat-transfer coefficient

M Local kinematic s-momentum flux !

n Local horizontal coordinate perpendicular to jet
centerline I

P Kinematic pressure force on jet cross section

P o Kinematic pressure force at outlet

Q Local volume flux in jet

Qo Outfall volume flux

q s Surface heat loss

Rj Richardson number

S F x , Sj-y Kinematic shear forces in x and y directions, re-
spectively, per unit length

Sjj, S v Horizontal and vertical model length scales

s Local coordinate along jet centerline

Sj Length of zone of flow establishment

S L Value cf s at which computer code calculation is to stop

s o Value to be assigned to s at start of computer code
calculation

T Centerline excess-temperature ratio; T' /T o

T o Excess temperature at outlet above ambient

T' Local surface centerline excess temperature (above

ambient) '

t Local temperature excess (above ambient)

U Centerline velocity excess ' '
Uo Velocity at outfall

n
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Ua, Velocity outside the boundary layer (above a flat plate)

u Local velocity e x c e s s in s direction

u" Average velocity in s direction in jet

V Ambient current speed

XI Index used by computer code to designate whether pa-
rameters-at the end of flow establishment are to be c a l -
culated within the code or are to be input explicitly

x Rectil inear coordinate parallel to ambient current

XQ Value to be ass igned to x at start of computer code
calculat ion

y Rect i l inear coordinate, horizontal and perpendicular
to x

y Value to be assigned to y at start of computer code
calculation

z Rectilinear coordinate in vertical direction

AP Increment in pressure

AS Incremental length along jet centerline

As Maximum length of integration step to be used in c o m -

puter calculation

Au Velocity difference

Velocity difference in horizontal direction

Velocity difference in vert ica l direction

Ap Average density deficiency in the jet region

APO Difference between outlet and ambient water densities

S Boundary layer thickness

c Eddy viscosity (turbulent diffusion coefficient for
momentum)

ca Ambient turbulent diffusion coefficient
eh> *v Ambient turbulent diffusion coefficients in horizontal

and vertical directions, respectively

9 Angle between jet-centerline and ambient-current
direction (s and x directions)

9 O Value of 6 at the outfall (angle between x axis and
outlet velocity)

v Kinematic viscosity of fluid



83

<7

T

Density of fluid

Ambient fluid density

Standard deviation of lateral distribution of velocity

Shear stress

3. Development of Model Equations

Two coordinate systems are used in the development of the Prych
model equations. One is the fixed x, y, z Cartesian system centered at the out-
fall as shown in Fig. H.D.I. The other is the natural coordinate system of the
jet, which consists of s, the centerline distance along the jet axis, n, the hor-
izontal distance perpendicular to the jet axis, and z, the vertical coordinate
oriented as shown in Fig. n.D.l . The local angle between the jet or s axis
and the x axis is 6. The coordinate systems can be related through two
equations of geometry,

and

dx
ds

dy
ds

= cos 6

= sin 8.

(1)

(2)

:£+•£ si
ISO

SECTWWI-I

Fig. n .D. l . Definition Sketch of Coordinate Systems and Jet Region for
PiychModel. (Adaptedfrom Prych.*) ANLNeg. No. 190-1045.

As with all integral models, similarity forms must be specified for
temperature and velocity. The forms used by Prych are:

t(s, n,z) = T1(s)exP(-n2/B2)exp(-z2/H2), (3)
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u(s,n,z) = U(s)exp(-n2/B2)exp(-zyH2) + V cos 6, (4)

where

t = local jet temperature excess (above ambient),

T< = centerline temperature excess (above ambient),

u = local velocity in s direction,

U = local surface centerline velocity excess,

V = ambient current velocity,

6 = angle between ambient current and jet centerline,

B - local characteristic width of jet,

and

H = local characteristic depth of jet.

These forms are used to relate the integral quantities of mass, momentum,
and heat flux to the jet parameters T'(s), U(s), B(s), and H(s). B(s) and H(s)
are then local l /e widths and depths of the plume for a centerline distance a
while T'(s) and U(s) are the excess temperature on the trajectory at the sur-
face and the velocity excess (above ambient) at the same location. (AH tem-
peratures and velocities are meant to be time-averaged quantities.) Note the
use of expqnential functions for lateral and vertical decay instead of polyno-
mials as used by Stolzenbach and Harleman. The advantage of one choice over
the other is quite unimportant compared to other assumptions made in the
models.

The Prych model is based on a number of physically plausible but
untested assumptions. So that the reader may more fully understand the mo-
tivation for these assumptions, each equation is discussed individually.

a. Conservation of Mass

Because density variations are assumed negligible in the cal-
culation of fluid masses, the conservation of mass equation reduces to the con-
servation of fluid volume. Prych equates the rate of increase in the local jet
flow, dQ/ds, to the rate of mixing into the jet. Mixing is assumed by Prych to
come from the two sources: entrainment due to shear caused by velocity dif-
ferences between the plume and ambient stream, and diffusion resulting from
ambient turbulence. Mass flow into the jet is written as the sum of the indi-
vidual contributions from jet entrainment and ambient diffusion for both the
horizontal and vertical directions as follows:

•(!?) • (£)•
dQ
ds V ds Jv



where

/dQ\ _ /dQ\ + /dQ\
\d« / v " \ds / j # v

 T \ds / a > v

and

*9\ . (dQ) +(4Q\
dsA " Vd8/j>h

 + Ids 4 ,h

here the subscripts v, h, j , and a refer to vertical, horizontal, jet, and ambient,
respectively.

The volume flux along the jet axis. Q(s), can be written: I M

Q(s) = JJ udndz (8)
A

or

Q = JJ U exp(-nz/B2) - exp(-z2/H2)dn dz + / / V cos 9 dn dz. (9)
A . A • **•

where the elliptical jet cross section. A, is defined in Fig. II.O.l. The first
term is actually integrated over the entire half-plane z £ 0. This is done for
convenience in evaluating the numerical value of the similarity ir.tegral. The
precise area A for the integration of the V cos 8 term is arbitrary to some ;
extent, because twice that area could have easily been chosen. If an alternate
area were chosen, the numerical value of the coefficients in the model (such
as entrainment and drag) would have to be altered to retain the same flow and ,
temperature predictions.

Integrating Eq. 9 using the postulated similarity forms gives :

y + V cos e) . (10) ' *

Next an evaluation of the terms in Eqs. 5, 6. and 7 is undertaken. The top
diagram of Fig. U.D.2 show* the jet region, A, divided into vertical slices for
the calculation of vertical entrainment. Using the concept of entrainment due ; J
to Morton, Taylor, and Turner,* the rate at which ambient fluid is entrained
into the jet is assumed proportional to some characteristic local velocity dif-
ference between the jet and ambient fluids. This is the classical concept of
eetrainment. Prych then simulates vertical entrainment over the control vol-
ume slice in Fig. U.D.Z as

I
E(s,n)auv(s,n)dn. (11)
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Here the entrainment coefficient E(s,n) is assumed to have the form

E = EoflRj),

where

(12)

f =

exp(-5Rj) - exp(-4) R* £ 0.8,
1 - exp(-4) (13)

> 0.8

following Koh and Fan6 and Stolzenbach and Harleman4 who used this form as
an empirical fit to the data of Ellison and Turner.7 This form is meant to ac-
count in some way for the expected vertical stratification and fluid stability
in the jet that results in decreased vertical entrainment. The quantity Ri is
the local jet Richardson number, defined by

R i(s,n) (14)

The value of E o is taken to be 0.1 in Eq. 12 above, a compro-
mise between Fan's values of entrainment coefficient (0.1 in stagnant situations
and 0.5 in large ambient current situations) for submerged round jete and

h ^V _ 7
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PUN

Fig. P.D.2

Control Volume for Computing Entrainment for
MassConservation Equation (top); ForcesonCon-
trol Volume for ComputiBg Momentum Conser-
vation (bottom). (Adapted ftomPiych.1) ANL
Neg. No. 190-1174 Rev. 1.

FORCES ON CONTROL VOLUME
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the values of Hoopes, Zeller, and Rohlich for surface jets of 0.07-0.78. The
value Prych uses is somewhat suspect because the Fan3 and Hoopes-Zeller-
Rohlich8 values for the entrainment coefficient were based on a fit of their models
to data. More specifically, the values from Fan are based upon data for sub-
merged jets and the Hoopes-Zeller-Rohlich values are based upon model-data
fitting to site-dependent Lake Monona plume data. Thus, wide variation in the
value of Eo is possible.

The velocity difference in Eq. 11 is assumed to be the mag-
nitude of the vector difference between the surface velocity and the velocity of
the ambient fluid. Thus,

Auv = |3(s.n,0) - \F| = [U2 • exp(-2n2/B2) + V2 sin2 6] l /2. (15)

The magnitude of the vector-velocity difference is used in writing the formula
for entrainment following the analysis of Fan. Fan argues that the vector dif-
ference is the controlling factor on entrainment and that such a formulation
allows a consistent treatment of entrainment when a crossflow is present. The
assumptions on entrainment such as those implicit in Eqs. 11 and 15 can only
be verified experimentally.

Substituting .3q. 12 and Eq. 15 into Eq. 11 yields

2 B§ £ ) = 2EO f 2 B f(Ri)[U2 exp(-2n2/B2 + V2 sin2 9)J1/2dn.
d s 'j,v JQ

(16)

By analogy with Eq. 11, Prych writes for horizontal entrainment

= 2EO f Auh(s.Z)dz. (17)

A constant entrainment coefficient equal to the value obtained from nonbuoyant
jet theory is assumed for horizontal mixing. Horizontal stratification between
plume and ambient is assumed not to affect horizontal mixing. Since the pre*
cise interaction between buoyancy, stratification, and entraintnent are not well
understood, the validity of a constant Eo cannot be judged at this time.

The velocity difference used in Eq. 17 is given by

Auh(s,z) = Pis, 0,0) - VI exP(-z2/H2)

= (U2 + V2 sin2 0)1'2 . exp(-z2/H2). (16)

At the surface Aû  is equal to the vector difference between jet centerline
velocity (the maximum jet velocity) and velocity of the ambient fluid.
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Comparing this form of the velocity difference with that used
in Eq. 15, we find that the two have an important difference. In this latter case,
exponential attenuation is applied to the ambient velocity as well as to the ver-
tical jet profile. This representation should be considered arbitrary and its
validity can be tested only by comparison with experiment.

Substituting Eq. 18 into Eq. 17 yields

j,h

In addition to the classical type of entraintnent described above, Prych con-
siders plume dilution due to ambieui. turbulence. It is unclear how ambient
turbulence should enter the integral formulation. The considerations here are
rather subtle and need expanded explanation.

First, we feel that the equation of mass flux conservation is
actually an equation of dilution and represents an attempt to account for shear-
and turbulence-induced spreading within the framework of the integral formu-
lation. Inthe Navier-Stokes equations (differential form of the equations of
motion) entrainment is modeled both in the advection terms (shear part) and
in the spatial distribution of Reynold's stresses (turbulent part). Thus, the
gradients of both the mean and fluctuating velocity components can participate.
In the integral formulation, the two spreading mechanisms are lumped together
into a single empirically determined equation of dilution. In classical jet
theory, the form depends on the mean velocity difference only with the implicit
assumption that the difference in turbulence levels between the jet and ambient
fluids is related to the vector difference in mean velocities. Thus, in this for-
mulation, the effects of ambient turbulence are manifested in the value of the
entrainment coefficient. Prych, on the other hand, considers each mechanism
separately. We feel that the Prych formulation is untested, but we do not see
that it conflicts with the integral formulation.

The point of whether and how ambient turbulence fits into an
integral model is muted by the fact that many assumptions in integral models
are arbitrary and the only test is with experimental data. The major justifica-
tion for Prych's treatment of ambient turbulence is its effect on model predic-
tions at lower isotherms. It seems that the greater the coefficients of ambient
turbulence used in model calculations, the greater the dilution at lower iso-
therms, a result which agrees with our physical intuition. Moreover, the in-
clusion of ambient turbulence allows the model to be better fit to data.

Prych presented the reasoning behind his treatment of ambient
turbulence in an earlier paper.2 There, three separate analyses were com-
pared: one considered the ambient mixing of a passive tracer in a uniform
current, a second considered jet mixing due to entrainment, and the third con-
sidered jet mixing due to turbulent, diffusion. The rates of dilution found from
these analyses arc summarized below:
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For jet mixing due to entrainment,

4 ^ = 2EAu(s); (20)

as

for jet mixing due to turbulent diffusion,

dQ ~ 3.6c(s)

and for diffusion of a passive tracer due to ambient turbulence,

dQ . 3.5«a{s)
ds o(s)

The form of Eq. 20 is the same one used in the treatment of classical entrain-
ment discussed earlier, whereas the result of Eq. 22 is used in the treatment ',%
of dilution due to ambient turbulence. In the development of the thermal plume
model, Prych1 attempts to extend these ideas to buoyant jets. In the vertical
direction, Prych approximates a for each vertical slice by half the height of
the slice from which

Prych uses the function f once again to reduce the ambient diffusion coefficient
because of the stabilizing effect of the vertical density gradient in the jet. The
precise form for f is seldom known with much accuracy so Prych uses the
same f as for jet entrainment. In conflict with the previous usage of f, the
function is now taken to be independent of the lateral distance, n. To do this,
the Richardson number is evaluated at the jet centerline. This allows the in-
tegration to be evaluated explicitly, yielding

dQ
( 2 4 )

The expression for horizontal mixing due to ambient turbulence
is derived in a similar manner to be

3.5nHch

P • (25)

;l
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Here e n is the ambient horizontal turbulent diffusion coefficient. Prych does
not reduce «h due to the presence of a vertical (or horizontal) density gradient.

In the computer code, E o , Ej,, and E v are input quantities with
the ambient diffusion coefficients given by

= 1.0Enm2 /sec

and

e v =
2 / sec .

Prych recommends that E o be set to 0.1, E n to 1.0, and Ev to 1.0. The recom-
mended value for Eh conies from Okubo9 (p. 798 for a plume of 1 km) and the
value of Ev is taken from Csanady's10 measurements in the upper few meters
of large lakes. In reality, e n and c v can vary over orders of magnitude, de-
pending upon environmental conditions.

b. Conservation of Heat Energy

The kinematic heat flux J(s) through the jet cross section at
centerline distance s is defined by

J(s) = pCpUt dn dz, (26)

where

To = temperature excess at outfall (above ambient),

po = density of ambient water,

p = local density.

Assuming that p = po and that Cp is a constant, and introducing the functional
forms for u and t into Eq. 26 yields (integrating over all n, and all z « 0)

J = (27)

The equation of heat conservation is derived by equating the rate of change of
heat flux along the jet centerline to the surface heat loss. Thus,

kpCpt(s,n,0)dn.

where k is a constant heat-exchange coefficient with units of velocity.

(28)
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For p, C_, k constant we have,

4 ^ = y^kTB, (29)
ds

where, again, for the sake of convenience the integration of Eq. 28 was carried
out from n = -» to n = <*>.

c. Conservation of Momentum

Figure II.D.2 illustrates the forces on a control volume slice
of the jet included in the longitudinal and lateral momentum equations. The
forces simulated are:

(1) Pressure due to density differences between jet and
ambient fluids. Based upon a hydrostatic pressure assumption, the kinematic
pressure at each longitudinal position along the jet axis is given by

P(s) -- —

Substituting the similarity form for local temperature yields

P(s) = -^g 'TH 2 B. (31) ;

This longitudinal force is important whenever the densimetric Froude number
approaches unity. Lateral pressure forces are simulated through the speci-
fication of the lateral spreading velocity as discussed in the next subsection.
Buoyant vertical forces are simulated in the hydrostatic-pressure form of the
vertical-momentum equation.

(Z) Pressure drag on the jet due to the ambient current. This
force is caused by the fluid as it moves under and around the jet. The fluid
decelerates as it reaches the jet from the upcurrent side and builds up a slightly
higher pressure there. A slightly lower pressure region exists on the lee side ;
of the jet. These nonsymmetric pressure forces deform and bend the jet. This
bending is not accounted for in the choice of similarity functions but is treated
by the integration of those similarity functions and in the drag force appearing ' L

in the momentum equations: :'

FD = |CD(</2H)V|V| sin* 6. (32) |f

if
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This is the formula for form drag on a solid body. The adequacy of this com-
monly used simulation for fluids is unknown.

(3) Interfacial shear stress between jet and underlying
ambient fluids. Defining the boundary of the jet as shown in Fig. II.D.2, Prych
postulates an interfacial shear stress to account for the force on the jet from
fluid below. Prych approximates the shear stress by modifying the classical
expression for a turbulent boundary layer above a flat plate. The expression
for this stress, taken from Schlicting,11 is

T = 0.0225pjTr-rV U2. (33)

where

T = shear stress,

v = kinematic viscosity of the fluid,

Uoo = velocity outside the boundary layer,

and

S = boundary-layer thickness.

Modifying this expression to apply to the jet control volume, Prych assumes

8 ~ V2H

and

U« ~ Au^s.n) = |5(s.n,0) - ? | = [V2 • exp(-2n2/B2) + V2 sin2 9]1/2.

A coefficient, C-p. is assumed to multiply the right-hand side of Eq. 33 to ac-
count for the difference between solid-fluid and fluid-fluid shear. The direc-
tion of the shear force is assumed to be parallel to the vector Au .̂(s, n) and its
magnitude per unit length of control volume becomes

V2B
sFx = I (T/Po' d n

J-./2B

/ v X i /4 r ^ B

= 0.02CF(7T) / Aû rfV sin2 6 - U cos 6 exp(-n2/B2)]dn, (34)
J. AT*
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Spy

[•£•) sin 6 j fiu^4[V cos 6 + TJ exF(-n2/Bz)]dn. (35)

Inclusion of this force in the momentum equation has the expected effects on
the plume. The trajectory bends more, center line temperatures increase, the
plume thickness decreases, and in general the force reduces dilution. Unfor-
tunately, the model is not very sensitive to the value of Cp (tested from
Cp = 0.0 to Cp = 0.5). In spite of the proper performance of this interfacial
friction factor, our doubts about it include:

(a) The precise location where the interfacial shear force
defined above should act. Based upon the flat plate analogy, the interfacial
friction should act at the vertical location of maximum shear; i.e., the location
of the maximum velocity gradient vertically, not at the boundary as arbitrarily
defined in Fig. II.D.2.. If the force acts at the position supposed, then all de-
finitions of integral quantities should cease there, boundary conditions should
be given at that boundary, and integrations should not be extended to infinity.
This is also true if the force is assumed to act at the point of maximum veloc-
ity gradient in the vertical direction. The interfacial shear force will be, in
fact, zero (or negligibly small) if the bottom of the jet is taken at (or near) the
point where the plume velocities are at (or near) ambient values. Prych is not
consistent with his definition of plume boundaries. The plume is assumed to
extend to infinity when this avoids the definition of boundary velocities but is
defined as finite when considering entrainment and shear forces.

(b) The use of flat plate skin friction formulae. The ac-
curacy of the form for the shear stress with coefficient Cp is unverified for
thermal plume applications. Data from Sjoberg12 on the diffusive properties
of an interfacial layer indicated a Cp value on the order of unity might be cor-
rect. Prych expects Cp < 1 since the shear stress for a fluid-fluid interface
should be smaller than for a fluid-solid interface; on this basis, Prych recom-
mends 0.5. The validity of this value for interfacial friction is not really known.

Finally, to derive the momentum equations, the kinematic
momentum flux of the jet in the s direction into the control volume is defined
by

M(s) = — Jj Pu2(s,n,z)dndz. (36)
po A
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Using the similarity form for local velocity u, Eq. 36 becomes

M = " B H ^ + v c o s e ) -

and the momentum equations for the x and y directions become

— (M COS 6) = - — (P cos 6) + SFx + F D sin 9 + V-j=, (37)

and

— (M sin 9) = - — ( P sin 6) + Spy - Fp cos 6. (38)

The term V(dQ/ds) in Eq. 37 refers to the momentum of the ambient fluid en-
trained into the jet per unit length of the control volume. Note that this term
acts solely in the x direction since this is the direction assumed for the ambient
current.

An equation for d8/ds is obtained by multiplying Eq. 37
by -sin 6, Eq. 38 by cos 6, then adding, and using equations for P and M as
follows:

P(s) = (,/5/2)g'TH2B (39)

and

to yield

-TTIFTJ - S p v cos 6 + S p x sin 6 + V sin 6-—
d e _ v i 2£i (41)
ds

Also utilized is an equation for dH/ds obtained by multiplying Eq. 37 by cos 6
and Eq. 38 by sin 6 and adding to yield

ta e • sFx c . » * ( , T co. e -



95

An important parameter in the model i s the g r o s s dens imetr ic Froude number
that Prych defines as

F z Q2 (43}

F =

n I / 4 ( r + V c o s e)

by taking the ratio of the two terms in second bracketed expression of Eq. 42.
In the Prych model calculation, when F drops to 1, dH/ds (Eq. 42) becomes
infinite, halting further calculations with the model.

d. Lateral Spreading Assumption

At this point there are five variables, U, T1, 0, B, and H; but
only four equations, mass, x-momentum, y-momentum, and heat energy. The
model development to this point was a straightforward modification of non-
buoyant jet theory. In this modification a piece of information was lost and to
patch up that error, knowledge of the variation of H with s or B with s is
needed. Prych assumes a form for dB/ds as described below.

It is our opinion that the lateral spreading assumption is the
main cause of difficulty with the Stolzenbach-Harleman, Prych, and Shirazi-
Davis models. The assumption made is that

£ - (§L*(S)b-
Here the rate of increase in the width B is written as the simple sum of the
contribution due to horizontal mixing and entrainment denoted as nonbuoyant
with the subscript nb and the contribution due to gravitational advection, de-
noted as the buoyant term by the subscript b. A linear interaction between
the two contributions is assumed, which is probably inadequate when the terms
are of nearly equal magnitude. The approximation of Eq. 44 is probably good
only when one term is much larger than the other.
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To derive (dB/ds)no, Prych assumes

(dQ/ds)h B

(dQ/ds)v H
(45)

implying that the ratio of the nonbuoyant horizontal to vertical growth rates is
directly proportional to the ratio of the horizontal to vertical entrainment rates
and inversely proportional to the vertical to horizontal dimensions. Eliminating
dH/ds from Eqs. 45 and 43 and replacing dB/ds by (dB/ds)nb yields.

sin 6 + Sj-X cos 6) + ( nV cos 6 - jrj|)-,^
)ds/nb 1 _ 0 z AdQ/ds)v x A

2 B2HV(dQ/ds)h /

(46)

The form of (dB/ds)nb seems reasonable physically, but no data exist by which
to justify it. The fact that no constant of proportionality exists in Eq. 45 and
that no power of B / H or r(dQ/ds)hl/[(dQ/ds)v] is used are simply assumptions
as is the form itself.

A more significant assumption lies in the derivation of
(dB/ds)b- Figure II.D.3 illustrates the derivation of (dB/ds)b from a vector
diagram showing an outer lateral boundary of the jet, n = ±y/2B, expanding
outward normal to itself at velocity c(s) and at the same time moving forward

JET CENTERLINE

PRYCH SIMULATION F O R ( ^ )

Fig. II.D.3. Method of Calculation of Buoyant Lateral Spreading
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along the centerline with velocity u(e). The velocity c(s) is then derived by
simulating the buoyant spreading as if it were due solely to buoyancy, i.e., a
layer of less dense fluid (say, oil) over a heavier fluid (water). So the velocity
of the density front of depth d and uniform density difference Ap is then given
by

c = CjW , (47)

V Po

where

d = average thickness of jet region (rrl
AP = average density deficiency in the jet region (Ap oT)/2,

u = average veloci ty in the jet m a s s section (u/z) + V cos 6,

and

Cj = dimensionless coefficient of order unity (takenas 4,/2/T-.V/TT=- 1.01).

The values in parentheses represent the parameters as they are simulated by
Prych in his jet model. When the forward and outer ve loc i t ies are added v e c -
torially, as in Fig. n .D .3 , the result can be written

1 =r. (48)

Considering tne buoyant spreading as simple gravitational ad-
vection is a great oversimplification because the plume is not a moving density
front at all but has a lateral and vertical distribution that is sheared due to
horizontal and vertical mixing. Note in Eq. 48 that as F approaches unity, the
growth in plume width (including total plume width, see Eq. 44) will approach
infinity. The model breaks down somewhere before this point is reached.

4. Numerical Solution of the Governing Equations

Table II.D.I lists the conservation equations of the model described
above. These equations express the derivatives of Q, T, 6, B, H , x, and y with
respect to s as functions of these variables and the constant parameters.
Table II.D.2 lists the equations to be solved in the computer code. Taking
these equations in order and using

- V cos

each derivative in the latter table can be expressed as an explicit function of
Q, T, 9, B, and H. This procedure is not shown here.- With an initial condition,
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1ABLE II.D.l. Equations of the Prych Model

Conseivation of Mass:

j,h
V2 sin2

f(Ri) • [U2 exp(-2n2/B2) + V2 sin2

a,v " ^ W • V cos e ) 2 %

Conservation of Manentun:

r. direction

•grQI cos e) = - •jjrCP cos 9) + Spx * Fp sin 0 • V

y direction

sin e) = - Tg-CP sin e) + Spy - ?Q COS 9

P(s) = *

0.02CF^ sin2 6 - U cos 6 exp(-nz/B2)]dn

Spv = - 0.02CP(T[) sin e / &u§''l[V cos e + U exp(-n2/B2)Jdn

%-l sin2 e.
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Conservation of Itoat iincrgy:

S
Literal Spreading Equation:

tilt /<1B\ . /Jls\

ill) b

W

iiquat ions

Us

Note:

Q =

b " ^ <

of Jet

cos «

sin f.
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•F • i'

Gconctr>"

V cos ej
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TABLE 11.D.2. Equations for Coaputer Solution of Prych Model

Conservation of Mass:

)
j .h

f(Bi) • [IF exp

3.5»Btv J 8'T.y5l 1

>v II H(U * V cos 9)2J"

Conservation of llcat Energy:

.let Bending Equation:

Ji. • (FU • SFy c o s i * %x s i " - * V s i n

Lateral Spreading Equation:

dB = / M 4 /dB\

dS Us/rf, ^ /

^ ' n b ° I Q2 f(dQ/ds)y + .1
2 B2llLCdQ/«Js)h J

Vds/b JiJW^i' J^m

Jet-depth Equation:

f - [,(sFy sin 6 * sFx cos ») * (,V cos e -

2 d<

Equations of Jet Geometry:

# - cos e
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the seven equations ai-e integrated numerically to give Q, T. 6, B. H, x, and
y as functions of s. The model uses the Runge-Kutta scheme due to Gill. The
solution, in conjunction with the similarity forms for t and u. provides the tem-
perature and velocity distribution of the jet.

The equations of the Prych model yield explicit expressions for
the derivatives of the dependent variables. The Stolzenbach-Harleman model,
in contrast, has such a complicated set of equations that the derivatives of the
dependent variables must be obtained numerically by solving a set of simul-
taneous equations. Besides the easier set of equations, which provide a better
understanding of relationships, the Prych model has fewer computational dif-
ficulties. Moreover, the computer code given by Prych1 is well documented.

In addition to the basic outfall and ambient parameters, the model
requires the value of Eo, Eh, Ev . k. Ct), and CF. If the model is to be com-
pared to hydraulic model data, Prych recommends zero values for Eh and E v

due to the negligible ambient turbulence in tank environments for near-field
plume predictions. The Prych code has the option of using prototype dimen-
sions as input and output for calculations performed for a hydraulic scale
model. If this option is used, calculations are done after all dimensions are
scaled down by the horizontal and vertical model scales. When the calculations
are completed, the results are scaled up to prototype dimensions.

Code calculations will terminate when either

(1) the surface center line temperature excess becomes less than
1% of the outlet temperature excess, or

(2) the upper limit in centerlin<; distance, specified by the user, is
reached, or

(3) five pages of output information are generated, or

(4) the maximum integration step is halved 10 times in order to
obtain the desired accuracy in integration.

It is our opinion that the first cutoff is quite liberal and that many
of the assumptions of the model break down before 1% of the initial temperature
excess is reached.

5. Treatment of Flow-establishment Region

This small zone near the outfall provides the initial conditions for
the established flow calculations described in the previous section. A separate
analysis is needed here to allow the somewhat uniform distribution of temper-
ature and velocity at the outfall to warp into the bell-shaped distribution as-
sumed in the previous analysis.
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The approach used by Prych is to consider the zone of flow estab-
lishment (ZFE) as a control volume itself for which a mass, momentum, and
energy balance is written. For example, the momentum equations balance the
difference in the momentum flux between the outlet and the cross section at
the end of the ZFE with the average values of the forces assumed to act upon
the initial zone control volume from drag, buoyancy, intoriaci.il shear, and the
cntrainment of momentum from the ambient current. Only values of the vari-
ables at the end of the flow-establishment zone art- derived with no distribution
within the ZFE considered. We do not discuss this formulation in any greater
detail because we feel it is inadequate for the following reasons.

(1) Numerous assumptions in Prych's development are question-
able and based on little or no data. For example:

(a) A dilution of Z is assumed to occur in the initial zone in-
dependent of outfall or environmental conditions.

(b) The ratio of B to H at the end of the ZFE is derived by
assuming no dilution in the initial region (inconsistent with (a)) along with
lateral spreading defined by a celerity velocity similar to that defined in the
established flow regime and due strictly to buoyancy alone. In most cases,
jet entrainment causes the lateral spreading in the ZFE. not buoyancy. Zero
entrainment in this region is a poor assumption.

(2) The flow-establishment length, defined as the centerline dis-
tance from the outfall to the point where the outfall temperature begins to
drop, is assumed to be

— = 6.38A1/2,
"o

where here A is the aspect ratio of the outfall, A = 2BO/HO. This value is
based closely on nonbuoyant jet theory and is inadequate due to its lack of de-
pendence on initial densimetric Froude number and ambient current. The
Shirazi-Davis15 formulation for sj is thought to be an improvement (see Ch. II,
Sec. E) as some limited tank tests at EPA Pacific Northwest Environmental
Research Laboratory on heated jets provided a densimetric Froude number
dependence. The detailed study of the ZFE by Stefan,14 including initial den-
simetric Froude number, aspect ratio, and ambient current effects, in our
opinion, provides the best information for this region.

In short, it is our opinion that ZFE model of Prych is inadequate
due. to its numerous untested and often unrealistic assumptions.
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6. Sensitivity Analysis of Model

Table II.D.3 summarizes the input parameters used for
Oskarshamnsverkel (power plant) in Simpcvarp, Sweden. Sensitivity of the
predictions to the parameters Eo, Cr>, En, and Ev is indicated in Figs. II.D.4-7.
The solid lines in those figures pertain to the standard case of Table II.D. 3.
Each parameter is varied from the standard case for comparative purposes.
The computations show that the Prych model is relatively insensitive to changes
in the parameters Eo, Ev, Crj, and Cp.

The trends were as expected.

TABU: II.U.S. Input Data Suxiary for Seasitivity
Analysis Based upon Oskarshannsverket Data

Discharge Qo = 130 m-/sec

Outlet temperature T o = 1.0

Angle e0 = 90°

Width 2BO = 14 m

Depth Ho = 10 tn

Coordinate xo = 0.0 m

Coordinate yQ = 0.0 n

Ambient current V = 0.07 m/sec

Density difference ApQ = 1.9 kg/m
3

Atm. heat-trans, coef. k = 0.00001 m/sec

Entrainment coef. E o = 0.1

Form drag coef. C Q = 0.2

Shear drag coef. Cp = 0.5

Horiz. amb. diff. mult. Eft = 0.0

Vert. amb. diff. mult. Ey = 0.0

Horiz. model scale S h = 400.0 or 1.0

Vert, model scale Sy = 50.0 or 1.0

Starting coordinate s o = 0.0 m

End coordinate sj, = 4000.0 m

Integration step As = 50.0 m

Index XI = 0.0

Outlet velocity U o = 0.93 m/sec

Outlet Froude No. Fo = 2.15
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(1) The trajectory bent more rapidly when the rate of entrain-
ment increased by increasing Zo. Eh, and Ev. The trajectory also turned more
rapidly by increasing the drag; i.e., increasing CJJ or Cp.

(2) The centerline temperature decreased more rapidly, by in-
creasing Eo, Eh. and Ev- Reducing the drag, Crj or Cp, caused greater center-
line temperature decay.

(3) Lateral spread of the jet increased slightly by increasing Eo

or Eh- An extremely slight increase due to increasing Ev is unexplained;
greater "ertical mixing should indicate a thinner plume. Decreasing C F and
increasing CD also decrease-the lateral spread only slightly.

(4) Coefficient variation had very little effect on the jet thickness.

The effect of the atmospheric heat loss parameter, k. was also
slight as calculations to 4 km from the source indicated only a 25% loss of
heat to the overlying air.

The lack of sensitivity of the model to its parameters has two
counterposing results. On the one hand, it is not necessary to have precise
estimates of the input coefficients for a prediction because the model is not
very sensitive to them. On the other hand, why are the physical phenomena of
thermal plume dispersion not sensitive to, say, doubling the amount of lateral
entrainment for a given problem? Also, there will be difficulty in attempting
to calibrate the model to sets of data to improve performance.

An additional sensitivity check was made by Prych for the outfall
and ambient parameters. A most notable result was that an increase in ambient
current caused more rapid bending and a narrower jet, as expected, but the
jet centerline temperature and jet thickness did not change significantly. The
current was changed from 7 to 14 cm/sec while the outfall velocity was held
at 93 cm/sec. It should be kept in mind that the above statements on model
sensitivity apply only for problems oi related initial densimetric Froude
numbers, aspect ratios, and currents.

7. Model Verification

Prych compared his model with two sets of data. The fir jt set con-
sisted of two hydraulic model experiments carried out by Stolzenbach and
Harleman for a rectangular heated jet into a deep basin. The second set of
data was from the hydraulic model for Oskarshamnsverket; a distorted model
test carried out with a vertical scaling of 1:50 and a horizontal scaling of 1:400.
The quality of the latter data is in doubt because basic scaling laws were vio-
lated in the near field of the jet. Subsequent prototype data, presented by Weil,ls

showed a sharp discrepancy between laboratory and field measurements. Due
to the questionable nature of the Oskarshamnsverket aata, the Prych analytical
model comparison to that data will not be discussed.
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Data for the two experimental runs of Stolzenbach and Harleman
appear in Table II.D.4. Coefficients used ic the Prych run for that data ap-
pear in the lower part of the table. Figures II.D.8 and 9 compare the hydraulic
model data, the Stolzenbach-Harleman predictions, and the Prych predictions
for those two cases. Included in the plot are the half-width, ni/2> and the half-
depth, zi/2, defined as the lateral or vertical distance, respectively, at which
the temperature excess has dropped to half its surface centerline value. Both
models predicted centerline temperature decay reasonably well. With regard
to plume thickness, the Stolzenbach-Harleman model compared better to the
Fo = 1.83 data and the Prych model to the Fo = 4.40 data. Both models gave
very poor predictions for plume width, underestimating it initially, then grossly
overestimating it farther from the outfall. The datj. show a nearly linear
growth in half-width and not the exponential-like increase predicted by the
models. The Prych prediction for half-width appears to be an improvement
over the Stolzenbach-Harleman prediction but still gives values too large to
be reasonable. Excessive widths have also been predicted in other cases (see
Ch. IV).

Prych states that calculations proceeded to a centerline distance
76 .yHoBo for Run 3 and to a centerline distance 150 v^HoBo for Run 6. Cal-
culations were halted at these points since the gross densimetric Froude
number reached unity.

TABLE II.D.4. Data from Stolzenbach and Harleman Experiments
for Stolzcnbach-Harleman and Prych Model Comparisons

Physical Data

Outlet depth, cm

Outlet width, cm

Outlet velocity, an/sec

Density difference, kg/m3

Outlet Froude No.

Atm. heat-trans, coef., m/sec

Ambient current vel.

Coefficients for Computations

Form drag coef.

Shear stress coef.

Entrainment coef.

Atm. heat-trans, coef., m/sec

Horiz. ambient diff. coef.

Vert, ambient diff. coef.

Ho
2B0

Uo

Po

Fo
k
V

of Prych

CD
CF

Eo
k

Ev

Run No. 3

5.0

11.4

9.75

3.95

1.83

6.1 x 10'6

0

Model

0.2

0.5

0.1

6.1 x 10'6

0
0

Run No. 6

2.41

14.0

14.6

4.65

4.40

6.1 x 10"6

0

0.2

0.5

0.1

6.1 x 10"6

0
0
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Experience with the model has shown that:

(1) F = 1 is usually reached when there is a zero ambient current.
However, the distance to the singularity increases with increasing values of Fo.

(2) F = 1 is usually reached if 9O > 90°; i.e., there is a component
of the outfall velocity (in x direction) opposing the ambient current.

(3) F = 1 is seldom reached when the discharge velocity has a
component in the same direction as the ambient velocity or is nearly perpen-
dicular to it.

Singularity difficulties occur less often in the Prych model than
in the Stolzenbach-Harleman or Shirazi-Davis models. Increases in inertial
forces, whether originating from the outfall or ambient current, tend to sup-
press the singularity in each of these models.

8. Criticisms and Limitations

a. Generic Limitations

The Prych model suffers from many of the same limitations
as do the other integral models. These generic limitations are defined and
discussed in the review of the Shirazi-Davis model (Ch. II, Sec. E).

b. Specific Limitations

Besides the generic limitations applicable to all integral
models, the Prych model has certain specific limitations. Most of these lim-
itations are described in the body of the review and are summarized here for
convenience.

(1) Treatment of the Zone of Flow Establishment. The model
has an inadequate, arbitrary treatment of the region of flow establishment.
Cf major consequence is the lack of effect of initial densimetric Froude number
and ambient current on the length of the ZFE as well as a fixed dilution within
the ZFE for all outfall and ambient parameters.' Recently available data on
the ZFE have made a more thorough analysis possible.

(2) Buoyant Lateral Spreading. The model treats lateral
spreading due to buoyancy as resulting from pure gravitational advection.
The assumption that

jIB _ / dB\ /dB\
ds " \ d s / n b \ d s /
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is at the root of most of the problems with the model because spreading due
to entrainment and spreading due to buoyancy are not additive when they are
of the same order of magnitude.

(3) Functional Assumptions Based on Limited Data. Numerous
assumptions such as those for the functional form of fluid-ambient velocity
differences like AUy or Aun, or those for the vertical stability function f, are
based on limited data at best, or on pure hunches. The only true test of these
assumptions -will depend on final verification of the model.

(4) Simulation of Ambient Turbulence. The simulation of
ambient turbulence in the model should really involve the simulation of the
coupled effects of ambient turbulence and jet-induced turbulence. The Prych
simulation has the same effect, however, but the precise horizontal and vertical
"diffusion coefficients" to be used need some calibration because the phenom-
enon is not treated in a basically correct form in the model. We feel that this
limitation is not really as severe as some of the other limitations of the model
((2) and (3), for example).
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E. Shirazi-Davis Integral Model1"5

1. Synopsis of Approach

Shirazi and Davis sought to assimilate all available laboratory and
field data and then to use these data to modify or calibrate an existing three-
dimensional integral model. Considered suitable for such investigation,
although none was ideally so, were models by Stolzenbach and Harleman,6

Stefan et al..7 and Prych.8 The Stolzenbach-Harleman model was not used
because of its operational difficulties as described in Sec. C of this chapter.
The model of Stefan et al.. not reviewed in this report, neglected buoyant
forces along the jet axis that become important at low densimetric Froude
numbers and hence was not used. The Prych model has a well-documented
computer code and includes the longitudinal pressure omitted by Stefan, but
the model as originally formulated is insensitive to its key parameters.
Shirazi and Davis discovered that changes in the Prych model's treatment
of buoyant spreading made it more sensitive to its parameters and allowed
it to be more successfully fit to the data.

The calibration of the Prych model was begun by gathering together
as many data as could be found and reducing that data to a unified format.
A regression analysis was then applied to identify important trends. Once the
character of the data had been established, the model formulation was examined
for theoretical weaknesses and areas of potential improvement. As a result
of this study, several modifications of the Prych analysis were made. One, as
noted above, involved the model's treatment of buoyant spreading. A funda-
mental change was made, too, in the analysis of the region of flow establish-
ment. The remaining changes by Shirazi and Davis were the addition of a
procedure for extrapolating model calculations past a singular point -where
the local plume densimetric Froude number equals one, an improvement in
the method of calculating isotherm areas, and the addition of a time-
temperature calculation. The modified Prych model was then fit to the data
to obtain "recommended" values for the calibration parameters.

The contributions of Shirazi and Davis are (1) the assimilation
and unification of existing data, (2) the modifications of the Prych model, and
(3) the calibration of the modified Prych model. Each of these will be de-
scribed in this review.

2. List of Symbols

A Aspect ratio; 2BO/HO. In Table II. E. 1, A = B o /
Ho where Bo is the full width at discharge from
a rectangular outfall

a Depth of spreading density wedge

a da/dt
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B Local characteristic width of jet

B' B/Ho

Bo Half-width of discharge channel; in Table II. £.1

this is the full width

B t /2 Half-width of temperature distribution

b Half-width of spreading density wedge; also
half-width of jet in initial zone analysis

b db/dt

bo Half-width of discharge for density-wedge
analysis: also half-width of outlet in initial
zone analysis

b, Half-width of jet in zone of flow establishment
analysis

Crj Drag coefficient

Cjr Coefficient of interfacial shear

Cp Specific heat of water at constant pressure

Cj, C2 Constants used in extrapolation formula

c Celerity of the spreading density wedge

Ci Numer ica l constant; ( 3 2 j M ) l / 4 ^ 1.01

D Diameter of semicircular or circular discharge

d Characteristic depth of plume; ""WJZ-JZ

(db/ds)D Buoyant spreading rate

(dB/ds)nD Nonbuoyant spreading rate

Ej, Horizontal turbulent-exchange coefficient

E Q Entrainment coefficient

E v Vert ica l turbulent-exchange coefficient

F Local dens imetr ic Froude number

Frj Kinematic form drag per unit length of jet

(used in Prych model)

Fb FD/UOHO

Frji Kinematic form drag per unit length of jet in
region of flow establishment

F o Initial densimetric Froude number

f, ft, f2, fj, g, g, g Functional forms of nondimensional relations
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Gl, G2, G3 Groups 1, 2, and 3 for data analysis

g Acceleration due to gravity

g' Reduced acceleration due to gravity; gAp/pc

H Characteristic depth of jet

H' H/Ho

Ho Depth of discharge channel

h Depth of jet in region of flow establishment
analysis

h o Depth of outlet in region of flow establishment
analysis

h( Depth of jet at end of region of flow establishment

K1 Dimensionless heat-loss coefficient; Kjr/pCpUo

Kjr Dimensional heat-loss coefficient

M Kinematic momentum flux (used in Prych model)

M1 M/U0H0

Mo Kinematic momentum flux at outlet

M(0) Kinematic momentum flux at end of region of
flow establishment

P Kinematic pressure force (used in Prych model)

P o Kinematic pressure force at outlet

P(0) Kinematic momentum flux at end of region of
flow establishment

Q Local volume flux in jet

Q' Q/UOHO

Qo Initial volume flux of jet

Q(0) Volume flux at end of region of flow
establishment

qo Half-strength of source in density wedge analysis

R Ratio of ambient current to discharge velocity;

U a /U o

Re Reynolds number; UoHo/v

S, s Coordinate along jet centerline

S' S/Ho
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Sjr Kinematic interfacial shear force (used in
Prych model)

S F SF/UOHO

Spix X component of kinematic interfacial shear
force (region of flow establishment)

Sjrjy Y component of kinematic interfacial shear
force (regio.. of flow establishment)

S F x X component of kinematic interfacial shear
force (region of established flow)

Spy Y component of kinematic interfacial shear
force (region of established flow)

Sj Length of zone of flow establishment

T Local excess temperature ratio, ATC/ATO; also
local excess temperature ratio at end of region
of flow establishment ATC/ATO

t Time

U Local jet-centerline velocity

u1 u/uo

Ua Ambient current speed

Uo Discbarge velocity

u Average longitudinal velocity

V Ambient current speed

v v/uo

Vn Lateral-spreading velocity normal to interface

W Dimensionless full width at half maximum of

temperature distribution; Z-JZ B/HJ,

X Longitudinal coordinate of plume centerline

X' X/H o

X(0) Rectilinear coordinate parallel to ambient

current at end of region of flow establishment

XKI Lateral-spreading-rate adjustment coefficient

Y Lateral coordinate of plume centerline

Y' Y/Ho

Y(0) Rectilinear coordinate, horizontal and perpen-
dicular to X, at end of region of flow
establishment
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a Angle of jet d ischarge with respec t to ambient
current; w = TT - 6Q

ATC E x c e s s temperature along jet center l ine (above
ambient)

ATO E x c e s s temperature at the d ischarge (above

ambient)

Ap Local density disparity (from ambient)

hpQ Density disparity at outfall

e Coefficient of viscosity (density wodge analysis)

1) Nondimensional jet-centerline coordinate; S/Ho

6 Angle of jet: axis with current direction

Bo Angle of discharge with current direction

9(0) Angle of jet trajectory at end of region of flow
establishment

X Reciprocal of the bottom slope

v Viscosity of water

p Local density

Pa Ambient density

Po Discharge density

3. Study of Existing Laboratory and Field Data1'2

Shirazi1'2 attempted to unify existing laboratory and field data *7 '9"1 7

both to provide insight into general plume behavior and to ass i s t in validating
near-field analytical models. Table II.E.I summarizes the data included in
this study and the range of parameters, such as initial densimetric Froude
number, Reynolds number, and aspect ratio, considered in each experiment.
The eleven studies listed in Table II.E. 1 comprise the bulk of published data
available at the time Shirazi undertook his analysis. Such a wide variety of
data was needed to cover the range of parameters of interest. Even though
Shirazi included as many sets of data as he could find, he still found them
insufficiently refined to determine explicitly the trend of plume changes with
each parameter.

Furthermore, Shirazi states that the data appear, at t imes, to be
inconsistent among themselves with conflicting trends portrayed. He suggests
that this inconsistency is most likely due to the following:

a. The experiments were conducted under varying physical scales .
The data studied included both hydraulic model and field data; even within the
hydraulic model data, different outfall configurations were used by different
investigators.
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b. A varying degree of emphasis was placed on individual
parameters by the experimenters. Certain sets of data lacked a complete
listing of all parameters of interest for Shirazi's trend analysis.

This diversity among the data and the absence of important information on
such factors as turbulence levels and turbulence scales generally inhibited
the development of a universal correlation.

Based on dimensional analysis, Shirazi writes

•T=£ = f,(S/Ho,R,Fo,A.X,«), (1)
"Xo

•—^ = f2(S/Ho, R,Fo,A,X,0f), (2)

and

=•£- = f3(X/Ho,R,Fo,A,X,a), (3)
" O

where

ATC = centerline temperature excess (above ambient),

ATO = initial temperature excess (above ambient),

BJ/J = plume half-width,

Ho = depth of discharge,

X = longitudinal coordinate of plume centerline,

Y = lateral coordinate of plume centerline,

S = coordinate along jet centerline,

R = velocity ratio (U a /U o ) .

F o = discharge densimetric Froude number,

A = aspect ratio (2BO/HO),

a = angle of centerline with respect to current,

and

X = reciprocal of the bottom slope.

These correlations include all parameters that could be identified from the
data.
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Shirazi elected to represent the functions f|. fz, and tj as power-
law expressions in which the functions are written as the product of powers
of the parameters. This choice was made in spite of the fact that power-law
forms can result in incorrect asymptotic behavior. For example, neither
F o -» 0 nor F o -• "> can be accurately represented by a power-law form.
Furthermore, the power-law correlation breaks down for stagnant cases
(R = 0). To avoid these difficulties, Shirazi divided the data into three groups,
designated Gl. G2, and G3, as follows:

Gl: Surface discharges into stagnant water without bottom
interference.

G2: Surface discharges into stagnant water with bottom
interference.

G3: Surface discharges into moving water.

Further division of G3 on the basis of bottom effects was not feasible due to
the lack of information on bottom contours for these data. Table II-E. 2 shows
the data sets that belong to each group. Within each group, the data were cor-
related by including only the relevant parameters. For example, the Gl data
correlation involved only S/Ho or X/Ho , F O , A, and a. For the G2 analysis,
X was added, and all parameters were considered in the G3 correlations.

TABLE 11.1.2. Grouping of Data

Group Gl, Stagnant Kith No Bottan Effects Group G2, Stagnant with Bottan Effects Group G3, Moving Acbient

1. Stolzenbach and Harlenan" 1. Stolzenbach and liarleoan6 1. Stolzenbach and llarlesan6

2. Kiegel, Mobarek, and Jtn17 2. Kiegel, Mobarek, and J e n " 2. Motz anJ Benedict13

3. Hayashi and Shuto12 5. Motz and Benedict13 5. Keil16

4. Tamai, Kiegel, and Tornberg15 4. Frigo and Frye11 • 4. Simons ct al."•

5. Dornhelm, Nouel, and Kiegel10 S. Frigo and Frye"

6. Motz and Benedict13

7. Frigo and Frye11

Correlation parameters weri determined by multivariable re-
gression analysis for individual data sets and for various combinations of
data sets within each basic group. In general, Shirazi1 found that the range
in correlation parameters between individual sets was so large that these
individual correlations were essentially useless. For this reason, Shirazi
sought to correlate two or three similar sets to obtain an "average" repre-
sentation. A consistent procedure for combining data sets was not followed,
however. For example, in Gl the temperature data were separated into
smaller subsets than were the width data since fewer width data existed.

To evaluate the regression fit, the data 'were plotted on a single
log-log graph. Figures II.E.I-3 illustrate how this was done for Gl.
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Figure U.E.I is a plot of (&TC/&TO)FO"234A'°S3° as a function of
S/Ho, where the exponents are the correlation coefficients determined by re-
gression. The solid line shown is a qualitative fit established by drawing a
smooth curve through the data by eye. Figures II.E. 2 and 3 are similar plots
for width and depth data, respectively. A correlation line is shown for the
width, but none is shown for depth because of the large scatter among the data.

4. Criticisr/ 3 and Limitations of Data Analysis

One problem surrounding the use of power-law correlations has
already been noted, i.e., the power-law forms can result in erroneous asymp-
totic behavior. Another difficulty is that predictions based on purely statistical
principles probably do not satisfy the basic conservation laws because the
forms chosen to fit the data are largely arbitrary. Furthermore, the corre-
lations are based on very limited data. In some instances, only a few data
were available from which to establish a trend of results with certain param-
eter variations. Therefore, the correlations should be restricted to interpo-
lating and not to extrapolating the data. Associated with the sparsity of data
is the fact that not all jet properties were correlated with the same group of
data. This point was raised before. What the analysis shows is that the
several parameters considered, Fo, A, R, X, and or, are insufficient to fully
explain the data. Despite these limitations, the correlations provide a useful
base for calibrating the modified Prych model.3"5 The modifications leading
to that model will now be discussed.

