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ABSTRACT

The interaction of a wave packet of internal gravity waves

with the mean wind is investigated, for the case when there is a

region of wind shear and hence a critical level. The principal

equations are the Doppler-shifted dispersion relation, the equation

for conservation of wave action and the mean momentum equation, in

which the mean wind is accelerated by a "radiation stress" tensor,

due to the waves. These equations are integrated numerically to study

the behaviour of a wave packet approaching a critical level, where the

horizontal phase speed matches the mean wind. The results demonstrate

the exchange of energy from the waves to the mean wind in the vicinity

of the critical level. The interaction between the waves and the

mean wind is also studied in the absence of any initial wind shear.
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§1. INTRODUCTION

It is well known that internal gravity waves are an impor-

tant and ubiquitous feature of the atmosphere. Because the density

of the atmosphere decreases continuously with height, these waves

have a propensity for an exponential growth of amplitude with height.

Consequently, any linearised model for internal gravity waves must

eventually fail, and nonlinear aspects must be considered. Hines

(1972) has drawn attention -co the important role these waves play in

the transfer of momentum from one part of the atmosphere to another.

Momentum transfer is likely to be associated with such factors as

turbulence, dissipation (due to molecular viscosity and heat conduction),

ionisation and conductivity (at heights greater than 100 km.), reflection

processes (associated with sharp changes in the density and wind pro-

files), and critical layer absorption (at a level where the mean wind

speed is matched by the horizontal phase speed of the waves). In this

paper we are principally concerned with critical layer absorption.

Gossard et.al. (1970) have observed gravity waves propagating

towsrds a critical level, where their absorption is associated with a

region of instability. Booker and Bretherton (19^7) have shown that

when an internal gravity wave propagates through a region of wind

shear (the mean wind varying continuously with height), the vertical

flux of horizontal momentum will be constant with height, except at

critical levels where the waves are attenuated by a factor

exp{-2ir(R - hfe] , (l.l)

where R is the Richardson number at the critical level. The local
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Richardson number is

P. = N2/U2 + V2 , (1.2)

where K2 is the Brunt-Vaisala frequency, ana (U(z),V(z),0) is the

mean horizontal velocity. It was assumed that R is greater than \,

as this is a sufficient condition for the stability of the mean flow.

The importance of critical layers was also postulated by Hines and

Reddy (1967), who used a multi-layered representation of the wind

shear. However, these linearised theories also predict infinite

wave amplitudes at the critical level, and thus nonlinear theories

must be invoked. Jones and Houghton (1971) developed a numerical

model to describe the coupling between internal gravity waves and

the mean wind; the linearised equations were coupled to the mean wind

by allowing the gradient of the wave momentum flux to produce acceler-

ations of the mean wind. They found a shelf developing in the mean

wind profile in the vicinity of the critical level. Breeding (1971)

used a numerical model of the nonlinear equations, and also found a

shelf near the critical level, although the Richardson number was

smaller than that used by Jones and Houghton. Lindzen and Holton (1968)

have invoked critical layer absorption in a discussion of the quasi-

biennial oscillation; their numerical procedure amounts to making an

ad hoc assumption about the coupling between the wave momentum flux

and the mean wind.

Large amplitude internal gravity waves can cause changes

in the mean wind even in the absence of any initial shear; these

changes may then introduce a critical level causing absorption, or
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"self-destruction", of the gravity wave. This process has been

examined numerically by Jones and Houghton (1972) and Breeding (1972).

In the present paper these phenomenon are studied using

the notion of a wave packet interacting with the mean wind. This

approach assumes that the properties of the mean state of the atmos-

phere vary slowly on a length scale determined by the local wave

structure, and is thus a large Richardson number approximation. The

equations describing the behaviour of the wave packet are obtained

by a multiple-scaling technique (partly described by averaging the

equations of motion over a wavelength). These equations have been

derived elsewhere (Grimshaw 1972, 197*0 and will be stated and dis-

cussed in §2. A simplified version of the equations has been integrated

numerically and the results are given in §3. The finite difference

scheme used for the numerical calculations is described in Appendix A.
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EQUATIONS DETERMINING THE INTERACTION OF A WAVE PACKET

WITH THE MEM WIND

These equations are

to* = u - K .V , (2.1)

u*2 = N 2 K 2 / K 2 , (2.2)

H
< T + Vw = 0, curl K = 0, (2.3)

vH.y = o , (a.U)

PO

5_ = _L + v v (2 7)
DT " 3T -' H V N

They are derived in Grimshaw (19T1*, %h) (see also Grimshaw (1972)

for an alternative derivation which ignores dissipative effects).

