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ABSTRACT: 

Starting from the Hartree-fock approximation to the grand-canonical 

partition function we formulate a consistent renormalization of the 

ground state energy and the intrinsic state density as a function 

of deformation. The relntionship to recent selfconsistent temperature 

dependent calculations is discussed. The competition between fission 
210 

and neutron emission* T_/ V (F.) t of Po is studied within the 
i n 

framework of the statistical theory as an example. Calculations 

using renormalizert state densities are compared with usual shell 

model calculations and experimental data. We find that the usual 

calculations reflect the incorrect uniform deformation dependence 

of the shell model spectral function. As" important changes due to 

rencrmalization we find: There-is a rapid change of the shape of tht 

transition state at '"'••'•5 VeV excitation energy, F/ ] '(E) remains 

smaller thon unity for all excitation energies and trie deformation 

of the transition state increases after the 'shape transition1 at 

I45 MeV monotonically towarrir. the liquid drop saddle point deformation 

^ith a tendency towards .slightly "larger deformations. 
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Introduction 

Ground state properties of nuclei are very successfully described 
1 2 

by the shell-correction approach of Strutinsky * . In this approach 

the bulk properties of nuclei are obtained by replacing the smooth component 

of the total nuclear shell model energy hy the phenotnenological liiiuid dTop 

expression. The essential reason for such a procedure is the fact that 

a pure static shell model cannot be expected to describe adequately 

the nuclear deformation energy. 

In order to gain knovledge of properties of excited nuclei it is 

of interest to study in detail the influence of deformation, single-

particle structure and excitation energy on the intrinsic state 
3 

density. Within the so-called microscopic approach this has been 
done so far with reference to single-particle energies as basic 

parameters which are obtained entirely from static shell model 
3 It 5 

potentials ' . In view of the difficulties concerning the nuclear 

deformation energy if calculated on the basis of a pure shell modelj 

one may raise the question of the reliability of such an approach. 

The main purpose of this paper is to propose an extension of the 

Strutinsky method in order to describe excited nuclei. We will 

renormalize consistently ground state energy and state density as a 

function of deformation. Smooth components of the shell model state 

density are replaced by phenomenological expressions which are 

constructed from the deformation energy of the liquid drop. Only the 

remaining oscillations are calculated directly from a set of given 

shell model levels. Consequences of such a renormalization procedure 

are studied for intrinsic state densities and fission probabilities 
210 

in the particular case of the nucleus Po. 

The proposed renormalization will be formulated as an alternative 

to 3elfconsistent temperature dependent Hartree-Fock (HF) calculations. 
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V'e will use entirely ground state properties of nuclei. The latter 

assumption is justified as long as the selfconsistent single-particle 

energy spectrum varies only little with excitation enrgy. This is true 

up to very high excitation energies for heavy nuclei such as the one 

considered in this work . 

A consistent renormalization of ground state energy and state 

density is in particular useful for calculating fission probabilities 

of excited nuclei. Any microscopic calculation of this quantity 

involves the evaluation of both the ground state energy and the state 

density on the basis of the same model for the nucleus. In the usual 

microscopic calculations of fission widths * ' * the ground state 

energy surfaces are calculated by the Strutinsky shell-correction 

irethod. For the state density, however, a pure shell model without any 

renormalization is employed. This seems to us not fully satisfactory 

and consistent. Proceeding as usual, only fluctuating components 

in ground state energy and state density are treated consistently. 

The smooth parts refer to different models, namely to the liquid 

drop model (LDM) and the static shell model. This inconsistency 

will be shown to produce, as it might be guessed, incorrect fission 

probabilities at sufficiently high excitation energies. 

In section 2 we present an outline of the mathematical formulation 

of the renormalization procedure, familiar arguments concerning the 

relationship between selfconsistent theories and the shell-correction 

method are repeatedly used and adopted for the evaluation of the 

grand canonical partition function. We are also concerned with the 

choice of a phenomenological quasi-particle spectral function from 

which the renormalized smooth part of the grand canonical partition 

function will be constructed. 

In section 3 we present the relevant formula for calculating 

the ratio between fission probability and neutron emission. 
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In section U we describe the difference between renormalized 

and unrenormalized state densities and compare the theoretical 

fission and neutron emission probabilities with experimental data 
210 

for the nucleus Po. We also demonstrate that the high energy 

behaviour of shell model state densities are governed by the uniform 

component of the underlying distribution of single-particle levels. 
7 11 The so-called 'washing-out' of effects of shell structure * is 

discussed in detail. 

Finally, concluding remarks are given in section 5. 
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2. The renormalization of the state density 

2.1. Brief outline 

We formulate a shell-correction procedure for the thermodynamical 

potential. Benormalized state densities for excited nuclei will then 
12 

be obtained by means of the Darwin-Fowler method 

2 
As in the usual shell correction method for the ground state 

energy, the Hartree-Fock approximation serves as a starting point in the 

procedure. We briefly outline the different Bteps involved. 

Starting from a two-body (effective) nucleon-nucleon interaction V, 

assumed to be independent of the excitation energy of the nucleus, the 

thermodynamical potential is evaluated in the Hartree-Fock approximation. 

The Hartree-Fock single-particle energies are replaced by shell model 

energies of the corresponding averaged self-consistent single-particle 

density matrix at the given excitation energy. Shell model quantities 

are replaced by the corresponding 'zero-temperature' values. The last 

two steps give rise to errors, which will be shown to remain negligible 

up to fairly high excitation energies for the heavy nucleus considered 

in this work. 

The theraiodynamical potential obtained in this way consists of two 

parts, a fluctuating one, which depends entirely on shell model quantities 

and a smooth one. The latter will be replaced by a liquid drop model 

expression which is constructed from a quaBi-particle spectral function 

corresponding to the one of a Fermi gas enclosed in a deformed box. The 

parameters of the spectral function are obtained from the condition that 

the deformation energy of the Fermi gas equals the one of the liquid 

drop model. 

Finally, the thermodynamics! potential so constructed will be used 

in the standard way to calculate the intrinsic state density as a function 

of excitation energy ar.d deformation. For reasons of simplicity we deal 

with one kind of nucleons only. The generalizatior to both kind of nucleons 

can be done easily by ireons of the Eqs. (Ch) and (C.5) in Ref. 13. Pairing 

interactions are accounted for by 0 shift in the energy scale 
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2.2. State density of an interacting Fermi system 

in the Hartree-FocX approximation 

In the framevork of statistical mechanics all relevant information for 

a many-body system in a state of thermodynamical equilibrium ia contained 

in the thermodynamical potential ft . We neglect the ensemble dependence 

of finite system statistical mechanics 'and present results for an actual 

nucleus calculated via the formalism of the grand canonical ensemble. 

The total intrinsic state density of a nucleus with mass number A and 

energy E, ui[E,A), can be expressed by the Laplace transform 1 2 

1"* loo 

u(E,A) = —-—j da' [ dB' exp[B'E-a'A] Z(a ' ,B') 
f2Tfi1 >. J. 

CD 
<2TfiJ 

of the grand par t i t ion function 

Z(ct,6) = exp[-BSJ(a,8)] (2) 

For simplicity only the saddle-point contribution to the right hand side of 

Eq. (1) is retained. This leads to 

1/2 
a)(E,A>exp{S)/C2Tr)̂ D=exp[-B3g<|)-aa(:[<ti+iJ)]/(2it)[̂ 3g(ti-(3a3e*]

2] ' (3) 

where we used the notation 3 =3/3 , 9„ -3/3„ end introduced the quan-
a a 8 6 

tity 

* = - Bn(a,S) . (4) 

a and g are the Lagrange parameters to specify mass number and energy 

A « 3 * and E = - 3„<t> . (5) 
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The ground state energy E is defined as 

E = - a> I , . (6) 

e B !=0 

consequently, the excitation energy measured fror b is riven hy 

E x " - V + V i B - i = 0 • ( 7 } 

The therirodynamical fundamental equation of the grand canonical ensemble 

re la tes Q to the s t a t i s t i c a l operator 

W = exp[-PII+aN]/tr(exp[-BH+ccN]} (8) 

as follows 

a = tr[WfH-| N + £ In W) 1 . (91 

H is the Hamiltonian of the nucleus, N the number operator and "tr" means the 

trace in any convenient representation spanning the Fock-space of unrestricted 

particle numter. 3 =T and a/B=P(T) are the (thermodynamical) temperature 

and the cherical potential of the nucleus corresponding to E^ and A . 