5. Shirazi-Davis Modification of Prych Model3"5

Two fundamental changes and three additions were made to the
Prych8 model by Shirazi and Davis4'5 to better represent plume dispersion
and to permit the fitting of the model to data. Each of these are now discussed
individually.

a. Buoyant Spreading

Shirazi and Davis4'5 retain the basic ideas developed by
Prych,8 including his assumption that lateral spreading due to buoyancy can be
analyzed by considering the motion of a density wedge. Whereas Prych as-
sumes that the velocity of such a wedge, c, is given by

c = c j^ /^gd ; (4)
ô

Shirazi and Davis use

/H
V (5)
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where H and B are, respectively, the local depth and width of the plume.
A rationale for this modification comes from some physical reasoning and
from an analysis of Koh and Fan.18

The basic ingredients of the Koh-Fan analysis are stated in
Table II. E.3. Referring to that table, the problem considered is the time-
dependent spreading of a density wedge such as an oil slick. They use an
integral method in which no mixing of fluids is allowed and a hydrostatic
pressure field is assumed. Both lateral-shear and drag forces are included

TABLE II.E.3. Koh-Fan Model18 for Unsteady Surface
Spreading of a Buoyant Fluid

Problem: A line source of strength 2q0 per unit length discharges lighter
fluid of density p0 onto a heavier stagnant ambient fluid of density
pa . To be determined i s the lateral and vertical motion of the pool
as a whole.

HI H"°
C J

Definition Sketch of Unsteady Surface Spread
from Line Source of Strength 2 %

7

Definition Sketch of Half the Spreading Pool at
Time t for Analysis

Assumptions:

(1) No ambient fluid is entrained by the spreading pool.

(2) The shape of the plume/ambient interface remains similar for all
times. A rectangular shape is assumed; other shapes change only
some of the numerical coefficients in the results and not the form
of the resulting equations.

(3) A hydrostatic pressure distribution exists.
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TABLE I I . 3 (Contd.)

Equations:

Conservation of Mass:

ab = qjjt

Conservation of Momentum:

(A)

- CDpof(b}2 - |bO> - b 0 )

inertial pressure resistive resistive
term: rate force force of force of
of change induced by shear hydrodynamic

of momentum density drag
of the center differences

of mass

Solution;

Three separate time periods are considered.

Q : Initial period in which the inertial term is important; no solu-
tion is presented as the above analysis is probably not valid.

fn] : Intermediate time in which the hydrodynamic drag is balanced by
the driving pressure; the shear term is of secondary importance
and the neutral term has probably become negligible by now.

Kb)

where

Pa

or

from

and

db
dt =

which

b = (2g>

(f

2/3

(C)

(linear increase of b with t),

(2g')1/3
= constant (constant a).



TABLE II .3 (Contd.)

Large tinie in which the shear terra dominates

-e,bdb
PO a dt

or

CD)

from which

(E)

and
-1/5

(F)

Note that the horizontal extent of the density wedge has i ts spreading rate
decreased from t to t1*/5 as viscous effects dominate, while the thickness in-
creases slowly through the factor t V s .

in the momentum equation. The solution is constructed on three distinct time
scales with the long-time solution based on the dominance of lateral shear.
It is this long-time solution which Shirazi and Davis use to determine lateral
spreading due to buoyancy. Specifically, Eq. D of Table II. E. 3 is used although
not directly. To show how this equation is used, we rewrite it in the nomen-
clature of the Shirazi-Davis model as follows:

(6)

where Vn is the velocity of the density front normal to itself. Shirazi and
Davis now argue that e/pH, which is the shear velocity, varies as Vn so that

(7)

Noting that the only difference between Eq. 7 and the velocity used by Prych
is the factor H/B, Shirazi and Davis conclude that the appearance of H/B ac-
counts for the effects of lateral shear not considered by Prych. For typical
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applications where H/B < 1, the spreading velocity is in fact reduced as com-
pared to the form used by Prych. Because the Prych model tends to over-
predict widths, the correction is in the right direction.

Shirazi and Davis add to the K oh-Fan analysis an argument
based upon physical reasoning. Table II. E.4 analyzes the differences between
the Prych and Shirazi-Davis formulations for lateral spreading in terms of
two density wedges. According to Prych, density wedges I and II shown in
Table II. £.4 will spread at the same rate because they have the same density
difference and depth. According to Shirazi and Davis, density wedge I spreads
faster because its aspect ratio is smaller. This is explained by Shirazi and
Davis as fellows: (l) the lower density of the plume causes it to rise slightly
above the free surface of the surrounding water and (2) the height of rise at
any point is thus proportional to the depth of the plume. Because both the

TABLE II.E.4. Prych8 and Shirazi-Davis"*5 Forms for
Buoyant Lateral-spreading Velocity

SHEAR? ^—- SHEAR
- B

H = depth of buoyant wedge
B = half-width of buoyant wedge
d = average depth of density wedge
h = height of rise of buoyant wedge
tp = density difference between lighter

and heavier ambient fluids

Prych:

Pa
g

density of heavier ambient fluid

acceleration due to gravity

lateral-spreading velocity

Po = atmospheric pressure

(neglect shear)

Shirazi-Davis: V n = cj - d(H/B) (includes shear)
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density difference and depth of the plume decrease from the center to the
edge, this height varies from a maximum at the center to zero at the edge
causing the plume to spread in that direction. The spreading rate due to
buoyancy is related to the slope of this free surface. Because the height of
rise at the center is proportional to gApH/pa, the slope of the free surface
and the spreading rate is a function of gApH/(paB).

Note at this point that although the reasoning presented by
Shirazi and Davis is plausible, it is hardly rigorous. The main justification
for the form is that it lessens lateral spreading due to buoyancy and therefore
improves predictions in most cases.

In implementing this change, Shirazi and Davis retain the
constants used by Prych, simply writing

^ ( H / B ) . (8)

•where from Prych

d = average thickness of the jet (TTH/2^)

and

ci = a numerical constant [(32/n3)' 4 » 1.01].

Continuing the derivation due to Prych, Shirazi and Davis write

X K 1
 ( )

where the coefficient XK1 has been introduced to allow the result to be better
fit to the data. In the Prych analysis, XK1 is set to \I-Jz.

In summary, the form for lateral spreading assumed by Prych
has been modified by Shirazi and Davis in an attempt to reduce the amount of
spreading that is predicted and therefore permit the model to be calibrated to
data. This is accomplished by introducing a factor of H/B in the formula for
the celerity of a density wedge to account for lateral shear and by using an
adjustable multiplicative factor to either attenuate or amplify the resulting
value. The analysis of Koh and Fan supports the use of this factor, although
the form must still be considered arbitrary. As shown later, the modifications
made by Shirazi and Davis predict a narrower, deeper plume.

The improvement in plume-width predictions made by Shirazi
and Davis with their new lateral-spreading formulation is indicated in
Fig. II. E.4. The data points plotted in the figure are from the tank study of
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Stolzenbach and Harleman.6 The mean of measured tank and field data (from
Shirazi3) with initial densimetric Froude numbers and aspect ratios (similar
to those used in the tank study) is also plotted. The Stolzenbach-Harleman and
Prych models grossly overpredict plume width, whereas the Shirazi-Davis
model provides not only an improvement but also, and more important, a more
correct trend--the trends shown in Fig. II.E.4 are typical in other-model-data
comparisons as presented in Ch. IV. While the Shirazi-Davis model predic-
tions appear to be more in line with data, the change in plume nature causes
a faster decay of densimetric Froude number along the centerline and there-
fore results in computational difficulties in the code, as discussed later in
Sec. c.

Fig. n.E.4

Comparison of Half-width Predictions from
Stolzenbach-Harleman, Prych. and Shirazi-
Davis Models to Stolzenbach-HailemanTank
Data6 as well as the Mesa Data of Shiiazi
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b. Zone of Flow Establishment (ZFE)

Shirazi and Davis4'5 modified the formulation of the zone-of-
flow-establishment length assumed by Prych to include densimetric Froude-
number effects. The formula for calculating this length, designated Si, was
changed from

Si = 6.38HQA172

to

Si = 5.4HO(A7FO) 1/3
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The change was based on a limited number of experiments carried out in a
stagnant hydraulic tank at the EPA Pacific Northwest Environmental Research
Laboratory.4 In these tests, the length of flow establishment was measured
for several different aspect ratios and initial densimetric Froude numbers.
According to theory, three events occur at the end of flow establishment.

(1) Turbulent fluctuations reach the center line of the jet.

(2) The centerline values of temperature and velocity begin
to decrease.

(3) Velocity and temperature profiles become similar.

In a real jet there are four usually distinct points that can be called the end of
flow establishment:

(1) The point at which the horizontal temperature profile
becomes similar.

(2) The point at which the vertical temperature profile
becomes similar.

(3) The point at which the horizontal velocity profile becomes
similar.

(4) The point at which the vertical velocity profile becomes
similar.

Normally, points 1 and 2 are reached first, but the order in
which they occur depends on the aspect ratio. The last of the four points to be
reached is generally taken as the end of flow establishment, although this defi-
nition is not without its problems. One of these problems lies in the fact that
the centerline temperature of the jet has already begun to decrease and the
excess temperature ratio at the end of flow establishment is less than one.
The effect on final plume model prediction is generally thought to be small,
however.

The Shirazi-Oavis form adds an additional degree of sophisti-
cation to the form used by Prych because it predicts a decreasing length with
increasing densimetric Froude number. It does, however, result in incorrect
asymptotic behavior. In the limit of Fo — oo, one physically expects an approach
to nonbuoyant jet theory, but instead one gets Sj -• 0. A'so, as A-»« one should
get the two-dimensional prediction, but instead one gets Si -• ». These "jnre-
alistic predictions indicate that the Shirazi-Davis correlation for flow-
establishment length should be limited to the range of densimetric Froude num-
bers and aspect ratios considered in the tank tests. Extrapolation beyond these
ranges is risky.

A detailed study of flow establishment has been made by
Stefan9 and is, at the time of this writing, under review for publication. Stefan
carried out numerous tank tests to determine the effects of aspect ratio, densi-
metric Froude number, and crossflow. Initial indications are that the effects
of crossflow are not too severe.
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Shirazi and Davis retain the basic form of the Prych analysis
for calculating jet parameters at the end of flow establishment as they substi-
tute the revised form of Sj for determining its length. This analysis is sum-
marized in Table II. E. 5 and Fig. n. E. 5. The parameters thus determined
serve as initial conditions for the solution of the established flow regime.

TABLE II.E.S. Shirazi-DavisS5 Analysis of
the Flow Establishment Region

Hie Shirazi-Davis simulation follows Prych8 quite closely except for some
minor modifications. The analysis proceeds in two steps.

Step 1.

Assune zero entrainment in ZFE to determine B(O)/H(O), the initial values
of B and H.

Using Prych's celerity velocity in the ZEE (not the Shirazi-Davis modifi-
cation) with u = Uo,

- g'h

and using mass conservation,

integration yields, for a rectangular profile at end of ZFE

and

r
it is assumed that

H(0)

Step 2.

(A)

Here entrainment is superimposed on the Step 1 analysis along with fully-
developed temperature and velocity profiles at tie end of development. Based
upon conservation of energy at outfall and end of ZFE

20
Q(0) = -sp. (T = excess temperature ratio at the end of develop- (B)

ment, usually taken at 1.0)
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TABLE II.E.5 (Ccntd.)

The X and Y momentum equations are derived as

p o ) c o s eo sin sFix

X momentum flux entrained X component X component of
from outlet ambient of form drag interfacial

momentum shear

CMo

= IM(0) + PCO)]cos 6(0)

X momentum flux
through cross
section at
end of ZFE

80 " FDi cos eo
sFi>

Y momentum flux Y component Y component of
from outlet of form drag interfacial

shear

[M(0) + P(0)]sin e(0) (D)

Y momentum flux
through cross
section at
end of ZFE

Average values for drag and shear forces are used over the ZFE control volume,

+ - r 7 v^
SFix = CfSi(b0 + W)|V - Uo| ,-> - , (V - H,

L(ho+ hj)|V- Uo[J
cos eo)

c c Up sin e0
SFiy = -SFix V - Uo cos eo

- * • - * •

Here Uo is the discharge velocity vector in the direction of e o and V is
the vector of the ambient current.

M equation for 6j is obtained from multiplying Eq. C by sin e0 and
Eq. D by cos eo and subtracting

8(0) = arc Po)sin eo - FDi cos eo cos e0

(i-l) + FDi sin
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TABLE II .E.5 (Gontd.)

Multiplying Eq. D by cos 8(0) and Eq. C by sin 9(0) and adding yields

CH) + Po)cos [6(0) - eo] + VQo cos e(0)(-=r- l )

+ (Spix + Fjji sin eo)cos 6(0)

+ (S F i y - FQi cos eo)sin 6(0) = M(0) + P(0). (E;

Here

Po =

Following the treatment of Prych, Shirazi and tovis write

M(0) 02(0)
TIB(0)H(0)

and

P(0) •= ^g'TH2(0)B(0).

Eliminating H(0) from Eq. A and using Eq. E

where LHS is the left-hand side of Eq. E. Ihis equation is solved iteratively
for B(0) in the computer code. Equation A is solved for H(0). Equation B is
solved for Q(0). T = 1.0 is used for the Si form used by Shirazi and Davis.
Other forms for Si may be used in which T may be less than 1.0. Finally,

X(0) = Si cos 6(0)

and

Y(0) «= Si sin 6(0)

are assumed, replacing Prych1s assumptions

X(0) - Si cos 9o Y

and

6,, * e(0)
Y(0) = Si sin 2 -
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TABLE II.E.5 (Contd.)

This change by Shirazi and Davis was found to eliminate considerable
deviation between computed and mean data near the outfall during the calibra-
tion of the model.

This flow-establishment routine thus calculates B(0), H(0), Q(C), 8(0),
X(0), and Y(0) for initiating the established-flow solution.

END OF miTIU. ZONE

21/2BIM

4i.
FLOUT QO TEW To

VELOCItr g,, DENSITY

^•--Uii-«>f •* I Vz moi
Fig. n.E.5

Schematic of Zone of Flow Establishment
Used in the Shirazi-Davis Model Analysis

It should be stated here that the Prych analysis of flow estab-
lishment, -which has been modified only slightly by Shirazi and Davis, is
largely arbitrary with little or no justification for many of the assumptions.
This treatment is essentially a stopgap measure made necessary by the
dearth of good quality data on flow establishment. When more data become
available, such as those of Stefan, a better model of flow establishment
should be possible. Until then the analysis of Table II.E.5 will have to suffice.

c. Extrapolation of Model Predictions

A major difficulty with the Shirazi-Davis4'5 model is a pair
of singularities in the model equations. One occurs in the equation for dH/ds
when F = 1.

2 ds 2

6 + S F y cos 0) + (TTV COS G - | ~ ) f &

A } \ B

where F is the gross densimetric Froude number defined by
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This singularity is usually the first to occur in the forward integration of the
model equations. The second singularity occurs as a result of the form as-
sumed for buoyant spreading

XK1
[(B/H)FZ - I]1'*'

when F = - / H / B . This singularity will occur second and, in fact, is not en-
countered in practical applications because H/B is usually less than 1.

In the Prych model,8 the expression for buoyant spreading
does not contain B/H and the two singularities both occur at F = 1. Prych
recommends that the model predictions be terminated at this point even chough
the numerical integration will continue provided that F = 1 is not a point
where the derivatives are calculated. Furthermore, the Prych model predicts
a shallow, wide plume with a slow decay of densimetric Froude number and
the singularity is not reached for considerable distance from the outfall.

Because of the modification made in the lateral-spreading
rate, the Shirazi-Davis model predicts a narrower, deeper plume producing
a much earlier encounter with the singularity. The model may calculate only
a few hundred feet before reaching the singularity, and of this distance, a sig-
nificant portion is the flow establishment region. The greatest difficulty in
this respect occurs for low values of R or F o , or large values of A. Although
the first singularity can be bypassed by a judicious choice of step size and
error criterion, it is probably incorrect to do so, although the numerical re-
sults appear to be a reasonable extension of model predictions. The major
anomaly is the appearance of a small oscillation in plume depth due to the
singularity in the drl/ds equation. Shirazi and Davis recommend that code
calculations of trajectory be kept past the first singularity but that predictions
of other characteristics not be used.

Shirazi and Davis consider whether the singularity is a physical
reality or whether it is the outgrowth of poor modeling. The first thought that
comes to mind is that the singularity corresponds to the appearance of an in-
ternal hydraulic jump as seen in two-dimensional plume studies in tanks (see
the discussion of this phenomenon in Ch. III). It is currently unknown whether
a three-dimensional analog exists in prototype plumes. Since no discontinuities
in three-dimensional prototype plumes have ever been observed, it is more
likely that the singularity is an artifact of model simulation and does not rep-
resent a physical reality. Shirazi and Davis state that the uncoupling of the
hydrostatic pressure force in the longitudinal and lateral directions is probably
at fault and conclude that this uncoupling gives the plume a false two-
dimensional character. The singularity can be eliminated by removing the
longitudinal pressure force, but this revision also greatly affects the predictive
capabilities of the model.
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To allow predictions to be made beyond the point of singularity,
Shirazi and Davis present a scheme in -which temperatures and widths can be
obtained by extrapolating from cases of higher currents (where the model is
operational) to lower current cases (where the model fails).

Taking center line temperature decay as an example, Shirazi
and Davis write

ATC/ATO = f (F o .A,R,K,6 o ,S /H o )

or

S/Ho = g(Fo ,A.R,K,eo ,AT c /ATo) .

For fixed F o , A, R, K, and 6O, one can state

S/Ho = g(R, ATC/ATO).

For a particular temperature, &TC/ATO i s constant, so that

S/Ho = 1(R)-

For a fixed temperature ratio, the center line distance to that temperature is
a function of R. For small changes in R, Shirazi and Davis use

S/Ho = C,(l - R)C2

as an approximation for g.

The extrapolation is effected by first running the computer
code for several values of R. Then for each value of ATC/ATO of interest,
S / H O is plotted as a function of (l-R) on a log-log scale. Figure II.E.6 gives
an example of this procedure showing model predictions for Point Beach
Unit 1. The angle between the discharge channel and the southshore is 60°,
the initial densimetric Froude number of this case is 2.25, and the outfall
aspect ratio is 2.55. The right half of the plot shows the results for 6O = 60°,
i.e., for southerly currents, while the left half shows the results for northerly
currents. Computer code calculations are indicated by filled circles connected
by either solid line segments when the local densimetric Froude number is
larger than I or by broken line segments when the local densimetric Froude
number is less than or equal to 1. Also shown are extrapolation results to
zero current indicated by open circles and dotted line segments. Shirazi and
Davis sanction the extrapolation of model predictions to any positive value of
R if 6O ^ 90°, but state that no model results should be extrapolated for R < 0.1
if 6O > 90°. Thus, there is a region in which the model is not applicable even
by extrapolation.
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Fig. U.E.6. Extrapolation of the Shitazi-Davis Model*-5

d. Two Minor Changes in the Computer Code

Shirazi and Davis4'5 improved upon the model's algorithm for
integrating isotherm areas and added a calculation of time-temperature history.
The integration of areas was improved by requiring that a smaller step size
be used in the trapezoidal rule algorithm. The Prych8 model integrates areas
using, at times, steps along the jet axis that correspond to larger than 0.05
drops in excess-temperature ratio, a rather coarse step size.

The time-temperature calculation attempts to determine the
temperature history that an organism passing through the plant cooling system
would encounter. This is accomplished by integrating the reciprocal velocity
along the jet centerline thusly

t(T)
/-S(T)

Jo
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This time represents the minimum time for an organism to reach a particular
excess-temperature ratio, because paths not along the jet centerline are pre-
sumably less direct.

6. Fitting the Modified Prych Model to Data

The Prych model8 as modified by Shirazi and Davis4'5 contains
six undetermined coefficients: E o the entrainment coefficient, Eh and E v the
turbulent exchange coefficients, Cj} the drag coefficient, Cp the interfacial
shear coefficient, and XK1 the coefficient in the lateral buoyant-spreading
relationship. The objective of the fitting -was to relate the model performance
to available experimental data, and the attempt revealed the difficulties and
limitations of obtaining exact agreement between the model and data. Tank
data from different sources over a narrow range of jet parameters differed,
at times, by an order of magnitude. Field data, on the other hand, showed
enough scatter sometimes to fill two orders of magnitude. Fitting the model
to a mean set of data became most practical. The concept of exact agreement
was quickly rejected. Part of the problem is the requirement of representing
a set of data by a pre-determined set of parameters, often neglecting transient
effects, bottom effects (in the field), difference in ambient and jet turbulence
levels, etc., that often occur and contribute to making one set of data different
from another. Much of the scatter in the data could be explained by these
additional unknown factors. In short, it was not practical to determine model
coefficients by fitting to individual data sets. Rather, the results discussed
in Sec. 2 were used.

The calibration parameters are handled somewhat differently by
Shirazi and Davis than they are by Prych, because Shirazi and Davis non-
dimensicnalize the equations before coding, which is desirable because it
makes the model calculations independent of any particular set of units. The
forms used are given in Table II.E.6. Shirazi and Davis argue further that
this procedure makes the model parameters more physically meaningful and
provides at least some justification for having a scaling process and the type
of data fitting outlined in a-d below. In our opinion, it is difficult to assess
the precise advantage of this scaling of variables and model coefficients, as
not all the dimensionless groups of parameters affecting the jet flow are in-
cluded in the model.

To eliminate the need to fit the model by simultaneously varying
all six parameters, the calibration was carried out ih four steps as follows.

a. Determining the Values of Eh, Ev, and XK1

The first coefficients determined were Eh and E v based on
the data of Weil,16 who studied the effects of turbulence on plume spreading.
Weil's experiments consisted of a high initial densimetric Froude number,
semicircular, surface jet discharged parallel to and at the same velocity as
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the ambient flow. The effects of the semicircular discharge structure were
deemed unimportant beyond the ZFE. Dilution is largely due to jet and ambient
turbulence effects, since the relative velocity between the plume and ambient
water is zero and since buoyancy effects are small due to the high densimetric
Froude number. In calibrating the model to this data, Shirazi and Davis set
E o and C F to zero specifically because of the zero relative velocity between
jet and ambient. The drag coefficient C D was also set to zero as the jet is
parallel to the ambient current and consequently, the pressure distributions
on either side of the jet are equal.

TABLE II .E.6 . Nondinensionalizations Made in the
Shirazi-Davis Model

Dimensionless Variables:

U1 = U/Uo X- = X/Ho Ff, =

B' = B/HQ Y« = Y/Hc Q« =

H1 = H/HQ V = V/lfe A = 2Bo/Ho

T» = 6TC/6TO P1 = P/[^Ho R =

K' = KE/pCpUo M' = M / U ^ Re =

S1 = S/HQ S'p = SF/UgHo

The above dimensioalsss terms are introduced into the governing
differential equations with the primes then dropped. The established
flow equations then become identical to those of Prych if one
identifies,

as v jr%- as e

The Weil data, after multiple-variable regression methods
were applied, is plotted in Fig. II.E.7. Figures II.£.8 and 9 compare several
model calculations to the average data. Many more similar comparisons
were made but these are not presenter Here. By visual inspection, Shirazi
and Davis selected Eh to be 0.02, Ey/E^ to be 0.2, and XK1 to be 1.4, as best
representing the local mean temperature decay and width of the data.
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b. Determination of E o and Cp

Shirazi and Davis next evaluated E o and Cp by grouping
several sets of laboratory and field experiments under conditions of zero or
very small cross current. In these near-stagnant cases, a value of Cj) = 0
was used, while the values of Ev, Eh. and XK1 were assumed to be the same
as those determined above. Figures II. E. 10 and 11 give, respectively, the
temperature decay and widths for the data used in this step. Figures II.E. 12
and 13 show the comparison of many model calculations with the mean of the
data in a similar presentation to that given in Figs. II. E. 8 and 9. Shirazi and
Davis felt that Eo = 0.05 and Cp = 0 best represented the mean data. The
interfacial shear coefficient CF was set to zero because it was found to have
little effect on predictions.
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Fig. n.E.10. Correlation of Selected Temperature Data foi
Zero or Negligibly Small Ambient Current.
(Adapted from Shirazi and Davis.4)
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of Data. (Adapted from Shirazi and Davis.4)

c. D e t e r m i n a t i o n of C J J

The last parameter, CJJ, was evaluated by grouping together
data for plumes in the presence of an ambient current. Previously determined
values of Eh. Ev> XK1, Eo , and Cp -were maintained and not varied. Following
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the presentation above, Fig. II.E. 14 gives the data and Fig. II.E. 15 shows the
comparison of several model predictions to the mean of the data. On the basis
of the comparisons in Fig. II.E. 15, Shirazi and Davis chose C Q = 1 as the best
fit.

KT

Fig. U.E.14. Condition of Selected Trajectory Data.
(Adapted from Shirazi and Davis.4)
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Test of Model Predictions

In order to evaluate the calibration obtained by a, b, and c
above, the model was checked against data from different sources and with a
wide range of parameters. Figures II.E. 16 and 17 illustrate the comparison
of the calibrated model with five sets of raw data. Both center line tempera-
ture decay and width predictions appear to be in good agreement.
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Fig. H.E.16. Comparison of Calculated Temperatures with Se-
lected Data. (Adapted from Shirazi and Davis.4)

Fig. II.E.17. Compatison of Calculated Widths with Selected
Data. (Adapted from Shirszi and Davis.'*)

Based upon these comparisons, Shirazi and Davis5 did not feel
the need to readjust the coefficients for an additional refinement. It was not
clear at the beginning whether one can isolate all the dispersion phenomena
separately and fit the model by the inclusion of one phenomenon at a time, be-
cause, in actuality, all these dispersion processes occur at once. This final
check was made to see if the building procedure for evaluating the coefficients
needed further iteration before satisfactory comparisons would be produced.

7. Model Usage: Computer Code and Nomograms

There are two methods of obtaining Shirazi-Davis4'5 model pre-
dictions. If a precise prediction is required, then the computer code must be



used. The listing of the program originally given by Shirazi and Davis4 con-
tains an incorrect statement as noted below:

143

Line 233 should be replaced by:

GN=O.

IF(RE.GT.O.)GN=SQRT(SQRT(1./(RE*H))) *0.206*S2*B/l0.0

Shirazi and Davis4'5 describe the code as well as the correct method of pre-
paring input. A sample output of the computer code appears in Appendix A of
this report.

An alternative method of obtaining model curves is to use one or
more of the more than 300 nomograms presented by Shirazi and Davis.4

These nomograms are useful for design work when identifying trends is im-
portant. Furthermore, the nomograms also spare the user the effort of
manu-.lly extrapolating calculations to low ambient currents. For a given
value of Fo> A, R, 9O. and K, the correct nornograrn is found by reading a
summary table. Figures II. E. 18-21 are sample nomograms that illustrate the ; •

i i i i i i
20 40 60 60 100 120 140 160 ISO 200

LONGITUDINAL DISTANCE X/Ho

20 4G 60 80 KK) 120 143 160 180 200

LONGITUDINAL DISTANCE X/Ho

Fig. H.E.18

Plume Trajectory, Temperature, Width, and Depth
for Surface Jet Showing Effects of Jet Densimetric
Froude Number. (Adapted from Shirazi and Davis.4)

Fig. I1.E.19

Plume Trajectory, Temperature. Width, and Depth
for Surface Jet Showing Effects of Jet Aspect Ratio.
(Adapted from Shirazi and Davis.4)
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Plume Trajectory. Temperature. Width, and Depth
for Surface Jet Showing Effects of Ambient Current.
(Adapted from Shirazi and Davis.4)
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Fig. D.E.21

Plume Trajectory. Temperature. Width, and Depth
for Surface Jet Showing Effects of Discharge Angle.
(Adapted from Shirazi and Davis.4)

effect of initial densimetric Froude number, aspect ratio, ambient current,
and discharge angle, respectively. To see how these graphs are interpreted,
consider Fig. II.E. 18, which illustrates the effect of initial densimetric Froude
number for an aspect ratio of 5.0, an ambient current speed that is 10% of the
discharge velocity, and a discharge angle of 90°. The three dashed lines
labeled F = 2, F = 4, F = 10 show the trajectory predicted for each of these
initial densimetric Froude numbers. Greater bending is predicted for larger
densimetric Froude numbers due to increased entrainment of ambient mo-
mentum. Furthermore, the length of each dash along the trajectory is made
proportional to the local plume depth. (The depth scale is indicated on the
nomogram.) Two sets of solid lines intersect the trajectory curves. One set
labeled T = 0.25, T = 0.3, and T = 0.4 intersects the trajectory at the point
where that value of the temperature-excess ratio is reached, while the set
labeled W = 100, W = 150, and W = 200 indicates the point at which this
quantity reaches these values. Additional nomograms showing area and time-
temperature predictions are given in Figs. II. E.22 and 23, respectively.
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Fig. !i.l:.22. Tcnspcraiuru—Area iwmogiam f*>r Surface
Jet. (Adapted from Shirazi JEd Davis."1)

I i ! : H i l

TIME - IUC/HO

Fig. I1.E.23. Temperature—Time Nomogran; for Surface
Jet. (Adapted from Shirazi and Davis.4)

The nomograms such as those presented in Figs. II. E. 18-23 are
very useful in identifying key trends in plume behavior. Shirazi2 cites five
such trends.

(1) A weak ambient current as small as 10% of the initial jet
velocity is sufficient to bend the plume substantially. An ambient current on
the order of 50% of the jet velocity bends the plume totally in the direction of
the current, {.hereby preventing plume penetration but possibly causing the
plume to hug the shoreline.

(2) A small initial densimetric Froude number counters the effect
of an ambient current, thus requiring a substantially stronger current to bend
such a plume over and prevent a daep penetration into the moving water.

~ • 1 -:J. *
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(3) A strong ambient current and large densimetric Froude num-
ber both can cause narrow and cool plumes. Conversely, a small ambient
current and a small jet densimetric Froude number cause very wide and hot
plumes.

(4) The effect of a large aspect ratio is generally to reduce inter-
action with the ambient current and cause greater penetration. One can think
of a wide plume as riding over the ambient current but the narrow one trying
to block and thus strongly interacting with the ambient current. Plume width
is naturally greater for an initially wide jet, but the temperature of such a
plume is also greater due to reduced interaction and the tendency of the heated
water to float more rapidly over the cooler ambient water.

(5) A shallow angle of discharge (i.e., nearly a coflowing dis-
charge) naturally offers the least resistance to the cross current. When com-
pared with a steep discharge angle (©o = n/2)> it is associated with a wider
plume and relatively higher temperature. One can think of the nearly coflow
case as one where the ambient turbulence and not the interaction with current
dominates the mixing process. Another physical explanation for a wide and
hot plume for shallow angle of discharge is the real effects of the shoreline
(and shallow bottom) that inhibit mixing. In any event, the results must be
used with caution.

In addition to the above "working nomograms," Shirazi and Davis
provide a set of supplementary nomograms to better understand the sensitivity
of the model to its coefficients and for application to special situations in
which one or more coefficients are expected to deviate substantially from
those recommended. For example, the value of Eh or Ev might be increased
substantially when a plume is discharged into an ambient current of high
turbulence. In this way, the effect of choosing "non-fitted" Ejx and Ev values
can be better understood. No recommendations are given, however, on how
to vary parameters for such special applications.

8. Criticisms and Limitations

a. Generic Limitations of Integral Models

The generic limitations are those applicable to all the integral
models including the Motz-Benedict, Stolzenbach-Harleman, Prych, and
Shirazi-Davis ones. Among them are the requirements for:

(1) A rectangular channel outfall structure.

(2) Deep water so that the jet is unrestricted by bottom
boundaries; a free jet, not a confined jet, is idealized in the model.

(3) Wide water to assure that the jet is free and dilution
water is not constrained by lateral or longitudinal boundaries.
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(4) Homogeneous, uniform, and steady ambient and outfall
conditions. (This implies no stratified ambient receiving body, a uniform
current, and constant outfall conditions. No plume transients can be
simulated.)

(5) No wind momentum imparted to the plume.

Integral models are often applied to prototype cases in which a number, if not
all, of the above idealizations are violated. The more violations, the greater
the chance of inaccurate predictions.

Not all violations of the idealized concepts are serious, how-
ever. The integral models can probably be used for nonrectangular discharges,
because the rectangular nature of the outfall is lost beyond 10-13 outfall depths
from the discharge point. Therefore, one may simulate a nonrectangiilar out-
fall if desired.

The deep water assumption of the model does not really re-
quire an infinite body of water, jusi one that is large compared to the dimen-
sions of the plume. An outfall depth of 1 m can often be considered to be in
deep water if the water is 4-5 m deep. Some limited data on bottom depth for
a jet to be considered in "infinite water" is given by Koester.19 A qualitative
indication of the effect of lake depth on the plume can be obtained for the
comparison of lake bottom profiles to predicted plume depth.

Lateral and longitudinal boundaries may be considered un-
important if the calculated plume trajectory does not interact with them.
There is no practical way of "adjusting" the model when boundary interference
occurs.

Start-up or plume recirculation is a time-dependent problem.
If the heat transferred from the area of the predicted plume is of the same
order of magnitude as that being discharged, then the entrainment of recircu-
lated water is probably not significant; the ambient water will disperse the
heat.

Should the ambient body be stratified due to solar radiation,
it may not be of great significance if the thermocline or plane of maximum
temperature gradient is much deeper than the maximum plume depth. At times
the nearshore area is of uniform temperature, though stratification may appear
offshore, or else the plume may be discharged into the nearly constant-
temperature, epilimnetic region of the receiving body. Stratification of the
ambient may, in fact, be included in integral models easily by accounting for
the entrainment of different temperature water. However, the resolution of
the model itself may not be good enough to make a significant difference. It
is assumed in these integral models, therefore, that the sun heats the lake
uniformly.
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The accuracy of these integral models depends on how ac-
curately plume physics is simulated as well as how appropriate the model is
for a particular application. The hope is that, with all the idealizations and
with the application to nonideal situations, the model, if it errs, errs con-
servatively. This is a big hope that has yet to work out for any integral
model. The results for all integral models have generally been discouraging.

b. Specific Limitations of Shirazi-Davis Model

The limitations specific to the Shirazi-Davis model are es-
sentially the same as those of the Prych model, except for those areas where
changes were made. Many of these concerns have already been touched upon.
By way of summation, we will briefly consider each again.

(1) Lateral Spreading. The lateral-spreading assumption of
the model is a major problem since spreading due to entrainment and spread-
ing due to buoyancy are not additive when they are of the same order of mag-
nitude. The buoyant and nonbuoyant components of spreading represent
asymptotic solutions and there is no reason to believe that an intermediate
solution will be well represented by their sum. The modification made by
Shirazi and Davis in the form of the buoyant-spreading rate generally improves
width prediction, but is by no means rigorous. Its justification is mostly in
that it aids in calibrating the model to data. The precise method of handling
lateral spreading can be developed only by avoiding overly-simplified model
simulations and carrying out basi: tests, probably in a hydraulic model tank,
of the mechanism itself.

(2) Flo*v Establishment. Again, the modification made by
Shirazi and Davis seems to be an improvement on the analysis of Prych.. but
the treatment of flow establishment still leaves much to be desired. The cor-
relation used to compute the length of flow establishment lacks the refinement I
that numerous tests under varying conditions would provide. In its present
form, the correlation does not include the effects of ambient current, nor does
it result in the proper asymptotic behavior. Recent tank data by Stefan9 will
allow more fruitful work to be done in ZFE modeling. Furthermore, the
methodology advanced by Prych and retained by Shirazi and Davis for calculating
jet parameters at the end of flow establishment is a weak point in the model.

(3) Calibration. The Shirazi-Davis calibration procedure has
several undesirable features. First, data amenable to calibration are generally
lacking. To be sure,not enough data exist to develop an accurate simulation of
all physical phenomena. The wide scatter in the data cannot be accounted for
in terms of measured parameters, a fact that makes calibration difficult.
Second, trying to calibrate a model that may contain physically invalid as-
sumptions is difficult. Such i model may not provide a reliable vehicle for
extrapolating and interpolating the data. Finally, there is the problem of
fitting the model one parameter at a time. No convincing evidence exists that
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model parameters determined in one limited experiment will apply to another
experiment of a different configuration. Shirazi and Davis argue that the
scaling processes carried out in nondimensioiializing model equations provide
some rationale for the calibration outlined above.

(4) Extrapolation. A major drawback of the model is the
short range of distances over which it is directly applicable. For cases often
of practical interest, the model fails before reaching the lower isotherms
where standards are normally set. This occurrence made necessary an ex-
trapolation procedure to obtain the desired result from the limited model
calculations. Obviously, such a procedure is not scientifically satisfying.
Such dissatisfaction stems from an important basic flaw. The extrapolation
procedure is not based upon conservation laws and probably does not satisfy
them; such extrapolations should be used very cautiously.
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F. Pritchard (Model No. 1) Integral/Phenomenological Model1*5

1 - Synopsis of Approach

This integral/phenomenological model is basically a synthesis of
previous theoretical and physical modeling results for buoyant and nonbuoyant
jets, complemented with results Pritchard has gleaned from field data obtained
from some existing power plants sited on bays, estuaries, and large lakes.
Both the development and application of the model are simple, yet Pritchard
claims that model predictions will be conservative in many respects.

The model considers plume dispersion to be governed solely by
jet entrainment, turbulent diffusion, and surface heat loss. An integral tech-
nique is used in which the plume velocity and excess temperature (above
ambient) are assumed to have, at each longitudinal position, a "tophat" dis-
tribution laterally and vertically. Buoyancy-induced convective motions are
not explicitly considered in the model. No ambient crosscurrent is assumed
to exist in the theoretical development; yet, Pritchard expects that the pre-
dicted centerline temperature decay and areas within isotherms are still ac-
curate in the presence of a shore-parallel current less than 10% of the initial
discharge velocity. In the model, environmental changes are reflected solely
in the surface-heat-transfer c efficient K Entrainmeni is accounted for by
the specification of an "inverse-spreading-rate" parameter. The lake bottom
is assumed to have no effect other than upon the author's choice of a plume
depth and, when necessary, upon the length and depth of an initial region of
vertical entrainment.

The model handles both the jet and far-field regions; it predicts
a two-dimensional temperature field and areas within isotherms down to a
1 F° temperature excess.

The theoretical development is carried out in four consecutive
stages:

a. Horizontal spreading is considered, neglecting vertical dif-
fusion and surface heat loss to the atmosphere. A two-dimensional tempera-
ture field is determined for the jet and far-field regions.

b. Vertical entrainment is then considered independent of hori-
zontal spreading and surface heat loss. The depth is assumed constant, except
possibly for a small region in the vicinity of the outfall, where the depth grows
slowly in a linear fashion. When vertical spreading is assumed to occur, a
correction of the two-dimensional temperature field is made to account for
the additional dilution.

c. A second correction of the temperature field may be needed,
depending upon the temperature of the water entrained into the plume. Due to

• , f

•'v
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possible recirculation of condenser cooling water, the temperatures of the
diluting water mixed into the plume may be above ambient. Once this addi-
tional correction on the temperature field is made, the areas within isotherms
are calculated for the condition of mixing alone.

d. Surface heat losses are then included in the analysis as a
correction to the areas derived in stage c. This surface-heat-loss correction
yields the final two-dimensional temperature field anc; the isotherm areas.

The parameters required for the application of this model are:

b o = width of rectangular outfall,

h o = depth of rectangular outfall,

Qk = excess heat-rejection rate of power plant based on 60 (Q^
would be identically equal to the total condenser heat-
rejection rate if the condenser intake temperature were
identically equal to the ambient temperature),

@o = initial excess temperature of the jet,

and

K = surface-he at-loss coefficient.

As with some others (e.g., Motz and Benedict), this model relies
heavily on the engineering judgment of the user. In many applications these
models are used to give only order-of-magnitude type or conservative pre-
dictions. In applying their models, Motz and Benedict often employ engineering
judgments in the selection of key parameters. For example, if the site of
interest is thought to exhibit bottom interference, some qualitative restrictions
on vertical entrainment may be imposed. In past applications of his model,
Pritchard has made special allowances tor such site-dependent characteris-
tics. These considerations are difficult to formalize. In essence, Pritchard
describes a methodology or a set of guidelines within which the user is sup-
posed to work.

Z. List of Symbols

A,. Surface area within a selected isotherm 9^, for
k = 1. . . . . n

AQ Surface area with excess temperature equal to or greater
n than 6 n

b Local width of velocity and temperature distribution in jet

b o Full width of outfall

bg Mean width of 9 isotherm

ba Maximum width of 8 isotherm
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c_ Specific heat at constant pressure

D Characteristic "critical" mixing depth of receiving body

of water

D1 Local depth of plume

D o Equivalent diameter of a rectangular outfall

DQ Thickness of plume at a distance §g where §Q < T)1 (when
vertical mixing occurs)

h o Depth of outfall

K Surface*heat-transfer coefficient (a function of e x c e s s

temperature S)

n Inverse-spreading rate

n, 90/e,
nz 60/62

Qh Excess heat-rejection rate of power plant based on Go;
(pcpu0bohoe0)

Q o Volumetric flow rate of power plant at discharge

u Center line velocity, a function of I

u a Velocity of transverse crosscurrent (assumed constant)

u0 Initial velocity of the jet at discharge

r(l°) Rate of heat loss from the area contained within the
1 F° isotherm

Q Incremental area between GR and 3 n _i i sotherms

AA0.5 Area having mean e x c e s s temperature 0.5 F°

AFo Rate of heat l o s s from the area contained between the 6_,
n

9n_j i sotherms

£ l / ( n b o )

T|i Longitudinal distance at which vert ical entrainment c e a s e s

6 Local e x c e s s temperature

6 n E x c e s s temperature of a particular i sotherm

6 Local excess - temperature correct ion of the horizontal
temperature distribution due to additional dilution resulting
from vertical entrainment

60 Initial e x c e s s temperature at discharge

9 ' Superposed e x c e s s temperature at a given position
resulting from plume No. 1 and Z
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8t Excess temperature at a given position resulting from
plume No. 1

G2 E x c e s s temperature at a given position resulting from
plume No. 2

6 n Mean e x c e s s temperature between the nth and (n- l ) s t
i sotherm

9_i Corrected e x c e s s temperature corresponding to the d i s -
tance §0 along the plume axis due to nonzero background
temperature

§ Longitudinal distance measured along plume center l ine

l v Distance from the virtual source of the jet to the end of
the region of flow establishment

ZQ Center line distance out to a given e x c e s s temperature 6

p Density of plume water (assumed constant)

<P Background excess temperature

Notation

( ) m Denotes that the parameter inside the parentheses has
been determined assuming dilution (mixing) alone

( )rn c Denotes conditions after correction of the excess tem-
perature distribution for surface cooling

3. Model Derivation and Discussion

In this first model of Pritchard, he separates, dispersion into dis-
tinct vertical and horizontal processes to facilitate the model development.
Each of the four steps described above is considered in some detail. First,
the dominant processes involved in plume dispersion are described briefly as
conceptualized by Pritchard.

Pritchard distinguishes between three primary processes, which
lead to a decrease in excess temperature in a thermal plume. First, there is
the initial dilution, which occurs through mechanical mixing of the heated
water with the receiv: • g water as a result of the excess momentum in the dis-
charge stream. The second process involves natural mixing ox turbulent dif-
fusion of the heated effluent into the cooler ambient water. The third process
is a loss of heat with a consequent reduction in excess temperature from the
water body to the atmosphere.

According to Pritchard, jet entrainment is the primary dilution
process within the range between the plume's initial excess temperature 9o
and a value corresponding to about O.20O. This value is based mainly upon
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experiments done at the Chesapeake Bay Institute, where it was found that,
when the center line temperature decays to about O.Z9O, the temperature dis-
tribution begins to act like the asymptotic temperature spread from a point
source in a stagnant medium. Thus the temperature reduction beyond O.Z6O

decays essentially inversely with distance. Pritchard found this relationship
to be generally valid in the field wher ambient turbulence dominates the
dispersion.

Due to the large volume of the source, natural turbulent diffusion
is a secondary process in the jet regime, initially acting only at the edges of
the plume with only little cooling until the transverse distribution of tempera-
ture has been altered from an initial "tophat" form to a bell-shaped form.
Also in these initial regions, surface cooling contributed only a second-order
correction to the distribution of excess temperature for temperatures greater
than about 10% of the excess temperature at the discharge. Compared to the
other two processes, surface heat loss seems to become increasingly more
important when the excess temperature has decreased considerably. It then
becomes the dominant process for excess temperatures less than about 1 F°,
due to the relatively large plume areas involved at these low excess tempera-
tures. The above conclusions concerning the loss of heat to the atmosphere
were reached from comparisons of experimental data (no surface losses) with
actual field data obtained when surface heat exchange was significant.

Bach step in the development of the Pritchard model (No. 1) will
now be discussed individually.

a. Horizontal Dispersion

Pritchard considers horizontal dispersion (no vertical spread-
ing or surface heat loss) due to jet entrainment and turbulent diffusion first.
Vertical dilution is considered in Sec b below as a correction. Surface heat
loss is considered separately in Sec. d as a final correction.

The geometry illustrating horizontal spreading is shown in
Fig. II.F.I. Pritchard assumes the spreading of the jet to be given by

l<O!uo) b = l/n, §>§v = n b r (1)

PLflN VIEW

Fig. U.F.I. Horizontal Spreading of Jci
(mixing but no surface cooling)

where b is the width of the jet, I is
the distance measured normally along
the jet centerline, n is the inverse
spreading rate of the jet taken as 6,
and §v i

s the length of the flow-
establishment region in which no
spreading is assumed to occur and
where the jet maintains its initially
tophat profile s of velocity and tem-
perature. For g > §v, the jet begins

I -:
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to spread horizontally. For simplicity, Pritchard assumes that the excess
temperature has a tophat profile laterally at each longitudinal position down-
stream with the realization that, in the established flow region, the profiles
are more bell-shaped. Integral equations of momentum and heat-energy con-
servation are

p £** u2 dy = pufo,, 5 > §v, (2)

and

Pcp XbAu9 dy = pcpuoe0b0, § > § v . (3)

Since u = u(§), 6 = 0(1), for any position (§, y) within the jet, Eqs. Z and 3
may be solved to yield

1/2

(4)

and
1/2§vv

—! (5)

The equation of mass conservation is replaced essentially by
Eq. 1, which gives the rate of spreading of the jet, or, equivalently, the rate
of ambient fluid entrainment.

Pritchard's choice of n = 6 as the inverse spreading rate is
based upon values found in the literature for the spreading of two-dimensional
jets and upon plume experiments carried out by the Chesapeake Bay Institute.
From the tank studies of Jen, Wiegel, and Mobarek,6'7 an inverse spreading
rate of seven was obtained- Their study involved the horizontal discharge of
a heated jet at the surface of a large body of water at uniform density with no
bottom interferences. For that situation, the jet experienced three-dimensional
entrainment. The inverse vertical spreading was also observed to be seven.
The relationship between excess temperature and distance along the plume
axis was

| j - = 7-0-A §/Do<100, (6)

where Do = (l/")^/hobo for a rectangular slot orifice. Other experimenters
(Refs. 8-10, for example) have found inverse spreading rates ranging from
five to seven for ve.rious submerged and surface buoyant and nonbuoyant jets.
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Pritchard states that when a bottom inhibits vertical mixing and/or when
naturally existing thermal stratification is present, vertical mixing and ver-
tical entrainment are generally inhibited to the point that entrainnient appears
to be primarily horizontal. For this reason, Pritchard assumes a two-
dimensional jet. In the literature, the number n = 6 was found to be most
prevalent for two-dimensional nonbuoyant jets. The spreading rate n = 6 was
also seen in hydraulic model experiments at the Chesapeake Bay Institute.
We show later that this two-dimensional assumption for plume dispersion
yields more conservative results with respect to isotherm areas and center-
line temperature decay than the assumption of three-dimensional dispersion.

The integral approach used above to derive the temperature
distribution follows the technique first used by Albert son et al.u for sub-
merged jets. Albertson et al. used Gaussian, rather than tophat, profiles and
considered horizontal entrainment to occur right from the outfall rather than :
from the downstream longitudinal distance lv- .•

The determination of §v = 6bo comes from the choice of the :
inverse spreading rate n = 6 and from Pritchard's decision to allow the "vir- ;
tual" source to coincide with the mouth of the orifice. In the literature, the ,;
point of intersection of the two diverging lines representing the spread of the ;
jet defines the position of a "virtual" source- The length of the zone of flow
establishment §v would then be the distance from that virtual source to the ::>
point at which the two diverging lines become separated by a distance equal
to the width of the actual orifice. At present, there is no clear agreement
among experimenters as to the actual location of the virtual source. If the
virtual source is located inside the actual orifice, part of the region of flow \
establishment would be within the outfall; if the diverging lines intersect out-
side the orifice, then there would be a longer region of flow establishment
entirely within the receiving body of water. As stated, Pritchard assumes
the virtual source to be coincident with the mouth of the actual orifice. Be-
cause the inverse spreading rate of the jet width is taken as six, fv = 6bo; '••
the region of flow establishment will begin at the outfall and continue for six
outfall widths downstream.

Clearly, the actual location ci the virtual source is not criti-
cal. However, upon comparison of his model with data, Pritchard found that
his model predicted higher temperatures than are generally observed near the
outlet, indicating that there is entrainment closer to the source than he allowed
for in his model. The discrepancy may be due in part, or in total, to the me-
andering of the jet as it issues from the outfall, creating difficulties in mea-
suring the center line temperature excess accurately, especially for a narrow
outfall. The choice of the actual position of the virtual source and the neglect-
ing of any spreading or entrainment in the flow-establishment region are not , •
expected to lead to significant differences for temperatures at distances re- 4
mote from the outfall. 1
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r The temperature distribution given by Eq. 5 is assumed to be ||
valid for longitudinal distances f Q where 0.2©0 s f l s Go- From Eq. 5,

i e = ( I ) nbo, 0 .26 , , ses8 0 . (7)

Now, beyond the point where 9 = 0.2G0, Pritchard assumes that
dilution of the excess heat in the plume is primarily the result of natural mix-
ing processes. In this region of the plume, the excess temperature along the
centerline (uncorrected for surface cooling) would, as somewhat expected, de-
crease as the inverse first power of distance (natural diffusion from a con-
tinuous point source); thus, •

| - = 30b (|-), 6 * 0.290. (8)

The choice of the constant 30bo (for n = 6) was made so that Eqs. 5 and 8
match for 6 = 0.260. A tophat lateral distribution for temperature is assumed,
again for simplicity, with the plume width defined by Eq. 1. In terms of 6, the
distance §g may be written from Eq. 8 as

Plume studies at Cape Kennedy12 have shown that, in a truly
three-dimensional situation, natural diffusion will cause an initial concentra-
tion to decay as §~2", for pseudo two-dimensional motion, the concentration
drops as §"5 2. Again the assumption of two-dimensional dispersion would
yield conservative results for the temperature field.

