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SUMMARY 

The application of mathematical models to evaluate tracer experiments is illustrated by examples of tests 
done in a variety of industrial plants, using radioactive trocers. Two basic models, the axial mixing model 
and the perfectly mixed tank model, as well as various applnational techniques, are described. 

It is concluded that many processes can be simulated to various degrees of accuracy by using the basic 
models, and that both quantitative and qualitative information can be obtained about the process. 

SAMEVATTING 

Die toepassing van wiskundige modelle om spoordertoetse te evalueer word geillustreer deur voorbeelde van 
toetse wat ir. 'n verskeidenheid industriele aanlegte gedoen is met radioaktiewe spoorders. Twee basiese 
modelle, die aksiale vermengingsmodel en die ideale mengvatmodel, asook verskeie toepassingstegnieke, 
word beskryf. 

Daar word tot die gevolgtrekking gekom dat baie prosesse deur middel van die tiasine modelle tot 
verskillende grade van akkuraatheid gesimuleer kan word en dat kwantitatiewe sowel as kwalitatiewe 
inligting oor die proses ingewin kan word. 
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1. INTRODUCTION 
Radioisotopes have been used extensively in the 

past in South Africa as tracers to obtain mean residence 
times and mean residence-time distributions of process 
materials in various industrial procs units [1,2,3J. The 
data obtained by such experiments often provide 
information about the process dynamics as well, so that 
it is desirable not only to report the response curves, but 
also to give an indication as to how well the system 
behaved, or which factor(s) possibly distorted the 
response or impaired the performance of the system. 
This type of information can be extracted from the data 
by means of the simulation of the measured response 
with the aid of theoretical models. 

The advantages of the application of models can 
be summarised as follows: 

(a) A better understanding of a particular process can 
be obtained. Models can also help to show up 
abnormal behaviour in systems. 

(b) Models are usually fined to the experimental data 
by means of least-squares computer programs. In 
this type of computation every data point 
contributes to the accuracy with which the 
process parameters are determined, and because 
this is a numerical technique, such accuracy i." 
improved. Possible deviations <n the parameters 
can easily be com;: j\ed at the same time. 

(c) Because models usually describe the response of a 
system to an impulse input, the saving on the 
amount of tracer material used for a particular 
test can be large. For example: compare the 
consumption of tracer used for the continuous 
injection technique of flow measurement, with 
the amounts required by the impulse technique. 

(d) Many industrial processes do not operate at a 
steady state for long enough to allow a series of 
tests to be performed in single stages. Also the 
flow rates, etc. of a plant are usually not 
measured separately for each stage. A single pulse 
of tracer can be followed through all the stages, 
while the behaviour of single stages can still be 
derived with the aid of models. This usually 
results in a saving of tracer and labour. 

(e) A good mode! cart in many cases overcome crises 
such as a temporary loss of data through the 
failure of a detector, or a recorder going off scale 
for a short time. The model can still be fitted to 
the remaining data provided these data are 
reliable ard the model is known to describe the 
system well. Under such circumstances the whole 
test can be saved with only a reduction in 
accuracy of the parameters. 

(f) The evaluation of a system with recycle loops is 
practically impossible without a model. The 
measurement of the recycle rate in a process is in 
many cases possible only through a tracer test 
backed by a good model. This also applies to 
parallel flows in some systems. 

This report describes models which were found 
most useful for a large variety of tracer tests on 
industrial plants. The application of the basic models 
and refinements of the models to actual radioactive 
tracer tests, are also described. 

The models and their applications described here 
may not have been the best models for the given 
processes, but they served very well as first 
approximations, and helped to make useful deductions 
on the performance of the systems. A thorough look at 
the flow partem in a particular process, and observations 
on the shape and delays of the measured impulse 
response, will usually suggest the starting point when 
building a model for a particular system. 

2. BASIC THEORY OF MODELS 
Any material-handling system can be 

schematically represented by Figure 1. The change 
caused by the system in the concentration versus time 
distribution of a tracer injected at the input is 
characteristic of the system, and the mathematical 
simulation of this change can disclose valuable 
information about the performance of the system. The 
process may be expressed mathematically as an input 
function, X(t), an output function, Y(t), and a tran 'er 
function, H(t). The simulation of data, collected as Y(t), 
involves the choice of a suitable transfer function, so 
that the choice of a relatively simple input function will 
simplify the treatment 

MATERIAL 

F<0 I SCHEMATIC REPRESENTATION QF A MATERIAL HANOUNO SYSTEM 

2.1 The Delta Function 
A very suitable input function, which can easily 

be simulated in practice, is the delta function fi(t). It is a 
discontinuous function and expresses mathematically a 
physical process of a sudden impulse, which is in 
practice achieved by the instantaneous release of the 
tracer. It may be expressed as 

S(t) = 0 , t * 0 

6(t) = 1/At, t = 0, At -* 0 

The delta function is further defined as having a 
unit area, i.e.: 

/°°«(t).dt = 1 
-oo 

The transfer function, H(t), is defined as the delta 
function response of the system, so that H(t) = Y(t) for 
a delta function input at t = 0. 
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22 The Convolution Integral 
In many experiments it may be impossible or 

impractical to have a delta function input. If X{t) is 
known, the simulation of Y|t) is then achieved by 
considering X(t) to be composed of n pulses occurring at 
t = T i , T2, To, each of duration AT and 
amplitude X(Tj), and therefore of weight X(Tj).AT. 
Because the transfer function is defined for an impulse 
at t = 0, and tries? pulses occur at t = Tj, the response of 
the system to one of the pulses may be given as: 

Yj(t) = H(t-Tj).X(Tj).AT, 

and the overall response: 

Y(t) = J H(t-Ti).X!Ti).AT . . . ( 1 ) 

Let n -»<», AT -+ 0 
t 

Y(t )= /H( t -T) .X(T) .dT . . . ( 2 ) 
o 

The upp>;r limit of thi> integral is chosen at t, 
because X(T) cannot contribute to Y(t) if T > t-

Equation (2) is known as the convalution 
integral. 