Here V is the horizontal component of the mean wind, pg(z) is the

mean density (varies only with height Z), N2(Z) is the Brunt-Vaisala

frequency, and V Q is the mean horizontal pressure gradient. The

parameters describing the wave packet are u, the local frequency,

K, the local wavenumber vector, (K = |K| is its magnitude, K is the

horizontal component of K and K = |< H|), and to* (2.1) is the intrinsic

(Doppler-shifted) frequency; (2.2) is the familiar dispersion relation

for internal gravity waves, and c is the group velocity

c = V a)* . (2.8)

It is well known that c is perpendicular to K, SO that waves whose

energy is propagating vertically upwards will have phase velocities
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which are vertically downwards. (2.3) describes the conservation of

waves; it is most simply derived from the observation that, in terms

of the phase of the waves ®(X,T), u is -@^ and K is V®. The amplitude

of the waves is described by the wave action density

T (2.9)

where £ i s the wave energy densi ty. Diss ipat ive effects are r e p r e -

sented by the diss ipat ion parameter \ , which i s defined below. In the

equations (2.1) to ( 2 . 7 ) , and hereaf ter , a subscr ipt H denotes horizon-

t a l component.

The f i f th equation (2.5) describes the acceleration of the

mean wind by the action of a "radiat ion s t r e s s t ensor" , 7"CKTT. I t i s

shown in Cirimshaw (19TM t h a t

;3"SK
H = <PoYYH> (2.10)

where angle brackets denote an average over the wave, and v is the

velocity of the wavelike perturbations. Thus, in the present context,

JCK is just that component of the Reynolds stress which can exert

a force in a horizontal direction. The sixth equation (2.6 ) is the

equation for conservation of wave action (ef. Bretherton and Garrett

(1969)). As remarked in il, these equations are derived by a multiple-

scaling technique, which assumes that the local wavelength is much

smaller than the length scale associated with the mean wind. Thus,

locally, xhe equations of motion reduce to those which describe

internal gravity waves in the incompressible, inviscid limit; the

interaction of the waves with the mean wind occurs on the long length
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scale, and the equations (2.1) and (2.7) may, for the present purposes,

"be regarded as the result of removing the short length scale "by averaging

over a wavelength. It should be emphasised here that these equations

are fully nonlinear, and there has been no restriction made on the size

of the wave amplitude. The effects of rotation have not been included,

(cf. firimshaw (1975) for analysis of the equations which arise when

rotation is included.)

The equations are expressed in terms of non-dimensional co-

ordinates. Thus we let Lj be a length scale characterising a wavelength,

and K j 1 t>e a time scale, where Rj is a typical value of the Brunt-

Vaisala frequency and of the wave period. Then the long length scale

is chosen to be gNj 2, and

c = NjL/g (2.11)

is the small parameter which is the ratio of the short length scale to

the long length scale. In terms of this scaling, the Richardson number

(1.2) is o(e~z). Equations (2.1) to (2.7) have independent non-dimensional

variables X, T which are related to the corresponding dimensional

variables x, t say, by

X = EX/LJ , T = eKit . (2.12)

All velocities have been scaled by WiLj, the density by pj and the

2 2

pressure by pjNjLi. In terms of these scalirgs, the dissipation para-

meter is

X = | (v0 + ak0) , (2.13)
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where . E = V

Here v\ is a typical scale for the kinematic viscosity, and so E is

an inverse Reynolds number; a is the Prandtl number, and \>g, kg

(functions of Z only) are the dimensionless kinematic viscosity and

thermal diffusivity respectively. In terms of this scaling, the

vertical compenent of the mean wind is 0(e2); also, all the equations

(2.1) to (2.7) have relative errors of 0(E). Although we shall be

using the non-dimensional variables, it may be nottd that a reversion

to dimensional co-ordinates would leave the form of (2.1) to (2.7)

unchanged. Also, a further arbitrary scaling of the time variable T

by tj, the space variable X by 2,j, and the density by pj would leave

the equations (2.1) to (2.7) unchanged provided that J* and Q are

2 —7 2 —1
simultaneously scaled by pjUjti , and \ is scaled by Jtitj . Thus,

in the numerical work, we are free to select the length and time scales;

in practice (see §3), the length scale is selected arbitrarily, and

then \ is chosen so that the wave packet has time to propagate to the

cri t ical level before significant interactions with the mean wind take

place.

The manner in which the mean momentum equation (2.5) describes

the production of mean vorticity by the "radiation stress" tensor

associated with the wave packet has been described in Grimshaw (I9lk).