Equations 1, 5, and 8 represent the two-dimensional tempera-
ture distribution considering horizontal dilution alone (no vertical mixing or
surface cooling).

b. The Vertical-spreading Correction

A major assumption made by Pritchard is that for each body :

of water there is a "critical depth of mixing1 peculiar to the natural processes
of dispersion for that body. If the depth of the shoreline discharge (initial
depth of the thermal plume) is less than this mixing depth, Pritchard states
that the plume entrains vertically from its initial depth to that mixing depth.
The plume depth then remains constant from that point on. Pritchard assumes
a linear growth of plume depth during vertical entrainment (see Fig. II.F.Z). \
If the initial depth is equal to or greater than the critical mixing depth, the •
plume thickness remains constant from the discharge esit to the far-field posi- I
tion, where the plume io sufficiently diluted LO mix into the deeper layers of j
the lake or bay.
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Fig. n.F.2

Vertical Spreading of Jet (mixing.
but no surf-ice cooling)

PROFILE VIEW - Ho Bottom Effect

Pritchard developed this plume-depth model upon examining
data from large water bodies in the Midwest and east. He recommended that
the critical depth be determined by examining data taken from existing thermal
plumes on the lake or bay of interest. For Lake Michigan, Pritchard used
10 ft, mainly surmised from the data taken at the Waukegan Power Station13

situated on the lake. By examining plume data taken on the lake and other
similar water bodies, Pritchard found that the excess heat is generally con-
tained in a depth of between !0 and 15 ft. The plume temperature changes
slowly with depth down to a point where it begins to decrease sharply to tem-
peratures that are not measurably larger than ambient temperature.

Pritchard chose the critical depth as the midpoint of that re-
gion of rapid temperature decline. Thus, a plume with a critical depth of 10 ft
may well contain measurable heat down to 1 5 ft. In general, according to
Pritchard, natural stratification in a lake or bay combines with a sloping bot-
tom to maintain a certain stability, which keeps the plume at its critical depth.
Even for cases void of a great deal of stratification, Pritchard asserted that
his field evidence indicated only a small variation in vertical thickness of the
jet. If no evidence is available for a particular body of water, Pritchard sug-
gested 10 ft for the critical depth. In an application to the Zion Nuclear Power
Plant on Lake Michigan, where the outfall thickness is 3 ft, vertical entrain-
ment was allowed until the jet occupied a layer 10 ft thick. No further vertical
entrainment was assumed.

In an application to the Waukegan Power Station, a bar con-
fined the initial jet thickness to about 5 ft for an offshore distance of about
500 ft. As the bottom dropped off at the end of the bar, Pritchard allowed for
an additional 5-ft growth of the jet to a total 10-ft thickness. For Lake Erie,
however, he used 6 ft for the critical depth in modeling the Davis-Besse
Power Plant discharge because of previous plume studies on that lake and
because at the plant the lake water is about 6 ft deep with a shelf-like bottom
that does not increase in depth very rapidly.

These examples should indicate that each lake and outfall
situation should be considered separately whenever possible. It will become
apparent later that the value of the mixing depth chosen is not a critical pa-
rameter in the model, except where a small initial jet thickness requires ver-
tical entrainment for its depth to reach that critical value.
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Assuming an essent ial ly constant depth plume and a two-
dimensional temperature field i s a conservative approach. If a three-
dimensional or a quasi-two-dimensional distribution were assumed, a smal ler
area plume would result with a more rapid temperature decay with distance.

Once the cr i t ical mixing depth has been determined for a given
outfall situation, vert ica l entrainment wil l then occur if h© < D, where D i s
the cr i t ical depth. When ho & D, the plume maintains a constant depth of ho,
according to Pritchard.

Two situations are distinguished by Pritchard. For the first,
such as for Waukegan (beyond the 500-ft bar) and for some shoreline condi-
tions off the California coast , the bottom s lopes off quite rapidly. From field
evidence, Pritchard suggested the use of a l inear growth rate for the vert ical
plume thickness of 0.2 ft for every 100 ft measured longitudinally along the
plume center line.

The other situation of a slowly sloping bottom i s more diffi-
cult to handle and is treated theoretically as described below. As before, the
plume thickness is assumed to grow linearly, but at a rate to be determined
by the method of reflection. The distance between the outfall of depth h o and
the first longitudinal position of the plume at which the plume thickness i s the
cri t ical depth D i s denoted \ . The quantity 11, i s calculated first. Both the

water surface and the bottom act as
reflecting boundaries for the vert ical
spread of the jet. For this derivation,
Pritchard assumed a fairly smal l
slope in the lake bottom, which may
be approximated to be constant. He
placed a pseudosource of height i.o

above the water surface to cancel the
flux there and a second pseudosource
at an equal distance below the lake
bottom to cancel the flux of the surface
sources at the bottom. The geometry

Fig. II.F.3. Reflection Method to Calculate ^ o f the source placements i s shown in

Fig. II .F.3. Assuming an inverse
spreading rate of s ix as in horizontal spreading, Pritchard calculated the
superposition of the temperature fields of the actual source and the two pseudo-
sources . The distance \ was calculated as that distance at which the super-
imposed temperature fields yield a temperature equivalent to completely
mixing the actual source over a layer of depth D.

Pritchard superimposed his plumes in a unique manner. In
general , the derivation is as follows.- If

9j = e x c e s s temperature at a given position resulting from one
thermal plume

*4TER SURFACE

OUTFALl LAKE WATER

-LAKE BOTTOM
fULLt Vl»S> PLUME
AT CRITICAL DEPTH D
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and

92 = excess temperature at the same position resulting from the other
thermal plume,

and if 60 is the initial temperature at each of the two sources, then

9j = ni60; 62 = n2e0. (10)

where

nt = the fraction of the unit volume at the subject position which is
heated water from the first source

and

Then

and

n2 = the fraction of the unit volume at the subject position which is
heated water from the second plume.

1 - ni = the fraction oi the unit volume at the subject position that has
zero excess heat under the conditions of the first source

1 - n2 = the fraction of the unit volume at the subject position that has
zero excess heat under the conditions of the second source.

The product

(1 - ni)(l - n2) = the fraction of the unit volume at the subject position
with zero excess temperature under the conditions
of superposition of the two plumes.

Thus, if the superposed excess temperature is 6.', then

61 = [1 - (1 - ni)(l - n2)]80

e,e,
e- = 6! + e 2 - - ^ . (11)

For large distances from each source, the superposition
formula reduces approximately to the simple sum of the two plume tempera-
tures, which is the case for the superposed plume from point sources. Using
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this formula and the tophat horizontal temperature field derived in Sec. a
above and applying it vertically, the condition on Hj is given by

r6{2ho/ 1/2

ll/2r^or
J

e0

The solution of the above quadratic equation for Tj, is

(12)

Now, assuming that the jet thickens by vertical entrainment
in a linear manner from ho at the source to D at a distance 1)i, the vertical
thickness DQ of the plume at a point where the excess temperature is 6 is

D6 H
'll

• g e .

(14)

D,

where |Q is the distance along the axis of the plume to the excess tempera-
ture 6. If the plume is assumed to be uniformly mixed at each cross section,
the dilution ratio of the plume, which is also spreading by horizontal entrain-
ment, is assumed to be augmented by the factor /

Once the dilution ratio ho/Dg is determined, the two-
dimensional temperature distribution obtained for horizontal eutrainment and
mixing only

6bohp! , 8 2 0.260!

^ , e<o.2oe0,

(15)

can now be corrected. For each 9 used to compute §g, a corrected value 9
is found from

(16)
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The table of values for 6 versus Ig is interpolated to find the corrected dis-
tance along the plume axis to the excess temperature P. The corrected values
for each 6 now represent the two-dimensional temperature field due to hori-
zontal and vertical mixing, neglecting surface cooling.

A few comments need to be made here concerning the correc-
tion for vertical mixing- First, the reflection method used to calculate ljx re-
moves heat flux from the bottom surface by the placement of the two
pseudosources, but does not remove the heat flux at the surface from the
bottom pseudosource. The heat flux can be removed from the surface and the
bottom only by the usual technique oi* positioning an infinite number of sources
above the surface and below the lake bottom at equal distances from one
another. We surmise that Pritchard assumed the contribution of these terms
to be of second order and therefore negligible. The use of an inverse spread-
ing rate of six for the vertical spreading is assumed here. For three-
dimensional diffusion at the surface of a large body of water, Wiegel, Mobarek,
and Jen7 found an inverse vertical spreading rate of seven with no bottom in-
terference. Pritchard thus assumed that his jet entrained vertically at the
same rate it entrained laterally. Concerning his general method of super-
position of overlapping thermal plumes, the method is purely analytical. It
was not derived with any experimental data at hand, nor has it since been
compared with any field or hydraulic data. Until that is done, the method n:
be considered unverified. The above superposition technique was used by
Pritchard in his analysis and prediction of the temperature distribution re-
sulting from the Zion discharge,13 where two offshore discharges have been
constructed which yield intersecting plumes.

Pritchard's model for vertical diffusion is approximate at
best. He does not have a three-dimensional model that includes a diffusion
term or a vertical-entrainment term that results in a solution for the vertical
thickness. He asserts, however, that no three-dimensional model now avail-
able can predict vertical plume thickness that matches his observational data.
Any accurate model of vertical spreading should involve some assessment of
the effects of vertical shear in the velocity field and vertical density gradients
that control vertical entrainment.

c. Background Temperature Correction

As previously discussed, the model implicitly assumes that
the receiving body of water is an infinite sink from the standpoint of dilution
and surface cooling. In some practical situations, the lake or bay is not suf-
ficiently large or the natural exchange mechanisms within the body do not
adequately supply a sufficient quantity of "new" dilution water to the inshore
region at which the plant is sited. Under such circumstances, Pritchard deter-
mined a "background temperature" and considered the entraining water to
have some excess temperature. He estimated "background temperature" by
calculating the excess temperature that would exist if the heated effluent were
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completely mixed into the available rate of supply of diluting water to the in- i,
shore area where the heated effluent is being discharged.

For a discharge into a unidirectional flowing stream such as
a river, the available supply of dilution water would simply be the volumetric
flow rate of the river. In an estuary, the ocean and river inflow provide two
sources of new water. For an estuary system, Pritchard used a mathematical H
model of circulation, with the known distribution of salinity as a conservative \l
t racer , to compute how much new water was available. The background tern- j;
perature there was essentially the excess temperature that was derived from ',!
assuming that the total heat flux of the plant was mixed into the available new .:
river and ocean watei. The value obtained was then corrected for surface ;;
cooling. Pritchard used this procedure for the Surry Plant discharge on the j!
James River5 and the Calvert Cliffs Nuclear Power Plant on the Chesapeake f
Bay.4 At Calvert Cliffs, for example, Pritchard found that the total volumetric p
flow of new water was about 90,000 cfs throughout the year, due to the rela- !;
tive balancing between the river outflow and sea water coming in upstream at f,
different times of the year. From that discharge, the excess temperature of !j
the entraining water was calculated as 0.6 F° from mixing alone and adjusted i|
to 0.4 F° by allowing for surface cooling over the area of the tidal segment.
This latter value was used as the background temperature of the new water
mixed into the plume for that site.

For a lake or bay situation, the calculation is not so straight-
forward. Short of building a hydraulic model or undertaking an extensive field
program, Pritchard knew of no general method for calculating or estimating
the background temperature. At the Davis-Besse Nuclear Power Station on
Lake Erie, recirculation of heated watdr was expected, due to the presence of
islands and shoals found in the relatively sheltered and limited western basin
of the lake where the heated discharge would enter. There, Pritchard esti-
mated the background excess temperature as 0.5 F°, based upon what he con-
cluded to be the volame rate of flow of water through the entire western basin
of that lake and the rate of heat discharge of the power plant. For power jj
plants on Lake Michigan, Pritchard recommended no background temperature ij
correction, due to the open and fairly straight shoreline and the expected |
abundant supply of dilution water predicted from hydraulic-model tests and £
from the examination of lake circulation and bottom topography data. Although jl
no method for estimating the background temperature was singly recommended jj
by Pritchard, an estimate should, however, be made when required. Once the fj
background temperature is determined, the two-dimensional temperature dis- |
tribution is corrected as follows. For a given Sg, 9 is replaced by \i

I
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where

<p = background temperature (above ambient),
p.

— = fraction of mixture that is condenser cooling water,
co
Q

1 - — = fraction of mixture that i s diluting water,

and

9' = corrected excess temperature corresponding to the
distance Sg along the plume axis.

For a fixed 6, a corrected distance corresponding to 9 may be determined by
interpolating values of Sg .

With corrections made for possible vertical entrainment and
background temperature, the areas within isotherms (mixing alone, no cooling)
may now be calculated. The theoretical width of the tophat distribution was
assumed to have the form of Eq. 1. Because the actual lateral distribution of
temperature is more bell-shaped, Pritchard used some empirical results in
his calculation of areas within isotherms. After examining a great deal of ex-
perimental data, both from physical modeling and field measurements, Pritchard
developed an empirical formula for calculating areas within isotherms and a
series of guidelines for the schematic representation of the horizontal distri-
bution of excess temperature in the thermal plume (see Fig. II.F.4).

"SMOOTH CURVE" 'BULLET-SHAPED'

Fig. U.F.4. Surface Isotherm as Conceptualized by
Pritchard Model. ANL Neg. No. 190-1167.

(1) The maximum width of the area having an excess tem-
perature equal to or greater than 8 is

(18)

The area within the 9 isotherm, AQ, is

AQ = 0.86be§e = 0.215g|. (19)
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(2) The region within a given isotherm 9 increases smoothly
in width from the outfall, attaining a maximum width b§ at a distance along
the plume axis equal tc O.Ji§g

(3} The region defined by isotherm 0 has a constant width bg
from longitudinal distance 0.33|g to the point 0.75§g.

(4) The shape of the isotherm between longitudinal distance
0.75§Q and the maximum distance §g is "tongue"- or "bullet"-shaped.

These approximate formulas and guidelines were developed
from examination of the results of hydraulic studies at the Chesapeake Bay
Institute, from model studies done for the Pilgrim Nuclear Power Station on
Cape Cod Bay, and from data taken at small existing plants in the Chesapeake
Bay region such as the Chalk Point Plant and the Chesterfield Plant on the
James River. The hydraulic modeling done at Vicksburg and the experimental
data obtained from the Waukegan Plumes13 were also included. Pritchard
found that these plume relationships were approximately valid, even for a non-
negligible cooling coefficient, because the effect of surface heat transfer
seemed to produce a nearly uniform shrinking in plume dimensions and areas.

d. The Surface-cooling Correction

To correct the areas within isotherms calculated from mixing
processes above, Pritchard defined

AQ - area of the plume inside isotherm 6 n (i.e., area with excess
temperature > 9n)-

Then

AAs— = AQ - AQ = area between two adjacent isotherms,^n °n ^n-i

where

®n = n ? n - 1 = m e a n excess temperature for that incremental area.

The rate of loss of excess heat from the area between two
isotherms is given by

(40)
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where the subscript m refers to the value of the parameter determined from
mixing only and m,c refers to the parameter value after the correction for
surface cooling has been made. The quantities ( & r ~ \ are known and are
used to derive (AJ"zH and (bfisr) . m

\ B««m.c I n'm.c

Pritchard considers the rate of excess heat loss to the atmo-
sphere as a decrease in source strength of the heated effluent. Thus heated
water distributed at a given isotherm responds as if the cooling process were
equivalent to reducing the source strength by the amount of heat that has been
lost between the source and that isoline of excess temperature- This is rep-
resented by

-I
i c

,c

where the numerator of the bracketed term represents the effective source
strength applicable to the 6 n isotherm. The bracketed correction factors are
illustrated in Fig. 11.F.5 for the first four isotherms. Using the relationship

m,c
)

(23)

ISOIHERHS
(HIKING OKLV)

ISOTHEfiKS
1HIX1M& AND COOLING]

. . . . f a* -
•**3»«.e ' ««3»ii 1

(flA1l,.c.|44,)B[

Fig. II.F.5

Surfacc-aici Coneclion due to
Meat LOB to the A
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derived from Eqs. 20 and £1, the simultaneous linear equation set ££ may be
solved to yield

(24)

' i n

Equation 24 is applied in steps starting with n = I. Here the
summation term is zeio, and hence the corrected incremental area for n - 1
is obta; .ed immediately from Eq. 24 using (&*~) computed from Eq. 20.

The corrected rate of heat toss within that innermost isotherm is calculated
from Eq. 23 setting n = 1. Now, for n = 2, the value of fi-'.T"] is used in

* " ''m.c
the summation term of Eq. 22 to allow the computation cf the incremental area
bounded between the first two isotherms. Equation £3 is again used to calcu-
late fcrE") - The first two corrected heat-loss terms arc used in Eq. ££
to yield f2AtT*\ , from which the corresponding heat-toss term is calcu-

\ *J/m,c
latcd from Eq. 23. In this manner, all corrected incremental areas and heat-
loss terms are calculated. Once this is accomplished, the total corrected
areas fAa \ may be calculated by summing the incremental areas

\ n 'm.c

Using Eqs. IB and 19 for the surface-cooling corrected parameters (A., \
feA , and O ) yields * " n / »* c

m.c \ "nin-ue

m.c
ui

U5)

and

KJ.m.c

From these relationships, the final areas within isotherms and the final two-
dimensional tophat temperature distribution arc determined.
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Reflecting upon the argument just presented for the suxface-
cooling correction to the areas within isotherms, it would seem that the re-
lationship between uncorrectcd and corrected isotherm areas would more
accurately be written

- « j

e«"m.c

rather than as postulated by Pritchard in Eq- II. The temperature excess at
a givt>n distance is directly proportional to the source strength. Consequently,
the area (length squared) within a given isotherm should be proportional to the
square of the source strength- At this point, it would seem that this may be a
correction that should be applied to Pritchard's model. This modification of
the model increases the cooling correction; as it stands, the model is con-
servative in this respect.

In general, for lake situations Pritchard carried out his pre-
dictions based upon the above model to excess temperatures equal to about
1 F° above ambient, because one can seldom determine the ambient tempera-
ture distribution to within 0.5 Fn. Consequently, any predictions of the tem-
perature distribution would be purely speculative- In fact, temperatures in
the natural environment can vary several degrees in space and in time, and
to select the ambient temperature within 0.5 F e from the field data would be
extremely difficult. A purely theoretical estimate of the area having a mean
excess temperature of 0.5 F° can be computed from

and

O h - r ( D = K ( 0 . 5 F ^ s

where

f(l°) = the total heat lost to the atmosphere from areas having
excess temperature equal to or greater than 1 F°,

Q^ - r(le) = amount of surface heat loss from areas having excess
temperatures less than 1 F°,

and

AA0.50 = the area having mean excess temperature of 0.5 F°.
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The above analysis assumes that the flux of excess heat from
the water to the atmosphere must ultimately be equal to the flux of heat re-
jected to the lake in the heated discharge, in the above analysis, the heat be-
yond the 1 F° isotherm is thought of as being lost entirely at the 0.5F°isotherm.
The area beyond the 1 F° isotherm is, in reality, infinite for a semi-infinite
lake acting as heat sink. The quantity AAo.5 i s thus only a fictional quantity,
defined by the above equation, to assess the relative size of the area influenced
by the heated discharge beyond the 1 F° isotherm.

The procedure for model calculations is summarized in
Table II.F.l. A computer code for the model was developed at ArgonneNational
Laboratory.

TABLE 11.F.I. Smeary of Calculations for Pritchard todel No. 1

A. Horizontal Dispersio.i

Horizontal spreading due to lateral entraiment and turbulent diffusion is treated by the
use of an inverse spreading rate, n, as follows

b/b0 ' u/u0 » e/50 - l 0 < c < 1

u/u0 - C"
2 \ 1 < « < 25

9yS( ) , ,.-1/2
e/e0 • s r 1 25 < «,

where

C - 5/{nb0),
C * distance along ccnterline froo outfall,
b = lateral width,
u • x'elocity,
•-• » tecperature excess,

l)o * depth of outfall,
b o - width of the outfall,
u 0 = outfall velocity,

and
&„ « outfall tenperature excess.

The value of n is normally taken to be about it, although Pritchanl stated that it stay be as
low as 4 or as large as 8.

B. Vertical-spreading Correction

liach receiving system is characterized by a critical nixing depth, V. If the depth of the
shoreline discharge, lig, is less than this nixing depth, the pluoc entrains vertically un-
til that depth is reached. Plume thickness grows linearly during vertical entraiment anJ
remains constant after cntrairacnt ceases. If the initial depth is greater than or equal
to the critical depth, plume depth remains constant free the point of discharge to the
far-field position where the plire is sufficiently diluted to nix into the deeper layers of
the lake. The two-dimensional tenperature distribution determined fron the assumptions in
A oust be corrected for vertical dilution as follows:
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TABLE I I . F . I . (Contd.)

1. Find plune depth, D'

U' D

where

12

f h o < »
\ C/hp »

"'-(i - A - h>K
2. Find temperature e from A.

5. Find corrected temperature, 5

C. Background Temperature Correction

During jet entrainrcent, wamer-than-ari)icnt far-field pltnc water ca/ be used for nixing.
This effect may be accounted for by the use of a background tenperaturc excess, «. The
correction, which is normally snail, oust be detcmined independently of the nodel. Once
its value is established, the temperatures are corrected as follows:

Once the temperature decay along the centerline has been determined as in A, B, and the
above part of C, isothems are constructed by the following procedure. An isotherm is
shown schematically in Fig. II.F.4 and explained below.

1. Find £gl the centerline distance to excess temperature *.

2. Compute be, the maximum width of isotherm *, fron

The width of the isotherm increases smoothly from the outfall attaining its naxinuc width
b e at a distance of 0.33ce. Hie shape of the isothena between longitudinal distance 0.75te
and the maximum distance ?e is "tongue"- or "'bullef'-shaped.

3. Based on the above isotherm shape, the area within the isotherm is given ap-
proximately by

AB » 0.86b858 » 0.21S4|.

D. The Surface-cooling Correction

The areas computed in C must be reduced due to surface heat loss. The philosophy behind
Pritchard's procedure for accomplishing this is that surface heat loss effectively reduces
the heat rejection rate of the plant, Q.. The procedure is:

1. Select a decreasing sequence of Isotherms e0, 61,..., ek. A difference of about
0.2 F" between successive values is appropriate.

2. Compute the areas (Ao)ra, (Ai)n, (A2)m Wk'n* within these isotherms
using C.
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TABLE 11.F.I. (Contd.)

3. Ccnputc the change in the effective heat source, firn, by

a rn - K%I(«AB).. » - l , z. . . . . k.

where

K > heat-loss coefficient,

an • oean temperature of the area ( • j ' " " ' ) .

and

(^Jm " a r c a between isotherns |(An)B - (An- i)BJ.

4. Compute the reduced increnental area for the first isothem using

5. Conpute the reduced incrcncntal area for the second through the kth jsothen by
the following recursive procedure:

6. The reduced areas are found :•>• surning the incremental areas.

7. The centerline distance '..-. to isothem £ and the naxicua width b;. of isothem s
nust be corrected for the effects of'surface cooling. Reversing the fonulas for area kith-
in isotherm, one obtains

4. Criticisms and Limitations

a. Limited Experience with the Model

Despite the five years or so that the model has been available
for use, it has been compared with data from only a few power plants. The
verification work done with the Point Beach, Palisades, and Pilgrim plants is
reviewed in Ch. IV of this report. In each case, the model was superior to the
others tested for the limited verification done at each site. The state of the
art is still such that no model seems to give more than general estimates of
plume characteristics. A few points cloud the apparent "success" of the
Pritchard model.

(1) The sites at which the model was tested do not represent
a wide range of outfall and environmental conditions. The Point Beach and
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Palisades sites represent plants with law initial densimetric Froude numbers
and significant bottom interaction- The low-tide case at Pilgrim has a high
initial densimetric Froude number and significant bottom effects; the high-
tide case has a low initial densimetric Froude number with minimal bottom
interference. Moreover, both situations at Pilgrim are under the effects of a
transient tidal current. One should expect similar model-data comparisons
only if the new site is similar in outfall and environmental conditions to the
situations already tested Use of the model in situations differing widely from
those analyzed (say, a case with large vertical entrainment expected) is pres-
ently uncertain.

U) As stated above, the Pritchard model (No. 1) is an
engineering-judgment type model in which the rules given for plume calcula-
tion are essentially guidelines for application. Use of the model in a particu-
lar application is most reliably done after consultation with Pritchard himself.

(3) The model has its limitations in terms of its empirical
nature. The "success'1 of the model is most probably due to the careful cali-
bration of its integral skeleton to selected laboratory and field data. A tre-
mendous amount of data has not been used in the development of the model,
and it is uncertain whether the integral skeleton is sufficiently based upon
physical principles to allow successful predictions over wide ranges of pa-
rameters. As an example, buoyancy is neglected in the direct development of
the model- Pritchard therefore recommended that the model be used only for
initial densimetric Froude numbers greater than two. In addition, the model
does not treat the effects of a shallow bottom or wind. Our point here is that
the model is too simple to be all-encompassing. Also, some of the major
complications that may well be important in certain field cases are not in-
cluded. The model is basically an intuitive one and should be regarded that,
way.

b. Restriction to Small Ambient Currents

Because the model ignores crossflow interaction, it is limited
to nearly stagnant situations. Pritchard suggested that his correlations were
generally applicable for crosscurrents less than, about 10% of the outfall ve-
locity. Pritchard's model implicitly assumes zero ambient current. If, how-
ever, the shore-parallel current is sufficiently large compared to the initial
jet velocity, a number of complexities arise that cannot be handled by
.Pritchard's model. First, the trajectory of the jet is bent over into a direc-
tion parallel to the current. Second, the entrainment and consequent dilution
may be significantly reduced on the inshore side of the plume- Application of
the model to the case is expected to yield significantly smaller areas and
centerline temperatures than would actually occur. Carter14 and Pritchard
concluded from experimental evidence in the laboratory and in the field that,
for an ambient current velocity greater than about 10% of the initial jet veloc-
ity, these complexities are significant enough to require a new analysis. Even
with a small ambient current present (ua < 0.1u0), the model does not predict
the plume trajectory.
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c. No Dependence on Densimetric Froude Number

Buoyancy effects are not directly modeled- There is no de-
pendence of the temperature distribution on the initial densimetric Froude
number. If the initial discharge velocity is not high, the additional lateral
spreading due to buoyant convective motions would be expected to distort the
simple linear spread assumed in the model. In fact, the model does not di-
rectly consider the outfall velocity in its calculations, because of the implicit
assumption of a well-defined jet region. Therefore, as stated above, Pritchard
suggested that his model be applied only to outfalls with initial densimetric
Froude numbers greater than about I. This mitigates, only somewhat, the
omission of buoyancy-induced currents. Also, with lower initial densimetric
Froude numbers, the lateral temperature distribution at a given longitudinal
position would not really be tophat; it would be more bell-shaped and, verti-
cally, probably somewhat J-shaped.

d. Approximate Treatment of Vertical Entrainment

Pritchard's treatment of vertical entrainment is heuristic in
nature. The critical mixing depth is only qualitatively known and difficult to
know a priori. Pritchard suggested a value of 10-15 ft for large lakes. Fur-
thermore, the effects of buoyancy on vertical entrainment are not considered.

e. Approximate Treatment of Recirculation

The analysis of recirculation in the model relies heavily on
the judgment of the user, because the specification of a site-dependent back-
ground temperature is required. The complexities that far-field effects and
boundaries may have on the near field are neglected (see Ch. ill).

f. Limited Data Base of the Model

As with any phenomenological model, to know upon what data j
the correlations are based is essential. The above model guidelines were I
developed from examination of the results from hydraulic model studies per- |
formed at the Chesapeake Bay Institute, from model studies made for the |
Pilgrim Nuclear Power Station by MIT, and from field data taken at the
Waukegan, Chalk Point, and Chesterfield Plants. Of these plants, only Waukegan
is located on a large lake. These data are necessarily limited in scope, re-
stricting the range of problems that one has hopes of predicting.

The algorithmic nature of Pritchard's analysis lends itself to
easy programming, although Pritchard himself normally prefers hand calcu-
lations. As noted above, the Energy and Environmental Systems Division of
ANL. has written a computer code based upon the above guidelines to perform
the many repeated calculations necessary to obtain centerline temperature
decay, plume widths, and areas within isotherms. A sample output of this
code appears in Appendix A.
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G. Pritchard (Model No. 2) Phenomenological Model1

1. Synopsis of Approach

In developing his second model, Pritchard retains the same basic
idealization of the thermal plume used in his first model. Surface isotherms
are assumed to be roughly bullet-shaped and the plume is assumed to grow
linearly in depth from the point of discharge until a certain critical mixing
depth is reached. Empirical correlations are provided to compute the critical
depth and linear growth rate in terms of outfall characteristics. Building on
a broader collection of hydraulic model studies and field measurements, the
model includes crossflow and bottom effects.

The model is based on Pritchard's observation that, when the tem-
perature ratio is plotted versus centerline position on a log-log scale, the
resulting pattern of data may be closely approximated by a series of connected
straight line segments. Pritchard further observed that the slopes of the seg-
ments depend on whether the plume is interacting with the bottom of the lake
or river as well as on outfall and ambient conditions. He has attempted to
correlate these slopes with certain physically measurable parameters.

Pritchard further observed that a plot of the maximum isotherm
width versus centerline position on a linear scale can also be approximated
by connected line segments. He has also derived correlations for these slopes
in terms of measurable parameters. In some cases, the correlations of the
model can be written in an explicit, computable form, though in other cases
numerical values must be obtained from a table.

When the length and maximum width of a given isotherm have been
computed using the appropriate correlation, areas are calculated and then
corrected for surface cooling foil ing essentially the same procedure as
given for Pritchard's first model- he application of the model becomes
clearer as the algorithm is discussed.

Z. .List of Symbols

An Area within a specific isotherm of excess
temperature 9 n

Corrected area within a specific isotherm of excess
temperature 0 n

Aspect ratio; h o /b o

Area within isotherm of excess temperature 9

Corrected area within isotherm of excess
temperature 0

Width of outfall

Ar
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Maximum width of isotherm of excess temperature 9

Corrected maximum width of isotherm of excess
temperature 6

D w o Depth of water at point of discharge

dh/dx Rate of vertical plume growth

IFO Initial densimetric Froude number

ho Depth of outfall

h|/2 Critical mixing depth

m B L Rate of lateral growth when bent and depth-limited

mgy Rate of lateral growth when bent but not depth-limited

m^ Rate of lateral growth when depth-limited

m ĵ Rate of lateral growth when not depth-limited

ngk Spreading factor when bent and depth-limited

r-By Spreading factor when bent and not depth-limited

zij^ Spreading factor when depth-limited

ntt Spreading factor when not depth-limited

Qy Heat rejection rate

q Local jet velocity

qo Discharge velocity

Sx Bottom slope

Sg Length of isotherm of excess temperature 6

SQC Corrected length of isotherm of excess temperature 6

R Ratio of discharge velocity to ambient current; q o /U a

Ua Ambient current

x Centerline distance along jet

a Angle between jet center line and ambient current

direction

Pot Decay rate when bent and depth-limited

Pny Decay rate when bent but not depth-limited

PL Decay rate when depth-limited

PTJ Decay rate when not depth-l imited
Incremental change in area between i so therms of
e x c e s s temperatures 9 n and 6 n _ t
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Corrected incremental change in area between i s o -
therms of e x c e s s temperatures 9 n and 9n_j

AFn Incremental change in effective heat source

AFnQ Corrected incremental change in effective heat source

Ii- | 2 Transition points

6 Temperature e x c e s s

8 n Temperature e x c e s s of a specific isotherm

6 n Mean temperature e x c e s s of i sotherms of e x c e s s

temperatures 0 n and 9 n - i

6O Initial temperature e x c e s s

9 j , 62 , 93 , Qt Transition temperatures

3. Basic Assumptions and Model Development

The first step in preparing model predictions i s to determine the
length and width of individual i sotherms of a particular temperature e x c e s s .

a. The plume i s characterized by a crit ical mixing depth
which i s related to initial discharge parameters through the correlation given
in Table II .G.l .

b . If h , / 2 > h o , the depth of the outfall, the half-depth of the plume
will grow from h o at the outfall until reaching h j / 2 some distance downcurrent.
The rate of vert ical growth dh/dx i s given by another correlation also appear-
ing in Table II .G.l . In the case where hi/2 < ho, it i s assumed that the plume
attains the half-depth h j / 2 within the zone of flow establishment. Discharges
into flowing ambient sys tems require an analysis separate from that of d i s -
charges into stagnant sy s t ems . Consider f irst the case of an undeflected jet.

Undeflected Jet

c. Whenever the depth of the water i s l e s s than 1.5 t imes the
depth of the plume, interaction with the bottom will occur. Based on this
rather simple principle, Pritchard has developed a complicated set of cr i ter ia
to determine over what distances bottom interaction occurs . To simplify the
analys is , the receiving water body i s idealized as having depth D w o at the point
of discharge and a smooth bottom sloping away at rate S x .

(1) If D w o > I.5hi/2, there i s no possibi l i ty of bottom inter-
action, s ince the water i s always deeper than the maximum depth of the plume.

(2) If D^vo > * • 5ho
 a n * S x

 a dh/dx, there is no bottom interaction,
since the bottom slopes away faster than the depth of the plume grows.



TABLE I I . G . I . Correlat ions for Pri tchard Model No. 2

Basic Definitions:

IF0 • qo /[g

Ar - ho/bo

6' - 1 • (3.684/Iiy • (6.524/IF2) • (S.84/IF3)

C 3/(IF0 • IS) Ar < 1
f l ' {

{, 1.5/(IF • 15) Ar > 1

Critical Mixing Depth

hl/2 ' °'3

Unto of Vertical Growth

) 1 ' 8§ - 0.4 fAr)1'8 oxp (• 6.4 Jf;0-4

a. Unbent, but [•Jot Depth-Limited Plume

Ily - 7.S7 - J.638 IP"0-2 4 5

n,, - njj1 [1.152 » 3.94S exp (. 0.1 IP0) - 2.909 exp (• 0.2 IPo)

- 1.933 oxp

*„•" »' tAr)' f l

1.933 oxp (• 0.3 I l !
0 ) ]

b. Unbent, Dcpth-Umital Plume

IP"1)nL " "U ( 1 " ° ' 3 4 ° U " °*P (" O.O135/SX)] [1 - IP"1))

HI, • n\j (0.4 » 0,6 oxp (- 0.0196/S^))

0L • fy <[1 - 1.15 oxp (- 0.0 1

c. Bent, bat Not Depth-United Plume

1
1

2
3
4

5
6
7

6

0

5
0
0

0
0

0

0
0

9.0

10
12

0
0

15.0
20.0

B

7

1.
1.

1.
2.
2.

2.
2.
2.
2.
2.
2.
2
2
2
2

iiL
000

720

940
137

249
300
300
300
300
300
300
300
300
300
300

J
1
1
I
1

"isu

m

BBU

.0

000
680
781
838

1.874
1
1
1
1
1
1
1
1
1

1

910
910
910
910
910

910
910
910
910

910

" H i I 1

•{
c

1
1
1
1
1
1
1
1

1
1
1
1
1

1
1

r

B'

.0

OOO
565

6U2
640

659
690

690
690
690

690
690
690
690

690
690

- 0.333 (

.. 0

XP

.333 cxp

• (value

It

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

K
..0

000
49S
533
565
51)1

MO
610

610

610
610
610
610
610
CIO
610

(- 0

(- 0

OS

OS

R)l

*)1

in terpo la ted from t a b l e below

12
1.
1.

1.
1,
1.
1
1
1
1
1
1
1
1
1
1

• O_

000
426
450
480
498
510

5!.)
510
510
510
510
510
510
510
510

15
1.

• 0

000
1.346
1.371

1.
1.
1

1

1
1
1
1

395

408
420
420

420
420

420
420
420
420

420
420

20.0
1
1

.000
207

1.219
1
1
I
1
1
I
1
1
1
1
1
1

.232

.244

.250

.250

.250

.250

.250

.250

.250

.250

.250

.250

1.
1.
1.
1.
1.
1
1
1

1
1
1
1
1
1

1

.

ooo
000
000
000
(100
000
000
000
000
000

ooo
000
000

000
000

d. Bent, Depth-Limited Plume (R < 10 Only)

,-1/2( 2.08 ( A T ) " ' " 0 /0 O > 0.429

V 11.3 (Ar)""2 0/0o « 0.429

mBL * "\j tv a lu l ? interpolated from table belowj

R JLJL 2.0 4.0 6.0 8.0 10.0
0.250 O.2J7 0.221 I).212 0.230 0.265

o/o_ c 0.429
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(3) If

1.5h1/2<

d^~ x

then there is no bottom interaction since the bottom slopes away fast enough
that the maximum plume depth is reached before the plume intersects the
sloping bottom. The above criterion is not intuitively obvious, but will become
clear in (4) below.

(4) If (1-3) are not satisfied, then bottom interaction will oc-
cur from x = §| to x = ?2. The value of § t is obtained by equating the depth
of water at §, to the depth of the plume at § t . Thus,

Solving for gj yields

D w o - 1.5ho
Si = dh

dx

The value of § 2 i s obtained by equating the depth of the
water at point ?2 to 1.5 times the critical mixing depth giving

1.5h1/2 = D w o + SX§2.

Solving for §2 yields

1.5hl/2 - D w o
5 2 = •

a x

The criterion specified in (3) can be obtained by requiring

S 2 <? i

and simplifying.
(5) It can happen that either fi or §2 or both fall within the

region of flow establishment, i.e., before the temperature begins to decay.
The model assumes the length of this region is approximately njjv'1î bo~ where
bo is the initial width of the outfall and lijj is obtained by the correlation given
in Table II.G.l. If | j and §2 are less than ny/hobo, then there will be no
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apparent effect of bottom interaction. If §j is less than nyViiobo but §2 is not,
the bottom interaction will begin its effect at the end of flow establishment and
continue until | 2 is reached.

Criteria (1-5) can be distilled into a single expression
as follows: Bottom interaction will occur from x = I , to x = §2, where

D w o " 1 5ho
§! = maxInuVhrOo,

max

S x

whenever §2> §|.

Corresponding to the transition lengths §j and g2 are
transition temperatures 6j and 82.

d. In addition to the transition temperatures Si and 62, there is
a temperature at which the jet begins a "far-field" decay. In the far field, the
temperature decays inversely proportional to the centerline c'istance. Far-
field decay begins at 9 - 0.^9o in a plume which is not depth-limited. If the
plume is depth-limited at 3 = 0.£3o, then far-field decay begins at 6 = S2.
Thus, bottom interaction is assumed to suppress far-field decay. For con-
venience, we define

93 = min(0.iSo. 62).

e- If no interaction with the bottom occurs, then the length Sg and
width ba of the isotherm of excess £ arc given by

e3/9o

b6 = b o >use*

where

S^ - distance to isotherm of excess temperature 5,

bg = maximum width of isotherm of excess temperature £,

3 = excess temperature of isotherm,

@o = initial temperature excess.

and tiy, my, and @y arc given by the correlations appearing in Table II.G.i.
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f. If the plume is depth-limited from the end of flow establish-
ment out to 8 = Bt, then isotherm lengths and widths are given by

se = se3{e/93)"
: e3 /eo*e/e

be = bo + mLs9 I * e/e o

where n, , m, and P, are given by the correlations appearing in Table II.G.l.

g. If the plume is depth-limited from 9 = 9j to 0 = 92. then iso-
therm lengths and widths are given by

s9 = nv^h^ro(Q/eo)'^ i a e/eo ^ e,/eo

sc = sfl (e/e2)"
pu QJQ a e/eo * 63/e,

SQ = S( ̂

bg = b o ^ rrijjSg 1 s 0 /6 o £ 6i /6 c

be = bBi + mL(se - s9i) 6,/eo ^ e/6t

bg = bg + mjj(Sg - Sg ) 62/6,3 a 6 /9 o -

Using the principles developed in a-g above, one can deter-
mine the lengths and widths of isotherms in an undeflected jet. Now we con-
sider the case of a deflected jet.

Deflected Jet

h. Bottom interaction will occur in a deflected jet if the initial
depth of water is less than 1.5 times the critical mixing depth, i.e.,
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Otherwise, no bottom interaction will occur.

i. If no bottom interaction occurs, the length and width of iso-
therms of excess are given by

se - nBu

s e = s<

(e/eo)

>(e/eo)

and

bQ = bo +mB(JSe,

where Qt/̂ o *s given by

6 t /eo = 1 - exp(-0.327R),

and nBj,, mBU' ant* ^BU a r e 8^ven ^y t n e correlations in Table II.G.I.BU

j . If bottom interaction does occur, then the length and width of
isotherms are given by

s e = 2.08bo(e/eo)-4

be = bo + mBLSQ

s e = n.3bo(e/eo)-2

^ = bo + 61.4bo(mBL-

0.429

e/eo s 0.429.

where the correlations for rngj__ are again found in Table II.G.I. These cor-
relations should be used only for R > 10. (See Criticisms and Limitations
in Sec. 4 below.)

Computing and Correcting Areas

k. Once the length, Sg, and width, bg, of individual isotherms have
been determined as above, the area is computed by the formula
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1. Areas must be corrected for surface cooling as follows:

(1) Select a decreasing sequence of isotherms 80, 6| 0^.
A difference of 0.2 F° between successive isotherms is appropriate.

(2) Compute the areas within these isotherms, Ao, .... A .̂
using a-h above.

(3) Compute the change in effective heat source, ATn, for
each isotherm

Arn = KenAAn, n = 1, .... k.

where

K = the heat-loss coefficient,

§n = geometric mean temperature of the area

and
AAJJ = area between isotherms

(4) Compute the reduced incremental area for the first
isotherm

Q T u y

(5) Compute the reduced incremental areas of the other iso-
therms using the following recursive procedure:

for n = 2, ..., k.

l6) Compute reduced areas by summing the incremental
areas:
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m. Finally, the corrected lengths,
isotherms are determined by

sec = se

and widths, hgc> °f t n e

and

Dec

n. The local plume velocity i s assumed to be

q = U a cos a + q o ( 6 / e o ) ,

where or i s the angle between the jet center l irs and the direction of the ambient
current. Since the model doesn't explicitly consider the trajectory, the value
of a i s not known.

4. Selected Comparisons with Data

Pritchard has compared his phenomenological model to tank data
takenby Carter et al .2and toprototype data from the P i lgr im and Zion plants. Ex-
amples of comparisons made with the tank data are shown in F igs . II.G.I and Z
as given by Pritchard.1 These plots are i l lustrative since they show the seg-
mented line nature of the temperature decay.

1.0
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Fig. II.C.I. Comparison of Predicted vs Observed Excess Temperature for a
Bent Plume Thai Is Not Depth-limited. (Adapted from Pritchard.1)
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Fig. II.G.2. Comparison of Predicted vs Observed Excess Temperaiute for a
Bent Plume That Is Depth-limited. (Adapted from Pritchard.1)

A computer code has been written at Argonne National Laboratory
to evaluate the empirical correlations and to determine the length, width, and
area of plume isotherms predicted by the model. Using this code, a sample
calculation has been prepared. The results appear in App. A.

5. Criticisms and Limitations

a. Cases in Which the Critical Mixing Depth is Less than the
Discharge Depth

The data used for developing the model were not sufficiently
refined to allow a determination of the rate at which plume thinning occurs.
Pritchard states that the adjustment in depth takes place rapidly and well within
the region of flow establishment- Any bottom interaction that occurs during
the adjustment zone is assumed to have negligible effects on isotherm lengths
and widths.

b. Correlations for the Unbent Depth-limited Jet

The values of n, and m, are smaller than njj and nrirj, re-
spectively, and gj__ is larger than PJJ. Thus, the model predicts a depth-limited
plume with smaller areas for the highest isotherms and larger areas for the
middle and lower isotherms when compared to an unbent plume that is not
depth-limited. The data are not sufficiently detailed to ascertain whether this
behavior is observed in prototype plumes.

c. Depth-limited Slightly Bent Jet

Ideally the results for a bent jet should approach those of an
unbent jet as the parameter R = q o / U a goes to infinity. Again, the data were
not sufficient to allow a detailed determination as R varies continuously over
its entire range. Pritchard recommends that the correlations for a bent,
depth-limited jet be used only for R < 10. For R> 10, the author suggests
that bounds on the isotherm areas can be obtained by making model calculations
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for the cases R = 10 and R - ». A detailed treatment of the case R > 10
is not included in the present form of the model.

d. Limited Nature of the Correlations

The model incorporates many purely empirical numbers.
These cumbers were extracted from several sets of data (see Sec. e below).
It is not presently clear what uncertainties are associated with various nu-
merical coefficients. Pritchard continually improves the correlations as
more and better data become available. Therefore, the correlations given in
Table II.G.I are subject to change.

e. Intuitive Nature of the Model

The empirical correlations developed by Pritchard are based
on six sources of data.

(1) Twenty-five hydraulic model studies conducted by
Stolzenbach and Harleman at MIT.

(£) Seventeen hydraulic studies of cross flow interaction con-
ducted by Carter at Chesapeake Bay Institute.

(3) Three hydraulic studies conducted by the Corps of
engineers at Vicksburg, Mississippi.

(4) Four field surveys of the thermal plume at the Waukegan
Power Station made by Bio-Test.

(5) A field survey of the plume at Turkey Point, Biscayne
Bay, Florida.

(6) Two field surveys of the plume at Ginna Nuclear Power
Station, Lake Ontario.
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H. Brady-Geyer Numerical Model1

1. Synopsis of Approach

Brady and Gayer have developed a numerical model that solves
eight coupled nonlinear partial differential equations governing the behavior
of a buoyant surface plume discharged into salt water. The set of equations
consists of the three equations of momentum conservation for incompressible
flow, three equations stating the conservation of mass, heat, and salt concen-
tration, the equation of state, and the hydrostatic pressure approximation.

The authors use classic arguments to eliminate certain terms in
the equations and to produce the necessary boundary conditions. To effect a
finite difference solution of the equation set several ingenious numerical de-
vices are used.

Unfortunately, the model is not sufficiently developed at present
to allow a thorough analysis. The model is reviewed since it is an early
attempt at numerical thermal-plume modeling and since it offers a somewhat
different approach than any of the other numerical models considered.

2. List of Symbols

B, C Boundary conditions

Cp Specific heat at constant pressure

Dxt, Dyt, Dzt Thermal eddy diffusion coefficients

Do, Dx v , Dy v , Dzv Eddy diffusion coefficients

E Equilibrium temperature of water body

F Fluid status

f Coriolis acceleration parameter

g Acceleration due to gravity

h Depth of the surface layer

K Surface-heat-loss coefficient

p Mean pressure

qs Surface heat loss

q*T Heat-transport vector

S Salt concentration (salinity)

T Mean temperature

T s Generalized stress tensor
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Mean velocity components

Mean velocity vector
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Spatial coordinates

Height of free surface

Dissipation function

Latitude of site

Density of fluid

Reference density

3.

Among the 12 assumptions made in formulating the model, seven
concern the equations themselves and five concern the specification of boundary
conditions. For brevity, the assumptions are given in the outline form below:

a. Turbulent velocity and pressure fluctuations are stochastic
in nature and hence may be treated separately from their respective mean
transient behavior. This assumption leads to the so-called "time-averaged"
equations of turbulent flow, shown in Table II.H. 1.

TABLE II .H.I . Time-averaged Equations of Turbulent Flow

1. Continuity

j ~ + pV • v = 0
Dt

2. Conservation of Linear Momentum

p . j g «, -Vp + V . % + X

3. Conservation of Thermal Energy

DT

where

Cp =

P =
qT =
T =

% =
V =

x =
* =
P =

specific heat

mean pressure
heat-transport vector
mean temperature
generalized stress tensor
mean velocity vector
body force
dissipation function
mean density
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i
b. The compoi ants of the terms resulting from the generalized |

stress tensor are written as-

and

In determining the diffusion coefficients, Brady and Geyer follow the Prandtl
mixing-length hypothesis, which assumes that diffusion rates are proportional
to local velocity gradients. In particular, Brady and Geyer assume

|v + | v + | u |w\
dx dz Sy 3y/

and

where

Do is taken as constant.

c. Molecular and turbulent heat transfer may also be treated as
a single diffusion process:

The coefficients D^, Dyj., and Dzt are assumed to be constant.

d. Both laminar and turbulent dissipation are negligible ($ = 0).

e. To allow the model to be applied to large water bodies such as
bays or any of the Great Lakes, the effects of Coriolis acceleration are included
in the momentum equations.
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*. The Boussinesq approximation is valid, i.e., density varia-
tions mr.y be ignored except insofar as they influence pressure.

g. The pressure field is hydrostatic, i.e., the pressure at any
point is determined by its depth and by the density of water above it. Thus,

p(x, y, z) = I p(x,y, z')g
J-z.

dz1

h. Velocities must vanish at all solid boundaries. This is the
familiar "no-slip" condition.

i. There is no transfer of either temperature or salt at any
solid boundary. Mathematically expressed, this requires normal gradients
of temperature and salinity to be zero at fluid-solid interfaces.

j . Momentum flux at the air-water interface equals the wind
stress as determined from an empirical correlation with wind speed.

k. Surface heat loss q s may be related to the surface tempera-
ture T and the equilibrium temperature E through an empirical coefficient K
as follows

q s = K(T - E).

The authors then set q s equal to

ST

surface

1. Boundary conditions at fluid-fluid interfaces created by the
limited extent of the finite-difference grid must be specified by the user.

4. Numerical Technique

Based on the above assumptions, the authors obtain a simplified
set of equations that must be solved numerically. This set, including an equa-
tion of salt conservation, is given in Table II.H.2.