2.3 The Laplace Transform 

In the derivation of the theoretical output 
function, differential equations are often encountered. 
These can be solved with relative ease by using the 
Laplace transform. The transform, f(s), of a function, 
f(t), is defined as: 

L[f(t)] = f(s) = 7f(t).e-st.dt, 
o 

where s is a complex variable. 

Applied to equation (2), 

Y(s) = H(s).X(s) . . . (3) 

The simple form of the latter equation has 
resulted in wide application of the Laplace transform in 
the field of tracer experiments. 

The inverse transform of f(s) is: 

a*i «> 
f(t)= (U2ni) / est.f(s).ds 

3-í°° 

The inverse transformation of Laplace functions 
is often found to be the most tedious part of the 
analyses, mainly because of the nature of the integral. 
Inverse transforms of many functions are, however, 
readily available in the literature [4], and if the solution 

cannot be found there, numerical inversion methods [5, 
6J, though not so accurate, can be applied with success. 

Even the most complex output function b 
basically of the form of equation (3). The convolution 
integral can therefore often be applied, either 
numerically or analytically, to obtain the inverse 
transform. The obvious disadvantage of this method is 
that the inverse transforms of both the functions 
forming the product must be known beforehand. 

3. AXIAL MIXING MODEL 
This model has been described ir detail by several 

authors [7, 8, 91 The model treats turbulent dispersion 
as mathematically analogous to molecular diffusion. In 
the one-dimensional case (along the main axes) the 
dispersion in a stationary medium may be described by 
the classical diffusion equation 

E.d2c_dC . . . (4) 
3x2 " d i 

The solution of equation (4) for a delta function input 
at x = 0 and t = 0 can be shown to be 

C(x,t)= =L,.exp(-x2/4Et) . . . ( 5 ) 
V4»rEt 

where C(x, t) = concentration of tracer at time t in 
position x 

E = dispersion coefficient 

Note that equation (5) is symmetrical about the origin 
x = 0. We did not have occasion to apply equation (5), 
but it is possible to visualize a number of situations 
where it could be used, e.g. for batch mixing in a circular 
drum with the main axis horizontal. 

The measurement of flow in a pipe is a much 
mo<e common problem. The medium is moving in one 
direction with a mean velocity u. The differential 
equation then becomes 

E.3_2C_u:3C + d_C . . . ( 6 ) 
3x2 3 X at 

Consider the problem where a unit planar pulse is 
injected at x = 0 and t = 0, and a detector is placed some 
distance x downstream to record the passage of the 
tracer. The solution of (6) then becomes 

C(x, t )= -JL .exp[ - {xu t )2 /4Et ] . . . ( 7 ) 
\/47rEt 

Equation (7) is not symmetrical with time at the 
measuring point because it allows for dispersion while 
the pulse passes the measuring point. Equation (7) is 
very useful to fit to tracer problems where the tracer is 
injected at one point and the passage of the pulsf is 
recorded some distance downstream of the injection 
point 
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3.1 Application of Equation (7) 
In order to determine the efficiency of the 

ventilation fan of the Kinross Gold Mine [10], it was 
necessary to measure the air flow rates in the inlet and 
outlet shafts. Figure 2 illustrates the problem. Both 
shafts were seven metres in diameter. Shaft number 1Á 
was divided into two ducts by a partitioning wall. About 
two-thirds of the area was used as the stale-air outlet 
duct and the remaining area was used in parallel with 
the number 1 shaft for fresh-air downflow. The available 
test length was about 800 metres in each case. It was not 
possible to install a second detector between the 
injection points and the measuring points, as indicated in 
Figure 2. 

DOWN CAST 
SHAFT 

N» IA f 
N CAST 

SURFACE 
WJCCTKM 

POINT 

, H . i LEVEL ^ 
MEASUREMENT 
POINT 

SURFACE 
MCASUREMCNT 
POINT 

EXTRACTION 
FAR 

p N * * LEVEL 
PINJECTION POINT 

STALE AIR 
FROM MINE 

WORKINOS wOR»wr.s 

FIG 2 SCHEMATIC DIAGRAM OF SHAFTS U S E D F O * VENTILATION OF 

rate of air was calculated from measurements of a 
cross-sectional area of the shafts and the pressure and 
humidity readings. Table 1 summarizes the results and 
compares the results obtained using the two techniques. 
The agreement between upflow and downflow rates was 
better than 4 %. 

« . 0 0 

COMPARISON OF EXPf ^MENTALLY MEASURED 
PULSE WITH OUTPUT COMfUTEO FROM AXIAL 
O F FU510I» MODEL 

> EXPERIMENTALLY MEASURED VALUES 

40.00 - * COMPUTED VHLUES 

31.00 

» 
30,00 # * 

» . 0 0 
• 

• # 
20.00 * 

' 5 00 • 

10,00 - • 

5.00 - * 
*• 
* 

0 

-e> 

i i * i::::; 

TIME it» SECONDS 

Flu 3 Ko.'A.DOWNCAST SHAFT PULSE 

TABLE I 
COMPARISON OF PULSE-VELOCITY METHOD 

AND TOTAL-COUNT METHOD 
OF AIR FLOW IN MINE SHAFTS. 

The axial mixing model described ab.<ve required 
a planar injection of tracer. This was not possible, but 
from the work of several authors [11, 12, 13] it was 
estimated that the errors would be small if it was 
assumed that the point-injected tracer would mix 
radially over a relatively shcrt distance. The two 
down-flowing airstreants were measured individually 
with one curie 8 5 K - puijgs, and i|-,„ 0utiet airstream was 
measured with a 2 curie 85K r pu|Se. Beta-radiation 
detectors were used and the detector pulses were stored 
on magnetic tape. 