Briefly

jjj-1 v.dx = ~ I y.dx + 1 x*:2y.dx , (2.1H)

where U = K ^ / P Q , (2.15)
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where ^ is a circuit moving with the mean wind. The first term

describes the instantaneous production of mean vorticity in the

vicinity of a wave packet, while the second term describes the per-

manent production of vorticity associated with dissipation of the

wave packet. Here, however, we propose to examine a simpler situation,

in which all the variables in (2.1) to (2.7) are functions only of the

height ?., and the tiire T. This corresponds, for example, to a situation

in which internal gravity waves are produced by a forcing mechanism in

a horizontal plane, in which the forcing term is periodic in both

horizontal co-ordinates. (if the forcing term does not extend to

infinity in the horizontal plane, then the resulting wave packet will

have horizontal gradients of the "radiation stress" tensor at i t s

horizontal boundaries; however, if the wave packet is of much larger

horizontal extent than vertical extent, the mean velocities generated

by these horizontal gradients will be smaller than those generated by

the vertical gradients, and will be confined to the vicinity of the

horizontal boundaries.) The resulting equations are (2.1), (2.2) and

nT + wz = 0, (2.16)

P oyT + (3Fw)zieH = o, (2.17)

fT + (9V)Z + XK23- = 0, (2.18)

where W = | 2 i = - S ^ . (2 .19)
an K

Here n is the ver t ical component of K, and W is the ver t ica l component

of group velocity c; also (2.3) shows that KIT i s a constant. Since ui

(b> vir tue of (2.1) and (2.2)) i s a known function of n and V (also

of Z through i t s dependence on N2), these const i tute three equations

for n, V and T. I t i s these equations which have been integrated
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numerically, and the results described in 53. They are inextricably

coupled; (2.17) describes the change in V due to changes in tT , and

then (2.1) and (2.l6) describe the resulting change in n due to

changes in V; the change in n then acts as feed-back to change .} > as

W depends on n.

Before discussing the numerical results, we shall close this

section by exhibiting the solution of (2.16), (2.IT) and (2.18) in

tne small amplitude limit. In this limit ( Or •+ 0 ) , (2.17) is ignored,

and V is assumed to be prescribed for all time; then (2.l6) is an

equation for n alone, and once n has been found, <r can be determined

by integrating (2.18). The procedure is discussed in Grimshaw (1972,

197U). For example, let H 2 be a constant, and

V = BZi , (2.20)

where i is a unit vector in the X-direction, and let initially at

T = 0 say, ui be a constant aig (i.e. the source producing the wave .

packet is operating at constant frequency). Then

oi* = X,B(d-Z) , (2.21)

where d =

and I is the X-component of K-, the solution of (2.16) gives n as a

function of Z only, determined from (2.2),

|n| = KH(^5fz- - ! ) i S • (2.22)

Th< sign of n is chosen to determine the direction of propagation of

the wave packet (from (2.19), for upward propagation, the product nw«
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must he negative). The path of the wave packet is given by

0 a

where ? is the initial value of Z; a fixed value of ? describes a

particular position within the wave packet. The solution of (2.18) is

3. . ShUfgfL exp{_ j *L dZ} .

Here W is a function of Z only, given by (2.19), (2.21) and (2.22).

;j0U) is the initial distribution of j" with height. Choosing the

positive sign in (2.23), this example describes propagation of a wave

packet towards the critical level Z = d(u* = 0). As the critical level

is approached

T 'Xi (llQU '

(2.25)

where KQ - NK /1 tog | ,

and i - l (2.26)

Here CQ is the wavenumber at the level Z = 0. The group velocity is

given by

|W| -v- |U OU
2/K O| . (2.27)

Thus the wave packet approaches the critical level, with a decreasing

velocity, and will never reach it in finite time.

For a fixed value of C, as the critical level is approached

the wave action Zf (given by (2.2U)), will grow to a maximum value

(since W •* 0) and will then decay rapidly to zero at a rate determined
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by i-.he dissipation parameter X. X is a function of Z in general, and

may be expected to vary inversely with the density; however, in order

to make further analytical progress, we will now assume that X is a

constant (this is not a great restriction, as it may be anticipated

that dissipation will be important only in the vicinity of the critical

level). For a fixed value of ?, it follows from (2.2k) that the max-

imum value of J occurs at that value of Z (or u) which satisfies

W + XK 2 = 0 . (2.23)

For small values of X, this has the solution, u = u , where
m

I 1 I 1
um = KQ|Xd/2cu0|

3 { 1 + 3 cH
2 |Xd/2to0 |3 + 0(X3)} . (2.29)

The corresponding value of the time i s T = T , and is determined from

(2.23):

1 2 it
Tm = |2d2/Xm2|3 { l - e KH

2|Xd/20)0|3 + 0(X3)} - T0 ,

where To = | <Hd/io0 | {N2/u>2(l - ?/d)~2 - 1}^ . (2.30)

Final ly, the maximum value of j " (for fixed c) i s found by subst i tut ing

(2.29) into (2.2*0, and i s

uoico

2 ! 2 i
3 { 1 + i K _ 2 | X d / a a 0 | 3 + 0 ( X 3 ) } .

