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ABSTRACT 

Channeling of positrons in single crystals of silicon 
has been observed in transmission and scattering measure
ments for incident energies from 16 to til MeV. In addition, 
the spectral dependence upon crystal orientation of the for
ward coherent bremsstrahlung produced by beams of 28 Hev 
positrons and electrons incident upon a 5 \.m thick single 
crystal of silicon was measured with a Mai photon spectro
meter. Effects of channeling and perhaps of the non-validity 
of the first Born approxination were observed for beam direc
tions near the <111> axis of the crystal, and coherent peaks 
near 0.5 MeV were observed for a compound interference direc
tion, in agreement with first-order theoretical calculations. 
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1. INTRODUCTION 

Channeling of relativistic positrons and coherently pro
duced bremsstrahlung 'rom both electrons emu positrons in 
sinale crystals of silicon has been observed in transmission 
and scattering measurements for incident energies fror. 16 to 
28 MeV. Beams from the Lawrence Livermore Laboratory linear 
accelerator were used in t'r.p study of the axial and planar 
channeling and the accompany m y br'.-r̂ strahlung spectra from 
relativistic electrons and positrons impinging upon thin 
(5 to 53 urr.) single silicon crystals. The resulting data 
indicate that the positrocs ch^anel in a classical manner, 
the electrons behave in a manner different from that observed 
at lower energies (see below), and either type of particle 
produces coherently generated bremsstrahlung when incident at 
a small angle with respect to a major direction in the crystal. 

The concept of charged partici-; channeling deals with 
tho multiple small angle scattering of charged particles in 
preferred directions by crystal lattice structure. An ener
getic charged particle impinging on a crystal structure within 
a calculable angle centered about a particular direction will 
be channeled along a string of atoms in that direction (axial 
channeling) or between planes of atoms parallel to that 
direction (planar channeling) by a succession of small angle 
scatterings which effectively steer the particle, preventing 
it from suffering any large angle scatterings due to close 
collisions with individual lattice atoms. 
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Channeling was predicted as early as 1912 by ::i.\r'r, mi 
Wendt (1), but experimental difficulties prevented its detec
tion. It was first observed and reported in I960 by Navies (2) 
when experimental measurements of tho range of ions in .inor-
phous and crystalline solids wore compare'!- The range profile 
in amorphous solids exhibited an approximately GaussI.in form 
as expected from purely classical theory (3), whereas poly-
crystalline samples invariably exhibited a deeply penetrating 
tail. In 1963, Robinson and Oen \4) studied the classical 
penetration of ions in regular crystalline lattices using a 
high speed computer which predicted exceptionally long tra
jectories in preferred directions in the crystal lattice. 
Several experiments followed immediately which provided con
clusive experimental evidence in support of the channeling 
phenomenon. Gemmell (3) has reviewed the theoretical and 
experimental studies of channeling reported on as of June 1973. 

The original practical objective of studying relativistic 
positron channeling was to determine the degree of relative 
enhancement of the positron in-flight annihilation photon 
peak. It was reasoned that a majority of the positrons inci
dent upon the single crystal annihilation target col linear with 
a string direction would be channeled. In such a case, only 
tho unchanneled particles would suffer bremsstrahlung-producing 
scatterings, while a much greater fraction of the total beam 
positrons could undergo in-flight pair annihilation with the 
orbital electrons. Since channeling reduces the probability 
for large-angle scattering, the primary bremsstrahlung spectrum 
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intensity should bo reduced with a relative increase m the 
nearly nomo-onargetii. annihilation peak. 

A preliminary experiment conducted in January 1969 (5) 
showed that channeling of relativistic positrons did occur 
&nd that brcnsstrahlung van an orientation-dependent phenome
non also. The intensity of the unscnttered-transir.itteu posi
trons increased as the incident particle beam was aligned with 
ar. ̂ L^^ic strinq direction in the crystal. The forward brems-
strahluna intonsity decreased upon alignment as expected. 