We h?/e taken this opportunity to compare the 
pulse-velocity technique with the total-count technique 
[14J. The total-coun" technique will not be described 
here, but it can be remarked That several days of 
preparation were required to measure the efficiency of 
the detectors as a function of pressure and humidity. 

The pulse-velocity measurements required only 
three hours to perform. 

Figure 3 .hows the least squares fit of the model 
described by equation (7) to the measured 
time-concentration curve. The mean velocities of the air 
flow in all three ducts were obtained, and the mass flow 

Shaft 
Total-count 

me'hod 
Flow rate (kg/sec) 

Pulse-velocity 
method 

Flow rate (kg/sec) 

1A up 
1A down 
1 down 

468 
115 
34& 

466 
119 
368 

3.2 Single Pulse with Multiple Detectors 
As mentioned above, the weakness of the method 

described in the previous section lies in the injection of a 
planar pulse or the uncertainty on the radial mixing if 
this condition was not met. This weakness is overcome 
by using two detectors. The first detector is placed 
sufficiently downstream to ensure good radial mixing. 
The second detector is pi iced at a convenient distance 
further downstream. The mean-velocity measurement is 
done between the two detectors. The condition of good 
radial mixing is met at the first detector, but the inpui 
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pulse is not a delta function but a time-distributed pulse 
which is measured with the first detector. The transfer 
function between the first and second measuring point is 
derivea as follows: (Refer to sections 2.2 and 3.4) 

Ci(x 1 rs) = H1(s).Q(s) 
C2U2.S} = H2(s).Q(s) 

where Cj(xi,s) = Laplace transform 
of the measured pulse in xj 

C2(x2,s) - Laplace transform 
of the measured pulse in %2 

H Í U ) = Laplace transform 
of the delta function response 
over the first section 
(up to xi) 

H2(s) = Same as above up to X2 
Qls) = Laplace transform 

of the injected pulse 
at x = 0, t = 0. 

To obtain the transfer function between the two 
measuring points. 

C2(x2.s) 
H2(s) 

T C I ( X 1 , S ) = H3(S) .CI (X 1 ,S) 

because of the common injected pulse Q(s). 
Thus the transfer function is 

, H2(s) 
H 3 ( t ) = L - 1 [ H 3 ( s ) ] = L - 1 [ — - ] Hi(s) 

(x2-x i ( 
,exp[- <x2 -x i -u t ) 2 / 4E t ] . (8) 

If the input pulse Cj(xi , t ) at x i and the output 
pulse C2Íx2,t) at X2 were measured with the two 
detectors, the input pulse can be convoluted onto the 
output pulse with H3<t): 

C2(x2,t) = / H 3 ( t - n . C i ( x i J } . d T 
0 

(9) 

where H3(t-T) has the form of equation (8). Thus, by 
combining the convolution with a least-squares fit and 
varying the parameters u and E in H3(t), equation (9) is 
fitted to the experimental values of Ci(x i , t ) and 
C2(x2,t). 

In some cases, particularly at low Reynolds 
numbers, the boundary layer of air along the pipe walls 
may contain an appreciable fraction of the tracer 
material. The result is a long tail on the measured 
time-cor-ientration curves. Under these conditions the 
above model fails to describe the dispersion 
satisfactorily. For luch skewed pulses, we have 
successfully assumed a transfer function in the form of a 
gamma fuction, e.g.. 

H(t) A.tB.exp(-Ct) 

orH(t) - A.(t+T)B.exp[»C(t+r)] 

Convolution with equation (10) and the parameters A, 
B, C and r, allows one to obtain a value of the average 
time T that an assumed delta-function input takes 
between the measuring points. 

3.3 Application of Equation (9) to Gas Flow in 
Pipelines 

The two-detector technique described in the 
previous section was used to do accurate volumetric 
flow-rate measurements in the gas mains of GASKOR 
[151 Flow rates in the range 5 000 to 60 000 tvPfa at 
STP in pipelines with diameters of ISO to 350 mm were 
injected into the pipelines at convenient points The first 
detector was mounted about 100 metres downstream on 
the outside of the pipe and the second detector a further 
100 to 300 metres downstream. The outputs of the two 
detectors and the timing signals were recorded on 
magnetic tape. These recorded data were read back into 
the computer for analysis. Each measurement took only 
a few minutes to do. An added advantage was the fact 
that only a single access hole (for injection of the tracer) 
in the pipeline was required for a test. 

Figure 4 is a typical example of the input pulse 
convoluted onto the measured output pulse using 
equation (9). The mean velocity and dispersion 
coefficient of the tracer in the gas stream was found by 
the least-squares method. 

!mt m MCtWM 

i*>. «•»?«*;?.« -'* "."te i>, « t w o »iy«gt 

. . . (10 ) 

Unfortunately the only alternative gas-flow 
measurements available for comparison were accurate to 
within only one per cent It is estimated that the results 
obtained with this method were accurate to within less 
than 0,2 %. 

3.4 Application of Equation (9) to Flow of Gas 
in a Catalytic Cracker Reactor 

The uneven distribution of temperature in a 
catalytic cracker reactor at the NATREF petroleum 
refinery indicated malfunctioning of the system [16]. 
Maldistribution of reactants in the catalyst bed was 
suspected. Since shutting down the system for an 
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inspection would have resulted in a substantial loss in 
production, the refinery wanted a second opinion on the 
possible cause of the uneven temperature distribution. 

The refinery had a second reactor of similar 
design which was functioning well. Figure 5 shows a 
schematic diagram of the two reactors. The inputs 
(tops), outputs, and quench inputs (distributors) of the 
reactors were designed to ensure a very uniform flow of 
gas over the cross-sectional area of the catalyst bed 
(planar injection). 