(2 .31)

Hote that u (the distance of the maximum from the critical level) is
m

independent of ?. The absolute maximum value of 3" is determined by

maximising (2.32) over t;; this absolute maximum is thus given by that

value of C which maximises the product T0(c)W(c); the corresponding

time is determined from (2.22) by using this value of t, to evaluate T
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The variation of J with time T is shown in Figure 1, and the variation

of J" with X is shown in Figure 2.
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§3. RESULTS AND DISCUSSION:

(a) Critical Layer Absorption

The equations (2.16), (2.17) and (2.18) were integrated

numerically, the finite difference scheme being described in

Appendix A. The equations are to be solved subject to initial

conditions which specify the initial variation of V, ;$* and u> (and

hence n by (2.2)) with height Z. All calculations assume that N2

is a constant, that the initial value of V is

BZi , (3.1)

and that the initial value of u is a constant, too- It was found

convenient to introduce new variables, m and U, where

m - n"1 , (3.2)

and V = 6Zi + <R U/p0 . (3.3)

Note that 2irm is the ve r t i ca l wavelength. Then the equations (2.16),

(2.17) and (2.18) become

m - m2iii = 0 , (3.U)

UT + ( < M Z = 0 , (3.5)

- 0 . (3 .6)

Also , from (2.1) and ( 2 . 2 ) ,

ti>* = u - 6AZ - K 2 U/PQ , (3 .7 )

to*2 = N2m2K:2/l + m2<2 , (3.8)
n h

2 2
W = -signfmm*) \ 7 ^ ^ - / 2 • (3.9)
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Initially there is a critical level at Z = d, where d = uc/S.3 (2.2l),

and U is zero initially. The nonlinear coupling is due primarily

to the last term in (3.7); indeed the ratio of K2U/PQ to w* provides

a convenient measure of the significance of non-linear effects.

Finally, we note that (3.5) and (3.6) may be combined, to give

UT = 9-T + XK
2.f . (3.10)

The first term describes the instantaneous production of U in propor-

tion to x , and the second term describes the permanent formation of

II due to dissipation. (3.10) also shows that U will be comparable

in magnitude to J .

For all the numerical calculations, we set JT= KTT, and
ri

N2 = 0*1 ,

(3.11)

0 = 0-05963 .

<H = 0-5 ,

For an isothermal ideal gas, i t may be shown that (in our non-

dimensional co-ordinates)

(3.12)

where y is the r a t io of the specific hea t s . Setting y = l 'H , and

integrating

po(Z) = exp(-O-35Z) , (3.13)

where we have chosen the scale pj so that p0 (non-dimensional) is

equal to one at Z = 0. The parameter setting (3.11) gives a
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critical level at Z = 7-5, thus determining the length scale. The

initiei distribution of 7 is chosen to be zero outside the range

0 <_ 7. <_ 2; inside this range the initial distribution of T is

described in the Appendix A (A.7). Ths initial distribution of m

is determined from (3.7) and (3.8) (with U = 0 and u = W Q ) * with m

negative, so that the wave packet propagates upwards and towards the

critical level. If we choose a value for Bj which corresponds to a

dimensional Brunt-Valsala frequency of 2-1 x 10~2 sec"1 (an isothermal

atmosphere with the speed of sound set at 300 m/sec), then (3.H)

implies an initial wave period of approximately 7 minutes. Letting

e = 0"l say, the length scale Lj is approximately 230 m, which (with

K,. = 0-5) leads to a horizontal wavelength of approximately 3 km.

The initial values of 3* are varied over the range 10~2 to 10 5;

with Nj, Lj as above, an initial value of J equal to 10~3 corresponds

to a vertical particle velocity of approximately 0*15 m/sec. The

dissipation parameter X is assumed to be a constant, which is varied

over the range 0 to 10~5; a value of 10~3, with e, Bj, Lj as above,

gives E, the inverse Reynolds number, as about 10*"2, and a kinematic

viscosity of about 11 m2sec-1. The parameter setting (3.11) with

X = 10~3 implies that T for the small amplitude case is 108*6; this

time scale is also appropriate for the nonlinear equations.

First the equations were integrated numerically in the

small amplitude limit (U set equal to zero, and (3.5) ignored).