Section II describes a channeling experiment conducted in 
August 1969 that demonstrated the expected behavior for posi
trons. For both electrons and positrons there was an enhance
ment of the low-energy portion of the brcnsstrahlung spectrum. 
However, the channeling effect for electrons was weak. Both 
axial and planar channeling of positrons were observed clearly 
for several silicon crystals. The data for electrons reflected 
an angular dependence upon the incident beam alignment which 
could not bo explained from experinents conducted at lower ener
gies (6). However, additional experiments (7,8) at energies 
comparable to our experiment showed the sane type of channel
ing response as we observed (5), The enhancement of the low 
energy component of breinsstrahlung in the angular region of 
alignment of the beam with a principal direction of the peri
odic structure of the crystal suggested the possibility of 
coherently produced brerasstrahlung. This phenomenon results 
from the consideration of the periodicity of the reciprocal 
lattice allowing only those lattice recoil momenta which 
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satisfy the Bragg condition and momentum and energy conserva
tion. This interference effect is maximized in experiments 
whore the observed bremsstrahlung photons are restricted by 
suitable collimation to near the incident particle direction 
(see below). 

In 19 35 Williams (9) predicted that an interference ef
fect due to the coherence in the successive interactions of 
an electron passing near a row of atoms could lead to devia
tions from the one-atom bremsstrahlung formula. He used the 
method of virtual quanta replacing the perturbing field of a 
relativistic charged particle w.-th an equivalent pulse of 
radiation. The frame of reference selected is where the elec
tron is at rest, and the Coulomb fields of the moving nuclei 
are represented by two pulses of virtual quanta. Bremsstrah-
lung is then viewed as the scattering of virtual quanta by the 
electron. When a relativistic electron passes through a crys
tal along a row of atoms, the virtual quanta of the Coulomb 
fields of the nuclei can interfere with one another. Consider 
two nuclei located on opposite sides of and equally near to 
the path of an extreme-relativistic electron (v\-c) . If their 
separation along the path of the electron is d, the electron, 
in its own frame of reference, receives two equal and opposite 
pulses with a time d/yc of each other. The frequencies of 
such a combined field must lie between cy/d and -̂ r—- S o» f o : L 

relativistic electrons, complete interference wHl result when 
HI ^ Eg_ or v ̂  23£. How, if the cecond nucleus is on the a h h 
same side of the oath, the interference w:11 result in 
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enhancing the radiative effect. It should be noted that the 
interference is always present, even at low values of -y, but 
is then limited to the lower frequency region. 

In 1956, i5be.rall (10) used the Born approximation and a 
simple cubic crystal lattice to analyze the interference 
effect- He developed formulae for the intensity change of the 
Bethe-Heitler {BHJ cross section for bremsstrahlung due to 
interference effects. The formulae take into account electron 
screening and lattice vibrations. Several experiments (e.g. 
11, 12, 13) verified the predicted enhancement and highlighted 
the structure resulting from the discrete nature of the reci
procal lattice. In 1963, Mozley and De Wire (14) pointed out 
that the coherent spectrum could be further modified by strong 
collimation of the emergent bremsstrahlur.g resulting in a line 
spectrum superimposed upon a reduced incoherent background. 

In general, with few except;ons (IS, 16), the experiments 
have been conducted at high energies (~ Gev) and Diambrini (17) 
has reviewed both theory and experiments as of 1968. In this 
paper, the question of positron and electron channeling 
effects and the generation of coherent bremsstr^lung at low 
relativistic energies is addressed. Specifically, the influ
ence of channeling on coherent bremsstrahlung production is 
examined along with the dependence of coherent bremsstrahlung 
spectra on incident particle charge-sign and angle. 
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II. CHANNELING OF RELATIVISTIC ELECTRONS AND POSITRONS 

The classical concept of charged particle channeling in
volves the multiple small angle scattering from collisions 
with the atoms in a string or plane of a single crystal lattice. 
In other words, the partid.es undergo many consecutive glanc
ing collisions. In such a case, a contiuum potential obtained 
by replacing the actual periodic potential by an average po
tential along a string or plane can be used as a good approxi
mation. 