The development of any numerical model requires the creation of
a stable, efficient scheme to solve the equation set. Brady and Geyer elect a
finite-difference formulation supplemented with devices to reduce storage,
increase efficiency, and improve flexibility. Three of these devices warrant
special attention:

a. To handle air-water and solid-water interfaces in the context
of the finite-difference grid, partly empty and partly solid cells are allowed.
This technique overcomes many of the traditional difficulties of a rigid struc-
ture. The status of a given cell is recorded as number between 0 and Z as
illustrated in Fig. II. H. 1.
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TABLE II.H.2. Equations of Brady-Geyer Model

Gon.ccrvatiaiii of longitudinal mancrtua

Ccmservatiesa of lateral

Cccservatimni of vertical i

3t" * - U"5£~v^iy~1 f f '32*^xv %%Z yv '^~2 zv .^2 ' ~ ;

Otmservation of iircccjtressibile fluid mess

EcfuaticBi of state

P - P(PO , S, T).

HydrostJitic .

Conservation of salt

1S « 3S

Conseivaticn of heat

where

u, v, v > cocponents of velocity

P • pressure

T • teci»erature

S •= salt concentration

o - density of fluid

p = reference density

°xv» Dvv* Dzr = ^f*" 5* 0 1 1 coefficients for onncntin

coefficients for heat
Dxs* Dysf Dzs = dif&sion coefficients for salt

f « Goriolis acceleration paraoeter

i = latitude of the site

S = acceleration due to gravity
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b. The continuity equation is incorporated into the solution by
requiring that the net inflow to each nodal point is zero. This type of balancing
technique takes advantage of the physical expression of continuity rather than
its mathematical counterpart.

c. A novel technique is employed by the authors to reduce the
storage requirements of the program. Results are computed and stored as
three-digit integers ranging from 0 to 999. This computation is made pos-
sible by scaling all variables with appropriate scaling factors. Examples of
these scaling factors for various variables in the model are given in
Table II. H. 3. Once variables are scaled to three-digit integers, three vari-
ables are stored in a single integer location using the following scheme :

N = 1000000 * Nl + 1000 * N2 + N3.

Unfortunately, the reduction in storage comes at the expense of program pre-
cision and increased computation time due to required packing and unpacking
steps. The authors have optimized this scheme by storing values used proxi-
mately in the same location as illustrated in Table II. H.4.

A conceptual outline of the model is given in Table H.H.5.

Within the abbreviated format of this review, it is not possible to
discuss the finite-difference technique in detail. Therefore, only the salient
features will be mentioned. Essentially, central differencing is used for spatial
derivatives and forward differencing for time derivatives. However, during
the early stages of execution mixed differencing is employed to empirically
determine the largest time step that will yield a stable solution. The use of
classical central differencing in the hydrodynamics equation is undesirable
since it is generally thought that upwind differencing, where the values are
evaluated in the direction of flow, is preferred. Forward differencing in time
allows the completely explicit integration of model equations. The procedure
followed here is similar to that followed by other numerical modelers (e.g.,
see Waldrop and Farmer) except for one important difference. Brady and
Geyer always use the latest value of the variable that has been calculated and
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TABU II.H.5. Typical Scaling Scheme for Erasly-Gcycr
(front Brady and GfcyersS

Variable
Parameter

Fluid
Status F

Pressure p

Salinity S

Tenpcrature T

Lcngitujinal
velocity u

Lateral
velocity v

Vertical
velocity w

Bhits of
Expression

0 = apty
I = full
1 - solid

tb ft"1 s«* :

|)J!t

F

ft sx~l

ft sec'1

ft SK"'

fiixasplc
Values*

0.
1.0
2.0

Z.CBtF

o.ooo

40.0
0.0

99.9
32.0
0.0

15.00
0.0D

•S.flO

4.S9
0.09

-S.00

0.499
u.ooo

-0.500

Scale
Factor

IFF •

loco

IK" •
1030

IFS •
!0

«FT »
10

ISli «
103

IJT •
ICO

IE* •
W o

ScaleJ
Integer

0
1C90
:oct>

2000

4E3
0

9?9

0

1S00
(1

•59»

4.o;>
0

-SK>

49?

SCI

Base
Value

0

0

ft

0

520

S!W

SCO

P-iciaMc
<txlc

0

MBrf"

453
0

995
JJO

0

SCO
0

SCO
0

•w?
SCO

0

lnclikline extrase values cf tSiv range* in Kith case.
'^Certain values jvurl.cJ in thv fsr^s posit icn ray exceed 9-»i», t^tt, en
ruchinc. coultl not exceed 2Ub.

tThe value of pressure that i s scaled is actually trfc* Jif£cr«»:c- ! v ! w
actual pressure a.iJ the bw3n?ssaTic jircswrs:. 'i.-aEanj? ar»J --tont^; ji
in ti i is fashion Kf*-*3tEy ir^roves 3ccurac>- JS thir titiiutactt Stan hyJr
pressure i s s=a l l , buf nci^ertJivlcss s ignifsexzt . Figurv JB.BJ.J jJIu
typical deviation oS pressure iron hydrostatic.

-SURFACE

i
en

i
ACTUAL HKOROSTATIC
PRESSURE

CONSTANT OENSITY
HYDROSTATIC PRESSURE

BOTTOM

Fig. H.H.2

Pressure Reduction for BraJ

Model. (Adapted from Brady and

Geycr.1) ANL Peg. No. 100-1203.

^--BIFFESEIICE IS
SCALED

PRESSURE
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Ho.

(U

(2) ; l

(3)

T.mi; U.H.4.

S'acked
Integer

Nam-

M-

({Yen Bniiy

Vrwsme

Velocity

staltt-; t:

S Sciurur for Brady

1'acl.ai:̂  foftiTi

l» Salinity S

M Velocity v

timetdary
ct>»jiti«« B

-tksyer Model

Tcr7»rature T

Velocity w

Boundar}'
condition C

•'Wlecity co^jxijtcttts ••r« m-nrly alwiys Uiv4 prosisstcly.

TAISJ.I". 11.U.S. o.ttl:ttc of the Ojwrational Concept of

1. Define nm SiKcifif.itions OIK£ initial values of all fluid
duinicceristics, inclttding inxmitr.1 conditions.

2. List initial valuer of all jurancters.

IHrtcraiue relative pressures at ail fluid cells by integrating
vertically downwards fron the free surface.

Sc;nch for solid boundaries adjacent to fluid cells and set
pressures eipial to adjacent fluid pressures.

Compute ooeictttun changes for cadi fluid cell due to pressure
gradients, advection, turbulent nixing, and wind stresses.

Consult boundary conditions on velocities, and adjust confuted
values where necessary to achieve confonnity.

Apply the principle of continuity to cadi fluid cell, and
distribute any surplus inflow by adjusting velocities of i
fluid cells.

Repeat (6) and (7) above until all cells balance satisfactorily.

Compute salinity and temperature changes at each fluid cell due
to advection, turbulent mixing, and surface heat transfer.

Consult boundary conditions on salinity and temperature, and
adjust computed values where necessary to achieve conformity.

Compute surface elevation changes from vertical velocities.

List updated values of fluid characteristics.

Repeat from (5) above, until run specifications are met.

5.

1.

5.

6.

7.

8.

9.

10.

11.

12.

13.

adjacent
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do not retain the entire solution from the previous time step. This inter-
mediate updating process makes the stability of the solution dependent on the
order in which the equations are integrated and may necessitate a smaller
time step than if the solution froj . the previous time step were used alone.

5. Sample Results

The authors have tested their model in three dimensions by apply-
ing it to a river-discharge situation. The authors base their example on the
discharge of the Philip Sporn Plant located on the Ohio River near Racine, Ohio.
A map of the river site taken from Brady and Geyer1 is given in Fig. II. H. 3.
and the basic input parameters are summarized in Table II. H.6. The river J
is divided into a three-dimensional grid consisting of 14 downriver sections, >
1-! crossriver sections, and 9 vertical sections as shown in Fig. II.H.4. The |
spacing of grid cells is summarized in Table II. H. 7. Downstream velocity r
and temperature profiles are plotted in Fig. II. H. 5, as predicted by the model. j

I
lABLi: 11.11.0. Input Data for Sample Calculation of Brady-Geyer Model ]]

Discharge Parameters: 1

Discharge flow rate 1400 cfs I
Width of discharge 80 ft |
Depth of discharge 20 ft !
Discharge velocity (mean) 0.85 ft/sec |
Discharge temperature excess 12.1 F^ I

Ambient Conditions: |

Ambient current speed 0.72 ft/sec
Ambient temperature 77.5 °F
Average relative hunidity 91 %
Average wind speed 5 mph
Average air temperature 64 °F _ $
Average gross solar radiation 1200 BIU/(ft -day) j

Nondimensional Parameters f

Initial densimetric Froude number 7.9
Discharge aspect ratio 0.25
Ambient current ratio IL/U 1.16

3 O
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Fig. 11.H.3. Site of Philip Spom Plant. (Photographically re-
produced with permission of Brady and Geyer.1)

f ' _SURVEY

r-

THERMAL I 1 ! ! I
DISCHARGE R 1 V £ R ^

SURVEY
' | ~ SECTION C

Fig. II.H.4

River Grid of Brady-Geyer Model.
(Adapted from Brady and Geyer.'}
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TABU; II.!1.7. Grid Spacing for Brady-Geyer Sanple Calculation

Section No.

Longitudinal Spacing

upstrejH

1
2
3
4
S
6
7
8
9
10
11
12
13
14

downstream

Lateral Spacing

near shore

1
2
3
4
S
6
7
8
9
10
11
12
13
14

far shore

Vertical Spacing

surface

9
8
7
6
5
4
3
2
1

bottom

Length (ft)

40
40
40
60
to
100
140
ISO
220
300
400
500
620
720

40
40
40
50
50
60
70
80
90
100
120
140
160
180

0.1
0.6
1.2
2.2
2.5
6.0
5.5
7.0
7.0

Mid-point (ft)

20
60
100
150
220
310
430
590
790
1050
1400
1850
2410
3080

20
60
100
145
195
250
315
390
475
570
680
810
960
1130

0.05
0.40
1.30
3.00
5.35
9.60

15.35
21.60
28.70

Total Length (ft)

40
80
120
180
260
360
500
eso900
1200
1600
2100
2720
3440

40
80
120
170
220
280
3S0
430
520
620
740
880
1040
1220

0.1
0.7
1.9
4.1
6.6
12.6
18.1
25.1
32.1
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6. Criticisms and Limitations

a. Eddy Diffusion Coefficients

The authors use the Prandtl mixing-length hypothesis to de-
termine the necessary coefficients for momentum transfer. The spatial de-
pendence of these diffusion coefficients is not well known and the adequacy of
the author's approach cannot be assessed. The problem of handling turbulent
transport is generic to numerical modeling and is discussed in greater detail
in the reviews of other numerical models.

The mixing-length hypothesis employs an empirical constant
with units of length squared, which according to theory represents the square
of the mixing length. The authors denote this empirical constant by Do and
use known channel-velocity profiles to determine its value. On the basis of
this analysis they state its value to be about 1.0 ft2. Caution should be exer-
cised in applying the model to situations different from those analyzed by the
authors. For example, one may expect diffusion coefficients in a large lake
to be vastly different from those of an open channel. Furthermore, the model
does not consider the effects that buoyancy may have on vertical diffusion.
Clearly, this omission is a deficiency in the model's formulation.
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b. Limited Precision

Precision is restricted to a maximum of three significant digits
when the integer-packing scheme described above is used (see Table II.H.4).
The authors believe this precision is adequate stating that for most engineer-
ing problems, slide-rule accuracy is sufficient. However, the desirability of
using this limited precision for tJic execution of numerical programs is doubtful.

Storage problems are becoming less and less severe with the
trend toward larger computer memories and with the advent of disk and ex-
tended core storage. Management of computer resources is still an important
consideration in developing numerical techniques, but we do not advise the use
of integer-packing schemes such aB the one described by Brady and Geyer.

c. Boundary and Initial Conditions

As in the case with many numerical models, the problem of
specifying open-water boundary conditions and the initial condition for nu-
merical solution is not adequately treated by Brady and Geycr. The implicit
assumption is made that any intelligent guess will do. We feel that this point
needs substantiation and that care should be exercised in selecting boundary
conditions, at least until their significance is ascertained by a suitable sensi-
tivity study.

d. Expensive to Use

The algorithm used to obtain the solution is complicated and,
consequently, large amounts of computer time are required. The authors have
minimized computer storage through their integer-packing scheme, but have
done so at the expense of run time. Due to the high cost of j se , the model has
not been sufficiently tested and it is presently impossible to discuss limita-
tions in more detail.

e. Preliminary Nature of the Model

According to the authors of the model, the model requires at
least a year of additional work before it becomes competitive. The finite-
differencing scheme is primitive in its formulation, and problems of stability
are significant. Moreover, the prototype application made to date, the river-
plume problem discussed above, was run for only a meager 4 min of prototype
time. The computer code for the model is also rather complex and slows up
the progress on improvements.

Reference
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University, Baltimore, Md. (Feb 1972).
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I. Pritchett-Encland-Taft Numerical Model'*7

1. Synopsis of Approach

Pritchett. England, and Taft of Systems. Science, and Software (Ss)
have developed a generalized three-dimensional numerical model to treat the
laminar and turbulent motion of stratified fluids The model entitled STUFF,
an acronym for Stratified Turbulent Unsteady Fluid Flow, is presently propri-
etary because most of the funding for its development came from private
sources. The original work on the model was done by Pritchett under contract
to the Defense Advanced Research Projects Agency to handle two-dimensional
dispersion of pollutants in air (STUFF2). This code was later extended to three
dimensions (STUFF3) to allow for buoyant convective motions.

The two- and three-dimensional versions of the model solve the
equations of hydrodynamic flow as well as the time-eSepsrident advection/
diffusion equation for both the fluid density and the concentration of a con-
servative pollutant. A major thrust of the model in its present form is the
use of the Gawain-Pritchett heuristic turbulence model3 from which eddy vis-
cosities and eddy thermal diffusivities are calculated, with time, at each dif-
ference cell based upon the present velocity field. This turbulence scheme is
built into the code but in a modular way; thus it may be easily removed and replaced
by another method of calculating viscosities and diffusivities, if desired. The
hydrodynamic and scalar variable equations are solved using a combination
of the Chorin8 and SMAC9 methods. In the flow equations, the calculation of
pressure is avoided through definition of a velocity corrector potential, and
the rigid-lid approximation is made at the free surface.

Pritchett, England, and Taft note that numerical diffusion can re-
suit from the finite difference representation of the advection terms, be they
in the flow, energy, solute, or turbulent energy equations. A purely Eulerian
finite difference representation of these terms may artifically smear the dis-
tribution of field variables. Errors in the finite difference representation of
the momentum equations due to numerical diffusion can foe of the same order
of magnitude as the true viscous terms and can dominate the calculation for
larger Reynolds number cases. In some problems, the artificial diffusion may
actually become negative. The STUFF code uses the Crowley technique10 to
help prevent significant loss of accuracy due to differencing the advection terms
in the momentum equations.

To solve the equations of fluid density, passive solute, and turbulent
energy, the STUFF model uses an Eulerian/LaGrangian technique. Use of both an
array of LaGrangian particles and an Eulerian grid eliminates numerical dif-
fusion from the advection terms. The LaGrangian fluid particles are super-
imposed on the Eulerian grid and move through the grid as the calculation
proceeds. Values of all the scalar field variables, whether they be density,
pollutant concentration, turbulent energy, or thermal energy, are carried by
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the LaGrangian particles through the Eulerian grid. All spatial derivatives
of the scalar field variables are determined using the Eulerian grid; their
calculation proceeds f ron. differencing the average of the values held by the
LaGrangian particles within the finite-difference cell at the particular time
step of the integration. Determining derivatives from the Eulerian grid avoid?
the distortion problem that can occur in a purely LaGrangian procedure: Higl.
amplitude waves or vortices in a flow distort a purely LaGrangian grid, mak-
ing meaningless the finite-difference approximations based on such a grid.
The LaGrangian/Eulerian method is not used in solving the momentum equations
because spatial gradients, and hence numerical diffusion errors for velocity
calculations, were not expected to be as significant as for other variables.

The finite-difference equations for momentum, fluid density, pas-
sive solute, and turbulent energy are solved in the following way:

a. The equations of motion are solved in two steps. Given values
at the previous time step, a "tentative" value for the flow field at the next time
step is derived by differencing the diffusion and source terms and neglecting
the pressure terms. Final values at the next time step are obtained by adding
to the tentative flow field, a vector field derived by solving a Poisson's equation
for a velocity corrector potential ¥.

b. The remaining equations (fluid density, passive solute, and
turbulent energy) are solved by the LaGrangian/Eulerian technique discussed
above. From this result a procedure is carried out to determine values of
the variables within each Eulerian grid cell. These cell-based values are then
used to calculate future values of the scalar derivatives.

2. List of Symbols

b Q Outfall width

D Turbulent-plus-molecular diffusion coefficient

£ Local turbulent kinetic energy

EJ-J Turbulent-energy production due to turbulent diffusion

of energy

EJJ Turbulent-energy dissipation to heat

gj Gravitational acceleration in x̂  direction

h o Outfall depth

I Spatial function defined by integrating a function of

w and n over all space

In nth approximation of I

J Spatial function defined by integrating a function of
w, n, and fi' over all space

n Time level in numerical-integration scheme
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P Total pressure

Q Boussinesq parameter

S Momentum source

S Centerline distance

T Plume temperature

Ta Ambient temperature

To Reference or outfall temperature

t Time

Ut, U2, U3 Components of the mean velocity in Xi, Xz, x3 directions

u, v, w Components of velocity vector

u Velocity vector

Ji, v, w Intermediate (tentative) velocities between time step n
and n + 1

u Intermediate velocity vector

uj Fluctuating component of velocity field in the xi direction

uo Outfall velocity

V Velocity at the intake or outfall

w, W Weighting function defined over space

wn- Wn nth approximation to w, W

x, y, z Longshore, offshore, and vertical directions in space

x̂  Components of spatial vector x*

x Spatial vector

y Distance to nearest fixed boundary

a, j3, Y Slowly varying functions determined from data (0 is also
used as the volumetric expansion coefficient)

Pjj Mean flow stream rate

Ax, Ay, Az Longshore, offshore, and vertical spacings of grid

6jj Kronecker delta function; Sjj = 0 for i ^ j , 6jj = 1 for

i = j

e Eddy kinematic viscosity

6/9o Ratio of temperature excess of isotherm (above ambient)
to outfall temperature excess

®c/6o Ratio of centerline temperature excess (above ambient)
to outfall temperature excess
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\ Macroscale length

X* Correlation length of local turbulence

\ n nth approximation to>\

v Molecular kinematic viscosity, also turbulent-plus-

molecular kinematic viscosity

TTQ Energy-source term

p Plume density

po Reference density
cp Fluctuating component of the departure of the local

pressure from the hydrostatic reference pressure
divided by the density

$ Mean departure of the local pressure from the hydro-

static reference pressure divided by the density

¥ Velocity-corrector potential

0 Generalized strain rate

3. Derivation of Model Equations and the Model for Fluid Turbulence

Table II.I.I lists the continuity, momentum, and energy equations
as classically derived for turbulent incompressible flow. The solution of those
three-dimensional equations is carried out by the STUFF model. An auxiliary
equation for the turbulent energy distribution is a)so solved in the model to
aid in evaluating the Reynolds stress terms in the momentum equations; the
auxilliary equation (see Tible II.I.l) can be deduced rigorously from the orig-
inal equations of motion. However, the turbulent energy equation itself intro-
duces two additional unknowns into the problem. The STUFF model employs
the Gawain-Pritchett heuristic turbulence model3 that solves the turbulent
energy equation through a sequence of heuristic and empirical assumptions
concerning the unknowns.

The terms on the right-hand side of Eq. D in Table II.1.1 represent,
respectively, the turbulent energy production corresponding to the work done
by the mean flow against the Reynolds stresses, dissipation of turbulent energy
to heat, turbulent diffusion of energy, and molecular diffusion. The last term
is very small and can be neglected in prcblems of high Reynolds number such
as thermal plume applications. To solve Eq. D in space and time, assumptions
are made about the eddy viscosity function, the diffusive term, and the turbulent
energy dissipation.

Gawain and Pritchett cite theory and experiment to state that the
eddy viscosity, dissipation, and diffusion functions depend not only on the tur-
bulent energy itself but on a local length scale parameter that can be associated
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TABLE II.I.I. Conservation Equations for Mean Flow
in the STOFF Model

(mean-flow continuity)

I
(mean-flow moraentim) \ ",

kw •i-^v - 5Tj{(3j+£•) - ̂ * - % * s

(energy)

where

Ui. 0^.03= ccciponents of the mean velocity in xi, x^, xj directions,

Uj = fluctuating component of the velocity field in xj direction,

S = momentun source,

Q = Boussinesq parameter = (c/co - 1) = -a(T - T o),

i = volunetric expansion coefficient,

P = density,

gj = gravity acceleration component in Xj direction,

aq = energy-source term,

u = turbulent-plus-molecular kinematic viscosity,

I) = t<.fbulent-plus-i!K>lecular diffusion coefficient,

and

4 = mean departure of local pressure from hydrostatic reference
pressure divided by density.

(turbulent-energy equation)

where

E = local turbulent kinetic energy,

and

$ = the fluctuating component of the departure of the local pressure from
the hydrostatic reference pressure divided by the density.
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with each space-time point in the flow field. Expressions for the above three
functions are written to include the turbulent energy E, the local length pa-
rameter (macroscale A.), and the distance to the nearest fixed Avail (if any) y.
In this way a determinate set of equations is developed that can conceptually
be applied to any incompressible turbulent flow field. Only the boundary con-
ditions differ for each application.

The heuristic (from dimensional analysis, empiricism, etc.) as-
sumptions made by Gawain and Pritchett are summarized below.

The Reynolds stresses are related to the strain rates of the mean
flow by

i 6U
+

where 6j= is the Kronecker delta function and e is the eddy kinematic viscosity.
Under this assumption and with the omission of the last term of Eq. D, the
mean flow momentum and turbulent energy equations become

(mean-flow momentum) (2)

and

a. r /U^Ui \"l

- -—[uk(~2— + I7J • (turbulent energy) (3)

where

&u. &uk
F-, = -— + (mean-flow strain rate), (4)

JK 0 X k OXj

QZ = (i/2)r j kr j k , (5)
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E = —i-= (mean turbulent kinetic energy), (6)

and

P = $ + (2/3)E (total pressure). (7)

The last term in Eq. 3 is further represented by

(8)

which is developed from dimensional and physical arguments. Here e is again
the kinematic eddy viscosity and Y is some slowly varying function that must
be determined empirically. Thus the diffusion term in the turbulent energy
equation becomes

Before the expressions for the turbulent energy dissipation and
the kinematic eddy viscosity are developed, Gawain and Pritchett define a
scale of turbulence, or macroscale X, at a space-time point in terms of the
statistical properties of the turbulence in the vicinity of the point. A formu-
lation for the macroscale became necessary because a plausible model for e
should really depend upon the turbulent flow field and its interaction with the
mean flow. Hence the authors of the model consider the establisnment of
scales appropriate to the description of the mean flow and/or the turbulent
field.

In the derivation of a form for X, the connection between the local
turbulence field and the local mean flow field is defined by Eq. 1. In this way
the local longth scale is reflected in the local characteristics of the mean flow
and is therefore deducible from that field. The calculation of X is carried out
in an iterative process as described in Table II.1.2. Since the definition of X
should emphasize the mean flow conditions in the immediate neighborhood of
the point, a weighting function W is introduced to give progressively less weight
to remote points.

Once the macroscale X is determined, the turbulent energy dissi-
pation to heat is modeled from

EH = (3(2E)7/6J1/3,

where J has been determined in the analysis of Table II.1.2 and 9 is a slowly
varying function as given below.
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TABLE II.I.2. Calculation of Macroscale Length X in
Gawain-Pritchett Heuristic Turbulent Model

X2(x) = lim An

The (n + l)st approximation to A is defined from

all
space

and

all
space

The weighting function Wn is defined from

Kn(x, x') = i

from which

wn(x, x'J = -

^ j,

Kn(x, x')

/ Un(x, x')dv*
all
space

From previous definitions

As an initial guess, choose A0 = - everywhere. In computing A1( the weighting
function Wfl = I everywhere, from which

/ n"dv
all

X2 _ space

/
all
space

is independent of location. It follows that A2 is the first nonconstant ap-
proximation to A.

Simple applications of the model have shown that the convergence of the
An's is extremely rapid. Absolute accuracy in convergence is not essential due
to the gross simplications already inherent in the model. However, Gawain and
Pritchett recommend3 that the chosen order of approximation be maintained in
the calculations.
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The eddy viscosity is next written in the form

e = al(ZE)l/i,

with a also a slowly varying function. Note that e, at a given point and time,
is a function of the local turbulent energy density and the macroscalc at that
point. The forms for EQ, EJJ, and e were motivated by physical and dimen-
sional reasoning

Based upon some limited data, a, p, and V were determined to be

a = 0.065{l + expl- (yA - I)2]}.

1/e = 3.7{l + exp[- (yA - U2]}.

and

Y = 1.4 - 0.4exp[- (yA - D2].

Here y is the distance to the nearest fixed boundary. As the boundary is ap-
proached y -»0 but >. -» 0 also, so that yA remains finite. The limit of y/A is
arbitrarily assigned the value 1. Far from a fixed boundary, y is set equal
to<» whereupon or, 0, and Y reduce to constants. Consequently, the variation
in the above functions is not large. The usefulness of the Gawain-Pritchett
formulation is based on whether the form for e reproduces experimental data.

Table II.1.3 provides the final equations for neutrally stable stratifi-
cation. When density stratification is present, the authors of the STUFF model
make the Boussinesq approximation, add a buoyancy term to the momentum equa-
tion in the vertical direction, and add a term to the turbulent energy equation to
simulate the effects of fluid stratification in turbulent energy dissipation.

Note that the conservation equation for a passive pollutant could
easily have been included in Table II.I.3 and would assume the same form as
the conservation of heat energy equation, the only difierence being the replace-
ment of the Boussinesq parameter Q by a pollutant concentration variable.
Note also that the source/sink terms in the equations of Table II.1.3 can be
used to include the effects of wind stress, radiation losses, and bottom stress
for the two-dimensional version of the model. For the three-dimensional
version, these effects must be included as boundary conditions.

Verification does exist for the Gawain-Pritchett model of turbulence
but only for two simple cases. The cases tested were for flow in a two-
dimensional channel dominated by boundary layer effects and in the far-
downstream region of an axisymmetric jet in free turbulent flow. Computed
and observed distributions of turbulent energy and Reynolds shear stress were
compared. The results were quite good indicating promise for the model.
The only disappointing factor in these two comparisons is that the coefficients
a, 0, and Y were determined precisely from examination of data from the
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TABLE II.I.3. Final Equations for Solution in the STUFF Model

Neutrally Stable Stratification:

(mean-flow continuity)

(mean-flow momentum)

and

(turbulent energy)

|z(E) + r^-(U^E)= oA/Sifl2 - B(2E) 7 / 6 J 1 / 3 + TT
at 3Xj J a:

Density Stratification:

(mean-flow continuity)

g^rCUji) = 0,

(mean-flow momentum)

(heat energy)

and

(turbulent energy)

^ ^ g.)
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two-dimensional channel flow and axisymmetric flow problems. Consequently,
a truly objective comparison of the heuristic turbulence model to data did not
occur. After the publication of Ref. 3, Pritchett7 applied the turbulence model
to the flat plate problem under laminar flow. He assumed that the transition
point to turbulent flow coincided with the leading edge of the plate. Using ex-
perimental velocity profiles, the model was used to predict energy dissipation.
Pritchett7 states that the calculations compared satisfactorily to the data. He
also notes that this is not surprising because the heuristic turbulence model
could handle the channel flow problem well.

For a clearer perspective, however, the limitations of the Gawain-
Pritchett turbulence model are listed below.

a. Numerous aspects of the model are grossly oversimplified
and incorporate several approximations in the equation set to effect closure.
The applicability of the model to a general class of turbulent flow problems
in its present formulation raises serious questions. The relative sensitivity
of the solution to the choice of parameters intrinsic to the approximation is
important to know. This would help to locate possible inaccuracies inherent
in the approximation and to encourage improvements. Further study should
be applied to:s

(1) The relationship between the local length scale \ of the
mean flow and the correlation length X* of the turbulence.

(2) The generalized three-dimensional stress-strain relations
that actually exist in regions of strong anisotropy, such as in the flow near a
wall.

(3) The influence of various important parameters in de-
scribing the rate of dissipation of turbulent energy to heat.

b. The turbulence model as developed by Gawain and Pritchett
does not handle stratification or density differences; the appendage to the
turbulence model by the STUFF authors to treat this is unverified. Pritchett
adds7 that the correction to the turbulent energy equation appearing in
Table II.I.3 attempts to take into account the effects of stratification on sup-
pressing the turbulent energy or augmenting it if the stratification is unstable.
Pritchett notes that this additional term in the turbulent energy equation (see
Table II.1.3) does follow directly from the original unaveraged Navier-Stokes
equations if the same assumptions are made and once the Boussinesq term is
added to the turbulent energy equation at the start of the derivation. That ad-
ditional stratification correction term to the turbulent energy equation is thus
the result of an identical derivation; it may be considered as a source/sink-
type term. Pritchett asserts7 that the additional term is entirely self-consistent
with the derivation. However, he notes that with the correction included, the
turbulence model remains basically an isotropic one; the model does not treat
anisotropic mixing.
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c. In principle, the heuristic model can be used in an unsteady
flow problem, allowing the calculation to proceed until a steady state is reached.
The validity of the approximations made in the model for developing flows is
unknown, since no adequate experimental data are available. Furthermore, the
unsteady use of the turbulence model is expensive in terms of computation
time.

Pritchett states7 that he expects the use of the steady turbulence
model in the unsteady state not to be a problem in thermal-plume applications
because the response time of the turbulence has to be fast compared to the
mean flow. The turbulence "sees" a steady flow, certainly on the time scale
of the problem.

d. No verification of this model for thermal-plume problems
exists to prove that the Gawain-Pritchett formulation is superior to other al-
ternative schemes, even mixing-length theory. More work should be done in
evaluating diffusivity theories with reference to their application to numerical
plume models.

4. Numerical Scheme/Boundary and Initial Conditions

The details on the numerical technique are sparse due to the lack
of published material on the STUFF model. This reflects the proprietary
nature of the code. Based upon Refs. 1-5 and discussions with J. Taft6 and
J. Pritchett,7 the following steps summarize the method of solution of the
equations.

a. Flow-field Calculation

(l) A corrector potential iteration scheme is initiated in
this step by a first calculation of the velocities u, v, and w including only the
diffusion and source terms of the momentum equations but ignoring the pres-
sure gradient terms. The diffusion terms, i.e., the components of the strain-
rate tensor, are calculated here from values at the previous time step. A
second-order finite difference operator is used to do this with the resulting
terms placed in temporary storage in a velocity array. Source terms in the
momentum equations, if any, are then calculated and added to the array. Solv-
ing for the new velocities un ', vn ', and wn ' in this first step is done by the
Crowley scheme.10 The differencing of the advection terms is second order
in space and carried out by forward differencing the velocity gradient terms
for each cell and then adding a correction term that is diffusion-like in nature
to help correct for the truncation error that would otherwise cause numerical
diffusion. The STUFF scheme allows for a second iteration on un~', v ', and
wn ' using the average of the values just calculated and those at time step n
to initiate this calculation. This second iteration is carried out, just as above,
to refine the values obtained in this step, and it makes the approximation
second order in time as well as space.
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(2) This step -accounts for the pressure gradient terms that
were ignored in the first approximation, step (l). The velocity field derived
in step (1) is divergent; a vector field, with zero curl and divergence of op-
posite sign, derived from the pressure field must be added to get the correct
velocity field at time n + 1. Since a pressure field alone cannot impart rotation
to the fluid, the true new velocities cannot differ from those "intermediate"
values by more than a vector field that is the gradient of a scalar function ¥.
Thus a property of a. pressure field is that it cannot introduce any more vor-
ticity into the flow. A scalar "velocity corrector potential" is defined to
satisfy

n+i ~n+! bf /, x
u = u + —> (10)

bx

vn+i = ^n+l+bV
oy

and

wn+i = wn+i + | 1 _
bz

The true new velocities u, v, w, above, then differ from the intermediate ve-
locities 5n+I , v"^1, v>n+l only by a vector field defined by Y. This field is such
that tfxu11"1"1 = vxun+l (since VxffY = 0), as it should be at all times.

The final new velocities must satisfy the continuity equation

i u - b v ^ b w ^ 0

bx by bz

Combining Eqs. 10-13, we have

bun + 1

bx
+ bvn+1

6y
+ bwn+1

bz

bu a + 1

bx

a?

-n

iy

+
bp

bwn+1

- (14)

Since 7 • u11 = 0 must be satisfied for the new velocity field at time n + 1,
the following Poisson's equation for V results:

& f l + £ f l + £ f l - &"n+* ovn+l bwn+l

bx2 by2 bz2 bx by bz

The boundary conditions on ¥ are that the normal derivative is assumed to be
zero on all outer boundaries of the grid. The Poisson equation for y is solved
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using an over-relaxed Gauss-Seidel iteration procedure. If a conservative
time step is utilized, 10-20 iterations are generally necessary for the solution
to the Poisson equation to converge. A more liberal time step might require
100 or more iterations.

Concerning the treatment of the free surface boundary con-
dition, the STUFF model makes the rigid-lid assumption. Consequently, there
is essentially a rigid plate at the top of the (rigid) grid structure preventing
vertical motion above the top of that grid. A free slip boundary condition
(normal velocity is zero) is maintained at the top of the grid to divert flow
horizontally. The Chorin method entirely avoids the calculation of pressures,
and consequently neither the pressure field at the top of the grid nor the free
surface heights are calculated in the computer code. However, the pressure
field itself could be calculated easily enough from the velocity data output in
terms of an integration of Poisson's equation (not discussed). The rigid lid
condition enters the problem precisely in the surface boundary condition on
the velocity corrector potential V. Its boundary condition of zero normal de-
rivative is reflected in the solution for V.

The first half of the flow calculation (step 1) allows the choice
of boundary conditions of two types: (1) the periodic form in which no flow
leaves the top and sides of the grid, essentially all flow being directed along
a duct, and (2) the type that requires the velocities themselves to be specified
for all time on the external boundary. The latter option was chosen for the
Point Beach and Pilgrim runs (Sees. 5 and 6 below). In these cases the upcur-
rent and downcurrent boundary values for velocity were chosen to be the ambi-
ent current velocity. The authors of the model hope this does not introduce too
many errors on the downcurrent side, which should be the case if the downcur-
rent boundary is sufficiently far from the influence of the plume. A portion of
the plume at Pilgrim did extend beyond the grid boundaries. The autho*" of
the model do not estimate the region of influence of the plume to be very sig-
nificant to the right of the final breakwater. The plume was probably not per-
turbing the downstream velocities significantly. The offshore velocities,
however, might have caused more difficulties at Pilgrim since the plume did
impinge on the offshore wall. The offshore grid velocities were chosen to
allow a fixed amount of momentum through per unit time. This quantity was
specified a priori and set equal to the initial component of offshore momentum
of the jet. As the plume tended to transfer more than that fixed amount of
momentum outside the offshore grid boundary, a reflection of momentum off
that grid boundary occurred with the perturbation propagating back into the
plume. The authors of the model hope that the effect is not felt more than
three or four cells inward from the boundary. A much larger grid in the hori-
zontal offshore direction would have been useful in removing that effect, but
this was not possible to accomplish with the computer core size available for
the computer run. Even boundary conditions more commonly used, such as a
second derivative equal to zero, would still give the perturbative reflection. In
all cases it is safest, though usually more expensive, to keep boundaries far
from the influence of the plume.
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Specifying actual velocities as boundary conditions is the only
way to get a unique solution to the Navier-Stokes equations for the interior
mesh points. Numerical solution of other fluid flow problems seem to imply
that if the open boundaries are sufficiently far from the discharge, specifying
velocities, gradients, or second derivatives as zero would yield the same re-
sults. Yet, for a situation like Pilgrim, where boundaries, especially the off-
shore one, are close to the flow and interact with it, more perturbations result
from specifying fixed velocities than if second derivative boundary conditions
were used. Hence, for close-in open boundaries, the type of boundary condition
employed is important in the determination of the solution.

The solution of the flow equations as set up in STUFF involves
mass and momentum conservation over the whole grid, i.e., as much mass
and momentum flux enters the grid through the outfall and upcurrent flow as
leaves the grid. A standard output in all STUFF runs is the sum of momentum
flux over all cells in the grid. This is printed oat at each time step so that
the sum total momentum in the grid can be determined. The code passed
through 1500 time steps in a past simulation with essentially no loss (under
1%) of mass or momentum in the finite difference scheme.

b. Calculation of Scalar Variables

The solutions for the turbulent-energy equation, passive con-
taminant equation, and heat-energy equation are carried out with the same
procedure, since each is a scalar field, and all their equations are essentially
the same. In this step an array of tracer particles is employed. Initially each
cell is assumed to contain, typically, eight such tracers; each particle moves
from the cell with the flow field, and diffuses according to local values of dif-
fusivity. Each particle carries with it values of each field, whether it be tur-
bulent energy E, Boussinesq parameter Q, or passive contaminant concentration.
To find the values for these variables for a computational cell, a census of its
particles is taken and the mean particle-based value is used for the cell as a
whole. Solution to each of the scalar equations proceeds as follows: From
the cell-based concentrations, the scalar diffusion terms are evaluated. Next,
updating the particles is undertaken assuming each particle diffuses with the
cell-based diffusion rates. At this point in the calculation, the cells have their
old concentrations but the particles now have new values updated by At times
the diffusion rate. The momentum equations are then solved to yield the u,
v, and w velocity field. To evaluate the scalar advection term, the particles
are moved into new cells under the local u, v, w velocities of that cell at time
step n. The time-centered value (and spatially (linear) interpolated value) of
velocity is used in the particle advection process. To calculate the local value
of velocity requires a spatial interpolation, because the particles usually do
not fall on the grid cell faces as they are defined. Finally the census proce-
dure is again implemented to get cell-based values at the next time step. To
calculate the eddy viscosities from the turbulent energy equation requires only
the local velocity field, thus allowing the turbulent-energy solution to follow
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the scalar-equation solution format. Time centering is done in the turbulent
energy numerical solution as is done in solution of all scalar equations; the
average of old and new values of velocity is used. The calculation of eddy
viscosities and diffusivities uses values of velocity at time step n only; no
time-centered velocity values are used.

Zero particles occur only very infrequently in a cell at a given
time step. The cell-based concentration of a void cell is determined from the
average of surrounding cells, the particles being actually considered as finite
volumes rather than individual points when a census takes place.

The treatment of the particles as they interact with solid
boundary surfaces, whether the surface is the bottom or shoreline, is an im-
portant consideration. Particles advected or diffused outside the grid are
disregarded; they are advected out by the velocities specified at the boundary
grid cells, which are described later. The question of whether mass and
momentum are conserved in such a treatment is of importance. Two treat-
ments are permited in the STUFF code. The first is the destruction of the
particles that interact with a boundary, clearly violating conservation of mass.
However, for a grid of 10,000 particles, a plume problem like Pilgrim may
involve the loss of 50 particles per time step but 20 is more typical. Since
ihere are always new particles being generated, by the inflow of ambient cur-
rent to the grid or else from the discharge channel, a serious reduction in
particles is not likely to occur and the important cell averages are not signif-
icantly affected.

The second and more involved method is to force the local
velocity of particles near wall boundaries to deflect those particles that are
directed toward the solid boundaries by the following procedure. When a
particle is directed toward an obstacle and enters the "last" grid cell before
that boundary, the time step is usually small enough to prevent it from hitting
the obstacle in that one time step. The time step in the diffusion solution in
STUFF is never more than one-fourth the time necessary to pass through a
cell; the STUFF model uses the Courant condition in its time iterations. For
the particle located within the cell, a linear interpolation to derive the local
velocity of that particle from the four nearest velocities involves the zero
normal velocity at the boundary face. The interpolated value of these ve-
locities generally involves a larger transportive velocity along the cell face
and a smaller velocity toward the obstacle. Observing the path of the par-
ticle as time increases, with the sequence of linear interpolations at each
time step continuing, the particle generally gets more and more deflected
as it gets closer and closer to the obstacle face as the velocity component
towards the obstacle decreases. In this way the component of velocity to-
ward the obstacle becomes essentially zero. Thus for conservative time
steps, the de lection of the particle is not through the obstacle but sideways.
The normal velocity component of a particle is seldom large enough for it
to travel across the boundary face in one or two time steps. To imple-
ment the second approach takes an additional few percent in compv.tation time,
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but based upon previous applications of the model with both approaches tested,
only a very little difference occurs in the results. The first method technically ;.•
involves a loss of mass because attributes of the particles are being destroyed. : i
Yet, Taft states that though the particle concentrations are not of interest, \y-
the cell-based concentrations are most important; these latter concentrations j';
are derived from an averaging procedure of typically eight particles per cell. \i
Losing one particle out of eight does no; as found in the STUFF model, alter J£
the average concentration significantly because the particles that are lumped I]
together tend to have similar attributes. The usual mode of operation in the fi
STUFF code is to destroy . il particles hitting obstacles; this was done in the [..
Pilgrim and Point Beach runs. An alternative procedure of reflecting a parti- j
cle off of an obstacle back to its old position is not strictly correct, because of V,
the implication that the derivative of the normal velocity is infinite at the ob- 1;
stacle. This "reflective fluid flow" procedure often proposed, implies that ;
the stresses and acceleration of the fluid at the boundary point are infinite, :\
which violates the fundamental continuum assumption of fluid mechanics.

Despite the confidence of the authors of the model in the ;[
destroyed-particle scheme, we are suspicious of its applicability to Pilgrim '['•
where the flow must pass around two breakwaters; other boundaries of con- ;?
cern are the free surface and the solid shoreline and bottom boundaries. An ;;
evaluation of both methods and a study of alternative procedures for particle- '••••
boundary interaction should be done. We have no way of passing judgment on j
the schemes used in STUFF without additional computer runs and a concerted >
effort in studying that problem. •

The other boundary conditions are now summarized. A zero .
temperature gradient is assumed at all solid boundaries. Only normal veloc- i
ities are specified along solid boundaries and these are assumed zero. Tan-
gential velocities are not specified; hence, free-slip conditions are assumed
for all boundaries. No viscous stress effects are simulated at the bottom.
Any or all of the outer walls of the grid may be set to simulate rigid, imper-
meable "free slip" walls or the x direction may be chosen as periodic. This
again allows the simulation of a series of sources and sinks in the horizontal
direction and forces the total input flow rate to be constant in time.

Topography can be simulated through various mockup tech-
niques. A series of continuous blocks can be used for the bottom and an ar-
bitrary number of cells within the grid used to represent bottom boundaries.
Depending upon the resolution, these bottom contours can be accurate or inac-
curate representations. Obstacle cells with impenetrable walls can be set up
as internal boundaries in any arrangement and number throughout the grid.
Outer walls may also be set up as planes of symmetry to focus attention on
that portion of the problem that need be modeled.

The model uses a set of artificial cells, two in each direction,
one on either side of the computational grid cells in order to make the finite-
difference routine more compact. These cells have fixed attributes that are



218

known a priori. The cells are used to set velocities at the boundaries, i.e., the
velocity can be set at the face of an artificial cell for all time. The cells can
be used as sources of momentum and turbulent energy. Their presence avoids
numerous "if" tests in the computer code to check whether a cell is next to a
boundary. These cells are part of the code's "intake/exhaust system" of grid
cells that may be specified for a particular application. They also may be
placed at i rbitrary positions within the grid. The total set acts as sources
and sinks of mass, momentum, and energy; it must be set up to insure con-
servationalprinciples. This system of cells is used to set up an ambient cross-
current at the upcurrent side of the grid and to maintain it with a judicious
choice of exhaust cells on the opposite side of the grid; conservation of mass
and momentum must be satisfied. Source and sink specifications for the
scalar variables can also be made once the cell-cell block location and the
start-stop time of the source or sink is specified.

The model has a flexible crosscurrent scheme in which veloc-
ities on the upcurrent and downcurrent boundaries may essentially be specified
arbitrarily. The only requirement is that the flow must be conservative i.e.,
nondivergent. Flow into the grid structure must equal the flow out of the grid.
The velocity field specified can vary arbitrarily in both the horizontal and
vertical directions. The code has a potential flow solver to calculate a potential
flow field for the boundary flow if one chooses potential flow as an initial con-
dition for the entire grid. In that case, the inputted boundary flow must be
uniform with height, with no allowance for stratification. Other methods of ini-
tiating the flow field exist in the code, however, that allow an essentially
arbitrary boundary flow to be specified. The crosscurrent scheme is flexible
in that one is not forced to align the grid with the mean flow. This latter ad-
vantage is useful when sloping boundaries are present and the mean flow is
not along a principal axis. Ocean currents, which often have much spatial
curvature, can be inputted as boundary conditions. To our knowledge, the
STUFF model has not been run with time-varying input flow quantities.

As stated above, the time step for the STUFF model follows
the Courant condition for stability. The model actually has three time-step
criteria: a diffusion-limited time step, an advection-limited time step, and an
internal-wave-limited time step. The latter prevents the propagation of waves
in the model from causing instabilities. The minimum of the three time steps
is used, the one defined by the diffusion is typical for plume-type problems
with significant turbulence. A conservative time step for STUFF is usually
taken to be one-fourth of the maximum allowable.

The initial conditions must be specified for the flow field and
each of the scalar fields solved for in STUFF. The flow field can be specified
arbitrarily but must be nondivergent. An example is the specification of uni-
form flow in the x direction. Such a flow is derivable from potential flow and
the given boundary flow. Specification of cell blocks as having given flow char-
acteristics is permited. There is also the option for specifying combinations
of these blocks with the flow derived from a potential function to obtain a re-
sultant field.
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Scalar fields may be initialized in any combination of the fol-
lowing ways:

(1) Specification of a series of rectangular blocks at a given
concentration,

(2) Specification of a vertical profile of arbitrary functional
form,

(3) Specification of a series of spheres within the grid with
arbitrary centroidal positions and arbitrary radii (here segments of spheres
lying outside the grid are ignored), and

(4) Specification of a series of Gaussian distributions through-
out the grid.

One advertised1 feature of the code is the technique of "buffering"
the LaGrangian particles to mass storage devices. Groups of 500 are retrieved
from these devices, calculations are made on them in core, and they are then
stored away again. This allows the specification of an unlimited number of
particles. The computing time associated with buffering the particles, cen-
susing the particles, updating the particles, etc., runs into a cost of «25% of
the total computing time. Doubling the number of particles in the simulation
adds another «25% to the computer time. This is not insignificant and is really
a fairly large fraction of the total computer time but the authors of the model
feel that buffering of the particles is worth the expense in terms of accuracy
gained. This option is available at present only for the three-dimensional
version of the code, STUFF 3.

Another feature of the code advertised1 is the "restart" cap-
ability. Under this feature the calculation can stop at any point, at which time
a dump to tape of all current values of the variables is executed. The calcu-
lation can then be restarted at a later time by reading the tape to initialize the
code variables.

Concerning output of intermediate calculations, the code pro-
duces plots and listings of the field arrays at specified intervals. The code
plots contours from the cell-centered values of the field array in terms of
vertical slices; i.e., values in an x-y vertical slice are plotted through the
midpoint of each cell in the x direction.

5. Application to Point Beach (Unit 1)

The first warm-water-plume application of the STUFF model was
made for the Point Beach Nuclear Generating Station located on the western
shore of Lake Michigan. This case was run and presented in Ref. 1 to indicate
the ability of the STUFF model to treat thermal-plume problems. The date
chosen was May 20, 1971, for which field data had been acquired11 during two
time periods: 1438-1550 (plume A) and 1740-1850 (plume B). The computer run
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was carried out for the latter set of measurements. Table II.I.4 summarizes
the plant and meteorological data for plume B as well as the initial conditions
used in the STUFF model run for that date and time. Figures II.1.1-3 show
the plume measurements at the surface and at 3- and 6-ft depths for plume B.
Superimposed on those drawings is the STUFF grid that was used in the plume
calculations for the plume from Unit 1. Figure II.1.4 illustrates the temper-
ature measurements at various cross sections of plume B.

The rectangular STUFF grid is oriented at a 60° angle to shore
in keeping with the direction of the Unit 1 discharge. In this way the momentum
of the jet is directed along the main axis of the grid. The ambient current used
in the model was simulated in the upcurrent boundary cells by resolving the
0.3 fps (125°) measurement into two components, each parallel to a grid axis.

Results of the calculated temperature profiles are given in
Figs. II.1.5-7. Only predictions of temperature in the horizontal plane at 3- ,
9-> and 15-ft depths are presented. Comparisons of the model to data appear in
Figs. TI.I.8-10 in terms of surface centerline temperature decay, surface tem-
perature half-widths, and surface isotherm areas. Also included are data from
plume A (May 20, 1971; 1438-1550) and a third plume C (October 28, 1971;
1422-1539), because the outfall and environmental conditions measured for
these plumes were very similar to those of plume B. When the predicted re-
sults are compared to a number of measured plumes under like conditions we
expect a more statistically accurate comparison.

TABLE II.I.4. Plant and Meteorological Data
and Initial Conditions Used in STUFF Run

for Point Beach Unit 1 Plune,
May 20, 1971

Plant and Meteorological Data

Plant name: Point Beach Nuclear Plant (Unit 1)
Date and time of Survey: 20 May 1971 (1740-1850)
Plant load: 474 MWe
Discharge flow rate: 885 cfs
Outfall temperature: 17.5°C
Intake temperature: 8.9°C
Ambient water temperature: 8.2-8.S°C
Dry-bulb temperature: 12.2-13.9°C
Wind speed and direction: 10-15 mph, 270°
Ambient current speed and direction: 0.3 fps, 125°
Lake level: 579.5 ft (IGLD)
lake surface conditions: 0-1-ft waves

Initial Conditions Used in STUFF Run

Discharge from two stacked cells in
upper two layers

Top cell 420 cfs
Mid cell 336 cfs
Outfall temperature 17.5°C
Ambient water temperature 8.3°C
Ambient current (z direction) 0.1 fps
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Several aspects of the model simulation make the predictions
tenuous. First, an inadvertent error was made by not changing the volumet-
ric expansion coefficient. The value for air was used6 in previous runs of
STUFF and this was not changed to the appropriate value for water. The
value of the resulting predictions is thus doubtful and no strong implications
from the mcdel-data comparisons can therefore be made. Second, the model
was run with a plant flow rate of 771 cfs while in actuality the discharge flow
was 885 cfs. A note in the Addendum of Ref. 11 was apparently not noticed.
Third, the STUFF model was run for only 460 seconds of prototype time and
not to steady state. The concave-down appearance of the centerline tempera-
ture and area predictions is an indication that the plume has not completed its
dispersion. This concave-down trend, in steady state, should persist only
near the outfall, followed by a concave-up trend for the rest of the plume.
Fourth, the grid chosen is too small to contain the plume (see Figs. 11.1.1-3)
and hence the boundary conditions are inaccurate. These boundary conditions
were set assuming the plume to be contained entirely within the grid as an
approximation. Note from Fig. ILL 5 that some of the higher-temperature
isotherms can be closed only outside the grid {for negative z values).