Figure 1, for which X is 10~3, shows the variation of the wave packet

with time as it propagates towards the critical level. The wave

packet narrows and increases in magnitude until it reaches its max-

imum T , after which it is strongly dissipated and decays rapidly to
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zero. The numerical results agreed with the theoretical results

(?.?<)), (2.30) and (2.31); for instance, with X set at 10"3, the

numerical results gave T / '-fjj = 9*00 ( •j"om is the maximum value

oi- T at T = 0), at Z = 6>08 and T = 102*?, while the theoretical
m m

results are 3" / *f = 9-53, at Z = 6«13 and Tm = 108*6. Also

shown in Figure 1 is the result of allowing X to vary inversely with

the density i.e. X = Xoexp (O'35Z) with Xo chosen so that X is 10~
3

at. Z = 6*13. The variation of the wave packet in time is similar

to that when X is a constant, although the wave packet is narrower

and reaches a larger maximum ( J / 3t = 10»13 at Z =6*11 and

m Om m
T = 105-5). Figure 2 shows the computed values of J / a . as am m Om

function of X in comparison with the t heo re t i c a l r e su l t (obtained

from (2.31)) ; the d r i f t away from the t heo re t i c a l value as X decreases

i s a consequence of the number of grid points (the same for a l l

r e su l t s shown), and may be corrected by increasing the number of grid

poin ts .

Next the ful ly nonlinear equations (3.^) to (3.9) were

integrated with the parameter s e t t i ng (3 .11) . Two parameters were

available to vary, the diss ipat ion parameter X, and the magnitude of

the wave packet at T = 0, measured by 3" (the maximum value of T"

at T = 0) . With 3" set at 10~7 , the r e su l t s were v i r t u a l l y i nd i s -

t inguishable from the small amplitude case ; with X = 10~3 , there was

a difference of l e s s than 1% in J / j " , Z and T ; also m varied
m om' m m

by less than h% from its initial value, which may be compared with

the small amplitude case in which m does not change with time. As

J~Om is increased, so does the extent of the interaction with the

mean wind; an indication of this is contained in Figure 2, which
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shows the variation of J / j with. X for j " n = 10~5, and 10~3 ,
m Om um

compared with the corresponding results for the small amplitude case.

Figure 3 shows the variation of T with time, for different values

of 3" and X set at 10~ 3; as J" is increased the ratio 7 / 3"

decreases, and the wave packet reaches its maximum earlier in time

and at a lower level of Z; for example,

By contrast with the small amplitude, or no interaction, case the

wave packet remains broader, achieves a lower maximum and does not

<3ecay so rapidly after its maximum has been reached. For the larger

values of J^ (lO~2 and 10~ 3), a significant part of the interaction

with the mean wind has occurred some distance from the critical level.

An interesting feature is that after the maximum J has been achieved,
m

the shape of the wave packet changes and two subsidiary peaks develop

at each end; this is clearly so because the interaction with the mean

wind is correlated with the gradient ( J"W),,, as well as with T" ,

A Om

and these gradients are largest at the ends of the wave packet. Figure 5

shows the variation of J with time, for different values of X with
T. set at 10~3; also shown is the case when X is not a constant but
Om '

varies inversely with the density i.e. X = Agexp (O35Z) with XQ chosen

so that X is 10~3 at Z = 6-13.

The cor-esponding variation of U with time is shown in

Figure k (X = 10"3 and different values of 3T ) and Figure 6 ( '̂ 7 =
Om Om

10 3, and different values of X). Generally the behaviour of U with
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time follows the same pattern as J with two significant differences.

Firstly, the values of U are slightly larger than those: of J" ; for

example, if U is defined to he the maximum value of U (achieved at a
ns

height 7, and time T as in (3.11*))
m m

if :K = 10"5, U / $ = 7"22 ,
Om ' m om

(3.15)

i f 3 - O m = l O - 3 , V ^ 0 m = 2 ^ ° -

Secondly after the wave packet has passed (and ~T reverts to zero),

there is a residual nonzero value of U. It is clear from (3.10) that

both these effects are due to dissipation. A term -To(Z) has been

subtracted from U in Figures k and 6; this term is due to the impulsive
i
' nature of the initial value problem posed for (3.*0 to (3.9), and is

physically unimportant; if the wave packet is generated by a continuous

forcing at the level Z = 0 this term would not have arisen. The relation-

ship between U and the mean wind V is described by (3.3); if V denotes

the difference between |v| arfl its initial value gZ (3.1), then

v M = K H U / P O . (3.16)

Hers K (3.11) is a constant, but P Q ( Z ) (3.13) decreases with height.

Figure 7 shows V,, at times when it is close to its maximum for X = 10

M
= 10 2 , 10 3; also shown for comparison is the initial valueajid 3

of |y| (3.1).

Instead of the initial value problem considered so far, an

alternative method of generating a wave packet is to set 3" equal to

zero at T = 0 for 0 < Z <_ 10, and impose a forcing term at Z = 0 for

T > 0 by specifying r(T,0); here, we simply imposed the condition that
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J (T,0) = X (a constant). This procedure is analogous to that

used by Jones and Houghton (19T1) and Breeding (1971). In the small

amplitude case, a steady state is achieved after the arrival of the

front of the wave packet and T is then given 'by (2.2U) hut now

C = 0, and To(c) is the constant J . The maximum T is reached

for times T > 112-U and 3^/ $ m is 11-11 at the height Z^ = 6-13.