The Hartree-Fock approximation to the thermodynamical potential can be 
on . 

found in the literature . In the following we quote briefly some results 
which are of interest in this context. 

One starts from a linearized statistical operator 

w"P=cxp[^a-BEi)a%.]/tr(exp[j;(a-Bc.)a;a.]| (10) 

where at(a.) are the Fermior, creation (annihilation) operators for the 

sinple-particle state |i> . 
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The values e. and the basis |i> are obtained by the minima Lizution of fi 

A variational procedure leads to the Hartree-Fock equations at finite 

temperatures 

H(pHF)|i> = e.|i> 

pMF(i> = <n,>|i> 

(11) 

which determine 11> and E-. lrl a selfconsistent way for given 
HF 

values a and 3 . In Eqs. (11),p denotes the (selfeonsistent) 

one-body density matrix 

pHF = trivF ata ] U2) 
Mi] J i 

HF 
and ll(p ) stands for the (selfconsistent) single-particle Hamiltonian 

H(PHF) - [ " ^ tr[WHFH]a:a (13) 

The second equation of T-q. (11) can be solved using the defining equations 

Eqs. (10, 12) and the anticommutation relations of the Fermion creation 

(annihilation) operators a.(a.) The solution is 

<n.> = O+exptBe.-a])"1 (14) 



The next step replaces W in Kg. (9) by W . This replacement 

constitutes the HF approximation to the thermodynamical potential, 
HF • 

which will be called Q in the following. For the subsequent discussions 
HF 

it is of particular importance that Q can be split into two parts 

!HFEd>HF(a,B)=£ lna+expla-Be.n-BtrlW^CV-VCp1"7))! (15) -RSI 

where the first one corresponds to independent particles occupying tne 

self-consistent states |i> and the second is due to the interaction 

between the particles. V denotes the interaction part of a general mBny-

body Hamiltonian and V(p )is the self-consistent (one-body) field al

ready contained in the first part and being defined similar to Fq. (13) 

with H replaced by V. 

For studying cases of practical interest a many-body Hatniltonian with 

temperature independent (effective) two-body interactions may be used 

(see, e.g. Pef. 6 ) 

"" i ? j
t i J a i 8 J t 7 i , j ? ( i J

v
i . r . i J

a l - ' J ' V i • (16) 

tj. and V.,., j.stand for the matrix elements of the kinetic energy and 

the nuclear two-body interactions in the self-conBistent basis |i> , re

spectively. The latter are defined with respect to the antisymmetrized 

two-particle states. Using the Hamiltonian from Eq. (16) the following 

equations can be verified 

H ( p H F )"{ 1 (
( tik + }<VVlJ.M) Vk (17) 
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w ' ^ v Vis 

*HF = l ln(l+exp[a-BEiD * f . 1 . <n,><y \ j A 
(.19) 

i i 11 ,U 

UP 
Replacing <> in F.qs. (3), Ci) and (5) hy * defines the state 

density of an interacting Fermi system in the HF approximation, ii> (P. ,A), 

vhich is thus the best single-particle approximation of ''» . The saddle-

point equations reduce to 

A = I <V 
i 

E - I W - I v» (20) 

* i i 

E.(0) are the self-consistent energies for zero temperature, 8 =0. 
1 P1 

We may note that, compared to previous vork , the preexponential 

factor in the expression for the state density will not be neglected. 

Its influence on the state density will be largest formed.'um 
values of E . 

x 

A priori it is not clear, in which order the variational proce

dure to minimize SI and the evaluation of the integral Eq. fl) 

should be performed. Tn Pef. ?2 it was shown that erronous dependences 

of the state density on derivatives of a model thermodynamics! potential 

are avoided for a calculation sequence in which the model potential is 

introduced after the evaluation of the integral. Therefore, we assumed 

that the saddle-point approximation has to preceed the introduction of 

the HF approximator, to the thermodynamics! potential. 

The HK expression * of Kq. (19) is the starting point for the 

followirg discussions and further approximations. 



HF . • 
2.3. Expansion of d> in shell model quantities 

In the following, HF quantities in the logarithm of the partition 
HF • • 

function, <|> , will be expressed in terms of shell model quantities. 

We also will demonstrate that the error introduced in this procedure 

remains relatively small. For convenience, we first make the transition 

from HF quantities to shell model quantities at finite temperatures. In 

a second step, the same procedure will be repeated but with shell model 

quantities of the pround state. 

In generalization of the definition of uniform occupation numbers 

at zero temperature 

n.(0) = , 

•JJIF 
A fe-e.(O)) 

-oo V 

de , (1) 

with \ = - (01 beinp- the (uniform) Fermi enerpy at temperature zero. 

We average th« occupation numbers at finite temperature with respect to 

the (temperature dependent) HK energies 

,>-'[ <n.> -y (I+expltiE-oi])"1 de . (2) 

f(x) denotes a smoothing function, including curvature correction, as 

discussed e.p.. in Pef. 2 . Y is the so-called smearing parameter. 

A in F.q. (1) is defined by the particle number conservation 

A -" I n «» . (J) 
i l 



11 -

Assuming >2^ that a shell-model field can be identified with the 

smooth part of the self-consi3tent potential we define shell-model 

energies at finite temperatures by 

:S(T) = t.. + J. <n.> V.. .. 
i n J J i].iJ 

(*) 

With 

6n. = <n.> - <n.> (5) 

the difference in the single-particle energies 

6E. = E?(T) - e. (6) 
1 l l 

can be expressed in terms of in. , namely 

fie. = I 6n. V. . . . 
i J 3 13,13 

(7) 

Expanding Eq. (2.2 - 19) up to second order in <Sn. , one obtaines 
HF 1 

for * 

*HF=£ ln(l+exp[<*-Be*]j • f J <?..><Y V . . . . 
i i . J 

+g|j;6e.(<n.>-(l+exp[Be^-a])"1) + \ l ^ ^ - \ 

• £j ^e^CltexpIBej-a])"1 (1+expla-BEpT1 

(8) 

• 0(6nj) . 
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In the definition of <nj> , Eq. (2), the self-consistent energies 
s 

e. can be replaced by the shell-model energies Sj if one 

allows for a change of the smoothing function 

6f 
£.=£. 
l l 

-1 3 ., 
.5 ^ ^ f Y 

fie. . 
I 

(9) 

Here, fie. was assumed to he independent of E . Then, it follows 

<n >=<ns>- £ fie.f def 
1 l Y i j 

( l+exptBe-a i rV+expta-Be])" 1 (10) 

with the notation 

+0O 

<nr> = y ' I f "'I (1+exptBe-a])"1 de (11) 

Inserting Eq. (10) into Eq. (fi) we can eliminate the HF quantity 

in the second order term and this leads to 

*HF = I ln(l*exp[o.BE»» * § I <n.><n.> V.... 
B r A . > . 

i,j 

, , fa/B-e?|1 
i i J 

(12) 

+ 0(fin̂  , o"2BY"1fie^ 
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Here we defined Sn? = <n*>-<n?> where 

<n
s> = (l + exptBE3-^)"1 (13) 

and used the asymptotic expansion 

f(x) (l+exp|x-a"|)~ (l+exp[a-x]) dx 

(14) 

f(a) jl+0(a"2)} 

FH 
So far we have expressed ij> hy shell-model quantities at 

finite temperatures. For practical purposes, however, shell-model 

quantities at zero temperature are needed. In this case, with appro

priate changes, all the previous steps can he repeated literally. 

Zero temperature shell-model energies are defined hy 

£?(0) = t.. + I n.(0) V.. .. (15) 
i ii ^ J U.iJ 

and the differences 

6n° = <n.> - n.(0) 
l I I 

(16) 

6e° = e!(0) - e. 
u l l 

are introduced. With 

onj(0) = n?(0) - n?(0) , (17) 

where n.(0) is the shell model occupation numher, being either 1 

0, and n". (0) is the smoothed occupation number 

e-Es(0) 
n*(0) . Y-M f - 4 d£ , (18) 
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J IF one f inally arrives at the expression for <t> 

* H F = [ln(l+exp[<x-B£f(0)] + f J n.(0) n (0) V . . ^ 
i . J 

i , A - e . (.uj -i AS-e?(0) 
(19) 

+ 0(63n° , oThl'h1^) 

In the above equation we identified the HF Fenri energy with the 
5 2 

shell-model Fermi energy and used the property a/B=A{l+0(a )} . 