The predictions presented in Figs. 11.1-5-7 indicate that the plume,
as calculated, is not very buoyant. The plume extends to depths of 9 and 15 ft.
This nonbuoyant nature may be due to the erroneous value of t'te volumetric
expansion coefficient employed in the calculations. Note that ihe 3-ft calcula-
tions indicate a warm area on the lee side of the outfall. This does occur to
some degree in the field as a result of a slowly recircu'ating eddy of partially-
mixed plume water. In all, this Point Beach comparison is not a fair test of
the model due to the inadequacies in the model simulation for this case.



228

6. Application to Pilgrim Plant

The Boston Edison Company has sponsored S3 to run the STUFF
model in order to validate it with data acquired at the Pilgrim Station located
on Cape Cod Bay. The date chosen was December 29. 1972. in which aerial
infrared measurements of the plume surface temperature were available from
a study done by the Coastal Research Corporation12 for Boston Edison. Vast,
Inc.,13 also carried out thermal surveys and dye tracer studies by boat on that
date for Boston Edison. The Vast, Inc. study furnished ground truth and the
ambient temperature for its own study as well as the aerial infrared study.
In addition, information on the vertical structure of the plume was determined
by the Vast study for the Pilgrim plume. Figure n.1.11 represents the varia-
tion of some of the major outfall and environmental parameters as a function
of time, as measured by Vast, Inc., for the period of the December 29 survey.
Note that the power plant intake temperature remained between 40-5 and
41.8°F; temperatures taken from the condenser outfall were between 68.9 and
70.1°F. The boat study was carried out over 18 days from December 12 to 29.
but the aerial infrared study was executed only for December 29.
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Fig. II.1.11. Variation of Major Parameters at Pilgrim for the
December 29, 1972. Study. (Adapted from Vast. Inc.1 3)
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The aerial study was designed to give information over a full
tidal cycle. Four flight missions were flown to coincide with the four peak
tidal states: seven flight passes from 0918 to 0950 to cover ebb tide; 17 flight
passes at low tide from 1204 to 1340; four flight passes from 1535 to 1555 for
flood tide; and 13 passes from 1724 through high tide at 1837. Eleven of the
total 41 passes were used for analysis in graphically representing the four
tidal cycles. For the model-data comparison, the thermal imagery at
1302 hours was used in which the plume was under low tide conditions. The
wind was from the northwest at 15-20 mph. For December 29. although the
sky was clear, a strong, steady wind generated 2 to 3-ft waves that continued
in a southerly long-shore direction, accounting for the similarity and orienta-
tion of all plumes analyzed for that date.

A few comments about the aerial and boat data are useful here.
The data showed that the wind-driven currents dominated the tidal currents
during all phases of the tidal cycle on December 29. During the 29th, the
wind was from the northwest at 9 to 19 mph during the morning and from 6 to
15 mph during the afternoon. The wind-driven current clearly dominated the
tidal currents so that no shift in the plume direction was apparent. Due to
wind dominance, the major part of the plume periodically moved in a direc-
tion opposite to the expected tidal current. As indicated in preliminary sur-
veys and current meter data taken prior to the Vast Inc. study, tidal currents
in the region of the plant are weak and surface currents are dominated by the
wind- Fecirculation was observed as the isotherms of the plume extended
past the intake structure due to a north wind.

The amount of recirculation determined from the dye studies on
December 29, was about 3% at low tide and approximately 11% at high tide.
Also notable were the rapid changes in area enclosed by the isotherms; this
was the most striking characteristic of the flights at 1302, 1319, and 1331.
As discussed in more detail in the Pilgrim study, Sec. D of Ch. IV, this is a
major problem in using aerial infrared data. Rapid changes in centerline
temperatures and surface areas over a short period of time are unrealistic
and make the data of questionable validity. (Refer to Sec. IV.D for details.)
The Coastal Research Corporation quotes the accuracy of the published iso-
therms to ± 2 F°.

Figure II.1.12 illustrates the region of Cape Cod Bay that was
simulated in the STUFF model. An area 1000 m along the shore and 500 m
offshore was modeled- The grid chosen has a longshore spacing Ax = 20 m,
an offshore spacing Az = 20 m, and a vertical spacing Ay = 3 m. This grid,
mandated by computer limitations, is too small to include the entire plume
and too coarse to resolve the fine detail of the plume. The core capacity of
the UNIVAC 1108 allowed only two cells to be simulated in the vertical direc-
tion. Four or more cells would have been more suitable. The grid cells
totaled 50 longshore, 25 offshore, and 2 in the vertical direction. Counting
boundary cells, this becomes 52 x 27 x 4.
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Figure II.1.13 i l lus t ra tes the Eulerian mockup of the region. The
dark cells i l lustrate a r ea s that represent the shoreline; the gray cells indicate
water of 3-m depth; the white cel ls indicate water of 6-m depth. This s t a i r -
case simulation of bottom topography appears too coarse . The authors of the
model state that their experience has shown that good resul ts can be obtained
using grids with even poorer resolution. They reason that the buoyant thermal
plumes occupy only the f irst few feet of the water column and that their dynamic
and energy interaction occurs predominantly in the upper l aye r s . The authors
state that the STUFF model is very sensitive to topographical mockup only
when shallow regions occur due to submerged obstacles or hills. They con-
clude that a slight lack of resolution in bottom topography only slightly affects
the solution. This argument is not very convincing. Fur the rmore , the P i lg r im
plume stratif ies in the intermediate and far fields, requiring good resolution
in the ver t ica l direction to define the plume adequately.

The intake and outfall a re assumed, in the STUFF representation,
to be in the upper of the two grid levels. The longshore side of the grid does
not pass by the inlet port itself but some SO m offshore. The authors assumed,
therefore, that the flow was mainly along the channel, the channel being five
cells wide at the STUFF boundary, and hence the choice for the intake: five
cells wide and one cell deep. For a 720 cfs flow into the intake, the intake
velocity was determined to be



231

v intake = (100 m)(3h j = 0.068 m/sec.
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The outfall was simulated as one cell in the upper layer, hence
20 m wide and 3 m deep. The initial outfall velocity becomes

V outfall = (20 m)(3 m)
= 0.34 m/sec.

The ambient current present is simulated as the sum of the local
tidal current and the wind-driven current. No ambient current •was measured
on December 29. Consequently! Boston Edison provided S3 with the Shureman
formula14 to calculate the north-south and east-west components of the tidal
current. The formula assumes that the tide can be decomposed into a dis-
crete set of Foui ier components whose amplitudes and phase angles depend
on location and vary slowly during a given year. A table of amplitudes and
phase angles for the important Fourier components in Cape Cod Bay near the
Pilgrim Station were provided by Boston Edison. Utilizing the data, a calcu-
lation for 1302 on December 29, 1972, yielded a north-south component of
-0.010 m/sec and an east-west component of 0.011 m/sec. (North and east are
assumed to be directions of positive current flow.) The resultant tidal current
was then calculated to be
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= 0.015 m/sec,

with a direction almost exactly longshore, i.e., flowing towards the southeast.

The wind-driven component of the current was derived by S3 by
equating surface and bottom stresses under the assumption of a steady sur-
face wind. The wind on December 29 was blowing almost exactly longshore
toward the southeast at 15-20 mph. The 20-mph value was used in the wind-
driven current calculation. Classical formulas from the literature were used
to estimate the surface and bottom stresses. Equating those stresses yielded
a velocity of 0.023 m/sec . This was assumed to he the mean current velocity
over the depth of the fluid. The total current was summed to give 0.015 m/sec +
0.023 m/sec = 0.038 m/sec .

The authors of the model next attempted to add some vertical
resolution to the current profile by taking that mean value over the entire

water column, assigning it to the mid
depth, and requiring the current to
vary linearly from zero at the bottom
through the mean value at mid depth.
Figure II.1.14 plots the assumed pro-
file of the current; the values used as
current values to be input to the bilevel
STUFF grid are indicated by dots. The
authors neglect the time dependence of
the tidal current in the calculation,
assigning more importance to the wind-
induced drift.
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Fig. II.I.14. Ambient Longshore Current Profile:
Pilgrim PJant Simulation of STUFF
Model. December 29, 1972.
(Adapted from Taft.2)

Surface heat loss was calculated
from formulas developed by Yotsukma.15

The advantage in the Yotsukma method
is that the base temperature for the

calculation is the ambient temperature, rather than the equilibrium tempera-
ture which is usually used in the literature. Surface heat transfer values
varied for each surface grid cell. Surface heat loss was found to be insignif-
icant in the calculation since the area covered by the STUFF grid was not
large. The authors of the model estimate that with larger grids and longer
residence times of the heat within the grid, surface heat loss will become more
significant.

The aerial infrared measurements by CRC of surface tempera-
ture at 1302 hours are presented in Fig. H.I. 15. The results of the STUFF
run appear in Figs. H.I.16-19 with the horizontal isotherms and circulation
patterns plotted for the upper and lower levels of the model. The flow lines
indicate the general circulation pattern; the numbers next to the flow lines
indicate the local magnitude of the flow velocity along the direction of the



Fig. I1.I.15. Aerial Infrared Measurement of Low Tide Sca-surfacc Temperature by Coastal Research Corporation:
Pilgrim Plant, December 29, 1972, 1302 Hours. (Adapted from Coastal Research Corp.12)
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Fig. II.I.16

Temperature Contours Predicted in Upper
Level of STUFF Grid: Pilgrim Plant S imu-
lation of STUFF Model. December 29.
1972: Undistorted Scale . (Adapted from
Taft.2)
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Fig. II.1.17. Temperature Contours Predicted in Lower Level of STUFF Grid: Pilgrim Plant
Simulation of STUFF Model. December 29. 1972. (Adapted from Taft.2)
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Fig. II.I.18. Flow in Upper Level of STUFF Grid: Pilgrim Plant Simulation
of STUFF Model. December 29.1972. (Adapted ftom Taft.2)
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Fig. II.1.19. Flow in Lower Level of STUFF Grid: Pilgrim Plant Simulation
of STUFF Model. December 29. 1972. (Adapted from Taft.2)

flow line. The intake and outfall flow has, in the STUFF simulation, created
three eddies in the upper layer and one large eddy in the lower layer due to
the near-breakwater between outfall and intake. The authors of the model
state that these eddies immediately downcurrent of the outfall indicate the
trapping of considerable amounts of heated effluent. The temperature rise in
this region is more than 7 C° above ambient. As the vertical velocities were
negligible, they were not plotted.

Concerning possible recirculation through the plant, the tempera-
ture rise at the outer edge of the inlet breakwater is about 1.5-2.0 C° indicat-
ing some recirculation of heated effluent. However, the plume temperature
has dropped to essentially ambient at the inlet cells themselves.

The aerial infrared data of 1302 hours were reduced and compared
with the STUFF predictions. This work was done at Argonne; the results are
presented in Figs. II.I.20-23 in terms of surface-centerline trajectory, surface-
centerline temperature decay, surface-temperature half-widths, and surface

CAPE COD BAY

-STUFF MODEL PREDICTION
FOR SURFACE CENTERUNE TRAJECTORY

SURFACE CENTERUNE TRAJECTORY FROM
CRC AERIAL INFRARED SURVEY

Fig. II.I.20. Comparison of STUFF Predictions with Pilgrim Plant Da; a,
December 29. 1872. 1302 hours: Surface-centerline Traje iory
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Fig. n.1.23. Comparison of STUFF Predictions with Pilgrim Plant Data.

December 29. 1972. 1302 Hours: Surface Isotherm Areas

isotherm areas. The centerline temperature predictions are excellent. The
half-widths and areas are larger than the data. The overall comparison is
basically reasonable, based upon our experience with the quality of compari-
sons of other models to date. A critical discussion of the STUFF data com-
parison follows. Several points are discussed that tend to disqualify the
comparison as a viable test of the model.

a. The aerial infrared data are of poor quality. Areas and cen-
terline temperatures are often inconsistent among the 11 consecutive surveys
taken over the single tidal cycle of December 29. For example, areas mea-
sured 17 min later at 1319 indicated a twofold-to-five fold increase over those
determined for 1302, which is physically improbable with the variation of
environmental conditions that were present that day. This throws into doubt
the accuracy and therefore utility of the data itself, which is discussed in
greater detail in Ch. IV in the discussion of the Pilgrim site.

b. The calculation of ambient current is not correct. The tidal
component is probably accurate, but the computation of the wind-induced cur-
rent is without physical basis. Moreover, the value obtained for wind- nduced
current, namely 0.023 m/sec, is much too small for the wind-induced current
resulting from a 20-mph wind. A rule-of-thumb, order-of-magnitude estimate
of the current induced by the wind is 1 to 2% of the wind velocity. Wind-current
studies done by Argonne National Laboratory on Lake Michigan during the sum-
mer and fall (1972-73) verified this order of magnitude estimate. From
Fig. II.1.24 and the wind conditions of December 1972, we estimate the wind-
induced current to be ~1% of the wind speed. Winter conditions might yield a



238

different correlation, however, but the graph of Fig. II.1.24 provides the best
estimate that we feel is available. This 1% correlation would lead to a
0.09-m/sec current, a fourfold increase over the value used in the model cal-
culation. So the wind-induced current, and hence the total current is probably
much larger than simulated in the STUFF run. Recall that the tidal current
was estimated at only 0.015 m/sec contributing only a small amount to the
total current. In addition, what is not clear is that the tidal current should be
added to the wind-induced current. It is conceivable that the tide and wind-
induced currents might have been in opposing directions during the survey;
in which case they should be subtracted with a predictable reversal of current
direction occurring somewhere between surface and bottom to account for the
tidally influenced bottom waters. Iu short, the STUFF run, with a smaller
than expected ambient current simulated, should perhaps be compared more
properly to a different set of low-tide data. A comparison of the STUFF model
to areas and centerline temperatures for the entire low tide set of data appears
in Figs. II.1.25 and 26. These kinds of additional comparisons would have been

0 45° 90° 135° IB0» 225° 270° 3B» 360° 4SO

n m n x n m m i n
WIND OIRECTION /OCTANT

Fig. n.1.24. Ratio of Current Speed to Wind Speed vs Direction (Current
Meter Station A) Fall Season. (Adapted from CTHagan.10)

08

0?

06

05

^ ° 0 4

03

02

01

-

-

-

1

A

A

A

1
500

1

•
o * A

DO *

a o

A

1
1000

1 1 1 1 1 1 1 1

CENTERUNE TEMPERATURE DATA FROM COASTAL
RESEARCH CORP AERIAL INFRARED STUDT.
OEC 29. I3TZ t O * TIDE OHVt

o 1224 HRS • 1319
• 1242 A 1331
• 1302

A STUFF VODEL

•

«&•

o o £

1 1 | 1
1500 2000 2500 3000

sin

PREDICTIONS FOR 1302 HOURS

-

-

• • _

I I I !
3500 4000 4500 5000 5501

Fig. II.I.25

Comparison of All Low-tide Data for
Surface-centerline Temperatures (CRC
Study) with STUFF Model Predictions



239

SO

08

0 6 -

04

02

i i n i i i n i i i T i l 1 1

SURFACE ISOTHERM AREA DATA FROM COASTAL
RESEARCH CORP AERIAL INFRARED STUDY.
DEC 29, 1972 LOW USE ONLY

o 1224 HfiS • 1319
• 1242 A 1331
O 1302 _

A STUFFMOCEL PREDICTIONS FOR 1302 HOURS

ao t» m
no

o D tm

I I I I P i l l I ' I I I I » 1 1 I I t I ; j ; I [

!06 10*
AREA IFT2J

t ig. II.I.2C. Comparison of All Low-tide Data fci Surface Isotherm
areas (CRC Study) with STUFF Model Predictions

avoided had actual current measurements been made in the field at the time
of the survey. A horizontal and vertical velocity profile of the ambient cur-
rent would have removed the guesswork from determining ambient velocities
for the plume simulation.

c. The simulation of outfall conditions by the STUFF grid also
causes problems. The Pilgrim outfall, though trapezoidal (see Ch. IV), is
simulated as rectangular, which is permissible, except that for low tide, a
3-m simulated depth of the outfall is too large. Using the STUFF input
parameters

ho = outfall depth = 3 m,

bo = outfall width = 20 m,

uo = outfall velocity = 0.34 m/sec ,

T o = outfall temperature = 21.1°C,

and

Ta = ambient temperature = 4.4°C,

the initial densimetric Froude number becomes 1.41, clearly a high-tide situa-
tion. Consequently, the STUFF simulation, based on the above schematization
of the outfall, is a high-tide run; so the base data for comparison should be high-
tide data. The comparison of the STUFF predictions to all the high-tide data
taken on December 29, 1972, appears in Figs. II. 1.27 and 28. The STUFF model
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was run for the outfall and ambient temperatures measured at 1302 hours;
these temperatures changed by only a few tenths of a degree from other data
taken during that day. Fortunately, the wind conditions also did not change
significantly between 1302 hours and high tide. Comparison of the model pre-
dictions for 1302 hours with all the data taken by CRC on December 29 appears
in Figs. U.I.29 and 30.
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d. The vertical and lateral resolution of the model and the sim-
ulation of bottom contours are quite coarse, as discussed above. Direct
model-data comparison is difficult because the aerial infrared study mea-
sured temperatures in the top 0.1 mm of the water and the STUFF calculations
presented one temperature for the top 3 m. Considering this, the STUFF tem-
peratures should be quite a bit lower than the CRT- measurements on a
point-by-point basis.

e. The STUFF grid did not contain all the plume within its off-
shore boundary. The boundary conditions, then, are somewhat in error and
the effect on the calculations cannot be known until a sensitivity analysis of
the model is periormed.

Some qualitative aspects of the predictions raise other ques-
tions. The eddies in the upper and lower grid levels as predicted by STUFF
vere not seen in the aerial infrared study or the MIT boat surveys (Sec. IV.D)

of the Pilgrim plume. A more refined calculation horizontally and vertically
needs to be done to see if they persist. Also, the zero recirculation directly
into the intake was not observed in the field. As stated above, recirculation
of ~3% for low tide and a recirculation of ~11% for high tide was estimated
from the Vast, Inc., dye studies. Again, a more precise simulation of the
field condition would be helpful in determining whether this is due to the
model formulation or to the way this case was run.

Despite all these simulation problems, the STUFF model per-
formed reasonably in terms of area, centerline temperature, and half-width
predictions. An indirect cause of some of the difficulties with the predictions
is the inability of the model to allow a fine grid to be used near and a coarser
grid far from the outfall. More refinement in the vertical direction is prob-
ably needed. We believe that the model deserves further testing. Data should
be used where uncertainties, such as current speed, are at a minimum.

7. Oth* r Applications of STUFF Model

Although the STUFF model has been run for only two thermal
plume problems, other runs of the model were carried out for other two- and
three-dimensional flow situations. The other applications of the model are
mentioned here along with references for further information.

a. The STUFF2 Highway Problem was a simulation4 with the
2-D version of STUFF. The problem was the determination of the local dis-
tribution of contaminant concentration from a highway surface, located below
ground level, under the influence of a crosswind. The highway was simulated
as a line source of pollution injecting contaminant continuously at the roadway
surface, the contaminant representing automobile effluents. Two cases were
simulated: one with, and one without, a building located upstream of the high-
way. The building had the effect of changing the flow pattern and developing
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a large recirculating separated wake behind it that engulfed the entire high-
way. The presence of the building tended to trap the pollutant within the re-
circulation zone causing an increase in total solute concentration within the
area of interest defined by the grid. However, the building presence caused
more extensive turb'ilent dispersion of material within the wake, reducing
peak and ground-level concentrations. For the simulation, a mesh spacing
of Ax = Ay = 3 m was used with a total of 800 computational cells; four
LaCrangian tracer particles were used per cell to carry the scalars.

The time development of the mean-flow field, the turbulent-
energy distribution, the mean-flow kinetic energy, the contaminant isocon-
tours, the total solute mass (in the computational region), the peak solute
concentration, the height of the pollutant cloud, and, finally, the pollutant
concentration at ground level were plotted. The calculation showed that a
potential flow solution of the problem v/ith no building simulated would proh-
ably provide reasonably accurate results. The second case, with the building
simulated, required accurate mean flow and turbulence calculations in the
region of separated flow for an accurate description of the pollutant disper-
sion; a potential flow solution is inadequate here.

No field data exist to verify the predictions of the model for
these two cases.

b. The three-dimensional version of the model was used to
solve a test problem simulating1 the horizontal flow over a rectangular obsta-
cle in a vertically stratified atmosphere. Stratification corresponding to a
temperature lapse rate of one-half the dry adiabatic was used in the simula-
tion; this was included in terms of the Boussinesq parameter Q. A linear
upwind flow profile was assumed in the vertical direction; no crosswinds
were specified. Since the wind profile is unidirectional, symmetry exists
about a plane that bisects the obstacle in the direction of flow. A grid of
eight cells in the horizontal and 5 in the vertical was used in the simulation
taking advantage of the symmetry of the problem. After 50 time steps (non-
steady state), the flow was found to accelerate around the obstacle more than
over it. An eddy behind the obstacle was evident in the calculations. No in-
formation on time step size for the integration procedure was given; no data
were presented for comparative purposes. 2

c. A two-dimensional viscous-wave problem was solved1 to il-
lustrate the lack of numerical diffusion in the STUFF solution for fluid density.
The case considered was that of the oscillation of a viscous-damped internal i
wave in a channel of unit height acted upon by gravity. In the upper portion of
the fluid, the density was 0.95, and in the lower portion, the density wa6 1.05. '
A stagnant situation was assumed initially. The Reynolds number of the flow I
was about 50. The thermal diffusivity was set equal to zero; consequently, I
the two fluids should not mix and the interface between them should remain ' ,
sharply defined. The STUFF2 code and the purely Eulerian scheme of '
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Hirt and Cook17 were run to predict the fluid history. For both numerical
solutions a 20 x 20 grid and a time step of 0.05 were used. The flow equations
solved were identical in both cases. For the density-distribution solution,
the Hirt-Cook method uses a pure Eulerian "donor-cell" first-order scheme;17

those calculations were compared to the LaGrangian/Eulerian scheme used in
STUFF2.

The results showed a smearing of the interface of the two
fluids in the Hirt-Cook density solution due to numerical diffusion. After
t - 25, this smearing had spread over a region comparable to the initial wave
height. The smeared flow affects the flow pattern due to the coupling of flow
and density equations. Agreement between the Hirt-Cook scheme and STUFF2
was fairly gocd, however, until t = 7. Afterwards, the natural period of oscil-
lation of the pure Eulerian solution began to increase with time. After a suf-
ficiently long time, that frequency would eventually approach infinity with a
uniformly mixed fluid field resulting, caused by numerical diffusion effects.
The STUFF2 solution showed no smearing for the time interval covered in the
calculation. This problem simulation was meant to prove that the numerical
procedure in the STUFF code precludes numerical diffusion.

No data were presented for comparison, and no "exact" solu-
tion to the problem was presented to show that the STUFF2 solutions, at least
those transient results presented, were accurate in themselves. Moreover,
no other purely Eulerian sche.nes were tested and compared to the STUFF2
code.

8. Criticisms and Limitations

a. Limited Operational Experience in Application to Thermal
Plumes

The Pilgrim calculations of the STUFF model indicated rea-
sonable results. The model-data comparison is not a fair one because of the
poor quality of the field data and the probably inaccuracy of the current veloc-
ity put into the model. It is not known what effect these factors had on the j
model-data discrepancies. Another problem is that the model was run with
a poor choice of vertical step size simulating a high-tide plume rather than a
low-tide one. Only a further sensitivity analysis of these model predictions
to some key input parameters could determine how serious these deficiencies j
were in the Pilgrim comparisons. j

i

The Point Beach comparison is not at all a fair test of the i
model since the run was carried out with an erroneous volumetric expansion '
coefficient and because ihe code was not run to steady state. j

Our experience with the past computer runs of STUFF indi-
cates that the model appears promising and that more work should be done in
verifying its predictions.
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b. The Gawain-Pritchett Turbulence Model

The turbulence model of Gawain and Pritchett is an impor-
tant and integral part of the STUFF model, but has not been verified at all for
the kinds of plume problems involving power plant discharges. The model was
set up for turbulent incompressible flow without variable density effects; the
slightly generalized version of the Gawain-Pritchett model, utilized when
stratification effects are present, has not been verified for even simpler
flow problems. The presentation of eddy viscosity and eddy diffusivity values
generated in the plume by the STUFF model would be very useful. Analyzing
the calculated values of viscosities and diffusivities in relation to our expec-
tations based upon empirical and theoretical considerations would allow us to
better assess the utility of the Gawain-Pritchett formulation. To date this has
not been done in any of the published predictions presented for the model.
A sensitivity analysis of the STUFF model to different viscosity and diffusivity
laws would also be useful, even a sensitivity analysis to some of the param-
eters intrinsic to the Gawain-Pritchett model of turbulence.

The STUFF computer code has the turbulence scheme built
into it in a modular fashion; in this way other turbulence schemes or turbu-
lence laws may easily be used in the plume calculations.

c. Fixed Grid Structure

At present the STUFF model cannot treat variable grid sizes.
Although the cell sizes may differ in the x, y, and z directions, the sizes must
be equal for any one direction. This restriction in the model hampers its ap-
plication when large increases in dimensions exist in a particular application.
A fine grid structure near and a coarser grid far from the outfall would im-
prove resolution and accuracy in the calculations, for a given amount of com-
puter time. The authors of the model recognize this limitation in the code
and propose to add variable grid spacings.

Pritchett notes7 that the reason the STUFF model was not
developed with a variable grid structure is because of the nature of the par-
ticle scheme. Particle cells of different sizes can be very inefficient because
a sufficiently high particle density in the whole grid is needed to properly
represent the variables in the smallest cell; much computer time and storage
is spent in treating those particles. The problem resides in any migration of
the flow for a general application of the STUFF model. If a mass of fluid,
represented by a fixed number of particles in a coarse zone, migrates over
to a finely resolved region, then the fine grid system will likely not have
enough particles per cell to properly represent the variables in the context
of that fine grid. Some new algorithm needs to be added to the computer code
to sense that condition and thereby increase the particle resolution for that
mass. The opposite problem can occur. A fluid mass in a finely resolved
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region may migrate to a coarsely resolved region. Here numerous particles
may reside in a single cell, many more than are needed to determine the cell-
based variables. The computer time required to track all of these superfluous
particles could be costly. A remedy to these problems is an algorithm for
particle creation and destruction. Pritchett notes7 that the inclusion of such
a variable grid procedure in the STUFF model would take a fair amount of
additional work but should proceed in a fairly straightforward manner.

The authors of the STUFF model envision a further improve-
ment in the model, the addition of triangular cells. Presently, the boundaries
are represented via rectangular cells at the outer edges of the grid structure. p
Internal and external boundaries are not always easily modeled in this way. !j
They recommend the addition of obstacle cells that are triangular (wedge- ';
shaped) in nature. In this way topographic shelving zones would be more •
easily modeled through the inclusion of appropriate rectangular/triangular !'
cell systems. This would avoid some of the inaccuracies in the rectangular I
staircase type representation of sloping boundaries. Irregular bottom features !
can be more accurately modeled by judicious combinations of triangular and \
rectangular cells. jj

d . Free-slip Boundary Conditions !

i

The STUFF model in its present form uses free-slip boundary
conditions on all fluid-solid interfaces. These boundary conditions ignore the ;i
drag that is generated from flow over the bottom or against the shoreline \
boundaries. The Point Beach and Pilgrim calculations were carried out with i]
these free-slip conditions. The use of the free-slip instead of the no-slip ij
condition is an obvious omission, but we cannot assess its effect in the Point ji
Beach and Pilgrim cases without a second run of the model with no-slip in- \\
eluded. Taft n o t e s 6 tha t the n o - s l i p condit ion would be implemented a s a jj
boundary condition in the intermediate or "tentative" step in the flow field 1
calculations and not in the velocity corrector potential solution. Taft and jj
Pritchett indicate that the requirement of no-slip at solid boundaries would ij
be an easy change to implement in the code. |

"X

e. Inefficiency of Flow Calculations I

A minor limitation is the inefficiency of the momentum equa-
tion solution. The differencing of the advection terms was improved three
times in the Pilgrim simulation to allow faster computation. This was done
during preliminary runs before a final Pilgrim prediction was computed.

The solution to the momentum equations is carried out in
STUFF by the Causs-Seidel iterative technique. A direct method such as fast
Fourier transfc. ••ms, odd-even reduction, nested bisection, etc., should provide
a more efficien solution. This was not done in the development of the model
because the solution of the momentum equations typically ran only 25-30% of
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the total computer time; it was not deemed at the time to be worth the work
involved. According to Taft,6 an efficient scheme for the momentum equations
solution can be added to the STUFF code in a short time.

f. Computer Costs

The Pilgrim computer run required 4 hr of central processor
time on a UNIVAC 1108 for steady state to be reached. Although the time of
computation is not excessive in present numerical work, it greatly limits the
worth of the model as a practical tool. The advent of faster computers might
change that conclusion however.
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J. Til l Numerical Model1'z

1. Synopsis of Approach

Till has developed a computer model to treat the steady-state
dispersion of thermal plumes in r ivers . The model i s an adaptation of
COBRA,3 a code that has been used extensively to analyze heat transfer in the i"
channels of a nuclear reactor core . A subchannel balancing technique i s used I
in which rectangular parallelepiped subchannels are laid out in the direction j
of flow. At each location, the net flow of m a s s , momentum, and heat into each
subchannel i s balanced against the rate of change of the corresponding variable : •
within the subchannel. Modeling plume dispersion becomes a matter of solving '
for the appropriate convective and turbulent transport var iables between adja- :.
cent subchannels. > :

The approach y ie lds a coupled set of ordinary differential equa- ,
t ions that can be integrated numerical ly by a Euler predic tor-corrector i \
scheme. The set of equations i s solved as an initial-value problem with the |
integration carr ied out in the direction of flow. For each conserved quantity, j
one ordinary differential equation i s generated for each subchannel and that
equation i s coupled to the equations of adjacent subchannels through the e x - ;
change ve loc i t i es . The independent variable in these equations i s the down-
stream distance from the point of discharge. i !

A number of important assumptions made in the model are not i .
explicitly stated but are implicit in the development. A better understanding
of the subtle assumptions made and their effects on model predictions were
obtained from analyzing the three prototype applications of the model. The \
model has been applied to two thermal discharge problems in r ivers : a sub-
merged discharge in the Miss i s s ippi River and a lateral surface discharge on
the Ohio River. The predictions were not qualitatively correct , yet the p r e -
c i se reason for the discrepancies was difficult to ascertain. A third applica-
tion2 to heated discharges into Lake Michigan ( see App. B) provided a c learer :
picture of the model and revealed that the model had ser ious problems in i
transporting momentum lateral ly and vert ical ly , i . e . , in the direct ions normal ; \
to the axis of the main flow. For this reason and others d i scussed in this r e - j j
view, the model i s not recommended for either r iver or lake applications | :
without further significant improvements in i t s formulation. Consequently, !

the formulation and applications of the model are reviewed below with e m - : '•
phasis on the areas of needed improvement. i

2. List of Symbols [>

A Cross-sectional area of the river \h

A x Longitudinal cross-sectional area j-'1

A v Lateral cross-sectional area Ir
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Az Vertical cross-sectional area

Cp Specific heat at constant pressure

D Hydraulic diameter of the river, 4A/P; diameter of
circular submerged discharge

d Depth of river

E Equilibrium temperature

Fg Gravitational force

F o Initial densimetric Froude number

F s Shear force

f Darcy friction factor

g c Gravitational constant

H Depth of water

h Enthalpy

K Surface-heat-transfer coefficient

k von Karman constant

M Maximum number of subchannels adjacent to the
subchannel of interest

rh Mass flow rate

N Maximum number of subchannels in the river cross
section modeled

P Wetted perimeter of river cross section

p Pressure

Cl Heat rate addition or loss per unit length due to
sources and sinks

I
Re Reynolds number based on D (

Rejj Reynolds number based on Rjj f

Rh Hydraulic radius; A/P

s Half-width of river

T Temperature

T s Temperature of water surface

u, ux Longitudinal velocity

u* Friction velocity

u Average river velocity
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umax Maximum velocity of the river j

v, Uy- Lateral velocity i

w, u2 Vertical velocity j':

w Wind speed ?*•'

w Diversion crossf lows between adjacent subchannels .-*

v/1 Turbulent crossf lows between adjacent subchannels "f

x Longitudinal space variable |

y Lateral space variable | :
i :

z Vertical space variable j ;

z s Depth of shallow submerged circular discharge I, •

Ah Enthalpy lost by surface heat transfer ! ;

A T m a x / & T o Ratio of maximum, surface exces s temperature j
(above ambient) to outfall excess temperature (above :

ambient) i>

Ax, dx Grid spacing in longitudinal direction !

Ay, dy Grid spacing in lateral direction

Az, dz Grid spacing in vertical direction ;

e^ Eddy diffusivity of heat ;

e^z Vertical eddy diffusivity of heat ;

e m Eddy diffusivity of momentum •

& m z Vert ical eddy diffusivity of momentum

6 Slope of river «

v Kinematic v i scos i ty of water ; -
?y v l - (y / s ) (y measured from r iver bank)

5Z y/\. - (z /d) (z measured from river bed)

P Density of water (in units of lbf/ft3)
T

x Longitudinal shear s t r e s s

Ty Lateral shear s t r e s s
T

z Vertical shear stress

3. Derivation of Equations

The original set of equations for the Till model, derived in Till's
doctoral dissertation, contained two errors. The bottom friction term had a
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THERIUL PLUME

gravitational constant inadvertently placed in the denominator, and the
Reynolds number used to define the river (and plume) longitudinal velocity
was four times too large. The Rush Island and Philip Sporn cases were run
before these inadvertent errors were noted. Till expects the second error to
be much less significant than the reduction in bottom friction in the model.
For the Point Beach application, the errors were corrected and, in addition,
some terms thought to be important for a lake plume application were added.
The river equations are derived in this section with the corrections presented.
The additional terms added by Till for lake applications are also noted. A brief
discussion of the revised equations appears in App. B.

The Till model is developed by conceptually dividing the river into
longitudinal subchannels as shown in Fig. II. J.I. Mass, momentum, and energy
balances are written for each subchannel. The term "diversion crossflow" is
used in the Till model to represent convective transport from one subchannel
to another. Turbulent crossflow is also allowed between adjacent pairs of
cells. These turbulent and advective velocities between subchannels are the
means by which mass, momentum, and energy are exchanged between adjacent
subchannels. These are the only two forms of mixing, other than through pres-
sure differences simulated in the basic equations. Figure II. J.2 illustrates a

typical subchannel with turbulent and
diversion crossflows shown.

The derivation of the model equa-
tions is summarized in Tables II. J. 1-5
with Figs. II.J.3-7 showing the corre-
sponding subchannel balancing. The
term in the dashed box (see Table II. J. 3)
represents the term that was in error
in the original Till river model and
computer code. Its corrections are
noted.

Table II. J.6 traces the terms
in Till1 s river plume and lake plume
model to terms in the basic Navier-
Stokes equations of fluid flow.
Table II.J.7 lists the unknown cross-
flows that enter each of the conser-
vation equations. Further details
concerning the development of the
equations appear in Refs. 1 and 2
and App. B. The latest version of
the model, the one used for the lake
plume applications, may also be used

Fig. Ilj.i for river plume applications. Verifi-
Nodalization Procedure of the cation of the two vers ions of the
River. (Adapted fiom Till.1) model i s described below in Sees . 6-8 .
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Pig. II.i.2. Subchannels under Mass, Energy, and Momentum Exchange by
Diversion and Turbulent Crossflows. (Adapted from Till.*)

TABLE II .J . l . Continuity Equation: Ti l l ' s River and Lake Plsne Model

Performing a mass balance on subchannel i illustrated in Fig. II.J.5 yields

mj • wjj dx • wjj dx * * i i dx • ujj dx * K\I dx • »iii dx » i j • doj • vjfc dx • Kjk dx • KJJ dx

• "in dx • v'u dx • KJJ, dx. (A)

vhere

and

i j « mass floh- rate in the longitudinal direction at subchannel i ,
y • diversion crossflou frtm subchannel i into subchannel j (the other crossflows are obtained

by pernuting indices),

j ; • turbulent crossflow fro» subchannel i into siAchanne! j (the other crossflovs are obtained
1 by pemiting indices).

Since the time average of the turbulent crossflows is zero,

"ij * wji« Kit " « « • Kik = "ki- "in " "tai-

causing thi.' turbulent terms to drop out of the nass conservation equation. Hence,

dm;
JGT = Kji * Ksi " wik " Kim

or, equivalently,

M

Zar
M

"Z wij
Ji

!• 2, 3

(B)

(C)

(D)

where

and

N * maxinn number of subchannels in the river cross section nodeled,

M * maximm number of subchannels adjacent to the subchannel of interest; i . e . , 1, 2, 5, or 4.
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TABLE 11.3.2. Energy Equation: Till's River and Lake Plume Model

Performing an energy balance on subchannel i illustrated in Fig. II.J.4
yields

mjhi + Wjjhj dx + wjihj dx + wkihfc dx + wtjhi dx + m[jhi dx + wfeiifyn dx.

= iihj + d ^ h j ) + w y ^ dx + w^hj dx + Wyhj dx + w ^ dx

+ "imhi d* + wiani dx + Q,

where

hj = enthalpy of subchannel i

and

Q = heat rate addition or loss per unit length of subchannel.

Using Eq. B of Table II.J.I on the turbulent crossflows and the continuity
condition of Eq. C of Table II.J.l, the energy equation becomes

dhi •
mi dx = ~^i + wi^3 ' h i }

Distinguishing the diversion and turbulence crossflows, this becomes

£i % Kjfoi - hj) if «ij < o;

1 if £f -^% • * * y i*«
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TABLE II.J.3. The x-Momentun Equation: Till's River and Lake Plume Model

The rate of change of x-maaentun in subchannel i is related to the external forces on
that subchannel (see Fig. II.J.5) by

Vi - Vi -

* wimuxi

" Fs
Fg - *ijuxi

" wki"xk <•*

* wik"xi fc

dx - WJJUXJ dx - dx

Using £q. B of Table II.J.I on turbulent crossflows, along with

d(mjuxi) d(PjAxuxl)
(a) 7 ^ i

i "cbT A^"xi dx~*

and the expression for gravitational force Fo

w si= D A cos e«
and the shearing force Fs

(c) -| =

yields

dPi

Pi£m>r
duxj dux

, . , M
' iKAx. 2m: duvj ui; dps i T-^

Ci I-UH^I " «u Oi + Ax
Vs*
Ax

i = 1, 2, 3, .... N,

The dashed box indicates a term in error in the Till river model and its associated
computer code. The arrow shows the correct team. The error in the shear teni equation re-
duced the effectiveness of the bottom friction in the model for the Rush Island and
Philip Sporn applications. The term in the dashed box was corrected in the lake-pluae ap-
plication only. The wind stress term at the surface located in the solid box was added for
the lake application to the right-hand side of the above equation.

For the lake-plume application, the river-bed-slope angle 9 was taken as 90°.

I -

fr-

1
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TABLE II.J.4. The y-Mooentta Equation: f i l l ' s River and lake Pline Model

The rate of change of y-raooentui in subchannel i i s related to the external forces on
the subchannel (see Fig. II.J.6) by

dy *

i dy '

Using the derivative of the acceleration tern

dy dy

and Eq. B of Table II.J.I yields

Fsdpj
Sc

w ij ( lVJ"

_i_ y Kityi ifwiKi°.

i = 1, 2, 3, . . . . N.

The lateral velocity and irass flow rates are easily expressed in terns of the lateral
diversion crossflows by

KjjAX

and

N;IAX.

For the river model adaptation, Till neglects the turbulent terns with the assumption that
the lateral momentum equation will i tself be important only near the outfall. Til l also
drops the shear term for the river and lake model due to lack of information on the velocity
distribution for a fluid in a crossflow. This term nay, however, be important. The final
form of the y-momentum equation becomes

dpi 2wjj(flx) 7T

J=Jt,m

i = l , 2, 5, . . . , a,

ux(ax)

In the above equation, the Kth subchannel is a vertically connected adjacent subchannel and
the Jth subchannel is a laterally connected subchannel. The terms in the boxes were added
to the lake plume model. The first box represents the turbulent diffusion terms; the second
box, the wind stress term; and the third box, the convective term l-o^i^g,.) (3Uy/3x).
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TABLE II.J.5. The z-Mcsnentua Equation: Till's River and Lake Plume Model

The rate of change of z-mcnentum in subchannel i is related to the external forces on the
subchannel (see Fig. II.J.7) by

i - A z P i - F g = fi dz jj dz

j d z * Kjiuzj d z ' Kkiuzk

Here only turbulent and diversion crossflcws were considered in the lateral directions because
the river convection is assumed to dominate the longitudinal transport.

Using the following identity for the derivative of the acceleration term

d(mjiUzi) _ d(0iAzu|i) _ duzi 2 dpi

3F 3z zi "dz~ Azuzi dz~'

along with Eq. B of Table 1 I.J.I, yields.

dPi

3T A " A"Az A z 3T

y [ wiJuzi if KiJ i °>

-^,JwiJuzJ if w" "= 0;

i = 1, 2, 3 *i.

The vertical velocity and mass flow rates are easily expressed in terms of the vertical diversion
crossflows by

Zi " ̂ iV
and

The Till river model neglects the turbulent terms because he expects the vertical momentum equa-
tion to be important only near the outfall. They are retained, however, for the lake plume ap-
plication. The shear stress is also neglected (river and lake versions) due to lack of
information on plumes in crosscurrents. This latter assumption is probably not a significant
one. The final form for the z-momentum equation becomes

; J=j.k

«iK .,
KU5T lfKiJ-0'

x ( )
g cA z

WJK

= 1. 2, 3 N,

where the Kth subchannel is a vertically connected adjacent subchannel, and the Jth subchannel is
a laterally connected adjacent subchannel. Added in the lake plume version model vere the turbu-
lence terms and a convection term, (c-u /g)(3u /Sx), where the river bed slope angle was taken
as 90°.
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TABLE II.J.6. Till Model Equations in Differential Fora for
the River and Lake Mine Model

Continuity equation:

3X 3y 32

Energy equation:

x-momentun equation:

y-monentun equation:

z-monienticn equation:

Terms within solid boxes were added for the lake plunc application. In
tJie nbovc equations, the river-bed-slope angle e< was taken as 90° in the lake
plume applications. Surface pressure elevations arc not considered in the
model.



264

TABLE E1.J.7. List of IMnotcis its the equations for
the Ti l l Siver ani! Lake I'linc Model

Diversion Crossflows Turbulent Cross flows

Mi
Kik

"in

continuity equation: ivr

Energy equation: ŵ

x-nonentic! equation: ŵ

y-ncoentun equation: w-

z-mcrwntirj equation: «c

wa j ,

t i , v 5 k , K ^ ; wj i P j n

Substitutions arc r.idc for the following:

and

Use terns in the solid hoses a^v& were added for the
lake plunc node! and did not apjicar for previous river pltrx?
applications.
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4. Assumptions on the Longitudinal Velocity, Eddy Viscosities.
Eddy Thermal Diffusivities. and Surface Heat Loss

Additional assumptions on the longitudinal velocity profile, eddy
viscosity, and eddy thermal diffusivity coefficients are required before a
solution can be obtained. The assumptions for the river plume mo-iel are
discussed first, followed by a discussion of the adaptation of the model for
lake applications. The river plume is considered by Till to be a steady flow
with nearly all transport in the downstream direction. Lateral and vertical
transport are both considered to be of secondary importance.11 The river
velocity profile is assumed to be given by

"x '" "max • 7j[Sy * 4 n ( 1 * ?V} + 5 z * in(l '

where

ux = downstream velocity,

ti,,,ax - maximum river velocity,

u* - friction velocity.

k = von Karnian constant.

Sy = v i - (y/s) ty measured from river bank).

SK = -/l - (/./<))(?. measured from river bed),

s - half-width of the river (a function of depth),

and

r! •; depth of the river (a function of lateral position).

This form come* from arithmetically averaging the two one-dimensional
von K.irjji.it> logarithmic velocity distributions4 for open channel flow

- (a/d) *• 4n(l - «/l - (z/d)) (2)

and

ux = "max * ]f (/* - (v/«) + *n(» - >A - (y/«))j- (3)

The attempt of Till to introduce two-dimensionality into the e s -
sentially one-dimensional velocity distribution by arithmetically averaging

f lhis it not explicitly iiaieJ at a mode) asiuniption. bur week with (he model Indicates thai it b true. This
secondary Imjx'itance of l»ctil and venical itaupoii represents a shortcoming of the model.
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the components is questionable. The effect of this assumption on plume
characteristics is probably profound, but as no sensitivity study has been
made its precise effect is not known. A more realistic profile of the river
velocity should be used. Recall the assumption in the Till river model that
this distribution for longitudinal velocity is valid not only upstream of the
discharge but in the plume itself and downstream of the plume. Applications
of the code have indicated that the plume must indeed be a second order ef-
fect superimposed on the above velocity distribution before realistic predic-
tions can be expected. For river plumes, this implies a large current with
only little perturbation by the momentum of the discharge itself. For lake
plume applications. Till used the component of ambient velocity in the x direc-
tion to define ux- For the stagnant lake application of the Till model, ux is
set to zero. In the latter two cases, no ambient dominating flow existed and
this very likely contributed to the poor predictions.

The parameters in Eq. 1 are determined as follows for the river j
plume model. The friction velocity in Eq. 1 is assumed to be given by |>

u, = uJtJZ. (4)

where i is a friction factor obtained by solving the equation5

"W = 2 logi0{ReVT) +0.4. (5) |

ii
The Reynolds number Re in the above equation is defined by i(

Re - S S (6, !|

',}

where ;i
ji

D = hydraulic diameter of the river = 4A/P, \

u = average river velocity, j

v = kinematic viscosity of river water, >

A = area of flow, *

and I

P = wetted perimeter. *
fs

The maximum river velocity is assumed to be given by '*

(7)

where g is the acceleration due to gravity.
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Assumptions are also made for the turbulent exchange of mo-
mentum and energy between adjacent subchannels that Till represents by
means of turbulent crossflow velocities. The turbulent crossflow of mo-
mentum is given by

where e m is an eddy diffusion coefficient of momentum assumed to have the
form6

e m y = 2kum(s - y)(l - ly) (9)

in the lateral direction, and

e m 2 = 2ku»(d - z)(l - fz) (10)

in the vertical direction. Till averages these two values to get a two-
dimensional effect for a particular subchannel. Averaging lateral and vertical
viscosities and using only those averaged values in both directions is definitely
wrong, because the diffusivities are not usually of similar magnitude. Also,
it is not clear that the viscosities chosen above to represent river flow are
compatible with the velocity profile assumed in Eq. 1.

Till assumes that the spread of heat is greater than the spread of
momentum. The turbulent crossflow of heat is given by7

* i = P€h, (11)

where

eh = 185e m . (12)

The turbulent crossflows are shown in Fig. II. J. 3 for an individual subchannel.

A major difficulty with the river plume model is in the choice of
these eddy coefficients. The above form for the eddy diffusion coefficients
indicates a zero value at the river shoreline and at midriver, with a peak
reached somewhere in between. Holley8 indicates that the lateral eddy diffu-
sion in rivers is greatest near the shore and least at midriver, varying
smoothly over the river width. The particular form of the eddy diffusion
coefficients must be substantiated before the model can be used with confi-
dence in rivers.

Further difficulties exist with the definitions of the velocity profile,
hydraulic radius, and friction factor. The velocity profile assumed for the
river, as stated above, is based on von Karman's velocity-distribution law for
turbulent pipe flow. Schlichting9 derives this distribution from von Karman's
similarity hypothesis, indicating that the friction velocity is given by
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(13)

where f is related to the Reynolds number based out the hydraulic diameter
of the pipe

D =
4A
p •

through the equation

-*= = 2 logw(ReV?) - 0.8.

(14)

(15)

In open channel flow, the Reynolds number is customarily based on the hy-
draulic radius of the open channel given by

A D
Rh = p = 4 -

(16)

Thus, the Reynolds number commonly used in the literature of open channel
flow5 is only a quarter of that used for turbulent pipe flow. If the Reynolds
number based on the hydraulic ridius of Eq. 16 is used, Eq. IS above becomes

-*= = 2 0.4 (17)

(since log10 4 » 0.6). Till uses Eq. 17 but defines the Reynolds number in
terms of the hydraulic diameter, which is an inconsistent use of the equation,
an error that was present in the Rush Island and Philip Sporn calculations.
This river profile was not needed in the Point Beach applications.

formula:
In calculating the maximum river velocity. Till uses the following

"max =
T6gA COB 6

fP

(18)

where u is the average river flow velocity. This formula appears to us to be
completely unjustified in the model development.

A further assumption in the Till river model leads to difficulties.
The river is idealized as a uniformly sloping open channel making angle S
with the vertical direction. This sloping bottom provides the driving force
for downstream river flow. As a result, the method of inputting the data to
the computer code is awkward. Values must be guessed for the river velocity,
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outfall ve loc i ty , and r iver s lope from which the code ca lcu lates the actual
init ial conditions. The resu l t s then have to be compared with avai lable data
and new g u e s s e s made when the compar i son i s inadequate, an altogether i n -
convenient and untrustworthy procedure. F r o m the viewpoint of the mode l
u s e r , such a method for inputting data i s very troublesome. This problem
was correc ted in the lake plume vers ion of the model .

The s imulation of heat exchange with the atmosphere at the water
surface i s accounted for using the formula

Ah = -K(T S - E), (19)

where

Ah = the enthalpy transferred ,

K = an empirical surface-heat-transfer coefficient,

T s = surface temperature of the river,

and

E = equilibrium temperature of the river.

Heat loss is not expected to be significant in the near and intermediate fields
where model predictions are most important. Because the model is numerical,
the use of a linearized form for AH is not necessary; inclusion of the entire
form for the various components for AH OK a subchannel by subchannel basis
would have been more accurate. More information concerning AH is given
in App. B.