SED 

1 1 
1 l H 

t-r 

k OUTPUT 

HOC KEACW 

:, , \ N f 
ft).*" 

_ l U^ 

f 
— i i , i , 

. . . . . 
i.»> 

( f 
i 

D i i SCHtMWIC DUCdW OF HYI 

We used the good reactor to test the theoretical 
model and to compare its response to that of the 
malfunctioning reactor. 

Pulses of the facer gas argon-41 were injected 
into the input points 1 to 5 indicated in Figure 5. The 
first detector was installed on the input gas line as near 
as possible to the distributor under test. The second 
detector was installed on the output line as near as 
possible to the bottom of the catalyst bed. Both the 
input and output pulses were recorded for each section 
under test. Equation (9) with transfer function (8) was 
used to convolute the recorded input pulses. Figure 6 
shows how well this model fitted the response of the 
good reactor. Figure 7 shows that the output pulse of 
the malfunctioning reactor had a much longer tail than 
predicted by the model. This long tail indicated a 
stagnant v'"'™» in the catalyst bed and explained the 
uneven temperature distribution of the catalyst bed. 

• ««sumo 
. COfcTufED 

Hf.S IA5 MtASWED * * » * * * S ' 
Of f*Cr" ">!tr,F| 

rtMf ft «•< « 0 OK 

8 -

•rr.7 AT •onowautMr» 

« I ' O t M 
tf • T7t sec u s mAsmmi mm rmi 

MQMCM V MO* PU.SC) 

-.i._T""Ktr?rrt.j 

&LL FIT OF c a w i E a OUTPUT OH W A S H E D OUTPUT D H C F-JISE w»t 

This application shows that the model was of 
considerable help in deciding whether the response of 
the reactor was normal or abnormal. 

3.5 Application of the Axial Mixing Model to a 
Sugar Crystallizer 

The continuous crystallizer plant for massecuite 
at the empargeni Mil! of Huletts Sugar Limited consists 
of a number of vessels in series [17]. Figure 8 shows a 
schematic diagram. The contents of vessel number 6 
undergo a circular stirring motion while aM the other 
vessels have a reciprocating rocker type of stirrer. It was 
necessary to compare the behaviour of the two types of 
crystallizers in order to assess the desirability of 
converting the entire system to circular stirrers. 

nlACE» MJECTEB 
HERE 

I 

MASSFCUTC 
OUT 

o 
«A3SECUI 

zy 

FIG» OIA0RAM Of THE C-CfTVSTAtUZEH INSTAUAtlON WITH DETECTORS 

AND 5AMPUNG HUNTS AT POSITIONS A.B AND C 

In continuous crystallize» it would be desirable 
to obtain, as nearly as possible, an ideal plug-flew 
condition in the axial direction with complete mixing in 
the radial direction of the vessel. 

It was decided to carry out the test with a single 
pulse of tracer on the last three vessels of the 
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installation. Thus the output response curves of each of 
the three vessels could be used to compare the behaviour 
of each of the vessels with the other under the same 
conditions of massecuite flow. 

A single pulse of 10 mCi of iodine-131 was used 
as a tracer. The tracer was obtained in the form of 3 ml 
of aqueous solution. This small amount of tracer was 
thoroughly mixed into one litre of massecuite to ensure 
that the tracer would correctly represent the highly 
viscous massecuite. 

The tracer was injected with compressed air into 
the crossover gutter leading into vessel number 5. For 
the purpose of the analyses, this injection was assumed 
to be a delta-function input. 

A lead-shielded scintillation detector with a 
collimator was mounted at the outlet of each of the 
three vessels. The count rates were recorded on three 
scalers and printed at regular time intervals. The 
recorded outpui response curves of vessels c. to 7 are 
given in Figures 9 to 11. 

T 

ft 

- N _ 
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O). The convoluted output is compared with the 
measured output in Figure 10. 

U 
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The convolution technique was cgain applied for 
vessel number 7. The measured output of vessel number 
6 was convoluted with the measured output, hut the 
transfer function in this case was taken as a fraction of 
dispersed flow plus a fraction of plug flow: 

C3(x 3,t| - Qa.Ca(x3,t) + Qb.C2<x2.tb) 

X3-X2 
where t D = t - • 

«b 

_WfVfON ? f CJf 

C a(x3,t a) was in the form of equation (9). 

Figure 11 shows how this combination model 
fitted the output of vessel 7. From a knowledge of the 
total flow rate Q in the system of vessels, it was possible 
to calculate the dead volumes in each vessel. Vessel 
number 5 had no dead volume. Vessel number 6 had 
70 % dead volume, and -'essei number 7 had 43 % dead 
volume. 

Ves.el number 5 had a double-peak response, 
indicating parallel flow in two or more channels. The 
output of vessel number 6 was much smoother, 
indicating a single flow channel. Vessel number 7 had a 
double-peak response similar to that of vessel number 6. 

3.5.1 EVALUATION OF THE RESULTS 

The output of vessel numbe; 5 could be described 
as the sum of two single dispersed pulses. 

Ciixi.t) Q a.C a(xi,t) + Qb.Cb(xi,t), where Qa 

and Qb amount of tracer in each channel, and 
C 8(xi,t) and Ct)(xi,t) were of the form of equation (7). 
Thus tv.o velocity and two dispersion coefficients and 
the split in flow rate could be found by the least-squares 
!it. Figure 9 shows the fitted response curve. 

Vessel number 6 had a single flow channel. The 
measured output of vessel 5 was taker, as the input of 
vessel 6, and this was convoluted with the measured 
ouiput of vessel 6, using the transfet function aquation 

im n MMj'fi 

It was concluded that the circular stirrer in vessel 
6 resulted in a single channel flow through the middle of 
the vessel, with a large volume near the wall being 
wasted because the massecuite there had too high a 
viscosity. The small active volume of vessel 7 was 
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attributed to the increased viscosity of the massecuite in 
that vessel which solidified in the poorly agitated zones 
of the vessel. 