JIF 
As in the standart shelJ correction approach one may now write 

in the form 

i|.HF = $ + 5 <|> + 62* + 0(63n° , a~2524>) (20) 

with 

% = [g(e)ln(l*exp[a-Be])de * f tr[pHF(0)G(l-P)pHF(0)] (21) 

«j* • |6g(e)ln(l+exp[a-6e]) de 

«2* = | J «e°{6n^ s(0) • 6E? y"1 f 
XS-cf(0) 

} • 

(22) 

(23) 

The notation in ft is taken from Pef. 2 , Eq. (lTI-?3). 6g and g arc 

the fluctuatinR and uniform components(including curvature correction) 

of the shell model single-particle level density (see, e.g. Ref. 2 , 

Fq. (IV-7) ). 
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Eq. (20) is similar to the Strutinsky energy theorem * for the HF 

energy of the ground state and we "ill call it the ' shell correction 

expansion (for the logarithm) of the HF grand canonical partition function' 

The expression $ differs from the traditional shell model expression^ 

for ij> in two important aspects: First, the interaction of the nucleons 

is taken into account in the correct way (no double counting); it is 

interesting to observe, that it is a zero order effect appearing in the 

smooth part of <f> ' only. Secondly, the effects of finite temperatures 

on the single-particle energy levels are not neglected; they appear, how-
HF 

ever, only as a second order modification to <j> . The latter feature 

is an immediate consequence of the stationarity of with respect to 

small variations in e. and |i> . 
1 

For the present investigations it is a reasonable assumption to 

neglect <5 $ compared to <p and 6.<p . It has been observed recently 

that the self-consistent single-particle energies depend only very 

weakly on the temperature for heavy nuclei. Actual calculations for 

Pb by Brack et al. yield Ae E|e.-e(0)| smaller than 0.7 MeV 

up to T • 2.5 MeV, which corresponds to a fairly high excitation energy 

of 'v-110 MeV. A simple estimate of 6 <ji gives 6 cj> £ 1.5 for T £ 2,5 MeV 

as shown in appendix A. This is small compared to Sjtp» 6 ijiMO 

and of course to <j>, <^10 . Therefore, we neglect D",* arld 

approximate 

ifHF = % * Sj* (24) 

with $ and S^> given by Eq. (21) and Eq. (22). 

With the approximation Eq. (2U) the entropy S and the determinant D, 

Eq. (2.2 - 3), can be calculated from Eq. (19) and yield 

SHF * Ss = J ln(l+exp[a-3e!(0)]) + £ <n*(0)>(Be*(0)-a) (25) 

DHF - Ds • | I 3a<nj
s(0)> I e^(0)3B<ns(0)> • (£ e*(0)3a<n*(0)>2| (26) 

vh«r« ve Uied the notation <n*(0)> • (l+expfBefflU-a])"1 
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In the derivation of these equations we used the important fact that 

the interaction term in Eq. (19) is linear in 3 • and that the ener

gies are independent of B • Similar, we obtain for the saddle-point 

equations 

A = A = I <n?(0)> (27) 

Ex = Ex = ? E i ( 0 ) < n i ( 0 ) > ' ? Ei ( 0 )- (28) 

One immediately sees that the above relations are identical to those 

derived from a standart shell-model partition function 

<|>s = I In (l+exp[a-eE?(0)] (29) 

thus neglecting any interaction of the nucleons and using ground state 

shell model energies. As a consequence, the self-consistency effects in 

the intrinsic state density of excited nuclei c&;; fce neglected 

«JHF(EX,A) (0S(Es,As) (30) 

A similar conclusion, but with respect to the entropy S only, has been ob

tained in numerical calculations. It may be noteworthy that the expressions 

for S and D are formally identical to the exact HF expressions which can 

be obtained from Eq. (2.2 - 19) due to the exact cancellation of the inter

action terms. 
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2.U. Renormalization of the shell irodel state density 

The results of the last section seem to indicate that there is 

no need for a. renormalization of state densities, which are expressed 

entirely in shell model quantities. In the following we pive arguments 

why shell-model state densities should he renormalized and how this can 

be achieved. 

The reasons are twofold. First of all, a renormalization is needed 

when state densities of deformed nuclei for a given total energy are con

cerned. Secondly, the smooth component of the shell-model spectral 

functions enters directly into intrinsic shell-model state densities. 

Regarding fission and neutron emission probabilities, one is con

cerned with state densities at small as well as at large deformations. 

The fission and neutron emission probabilities have to be compared for 

the same total energy of the fissioning nucleus 

E " Bx<co> + Eo ( co> - V c r > + Eo ( cf> • (1> 

where c denotes the ground state deformation and c_ the fission-

barrier deformation. E(c) is the energy of the nucleus at zero tem

perature. One sees that the excitation energies at different deformations 

c depend on the value of the deformation energy 

V(c) - Eo(c) - Eo(co) . (2) 

The accurate calculation of deformation energies in a pure shell model 

approach has met difficulties, especially for large deformations which 

occur in the fission process. The shell-correction method of Strutinsky 

overcomes these difficulties. According to Strutinaky the total energy 

(at T »0) can be written in the form 

Eo(c) " " W e ) + SU(c) (3) 
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and contains the interaction part in the smooth contribution ETD(/I(c). 

E.„„(c) and 6U(c) are liquid drop model (LDM) energy and shell correction 
l.'Dlv 

energy of the ground state, respectively, In the calculation of state 

densities for a given total energy E one proceeds usually as 
7,8,9,10 follows: 

(i) A local excitation energy is defined with the ftrutinsky renormalized 

ground state energy taken as reference 

Fx(c) - E - (ELW(c) + 617(c) ) . (li) 

(ii) Retaining, however, a pure shell model approach *:o intrinsic state 

densities one starts from the approximation (2.3 - 29) and utilizes the 

relation (here and in the following e? denotes ground state shell-model 

levels) 

E = - 3B*
Sjc = I e* (l'exptee^-cdr1^ . (S) 

As a consequence, the interaction term in the Strutinsky renormalized ground 

state energy will not be balanced by an equivalent component in - 9 $ 

E„(c) * 

jlE^l+exptB^-a])-1-!^ * itr[pHF(0)G(l-p)pHF(0)]j|c 

(6) 

thus leading to an expression for the local excitation energy vhich contra

dicts our previously derived Eq. (2.3 - 28), 

The above mentioned difficulties in the calculation of de

formation energies in the shell model can be understood to arise partly 

from a wrong deformation dependence of the smooth part of the shell-model 
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level density g(e;c) . In this context the effect of volume conser

vation has to be mentioned and the influence of high lying levels far 

avay from the Fermi surface. Poth effects influence rather stronrly 
2 

the long range behaviour of a shell-model level jjjjtritution.__ •; 
i" % '.' 

Since g(e;c) enters directly into 

$ , see Kq. {2.3 - 21), it is not unexpected that errors will be in

troduced in the deformation dependence of the uniform part of tl.e par

tition function and consequently in the intrinsic state density as a 

function of deformation. 

In view of the above mentioned difficulties we propose a renorme-

lization method for shell model calculated state densities. A 
p 

renormalized partition function if 

LDM * 6*' C?) 

with the property 

" V™| B-i. 0 • hnt, • «> 

is taken as the starting point in the evaluation of state densities. The 

construction of ̂ ,otl will be (riven below. Only the fluctuating part <5<j> 

is calculated from the underlying shell model, a procedure which is in 

the spirit of the usual shell correction method. Then, the saddle-point 

equations for a and 8 can be written in the following form 

A ' 9ADM + V* '9> 

E * 
x 

("V LDM'W + <-V*-6U) " fl°> 
Consequently, a consistent renormalization of ground state energy 

and partition function as a function of deformation can be achieved. 