Keep in mind while reading the Rush Island and Philip Sporn ap-
plications in Sees. 6 and 7 that the runs were made with the following errors
in the code:

a. The bottom shear term in the x-momentum equation should
not contain the gravitational acceleration constant in the denominator.

b. The Reynolds number was incorrectly defined in the calcula-
tion of the longitudinal velocity for the river and plume, Eq. 17.

Those runs were also made with the untrustworthy input procedure. Each of
these problems was corrected in the lake plume cases, but other, more sig-
nificant, difficulties with the model exist as we further indicate.

5. Numerical Solution of Governing Equations

The correct set of equations for the Till model (river and lake
applications) appears in Table II. J.8. The solution procedure, outlined in
App. B, is conceptually the same for the river and lake plumes. Only a brief
outline of the numerical technique is given here. More details appear in
App. B and Ref. 1.
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TABLE II.J.S. Final (Correct) Upiaticns of th£ Ti l l Model

Continuity Equation:

Energy Lquaticn:

if Hjj ^ 0.

i = I, Z, 5 X.

x Equation of Motion: (~ = 30°)

dpi :x^x iwt^x 2fij du

1. 2, 5, . . . . *..

y Equation of Motion: (e = 9D°)

ar"ly A.. , .%2_ "3? 2~2
' > •>l«y8c • oiAygC

dy " .-V-R«-

K=£,n J=a ,n

i = 1, 2, 3, . . . . X.

-. Equation of Motion: (6 » 90°)

dpi
= O l " 2 "3z FT dz "

°iAzgc

i K

dx

&x I
IWjj-ii if Kj, > 0

^ r — if W| i < 0 J=j,fc

i - 1 . 2 , 3 , . . . . N.
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The solution consists of two steps. In the first step, the diversion
crossflows arc determined by solving a linear algebraic system using the
Gauss-Seidel iterative technique. In the second step, using these diversion
crossflows, the mass, energy, and momentum equatiuns are integrated along
the direction of river flow employing the Euler predictor-corrector method.
In order to obtain the algebraic system, remove the pressure gradient terms
from the equations of Table 11.3.H by taking pressure differences between the
longitudinal momentum equation wriiten for two adjacent subchannels. The
algebraic systen: that results is very sparse in the case of the river model
version. The matrix reduction is somewhat more complicated in the case of
the lake model version because of the additional terms included.

6. Rush Island Plant Application

The first application of the Till r.iode!' was for «he single-port
submerged discharge at the Rush Island Power Plant on the Mississippi River
near Crystal City, Missouri. Unfortunately. i«-> experimental data (tank or
field) is available for roodei comparison. The model predictions were, how-
ever, compared to the Union Electric Company's predictions for the submerged
plume that appeared in the draft environmental statement10 for the power plant.
This is not as satisfactory as a direct comparison to experimental data. The
comparison of the Till and Union Electric Company predictions showed dif-
feresices that were also seen in later comparisons between the Till model
and field data (see Sees. 7 and 8).

The plant location is given in Fig. II.J.8. The basic parameters
for the plant and environmental conditions appear in T..l»le II. J.9. The actual
discharge is through a single-port outlet of H-ft diameter located about 40 ft
from midchanncl. The discharge is oriented down current (coflow), but at an
angle of 20° from the river bottom. The velocity of discharge is about six
times the average river velocity.

Fig. 1I.J.8

Rush island Power P' ;m on
Mississippi Rivci. (Adapted
from Till.1)

1
I -. '
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TABLE II.J.9. Mean Atmospheric and River Conditions for
Month of August, and Maximum Discharge Situation for

Rush Island Plant

Atmosphere

Temperature
Percent Relative Humidity
Wind Speed (ground level)

River

Depth a t Discharge
Width a t Discharge (main channel)
Temperature
Flow Rate
Velocity

Heated Effluent under Maximum Discharge
Plant Power Level
Flow Rate
velocity

79°F
76
6 mph

24 f t
1000 f t
86.5°F
60.7 x 103 cfs
2.25 ft/sec

106.5°F
1.34 x 103 cfs
14.1 ft/sec

The system of subchannels v/as set up differently in the near- and
far-field regions of the plume. The near field had a rectangular array of
eleven subchannels laterally and four vertically. Each subchannel was 16 ft
wide and 6 ft high. In this way, four subchannels piled vertically would cover
the surface-to-bottom region of the river. The extent of the lateral subchan-
nels did not cover the entire river width, as the plume was not expected to
spread significantly in the lateral direction in the near field. The circular
port is approximated by a single subchannel. The port area is 95.0 ft2, and
the subchannel area is 96.0 ft2. The area of discharge is essentially the same,
but the rectangular subchannel is , unfortunately, distortion of the actual
circular discharge. This distortion is discussed more detail below. The ac-
tual configuration of subchannels and the location at the discharge (subchan-
nel 39) is shown in Fig. II. J.9- The discharge is directed from subchannel 39

176'

16'

• » • 2 » • 3 • • 4 • • 5 >-

-4
f 6 *' 7 •+ 8 ** 9 * • 10 * *10 11

24'
12 •" 13 •» 24 " 15 •" 16 "17 "18 '-19 "14 18 19

23 . . 24 - . 25 - - 26 - • 27 - • 28 "29 "30 ' * 31 • ' 32 "•25

4-
31 4- 33

4434 «f» 35 36 37 38 39 40 41 42 43

/Discharge

Fig. H.J.9. Configuration of Subchannel and Crossflow Artangenent for Near
Region (0 to 500 ft) of Submerged Discbarge. (Adapted from Till . l)



273

to subchannel 28 by specification of a diversion crossflow, forcing the transport
at the first downriver step to account for the 20s upward angle of discharge
from the horizontal plane.

Figures II.J.I0 and 11 compare the Till model predictions to the
Union Electric Company predictions in terms of isotherms predicted for the
longitudinal section passing through the outfall. The Till predictions indi-
cated a plume that did not rise as rapidly as the Union Electric predictions.

8

§

24

18

12

Degrees F Above Ambient

100 200 300 400

LONGITUDINAL DISTANCE DOWNSTREAM (ft}

500

Fig. IIJ.10. Calculated Values for Isotherms of Subsurface Discharge—Rush Island
Plant, Till Model Predictions. (Adapted from Till .1)
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Dia = 11

Q = 1340

30 40 50

LONGITUDINAL DISTANCE DOWNSTREAM (ft)
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Fig. II.J.ll. Side View of Subsurface Isotherms Near Single-port Discharge. Rush Island Plane.
Union Electric Company Predictions. (Adapted from Till.1)
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A significant difference in surface centerline temperatures also exists. The
Till model predicts a 1.0 F° rise 200 ft down current from the discharge, a
2.0 F° rise at 350 ft, and a 2.5 F° rise at 500 ft. The Union Electric predic-
tions show these temperatures occurring within 40 ft of the discharge. Till
suspects that the longer distance needed to transport the heated effluent to
the surface is due partly to the way the model simulates the discharge through
the diversion crossflow mechanism. A second reason suggested by Till that
might be responsible for the lack of significant vertical spreading in the near
field is the choice of a rectangular subchannel (16 x 6 ft) to represent a cir-
cular discharge. The lack of a variable subchannel structure in the Till model
prevented the use of a square subchannel for the outfall because then the
river depth would not be evenly divisible by the vertical dimension of the sub-
channel. Bear in mind that the Till predictions are being compared to
Union Electric1 s prediction; there is no guarantee that the latter predictions
are correct.

Figures II. J. 12 and 13 compare cross-sectional predictions at a
distance of 200 ft down current. The Till predictions do not show as great a
lateral spread as do the Union Electric predictions. The rectangular simula-
tion of the circular discharge is considered by Till to be the probable cause.
We suspect, however, that simulating an 11-ft circular pipe by a slot 16 ft
wide would result in greater lateral spreading for the Till model. Moreover,
the far-field predictions maintain the same trend as do the near-field predictions.

The far field is treated by defining the new set of subchannels that
appear in Fig. II. J. 14 for downstream distances from 500 to 3000 ft. The sub-
channels are 50 ft long, SO ft in lateral extent, and 6 ft deep. Smaller varia-
tions in velocities and temperatures in this region make this coarser grid
permissible to save computer time. The total lateral extent of this new grid
is much greater and nearly represents the full profile of the river. The total
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Fig. II.J.12. Cross-sectional View of Calculated Isotherms at 200 ft Down-
stream from Rush Island Plant Submerged Discharge, Till Model
Predictions. (Adapted from Till.1)
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Fig. IIJ .13. Cross-sectional View of Subsurface Isotherms at 200 ft Down-
stream from Single-port Submerged Discharge for Rusi Island
Plant. Union Electric Company Predictions. (Adapted from Till.1)
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Fig. IIJ.14. Configuration of Subchannel and Crossflow Arrangement for Far Region
(500 to 3000 ft) of Submerged Discharge. (Adapted from Till.1)

grid section is 16,800 ft2 and the river cross section is 18,000 ft2. Till links
the near- and far-field subchannel structure by adjusting the values calculated
at the end of the near field. The precise method is not discussed; the use of
conservation laws is presumed.

Predictions of the Till and Union Electric models are given in
Figs. n.J.15-16 and 17-18 for distances of 600 and 1000 ft, respectively, from
the outfall. These cross-sectional views indicate an approximately fully-
mixed plume in the Union Electric case. The predictions of the Till model
appear qualitatively incorrect. Figures II.J.I5 and 17 indicate cooler water
lying above warmer water.1 This seemingly unstable temperature distribution
could occur in the near field as the jet is still rising due to b Loyancy and iner-
tial effects, but not in the far field where momentum forces are generally dis-
sipated. The Union Electric isotherms appear qualitatively consistent in terms
of a stable temperature field. Here again the Union Electric predictions show
greater vertical and lateral spreading as in the near field. Recall that the
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Fig. II.J.15. Cross-sectional View of Calculated Isotherms at 600 ft Down-
stream from Rush Island Plant Submerged Discharge, Till Model
Predictions. (Adapted from Till.1)

Fig. II.J.16. Cross-sectional View of Subsurface Isotherms at 600 ft Downstream
from Single-port Submerged Discharge for Rush Island Plant, Union
Electric Company Predictions. (Adapted from Till.1)
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Fig. IU.17. Cross-sectional View of Isotherms at 1000 ft Downstream from
Rush Island Plant Submerged Discharge, Till Model Predictions.
(Adapted from Till.1)

Fig. IU.18. Cross-sectional View of Subsurface Isotherms at 1000 ft Down-
stream from Single-port Submerged Discharge for Rush Island
Plant, Union Electric Predictions. (Adapted from Till.')
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Union Electric predictions are not experimental data and the Till model can-
not be considered as giving wrong predictions due to any quantitative disagree-
ment between the two predictions.

The only experimental data we are aware of that is available for
comparison with the Till predictions is the study of Partheniades et al . l l

Based upon their hydraulic model study, Partheniades et al. present a design
curve (see Fig. II. J. 19) to allow predictions of minimum surface dilution
(maximum surface temperature rise) for a horizontal circular discharge in
shallow water. For the Rush I*'and discharge with a densimetric Froude num-
ber of 12.0 and the ratio of wa';r depth to pipe diameter cf about 3.2, the dilu-
tion factor predicted is«»0.27 and the maximum surface temperature should
then be approximately 5.4 F ' above ambient or about 91-9*F. The Partheniades
data and diagram are for a horizontal discharge; the Rush Island discharge
is at 20° angle to the river bottom. One would therefore expect a higher maxi-
mum surface temperature for the Rush Island case due to the shorter trajectory
to the surface and consequently the reduced entrainment. Table II.J.10 shows
the temperatures by subchannel, predicted by the Till model, for the near
field at 0, 100, 300, and 500 ft from the outfall. The highest surface temper-
ature (examining subchannels 1-11) is 89-02*F for subchannel 7, at a distance
of 500 ft from the discharge. Clearly, the surface boil and the maximum sur-
face temperature occurs in the Till model beyond 300 ft from the discharge.
From Fig. II. J. 17, showing cross-sectional temperatures at 1000 ft down-
stream, the boil has yet to occur! In that figure, the heated water is mixing
but the isotherms appear to be incorrectly receding toward the bottom. Till
notes that the plume does not lift off the bottom in the region of calculation.
Furthermore, the trend in the predictions is for the plume to return into the
river bed from whence it came.

/'•''/A

fig. HJ.10

taam Surface Tempexatiiic Hfsc .lTrn3S/.yro
in Terms of Relative Submergence ami Initial

Ptcsic Number of a Hi*izonially Dis-
Circular lei to iftaltow Water. (Adapted

i ct al.11}
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TABLE II.J.10. Subchannel Temperatures as a Function of
Distance froci Discharge Point in Rush Island Plune

Simulation: Till Model (frm Till1)

Subchannel

1
2
3
4
5
6
7
8
9

10
11
12
13
14
25
16

n
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44

0'

"F

86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50
86.50

106.50
86.50
86.50
86.50
86.50
86.50

1OOM

'F

86.50
86.50
86.52
86.60
86.77
86.75
86.77
86.60
86.52
•36.50
86.50
86.50
86.51
86.56
86.76
87.40
88.53
87.40
86.76
86.56
86.51
86.50
86.50
86.52
86.62
87.10
89.00
94.27
89.00
87.10
86.62
86.52
86.50
86.50
86.52
86.67
87.46
91.05

104.54
91.05
87.46
86.67
86.52
86.50

300'

• F

86.54
86.6?
86.96
87.45
83.01
87.83
88.01
87.45
86.96
86.67
86.54
86.56
86.73
87.11
87.86
89.00
90.04
89.00
87.86
87.11
86.73
86.56
86.58
86.79
87.33
88.52
90.86
94.21
90.86
88.52
87.33
86.79
86.58
86.59
86.84
87.52
89.21
93.17

101.50
93.17
89.21
87.52
86.84
86.59

500 •

'F

86.73
87.07
87.62
fi8. 35
89.02
88.95
89.02
88.35
87.62
87.07
86.73
86.78
87.15
87.80
88.77
89.97
90.77
89.97
88.77
87.80
87.15
86.78
86.82
87.25
88.06
89.44
91.62
94.80
91.62
89.44
88.06
87.25
86.82
86.83
87.32
88.28
90.07
93.78
98.21
93.78
90.07
88.28
87.32
86.83

Temperature
Change

0 to 500 ft
°F

.23

. 5 7
1.12
1.85
2.52
2.52
2.52
1.85
1.12

. 57

.23

.28

.65
1.30
2.27
3.47
4.27
3.47
2.27
1.30

.65

.28

.32

.75
1.56
2.94
5.12
8.30
5.12
2.94
1.56

.70

.32

.33

.82
1.78
3.57
7.28

-8.29
7.28
3.57
1.78

.82

.33
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The fully-mixed condition predicted by Union Electric seems
reasonable. Surface impingement should occur near the outfall due to the
large momentum of discharge, the shallow water, and the 20* angle of dis-
charge. If the outfall were a long slot of depth 11 ft, discharging horizontally,
the surface impingement should occur1" at approximately 2.5 times the depth
of the discharge or 60 ft from the outfall. For a 20* angle discharge it should
occur sooner. The estimate so obtained is still probably approximately cor-
rect for the circular discharge bc-ing simulated. Our best estimate, based
upon the iterature, indicates that the Till model greatly underestimates
buoyancy and imrtial effects in the vertical direction. The simulation o the
thermal discharge as a second order effect imposed upon the current ap ears
inadequate even in this high-velocity coflow problem.

It appears that the Till plume never fully rips the surface but
continues to travel submerged along the x (downcurrent) axis. This anomaly
may be r slated to a problem seen in tile Point Beach application of the model.
Because the model is unable to transport momentum in the lateral and vertical
directions, lateral momentum there was quickly transferred to longitudinal
momentum for no well-defined reason. This probably happens in the Rush Island
case, momentum directed vertically is being transferred quickly to longitudinal
momentum. Consequently surface impingement would be impossible or at least
long delayed. The model therefore appears to be incapable of treating jet
problems involving bending trajectories.

Till ran the Rush Island case a second time, assuming the dis-
charge temperature to be 66.5*F, to test the sensitivity of the model to buoy-
ancy. Figures II. J.20 and 21 show the results in terms of a comparison of
cross-sectional isotherms for the positively buoyant and negatively buoyant
cases. The comparison shows a reasonable configuration of the isotherms
for the negatively buoyant case. Figures II.J.20 and 21 are baffling, however,
for one would expect the positively buoyant plume to spread laterally more
than the negatively buoyant plume due to the relative densit ;s in the disper-
sion terms for each case.
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Fig. I1J.20. Calculated Isotherms for Heated Discharge at 200 ft Downstream.
Rush Island Case. Till Model Predictions. (Adapted from Till.1)
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Fig. IIJ.21. Calculated Isotherms for Cooled Discharge at 200 ft Downstream,
Rush Island Case. Till Model Predictions. (Adapted from TiU.l)

Till also carried out an interesting sensitivity analysis of the sub-
channel size. Runs were made with the lateral and vertical subchannel dimen-
sions decreased to one-half and increased to twice the values used for the
Rush Island case. Figures II. J.22 and 23 show the Rush Island predictions at
200 ft downcurrent with two different grid sizes: 10 x 8 x 6 ft and 10 x 32 x 6 ft.
Decreasing the lateral dimension of the subchannel from 32 to 8 ft caused
greater vertical spreading and less lateral spreading. The predictions look
more physically reasonable with the small subchannel width. Till attributes
the improvement to the use of two discharge subchannels and two vertical
diversion crossflows, instead of one, to model the discharge. Consequently,
Till recommends the use of multiple subchannels and diversion crossflows
for large momentum jets.

Figures II. J.24 and 25 show the effect of changing subchannel
height. Here the Rush Island results at 200 ft downstream are compared for
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Fig. U.1.22. Calculated boihetins for Subchannel Dimensions 10 x 8 x 6 ft
at 200 fi Downttrcaim; Rush Islam! Case. Till Model Predictions.
(Adapted from Till.*)
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Fig, IIJ.23. Calculated Isothenns for Subchannel Dimensions 10 x 32 x 6 ft
at 200 ft Downstream; Rush Island Case, Till Model Predictions.
(Adapted from Till.1)
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Fig. I1.J.24. Calculated Isothenns for Subchannel Dimensions 10 x 16 x 3 ft
at 200 ft Downstream; Rush Island Case, Till Model Predictions.
(Adapted from Till.1)
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Fig. 1M.25. Calculated Isotherms for Subchannel Dimcmions 10 x 16 x 12 ft
at 200 ft Downsiteam; Rush Island Case. Till Model Predictions.
(Adapted from T i l t 1 )
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grid configurations of 10 x 16 x 3 ft and 10 x 16 x 12 ft. The decrease in
vertical dimension decreased vertical spreading and increased lateral spread-
ing. The results unfortunately indicate a more unstably stratified situation
for the smaller vertical grid spacing. The increased vertical spreading using
the larger 12 ft vertical dimension occurs because the surface subchannel re-
ceives a portion of the thermal discharge directly.

Till found (not shown) that the model was basically insensitive to
changes in size of the longitudinal dimension of the subchannels. Values in
the neighborhood of 20 ft were tested.

Till next tried a subchannel optimization investigation to ascertain
whether better results could be obtained with different subchannel dimensions.
Since the model is relatively insensitive to the longitudinal dimension, only
variation in the lateral and vertical dimensions were considered. The model
predictions were found to be very sensitive to the cross-sectional area of the
subchannels in the region tested. Subchannel cross-sectional areas varying
from 50-200 ft2 were tested by varying either the lateral or vertical dimen-
sion only. The Till model predictions appeared less sensitive to dimension
variations in large subchannels than smaller ones.

7. Philip Sporn Surface Dis-
charge Application

The second application of
the Till model1 was to the Philip Sporn
Power Plant on the Ohio River. This
plant is fossil-fired with a generating
capacity of 1050 MWe. The heated
effluent is discharged at a 45* angle
to the current from a discharge chan-
nel 80 ft wide by 20 ft deep. The river
is about 1000 ft wide at the discharge
with a mid channel depth of 27 ft. Fig-
ure II.J.26 sketches the site and
Table II.J. 11 lists the river, outfall.
and environmental conditions on Aug-
ust 23. 1967. On that date, field data
were taken1* by the Department of
Environmental Engineering at the
Johns Hopkins University for the
American Electric Power Service
Company. This field data was acquired
by making boat transects at cross sec-
tions A, B, C, D, and E located as
shown in Fig. II.J.26. The ambient
current was larger than the discharge
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Fig. II.J.26. Philip Sporn Power Plant on Ohio Rivet
with Field Data Locations. (Adapted
from Till.1)
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velocity implying that the plume was dominated by the advection of the river.
A plume that hugs the near shore and slowly disperses laterally is the type
expected and indeed appeared in the field data.

TABLE II.J. l l . Atmospheric and River Conditions for
August 25, 1967, and Maximum Discharge Situation

for PMlip Spom Plant

Atmospheric Conditions
Average Temperature 67.2°F
Average Relative Humidity 91$
Average Wind Speed (ground level) 5 nph

River Conditions
Ambient Temperature 78.3°F
Flow Rate of River 19,000 cfs
Average Current Speed (maxims) 1.13 ft/sec

Heated Effluent under Maximum Discharge
Outfall Temperature 89.6°F
Plant Flow Rate 1,400 cfs
Discharge Velocity 0.87 ft/sec

Kondimensional Parameters of interest
Initial Densinetric Fronde Nusber 0.73
Outfall Aspect Ratio (ratio of width to depth) 4.0
Ratio of Outfall Velocity to Ambient Current 0.85

The Till simulation was carried out using the subchannel configu-
ration given in Fig. II.J.27. The lateral subchannel size was chosen as 80 ft
and the vertical subchannel size as 5 ft. The longitudinal size was chosen as
80 ft to coincide with the outfall width. The total grid system encompasses
53 subchannels and nearly covers the entire river cross section, i.e., the grid
covers 21.200 ft2 and the actual average river cross section is 24,000 ft2. Till
simulates the discharge as conning from the left-hand cells (1, 14, 27, 38) in
the grid (see Fig. II.J.27).

- — t — * • • - * - * - • - *

Fig. il.j.27. Ccnftguraiion of Subchannel and CrossfloK
Airargcmcru for Oblique Surface Discharge,
Philip Sgvm Plata. (Adapted from Till.1)
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The Till model is compared to the field data in Figs. II. J.28-30
for cross sections C, D, and E located 1000, 3000, and 4400 ft, respectively,
downcurrent from the discharge. Our comments about the comparison follow.

a. The model grossly underpredicts the intrusion of the plume
into the river. The predictions appear qualitatively incorrect as the predicted
plume is nearly fully mixed (vertical isotherms), whereas the measured plume
is more buoyant (lens-shaped isotherms) and spreads laterally more quickly.

CAICUUTED VALUES

0 80 MO MO swewo

Fig. HJ.28. Isotherms from Field Data and Calculated Values for Philip Spom
Power Plant at Position C. Approximately 1000 ft Downstream
from Discharge Point. (Adapted from Till.1)
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Fig. II.J.29. Isotherms from Field Data and Calculated Values for Philip Sporn
Power Plant at Position D, Approximately 3000 ft Downstream
from Discharge Point. (Adapted from Till.1)
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Fig. II.J.30. Isotherms froii. Field Data and Calculated Values for Phflip Spom
Power Plant at Position E. Approximately 4400 ft Downstream
ftom Discharge Point. (Adapted from Till.*)

The isotherm temperatures predicted at each cross section are the correct
ones, but their location relative .o the data within the cross section is quite
different.

b. It appears that buoyancy is only weakly operative in the
model. This is important and might be due to neglect of surface pressure
variations in the model. The neglect of jet entrainment indicates that the
model cannot simulate the near field, which might be the most significant
reason for the small lateral movement of the heated water and the l&ck of a
reasonably bending trajectory. Till suggests that the model-data discrepancy
is partially due to the neglect of a 5-mph wind that was present on that date
and directed across the river from the discharge side to the far side of the
river. We are doubtful that a relatively small wind of this nature operating
with a small fetch could be a significant factor in inducing such lateral mixing.

c. The reduced lateral spreading in the predictions might also
be due (in part) to the simulation of the discharge. Markowsky14 of American
Electric Power has experimented with the model and determined that the in-
trusion of the plume into the river can be more accurately modeled if a non-
uniform initial flow profile is used. Realizing that the initial densimetric
Froude number is a mere 0.73, the plume should be partially stratified as it
enters the river. Also since the initial densimetric Froude number is less
than unity, a cold-water -wedge should enter the discharge channel. As this
occurs, more heat will be discharged in the upper layers than the lower por-
tion of the discharge canal. Instead of discharging 25% of the outflow into
each of the four vertical levels as simulated by Till, Markowsky set up the
discharge with 50% into the surface level, 35% into the second level, 15% into
the third level, and 0% into the bottom level. This modification produced sig-
nificant improvement in the model predictions.
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d. As discussed in a pievious section, the eddy diffusivity is ;
probably incorrectly modeled. Till assumes that the eddy diffusivity near the |
shore is small. Because the discharg-.- is essentially confined to only the four '
shoremost subchannels, the plume may >e artificially forced to hug the shore- i
line. Once the plume is near the shore, it cannot spread as fast due to the
small diffusivity near the shore.

e. The terms containing derivatives of diversion crossflows i
shown in the y- and z-momentum equations of Table II. J.8 were not included ' j
in the version of the model used to obtain the predictions given in Figs. II. J.28- I
30. These terms were added in a later version of the model (for the Point
Beach application) and may result in improved predictions cf plume intrusion jj
and spreading in the river. ' j

Till, again, carried out some interesting sensitivity tests.1 The
first involved the sensitivity of the model to buoyancy. An additional run was
made with the Philip Sporn discharge at a cooled temperature of 67.0oF. This I
temperature corresponds to an excess temperature of equal magnitude and \
opposite sign compared to the actual discharge to the river simulated above. j
Figures II.J.31 and 32 make the comparison of heated and cooled jets at ]
1000 ft downcurrent. Like the heated jet, the cooled jet does not spread very
rapidly laterally and appears to be almost fully mixed. The sinking nature of
the plume is not observed. A plume fully submerged due to the long down-
stream distance from the discharge is to be expected. Whether buoyancy has j
been properly simulated in the model is questionable.

The next sensitivity test carried out was for subchannel dimen- j
sions. Varying the length of the subchannel from 40 to 120 ft changed the I
temperature distribution at 1000 ft downcurrent only slightly. An attempt to 1
use a channel length of 160 ft resulted in too large a step size and failed.
Figures II. J. 33 and 34 indicate the effect of varying the lateral subchannel
dimension from 40 to 160 ft. Greater lateral spreading occurred with the
larger lateral dimension. The qualitative nature of the isotherms (i.e., show-
ing an almost fully mixed condition) is unchanged. Figures II. J. 35 and 36 1
show the effect of changing the vertical dimension of the subchannel from |
2.5 to 10 ft. The larger dimension again produced greater mixing in that i
direction; i.e., an even more fully mixed condition for the 10-ft vertical di- |
mension. The Philip Sporn subchannel sensitivity analysis indicated that |
greater spreading in a particular direction (lateral or vertical) is achieved
by making subchannel dimensions larger in that direction. This spreading is
due to the smearing effect a coarse spacing tends to have, an effect that is by
no means physical. Use of a square cross-sectional area did not improve
predictions as it did in the Rush Island case.

In an attempt to optimize the subchannel dimensions, Till deter-
mined the changes in the maximum lateral and vertical distances of isotherms
from the point of discharge as the lateral and vertical dimensions of the sub-
channels were changed. Again, this was done by analyzing the prdictions
1000 ft downcurrent of the discharge. The results are summarized in
Figs. H.J.37 and 38. The lateral and vertical extent of the isotherms a.-e
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Fig. II.I.31. Calculated Isotherms for Heated Discharge at 1000 ft Downstream; Philip Sporn Case. (Adapted from Till.1)
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Fig. II.J.33. Calculated Isotherms for Subchannel Dimensions 80 x 40 x 5 ft at 1000 ft Downstream; Philip Sporn Case. (Adapted from Till.1)
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SUBCHANNEL CROSS-SECTIONAL AREA (ft )

Fig. IIJ.37. Average Lateral Isotherm Deviations at 1CC0 ft Down-
sneam; Philip Spora Case. (Adapted from Tilt.1}
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Fig. LU.38. Average Vertical Isotherm Deviations at 1000 ft Down-
stream: Philip Sporn ( ase. (Adapted from Till.1)

very sensit ive to the choice of subchannel s ize . This i s disturbing since it is
not clear, a priori, what dimensions for the subchannels should be chosen.
No convergence is apparent as the spacing gets smaller and smaller. From
these optimization runs, Till found that subchannels with larger lateral dimen-
sions and smaller vertical dimensions yielded better results. The most
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optimum ((intensions of thoge tested in the Philip Spern case were 160 ft in
width and £.§ ft in depth. The basically Incorrect vertically-mixed nature of
the predictions was not changed however. Tilt prsdueed the same kind of
Kraph* for this ease as appear in Fit;*- II .Ji" and 28 for the Ruth Island case.
They are not a* informative, however, wince upon averaging the effects of
lateral am! vertical changes in subchannel si.se. the variation in terms of
lateral ant! vcrlic.il movement of she isotherms in the resulting sum was neg-
ligible Although individual variation* w«r« vwuaJly significant. Simitar vari-
atiens f«r the ftush Island ea*t? l«-»i t*r the sasste kinds of trends in isotherm
<tcviat{»n. hut lher«?. a *fij;>j>Ir arslhsrtetie avprs«e wa* morn m

M. Angiicafhm* Jo Poinl ileach l»owr Plant i'ntt l'*:

National Laboratory requested Till to run his model for
i\v« tr;tsf.-i in whieh tlata ware available for the Unit 1 discharge of the Point
ISeach }*• Apr t*la«t. Tlif! plant is tocatrd os the western*h«rr of Lake Michigan.
For the <ir#t «!at«. May 18. I9W. ihc plume wa* under aero current and wind
comSstiuji-i. The ability of the i;;ti»:i-l to handle ittajsnsnt ntubU-tit con<ittions was
to f)i- tcstr*!. For the .tccimti datt?. May £0. 1**71. a smatl current and wind
were prvstent. Oitty the outf.ill am! «nvironmer.tat parameters on these dates
(jttM* T.ibic« H.I ;tj»i II.5 of App. B'J .ind the batfom contours t» the vicinity of
the discharge wcro commttnieated to Till. These dates were the same ones
as tho.se for which Ar£an:irf sponsored the Piiui-Ltck computer runs. The
Paui-Lictc predictions for these two dales also appear in App. 15 with a direct
comparison to data appearing in Sec. Il-K. The reader is referred to App. B
for an expanded discussion of the Till model runs for Point Beach. Briefly.
Till employed the most recent version of the model, correcting the errors in
the equations discussed earlier as well as adding some terms neglected in the
river applications (set- Table tl.J.iS). Our comments about the comparison arc:

a. The Till model has a fundamental flaw in that, for stagnant
ambient applications, the plume will be directed along the x axis wherever it
is chosen. This fact was brought to light when Till ran his model for the stag-
nant case at Point Beach with the x axis taken directly offshore. The simulated
plume quickly directed itself in this direction; i.e.. offshore. At best, this
means that the model cannot simulate any jet bending. Till and Schadc2 had to
direct the x axis along the extended 60* line from the outfall to obtain any rea-
sonable results. The lack of proper jet analysts, the neglect of jet entrainment
and surface elevation changes in the near field, is probably the cause.

For applications with ambient currents present (e.g.. Point
Beach) and the x axis directed along the current, the plume very quickly turns
in that direction independent of the relative magnitudes of outfall and ambient
velocities. These directional dependence problems may be, in part, due to the
single-pass solution technique of marching from the outfall along the x axis to
obtain the solution.
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b. The Till predictions for both cases look much like river
plumes and not lake plumes. Related to this is another major fault of the
model (Sees. Z.d and 2.g of App. I ). its inability to sustain lateral and vertical
transport for an extended longitudinal distance. Any large lateral transport,
for instance, which occurs for a lake plume under small or zero currents,
gets immediately (within a few subchannels from the discharge) transferred
into longitudinal momentum. A study of the model development shows that the
assumptions in the model derivation implicitly require large longitudinal
transport and second-order lateral and vertical transport. This problem
becomes more obvious upon application of the model to a few problems.
Terms that were assumed insignificant when the model was applied to river
plumes became very significant when applied to the lake plumes. The proper
simulation of lake plumes under small or moderate currents becomes nearly
impossible without addition of terms to the lateral and vertical momentum
equations. The addition of terms was done to some degree by Till and Schade2

but the results indicated only a small improvement.

The predictions in Figs. B.5 to B. 12 of App. B are quantita-
tively and qualitatively incorrect. The total lateral spreading on either side
of the outfall was about 300 ft, which is small compared to the data.

c. The model cannot handle upstream transport and has trouble
handling low flows. This problem came to the fore in these Point Beach simu-
lations. Trouble occurred with the turbulent and convective transport terms
of the energy equations because the (low) flow velocity appears in the denomi-
nator and the turbulent mixing or eddy diffueivity and the convective crossflow
terms both appear in the numerator. For large lateral movement of heated
water (compared to the longitudinal flow), large energy differentials ensue
and the code fails. Till dropped the troublesome terms when they occurred;
clearly this is not adequate and reduces nonlongitudinal spreading.

d. The expected interaction between the terms in the equations
of motion do not appear correct in the lake plume simulations, as discussed
in Sec. 7 of App. B. In fact, pressure usually increased when flow was out of
the subchannel a id decreased when the flow was inward. The opposite trend
should occur. When the correct trend occurred, it did so in a lethargic manner.
A check of the code simulation of the equations and a study of the relative mag-
nitudes of terms in relation to subchannel pressures needs to be done.

e. The model requires the longitudinal velocity ux for each sub-
channel as input. Till and Schade used a uniformly zero velocity profile for
the stagnant lake case and the ambient current velocity for the small current
case. Clearly these small or zero values for u x do not dominate the plume
velocities as was implicitly assumed in the derivation of the model. The
changes in the model made by Till and Schade do not alter this fact.

In all, the lake plume predictions were disappointing. The changes
made to the model in Ref. Z did not correct the fundamental inadequacies of the
model. As the model stands, its only useful application might be for the pre-
diction of the far field of a plume discharged into a river with a ntrong current.
Even this would require significant code modifications to develop an effective
computer model.
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9. Criticisms and Limitations

a. Poor Results in Data Comparisons

The comparison of the Till model to the Point Beach data
brought to light a number of problems that were present but not obvious in the
Rush Island and Philip Sporn runs. The Till model predictions (river or lake
application) have definite directional dependence. The plumes always quickly
direct themselves along the direction of primary flow (typically chosen as the
x axis) or along the x axis, wherever it is chosen, for discharges into a stag-
nant ambient. The model apparently cannot treat near-field interactions be-
tween the jet and ambient currents. This deficiency is most probably due to
the neglect of certain important near-field phenomena in the model; notably,
jet entrainment and surface elevations. We believe that the model approach
may be used only, with any expectation of accuracy, for the far-field of plumes
in a large current where the plume is a superimposed second-order effect.
The present computer code would require major alteration to accomplish this
however. Till expects that his model would work better for far-field applica-
tions and suspects that the model could be improved in that region if the
diversion crossflows are removed from the model, with just the turbulent
transport remaining. This remains to be shown as well as any improvement
achieved over existing far field models.

b. No Upstream Transport

Since the model assumes that the principal direction of flow
is downstream, it cannot handle situations where upstream transport is ex-
pected. The changes in the code from the river plume simulation to the lake
plume simulation were meant to handle this problem, but were not successful.
This limitation is important as upstream transport is possible for highly
buoyant plumes that float and gradually work their way upstream due to buoyant
forces. Again, the model cannot, in its present form, treat such situations
successfully.

c. Errors in the Model (and Computer Code)

The bottom shear term in the governing equations as given in
Table II. J. 3 (river plume model) was dimensionally incorrect due to misuse
of the gravitational constant gc. The calculation of the frictional parameter f
was also incorrect due to an inconsistent use of hydraulic radius. These
errors were present in the Rush Island and Philip Sporn applications; how-
ever, they were corrected for the Point Beach applications. The effect of

Jj such errors on the predicted results is not known because the corrected code
ji was not run for the previous cases. The effect of bottom shear was certainly
j{ reduced by the first error in the Rush Island and Philip Sporn cases. The
<: effect of the incorrect calculation of f is probably less important.
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d. Incorrect Sddy Viscosity and Eddy Diffusivity Assumptions

The Till model simulates flow in a river plume as if it were
flow through an open channel. No change in diffusivittes t s made to account
for the pretence of a heated effiuent. More important, the diffusivitics em-
ployed do not match the trend in experimental data. Holley's experiments*
indicate that diffusivtties reach their maximum values at the shorelines and
their minimum values in the center of the river. The Till diffusivities follow
the reverse trend.

e. Inconsistencies in Pressure Calculations

The pressure terms are extremely critical to proper model
performance. In the model, the pressure differences are calculated at each
forward step in x. For ihe model to run correctly, the diversion crossflows
should then negate the pressure differences and bring them all to zero. The
next step forward in x requires new conditions to be met, upsetting the pres-
sures. Again, new calculations for the diversion crossflows should bring the
pressure differences to zero. What actually happens in the model, is that the
pressure differences do not even tend toward zero; instead, they have a ten-
dency to keep growing. Till suspects that if this erroneous trend in the cal-
culation of pressure can be corrected and with the input of good coefficients,
a significant improvement in the model can be attained. We feel that the ad-
dition of a near-field simulation (jet cntrainment, surface elevations, etc.),
if it can be done within the framework of the Till model, should provide a
much needed further improvement.

f. Need to Define Longitudinal Velocity

The distribution of the longitudinal velocities of the plume is
required as input for the model. If the plume has any residual momentum
(i.e., in the near and intermediate fields), the longitudinal velocity is actually
an unknown quantity. Substituting the ambient current velocity for this
longitudinal velocity implicitly assumes that the plume is riding with the
current and has a negligible effect on the hydrodynamics. The Rush Island,
Philip Sporn, and Point Beach applications each used an ambient current pro-
file to represent the longitudinal velocity. The need for this velocity assump-
tion actually makes the Till model development a combination of numerical
and integral approaches. The Till model, then, cannot solve for the longi-
tudinal velocity distribution of the plume.
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K. Paul-Lick Numerical Model''*

1. Synopsis of Approach

The three-dimensional differential-numerical model proposed by
Paul and Lick is similar in many respects to the other differential-numerical
models reviewed in this chapter, but '.here are some important distinctions in
both the model equations and the method of solution- Two versions of the
model are discussed in this section- First, an eariy version, which is de-
tailed in Paul's doctoral dissertation.1 assumed a uniform flat bottom and no
crosscurrent in the receiving body. A later version4 removed these restric-
tions and also made some changes in the finite difference equations and bound-
ary conditions. At this writing, the authors of the model are developing a
user's manual for this later version of the computer code.

Paul and Lick begin with the three-dimensional equations of mass,
momentum, and energy conservation for a turbulent incompressible fluid- The
equation of vertical momentum conservation is reduced to just the body force
and pressure gradient terms by means of the hydrostatic approximation.
Transport quantities, such as the generalized stress tensor and the heat trans-
port vector, are related to local gradients as is done in viscous, heat-conducting
flows. Boundary conditions at the extremities of the grid system include the
rigid-lid condition that requires no vertical motion at the free surface- This
rigid-lid condition eliminates the direct calculation of the free surface eleva-
tion. In its place a surface pressure distribution is introduced and calculated.
This surface pressure is shown to satisfy a Poisson-type equation by taking
the divergence of the Navier-Stokes equations and then integrating the result
vertically over the flow domain.

The model equations consist of: (1) the continuity equation; (2) the
x-momentum equation; (3) the y-momentum equation; (4) the z-momentum
equation (hydrostatic part only); (5) the energy equation; (6) the two-dimensional
equation for the surface pressure; and (7) an equation of state. These seven
equations, which form the basis of the model, are integrated numerically using
an explicit finite-difference scheme following the five-step algorithm shown
below.

1) The two-dimensional, Poisson-type equation is used to calcu-
late the surface pressure from existing values of the nodal velocities. The
alternating-direction-implicit method is used for this purpose.

2) Using existing nodal velocities, the nodal temperatures are
computed using an explicit finite difference form of the time-dependent energy-
equation.

3) Densities are calculated from the equation of state and then
starting with the surface pressures from Step 1 above, the pressure is calcu-
lated by integrating the density fieM vertically downward.
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4) With updated values of the pressure and pr< ent nodal veloci-
ties, the time-cicpendcnt x and y-momentum equations are solved for th<
u and v velocities, respectively, by an explicit finite-differ-nee express on.

5) The vertical velocities are computed by int< grating the con-
tinuity equation.

I. List of Symbols

AJ.J horizontal eddy coefficient for momentum

Ay vertical eddy coefficient for momentum

b o jet inlet channel width

B[.j horizontal eddy coefficient for temperature

By vertical eddy coefficient for temperature

Cp specific heat of water at constant pressure

Fr Froude number; u o ^ / g h o

Fr* densimetric Froude number;

f(&T) equation of state

g acceleration due to gravity

gj specified velocity and temperature inlet } rofiles

h depth of receiving water basin

h o jet inlet channel depth (same as basin deph for constant
depth bas?n)

i, j . k unit vectors in x. y. z directions

k Coriolis parameter

K index corresponding to z direction; dimensional surface-

heat-transfer coefficient

K] K index referring to surface

K2 K index re ferr ing to bottom

M index corresponding to y direction

Mj M index referring to jet centeriine

M2 M index referring to jet inlet corner
M3 M index re ferr ing to dividing l ine be tween constant- and

variable- spacing

M4 M index referr ing to outer y boundary

N index corresponding to x direction

N! N index referring to jet inlet
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N3 N inuex referring to dividing line between constant and
variable spacing

N4 N index referring to outer x boundary i

P pressure n

Pr turbulent Prandtl number; AJJ/BJJ |

P s surface pressure si

q , heat-transport vector i]

q surface-heat transfer at the air-water interface ij
S ii

q.j heat-transport vector !j

Re turbulent Reynolds number; uobo/Ajj ji

Ro nondimensional Coriolis parameter; kbQ/Ajj

s center line distance
S dimensionless centerline distance; s /b o

T temperature

Tg equilibrium temperature

T s generalized stress tensor

t time

U vertically-integrated u velocity

u velocity in x direction

uo outfall velocity

v velocity in y direction

v vector velocity

V vertically-integrated v velocity

w velocity in z direction

x coordinate along jet centerline

Xj^ outer x boundary

X body force

y horizontal coordinate perpendicular to jet centerline
y^ outer y boundary

z vertical coordinate

ffj ratio of adjacent y grid spacings for variable-spacing
region

az ratio of adjacent x grid spacings for variable- sj acing
region
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P B v / B H

y A V/ A H

AT nondimensional t empera tu re difference (T -

Ax nondimensional x-gr id spacing

Ay nondimensional y-gr id spacing

Az nondimcnsional z -gr id spacing

Ap nondimensional, density difference (p - P

K nondimensional, surface-heat-transfer coefficient

p density of fluid

Pp. density evaluated at the equilibrium temperature

p density of discharge

E right-hand side of surface pressure equation

a transformed z coordinate

3. Basic Assumptions and Derivation of Model Equations

The equations of the Paul-Lick model are derived using the
coordinate system shown in Fig. U.K. 1. The origin of the rectangular Cartesian

system is taken as the surface
and midpoint of the discharge
channel. The offshore direc-
tion is denoted as x in space
and u in velocity, the shore-
parallel direction as y in space
and v in velocity, and the ver-
tical direction as z in space
and w in velocity.

UNDISTURBED SURFACE

GRAVITY

Fig. IIJC.l. Jet Structure as Visualized by Paul-lick
Model. (Adapted from Paul and Lick.1"4)
ANL Neg. Nc. 190-1165.

The basic equations
are developed from the time-
dependent, three-dimensional
equations of motion for a fluid.
In accordance with the
Boussinesq approximation,
density variations are ignored

in all but the gravity term. In this way, the fluid is treated as incompressible,
yet the coupling of flow and energy equations (through the density) is retained.
The work and dissipation terms are removed from the energy equation by as-
suming that velocities and density variations are small. These generalized
equations are given in Table ILK. 1.

One major simplification made in the equations of Table U.K. 1 is
the reduction of the vertical momentum equation to hydrostatic form. The
hydrostatic approximation has been extensively used in the modeling of oceanic
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basins and lakes.5"10 This simplification results in a considerable savings of
computational effort due ;o the many terms dropped from z-momentum equation.
The density itself is assumed to be a function of temperature only, thus the
vertical pressure gradient can be directly related to the temperature field.

1.

2.

3.

TABLE II.K.I. Tine

Continuity

V • y •

Conservation

pfi£ = -
Dt

Conservation

° 0

of

vp

of

• v

Linear Monentua

• 7 • T- • X
9

Thermal energy

Averaged Equations of Flow

where v =

o •

P =

?s =
T =

X =

fe-
t *

vector velocity

density

pressure

generalized stress tensor

temperature

body force

heat transport vector

It*5 ' 7
tine

A second major assumption concerns the local stresses and the
local heat transport vector. Following the traditional line of thinking, the
authors assume that the combined turbulent and molecular transport of mo-
mentum and heat can be formulated as a diffusion process as follows:

1 / = \ . . /6zu . 52u\ 6 / . 6u\— (7 • TSJ • I = AH( + I + -r— (Avr— I

where the Aj, and Ay represent, respectively, horizontal and vertical eddy
diffusion coefficients for momentum and BJJ and By represent, respectively,
horizontal and vertical eddy diffusion coefficients for heat. There is little
justification for this treatment except that it is commonly used. In the litera-
ture,9'10 the horizontal diffusion coefficients are often taken to be equal in
both directions and constant. To account for the influence of buoyancy on ver-
tical transport, which has been noted by some investigators,11"12 the vertical
coefficients are taken to depend on local vertical density gradients. Under the
foregoing assumptions, the governing equations become those presented in
Table H.K.2.

One additional (and important) equation becomes necessary be-
cause of (1) the way the numerical scheme is developed and (2) the use of the
rigid-lid condition. The authors of the model force the free surface to coin-
cide with the top of the grid system. This has the effect of damping out certain
oscillatory modes of solution, resulting in a more rapid approach to steady
state. From a practical point of view, the rigid-lid condition allows large
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TABLE U.K. 2. Equations of the Paul-Lick Model

Conservation of Mass

a x * ay* IF

Conservation of Longitudinal Uameabm

Conservation of lateral Moaentia

Hydrostatic Approxuation

Conservation of Heat

Equation of State

D = f(4TJ

where

u, v, w « conponents of velocity

P » pressure

AT • ta^wrature excess over reference te^ierature

p > density of fluid

PE = reference density

^j - constant horizontal eddy viscosity

Ay = variable vertical eddy viscosity

Bjj = constant horizontal eddy diffusivity

By = variable vertical eddy diffusivity

g - acceleration due to gravity
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time steps to be taken in the integration of the transient flow problem. They
speculate that computer time is reduced by about two orders of magnitude by
imposing the rigid-lid condition.

As a result of the rigid-lid condition, the authors introduce a sur-
face pressure distribution, P s . This distribution is easily translated into free
surface elevations using the assumed hydrostatic approximation. While these
surface elevations are immeasurably small in the field, their spatial gradients
are quite important to the mathematical modeling of the flow. The above sur-
face pressure, P s , is shown to satisfy a two-dimensional Poisson-type equa-
tion by taking the divergence of the Navier-Stokes equations and then integrating
vertically over the flow field as outlined in Table U.K. 3. As readily can be seen
from that table, the surface pressure, P s , arises as a constant of integration
and represents the pressure at the top of the grid structure, which is due to the
slight elevation of the free surface above the grid.

The equations of Tables n.K.2 and 3 can be nondimensionalized by
introducing the following nondimeneional variables:

U
u •

V

v -•

w •» — ,
houo
X

X - * T—

Z

t -

P -

Agt

b o '

PoghoFr2
ogho

where

Re = —2-2 and Fr =•



TABLE U.K.3. Derivation of Poisson-type Equation for Surface Pressure

I . Integrate the two horizontal moncntun equations over the vertical coordinate
Due to rigid lid condition, integration Is from : • 0 to i • hQ.

3 •f[-(^-r-i?)^0"sii^(vif)]-.-fo

3t " 1 L" \3T" * Sy~ * STy * *!) ^ 7 * "ll ^ J * 7z \'V T;-Jj J r * ^

where

U - 1 ud!

V - 1 V'dl

J,,
IIr Integrate the hydrostatic equation over the vertical coordinate twice:

f Pds • f If PRd:') di • lio l'R(«,y)

Hie integration constant, P., is a function of both * and y and Is the pn>>><<
exists at the surface z • o:

I I I . Tho pressure gradient terms In (1) can then Ire written

'« 'o \'o '

b h !

0 0 \ 'o • '

IV. Iho tv> n r t l u l l y IntcRrntcd iMwnrin niaillons nw tmvc llir fonti

atl > . | » \ . l | '"'̂  . L D

'* ' I . I ' i l t l » 1 >.
Sf ')• \ ' iT0

 h o Si ' ,;„ 'V

r ° - d =
K •'

J T7 d l

uro tli.it

khcrc

r ° / 3 u ! auv aikN

Z1" /suv avJ »w^

V. Ihe intcaruted contLnuity equttton, with the use of the tero flow conditions at
s - h0, Is

VI. TAklnR the divergence of Uie two vertUall)* lntedrata) hor'iontsl oovntin aqmtlon^
result;! In

• h (" " ' "•)

VII. n i U l 1.[111! ll»l
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and

Pr = _ _ L
BH"

(2)

where

h o = depth of basin,

b o = full width of discharge channel,

u o = velocity at origin of coordinate system (center and top of dis-
charge channel).

When these transformations are used the equations reduce to the form given
in Table II.K.4.

TABU. II.K.J. !wn3im;.isiwat>:ed Fore of lquatins or Table II.H.Z.