Cj(s) =Cj_iU)/ís<V7a) + 1] 

= Cj_2W/NV,/Q) + tj2 

4. PERFECTLY MIXED TANKS IN SERIES 
Because of its adaptability to a large variety of 

applications, the perfectly mixed tank model is probably 
the best-known process simulator. Intricate flow 
patterns can be analysed with relative ease by the 
application of a combination of perfectly mixed tanks. 
The usefulness of the model will be illustrated in the 
followi.,g discussion. 

Consider a string of perfectly mixed tanks of 
equal volume V , in series, through which passes a 
constant flow rate, a (Figure 12). Let Cj(t) be the 
concentration in the i-th tank at time t > 0 , resulting 
from a delta-function tracer injection at t = 0. According 
to the concept of perfect mixing, Cj(t) is also the 
response function of the tank. A material balance on the 
i-th tank is: 

C« , v ' / & y 1 / , c ? , v ' / t

c H, v 1 /ft Q 1 Tr -1 T T - ~1 71 T ^ Tr -

v / i=1 i=2 i=j-1 i=j 

FIG 12 PERFECTLY MIXED TANKS IN SERIES 

V(dCj(t)/dt) + aci(t) = aci- i(t) . . . ( 1 1 ) 

The solution of this equation is subject to two 
conditions set by the choice of a delta-function input. 
First, at t = 0, with no tracer present, Cj(t) = 0. This 
implies that 

L[dCi(t)/dtJ = s.Ci(s) 

Secondly, with tracer present at t = 0, the amount 
of tracer injected at t = 0 can be related to the mean 
concentration of tracer C 0 when uniformly distributed 
in j tanks, as follows: 

C i n ( t ) .Q.At-C o .V, t = 0, . . . (12) 

where V - total volume of j tanks = j V 
and Cjn(t) = initial concentration of tracer. 

The Laplace transform of equation (11) is 

V.Ci(s).s + Q . C j ( s ) - 0 X ^ ( 5 ) 

Solving for the j-th tank, 

= Cjn(s)/l5(V7Q)+11i 

But from equation (12), 

Cjn(s>=Co<V/a>/6(t).e-«.dt 
o 

which can be proved to be 

Cjn(s) = Co(V/Q), so that 

Cj(s) = Co(V/Q)/ls(V/jQ) + 1]J 

The inverse transform is 

Cj(t) = Co(V/Q).(jQ/V)i.(1/(j-1)! ).ti-1.exp(-jQt/V) 

The mean residence time of material in any vessel 
can be found from the first moment of area about t = 0, 
i.e. 

_ c 
t - • 

f tC(t).dt 
. . . (14) 

/ C(t).dt 
o 

Applied to equation (13), 

r = V / Q = jV7Q . . . (15) 

SubstitutingT= V/Q in equation (13), 

Cj(t) = C 0(j j /( j-1)l ).<t/f)i-1.exp(-jt/t) . . . (16) 

The transfer function can be found by dividing 
Cj(i) by the area, which is found by 

/ Cj(t).dt = C 0.T 
o 

. . (17) 

This can be verified by rearranging equation (12) 
as follows: 

C i n(t).At - C 0(V/Q) = C0.t 

The expression on the left is the area under the 
input pulse, which should equal that of the output 
distribution. 

Finally, the transfer function is 

H(t) = Cj(t)/(C0.f) 

- (ji/(j--1)! ).(tj-1/fj).exp(~jt/f) . . . (18) 

andH(s)=1/[s(t7j) + 1|J (19) 
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Because of the normalizing properties (unit area) 
of equation (18), data is often reported in this form, for 
ease of comparison between different curves. 

5. APPLICATIONS OF THE 
TANKS-IN-SERIES MODEL 

The operational principles of industrial 
equipment often bear a resemblance to the perfectly 
mixed tank. Perfect mixing is, however, rarely attained 
in practice. Poor mixing results in the formation of 
stagnant volumes, dead volumes and multiple mixing 
zones in the «-assel, so that the operating parameters of 
the unit i "\ be determined only by a tracer test. 
Although several 'real' mixed tank models are proposed 
in the literature [7, 18], practice has shown that each 
case has to be treated according to its own merits. 

Examples of tracer experiments on Industrie' 
equipment with varying degrees of mixing will now be 
discussed. 

5.1 The Basic Model 

5.1.1 TANKS IN SERIES 

Examples of the rtrect application of the 
tanks-in-series model can be found m the !eachir.g vessels 
of gold recovery plants The contact time of solids and 
cyanide is of primj importance because it affects the 
recovery of gold. The leaching is done in Brown tanks or 
Pachucas, which are desiyned to provide the maximum 
mixing efficiency to the contents by means of 
compressed air. A schematic representation of a typical 
plant is shown in Figure 13. 
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FIG 13 SCHEMATIC ARRANGEMENT OF TANKS AND 

MEASURING POINTS 

An experiment done at the Libanon Gold Mine 
required that both the liquid and solids be traced (19). 
The liquid tracer was prepared by irradiating 
tetrachlorogoldacid |H(AuCl2).3H20) in the reactor, 
thus producing about 100 mCi of 198Au, a r ,d dissolving 
the activated compound in a cyanide solution just prior 
to the injection. The choice of a gold/cyanide complex 
ensu.eri that the tracer would stay in solution in the 
plant conditions. The isotopes of longer half-life (59Fe, 
46Sc arid 60co) of reactor-activated gold ore were used 
as the solid» tracer. After allowing the shorter-lived 
isotopes to dcoay for two wee!.s, the remaining activity 

was about 45 mCi. By using the ore itself as tracer, the 
tracer response was certain to be representative of the 
solids' behaviour. 