In particular, the excitation energy E is measured from the 'true' 

ground state Ernu * °"". D»e t0 the condition Eq.(8) and the relation 

- 3M\ . • 6U (11) 
8 Ifl'-O 
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the t rans i t ion to zero temperature i s cor.tinuc.us 

E (B"1 = 0) = 0. x 

This is not the case in the traditicna] ftppronciipR, vhere only the ground 

state energy is renorwalizfid.'*"'"• 

2.5. The phenomenoloftical Krand-partition function 

The phenomenolopical or liquid-drop grand partition function ^TT\M 

will be defined in the present work as follovs 

0 

where <r_rM(e) is a phenomenological function, subject to the two con

ditions 

X 
LDM 

A • J W E ) d e • (2) 

o 

X 
LDM 

ELD« = f E W E > d E • C3) 

For P I D M ( E ) WP choose a functional fortr reseirtlinfi that of a Fermi pas 
. . . 25 

enclosed in a finite volume . Ke include, however, the Coulomb energy 

i.s first order perturbation. The unperturbed level density is piven by 

(E) = c,Ae1/2 • c2 A
2 / 3B S • 9(A

1/3) . (4) 

http://cor.tinuc.us
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The perturbed level density g nM{E) can be obtained from the equation 

c . . 
where V (e) is the first order matrix element of the Coulomb int.er-vo 
action with the unperturbed spectral function \J (f.) : 

*o(e)Vv (e) - I'' I <9|vC|S>f(!^) . (6) 
0 V ' 

We then obtain for g, „.,(e) 

hw(£) = C l A £ l / 2 + C 2 A 2 / 3 B S + C 3A
2 / 3ZB cE-

1 / 2
 +9(A

1 / 3). (7) 

The auantities B and B are the surface and Coulomb enerpy of a deformed s c 
drop, in units of the spherical shape. 

The coefficients cp and c, are determined by equating the deformation 

enerpy, as Riven by Fqs.(2,3),to thai, of the liquid drop model. The volume 

term c. is attained by adjustment of 6nMCX )to the uniform level density 

it the Fermi energy as extracted from the experimental sinple-particle 

spectrum of Pb . In the latter spectrum the distance between the upper 

and lower shell is reduced by 1.3 J'eV, see also Pef. ? , p. 3f>3, and the 

discussion in sect. 1*. Neplectinp contributions of order A and the iso-

spin dependence of the liquid drop model (we are not concerned here with 

detained effects of isospin in state densities), WP find for the co

efficients 

C, - 3/2 (I- C v } -
3 / 2 

c 2 " - ! S ' r c , ' ' 2 (•) 

c s" - 3 " VrV"" 2 
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with c = 10.0 yeV. a m d a are the usual liquid-drop constants for 

the surface and Coulomb energy, respectively. (Note that formula Eq. (7) 

includes both kinds of Fermions, protons and neutrons.) 

The parameters of the deformation-dependent parts of g„,,(e)are unique-

y th 
1/3x 

1/3 ly determined (up to order A ) by the liquid drop deformation energy 

*XDM 
thus the renormalized state density will depend to a certain extent.on 

the functional form, which we have chosen for &njj(e)• It does not appear 

possible to us to define this functional in a unique way; in fact, alter-
27 26 

native forms of &r)M(
E ) e a n °e introduced • . No attempts were made in 

this work to vary the functional form of SinM^6)• 
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3. Application to fission probabilities 

According to the concept of Bohr and Wheeler " the fission probability 

is proportional to the available phase space of the nucleus of the tran

sition state, which is, by definition , the point of minimal number of 

open channels '-ncountered along the fission path. For state densities, 

which are explicitely deformation dependent, the saddle point in the de

formation energy does not control in general the minimal number of open 

channels. Rather, this number has to be determined by a saddle point in 

the fission probability as defined below. 

Confining ourselves to a one-dimensional description of the fission 

process along the fission mode called 'c' in the following, we define the 

ratio of first-chance fission probability and neutron emission probabili

ty by 

rf/Tn(E) = mincNf(E,c)/Nn(E) (!) 

where 

E-V{c) 

Nf(E,c) 

V E ) - 4m 

7 

J 
E-B 

n 

I 
0 

Pf(E-V(tO-

P (E-B -t,< n n 

- t ;c )P( t )d t 

: - « a i n v C t ) t d t 

(2) 

(3) 
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Let us explain briefly the different quantities involved, p (E;c) 

i-1 p [Ejc^l) are the total densities of levels with zero angular 
n 

momentum at excitation energy E and deformation c for the fission

ing nucleus with mass A and for the residual nut-Jeus A-1 after neutron emission 

which is assumed to be spherical, c=l. V(c) is the deformation energy, 

V( 1) = 0. t stands for the kinetic energy in the "io ,ioh decree of" 

dom or of the emitted neutron, respectively. B and m in Eq. (3) are 

binding energy and mass of the neutron and a. (t) refers to the in-

vers cross section for neutron emission, i.e. for the formation of the 

compound nucleus by neutron capture. P(t) in Eq. (2) is the quantum me

chanical penetrability through the fission barrier. 

The value c~ which minimizes N~(c) defines the deformation of the 
. . . 7-10 

transition state and is, in general, energy dependent. Ko far' the de

formation of the transition state has been related to an extremum of 

either the entropy or the intrinsic state density at the upper integration 

iir̂ 't. Eq. (1), however, minimizes the integral and accounts for the de

formation and energy dependences of all involved quantities in a more exact 

way. In particular, the total density of levels deviates for deformed 

nuclei from the intrinsic state density due to contributions from collective 

degrees of freedom. These contributions are themselves deformation-and 

energy dependent. 

The evaluation of the level densities will be described below. For 

the penetrability we used the standard expression of Hill and Wheeler 

P(t) » (l*exp[ - ^ t]) (..) 

with fiio • 1.0 ^eV. The invcrsu cross section ci. It.) was taken from 
11 U1V 

CostroV3ky et a l . 
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ainv(t) = P( 1 +^t) (5) 

with 

p = Trr̂ (A-l) ' (0.76 + 2.2A ' ); r = 1.5 fm (5) 

and 

q = (2.12 (A-l)~2/3 - 0.0S)/p. 

The integrands in Eq.(2) and ^.(3) vary over more than 30 orders 

of magnitude. By taking the ratio Eq.(l) the leading terms cancel. 

In order to avoid large round-off errors the evaluation of the integrals 
32 was performed with a method suggested by P. Rabmowitz . In Appendix E 

a brief outline of the employed technique will be presented. 

The level densities for zero angular momentum for the spherical 

residual nucleus p (E;c=1) and the axially symmetric deformed fissioning 

nucleus p_(E;c] have been calculated from the intrinsic state densities 

(i) (E,A;c) according to the formulae of Bjornhjiln et al. . That means, 

the enhancement of the level density due to rotational degrees of 

freedom of the fissioning nucleus was taken into account. We 

list the relevant formulae for the sake of completeness: 

pf(E;c) = a)(E,Ajc}//8lTCT̂ (c) (6) 

Pn(E;c-l) = ui(E1A-l;c-l)//Bno^(c»l). (7) 



- 26 -

o and C„ are the so-called spin-cut off factors, defined as 

o..Cc) = 

WC} T
_1(E.cl 

-1/2 
(8) 

V c l ) = 
sph 

-1/2 

T is the nuclear temperature 

(9) 

T - 1(E;C) = -^ In iu(E,A;c) (10) 

and ®eff i
s the effective moment of inertia 

ee£f " B'» - 0 X 
(11) 

with 0,i 0/ ®SDh'
>e'-nS * n e parallel, perpendicular and spherical moment 

of inertia, respectively. In the present work, rigid body values for the 

moments of inertia weie used. In Ref.31* it was shown that already for 

moderate temperatures and large deformations, the microscopically cal

culated moments of inertia do not differ too much from their rigid body 

values. 

The intrinsic state densities u)(E,A;c) were calculated according 

to the formulae of the previous section. However, the generalization to 

two kind of nuclei was made in the standard way, see Eq_. (C.U) and Eq. 

(C.12) of Ref. 13 . For comparison we also calculated state densities in 

the traditional, non-renortnalized way. 