The results for the nonlinear equations are shown in Figure 8 (with

T = 10~3 and X = 10~3). J/^n now increases up to a maximum of

approximately 10 at around Z = 5'2, and for times T > 110 oscillates

slightly about this value. However U continues to increase and for

times T > 150 an instability in the finite difference scheme occurs,

when me exceeds J2 and the stability criterion (A.5) no longer applies.
H

(b) The "Self-Destructing" Wave

The system of equations was also integrated numerically for

the case when there was no initial region of wind shear, and the mean

wind was initially zero. There is then no critical level but the

wave packet still generates a mean wind which extracts energy from

the wave packet. This case is obtained by putting 6 = 0 in (3.3) and

(3.7), the remaining equations (3,k) to (3.9) being unchanged. The

parameter setting was

N2 = 0-1 ,

OJ0 = N/2/5 ,
(3.17)

<H = 0-5 ,

e = o .

PQ(Z) i s given by (3.13). The value for uo was selected to ensure that

the wave packet (given i n i t i a l l y by (A.7) as in (a)) remains in the
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range 0 < Z < 10 for sufficient time for significant interaction to

occur.

In the small amplitude limit the theoretical result (2.2H)

shows that the wave packet propagates vertically upwards at a constant

r.pecd and without change of shape except for a slow exponential decay

due to dissipation; with X set at 10~ 3, this decay was negligible for

0 _̂ '/, ̂ 10. Figures 9, 10 show the results for the nonlinear equations.

With X = 0, U is identically equal to T , but now J" decays with height

and the wave packet propagates vertically at a slower speed. For an

initial magnitude T = 10~2 , at T = 100, the wave packet has reached

7, = H-0 (in the small amplitude limit the corresponding height is

7: = 5*9), and has decayed to one-half of its initial magnitude; in this

case there is a small initial increase in 5" , and the wave packet

broadens considerably in an asymmetrical mangier, the maximum occurring

p.'.. i/ne lower end. For an initial magnitude "J = 10~3, at T = 100,

I, he wave packet has reached Z = 5*6 and has dec aye c". to 0*85 of its

initial magnitude; the broadening of the wave packet is not so notice-

able. With X = 10 3, the results followed a similar pattern, but due

to the effects of dissipation U is larger than 3- , and there is a

residual value of U after the passage of the wave packet. For

r O m = 10~2, at T = 100 the wave packet has reached Z = U-l and has

decayed to 0-31* of its initial magnitude, while U/3" is O'kk and the

residual value of U is a constant 0-11 x 10~ 2. For ;k. = 10~ 3, at

0m

'I' = 100, the wave packet has reached Z = 5*7 and has decayed to 0-63

of its initial magnitude, while U/'j". is 0-67 and the residual value

of U is a constant 0-09 x 10~3. Figure 11 shows the actual mean wind

V generated (3.16) at T = 50, 100 for X = 0, 10~3 and J" = 10~2.
•"' O m
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Figure 12 shows the results of continuously generating the

wave packet at Z = 0, by prescribing 1 = j - . there (and setting

3" = C for T = 0 and 0 < Z <_ 10). In the small amplitude limit the

front of the wave packet so generated propagates vertically at a

consv-"vfc speed, and T i s constant behind the front, apart from, a

negligibly small exponential decay due to dissipation. In the nonlinear

case, with j = 10 2 , and X = 0, U is identically equal to j , but

the front of the wave packet is broader and propagates at a slower

speed; behind the front there is a small increase in the value of T

e.g. the maximum value of J / 3 at T = 100 is 1*17. With \ = 10~3

and j = 10 2 , the results are similar, but there is a smaller increaseom

in cr and due to the effects of dissipation U is larger than tT e.g.

at T = 100 the maximum value of U/3 is 1'kZ.
•Jom
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APPENDIX A: THE FINITE DIFFERENCE SCHEME

The equations that were integrated numerically are (3.*O to

(3.9); they may be written in the form

+ Afz + b = 0 (A.I)

where

m

U ' t = Ttv
" 0

0

AK 2

and A =

-m2 0

0 1

0 0

(A.2)

Here u>, W are known functions of m, U, T (and also explicitly of Z) by

virtue of (3.7), (3.8) and (3.9); <2 is equal to m~2(l + m 2 * 2 ) , and A

is a known function of Z. This system of equations is hyperbolic,

provided that m2*2 < 2, and the characteristic directions are given by
n

f =0, (A.3)

Here W is the explicit derivative of W with respect to m, and is

W = NmKu(2 - m
2K2)(l + m 2 * 2 ) " 2 .