The tracers were injected simultaneously and the 
response of the tanks monitored by sampling the output 
at regular time intervals. After the solids and liquid in 
th» samples had been separated by conventional 
methods, the activity in each of the samples was 
determined by counting on a 200 x 100 mm sodium 
iodide detector in a low-background castle. The resulting 
data were corrected for background and decay. 

The mixing characteristics of the system could 
then be evaluated by fitting equation (16), with j = 1 
and j = 7, to the data by means of a digital computer 
[20]. In this way, the parameters in the equation, viz. T 
and CQ, were solved to within an accuracy of 1 %. The 
fits are shown in Figures 14 and 15, which show that the 
tdnks-in-series model successfully predicted the response. 
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The mean residence time of the seven tanks was 
found to be 20,09 h for the liquid and 20,44 h for the 
solids. By calculating the mean residence time from 
equation (15), using the physical volumes of the tanks 
and the average flow rate during the experiment, it was 
found to be 20,66 h. This indicated that a small amount 
of dead volume had formed in the tanks. Dead volume is 
defined as the volume of material not partaking in the 
mixing, and may be calculated as 

vdead = Vtotal - V|jve 

= Physical Volume -(MejsuredTx Measured 
Flow Rate) 

A dead volume of about 2 % was determined in 
this way. This may have been due to the volume of air 
present in the tanks, seeing that the physical volume had 
not been corrected in this regard. 

A -• nail amount of short-circuiting was also 
detected in the system. It is seen in the liquid response 
of Figure 15 as the delay in the leading part of the 
theoretical curve. This also affected the mean residence 
time. 

It should be mentioned at this stage that the 
mean residence time could also have been calculated by 
taking moments of area (equation (14) in numerical 
form). The disadvantage of this technique is that large 
errors may arise from the less accurate data (due to 
counting statistics) of the trailing part of the response. 
These errors are amplified when multiplied by the larger 
moments of the trailing part. The modelling technique, 
on the other hand, treats all data as having the same 
weight, and is also less affected by scatter and scarcity of 
data. 
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and consequently the recycle flow, varied during the 
experiment so that the tanks had to be modelled as 
though they had different volumes, and the recycle 
fraction treat d as an unknown parameter. 

Let V i and V2 be the volumes of the tanks, and b 
the fraction of the flow rate, Q, that is recyclw from the 
second to the fir*t tank. The recycle on the first tank is 
considered to L-e part of the mixing of the tank and is 
not included in the analysis. If Cj(t) and C2(t) are the 
concentrations of tracer at the output of Vi and V2 
respectively, ana Cj n(t) the amplitude of a 
delta-function input at t = 0, material balances can be set 
up, viz.: 

Ti.Ci(s).s + Ci(s) = Cjn(s)/(1+b) + C2<s).b/(1+b) 

. . . (20) 

andÏ2.C2(s).s + C2<s) = Ci'.<;) (21) 

where t i and t2 are the mean residence times related to 
the actual flow rate, 0.(1 +b), i.e.: 

r i = Vi / [a(1+b)] 

f2=V2/[CU1+b)l 

5.1.2 COMPLEX MODELLING 

The modelling of a more complicated 
material-handling system will now be discussed as a 
typical example of the adaptability of the perfectly 
mixed tank model. 

An experiment similar to that described in 5.1.1 
was done on the gold leaching plant of the Vaal Reefs 
North Gold Mine [21], shown schematically in Figure 
16. Samples were taken at points A and B to determine 
the mean residence times of the first tank a..J the 
complete system. For the purposes of modelling, each 
tank was considered to be a perfectly mixed tank, and 
the volumes of pipes and ducts bi'ween tanks were 
considered to be negligible compared to the volumes of 
the tanks. The plant was divided into three sections (as 
shown in Figure 16), the transfer functions of the 
sections derived, and then combined to yield the overall 
response function. 

The first section consisted of two tanks in series. 
The overflows of the tanks were returned to the input 
by means of a feed pump. Although the dimensions of 
the tanks were the same, the material level in the tanks, 

From equations (20) and (21) it can be shown 
that: 

C^s) = 

and C2(s) •-

Cin(s).(t2.s + 1) 

(Ti.T2)(1+b)(s-rP)(s+R) 

Cjnísí.HKs) 

Cjn(») 
(Ti.T2)(1+b)(s+Pi(s+R) 

= C i r i(s).H2(s), 

(22) 

. . . (23) 

where Hi(s),H2<s) = transfer functions of Vi and V2 
respectively, 

P=(F+G)/(2.T 1.T 2), 
R=(F-G)/(2.Tt.T 2). 
F ^ - R ^ 

and G = (p2 - (4.Ti.T2)/('+b)J^ 

Analogous to equation (12), it can be shown that 

C i nU) =C 0 . (V 1 - rV 2 ) /Q 

= C0.(T1+T2)(i+h». 



where CQ refers to the mean concentration in V j and 
V2. The inverse transform of equation (22) then 
becomes 

C l ( t ) = ^ 1 ^ 2 ' (p.72-1).e-Pt-(R.T 2 - i ) .e-Rt 
{ti.T 2)(P-R) 

(24) 

The men residence time, tA, of the first tank can 
now be found by applying equation (7): 

FA=(ti+T2)(1+b)-T2 

It should be noted that T A is related to the net 
flow rate, Q, andl | to a flow rate of Q(1+b); hence the 
difference. 

Equation (17) <*as solved for Co, ï | , Ï 2 and b by 
fitting it to the data collected at point A, and T A could 
be calculated. The fit is shown in Figure 17. 
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The second section of the plant consisted of five 
tanks in series, in parallel with two tanks in series. The 
tanks were of equal volume, V3. The fraction of flow 
passing through each branch was unknown and could 
not be measured. 