Conservation of Miss

3u 3V 3* n
5x * 5y* 51° °

Conservation of Longitudinal Manitua

» 1 b° 1 ' } (i. >u\ Re f "to i
\ "o/ A,l ̂  V* *V * Fr2 ̂  5X *

Conservation of Lateral Mxxntta

Consen'ation of Iteat Iiierg>-

1 9AT n f 3'iAT 9vAT 9wATA1 3 AT

»[ir"'\-s-*-s--E-)\--&-

Density/Tenpenture Relationship

np - f(iT)

Hie Pcisson Equation for Surface Pressure

ô U o / J

-0)1

The seven equations presented in Tables U.K.2 and 3 are formu-
lated in general geometry, but are used by Paul and Lick only in the case of
a uniform flat bottom receiving body. They find it more convenient to treat
irregular bottom topography through the use of the following transformation of
the vertical coordinate.

a = z/h(x, y) (3)
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where h(x, y) is local depth of the basin. When this transformation is intro-
duced, the equations cf Table II.K.5 result. Although these equations are far
more complicated than those presented earlier, increased convenience comes
from being able to use a constant-depth grid structure.

4. Boundary Conditions

At least two different sets of boundary conditions have been used
by Paul and Lick in making model calculations. Figure U.K.2 shows the bound-
ary conditions used in the constant-depth, no crossflow simulation first pub-
lished by the authors. Modifications made in the boundary conditions for use
in the Point Beach application are noted below as each set of conditions is
discussed.

PLAN V IE*

V
u= 0
»' 0

g.o.

W -o 9-
P<--0

i--o\ \
u = it l

AT'- 9 j (

« =0

at

f--.o

VERTICAL VIEW ALONG PLANE OF SlflMETRr X=O Jt'"' ~fc~

1-0 n ' ~~~'

Z=l

w= 0
m-0

dz

Fig. U.K.2. Boundary Conditions for Paul-Lick Model.
(Constant-depth simulation.)



10
o

TABLE U.K.5 . Paul-Lick Equations for Variable Bottom

Conservation of Mass

h ix TT ay 3o

Conservation of Longitudinal Momentum

ft

Conservation of Lateral Momentun

3x I Jxy 3y I 3y7

Pr M f Rof > HhuAT) , 1 HhvAT), HaM%\ .
Dt (_ n ox h Oy so J

Conservation of Heat Energy

a&T f R e f l i i M D • ' HKVAT),

Hydrostatic Approximation

liquation of State

fip • f(i'l)

Equation of Surface Pressure

— f * —jS • - ^ f Ado -|p- /" Bdo - | f (w(o-0))

where

A • Re

B' • - [I -
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The velocity and temperature profiles are specified over the
channel outlet. At other points along the shore, the "no-slip" condition is
used on tangential velocities, the impermeability condition imposed on normal
velocities, and a zero heat flux enforced on the temperature field. These con-
ditions can be stated mathematically as follows:

x = 0, 0< _< 1 <

x = 0, i < y< 0 < Z < 1

AT = g 3(y, z)

u = 0

v = 0

*& = 0
(4)

As shown in Fig. II.K.2, in the case of no crossflmv and a dis-
charge angle of 90°, Paul and Lick use symmetry to reduce the problem in
half. At the plane of symmetry, the following restrictions on velocity and tem-
perature are made:

0 < x s x L , y = 0, 0 & z < 1 <

Bu
dy = 0

v = 0

SAT
[Sy = o (5)

When symmetry does not exist, downstream boundary conditions must
be used.

Along the bottom, as at the shoreline;, conditions of no-slip and
impermeability are imposed on velocity and an insulated surface condition is
imposed on temperature as follows:

u = 0

v = 0

w = 0

SAT
= 0 (6)
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Momentum and energy transport is allowed across the free sur-
face to account for wind stresi? and surface heat loss. The vertical velocity
is, however, set to zero in what is called the rigid-lid condition. These bound-
ary conditions can be stated as follows:

w = C

0 s x -yLsySyL, z = 0

du
dz

dv
dz

3AT

1

P A V

1

PA V

1
dz P B V

1 wy

KfiT.
(7)

According to Paul and Lick, the specification of boundary condi-
tions at the open water extremities of the grid are "somewhat up to the whim
of the investigator." They cite a discussion by Roache13 in which he concludes
that far-boundary conditions are not too important as long as they do not se-
verely restrict the flow. We feel this to be a point that needs investigation,
particularly when the grid chosen for plume problems has not, to date, included
"all" of the plume.

In the early form of the model, Paul and Lick arbitrarily required
velocities and temperatures to vary linearly at the open-water boundaries. The
justification is that such a requirement maintains a smooth variation of the
physical variables. This condition translates mathematically to:

0 < x s xL, y = yL, 0 < z < 1 <
By*

32AT

and

x = xL, 0 < y < yL, 0 < z < 1

3x2

"3x2

32AT
3x2

= 0

= 0

= 0,

= 0

= 0

= 0.

(8)

(9)
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In a later version of the model, Paul and Lick decided that set-
ting first-order derivatives to zero was more appropriate, except in those
cases where the cross-boundary flow is explicitly known. In the exceptions,
the velocity is specified. Neither of these methods appears totally justified
to us. The assertion that such boundary conditions do not matter has not been
sufficiently demonstrated by the authors.

The boundary conditions on the surface pressure are somewhat
difficult to define. They evaluate the x and >- partial derivatives of the sur-
face pressure at the boundaries by vertically integrating the < and y momen-
tum equations, respectively. However, the specification of th•; derivatives at
the boundary does not result in a unique solution for the surf, ce pressure, anci
the pressure must be specified at one point. Since the gradients and not the
pressures themselves are needed in the model calculations, ihis uniqueness
question of the pressure solution is sidestepped. The effect of different pres-
sure boundary conditions on the solution is an area that deserves further
investigation.

5. Numerical Technique

Two remarks need to be made concerning the ways the governing
equations of Tables II.K.4 and 5 are finite differenced. First, it should be
noted that the advection terms are written in what is often called the conserva-
tion form. The conservation form is the one in which the velocity is brought
inside the divergence operator thusly;

= v • (uY), (10)

where ¥ is a scalar such as u, v, w or T. Equation 10 is valid by continuity.
The term conservative is attached to the right-hand side of Eq. 10 because the
various terms of its finite difference expression can be readily identified with
mass fluxes into the grid cell from adjacent cells. A more detailed explana-
tion of this point is given by Roache.13 The other numerical convenience,
which deserves noting, is the casting of the heat equation into a form that uses
temperature excesses, an approach that tends to minimize the accumulation of
truncation and roundoff error.

The finite difference grid used
by Paul and Lick in the early stages
of model development is shown in
Figs. II.K.3-6. The indices N, M, and
K correspond to the x, y, and z axes,
respectively. The authors elect to
define the velocity components u and v
at the nodal points and define the
remaining variables, w, T, p, and P,
on the horizontal faces of the grid cell.
This arrangement, illustrated in
Figs. II.K.4 and 5, leads to a convenient

(K.M.NI

(Ktl.y.Ptl

(K.ytl.NI,

(K.H.N.I

IKtl.Htl.tl)

/ ^

IK.II+I

"—-»-l.N

«*i.y,H«i

Fig. U.K.3. One Cell in the Grid Network.
(Adapted from Paul and lick.1

ANL Neg. No. 190-1172.
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finite difference expression of the basic equations. The definition points for
individual variables are summarized in Table II.K.6. Spatial variations of
the dependent variables are described in terms of central differences. For
first derivatives, the three neighboring points are half-nodal spacings apart;
for second derivatives, the spacing between the points are at full nodes. If a
variable is needed at a location and it is not defined, a simple average of the
two neighboring points is made. At boundaries where the normal derivative
is required, a one-sided difference formulation is used. No fictitious grid
points outsije the region are employed.
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TABLt: U.K.6 A constant grid spacing is used in the
Position of Definition vertical z direction, but a variable grid spac-
of Dependent Variables ^B i s allowable in the horizontal directions.

Typically, a constant grid spacing is used near
the outfall, where large gradients are usually
present, followed by a variable spacing at far-
ther distances. More specifically, a constant
horizontal spacing is used near the jet outfall
out to M = M3 and N = N3 (see Fig. II.K.6).
The initial grid spacings need not be equal in
the x and y directions. After Ivi3, the y spac-
ing increases geometrically, i.e., as y increases,
each succeeding incremental step is a>1 times
the previous step size. The same is true in the
x direction; after N = N3 the grid spacing in-
creases geometrically by the factor a2. This
system of grid spacing allows a fine grid spac-
ing near the outlet, where changes in the de-

pendent variables are the greatest, and a coarser grid •where changes are
expected to be less rapid.

In a later use of the model, Paul and Lick have slightly altered
the choice of grid system as is shown in Figs. II.K.7 and 8. The modified
grid structure lends itself to a convenient form for the finite difference
expressions.

In the form of the model originally described in Paul's doctoral
dissertation,1 a combination of both simple-forward and three-level temporal
differencing is used. The latter method of differencing was dropped in the
modified model because it was found to be less stable than simple-forward
differencing.

The sequence of steps in the integration algorithm has been given
previously (see Synopsis of Approach). Several important comments are
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Fig. H.K.7
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Grid Sections. (Adapted from
Paul and l ick.4)
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Fig. ILK .8

Typical Nodal Celts for Grid System

WPtCAl NOOAL CELL FOS u I1FICAL MHML CELL FOB T

needed to fully explain that algorithm. Firs t , the most time-consuming part
of the calculation is the solution of the second-order equation for the surface
pressure in spite of Paul's use of the accelerated alternating-direction-
implicit method. This surface pressure is an essential part of the model
since it controls the overall pressure field and thus the driving force for the
flow. A considerable savings in computational effort could be achieved if this
solution could be hastened. Furthermore, a numerical trick devised by Hirt
and Harlov.-14 is used by Paul and Lick in the integration of the auxiliary
suriace-pressure equation to correct the nonzero surface velocity that can
result from vertical integration of the continuity equation. Such a nonzero
vertical velocity is inconsistent with the rigid-lid condition and would, if left
uncorrected, result in the net loss of mass through the surface. The cor rec -
tive procedure is to use the time derivative, ow/St, as a simple backward dif-
ference with the present value of w set to zero. In this way, one is continually
forcing the surface velocity to zero and, in essence, conserving mass .

To stabilize an unstable density profile (heavy fluid above lighter
fluid) that may arise, Paul and Lick use a fical numerical device of artificially
mixing to a uniform density the vertical column of nodal values. The effects
of this arbitrary " fix-up" are presently unknown.

6. Application to Cuyahoga River Discharge into Lake Erie

Seven simulations of the Cuyahoga River discharge into Lake Erie
have been made. These calculations include three cases where the river is
warmer than the lake:

1) low flow rate of the river typical of later summer,

2) high flow rate of the river typical of spring,

3) low flow rate with a simulated variable bottom.

Two simulations were prepared for cases where the river is colder than the
Lake Erie waters to indicate a sinking plume:
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4) low flow rate of the river, cooled jet,

5) high flow rate of the river, cooled jet.

In addition to these five runs, two cases were considered where the lake and
river were taken to be the same temperature.

Table II.K.7 summarizes the grid pattern for the Cuyahoga simu-
lations. A constant grid spacing is used near the outfall (horizontal mesh)
with a variable grid spacing used further from the discharge Table II.K.8
summarizes the physical conditions <i_d physical parameters for the low-flow
simulation. Table H.K.9 gives the same information for the high-flow simula-
tion. The inlet conditions for the low- and high-flow cases are given in
Table U.K. 10. The velocity distribution of the inlet was derived from a simple
closed-form simulation of three-dimensional, constant temperature, rectangu-
lar channel flow.

The solution procedure followed for all Cuyahoga simulations was:

(a) The constant temperature cases were run first. A small num-
ber of horizontal points was used initially with more and more grid points
added as time increased until the grid for the variable temperature case was
obtained. The growth of the grid looked like a series of basins increasing in
size.

(b) Results for the variable temperature case were obtained by
using the above results as initial conditions and then slowly changing the tem-
perature at the inlet until the specified inlet temperatures were reached. Too
abrupt an inlet temperature change at the start of the code was found to induce
large vertical velocities causing instabilities.

TABLE U.K.7. Grid Parameters for the Cuyahoga River Application

number of points in x direction CN4) 21
number of points in y direction Ql4) 21

number of points in z direction (ty 8

constant x/bo spacing (Ax) • 0.1

constant y/b0 spacing (Ay) 0.1

constant z/hj, spacing (AZ) 0.143

last point in x direction with constant spacing (N3) 3

last point in y direction with constant spacing (M3) 8

ratio of grid spacings in x direction for
variable spacing (33) 1.24
ratio of grid spacings in y direction for
variable spacing (aj) 1.28

maximum x value 20.7

maximum y value 9.42
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TABLE U.K.8. Physical Conditions and Parameters for the Paul-Lick
Computer Run for the Cuyahoga River Discharge

(Summer Conditions)

time of year

river flow rate

river width

river depth

lake surface temperature

average wind speed

average daily gross solar radiation

average relative humidity

average air temperature

average dewpoint temperature

equilibrium temperature (TE)

turbulent Prandtl number (Pr)

horizontal eddy coefficient (A.,)

vertical eddy coefficient (Ay)

surface heat transfer coefficient (K)

non-dimensional surface heat transfer
coefficient (K)

temperature variation

maximum velocity (u )

turbulent Reynolds number (Re)

Froude number (Fr)

densimetric Froude number (Fr*)

equation-of-state

jet ast)ect ratio (b /h )

ratio of vertical to horizontal eddy
coefficient (Ay/AH)

August

120 ft3/sec (3.5 m3/sec)

250 ft (76.2 m)

28 ft (8.54 m)

49° (9.4°C)

8.4 mph (3.76 m/sec)

1720 BTU/ft2-day (472 iangleys)

12%

70.4°F (21.3°C)

61°F (16.1°C)

72°F (22.2°C)

1.0

0.028 ft2/sec (26 cm2/sec)

10'2 ft2/sec (9.3 cm2/sec)

156 BTU/ft2-day-°F (37 watt/m2-°C)

0.0814

.05°F (.028°C)

0.0334 ft/sec (1.0 cm/sec)

300

1.11 x 10-3

0.414

Ap = -1.04 x 10"2 AT

8.93

0.358
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TABLE II.K.9. Physical Conditions and Parameters for the Paul-Lick
Computer Run for the Cuyahoga River Discharge

(Spring Conditions)

time of year

river flow rate

river width

river depth

lake surface temperature

average wind speed

average daily gross solar radiation

average relative humidity

average air temperature

average dewpoint temperature

equilibrium temperature (Tp)

turbulent Prandtl number (Pr)

horizontal eddy coefficient (A.)

vertical eddy coefficient (Ay)

surface heat transfer coefficient (K)

nondimensional surface heat transfer
coefficient (K)

temperature variation

maximum velocity (u )

turbulent Reynolds number (Re)

Froude number (Fr)

densimetric Froude number (Fr*)

equation of state

jet aspect ratio (b 7h )

ratio of vertical to horizontal eddy
coefficient ( / )

May

1200 ft3/sec (35 m3/sec)

250 ft (76.2 m)

28 ft (8.54 m)

49°F (9.4°C)

10.5 mph (4.69 m/sec)

1830 BTU/ft2-day (503 langleys)

58°F (14.4°C)

46.7°F (8.2°C)

49°F (9.4°C)

1.0

.103 ft2/sec (95.7 cm2/sec)

10'2 ft2/sec (9.3 cm2/sec)

110 BTU/ft2-day-F° (26 watt/m2-C°)

.0572

5 F° (2.8 C°)

.362 ft/sec (11 an/sec)

875

1.2 x 10"2

.806

Ap = -2.19 x 10"3 AT

8.93

.097
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TABLL II.K.10. Inlet Conditions for the Sunnier and Spring
Simulations of the Cu/ahoga Discharge

y = o.

Inlet Conditions for the Cuyahoga River in Smnter

0.1 0.2 0.3 0.4 0.5

z =

2. =

6.94

z =

b.94

0.0
.143
.286
.429
.571
.714
.857

1.0

0.0

xlO"4

0.0
x 10'4

1.0
' .980
.919
.817
.675
.492
.267

0.0

.143

6.94

.938

.968

.908

.808

.668

.486

.264
0.0

.943

.924

.868

.773

.640

.467

.254
0.0

.832

.816

.768

.686

.570

.419

.229
0.0

N'ondimensional Velocities

.286

6.78

ftondimensional

.143

-.694 x 10~4

.286

-2.78

j\ondimensional

.429

6.25

Temperature

.429

-4.65

Temperature

.571

4.65

for Heated

.571

-6.25

for Cooled

0

.714

2.78

Jet

.714

-6.94

Jet

.574

.564

.533

.481

.405

.302

.169

.0

-6

.857

.694

.857

.94

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

1.

0.

1.
-6.

0
0

0
94

Inlet Conditions for the Cuyahoga River in Spring

y =

z = 0.0
.143
.286
.429
.571
.714
.857

1.0

z = 0.0
.102

z = 0.0
.102

0.0

1.0
.981
.923
.826
.688
.506
.278

0.0

.143

.102

.143
-.0102

0.1

.971

.953

.897

.804

.670

.494

.271
0.0

0.2

.880

.863

.815

.731

.611

.453

.250
0.0

0.3

.709

.696

.659

.595

.501

.375

.210
0.0

Kondimensional Velocities

.286

.0998

Nondimensional

.286
-.0408

Nondimensional

.429

.0918

Temperature

.429
-.0684

Temperature

.571

.0684

for Heated Jet

.571
-.0918

for Cooled Jet

0.4

.430

.423

.402

.367

.313

.240

.139
0.0

.714

.0408

.714

.102

.857

.0102

.857
-.102

0.4

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

1.0
0.0

1.0
-.102
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Figures II.K-9-14 show the predictions of the high-flow, heated jet
case. The surface isotherms and the surface-velocity distributions are given
in Figs. ILK.9 and 10. Vertical cross sections of the jet indicating isotherms
and jet velocities are shown in Figs. ILK. 11 and 12. The longitudinal tempera-
ture and velocity profiles are given in Figs. U.K. 13 and 14.

flT =.SSIma

0.0
0.0

Fig. II.K.9. Surface isotherms Predicted by Paul-lick Model:
High-flow-rate Case. (Adapted from Paul and Lick.1)
ANL Neg. No. 190-1192.
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Fig. IIJC.10. Surface Velocities Predicted by Paul-Lick Model:
High-flow-rate Case. (Adapted from Paul and Lick.1)
A M Neg. No. 190-1187.
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Fig. U.K.11. Lateral-temperature Structure Predicted by Paul-Lick
Model: lligh-flow-raic Case. (Adapted from Paul
and Lick.l) ANL Neg, No. 190-1191.

Fig. U.K.12, Lateral-velocity Structure Predicted by Paul-Uck
Model: High-flow-rate Case. (Adapted from Paul
and Lick.1) ANL Neg. No. 190-1159.
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Fig. II.K.13. Longitudinal-temperature Structure Predicted by Paul-Lick
Model: High-flow-ratc Case. (Adapted from Paul and
Lick.1) ANL Neg. No. 190-1163.

Fig. U.K.14. Longitudinal-velocity Structure Predicted by Paul-Lick
Model; Hlgh-flow-ratc Case. (Adapted from Paul and
Lick.1) ANL Ncg. No. 190-1143.
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Additionally, a prediction for a sinking plume is included. The
parameters are the same as for the heated jet, except that the receiving body
is taken to be 5 F° warmer than the discharging fluid rather than the reverse
situation previously calculated. Surface, lateral, and longitudinal profiles of
the resulting plume are given in Figs. n.K. 15-20, as determined by the
authors. A detailed discussion of Paul-Lick results appears in Refs. 1-3,
along with numerous other temperature and velocity profiles.

0.0

Fig. U.K.15. Horizontal Isotherms at z/bg = 0.857 Predicted by Paul-
Lick Model (Cooled Jet): High-flow-rate Case. (Adapted
fiom Paul and l ick . 1 ) ANL Neg. No. 190-1183.
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Fig. H.K.16. Surface Velocities Predicted by Paul-Lick Model
(Cooled Jet): High-flow-rate Case. (Adapted
from Paul and Lick.1) ANL Neg. No. 190-1145.
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Lick Model (Cooled Jet): Hlgh-flow-rotc Caic. (Adapted
from Paul *nd Lick.1) ANL Neg. No. 190-1149.

Fig. U.K.18. Longitudinal-velocity Structure Predicted by Paul-Lick
Model (Cooled Jet): High-flow-rate Case. (Adapted
from Paul and Lick.1) ANL Neg. No. 190-1153.
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Fig. II.K.10. Lateral-temperature Structure Predicted by Paul-Lick
Model (Cooled Jet): High-flow-rate Case. (Adapted
from Paul and Lick.*) ANL Neg. No. 190-1179.

Ftg. U.K.20. Utcral-vclocity Structure Predicted by Paul-Lick
Model (Cooled Jet): High-flow-rate Case. (Adapted
from Paul and Lick.1) ANL Neg. No. 190-1142.
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We made a number of observations from these simulations. F irs t ,
for very small initial densimetric Froude numbers, a cold water wedge may
be present in the river channel upstream from the point of discharge. If such
a wedge were indeed present then the validity of the simulations would be ques-
tionable s ince no wedge was considered in setting ->p the problem. Secondly,
for the low-flow heated and cooled jets , the specification of a 0.05 F° tempera-
ture e x c e s s between river discharge and ambient lake water precludes any
kind of field verification since the resolution of present-day field measurements
i s not that refined. Also, the flow field resulting from the 1 c m / s e c river d i s -
charge velocity is of too smal l a magnitude to be measured in the field with
conventional techniques. Third, verification of model predictions on a labora-
tory scale would be equally difficult. For complete geometric s imilarity , a
water depth of 0.1-0.2 inches would result. At those water depths, surface
tension and Froude number effects would become important. To avoid these
difficulties in Kuhlman's hydraulic model1 5 for the Cuyahoga River discharge,
the vert ical dimensions of the channel were exaggerated roughly by a factor
of four. Unfortunately, the s ite of the river entrance i s not amenable to either
field- or tank-verification The authors acknowledge our comments above and
reply that the major reason for the Cuyahoga calculations done to date -was to
test the model algorithm and only secondarily to provide physical ly correct
predictions. In any case , the predictions presented for the five variable-
density case s can be used only for intercomparison, a s a check with physical
intuition, or as a check of sensit ivity of the model to grid configuration, out-
let conditions, and diffusivities. This leads to an additional l imitation of the
model predictions because Paul and Lick used constant coefficients of eddy
viscos i ty and eddy thermal diffusivity. a g r o s s oversimplification for the v e r -
tical diffusivities should be dependent on the local velocity gradient and local
stratification. Clearly, no universally accepted form ex i s t s for the vert ica l
diffusivity, but many forms are more accurate and more reasonable than a
constant value when the plume i s buoyant.

Figures U.K.21-23 show the centerline temperature decay, half-
widths, and areas obtained from the surface predictions of f ive Cuyahoga runs.
Cases I and III are both based on low flow rates . In Case III the basin depth.
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instead of remaining constant, drops off to twice its initial value within two
and one-half river widths and then maintains that value throughout the re-
mainder of the simulation region. Also, the temperature difference for
Case III was 0.025 F° (instead of 0.05 F° as used in Case I), since the densi-
metric Froude number of 0.414 (AT = 0.05 F°) led to large buoyant vertical
velocities and instabilities in the calculations. With the smaller temperature
difference, the initial densimetric Froude number increased to 0.585, remov-
ing the numerical instabilities. Otherwise, the parameters and conditions
for Cases I and III were identical.
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One further remark concerning Case III is appropriate here.
Using AT = 0.05 F° resulted in large vertical velocities due to the reduced
influence of friction as the bottom dropped off The nondimensionalized equa-
tions indicate that the friction term has a factor of l/hz in front of it. So, for
the same eddy viscosities, doubling the bottom depth reduces the relative im-
portance of friction in the vertical momentum equation by a factor of roughly 4.
This reduced friction coupled with large buoyancy forces produced the large
vertical velocities and the corresponding instabilities in the solution.

Our observations and critical comments on the results presented
in Figs. UK. 21-23 follow.

1) The centerline temperature detay for the low-flow, flat-
bottom depth case is more rapid than that of the low-flow, variable-depth case.
The same trend exists for the surface areas. This is surprising since more
cold entrainment water is available for the variable-bottom case (since the
lake is deeper) and the higher densimetric Froude number for Case III should
add to the mixing. All other parameters including viscosities and diffusivities
were assumed to be the same for both cases. At present no definite explana-
tion exists for this discrepancy. The authors speculate16 that the discrepancy [/•
might be due to different finite difference forms of the constant-depth cases
and variable-depth cases (one Cuyahoga case and also two later Point Beach ;;
cases). In formulating the variable depth equations, the locations of the de- '
pendent variables were redefined (see above discussion in this subsection and "
Appendix B) to keep better track of conserved quantities like momentum and
energy. The difference equations were rewritten to assure that all the heat '
and momentum from one cell are transported into other cells. The goal ';
was that the equations provide complete conservation of energy and momen- •;
turn between cells. Second, the boundary conditions at the surface and bottom \\
were also redefined. With these changes, there is negligible heat loss to the j
overlying air due to the numerical scheme, suggesting that this approach would •
give increased temperatures for all applications. As will be seen later, how- :'
ever, the heat loss from the surface is far less than the heat injected by the
river. The only way to ascertain with some certainty whether model changes
have caused this apparent discrepancy in model predictions is to compare both
low-flow cases using the "improved" finite-difference equations. %

•A

2) The high-flow-rate discharge (Fr* = 0.806) does not dilute as ;;

well as the low-flow-rate discharge (Fr* = 0.414; compare Cases I and II, ;
constant-depth bottom). The ability to induce entrainment by the higher densi- ĵ
metric Froude number jet is not indicated from the comparison of centerline LI
temperature decay and isotherm areas. This might be explained in part by an j
improper choice of eddy diffusivities. In the low-flow case, AJJ was taken to j '•.
be 26 cm2/sec, and Ay was taken to be 9-3 cm /sec; whereas for the high-
flow case, AJJ was taken to be 95.7 cm2/sec, and Ay was taken to be 9-3 cm2/
sec. Paul snd Lick chose the horizontal diffusivities from channel-flow equa-
tions expecting that near the source, the channel-flow diffusivities would be
more indicative of the jet diffusion.
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Vertical diffusivities were chosen based upon ambient lake j
data. The vertical diffusivity should, in fact, be smaller for the low Fr* case '.
(Case I); in fact, it is too large for both cases. The lower Fr* indicates j
greater buoyant stratification and less vertical diffusion, hence, a smaller Ay.
Ambient lake values for Ay measured without stratification will be too large.
The use of the large Ay value I^ads to the nearly vertically mixed plume seen
in the plots of cross-sectional temperatures. More proper values for Ay, if |
a constant value is used (and it should not), are probably on the order 1-3 cm2 / I
sec. This number is based more on the region of stratified flow than the short P
initial region where large changes are taking place. The more vertically
stratified plume that appears for the high-flow case might well be due to the j
larger horizontal diffusivity,. i .e., the larger Ajj/Ay value. j

ii

As stated above, the high-flow case (Fr* = 0.806) should in- \
duce greater mixing and provide better dilution than the low-flow case (Fr* = j
0.414). To better understand why this does not occur in this Cuyahoga appli-
cation of the model, Paul and Lick analyze the order of magnitude of terms in
the equations of motion. Referring to Table 4, the relative effect of vertical )
diffusion to horizontal advection is seen by comparing the ratio of Re to
(bo/h£))

2 Ay /A H for each case. For the low-flow simulation, this ratio is 10.5,
and for the high-flow case, it is 113. This order of magnitude difference is
the reason Paul and Lick give to explain why vertical diffusion is larger in
the low-flow case than in the high-flow case. The densimetric Froude num-
bers in the two cases are only a factor of 2 apart, from which the authors in-
dicate that the horizontal advection in both cases is nearly the same. It is
important to note that this ratio is very dependent on the value chosen for Ay.
As stated above, it is our opinion that the values chosen are inconsistent with
data for buoyant jets; i.e., the ratio

Ay

should be larger for the low-flow case. In this way, less vertical entrainment
would occur, as expected, for a lower densimetric Froude number discharge.

We are not sure at this point whether the argument presented
by the authors of the model is valid. The river excess temperatures, and
hence density effects, are significantly different in the high-flow and low-flow
cases. More importantly, we believe that their argument is oversimplified in
terms of the complexity of the problem. In any case, the model predicts a
trend that contradicts our intuition.

3) The plume half-width comparisons indicate a decrease in
half-width for Cases I and III, at the lowest isotherms. We are unaware of
any field data that support this kind of result. Our experience indicates that
the lowest isotherms are spread out, being much larger in centerline distance
and areas than indicated by the model. In contrast, the isotherms of the
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Paul-Lick model appear almost equally spaced. Although we expect half-
width to be a monotonically increasing function, the field data is not sufficiently
refined at the lowest isotherms to demonstrate that this happens all the time.

4) Surface heat loss calculations reveal that not all the heat flow
discharged is lost to the atmosphere within the region of computation. For the
low-flow, constant-depth case, the heat discharged is 374.4 Btu/sec while within
the 0.1 AT isotherm only 72.2 Btu/sec is tran.'ferred to the atmosphere. For
the low-flow variable-depth case, 187.2 Btu/sec is discharged with 72.2 Btu/sec
lost to the atmosphere. Finally, in the high-flow case, 374,400 Btu/sec is
released with only 15,120 Btu/sec lost to the atmosphere. In this latter case,
only isotherms down to AT = 0.5 were closed in Ref. 1 and consequently only
heat lost within that isotherm was calculated. In actuality isotherms down to
0.2 could have been closed in the computational grid net, although this was not
indicated16 in Ref. 1. In the Paul-Lick calculations, especially the high-flow
calculation, the computational grid chosen was too small, with the plumes
clearly dispersing outside the grid. This is a most important observation
since it implies that the boundary conditions at the grid boundaries are un-
doubtedly violated to some degree. The condition. P = 0, indeed allows a
non-zero normal gradient for Pg but requires a zero tangential gradient. The
condition P s = 0, along the outer two boundaries, indicates a zero gradient.
This is clearly violated if any kind of residual plume is passing through those
boundaries; tangential pressure gradients cannot then be zero, indicating some
error. Thus, the condition of linear decay of temperature and velocity is also
violated, but probably to a lesser degree. Also, the return flow required under-
neath a plume as it spreads beyond the computational grid is not adequately
defined with outer grid boundary conditions like

= .... = o.

Indeed, a sensitivity analysis of the boundary conditions would
be quite valuable here to determine the precise region influenced by the outer
boundary conditions and also how significant the boundary condition errors are
from choosing too small a computational grid.

The temperature and velocity variation at the outer boundary
locations in the model simulation most probably indicates a rather flat curve
approaching ambient values. (The numerical results presented in Refs. 1-4
did not allow a precise plot of the velocity and temperature variation near the
outer boundaries.)

To assess in some way the adequacy of the far boundary con-
ditions on pressure, Paul compared the pressure gradients found at steady
state in the low-flow, constant-depth Cuyahoga simulation to those derived by
the simple closed-form solution obtained by considering the river outfall as a
point source. The gradients from that calculated pressure distribution dif-
fered at most by 5% from those determined by the numerical model at the
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outer-boundary locations. The precise meaning of this 5% difference in terms
oi its effect on the flow field can be determined only from an otherwise iden-
tical run with a larger grid size; the effect of even a 5% difference is not really
known due to the complexity of the model.

7. Application to Point Beach Unit 1 Discharge into Lake Michigan

Parameters and physical conditions for two runs of the model for
Point Beach Unit 1 are described in Appendix B. Also included are model pre-
dictions and a short discussion by the authors themselves.*

Figures II.K.24-33 illustrate the field data acquired at the plant
on the two dates considered. Stagnant lake conditions prevailed on May 18,
1972, and moderate wind and current were present on May 20, 19V1. To bet-
ter facilitate a comparison, Figs. II.K. 34-45 plot the model predictions and
data in terms of jet trajectories, surface centerline temperature decay, sur-
face half-widths of temperature, and surface isotherm areas. The compari-
sons are discussed below.

a. The centerline-temperature decay is quite good in the region
for which numerical results exist corresponding to a centerline distance
S < 200 m and a centerline excess temperature ratio QC/SQ > 0.6. The case
with zero wind and current (May 18, 1972) was initially run for only l /2 hour
CPU time (IBM 360); see Figs. U.K. 34-37 for a comparison with data. Subse-
quently, the case was rerun to steady state (May 18, 1972) in 3 hours CPU time;
see Figs. U.K. 38-41 for an updated comparison to Point Beach data. The sec-
ond case with a moderate wind and current (May 20, 1971) was run to steady
state within l}-2 hours CPU time (IBM 360); see Figs.II.K.42-45. In fact, the
overall comparison is good for the areas, half-widths, and centerline tempera-
tures. The only disappointment is that steady-state results could not be ob-
tained beyond 200 m from the discharge because of internal gravity waves. It
appears that a longer time of calculation yields a larger region of steady state.
The difficulty in damping these waves is a present limitation of the model in
that long run times are needed for only a small area near the discharge to
reach steady state. The use of the Paul-Lick model for environmental impact
as well as mixing zone calculations is thus limited. Future work with the model
is necessary to change this situation.

These oscillations may be related to the thermal fronts de-
scribed in Chapter III. There are several important distinctions; however,
the most important being that the thermal fronts observed in the field show
their greatest intensity near the outfall and tend to die oat as one moves away
from the discharge. In the numerical solution, the oscillations seem to disap-
pear near the outfall first. The region free of oscillations then gradually grows

•Subsequent to the calculations carried out by Paul and Lick for Argonne, the fust case was recomputed; this time
calculations were allowed to reach steady state. Those results are presented in Appendix 8. Also in Appendix B
are newly available two-dimensional constant temperature predictions for Point Beach Unit 1. which were used to
study the effects of the lake bottom on the plume trajectory.
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Fig. IIJC.24. Thermal Plume at Surface for Point Beach
Nuclear Power Plant: May 18, 1972,
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Fig. n.K.25. Thermal Plume at 0.5-, 1.0-. and 1.5-m Depths far Point Beach Nuclear
Power Plant: May 18,1972.1645-1751 Hours. AM. Neg. No. 190-1043.
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Fig. UJC.27. Vertical Cross Sections for Point Beacb Nuclear Power Plant:
May 13.1972,1645-1751 Hours. ANL Neg. No. 190-1085.
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Fig. H.K.27 (Contd.). ANL Neg. No. 190-1083.
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Fig. II.K.23. Tbermal Plume at Surface for Point Beach Power Plant (Unit 1);
May 20, 1971. 1740-1850 Horns. ANL Neg. No. 190-325.
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outward from the discharge as more time steps are taken. These facts,
coupled with the Paul-Lick observations that the wave structure depends on
the initial flow and temperature conditions, suggest to us that these oscilla-
tions are attributable to the model alone and are not a physical reality.

b. The computational grid in both cases is too small to contain
the thermal plume. An 800-m distance to the far grid boundary is not enough
to insure plume containment. Again, the adequacy of the far boundary condi-
tions comes into serious question. The effect of these erroneous boundary
conditions (erroneous in terms of the small grid chosen) can only be deter-
mined by a sensitivity analysis, one of whose components would be sensitivity
to the size of the grid system. Paul and Lick used a variable grid structure
so that greater refinement is possible near the outfall, but this also means
less accuracy at the grid points near the not-too-distant, far grid boundary.

The pressure boundary conditions were changed in the model
for the Point Beach simulation. The outer-grid boundaries had normal-
pressure gradients specified, which were determined from values of the vari-
ables obtained at the previous time iteration. In this way, the wall boundary
conditions (see Fig- II-K.2) are extended to apply at the other three boundaries
also. A reference pressure at some point had to be specified to produce a
unique solution to the Poisson equation, since the boundary conditions on
surface pressure are all prescribed in terms of normal derivatives. This
should be an improvement over the surface-pressure boundary conditions
used for the Cuyahoga River simulation since more natural boundary values
are used. This is true provided that there are indeed small changes from
one time step to another. Here again a sensitivity analysis on boundary con-
ditions and computational grid size would be most useful in interpreting the
results of the Point Beach runs.

c. The non-steady-state results of May 18, 1972 are quite inter-
esting. The trend is for far too great a temperature decay at the lower iso-
therms. The temperature decay there is concaved down as though constrained
by an outer boundary condition; however, this shape is more likely the result
of the model not being run to steady state. The incompleteness is also seen
in the isotherm area plot where larger areas are predicted near the outfall
and areas below the field data are predicted for 6/So < 0.7. This is indicative
to some degree of an undeveloped plume.

d. Half-width predictions for the model are quite large in com-
parison to the field data for the steady-state run of May 20, 1971. This may
be due, in part, to the large horizontal eddy diffusivity, which causes increased
lateral spreading. The general underprediction of surface centerline tempera-
tures is also partly due to the extremely large vertical diffusivity.

The isotherms predicted for May 20. 1971 are not compacted
on the windward side of the jet as seen in the data. Field observations show
that moderate currents and winds usually cause a sharp edge to form on the
upcurrent side. A more complete discussion of model predictions for Point
Beach is given in Appendix B.
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e. The trajectory plots indicate plume bending for the stagnant
case of May 18, 1972. Since the constant temperature variable depth applica-
tion of the model also reveals a plume bending, the authors of the model at-
tribute the trajectory bending to the variable nonsymmetric bottom contour or
to the way the specific values for the bottom contour h(x. y) were chosen as
input values for their model. We suspect that the difficulty lies in the specifi-
cation of the shoreline as a solid wall or else in the specification of the near-
shore and offshore boundary conditions. The simulation of the nearshore solid jj
wall, in the presence of a 60° angle discharge, might allow plume water to pile |
up on the nearshore, causing adverse pressure gradients which in turn divert
the plume slightly offshore. We suspect that the bending in the data for the
May 18, 1972 case is probably due to the nonstagnant environmental conditions
that were apparently present although unmeasurable. Instrumentation for wind
and current measurements has a threshold below which readings of zero are
given. The BendixQ-15 current meter reads zero for current speeds under
Z cm/sec. Also, field data can never be taken under completely stagnant en-
vironmental conditions because such conditions never exist for the total dura-
tion of a field survey. The Paul-Lick model was run for precisely zero wind
and current and consequently should give zero bending for symmetric bottom
contours, or only very slight bending if nonsymmetric bottom contours are
allowed.

f. As stated in Appendix B, the eddy coefficients were chosen
based upon some previous data taken at Point Beach. The ratio of horizontal
to vertical coefficient was chosen so that for the application of the two-
dimensional variable-depth version of the model, the predictions matched the
previously measured velocity decay for one Point Beach plume. The horizon-
tal diffusivity was chosen using previous experience with other than Point
Beach data. These facts obscure the complete objectivity of the comparisons.
Some of the good agreement might indeed be due to the choice of diffusivities
based upon similar field data.

g. Appendix B illustrates the application of the two-dimensional
constant-temperature version (constant-depth lake bottom assumed) of the
Paul-Lick model to Point Beach Unit 1. Paul and Lick solve the transient
problem with a steady-state solution approached as time increases. The
integrated velocities presented as time increases are noteworthy; the flow
was initiated by assuming an impulsive start and a steady discharge thereafter.
Vortices formed on either side of the discharge flow and were then swept out
with the flow as time increased. A similar feature was evident in the three-
dimensional variable-density case.

8. Criticisms and Limitations

a. General Verification

In spite of the applications of the model to the Cuyahoga River
discharge and to the Point Beach Unit 1 discharge, the model remains unverified.
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Predictions for the Cuyahoga case cannot be verified with data due to the
extremely low velocities and low temperatures that result from the discharge.
Poor judgment has been exercised in the choice of diffusivity coefficients in
both applications as well as in the choice of the grid for the computations.
Lack of a run to steady state has, in at least one case, hampered data compari-
son efforts. The Point Beach data comparisons are not completely objective,
for a simpler version of the Paul-Lick model was used to help define diffusivi-
ties from velocity data measured at Point Beach. Internal gravity waves pre-
vented a steady-state solution from being reached for a good part of the flow
field in a number of cases, including both the Cuyahoga River and Point Beach
applications.

In our opinion, however, the formulation of the model for
heated surface discharges appears satisfactory provided that (1) the eddy coef-
ficients and the grid configuration are wisely chosen and (2) the model is applied
to cases for which the assumptions are valid (e.g., hydrostatic approximation).
We feel that these basic assumptions were valid in the Cuyahoga River and
Point Beach applications.

b- Eddy Diffusivities

The Cuyahoga River application was made using constant
values for viscosities and eddy thermal diffusivities. The vertical diffusivity
should have been reduced to account for buoyancy. In addition, the constant
vertical diffusivities were chosen unrealistically large with inconsistent values
of Ay and Au used between the high and low densimetric Froude number cases.
A slight improvement was made in one Point Beach application where vertical
diffusivity decreasing with increasing stratification was used. Unfortunately,
abnormally large coefficients were used in this functional form. Eddy coeffi-
cients more in line with the state of the art should have been employed.

c. Computational Grid

For the Cuyahoga River (high-flow case most significantly)
and both Point Beach cases, the computational grid chosen was too sn>all.
Surface heat loss calculations indicated that most of the discharged heat was
not lost to the atmosphere in the region oi computation. The boundary condi-
tions are very likely inaccurate due to the small computational grid and may
provide unnecessary restrictions on the flow. A sensitivity analysis with re-
spect to the size and spacing of the computational grid would be most useful
in providing indication as to relative significance (if any) of the error incurred.
The same conclusions apply to the Point Beach applications.

d. Transient Analysis

The Paul-Lick model can conceptually treat transient prob-
lems such as startup of a power plant, although the treatment can be expected
to be no better than the corresponding results for steady state.
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c- Hydrostatic Approximation

The hydrostatic approximation is valid when the pressure and
gravity terms in the vertical momentum equation strongly dominate the con-
vective and diffusive terms. Paul states, based on calculations with his model,
that vertical velocities in the plume problems treated are one-to-two orders
of magnitude smaller than necessary to invalidate the hydrostatic approxima-
tion. We feel that the way to test the validity of this approximation is to mea-
sure the pressure distribution and to determine the deviation from horizontal
planes of constant pressure.

f. Rigid-lid Condition

The rigid-lid condition eliminates surface wa\es. When ap-
plied, it greatly reduces the computation time of the model. 1 he .-pproxima-
tion cannot be made when free surface variations are rapid or large (storm-
surge problems). Surface waves, though physically real, are generally assumed
unimportant in surface plume problems. The rigid-lid condition, however, does
not eliminate the internal gravity waves that hopefully die out as the solution
approaches steady state. The rigid-lid condition might, however, change the
characteristics of these internal gravity waves by damping out the higher fre-
quency oscillations.

We suspect that the rigid-lid approximation is valid in sur-
face plume applications; however, a comparison with the equivalent free-
surface model is the best test. Including a free surface in the model was
estimated by Paul and Lick to result in a one-hundred-fold increase in com-
puter time over the rigid-lid simulation. Including free surface oscillations
means including free-surface waves, which reduces the time step necessary
for stability and consequently increases computer time. Also, it should be
kept in mind that the rigid-lid approximation does allow pressure variations
at the surface. These surface pressure variations can be translated into equiv-
alent water levels above that plane.

The authors expect that the rigid-lid and free-surface versions
of their model would yield the same steady-state solution. The transient solu-
tions would provide the same general flow field with differences from the rigid-
lid model due solely to free-surface gravity waves (permitted in the free-
surface model) and internal gravity waves. The rigid-lid model would totally
eliminate free surface waves and provide some damping of the internal gravity
waves. Paul and Lick argue that, based upon the analysis by Haq,17 their model
is unaffected by the rigid-lid approximation. However, Haq's analysis consisted
of a rigid-lid/free-surface model comparison for time-dependent, wind-driven
flow in a constant-depth lake. No thermally-driven currents were present in
Haq's analysis, so it really cannot be applied to the Paul-Lick simulation. The
final test is a direct comparison between equivalent free-surface and rigid-lid
models for thermal plumes.
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g. Computer Time and Storage Requirements

Each run of the model requires 250K words of computer stor-
age and processor time of as much as 3 hr. This is not untypical of three-
dimensional numerical models', however, the attendant computer costs limit
the practicability of the model.
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L. Waldrop-Farmer Numerical Model1"4

1. Synopsis of Approach

Waldrop and Farmer have developed a three-dimensional,

differential-numerical model to treat the dispersion of thermal plumes. Sev-
eral versions have been tried in the course of development. Because of the
generality of the model equations, it has also been applied to related problems.
In fact, the model was originally formulated to treat the sedimentary transport
instrumental in the Delta formation at the South Pass of the Mississippi River.1

The reader is alerted that our discussion includes many of the different forms
in which the model has been used.

The model equations are derived from the generalized conserva-
tion equations for momentan, energy, and salt to which the equation of con-
tinuity is added. The equation set is closed by relating the unknown transport
quantities (surface stress tensor, heat flow vector, and mass flow vector) to
the corresponding local gradients (velocity gradients, temperature gradients,
and concentration gradients) in a manner similar to that used in laminar flow.
In some versions of the model, the hydrostatic approximation is made. Also,
certain compressibility effects are removed via the Boussinesq approximation.

The simplified equation set still contains time derivatives a 3d as
such is an initial-value problem in time and a boundary-value problem in
space. The set can thus bo solved as a transient flow problem to treat situ-
ations such as plant startup, although in most cases the time-dependent equa-
tions are merely a vehicle to obtain the steady-state solution. This approach
is sometimes referred to as the "asymptotic time technique."

By dropping the vertical acceleration term from the vertical mo-
mentum equation, Waldrop and Farmer write the equation set as a sequence
of parabolic equations, which allows the use of an explicit finite difference
scheme to solve the equations. Finite difference means that temporal and
spatial derivatives are approximated by the weighted algebraic sum of nodal
variables. The scheme is explicit because all nodal variables used within
each equation are known except one. In this way, the equations can be solved
explicitly for the single unknown in terms of known values.

The difference equations are solved in the following order.

a. The x-momentum equation is solved for the u-velocity com-
ponent (x direction offshore, u velocity in direction of x axis).

b. The y-momentum equation is solved for the v-velocity com-
ponent (y direction shore parallel, v velocity in direction of y axis).

c. The conservation of salt and energy equations are solved for
the salt concentration and temperature at each node.
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d. The continuity equation (time-independent) is solved from the i
bottom to the surface for the w-velocity component (w velocity in vertical or |
z direction). |

e. The free-surface elevation is computed (adjusted) by per- j
forming a mass balance on the topmost layer of grid cells. |

f. The z-momentum equation is solved in space (time-independent) f
for the pressure field. The integration is carried out vertically downward from ••
the free surface. This integratiou and determination of pressure at each grid j
row does become simpler if the hydrostatic approximation is made. j

It should be noted that only steps a-c involve time integrations.
The remaining steps are spatial integrations.

2. List of Symbols {

A Aspect ratio of river outlet, width to depth

b Half-width of the channel flow •
I

Ci, C2, C] , C4 Constants of stretching transformation I

C- Specific heat of water at constant pressure }

C Salt-diffusivity tensor j

D x , D v , D z Diffusion coefficients for salt ;
y !"

F Location of free surface as a function of t ime ;

FQ Initial densimetric Froude number

g Acceleration due to gravity

gi» g2< g3> g* Convergence parameters

H Depth of receiving-water body

i, j , k Indexing variables

P Pressure

q Magnitude of horizontal velocity vector

tfs Salt-transport vector

q*T Heat-transport vector j1 I
R Ratio of ambient current to d ischarge veloci ty i

R^ Local Richardson Number

S Salt concentration

s Centerl ine distance

T - Temperature

TQ Reference temperature

T s Generalized stress tensor

t Time

u. v, w Velocity components

"max Maximum channel velocity

TT Vector velocity
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W-j. Surface temperature half-widths

x, y, z Spatial coordinates

X Body-force vector

X, Y Transformed (stretched) coordinates

XI, X" (Y*. Y") First and second derivatives, respectively, of stretching

transformation with respect tc x (y)

Of Heat-diffusivity tensor

<*JJ Horizontal eddy diffusivity

Eddy-diffusion coefficients for heat

Density constants

Elevation of river surface above coastal current

Eddy-diffusivity tensor

Eddy viscosities

Horizontal eddy viscosity

Relaxation parameter

Plume excess temperature above ambient

6C Difference of sarface centerline temperature and
ambient temperature

@o Dif ference of outfall temperature and ambient

temperature

%n Convergence criterion

P Density of water

Po Reference density

3. Derivation of the Model Equations

The governing equations are formulated in terms of the coordinate
system shown in Fig. ILL. 1. In that figure, the flow field is shown to be a

rectangular parallelepiped. For cases
including bottom interaction, the ideali-
zation of Fig. II.L.I must be altered
slightly. This matter is treated later.

AH
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ex . ey . ,

eH
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e

Y.

Fig. II.L.I. Discharge Situation as
Idealized by the Waldrop-
Faimer Model, (Adapted
from Waldrop and Farmer.1)

The derivation begins with the
so-called "time-averaged" equations
of flow as presented in Table II. L. 1.
Several comments are necessary.
First, certain compressibility effects
have already been removed from the
equation set by implicit use of the
Boussinesq approximation. Second,
the pressure has been separated from
the generalized stress tensor for con-
venience. Third, the work and dissipa-
tion terms have been omitted from the
thermal energy equation.
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1.

2.

5.

4.

Continuity

V • v

Conservation

p D t = "

Conservation

oCr,—

Conservation
pi = 1

= 0

of

7F

of

= V

of

TABLE II.L.I.

Linear Mocentun

. 7 - f s + X .

Thermal Energy

-••
• qT-

Salt

Tine-averaged Equations of Flow

Here,

v = vector velocity

o = density

P = pressure
•c

T s = generalized stress tensor
T = temperature
S = salt concentration

X = body force

qs = salt-transport vector

q T = heat-traraspcrt vector

t = time

Unfortunately, the equations of Table II.L.I (six in number) con-
tain a total of twenty-two dependent variables requiring that additional assump-
tions be made to close the system. First, the density is assumed to depend
explicitly on S and T by an equation of state

P = P - T o ) , (1)

where Po and To are reference values and ^l and P2 are empirically determined
constant coefficients. This assunption reduces the number of unknowns by one.

Next, the generalized stress tensor is assumed to be the following
tensorial product

T s = I • Vv, (2)

where e is a known eddy diffusivity tensor. For the sake of convenience, the
diffusivity tensor is assumed to have the form

I = el, (3)

where I is the identity tensor in three dimensions and e is a function of the
local flow characteristics. In the sedimentary transport model, e is taken to
be constant. In later versions, the eddy diffusivity is assumed to vary as

e = 0.0256bUmax[1.0 - 0.99 exp(- |u/ (4)

where b and Umax are in some way characteristic of the jet flow. These re-
ductions eliminate nine variables from the governing equations.