TO rl n H
(A.U)

Since J is just the energy density divided by u*, J* has the same sign

as 10* and hence the opposite sign to m; thus the square root in (A.3)

will lead to a real characteristic direction when DI2K2 < 2. Near the

n

critical level, m tends to aero, and hence the choice of a finite

difference scheme to approximate (A.l) is based on the assumption that

the system (A.I) is hyperbolic.
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Two explicit finite difference schemes were investigated.

The first employed a forward difference for the T-derivative in (A.l),

and a backward difference fcr the Z-derivative in (A.l). Thus the

system of equations is approximated by, at the grid point (Z,T),

u(T + AT,Z) = u(T,Z) - A(T,Z) | | (f(T,Z) - f(T,Z - AZ)) - ATb(T,Z) .

(A.U)
Starting with the initial data u(0,Z), (A.h) enables u(T + AT,Z) to

be calculated from u(T,Z) at a set of grid points in the range

0 <_ Z <_ 10. As the wave packet propagates upwards, u(T,0) was main-

tained at its initial value; also u(T,10) was maintained at its initial

value, as the critical level is at Z = 7.5, and there is no wave

penetration above this level. This scheme is first order in accuracy.

In order to obtain an indication of the stability of (A.U), the scheme

was linearised about the local value of u(T,Z) and the von Neumann

necessary condition for stability (Richtmeyer end Morton, 19^7) then

applied. The result was

§• {w ± (-m24w 1r/P0)
h} < i . (A.5)

&ii n m —

This result can also be deduced from the Courant-Friedrichs-Lewy criterion

that the ratio AT/AZ should be less than the reciprocal of the maximum

characteristic speed.

The finite difference scheme (&..k) was found to be adequate

for all the calculations attempted. However, as the wave packet pro-

pagates towards the cri t ical level, i t narrows and peaks simultaneously

(see Figure l) and thus generates large gradients in X and U; hence a

large number of grid points are needed to resolve these gradients, and
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from (A.5), there is a consequent reduction in the permissible time

step. In order to reduce the computer time, another finite difference

scheme, of second order accuracy, was t r ied. This was the "leapfrog"

scheme, in which 'both T- and Z-derivatives in (A.l) are approximated

by central differences:

u(T + AT,Z) = u(T - AT,Z) - A(T,Z) — (f(T,Z + AZ) - f(T,Z - AZ))

- 2ATb(T,Z) . (A.6)

The scheme is integrated forward in time in a manner analogous to that

described above for (A.U), but now the data values of u(T,Z) must be

stored at two time levels. The von Neumann necessary condition for

stability shows that (A.6) is neutrally stable if (A.5) is satisfied.

The numerical results of §3 were mostly obtained using as

initial data for J :

3*0 = f 3*om expU - (Z(2-Z))^}, 0 < Z < 2,

i " " (A.7)

A variety of other, similar, bell-like shapes were also investigated.

However, qualitatively, the results appeared to be independent of the

precise form used; indeed, a square-wave ( 7 = Jom» 0 £ Z <_ 2 and

0, Z > 2) gave results very close to those obtained from (A.7). An

alternative to prescribing the initial values of J is to generate the

wave packet by prescribing J at the level Z = 0. As the wave packet

propagates vertically upwards, it narrows and peaks, generating large

gradients. However, at any one time, the wave packet occupies only a

small portion of the Z-grid. Hence two sets of grid points were used;
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a fixed coarse grid from 0 < Z <_ 10, and a fine, floating grid which

moved with the wave packet. This fine grid was determined by the

requirement that i t occupy the region where J > v'om-'-O 3» P^us a

region extending a further 20$ upwards. When the wave packet reached

the top of the fine grid, this would toe reset. This resetting of

the fine grid necessitated the calculating of the data values of

u(T,Z) at the new grid points by interpolation from the old grid points;

a four-point interpolation formula was used (several different inter-

polation formulae were tried, and made l i t t l e perceptible difference).

As the "leapfrog" scheme assumes that AZ is constant throughout the

grid, i t cannot be used at the ends of the fine grid; at these grid

points (A.k) was used instead. The stability criterion (A.5) was applied

whenever the fine grid was reset, to determine the new time step; this

enabled us to take advantage of the fact that generally W decreases as

the wave propagates vertically. AT was init ial ly set at 0.2.