A residual pairing interaction has been included by an energy shift 
111 

u)(E,A;c) ̂ > U3(E-|P(c)|,A;c). (12) 
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where P(c) is the pairing energy 

P(c) = -1/2 g(X;c)A^(c), (13) 

which was calculated in a renormalized way as described in Ref. 35. 

A I'd is the zero-temperature pairing gap at deformation c. Conse-0 , , 
quently, a pairing correction term has been added to the shell correc

tion energy as usual . 

The single-particle energies which enter the state density calcula

tions were generated by the shell model Hamiltonian of Ref. 35: It con

tains a Wood-Saxon central field, a spin-orbit force and a Coulomb po

tential- Shape parametrisation and parameters of the shell model Hamil

tonian are the same as in Ref. 35- As fission coordinate we used the 

elongation c, with h = 0; this corresponds roughly to deformations from 

the sphere (c = 1) along the liquid drop valley to the saddle-point. In 

the smoothing procedure for the shell-correction approach to deformation 

energies and for the renormalization of state densities we used for the 

smearing parameters the values y = 12.37 MeV and y = lit.30 HeV 

(corresponding to I.U-fiw and 2.0 'fioi , respectively, with ho) 

for the energy differences between the major shells for protons and 

neutrons) and y - 0.3 MeV for the calculation of the single-particle 

level density at the Fermi surface, g(X;c ). The curvature correction 

order was U. Ey this choice we fulfilled the plateau-condition of Ref. 36 

for all deformations c = 1 up to c = 2, which were investigated in the 

present work. In some of the calculations for the residual spherical 
209 

nucleus Po, the calculated s.p. energies near the Fermi energy have 

been replaced by experimental single-particle energies of Pb, where 

the distance between lower and upper shell has been reduced by 1.3 MeV 

and no pairing was taken into account. 

A discussion of the several assumptions, which we introduced in this 

section, is given in the Appendix C. There, we show that the approximations 

used influence mainly the behaviour of T-/r at low excitation energiei. 

They can, however, be considered 'realistic' in the high energy range 

where the influence of detained shell structure on T-/V_ diminishes and 
i n 

where thus the renormalization of state densities should show up. This 

is the energy range of interest for the present investigation. 
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k. Results and Discussion 

For illustrative purposes we present in this section results of cal

culations for state densities and fission probabilities for the 

210 

nucleus Po. We will use the renorralization procedure for state densi

ties as described in section 2, Eqs. (2.H - 9,10) and Eqs. (2.5 - 1,7,8) 

For comparison a]so standard non-renormalized state densities 

will be employed starting from the shell modfl approximation Eqs. (2.3 - ?9)-

The form.ulae for fission - and neutron emission probability were given in 

section 3, Eqs. (3 - 1,2,3). 

In Fig. 1 the non-renormalized and in Fig. 2 the rehormalized values 

of the following quantities are shown as a function of the deformation c: 

the deformation energy and its uniform component (bottom), the single-

particle level density at the Fermi-energy and its uniform component 

(middle) and the total intrinsic state density for several excitation 

energies from 10 up to 80 YeV in steps of 10 ['•eV. For the quantities cf 

the IDM we used the parametrization of Bef. 37 . The liquid drop barrier 

is found at c = 1.8, and the first and second barrier.of the total de

formation energy at c • 1.5̂ * and c = 1.7(5. The absolute height of the 

fission barrier, calculated with respect to the spherical ground state, 
, 38 

is roughly 6 MeV too high . This discrepancy is due to the large negative 
2 

shell-correction energies in the lend region 

The different behaviour of the uniform shell model energy and the 

liquid drop energy is obvious (note the different scale). But also the 

uniform parts of the s.p. level densities, g(A) and SLDM^LDM^,d*^fer 

in their deformation dependence. The fluctuations in the s.p. level den

sities are reflected in the deformation enerpies and in 

the state densities. The state densities are displayed relative to their 

values at the liquid drop barrier at c » 1.8 and only the logarithm of 

this ratio is shovn. With increasing excitation energy, the shell effects 

(fluctuations) disappear, but even at 80 MeV the state densities differ 

for different deformations by two orders of magnitude.corresponding to 
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the minimum and maximum of the s.p. level density at e = 1.27 and 

c = 1.52, respectively. In other words, the "magicity" of a certain 

deformation manifests itself up to very high excitation energies 

in the state densities and the 'vanishing of shell effects' is not 

at all pronounced. The excitation energies in Fig. 1 and Fig. 2 are 

measured with respect to the unrenqrmalized and renoriralized defor

mation energy, respectively, £„=!':- J £'. I and E =I--(E M(cl+SU(c)) , 

see Eqs. (2.3 - 28), (2.!i - 10). 

It is helpful and instructive to compare the numerically calculated 

state densities with some simple analytical expressions, like the Bethe 

formula or the 'back-shifted' Fermi-gas model. Apart from the 

question whether analytical approximations are possible at all in cases of re

alistic distributions of s.p. levels, such a comparison should reveal 

some physical insight in the relationship between state densities and 

the underlying s.p. spectrum. 

In the Bethe formula state densities are determined by only one 

parameter 'a', which is proportional to the single-particle level den

sity of a Fermi gas at the Fermi energy. There are different 

views on what to use for 'a1 in a realistic case to account for the effects 
!ll4 

of the single-particle structure of a finite nucleus. Newton related 

'a' to the degeneracy of subshells nearest to the Fermi surface, inde

pendent of excitation energy, and thus, shell effects would persist to 

arbitrarily high excitation energies. Facehini et al. ' prefer an aver

age s.p. level spacing to determine 'a', where the averaging intervall 

is proportional to the nuclear temperature T. In that case fluctuations 

in the s.p. level density smooth out with risinp temperature and the shell 

effects in the total Btate densities will vanish. This vanishing contlra-

diets, however, the Fosenzweig model , where it is shown for a periodic 

level distribution that shell effects survive even at arbitrarily high ex

citation energies; according to this formula, which resembles the Bethe 

formula at high energies, the shell effects can be accounted for by a 

shift 6 in the excitation energy, State density formulae of such ana

lytical structure have been introduced on purely empirical grounds and 
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15,1*0—1*3 13 
are often called 'back-shifted Fermi gas model' . rt was found 
that the shift o isjtrongly correlated with the ground state shell 

1,7 
correction energy 61) j furthermore , the 

level density parameter ;a ! should be related to the uniform part of 

the s.p. level density at the uniform Fermi energy, g/X) 

In the following, we apply the Bethe formula and the Rosenzweip 

model to study the deformation dependence of state densities in terms 

of level-density and shift parameter, 'a' and £ . 

First, we use the standard Bethe formula 

with 

<* J(E JC) = a / - 5 - j — 12 , 5/4 
P n (8tBx) 

Bj = g-gi(X;c), at = ap+an, i-p,n,t 

CD 

where g (A;c) and g (A;c) are the (microscopically calculated) proton 

and neutron single-particle level density of the shell model at the 

(shell model) Fermi energy X , and E is the excitation energy measured 

from the sum of shell model states. Second, we use a Rosenzweig-type 

formula 

x Mt / "\» "• ~ = 
/ a 

s 

* ' "*/ TT~ 12 ";•> „• . * S/4 (2) a
P

 an U £VEx + toMir^ 
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with 

2 
•jr *\j 'Xt *\J 'V 'XJ 

7— g.(X;c) : a„ = a + a , i = p,n,t 
6 6i t p n 

where g.(A;c)are the uniform s.p. level densities of the shell model at 

the uniform (shell model) Fermi energy and (5u(c) is the shell-

correction energy. In Fig. 3 and Fig. '•, the ratio of the numerically 

calculated (unrenormalized) state density and the analytical expression 

a) and u , respectively, are shown as a function of deformation for 

different values of the excitation energy. Evidently, both analytical 

expressions are a fair description for numerically calculated state den

sities in a particular (and complementary) energy range. For low exci

tation energies up to 10 MeV iu takes into account the shell effects 
(2) . . . . 

in the correct way whereas m fails. For higher excitation energies, the 

picture is reversed and the expression w overestimats the shell effects 

drastically, as can be seen, e.g. at the deformations c = 1.27 and c = 1.52, 

where g(A) and thus to are minimal or maximal. The opposite is true for 
(2) (2) 

the Rosenzweig type expression to . Fig. h shows that ID describes very 

well the intrinsic state density at high excitation energies. Exactly the 

same result holds for renormalized state densities also, as has been checked 

by actual calculations, if the appropriate changes are made, e.g. if g is 

replaced by grra, and K by the excitation energy E where the true ground 

state E * ET_., + SU is taken as reference. 
o LDM 

As Fig.U has shown, shell structure effects in state densities can be 

accounted for by a shift of the energy scale whereas uniform contributions 

of the s.p. spectral function manifest themselves in the level density para

meter. In consequence, the average features of the deformation dependence 

can be separated from the fluctuating ones. 