Let C3a(t) and C3b(t) be the response functions 
of the five tanks and two tanks respectively, and f the 
fraction of flow passing through the five tanks. If C3(t) 
is the response of the section, it follows that 

C3(t).Q= f . a c 3 a ( t ) + t i-f).Q.C3D(t) 

orC3(s) = f.C3a(s) + (1-f).C3b(s) 

Applying equation (3), 

C3(s) = C2(s).[f.H3-(i) + (1-f) .H 3 b (s)] 

= C2<s).H3<s) (25) 

where H3a(s) and H3b(s) are gi»;r, by equation (19) as 

H3a(s) = 1/[(s.V3/fQ)-r1]5 

H3b(s) = 1/[(s.V3/(1-f)Q)+1]2 
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and H3U) = transfer function of the second section 

= f.H3a(s) + (1-f).H3b(s) 

The response of the last section's seven tanks, also 
of volume V3, can be represented by 

C4(s) = C3(s).H4(s) 

where H4(s) = I/KS.V3/Q) + 1 f 

. . . (26) 

Combining equations (23), (25) and (26), 

C4(s) = Cin(s).H3(s).H4(s) . . . ( 27 ) 

In this cast, Cjn(s) is defined as 

Cjn(s) = Co-ITotal Volume)/Q 

= Co.(Vi+V 2+14V3)/Q 

= Co.(ti+T2)(1+b) + 14.Co-V3/a 

so that Co refers to the mean concentration in all the 
tanks. 

The inverse transform of C4U) was not 
attempted, but by incorporating a numerical inversion 
method [5, 6] in a least-squares program [20], equation 
(27) could be solved for the remaining paramr. jrs V3» f 
and CQ. The fit is shown in Figure 18. 
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The usefulness of the modelling technique is 
reflected in this experiment in the evaluations of the 
recycle loop and the parallel flow of the second section. 
The measurement of flow fractions f and b was 
practically impossible in these particular plant 
conditions, so that a complete evaluation would not 
have been possible without the aid of the model. 

5.2 Evaluation of Multiple Mixing Zona» 

The examples dealt with in 5.1 were concerned 
with plant conditions which were such that vessels could 
be represented a* single mixing zones. This was possible 
mainly because of the high degree of mixing attained in 
the plants. Consequently, the models bore a physical 
resemblance to the plants. This should *iso be the aim 
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when multiple mixing zones in vessels with retaively 
poor mixing are modelled. The ideal model should not 
only simulate the response, but should be logically 
composed of models which identify possible mixing 
zones that can be visualized in the actual process. 

This type of descriptive model has the advantage 
that predictions on plant behaviour can be made with 
better accuracy. >n :he field of chemic*; reaction 
kinetics, for instance, modelling has become a basic tool 
in the design of reaction vessels Í7). 

5.2.1 STAGNANCY 

In the discussion so far, dead-voiume zones and 
perfectly mixed zones have been defined. It is 
imaginable that as mixing becomes progressively poorer, 
some of the material will be less mixed than the.rest. 
This type of behaviour is termed stagnancy. The 
formation of stagnant zones depends to a large extent on 
the shape of the vessel and the physical properties of the 
material. Stagnancy can be identified as a long 'tail' in 
the response. (Compare with the boundary-layer effect 
described ir, 3.2.) This signifies that some of the material 
is effectively retarded in the vessel. 

This behaviour was encountered during an 
experiment at the gold leaching plant of the East 
Driefontein Gold Mine [22]. The plant was similar to 
that described in 5.1.1 (Figure 13). The effect was 
accompanied by dead volumes in excess of 40 %. Bearing 
this in mind, the possible flow pattern in a tank could be 
imagined as shown in Figure 19. Two zones of good 
mixing, with crossftow between zones, can be identified 
in this Figure. Figure 20 shows the model that is 
suggested by this pattern. The net flow of material 
through the lower zone is represented by bQ. 

FIG.20 MODEL SUGGESTED BY FLOW PATTERN 
IN FIGURE 19 

A comparison between this model and that of the 
first section of Figure 16 shows that equation (22) 
applies, with the following exceptions: 

Ti = Vi / [0. (1+b)] , 

Ï2=V 2 / (b .Q) , 

and Cjn(s) = C o . ^ + V2>/Q 

= '%.[T1.(1+b)+T,.b] 

In the general case of j soch tanks in series, 
assuming that Vj , V*2 and b are the same for all the 
tar'ks, it can be shown mat: 

Cj(s) = Co-l t ï -0+b) +T 2.b].j.[H 1(s)]i (28) 

BOTTOM 
MIXING 

zone 

The fit of this equation to the response data of 
two tanks (j = 2) is shown in Figure 21. This is clearly an 
improvement on the tanks-in-series model (also shown in 
the Figure). 
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The assumption thatT|,T2 and b are the fame for 
all tanks is, strictly speaking, not valid. Hcwever, the 
model is simplified by such an assumptic 1, and tracer 
data are in any case rarely accurate enough to justify 
such detailed modelling. 

The downward movement of the ore would then 
reintroduce potassium into the active zone to complete 
the cycle. 

The final model is shown in Figure 23. It can be 
shown that the response is 

& £ 2 COMBINED MODELS 

A very interesting model co-Jld be derived to 
describe the behaviour c* potassium in a blastfurnace at 
ISCOR's Pretoria plant 

Irregularities in material balances of the natural 
potassium led to the suspicion that po:.isium was either 
being temporarily retarded or accumulated in the 
furnace. In an attempt to clarify his, ^K was 
introduced in the form of K2CO3 into the furnace. 
Because of the powdery form of the tracer, it was sealed 
in four brass capsules in lead containers to prevent 
possible ioss through the stack of the fui.-.ace. In this 
way, the capsules had to travel to a temperature region 
of 900 - 1 000 °C before the tracer was released. 
Samples of the slag output were taken at regular time 
intervals arid the specific activity of each determined. 
Appropiate corrections fo. background and decay were 
made. The response is shown in Figure 22. 