Both finite difference schemes were tested in the small amplitude

limit (setting U = 0 in (A.l) and neglecting the second equation), as

the numerical results may then be compared with the theoretical results

((2.29), (2.30) and (2.31)). Using the "leapfrog" scheme, and 300

grid points on the fine grid, agreement to within 2 ^ was obtained, with

\ set at 10 3 . Using only 200 grid points on the fine grid, and the

"icapfroE11 scheme, gave agreement to within 5%; comparable agreement

with (A.k) required 300 grid points. For the fully non-linear system

similar indications of convergence were obtained. However, smaller values

of \ renuired a greater number of points in the fine grid to obtain com-

parable accuracy. (Figure 2, fo.- the small amplitude limit, gives an
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indication of the variation of the accuracy with X, for 200 points on

the fine grid.) All the results shown have 200 points across the fine

grid. When (A.5) is satisfied, the scheme (A.It) was founa to "be stable;

however, the "leapfrog" scheme occasionally developed spurious oscillations

(usually at the edges of the fine grid). Most of the results shown were

obtained with the "leapfrog" scheme; however, when this scheme showed

signs of instability, the results were supplemented by using (A.U).

Also, for the larger values of j and X, the scheme (A.U) was completely
0m

adequate, as large gradients did not develop. All the numerical results

were obtained on the CDC CYBER 73 at the University of Melbourne.
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FIGURE CAPTIOUS

Figure 1: (6 = -05963) The graph of J/ TQm against Z in the small

amplitude limit, at the successive times T = 0, 20, ho, 60,

80, 100 and 120; (a) The dissipation parameter X = 10~3.

(TD) The dissipation parameter X varies inversely with the

density, X = 0*1173 * 10~3 exp(O-35Z).

Figure 2: (S = -05963) The graph of J / 3" against the dissipation

parameter X, both plotted on a logarithmic scale; the

theoretical value for the small amplitude limit, • the com-

puted value for the small amplitude limit, x the computed

value for j" = 10~5, © the computed value for 3" = 10~3.

Figure 3: ($ = -05963) The graph of */ 3" against Z, for X = 10"3,

at the successive times T = 0, 20, Uo, 60, 80 and 100;

U ) ^Om = 10"5; M ^Om = 1 0 " ^ ( = ) ^om = 10"3 (T = 8°

is not shown); (d) 3" = 10~2 (T = 60, 100 are not shown).

Figure k: (B = -05963) The graph of U/ ̂ -Qm against Z, for X = 10~
3,

at the successive times T = 20, kO, 60, 80 and 100; (a)

J. = 10~5; ("b) T n = 10"1*; (c) T". = 10"3 (T = 80 is not
Dm Om um

shown); (d) T . = 10~2 (T = 60, 100 are not shown).

The residual value.1 of U (time independent after the passage

of the wave packet).

Figure 5: (B = -05963) The graph of J/ 3-Q against Z, for T*Q = 10~3,

at the successive times T = 0, 20, 1+0, 60, 100; (a) X = lO"4;

(b) X = 1O~3; (c) X = 0*1173 x 10~3 exp(O-35Z); (d) X = 10~2

(T = 100 is not shown as * / -jr. < -02).
Om

Figure 6: (g = -05963) The graph of U/ + n aga ins t Z, fo r ck = 10~ 3 ,~—~——— " um Om

at the succes s ive t imes T = 2 0 , 1*0, 60 , 100; (a) X = l O " 4 ;



(b) X = 10 3; (c) X = 0-1173 x 10~3 exp(O-35Z); (d) X = 10~2.

-"ie residual value of II (time independent after the

passage of the wave packet).

Figure T: (S = -05963) The graph of V,, against Z for X = 10~3; (a)

*} = 10~2, T = 20, 1*0, 80; (b) 3" = 10"3, T = U0, 60, 100.

I'igure 8: (3 = -05963) The wave packet generated continuously at

2 = 0 for " Ôn = 10~
3, X = 10"3; (a) ^ /'^Om against Z; (b)

U/ "̂ j. against Z; both graphs drawn at the successive times

•'' = 30, 60, 100.

Figure Q (B = 0): The graph of 3 / 5 against Z at the successive

times T = 0, 1*0, 60, 80, 100; (a) X = 0, 3* = 10~2; (b)

X = 0, -K = 10"3; (c) X = 10"3, 9\ = 10 ~2; (d) X = 10"3,

Om

i'igure 10 (3 = 0): rr'he sraph of tl/4 against Z at the successive

times T = UO, SO, 80, 100; (a) X = 0, 4 = 10~2; (b) X = 0,

}Qn = JO"3; (c) X = lO'3, 3-On = 10"
2; (a) X = 10~3,

J- = 1O~3. - - - - The residual value of U (the independent
On

after the passage of the wave packet).

Figure 11 (3 = 0): The graph of V(/ against Z for yQ - 10~2 at the

successive times w = l»0, 60, 80, 100; (a) \ = 0; (b) X = 10~3.

Figure 12 (B = 0): The wave packet generated continouusly at Z = 0

for 2 0 m = 10~
2, X = 10"3; (a) ^ / % n against 7,; (b) U/ ^

against Z; both graphs drawn at the successive times T = 20,

b0, 100.
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