In Fig. 5 and Fig. 6 we display again the unrenormalized and renorma

lized state densities, more precisely, the quantity 
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U{E'^ - SU(c) + 6lJ(c=1.8);c)/io(E(5', c=1.8) 

fs) s 
where we denoted E = E or E , respectively. Obviously, for 

high excitation energies the resulting; curves exhibit a distinct 

average trend with deformation apart from small shell fluctuations, 

which are still present: On the average, unrenormalized state densi

ties are increasing functions of deformation whereas renormalized 

state densities remain approximately constant, except for a pronounced 

minimum near the deformation of the liquid drop saddle-point. With in

creasing excitation energy this minimum becomes even more pronounced 

compared to remaining fluctuations. 

The distinct average trends of state densities can be traced back 

to the uniform component of the underlying s.p. level density. As shown 

in Fig. (T), g(X;c) increases monotonically with deformation whereas 

8r™WiiMi;t) decreases. The monotonic increase of the density of shell 
LDM LUM 

model levels at the Fermi energy can be associated with 

shortcomings of the static shell model. It finds its reflection in the 

known unphysical behaviour of the uniform shell model ground state enerjy, 

U(c) and causes the need for a renormalization procedure. 

The behaviour with deformation of the empirical s.p. level density 

g,D„ (A M;c)as shown in Fig. 7 is model dependent. It reflects the assumed 

functional dependence of gTnM on the single particle energy E and the 

choice of the coefficients for the surface terms in gr^M (e!c). w* assumed 

that a Fermi gas enclosed in a finite volume is appropriate for the cal

culation of the smooth part of the nuclear binding energy and readjusted 

the coefficients to the empirical LD^ values. Particle number conservation 

and volume conservation were treated correctly up to surface terms, both 
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i n g L D M ( £ ; c ) and * L D M ( < 0 • The resulting decrease of g L D M U L D M ; c ) with 

deformation stands in contradiction to results obtained by Bishop 
I18 • -

st si. . These authors investigated an uncharged Fermi gas enclosed 

in a trapezoidal confinement subject to the condition that the Fermi 

surface stays constant as far as the deformation is concerned. Then, 

particle number and volume of the nucleus cannot be conserved simul

taneously beyond the leading term, as can be shown by inspection of 

Eqs. {2.5 - 2 , 3 ) . In addition, the trapezoidal confinement leads to 

difficulties in the evaluation of the surface energy due to the sin

gular nature of its (local) curvature . For a deformed harmonic os

cillator with inclusion of the Coulomb energy in i'irst order pertur

bation one <-an show that the s.p. level density is constant with de

formation in the first two orders (i.e. A and A ) . I t increases 

slowly in the A term. Moretto discussed qualitatively the behaviour 

with deformation of the uniform s.p. level density in terms of its de

pendence on the nuclear density. He uses the argument that for a Fermi 

gas the higher the (spatial) particle density, the lower is the density 

of the single particle levels. Nuclear matter is less dense at the sur

face of the nucleus and this region increases with deformation. We 

suppose that the actual situation in nuclei lies somewhere between the 

opposite models of a harmonic oscillator and a potential well with sharp 

boundaries. Then, the uniform part of the s.p. level density at the Fermi 

surface is at most a constant, but probably a decreasing function of the 

deformation of the nucleus. 

Consequences of the different deformation dependence of renormalized 

and unrenormalized state densities for the ratio of the fission width to 

the neutron emission width '"-/r , and for the shape of the transition 

state are illustrated in Fig. 8 and Fig. 9. There, ve show the number of 

open fission channels N-, in units of open neutron channels N , as function 

of deformation c and excitation energy E (measured relative to the spheri

cal ground state of the fissioning nucleus). T./r (E) is given by the 
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absolute minima in Fig. 8 and Fig. 9, the corresponding deformations 

define the shape of the transition state. 

Generally, the curves for N /N (F) follow a pattern which is in

verse to the one of the deformation energy in Fig. 2. A vanishing of 

shell effects with increasing energy F is observed, thus the curve for 

the very high energies resembles more the inverse of the liquid drop 

energy in Fig. 2. 

The general pattern of Nf/N (E) ana the differences in
 rf/ r

n
 i f t r a _ 

ditional or renormalized state densities are employed may be explained as 

follows: To leading order, YJY (E] is given by the minimum of u>(E-V)/u>(E-p ) • 

Shell fluctuations in the intrinsic state density itself are cancelled at 

high energies by those of the deformation energy, as demonstrated in Fig.5. 

The state density is on the average an increasing function of deformation 

(Fig. 5) with t..j consequence that i) T. inevitably exceeds T above sore 

energy E , and ii) the minimum of w(E-V) does not coincide with the li

quid saddle-point energy in deformation. Rather, the minimum shifts to 

smaller deformations with increasing deformation enery. This further shift 
10 . . . 

has been attributed by Kapoor et al. to uncertainties in the determina

tion of the ground state shell correction. We suggest that it is 

due to the spurious rise with deformation of the state density itself. 

210 Therefore, we summarise the important changes m TJT (E) for Po 

due to renoraalization: i) there is a rapid change of the shape of the 

transition state at an excitation energy of ~k$ KeVj ii) VJY (E) 

remains smaller than unity for all excitation energies; iii) the defor

mation of the transition state after the 'shape transition' at i*5 h'eV, 

increases monotonically towards the liquid drop saddle-point deformation. 

These features, for which there is strong experimental evidence'°>38,51 
» 

are abs«nt in the traditional calculations. 
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In the following ve compare the theoretical fission probabilities 

with the experimental fission excitation function S?/O"R and also with 

calculations of other authors. We identify the total reaction 

cross section a_ with r_tr . 
E r- n 

210 
Fig. 10 shows (L./0L of Po for compound nucleus excitation energies 

1 K 

up to 80 MeV. The theoretical curve is calculated with non-renormalized 

state densities at the deformation (c • 1.5M of the 'highest' static 

barrier, see Fig, 2. It can be seen that: i) calculated and experimental 

values at low energies are displaced by roughly 6 MeVj ii) the slope of 

the theoretical curve iB too steep and iii) the theoretical values approach 

unity much too fast. 

The displacement can be attributed to the too large negative shell correc

tion energy for the ground state of Po. A widely employed puactice' re

duces the theoretical fission barrier heights by the difference between 

theoretical and experimental mass of Pb. Such a correction will elimi

nate the displacement but the slope will remain unchanged and the curve 

will approach unity even faster. 

There are some objections against this simple readjustment of the 

barriet height. Too large a negative shell correction indicates too small 

a s.p. level density at the Fermi energy. This results also in a 

too small value of r • Consequently, V.I r rises too strongly. Both 

features, displacement and too steep a slope are due to the same origin, 

which, in the present work, will be related to the underlying shell 

irodel. Then, a readjustment of the theoretical s.p. level spectrum near 

the Fermi energy should lead simultaneously to an improved ground state 

mass and a less steep slope. A readjustment of theoretically s.p. levels 

was successfully employed for state densities in the mass A»6o region 

and for the ground state masses in the lead region. 

We adopt here the attitude of Ref. 2 p.363 and replace for Po 
210 

and for the spherical ground state of Po the shell model spectrum 

by the experimental particle-hole spectrum of Fb around the Fermi 

energy ( with the distance between the upper and lower shell reduced 

by 1,3 MeV and disregard pairing). 
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In Fig. 11, T /r (E) calculations witii the experimental levels are 

compared to calculations with shell-model levels and adjusted barrier 

heights and with other calculations. The results of the unrenormalized 
52 

calculations are similar to those or Freiesleben et al. , although 

a different shell model was used in those calculations. The improve

ment with respect to slope and absolute values in the case of the ex

perimental particle-hole spectrum with reduced shell separation seems 

suggestive. Note that apart from the penetration factor no additional 

adjustable parameter is involved. The penetration factor affects the 

result only for energies below 26 MeV. The resulting fission barrier 

is 22.lt MeV. A simple readjustment of barrier heights in r _/r calcu

lations by a shift would yield barrier heights of 21.9 and 21.3 MeV 

for traditional and renormalized state densities. 