'i



357

In a similar manner, the transport of salt and heat are related to
local gradients by

q"T = S • VT (5)

and

q"s = S • *s,

where * and D represent thermal and mass eddy-diffusion tensors, respec-
tively. The off-diagonal components of 5 and B are assumed to be zero,
which reduces the number of diffusion coefficients to three for heat and three
for mass. The components of Of corresponding to the x and y directions are
both assumed equal to e, and the component corresponding to the z direction
is taken to be 0.2 e. The reduction in vertical eddy diffusivity is meant to
account, in some way, for the suppression of vertical mixing by buoyant forced.
There is little basis for this arbitrary reduction of the vertical diffusivity,
particularly when no consideration of the local densimetric Froude number is
made, i.e., local gradients of density. Constant eddy-mass-diffusion coeffi-
cients are used. These final two assumptions reduce the number of unknowns
by six and thus close the system.

Waldrop and Farmer recognized that vertical velocities are typi-
cally small and that some simplification can be achieved through this knowl-
edge. A somewhat limited assumption, which follows, is that vertical
accelerations are also small, allowing the time derivative of the vertical
velocity to be dropped from the z-momentum equation. This modification sub-
stitutes a spatial-integration step in the solution algorithm for a temporal-
integration, but, more important, it allows pressure to be calculated explicitly.
A bolder simplification is the hydrostatic approximation in which all velocity
terms are dropped from the z-momentum equation leaving only the pressure
gradient and body force terms. This hydrostatic assumption allows pressure
to be explicitly calculated by a simple vertical integration of the density field,
greatly reducing the computation effort of each time step. Unfortunately,
there is no a priori criterion for judging the adequacy of these assumptions
for individual plume problems. Order-of-magnitude estimation of the terms
in the vertical momentum equation is the best method we know.

Note that the hydrostatic approximation does not require that ver-
tical velocities necessarily be small. Reasonably large vertical velocities
can occur provided that the acceleration and convective terms in the
z-momentum equation are small in comparison to the pressure and gravity
terms. As long as the effect of the "weight" of the plume far outbalances ver-
tical convection, the hydrostatic approximation is still valid. For most heated
surface discharges or freshwater discharges into salt water, this approxima-
tion is probably quite good. High densimetric-Froude-number discharges
with large vertical spreading pose the greatest concern.



Using the weaker of the above approximations in the vertical mo-
mentum equation, Waldrop and Farmer give as the equations of the sedimentary
transport model those presented in Table II.L.2. Note that the three momen-
tum equations presented contain second-order derivatives of density that should
not be there. The error arises from the form of the generalized conservation
equations from which the equations of Table II. L. 2 are derived. Waldrop and
Farmer use D(p^T)/Dt in place of P(Dv/Dt). This is incorrect, but either way
makes no significant difference. In any case, the argument is as follows.

TABLE II.L.2. Basic Equations of the Kaldrop-Famer (Sedinentary-transport) Model

1. Volume Dilatation

ax * ay * az *

2. Approximate Equation of State

p = 1.0 + 8iS.

3. Conservation of Species Equation

2f = DJ£§
Dt 8x2

4. x-Manentum Equation

JSa - jE • r 32u . a2u
pDt " ax

5. yMcnenturo Equation

6. z-Mcmentum Equation

« - - g • [-»& • -r$ • •&] • ^

"When the conservation of momentum equations are derived for an
arbitrary compressible fluid, the advection and acceleration terms are shown
to be (in tensorial notation)5

where Uj represents the ith component of the mass-averaged velocity. An
equivalent form derived with the aid of continuity
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[du: OU: Du;

Either of these forms is acceptable: however. V.'aSdrop and Farmer write
instead

which is only approximately correct.

As noted above, the error made is insignificant and can be ignored
in plume problems. Waldrop and Farmer have carried out an order of magni-
tude analysis and examined the actual computer code calculations to determine
the relative magnitude of terms in the differential equations for the Mississippi
Delta problem. This confirmed that the added terms are indeed insignificant
and may be neglected. Their calculations indicate that these additional density
terms are three orders of magnitude smaller than the other terms in the
equation.

When the full hydrostatic approximation is made, the equations of
Table II. L. 3 result. These equations form the basis of the thermal plume

TABLE 11.L.3. Basic Equations of the
Walilrop-Famer (liicmal-plunc) Model

1. Continuity

<? • v • 0 .

2. Conservation of IIcat Equation

5. x-Monentun liquation

3u _ . ,, - , 1 3P . 3 / 3u\ ^ 3 / 3u\ S / 3u\

4. y-Momcntun liquation

3v „ , - . 1 3P 3 f 3v\ 3 ( iv\ 3 / 3v\

5. z-Momentum Equation

3P
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used by the autltars. Omission o( ail velocity-containing term:*
front the ?.-mo:«i;fitun> equation greatly simplifies the equation set and tiitis
the numerical solution.

With the general farm ol ihe governing equations set forth, we
proceed to the difficult problem of specifying boundary conditions.

•3. Initial ami Boundary Conditions

The explicit time algorithm used to integrate the model equations
requires that all sis variables (M. V, w. P. T. and S) be initialised at each nodal
point before the time integration is begun. A crude gttoss suffices, hut a close
estimate of the steady-state* solution is probably better. In the Mississippi
Delta problem. Waldrop and Farther used the "cold-start conditions" in which
all grid points in a direct line with the river mouth art: assumed to have the
same velocity components as the corresponding point on the riv«r meutSt.
Other grid points are assigned a uniform lateral-velocity profile. The authors
of the model keep previously computed values far problems of similar geome-
try, yet different boundary conditions, on tape and use these steady-state values
as initial values fo<r their new problem. It is presently unclear tvhat effect the
initial guess has on the convergence rate or whether all initial guesses eventu-
ally lead to the same steady-state .solution.

It is essentially the boundary conditions that disti::ji*»ii%h ttr.c plume
problem from another. Therefore, the specification of these conditions ss an
important matter. Citfortuftately. WaWlrep and Farmer do nat nw iflto Htrf.ssl
as to the precise fornnilatiost as each boundary condition; we can. however,
sketch the procedure they recommend.

Within the power plant eutfail or river mouth. Wa!«lros> asui Farmer
assume a one-dimensional flow in the direction of the channei. For the
Mississippi Delta problem, the down-river velocity profile is assumed to be
parabolic in both the lateral and vertical directions. Waidrop and Farmer
prefer an experimental river velocity profile at some upstream plane, if such
data are available. Model calculations would begin at this point and be car-
ried out down river and eventually into the receiving water body. The surface
height at the outlet is also needed, and for all but one computer r«R of the
Delta problem, this height is taHcn to be the same as the initial height of the
receiving body.

The near-shoreline boundaries are treated AS vertical. Watdrop
and Farmer state thai the coarse spacing of the prtd points in the offshore
direction precludes the resolution required to enforce a no-slip condition at
these fwujir'aries. Consequently, reflection principles are used to enforce
tangential flow.

Along the bottom, a no-slip condition is specified for the velocity.
This creates a difficulty ir. the case of strong bottom interaction, since the
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rectangular grid pattern docs not match the irregular bottom contours. To ^
compensate for tlw inadequacy. Waldrop and Farmer use nonlinear interpola-
tion to approximate the value of the dependent variables at the first grid point
above the bottom. The adequacy of this procedure is open to question.

A simplified form of the kinematic-boundary conditions was used
at tilt* surface in the original form of the model. To obtain a rigorous expres-
sion for the kinematic conditions and to see what has been omitted by Waldrop ;

and Farmer, we must return to first principles. Suppose the free surface is
specified by an equation of the form

F(x. y. z. t) = 0. (7)

then F must satisfy

• °-
If we further suppose that F is given by

Fix. y. A. t) = A - hs(x. y. t) (9)

where tig represents the height of the free surface, then Eq. 8 becomes

dhs 3hE dh,
w(x. V- h, . 0 * "gj- • u(*. V. h s . t) — r v{x. y. h s . t) — . (10)

In immoral, u. v. and w are not known at z = h s; therefore the authors make
tfiu following assumptions:

w(x. y. h s . t) « w(x. y. ho . t). (11)

and

where ho is the nominal height of the free surface and the top of the grid sys-
tem. Thus. Eq. 10 becomes

«h,
w(x. y. ho. t) - - ^ . (13)

This simplification dismisses certain physical aspects of Eq. 10, but the
amount of error thus produced is uncertain.

The simulation of the free-surface boundary condition has re-
cently been upgraded by Waldrop and Farmer. A mass balance is now
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performed for the topmost grid cells and the height of water above (or below)
the grid system surface is adjusted accordingly. The modification does not
replace the physical effects lost in going from Eq. 10 to Eq. 13, but it does at
least assure an integral mass balance at the grid surface. As to the surface
height itself, it is really the relative surface height or its slope that controls
the pressure throughout the flow field. A problem that the Waldrop-Farmer
model, as well as other numerical models, faces is the specification of sur-
face elevation at the outfall above the receiving body. This important param-
eter is only about 1 mm and cannot be in any way measured in the field.

Waldrop and Farmer treat this problem by assigning to the outfall
at each time step the height of a point somewhere off the discharge as com-
puted from the previous time step. This procedure seems questionable to us,
although we do not know its effect on the final solution. As is seen later, in
one case the outfall was raised IS cm above the ambient elevation as measured
at the far boundary of the grid. This value seems much too large to us. A
more realistic value would be a few millimeters. What effects this height has
on model predictions only further testing can resolve.

The specification of boundary conditions at the remaining lateral
extremities of the grid pattern is facilitated by the use of a stretching trans-
formation on the horizontal spatial coordinates of the form

X = g- tan"1 ^ - (14)

and

Y = i - ta iT'g- . (15)

A uniformly-spaced grid pattern in the transformed coordinates X and Y cor-
responds to a pattern in the true spatial coordinates that becomes coarser and
coarser as one moves away from the outfall. This enables a larger lateral ex-
tent to be covered by the grid system, while at the same time retaining finer
resolution near the discharge point. The philosophy here is that a fine grid
should be used near the outfall while a somewhat coarser grid is permissible
away from the outfall where variables are varying more slowly. Whether the
grid spacing is always good is not known and each case should be considered
individually. A tradeoff exists between the resolution that can be achieved
and the computer time required to solve the finite difference equations.

The stretching transformation also assists in minimizing the dif-
ficulties caused by the finite grid system, but does not help in answering the
difficult question of what variable specifications need to be made at the bound-
aries. For example, in the Mississippi Delta problem the upcurrent velocity
profile was assumed to be uniform in the offshore direction and to var1. in the
manner of classical boundary layer flow in the vertical direction.
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The effects of upstream and nearshore boundary conditions on the
numerical solution are not presently clear, but there is substantial reason for
caution. Because the equations arc cast in the form of a sequence of parabolic
integration steps, the effect of these boundary conditions may be significant.
In fact, Waldrop and Farmer observed that upcurrer.t boundary effects are
convected downstream in model calculations.

As the governing equations are stated, boundary conditions are
also required on the downcurrent and offshore boundary planes. What is quite
surprising is that in the numerical solution these conditions are not really
enforced. Variables are left unconstrained at these boundaries. While this
is desirable because it eliminates the need to impose arbitrary restrictions
on the flow field, the question arises "Are we covering one error with yet
another'!1" First, we distort the problem by introducing the finite grid struc-
ture and then we destroy the elliptical nature of the conservation equations by
integrating them as a parabolic set.

We can gain more insight into this problem by examining the finite
difference technique itself.

5. Numerical Technique

The governing equations are second order in spatial derivatives,
yet Waldrop and Farmer managed to cast the problem into a sequence of first
order integrations as shown in Table II.L.4. This approach means that im-
plicit (matrix) solutions are never needed. The solution scheme is completely
explicit in time, i.e., the solution at each time step is computed solely with
the values from the previous time step. Since this is true, the order in which
the values are calculated is rather unimportant. One important point is made,
however. The calculations of u, v, and T are made using so-called "windward"
differencing where, in !:he expression of the advection terms, no downstream
values are ever used. As it happens, the code begins with the lowest values
of y and proceeds to larger values of y, which is downstream progression in
some cases and upstream in others.

Since no boundary conditions are enforced at the offshore and
downstream vertical boundary planes, the model clearly cannot handle back-
wash effects but the question arises whether there is a more basic problem.
In particular, we wonder whether the solution algorithm preserves in any way
the spatially elliptical nature of the model equations. The validity of the tran-
sient predictions of the model hinge on this question. Waldrop and Farmer
expect that their procedure gives the correct solution since they suspect that
the elliptic nature is retained in the way pressure is handled. For pressure,
central rather than windward differencing is used. A set of fictitious grid
points is established using the assumption that the variation in pressure is lin-
ear at the boundary. Despite this explanation, no hard proof exists and the
concerns we all have remain.
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TABLE ILL.4. Numerical Solution Procedure of haldnp-Faraer tedel

1. Hie x-aoaentua equation given below i s integrated explicitly in tiac for the
u-velocity component:

The corresponding finite-difference equation is

u(n • 1; i , j , k) - u(n; i , j . k) - V(i)( | (uln, i • 1. j . kl)' - tuin; i - 1. j . Vi\*\

• | lP( i • I. j . W " T(i - I. j . M l ) ^ " VOItuin. i . j • », kJv-n, i . j • I. k:

- uin; i , j - 1. kivin; », j - 1. k:)~*- - (uin; i . j , k • ifKii, j , k • 1)

• uin} i. j, k - liKii. j, k - li)|r; • (£x[wii>)-(u«n; i • 1. j, k> - 2uin; j. j. k<

uin; i - I. j . k-) -^-; * S"(iMwa; i • I, j . fci - uin; i - 1. >. k i ) ^ - |

• Cyf(YiJ.jl>)*'(u'.n; i . j • 1, k: • Ju:n; i. } , kr

• uin; i . j - 1. m-±~ • Y"(jJ(uin; t. j • I. k- - u-n; i . > - 1. k - l ^

• *i[(uin; i , ) . k • li - 2uin; i , j . kj • uin; i . j . k - l i j -A^l Jt*.

vherc

and

2. In a similar runner, the y-aonentun equation is integrated explicitly in tiae for the
v-velocity coaponcm:.

S. licpenling on whether salt or teapcraturc (or both) is the unkwtm of interest, one (or both|
of the follaKing steps is executed.

a. The equation of salt conservation is integrated in tiae for the salt concentration.
Current values of the velocity and past values of the salt concentration are used.

b. The equation cf heat conservation is integrated in tiae for the tcapcraturc. Current
values of the velocity and past values of the teaperature are >iscd. In addition, over-
relaxation is used in scac cases to speed convergence as follows:

T(n • 1} i, j, k) - T(n} i, j, k) • ̂ ( n ; i, j, k)n«,

Khcrc n is the relaxation parameter.

.. . .At this point, u, v, S, and T have been ccaputed for the current tiae step. Kate two parabolic
integrations in snace are performed.
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TABU: 1I.L.4. (Contd.j

4. The continuity equation is integrated vertically upward fron the bottne for the
w-vclocity component. ftie corresponding finite-difference expression is:

w(i, j . k) - Mi. j . k - 1) - 0.2s|x-(i}[u(i • 1, j , k) - u(i - 1. j , k)

• u(i • 1, } . k - I) - uti - 1. j . It - l ) | i - • V(j)Iv( i . j • 1, k)

- v(i. j - 1, k) • v( i , j • 1. k - 1) - v{i. j - 1. k -

5. Tnc free-surface elevation is co^iuted by pcrforning a oass balance on the topnost
!">>•( r of grid cells . Vac top surface of the grid pattern coincides with the mainal
delation of the free surface. Khen all of the velocity ccqwncnts are knowi frac
Stc] s 1 through i, the net rass flow into e;ch surface grid cell can be cocputed and
the surface elevation hs(x. y, t) adjusted to conserve sass.

b. I'rcssurc is determined by integralir^ the z-naxnttrs equation (either Kith or without
th? velocity tcicsj vertically <ios.Ta.ard fron the free surface asstuing a zero pressure
there. No boundary conditions arc imposed on pressure at the bottoB.

. . . . l l i is coqiletcs the integration step.

The steps of Table I1.L.4 are carried out until the solution satis-
fics a criterion that shows it to be "sufficiently" close to steady state- The
most stringent criterion that can be applied is a pointwise requirement on the
difference between the dependent variables at two successive iteration steps.
Waldrop and Farmer opt for a somewhat weaker criterion, which attempts to
assess the global convergence of the solution. A convergence parameter gt
is defined as

Si = I [|S(n + J; i. j , k) - S(n; i, j . k)|]. (16)
i.j.k

Parameters g,, g3, and g« are similarly defined for the dependent variables u,
v, and T. respectively. The solution is considered to have reached steady
state when

S n ^ n . n = 1. *• •*. 4 I17)

where §n is a convergence criterion on the variable corresponding to n. Fig-
ure IIX-2 shows the convergence history of a typical case.

This type of global convergence criteria is certainly reasonable;
however, we feel that a better test of the convergence to steady state (perhaps
in addition to the authors' criterion) would be an integral check of the net
mass, momentum, energy, and salt transport into the grid system. The net
flow into the closed grid region can be computed from the calculated values
of the dependent variables. Steady state would be assumed only after the net
flows into the grid region had all become sufficiently close to zero. We believe
this integral check would be a more physically valid test.
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CMO SUE: (17,31,11)
CPU TfIK: 45 a i r
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Fig. II.L.2a. Typical History of Convergence
Process. (Adapted from
Waldrop and Farmer.1)

Fig. U.L.2b. Typical Convergence History of
Velocity Component-.. (Adapted
from WaWrcp and Farmer.1)

We now consider sample model calculations made by Waldi-op ajsd
Farmer.

6. Mississippi Delta Problem

The first calculations with the Waldrop-Farmer model involved
the simulation of flow and sediment deposition at the South Pass of the
Mississippi River. The river mouth is approximately elliptical, with a sur-
face width of 137 m and a mid-river depth of 10.5 m. The mean slope of the
bottom was taken to be 0.0026 in the model calculation, a value typical of the
bottom slope thought to exist in the initial stages of Delta formation- In the
Delta problem, there was a negligible temperature differential between river
and gull water, but the density of seawater was 2.2.?o greater than that of the
water flowing from the river mouth. The maximum velocity of the river was
taken as 1 m/sec at mid-river on the surface of the river mouth. The tidal
crosscurrent was assumed to have a maximum velocity of 1 m/sec at the
surface and then to decrease parabolically with depth. The surface elevation
within the river mouth was assumed to be equal to the elevation of the re-
ceiving body.

Results from this case appear in Figs. II.L.3-4 indicating the kind
of predictions one can obtain with the model. For this run, a 19 x 31 x 10 grid
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was used with the offshore boundary 920 m from the nearshore and the up-
current and tlowncurrent boundaries located 12,500 m from the centerline of
the river. The stretching transformation was used to place the latter bound-
aries at these distances, in the computation, essentially all the high-speed
core of the LSU IBM/360 digital computer was used.

40* \mh

illllli}
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~ ' • * t l l i * "

' ' * t 11111 * *

• * / / t * •

* 1111 i •

Fig. II.L.Sa. Vcleciiy Vcciors in a Top View of the Surface.
(AoafHcJ from KaUrop and Fatmci.1)

40a

Tig. U.L.3b. Isoconcennaiion Contours in a Top View of the
Surface. (Adapted from V-'aldrop and Farmer.^)
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Fig. II.L.4a. The y-z Plane View of Isoconoentration Contours: x = 100m.
(Adapted from Waldtop and Farmer.1)
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.11.1.4b. The y-z Plane View of Velocity Vectors: x = 18 m.
(Adapted from Waldrop and Farmer.1)
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Fig. II.L.4c, The y-z Plane View of Velocity Vectors: x = 200m.
(Adapted from Waldrop and Farmer.1)

Fig. ll.LAd. Variation in Surface Elevation in the Horizontal
Direction: x = 30m. (Adapted from Waldtop and Farmer.1)
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Figure II.L.3 shows the surface velocity pattern predicted by the
model indicating near stagnation flow on both sides of the jet near the outfall.
Surface isoconcentration contours (S = 0, freshwater; S = 1, salt water) are
also presented in Fig. II.L.3. The jet does not appear to bend until about 50 m
from the outfall and then does so rather abruptly. Moreover, the isoconcentra-
tion contours are relatively compact and do not fan out at increasing distances
as field data would most likely indicate. The cause of this problem is not
known with certainty, but it might be that the model was not run to steady state.

The diagram of velocity vectors in the y-z plane at an 18-m dis-
tance from the river mouth is very interesting (see Fig. H.L.4b). It indicates
two large symmetrical vortices formed about the center line of the jet. Waldrop
and Farmer attribute these vortices to pressure gradients in the y direction,
caused by the density difference between the two fluids. The circulation re-
sulting from these buoyant vortices convects salt water into the jet from below.
The authors of the model state that these vortices increase the mixing of salt
and fresh water by bringing the higher density bottom water to the surface.
.Interestingly, dye experiments6 carried out at South Pass indicate that
such vortices do exist. Also, salinity measurements oi Wright and Coleman7

indeed indicate that salinities within the plume are greater than those of the
salt water at the periphery. Vertical mixing, resulting from turbulence, along
with vertical convection velocities brought some of the warmer water of high
salinity to the surface. Thermal imagery studies have further verified that
vertical mixing is significant, indicating that warm gulf water emerges at the
surface of the plume 2-3 channel widths from the river mouth. These quali-
tative observations by no means indicate that the model has been verified. It
is unfortunate that no plume data were acquired by which to verify these
Mississippi Delta predictions.

Waldrop and Farmer made eight computer runs for the South Pass
problem to test the model sensitivity and to acquire predictions for different
cases of interest. Table II.L.5 summarizes these eight runs (cases) in terms
of the initial input conditions that were used.

TABLE II.L.S. Run Log for Analysis of Delta Flow Pields. (Adapted from Kaldrop and Farmer.')

Title

Baseline

Buoyancy Analyzed
Hydraulic Head Effects

Turbulent Mixing Analyzed

Low-river Stage

Flood Stage

Low-river Stage Maximum
Coastal Current

Flood Stage Maximni
Coastal Current

Run

1

2

3

4

S

6

7

8

Maximum
River

Velocity
(m/sec)

2.5

2.5

2.5

2.5

1.0

4.0

1.0

4.0

Minimum
Coastal
Current
(m/sec)

0

0

0

0

0

0

-1.0

-1.0

°t

22

5
22

22

22

22

22

22

Elevation
of River

Surface (an)

0

0

IS

0

0

0

0

0

Eddy
Visc./Diff.
Coefficient

Nominal

Nominal
Nominal

(Nominal) x 10" •

Nominal

Nominal

Nominal

Nominal
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The major purpose was to assess the influence on the mixing and
flow patterns of turbulent mixing, hydraulic head, buoyancy, and inertia of the
river and coastal currents. Details of the predictions for each case are pre-
sented by Waldrop and Farmer,1 who attempt to support the results of these com-
puter calculations by physical arguments. To better understand the implications of
the predictions, we have compared subsets of those predictions with each other
in Figs. II.L.5-8. Numerical results from plots like those of Fig. H.L.3 and 4
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taken from Ref. 1 were reduced in terms of surface centerline decay of fresh-
water concentration (1 - S), areas of surface isocontours, and half-widths of
those surface contours- The information in Table II.L.5 was put in a more
useful form by the calculation of the basic nondimensional parameters for
those cases. Those parameters are presented in Table II.L.6. The results
of our intercomparison study are given below.

TABLE II.L.6. Easic Parameters for Mississippi Delta Ccnputer Runs

Eddy Viscosity/Diffusivity
Run Fo Re A R £11 Coefficient

1. Baseline 1.61 0.67 13.0 0 0 Nominal

2. Buoyancy Analyzed 2.99 0.67 13.0 0 0 Nominal

3. Hydraulic Head Effects 1.61 0.67 13.0 0 IS en Ncrainal

4. Turbulent Mixing Analyzed 1.61 6.67 13.0 0 0 Nominal x 10" •

5. Low-river Stage 0.644 0.27 13.0 0 0 Nominal

6. Flood Stage 2.58 1.07 13.0 0 0 Sociaal

7. Low-river Stage
Maximal Coastal Current 0.644 0.27 13.0 1.0 0 Kosinal

8. Flood Stage
Maxiaun Coastal Current 2.56 1.07 13.0 0.25 0 Nominal

Re • turbulent Reynolds number
Po • initial densinetric Froude UmbcT
A « aspect ratio (ratio of river width to depth)
R - ratio of ambient current to discharge velocity
all • elevation of river surface

a- When the buoyancy of the freshwater is reduced (Run 2 com-
pared to Baseline Run), the model indicates that less mixing occurs. Waldrop
and Farmer explain this to be due to the weaker buoyant vortices that occur
in the Reduced Buoyancy Case; the buoyant vortices are weaker because the
pressure gradients that drive these vortices are weaker. Reducing the strength
of these vortices reduces the mixi g. Figure II.L..5 illustrates this reduced
mixing for Case 2. However, this is not physically correct. Tank studies have
indicated that plumes having larger initial densimetric Froude numbers have
smaller surface concentrations and areas. Consequently, Case 2withFo = 2.99
should provide a more rapidly diluted piume than Case 1 with F o = 1.61. The
cause of this discrepancy is of serious concern. Perhaps the eddy viscosities
and diffusivities should not have been fixed for both cases. One would expect a
larger vertical viscosity and diffusivity for Run 2, the case of a larger initial
densimetric Froudc number. A further sensitivity analysis in which the
diffusivitics are changed (consistently) from the baseline values would be of
help. Hopefully, upon input of more realistic diffusivities in Cases 1 and 2,
the proper trend would result. Of course, this must be tested before any faith
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can be placed in the predictive capacity of the model. If the check described i
is not successful, implications are that the model may not have correct bound- h
ary conditions or, worse, that the model does not give a correct solution to
the Navier-Stokes equations. i •

One should also consider the inadequacy of the eddy diffusivi- c i -
ties for the Mississippi Delta cases. Prandtl's third eddy-viscosity model I :
was used to calculate momentum diffusivities by ; •

« = 0.0256bUmax. V,

The value e = 5.12 x 10* s m y s e c was used (b = 100 m, U m a x = 2 m / s e c ) as i ;
a constant value for all three direct ions throughout the calculation. Waldrop
and F a r m e r recognize the tenuous nature of using an e value, determined for • :
a c i rcular nonbuoyant jet into a quiescent medium, for the problem of an e l -
liptical r iver discharge into and interacting with a tidally influenced sea. How-
ever, there are further inadequacies in thei r choice. F i r s t , taking b in the ' :
Prandt l equation as the channel width i s a rb i t ra ry . Choosing the channel depth t\
instead would have reduced the very large viscosi t ies and hopefully the large :
vert ical mixing that was observed in all eight runs (see for example Fig . II .L.4a).
Second, for low densimetr ic Froude r ambers (0.6-3.0), one would expect a '
ver t ical value smal ler than the horizontal value, typically by an order of mag- |<
nitude. The value 5.12 x 10* c m y s e c i s most unreal is t ic for a ver t ica l dif- ,
fusivity; this value should cause a large amount of ver t ical mixing that would j i
not otherwise occur. Third, the viscosity, at least i ts ver t ical component, )
must be dependent upon local density and velocity gradients to provide a f i r s t - !

order approximation to real i ty. j

b . Increasing the surface height of the r ive r mouth (Run 3 com-
pared to Baseline Run) 15 cm above the far boundary of the region of compu- {•
tation increased the jet surface height at the f irs t grid point offshore typically
1 cm and never more than 4 cm. The increase in p r e s s u r e at all depths was -
significant. Waldrop and F a r m e r state that t ' l is caused l e s s mixing. Also,
the jet in Run 3 maintained i ts initial charac ter longer. (See F ig . II.L.5.) This '
resul t is hard to understand since the relative fluid heights should intuitively
increase mixing, at least vert ical ly. The increase in surface height at the
mouth of the discharge should provide a g rea t e r p r e s su re force longitudinally ;
to push the fluid further out from the shore . The increase in head of the d i s -
charge water should thus provide grea te r longitudinal momentum and hence :

grea te r mixing.

c . In Run 4 all eddy coefficients were reduced by an o rde r of '
magnitude; this produced the most significant change. The buoyant vor t ices I
became stronger; Waldrop and F a r m e r state that this increased the l a te ra l \_
entrainment cf salt water near the bottom (see Fig. II.L.5). Mixing along the
center line increased near the bottom but decreased near the top. \
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Reduction of all diffusivities and viscosities should produce
less dispersion and this was not observed. The increased entrainment near
the bottom and increased vertical velocities should not occur.

d. Runs 5 and 6 indicate how increasing and decreasing the river
velocity, compared to Run 1, influences the mixing process of the salt and
fresh water. The higher river velocity was found to increase the effect of
convection and delay mixing; buoyant vortices were less pronounced indicating
more horizontal spreading of the fresh water. For the low-river-flow case,
buoyancy was more pronounced with vortices that apparently induced more
mixing near the bottom, and a smaller surface plume resulted.

The trends for Runs 1, 5, and 6 as seen in Fig. II.L.6 are not
physically correct as evidenced by available tank data. Smaller densimetric
Froude numbers yield less diluted plumes. The trend toward higher concen-
trations should be in the order 6-1-5, not 5-1-6. The fixing of viscosities and
diffusivities for all three runs might be at fault. Again, it might be more
serious. Fixing the river height at its baseline value in spite of the low- or
high-flow nature of the river itself i s also unrealistic in these three simulations.

e. The low-river case (1.0 m/sec) with the greatest coastal cur-
rent (1.0 m/sec), simulated in Run 7, indicated a rather sharply deflected
plume. A large-scale recirculation region on the lee side of the river plume
was observed. This is a likely place for deposition of suspended material
from the edge of the river. Predictions for the flood river (4.0 m/sec) with
maximum observed coastal current (1.0 m/sec), as in Run 8, looked remark-
ably similar to those of the zero current case of Run 6. Apparently, fcr the
model, an ambient current of 1.0 m/sec is small compared to a river velocity
of 4 0 m/sec; deflection was observed to increase, however, at distances
farther from the river mouth. The trends shown in Figs. II.L.7 and 8 are also
physically incorrect. Plumes for Runs 7 and 8 shou'd show a much more
diluted plume than simulations 5 and 6 since much dilution water is available,
provided no significant cutoff of inshore entrainment occurs.' Model predic-
tion s showed no such cutoff. Moreover a current ratio, R, of 0.Z5 or 1.0 should
provide a more strongly bent plume based upon available data for those low
initial densimetric Froude numbers.

Some additional comments are useful here. First, Runs 5 and 7
are physically unrealistic since a wedge of salt water will intrude into the
river and alter its flow characteristics from those assumed in the model runs.
Second, plume widths are essentially constant with only slight lateral spreading.
This is hard to understand considering the strong buoyant nature of all eight
plumes (Fo = 0.6 - 3.0). We speculate that this is due to the large vertical
diffusivity and large vertical mixing seen in the numerical predictions. Third,
centerline decay of freshwater concentration has a concave down appearance
with a concave upward turn that is delayed to far downstream. The nonconcave
upward appearance might be due to an incomplete run to steady state.
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The above inter/comparison of model predictions indicates that
much work needs to be done to verify the Waldrop-Farmer model . The eight
computer runs should be repeated with improvements in the model included,
especia l ly with a change in the surface-height boundary condition. If incorrect
physical results pers i s t (even after more appropriate dispersion coefficients
are input for all runs), then further sensit ivity studies and a study of the model
boundary conditions and numerical technique will be needed. A resolution of
these questions i s neces sary for any future confidence in the model for prac-
tical applications. All the effects investigated by the runs l isted in Table II.L.5
are significant in their influence on the mixing and flow patterns. Field data
are needed for a prec ise verification of the model as wel l as for a more ac -
curate determination of boundary conditions, especial ly surface heights and
river velocity profiles within the mouth.

7. Point Beach Plume Comparisons

The Point Beach application was made after the Miss i ss ippi Delta
simulation and included the revis ion of the surface boundary condition de-
scribed above. The computer run was made by Waldrop and Farmer and i s
presented in Ref. 3; the comparisons with data were done at Argonne.

The Waldrop-Farmer numerical model comparison to the Point
Beach data8 of September 1, 1971 i s presented in Table ILL.7 and F i g s . ILL.9-14.

TABU: ILL.7 . Plant and Meteorological Data for Point Beach
Cases To Be Cotfiared to Kaldrop-Farcer Calculations

1 Sept 71 1 Sept 71
Used in Model
Calculations

Syrtiol
Tine
Plant Load (Mfc)
Outfall Temperature <°C)
Aitfcicnt hater Tecperature (°C)
Anbicnt Current Speed (cn/sec)
Discharge Flat Rate (n'/scc)
Width of Discharge (m)
Depth of Discharge (»)
Average Outfall Velocity (n/sec)
Average Kind Speed (n/scc)
Air Toificraiurc (°C)
Ini t ia l Dcnsiaetric Froudc Nwbcr

A
095U-U50

460
27.1
17.4

.Vat Measured
25.1
10.7
4.1
O.ST
4.9

19.8
1.91

B
MIS-1727

4S0
26.S
17.4

Not Measure*:
25.1
10.7
4.1
0.S7
i .9

ie.9
1.98

27.0
17.0
O.U

10.9

I T REAL HUKMRV

^ ^ ^

Fig. II.U9

Ceomeuy for Discharge at Point
Beach Power Plant. (Adapted
from Wajiirop and Farmer.3)
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Fig. Ii.L.10. Surface-temperature Measurements at Point Beach Power Plant (L lit 1):
September 1. 1971, 0950-1130 Hours. ANL Neg. No. 190-368.
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Fig. H.L.ll. Surface-temperature Measurements at Point Beach Power Plant (Unit 1):
September 1, 1971. 1445-1727 Hours. ANL Neg. No. 190-373.
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DROGUE STUDIES
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PUNT Ic HETEOHQ1OOICAI OAfA
PLANT NAME: POINT DCWH NUCU*B PLANT IUNIT "
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LAKE SURFACE CONDITIONS: 1-2 FT. WAVES

Fig. II.L.12. Drogue Studies at Point Beach Power Plant (Unit 1): September 1, 1971. 1300-1337 Hours. ANL Neg. No. 190-409.
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Fig. II.L.13. Velocity Vectors at the Surface (left diagram) and at a Depth of 2.4 m (riglit diagram), Predicted by the
Waldrop-Farmer Model for Point Beach Q'lll 1) on September 1, 1971. ANL Ncg. No. 190-1397.
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Fig. H.L.14

Surface isotherms Predicted by the Waldrop-
Farmer Model for Point Beach (Unit 1) on
September 1 ,1971. (Adapted from Waldrop
and Farmei.3) AM. Neg. No. 190-1393.

2J*C 1«:45-17:27 HOURS)

2?C (09:50-11 M HOURS)

Temperature data were taken in the morning (see Fig. II.L.10) and afternoon
(see Fig. U.L. l l ) ; between these times drogues were released from the out-
fall and tracked using transits (see Fig. II.L.12). The model was run for a
zero ambient current, although a moderate but unmeasured north current ap-
parently existed on that date. The Waldrop-Farmer velocity predictions for
the surface and 2.4-m level appear in Fig. II.JLr.13. Surface isotherm predic-
tions appear in Fig. H.L..14; the 2.Z°C isotherms of the morning and afternoon
surveys are superimposed on the diagram for qualitative comparison. Com-
parison of surface drogue trajectories appear in Fig. I1.L.15. The model-data
comparison is summarized in Figs. II.L.16 and 17 in which model predictions
for the surface values of centerline trajectory, centerline temperature, iso-
therm areas, and temperature half-widths on both sides of the centerline are
plotted with the data. The computer run took about 3 hours on the IBM/360
when a grid of 29 (shore-parallel) x 17 (offshore) x 15 (vertical) cells was
employed.

Fig. ILL.IS. Pathlines of Floating Patticles Predicted by the Waldrop-Farmer Model for
Point Beach (Unit 1) on September 1, 1971 (left diagram). Velocity vectors
in a vertical cross section 27 m offshore predicted by the Waldrop-Farrner
model for Point Beach (Unit 1) on September 1, 1971 (right diagram).
(Adapted from Waldrop and Farmer.3) A N L Neg. No. 190-1392.



385

TIOS. .

-CO -gOO -30P -40C -500 -600 -TOD -gap

PutaH A SEP 1.1971 fi>m? KACH UIUT d CAU
I05SD-II30}

PIUKB spi.psn K»BT KICK urn i n n

1X45-07271

riELD DATA FUME S

Fig. H.L.16

Comparison of U'aldrop-Parnter Model
Predictions for Centeiline Trajectory to
Two Sets of Temperature Data Taken at
Point Beach (Unit 1) on September 1, 1971.

Surface centerline-temperature decay Surface i?oiherm areas
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s (meters)

Temperature half-width, left side
when facing offshore
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s (crerers)

Temperature half-width, right side
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Fig. II.L.17. Comparison of Waldrop-Farmer Model Predictions to Two Sets of Temperature Data
Taken at Point Beach (Unit 1) on September 1, 1971. ANL Neg. No. 190-1398.

The numerical model predicts a considerably smaller plume than
is actually present. At Q/6O = 0.4 for example, the predicted plume area is
about 7 times smaller than the measured area. Also, for the stagnant ambient
conditions used in the run, the centerline should not turn offshore as it does
but should maintain a nearly straight line trajectory from the 60° outfall. A



386

slight deviation due to nonsymmetric bottom contours might be present. Data
takoti on dates of stagnant or near-stagnant ambient lake conditions at Point
Beach prove this point. The bending that appears in the data taken on Septem-
ber 1, 1971, is probably due to the presence of an unmeasured ambient current
and not to any natural bending caused by the irregular bottom topography. The
bending in the numerical results is due to the predominance of the pressure-
gradient terms over the inertia! terms in the XValdrop-Farmer solution ot' the
equations of motion. The right side of the numerical results {looking offshore)
maintained a height of about i. mm above the left side resulting in horizontal-
pressure gradients that caused the deflection. The deflection was greater with
depth (see Fig. ILL. 13) since there is lest inertia at the greater depths. W'v
do not understand at this point whether the deflection is due to faulty model
simulation, the numerical scheme used for solution, or to some error in the
computer code.

A further discrepancy between the model and the il.ua is the com-
pactness of the lower isotherms predicted by the model (Fig. U.L..14), seen
further in the top-left diagram of Fig- H.L.17 The centerlir.o temperature
of the numerical results appears to have a cone nve-downward decay instead
of the expected gradual dieoff. As noted earlier, this abnormal behavior may
be caused by stopping the run before steady state was achieved.

The effects of the boundary conditions (especially on pressure) on
the numerical solution are still unknown. V/aldrop and Farmer acknowledge
the need for a larger grid in Point Beach simulation. They suspect that the
disappointing comparison is due in part to the small computational grid. They
recommend a grid large enough to contain the plume or large enough to cover
a region in which the variables hardly change- Only a sensitivity analysis o£
the model to computational grid size could ascertain the precise effect oi the
grid. The authors of the model also suggest another simulation of the Point
Beach plume with the effect of the intake included to ascertain whether it has
any effect on plume motion.

Another problem with the Point Beach simulation is that the hori-
zontal and vertical diffusivities are essentially unknown. The use of vertical
diffusivities equal to £0% ot the horizontal diffusivities throughout overempha-
sizes vertical mixing and might have partly contributed to the extremely rapid
decay of temperature and velocity.

8. Startup of a Power Plant on a River

A third application of the Waldrop-Farmer model is the simulation
of the unsteady discharge resulting from startup of an unidentified power plant
on a river. The plant under consideration has an elliptical outfall configura-
tion of a maximum depth of 5 m and a width at the surface of tb m. In this
simulation the ambient river temperature was taken as 15°C and the outfall
temperature as 25°C. The plant discharge rate was 48 m3 /£ec; the river flow
rate was taken as 150 m3 /sec. The outfall and river bottom contour are
shown in Fig. II..L.18.
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masimum river ve5«<«.ity at this ;*u«s;<iary is 0.40 W / S M . ir. tins, first slep, R«
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vipstrt-ant s'or the remainder of the cuntputer r«i»- Calculalior.ri were monitored
every £ min [•!.*>'! time steps, i t - 0.-I5 .sec) ir«m this point. Waldrop and
Farmer noted that :«; the first i. min. the velocity field essentially reached
steady state. Surface velocity vectors are illustrated. 8 min of prototype time
after full operation, in Fig. ILL.IV. The s'.umerical results presented are

Fig. I1.L.19

Surface Vclttiiy Vectors in
.i flowing River. (,\t)jptc J
from Wjldrop ap.J Fatnicr.3)

iwER 61M *•
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representative of all plan views of the flow field for times of 2 or more min-
utes after full operation of the discharge. The flow field appeared similar with
depth but with velocity vectors of progressively sxnaller magnitude. The only
noticeable exception to the constancy of the flow pattern with time was the

vertical velocity component. This com-
':—" ponent apparently resulted from buoyancy

effects and was on the order of mm/sec.8lY£S SIM

Fig. H.L.20. Pailitincs of Floating Panicles
Discharged into a Flowing River.

from Waldrop and Farmer.3

Figure II.L..20 illustrates the path-
lines of particles released at the surface
of the discharge channel. Note that the
particles beginning at the centerline and
on the upcurrent side of the jet have
nearly parallel trajectories and penetrate
to nearly half the river width, while the
particle beginning on the lee side of the
channel outlines a region of recirculation.

Figures II.L..21 and 2.Z show the surface and cross-sectional iso-
therms. The slow response of temperature to changes in the flow field was

Fig. II.L.21. Surface Isotherms of a
Developing Flow (Adapted
from Waldrop jnd Fancw.3)

Fig. II.L.22. A Vertical View of Developing Isotherms
35 m Offshore of the Discharge Canal.
(Adapted from Waldrop and Farmer.3)
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noted. Temperature changes are dependent on both the flow field and on the
rates of diffusion. Advection effects arc felt quickly, but diffusion effects act
very slowly. The slow response ol the isotherms is seen in Figs, ll.lu.il and -£
in which isotherms after two minutes, eight minutes, and at steady state are
plotted.

Figure il.L.<:3 plots the basic plume characteristics at the surface
as predicted by the Waldrop-Farmer model with a comparison to the predic-
tions of the Shirazi*Davis model for the identical situation. Unfortunately, no
experimental data are available tor this case: however, the models do predict
relatively consistent results. Again, the concave-downward axial rlecay of
temperature as predicted by Waldrop-Farmer is notable (see Fig- 11.L.23b).
This indicates perhaps that the calculations, although run for about one hour
of computer time, were not run to steady state. Waldrop and Farmer state
that under ordinary circumstances it takes approximately 30 ruin of computer
time for each two-minute interval of prototype time. Consequently, several
hours of computer time are needed to attain steady state. Therefore, Waldrop
and Farmir used a larger time step to integrate the energy equation. This
was done to speed convergence to steady-state temperatures; in this way only
one hour of computer time was needed.

200

160

1 T

SHIRAZI - DAVIS

X{m)

Fig. n.L.23a. Comparison of Predicted Trajectories from Waldrop-
Farmer Numerical Model (steady-state solution) and
Shirazi-Davis Model: Power Plant Start-up Problem



390

Fig. H.L.£5b

McrJcl: FOKCI Plcnt siars-

60

Fig. II.L.23c

Comparison o/ Predicted Surface Tem-
perature Half-widths from Waldrop-
Farmer Numerical Model (steady-state
solution) and Shirazi-Davis Model:
Power Plant Start-up Problems
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Fig. 1J.L.23J. < ompariscn of Prcdiciud Surface isutherm Areas torn

and Shirazi-Davls Model: Power Plant Start—jp ?»>fa;s:ir.

In the comparison of Fig. 11.L.23, the centerline tor the Waldrop-
Farmer solution was chosen as that noted in Fig. II.JL.£3a. It appears from
the isotherm maps that the temperature centerline returns to the shoreline
after about 75 m downstream. Axial temperature decay and temperature half-
widths were extracted using this centerline. It is disturbing and somewhat
mystifying to us that the velocity centerline is more offshore than the tem-
perature centerline. Again, the solution may not have fully reached steady
state at the time the computer run was terminated. A disparity between the
velocity and temperature centerlines was also seen in the Poiat Beach simu-
lation. Waldrop and Farmer explain the disparity in the river simulation in
terms of the large current that prevents entrainment water from reaching the
iee side of the jet, producing hotter temperatures near the shore. This effect,
«long with the superposition of the large river velocity on the plume, leads the
authors of the model to conclude that the centerlines will be different. We
agree that the lateral temperature and velocity distributions will not be simi-
lar to one another, but a significant displacement of the maximum points of
the lateral velocity and temperature distribution is hard for us to accept. Ex-
perimental data on the velocity and temperature profiles for a plume in a large
current would settle our differences in physical interpretation.

9- Holston River Data Comparisons

The most recently published comparisons4 of the Waldrop-Farmer
model are for TVA's John Sevier Steam Plant on the Holston River in eastern
Tennessee. Two boat surveys were carried out, the first in March 1973 and
the second in July 1973. The field measurements appear in Figs. U.L.24 and
25 on the left sides of the diagrams. A detention dam exists across the river
separating the intake (not in the diagrams) from the outfall.
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For the winter case the plant was discharging 11.7 m3/sec with
an excess temperature (above ambient) of 7.8 C°. The river flow over the
darn was approximately 28.3 m3/sec. The river depth downstream of the dam
was about 1-2 m deep. The thermal plume remained close to the nearshore
with very slow horizontal dispersion.

For the summer case, the plant was discharging 31.3 m'/sec witu
an excess temperature rise (above ambient) of 7.8 C°. The river flow over
the dam was 52.4 m3/sec. The river depth near the outfall rose to 4-5 m. As
opposed to the winter case, a cold-water wedge moved up the discharge chan-
nel, with the plume becoming significantly stratified and reaching the far bank.
Most of the river water flowed under the plume.

Waldrop and Farmer ran their computer code (latest version dis-
cussed above) for horizontal diffusivities of 20, 40, 60, and 100 cm!/sec and
with vertical viscosities and diffusivities defined,10 respectively, as

e z = eH(l ••• inDi-^2

and

where

Ri = -

is the gradient Richardson Number defined locally from the horizontal flow
and vertical density gradient. In this way the vertical diffusivity is attenuated
when stratification is present. The horizontal diffusivities were chosen from
measured ambient values in the literature on shallow streams. Computer
runs were made with the same viscosities and diffusivities for the winter and i
summer case. t:

The results of the four runs for each case were plotted with the
data (not shown). For these cases the model was found not to be significantly
sensitive to the value of horizontal diffusivity. The computer run predictions
in Figs. II.Li.24 and 25 are for the 60 cmz/sec value. The model-d-.a com-
parison for the summer case is quite good. The trend of data and model are
different here than for the winter plume: the data show a plume that disperses
less than predicted by the model. The model-data comparison for the winter
case is reasonable. The data show the plume traveling offshore some dis-
tance before bending downcurrent, but the model shows an extremely rapid
bend and a strong tendency of the plume to hug the shore. The data show the
plume more dispersed toward mid-river, but the predicted plume has its iso-
therms more compacted against the nearshore. Predictions for both cases

|
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within 800 m (~£ mile) of the outfall were essentially insensitive to viscosity
and diffusivity values. Only within 800-1600 m of the outfall did the model
predictions exhibit sensitivity to diffusivity. We suspect that near the outfall,
inertial and buoyancy forces predominated and consequently the model is in-
sensitive to diffusivities, provided they are chosen to be approximately cor-
rect. Only in the far field did the value of diffusivity have a significant effect.
The larger diffusivity caused a faster diffusion of heat toward the far bank.
A variation of 20-100 cm2/sec produced only approximately a doubling of the
distance of an isotherm from the near bank. The effect of the Richardson
number was probably insignificant in the winter case due to the large advec-
tion and the resulting fully-mixed condition. The summer case, on the other
hand, had reduced inertial forces and stratification. In spite of the horizontal
viscosity or diffusivity chosen, the plume isotherms had the same general be-
havior with lateral dispersion being the main difference. These comparisons
are reasonable and encourage application of the model with a smaller current
to determine whether the good model-data comparison will persist. Also,
predictions beyond the relatively short down-current distance modeled here
would be helpful for determining the far-field nature of the model predictions.

The Holston River simulations indicate that a reasonably satis-
factory comparison to data < be obtained with proper choice of viscosities
and diffusivities. Other sirr>u 'ons are necessary before this statement can
be considered to be true in gei . ' The proper choice of viscosities and dif-
fusivitjes will probably always .mi.'.n a major issue.

10. Criticisms and Limitations

Several criticisms have been given during the discussion of the
governing equations and the numerical technique. The most important are
reviewed below.

a. The hydrostatic approximation may not be valid in all plume
problems of interest.

b. The values used to seed the solution algorithm may be un-
wisely chosen. Furthermore, there is little information available from which
to conclude that the same steady-state solution (as measured by the Waldrop-
Farmer convergence criterion) will be obtained no matter what initial guess
is used.

c. The handling of boundary conditions is too vague, and the
seriousness of this matter is not adequately addressed in the model.

d. Approximate kinematic surface conditions are used.

e. The way in which the equations are integrated may change
the elliptic nature of the equations.

f. An integral check of the conservation equations should be per-
formed as a test of convergence to steady state.



There are a few additional issues that need to be raised at this
point-

g. The modeling of turbulent transport

The same general criticism applies to this model that applies
to all numerical models (see Chapter III). This criticism is that the functional
foiiti of the eddy-diffusion coefficients is not known with any degree of cer-
tainty. Relating transport quantities to local gradients is an expedient assump-
tion at best. An improved treatment may be possible by using more complex
forms of the diffusion coefficients, but the ability to determine these forms
even by fitting to data is doubtful.

As was noted earlier, Waldrop and Farmer arbitrarily reduce
vertical eddy diffusion of heat to 20% of the horizontal values. First, this as-
sumption is inconsistent with values in the literature (which are typically 1%
or less) and, second, the omission of dependence on local density gradients is

In some cases, the authors attempt to match channel-flow and
open-water dift'usivities; the procedure is certainly quite arbitrary.

h. The omission of surface heat loss, wind, and Coriolis effects

These effects are normally small in the near-field region but
may control the flow external to the grid structure and thus determine bound-
ary conditions on the grid pattern. In fact, the only external flow consideration
made is that of uniform currt.it. These omissions cloud the applicability of
the model to complete-field situations.

i. Limited operational experience in application to thermal
plume o

Comparisons with prototype data have been limited due in
par!: to the recent origin of the model and to the difficulty in applying a numeri-
cal model to a large number of cases. Until more verification work is com-
pleted, predictive use of the model is still risky.

j - Computer costs

The- sample cases the authors have published required about
three hours of central processor time on an IBM/360 to reach steady state. It
is still questionable whether true steady state was reached in most of the runs
to date. While the time of computation is not excessive in terms of present
numerical work, it greatly limits the worth of the model as a practical tool.
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