FIG 12 ? f > P p ? * S £ _ 0 f * Bt * >r FURNACE TO POTASSIUM TRACER 

The initial time lag in tn? re-,,<onse was caused by 
the delay before the tracer was relea?eu. This can be 
represented by a plug-flow model ot residence timer), 
the response of which is S(t-T-,/. This expresses a 
displacement o* magnitude Tj of a u,tit delta function 
6(t) along the time axis. 

The initial distribution of the tracer in the 
furnace, after it had been released, may be represented 
by a perfectly mixed tank of residence time T2, and the 
mixin- in the molten zone by a iuiiher mixed tank,Ï3. 
This combination still does not expU 1 the long 'tail' of 
the response, which indicates tht presence of some form 
of stagnancy. This can be included in ihe model as a 
recycle loop through a further mixed tank T4. The 
situation can be imagined physically if it is assumed that 
potassium compounds decomposed and vaporized in the 
molten zone to recondense on the walls and ore above. 

FIG 13 MOCgl 10 SWUUTE THE RESPONSE OF « BUST FUWMCE 

C(s) Cin(s).(s.t4 + 1) 

(s.T2+lM1+D).(t3.l4).(s+PMs+R) 

where P, R and b have the same meaning as previously. 
Since a delta function had in effect been injected at 
t = T i , 

Cin(s) =C 0.(Total Volume/Q).L[S(t-ti)| 

= Co.[Ti+T2+t3.(1+b) + Ï4 .b le~ s T 1 

Tfi3 function could then be fitted to the data by 
the same method as in 5.1.2. The fit is shown in Figure 
22. 

Potassium accumulation in blast furnaces is not 
an unknown phenomenon. Although the scatter of data 
indicated that fie potassium output was irregular, the 
mechanism according to which it occurred may have 
been that suggested by the model. 

5.3 Simulation of Response 

It is not always possible to construct a physically 
meaningful model for a particular process. The flow 
patterns may be so complex that the characteristics of 
individual flow regions cannot be identified in the 
response. Processes of this nature are often best analyzed 
by pure simulation of the response. The tanks-in-series 
model is easily adaptable for this purpose because, as it 
is, equation (16) expresses the response of any degree of 
mixing between no mixing (large j) and perfect mixing 
(j = 1). The application of the equation can be further 
extended by the us* of the Stirling series: 

( j - 1 ) ! =e-i.jJ-V4.(27r)^. 

(1 V1/12J + V288j2 - 139/51840j3- 571/2488320)* + . . . . ) 

This approximation allows one to calculate the 
factorial for any real value of j, and not only integers. 

The occasion to apply this principle arose when 
an attempt was made to evaluate the mixing in flotation 
cells used for the recovery of platinum-group metals at a 
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platinum mine [23j. The cells were square in shape and 
were contained in units of four cells. The divisions 
between cells i>. a unit were such that slurry could flow 
from one cell to the next through the entire depth of the 
cell. The aerating mechanisms were situated in the 
centres of the cells, near the bottom. It was required to 
determine the residence times of different size fractions 
of the solids in a unit of four cells. 

The tracer was prepared by activating 260 g of 
each of the size fractions in the reactor to produce 
lOmCi of 6*Cu and 24Na as the main radioactive 
constituents. Because of the short residence time (± 3 
mini, on-stream mes>-"rements of the response were 
obtained by immersing a 25 mm sodium iodide detector 
in the outlet stream. The observed count rate was 
integrated over short periods and printed out on a 
printer. The response of the - 5 3 /jm fraction is shown in 
Figure 24. 
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An attempt to fit four tanks in series (Figure 24) 
indicated that more tanks would be required to simulate 
the response. This could be explained only if the 
information of more than one mixing zone in a cell was 
postulated. The square-cell construction and the 
centrifugal forces created by the rotating aerating 
mechanism could have caused this. 

Since the actual flow patterns could not be 
determined from the available data, it was decided to fit 
the tanks-in-se. ics model (with a variable number of 
tanks) to the response. The fit is shown in Figure 24. 
This curve represents the behaviour of 5,86 perfectly 
mixed tanks, with a total residence time of 2,94 min. 
The number of tanks is a measure of the degree of 
mixing nnd has no other physical significance in this 
case. 

A parallel-flow model, based on the same 
principles, can be easily constructed as a general model 
to simulate more complex flow patterns [18]. 

6. CONCLUSIONS 
Tracer experimentation is possibly the most 

convenient tool for determining flow characteristics in 
industrial processes. The use of radioisotopes has in 
many cases the added advantage that the process 
material can be labelled, without any change in its 
physical and chemical properties. The fact that a 

radioactive tracer can be detected through the walls of a 
vessel is also an advantage when sampling would disturb 
the flow patterns, or when representative sampling may 
be difficult. 

In conjunction with mathematical modelling, 
tracer measurements can be of immense value in the 
evaluation of the process and process economics, in that 
both quantitative and qualitative information about the 
process can be obtained. 

By using the two basic models and techniques 
described in this report many processes, ranging from 
gold recovery plants to sugar crystallize», have been 
simulated to various degrees of accuracy. In some cases 
the results revealed information that could not have 
been obtained in any other way, such as deviations from 
the expected flow patterns. In other cases the models 
helped to confirm the faulty operation of equipment 

The construction of realistic models is usually 
based on possible physical occurrences that could have 
caused the experimentally observed response. In this 
respect care should be taken not to oversimplify a 
process or tc attach so much significance to the model 
that the !';r..itations set by the initial assumptions are 
exceoded. 
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