Other authors report values 22.1 MeV and (20.5 - 21.4) MeV 

for the fission barrier deduced from r„/T adjustment while theore-
5li 55 

tical barriers amount to 2U.7 MeV or 25.9 MeV . 

Experimental and theoretical values of Qj./a_ from 25 to 80 MeV 

excitation energy are compared in Fig. 12. For the calculation of , 

the 'experimental' spectrum was used, as described in the context of 

Fig. 11. The state densities are renormalized. The values of VJ{Tf*T ) 

are shown for two deformations, corresponding to the static barrier 

at c • 1.51* and the liquid drop barrier at c • 1.8. These deformations 

correspond to the absolute minima of Nf/Hj, in Fig. 8 for energies below 

and above 1»5 MeV where the shape transition occurs. Theoretical values 

are too large by a factor of 5 in the very high energy region. 

In our calculations we assumed a collective enhancement of level 

densities, seeEqs. (3-6,7). For very high excitation energies this may 

not be correct and the too large o J o values may be attributed to 

such an overestimate. For comparison, the calculations have been 

performed without enhancement and are also shown in Fig. 12. The over

all agreement with the experimental data is much poorer. Rather, the 

full collective enhancement seems to be present up to 15 MeV above the 

barrier. For higher excitation energies the collective enhancement should 

(jrnduiilly decrease and loeds thus to n weaker rise in r./(r,,r ) . 

http://22.lt
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In our calculation, we have neglected the angular mome -urn effects 

and the effects of multiple chance fission. Such effects are known to 

increase the fission probability.i •' 

5. Summary and Conclusion 

In an extension of the Strutinsky method we have introduced a con

sistent renormalization of ground state energies and state densities 

as a function of deformation and studied the consequences on the com

petition between fission and neutron emission in the particular case 
210 

of the nucleus Po. 

The renormalization procedure has been applied to the fundamental 

quantity, the logarithm of the grand-canonical partition function, & , 

from which state densities are obtained by the Darwin-Fowler method. 

The procedure starts from the Hartree-Fock approximation to 4> and ex

presses the self-consistent and temperature dependent single-particle 

energies in terms of appropriatly chosen shell model quantities at 

zero temperature. Higher order terms are shown to remain negligible 

for the heavy nucleus and the range of energies considered in this 

work. The resulting expression for $ has been split into an uniform 

and fluctuating component. A renormalization procedure replaces the 

uniform component of if by a phenomenological expression, which has 

been constructed in such a way that its deformation dependence repro

duces the behaviour of the liquid drop model energy. The choice of the 

phenomenological expression is not unique. Here, this expression has 

been constructed from a Balian-Bloch spectral function including a 

Coulomb energy term. An important consequence of the renormalization 

is the decreasing trend of state densities with deformation, which 

stands in contrast to the deformation dependence of its shell model 

counterpart. 

We find that in a consistent description of Btate densities for 

a fixed total energy, as it is needed in fission probability calcu

lations, the ground state energy and the state density have to be 

renormalized simultaneously and on an equal footing. The necessity or 
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such a cot sistent renormalization is twofold: l*'irst, the underlying 

average deformation dependence of shell model s.p. levels affects 

rather strongly the fission probability at sufficiently high excitation 

energies. Second, the interaction term, if included in the ground 

state energy, has to be accounted for also in the grand canonical 

potential. 

We have studied the effects of renormalizction on the neutron 

emission and the fission probability for the particular cise of the 
210 

nucleus Po up to 80 MeV excitation energy. Collective enhancement 

factors due to rotation have been taken into account. Specific effects 

of angular momentum have been neglected. We found thP-t the absolute 

values and the slope for vJ Y (E) can be improved considerably when 

an experimental particle-hole spectrum near the Fermi energy was used 
209 210 • 

for the spherical ground states of Po and Po. The renormalization 

has the following consequences: i) There is a fast change of the 

shape of the transition state around E = ^5 MeV; ii) the shape of 

the transition state approaches the deformation of the liquid drop 

saddle-point monotonically and does not move towards smaller defor

mations, rather there is a tendency towards slightly larger deformations; 
and iii) the ratio r_/ r (E) remains smaller than unity for all exci-

i n 

tation energies. The renormalization reduces T.I r (E) by roughly 

an order of magnitude in the high energy region as compared to the 

unrenormalized calculations. Our work indicates that the excessive 
increase of traditional r_/ r (E) values with excitation energy is 

i n 

a consequence of the (spurious) rise with deformation of the smooth 

component of unrenormalized shell model state densities. The 

l/irgc values at the highest excitation energies of r,/r (E) 

as compared to experimental data may be due to the presence of the 

collective enhancement factor. A full collective enhancement seems 

to be present only up to 15 MeV above the barrier. 

In conclusion, we have attempted a microscopic calculation of 
310 

fisaion probabilities of the nucleus Po which involves the 

evaluation of both potential en«rfies and state densities on the 

basis of the same model for the nucleus. Extending the usual shell-
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correction approach we could avoid an inconsistent treatment of state 

density and ground state energy. Within its range of applicahility 

(using nuclear ground state properties) the proposed approach may 

serve as a reasonable alternative to much more complicated selfconsistent 

temperature dependent methods. 
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Appendix A: Estimate of 6 j> 

With | e - - e . ( ° ) | £ ° - 7 MeV from Ref. g . i den t i f y ing £ i (0 )w i th e
s (0 ) 

and using the re la t ions 

v -i f , A'el(0\ ^ I y f ( — y — ) = g(*) (Al) 

and 
2 

Ex -x f- gtf)T
2 -N. 17.5 T2 for 208Pb, (A2) 

we find for the second term in Eq. (2.3 - 23) 

„ , , ^-er(O) 
I e/2 I ( « ) r f( )l £ 1 for T <_2.5 MeV (A3) 

The first term in Eq. (2.3 - 23) can be estimated as follows. As <5n.(0) 

is nonvonishing only in a region of ±Y around the Fermi energy *, 

(see Ref. 36, Fig. 1) we estimate 

I 6n*(0) «• Y/3 MeV"1 . CA4) 

i 

With a typical value of y of 9 MeV, we get 

_ s / n * » * r 0 n. * , /£ Ual/.JCP0 T * n t (A5) 
|8/2 I Sn.(0)i£l * Y/6 MeV-6^ T < 0.3 

i 
for T i 2.5 MeV. 
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In calculating the integral in Eq. (2.3 - 10) which leads to the 

second port in <5..,4> , Eq. (2.3 - 23) we have neglected contrihu-
-2 

tions oi* order 6 . This quantity can be estimated, following 

Eef. 56 , to he 

a"'2 - (4AX/E,)"1 < A"1 CA6) 

for valueB E £ '50 MeV. 



- 1.3 -

Appendix B: numerical evaluation of Bohr-Wheeler integrals 

An accurate numerical integration of 

XU 

f f(x )dx (Bl) 

with a function f (x) , which changes over tenths of orders of 

magnitude within the integration interval[x, .x^] has to be done with 

great care in order to avoid round-off errors! The integral is di

vided into N parts, eacti of them giving approximately an equal contri

bution. First, we evaluate Eq.(Bl) with a standard integration pro

cedure yielding an approximate value Y . Second, the interval 

[xT ,x.jl is divided into several steps 

x. , 
l+l 

Y. = [ f(x)dx, (B2) 

x. 
1 

where a trial value of x.+. is defined recursively by 

x. , = x. + Y /cf(x.) 
l+l l app l 

and x. + , i» then varied until | Y- -Y. _̂_ | <_ e with a sufficiently 

small number. We find that for £}, 50, the value of the integral 

y - 1 *i 
i * 

is independent of c and of the integration procedure employed in Eq.(Bl) 

and Eq.(B2). 
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Appendix C: Discussion of the approximations 

involved in the Tf/T„ expression 

In chapter 3 we have presented the actual expressions which have been 

used to calculate the fission widths and neutron evaporation probabi

lities Nf and NB, respectively. We discuss in the following in some 

detail the different assumptions involved and their influence on the 

results achieved. 

A critical discussion of the parameters for the inverse cross section, 

Eq. (3.1 - 5) is given elsewhere " . 

To avoid divergencies in the level density, we replace for E <E 

the exact state density by the expression 

oi(Ex) = a expfb Ex) (CI) 

where a and b are determined by continuous matching at E° . This extra

polation resembles the semiempirieal method of Ref. 58. Our matching energy 

Ex=5 MeV is slightly higher than that of Eef. 58 with values 3.7 - It.U VeV 

for several Po isotopes. Cur results are insensitive to variations of E° 
by ±.75 MeV. The extrapolation (CI) accounts also for the fact that con

tinuous state densities, if obtained by a saddle-point approximation, 

underestimate seriously the observed total density of discrete levels 

below 1 MeV excitation energy . 

According to the superconductor model a nucleus is predicted to be

have like an uncondenaed Fermi system above a critical energy E . Then, 

rigid body values for the moments of inertia are justified and the effect 

of nuclear pairing can be accounted for by a shift in the energy scale. 

At smaller excitation anergics, the level densities and spin-cutoff factors 

may be considerably reduced. With 

Ec % J|P(C)| CC2) 
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210 . . 

we calculate for Po an average critical energy E at approximately 

9 MeV. With this value of E and the compilation of Huizenga et al. ,the 

spin-cutoff factors are overestimated at most by 20% above 5 MeV ex

citation energy. Correspondingly, total intrinsic state densities ,oi, 

in the superconductor model and in the independent particle approxi

mation taking into account pairing by an energy shift,differ at most 

by a factor of 1.6 in the same energy, range *. In the level density 

the reduction effects in to and ^ . " M cancel each other partly, as can 

be seen from Egs. (3 ~ 6, 7). Huizenga found good agreement between the 

experimentally deduced excitation energy dependence of a with the 
213 

rigid-body expression for Exi 5 MeV for At. Additionally one should 

note, that for increasing deformation the influence of pairing on spin-

cutoff factors and intrinsic state densities diminishes. 

The penetrability P(t) of an inverted parabola neglects the detailed 

structure of the fission barrier. From Ref. 61 it can be judged that 

this is indeed justified already for (2 - 3 ) MeV above the 

highest barrier. The penetration factor fioi has been determined by a 

fit to the experimental data in the threshold region. The value of 

•fiui =1.8 MeV, which is larger than usual , might reflect 

some shortcomings related to the above approximations thus rendering 

the physical interpretation of this high value unclear. 
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Unrenarmoltzed 

Fig. 1: The deformation energies U , and U . tbottoml. the 
sn sh 

single-particle particle level densities at the Fermi 

energy g(X) and g(X) (middle) and the total intrinsic 

state density <i)(Ex) as a function of the elongation 

210 

parameter £ for Po, as calculated from the shell-

model energies. E is the excitation energy measured 

with respect to U , . The smooth components of U and g(X) 

are calculated with a value of the smearing parameter 
Y„ = 1.4 hu) = 12.37 MeV, Y = 2-0 hat « 14.30 MeV. 
p p n n 
For g(X) we used Y = Y * Y =0.3 MeV ^ 0.05 hu. 

P n 

The state densities are normalized to 1 for the de

formation c_ * 1.8 corresponding approximately to the 

liquid drop barrier. 



Ronormaliieu 

-l 1—TTTT "I 1 1 

Fig. 2: The deformation energies V, ,„, and V=V, ....••6U (bottom), s.p. 

level densities &l0M(^LDMi and gM = (^OM^SM and the 

total intrinsic state density <J)(E ) as a function of the 
210 x 

elongation parameter £ for " 

renormalization method. 
LDM 

Po, as calculated with the 

and 6\1 are the deformation 

energy of the liquid drop and the Strutinsky energy correction. 

E is the excitation energy measured with respect to V. State 

densities are normalized at £ = 1.8. SLJ also caption to 

Fig. 1. 
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I I I I .... I I I 
01 0.2 0.3 O.t 0.5 0.1 0.7 0.6 0.9 

Elongation c-1 

Fig. 3: The logarithm of the ratio of the numerically calculated 

state density in the pure shell-model approach (unrenor-

malized) and the Bethe formula (see Eq. (l4-1))as a function 

of deformation for different values of the excitation energy 
s 

K„ • The curves are displaced by 2 units. The actual s.p. 

level density at the Fermi-energy, g(X), of Tig. I is used in 

the analytical formula. 
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Fig. it: The logarithm of the ratio of the numerically 

calculated state density (unrenormalized) and the 

formula of the buck-shifted Fermi gas model 

(see Eq.(4-2))ia shcvn as a function of deformation 

£ for different values of the excitation energy Es. 

The smooth part of the actual s.p. level density ^(^) 

of Fig. 1 and the Strutinsky energy correction $u 

is used in the analytical expression. 
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Fig. 5: The logarithm of the ratio of the renormalized state 
eff 

densities u)(E ; c) and co(E ; 1.8) a;; a function of deforma
tion £ for several values of the excitation energy E . The 

eff x 

special choice of E = E +6U(c=1.8)-5U(c) exhibits the average 

trend of the state density with deformation. <$U is the shell 

correction energy. 

Fig. 6: Sane as in Fig. 5, but with unrenormalized state 

densities. 



Renormalized Unrenormalized 

O.I 0 2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 8 0.9 

Elongation C-l 

Fig. (5) Fig. (6) 
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is.eh 

9 o0o<,oo.»-

Po 

J I I I I I I I 
1.2 U 16 

Elongolion c -1 

Fig. 7i The smooth part of the shell model single-particle 

level density at the Fermi surface g $ ) (see Fig. 1) and 

the semiempirical liquid drop level density g. -.(I.-,) 

(see Fig. 2) as a function of deformation £. 
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Renormalized Unrenormalized 

01 02 03 04 05 06 07 08 09 0.1 0? 03 04 05 06 07 OS 09 

Elongation C-l 

Fig- (8) Fig. (9) 

Fig. 8: The logarithm of the ratio of the number of fission 

channels and the neutron emission probability as a func

tion of deformation for excitation energies of the 

fissioning nucleus in steps of 5 MeV. Renormalized 

state densities and deformation energies vere used. Note 

that the minimum of N„ switches from the first barrier 

(see Fig. 2 and Fig. 9) to the liquid drop saddle-point. 

Fip. 9: S*»e s s in fie- 8» b u t calculated with 

unrenormalized st»te densitiei. Note that 

the minimum of N. is not the liquid drop 

saddle-point hut the second barrier. 
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Fig. 10: The experimental fission probabilities °f/
a
R
 a r e 

compared with the theoretical rf/(rf+r
nJ values as a 

function of excitation energy of the fissioning 

nucleus. Unrenormalized state densities are used 

and the deformation is taken to be the inner barrier, 

c « I.5I1. Experimental data are taken fr»r Ref. 38. 
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Fig. 11: Experimental (see Fig. 10) and theoretical values of 

r„/I\ are shown in the lov energy region. Compared 

are calculations based on state densities obtained from 

shell model levels, either calculated unrenormalized 

(...) or renormalized ( ), with those obtained from ex

perimental levels as explained in the text ( ) and other 

authors (—._). The deformation corresponds to the first 

barrier, c » 1.5k. In calculations,which use shell model 

levels, the barrier heights were adjusted. Apart from the 

penetration factor/Ro) " 1.8 MeV no adjustable parameter vas 

involved in the calculations using the experimental level 

spectrum. 
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Fig. 12: The experimental fission probabilities o J o (see Fig. 10) 

are compared with theoretical values TfKXf+T ) , which are 

obtained from renormalized state densities as explained in 

the text. In the lower two curves no enhancement due to 

collective rotations is taken into account. The full and dotted-

dashed line corresponds to the deformation of the first barrier, 

£ * 1.54, the dashed and dotted line to the deformation of the 

liquid drop barrier, £ » 1.8. The crossing points at excitation 

energies of 40 and 43 MeV, respectively, indicate a sudden 

change in the sahpc of the transition state. 