The channeling experiment deals with relativistic elec
trons and positrons which can be treated classically, as will 
be shown. However, as has been observed in the field of elec
tron microscopy, low energy (non-relativistic) electrons 
exhibit strong diffraction effects. This phenomena is known 
as Bloch-wave channeling, i.e. one or more Bloch waves are 
anomalously absorbed or transmitted in a single crystal. The 
multi-beam dynamical theory of electron diffraction has been 
discussed by Howie (18) and Nip and Kelly (19, 20, 21). 

A, Theory 
In some ca^es channeling effects seen in single crystals 

can be interpreted using either the classical (particle) or 
quantum mechanical (wave) theory of the phenomenology involved. 
The applicability of either treatment is determined by the 
characteristic wavelength and the angular divergence of the 
incident radiation being channeled. The de Broglie wavelength 
for the incident relativistic electrons is very small compared 
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to the lattice separation distances. Expressed in normalized 
units (h/2i=c=m=l), the atomic string separation distance 
along a 'HO* direction ir, silicon is 19B0. The de Broglie 
wavelengths for 16 to 28 MeV electrons varies from .19 to .11. 

Crystal interference effects can be detected only if the 
beam divergence of the incident radiation is less than the 
associated Bragg angles. Of course, the beam divergence must 
always be less than the width of the channeling response func
tion in order to observe any channeling effect at all. The 
wave theory of channeling is applicable when the beam diver
gence, .'.'', is less than the width of the channeling response 
function, , which, in turn, is much less than the Bragg 

o 
angle, given by 2d sinL'g = nA (AC < 0 < 0.0019B). 

When th-= Bragg angle is much smaller than the beam diver
gence of the incident radiation, the classical theory should 
be adequate. In the experiments to be discussed, the maximum 
possible beam divergence was 3 milliradians and the actual 
divergence was smaller. The observed channeling response 
widths were smaller yst. Since the planar separation dis
tances in the silicon lattice are on the order of 1000, the 
corresponsing Bragg angle for the range of relativistic ener
gies investigated is i 3 x 10 - 5 radians. Hence application 
of the classical particle theory seems appropriate in this case. 

There are fundamental phase-space arguments which can be 
invoked to determine the validity of the classical treatment. 
The criterion for applicability is that the number of bound 
states in transverse phase-space has to be larger than unity. 
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The number of states can be estimated by 
N p = (2Th) - 1 /p(x) dx for planar case (la) 
N A = (2"h)"2 J (P(r))2 2*rdr for axial case (lb) 

where P(x) and P(r) are distribution functions for atomic 
planes and atomic strings. Using suitable approximations (3) 
estimates of the number of states for positron and electrons 
are given by 

N£ = {0.6(E + 0.511) Z 2 / ! Ndp)!/'2 < 2a) 
Np = (0.06(E + 0.511) Z 2 / j Nd p> l / : ! (2b) 
N* = 0.62 (E + 0.51]) Z(Nd^a 0)~ ! (2d 
N£ = 0.063 (E + 0.511) Z(Nd^ao)-' (2d) 

where E is particle energy in HeV, Z the atomic number of thp 
crystal atom, N the number of atoms per i>nit volume, d is the 
planar separation distance, d is the string separation dis
tance and a. is the Bohr radius. 

D 

In the present experiment, the values for Eqs. 2a, b, c, 
d are as follows 

16 MeV 28 MeV 

N+ 4.5 5.9 
Np 1.4 1.9 
Nj 244.0 421.0 
M^ 24.8 42,8 

From these numbers, we see that the classical particle 
theory is adequate to interpret the experimental results for 
axial channeling but questionable for planar channeling. 
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In 1965, Lindhard (22) formulated a comprehensive theory 
of rlircction.il effects for energetic charged particles j.n 
crystal lattices. The theory considers that the path of a 
particle channc-led by a crystal l;»Ltice is primarily deter
mined by the deflections due to the screened Coulomb scatter
ing of a particle as it passes close to or through an atom. 
The theory is restricted to small-angle deflections from suc
cessive atoms in strings or planes such that the process can 
be considered as a scattering from a continuous string or 
ulanar transverse potential barrier. Charged particles inci
dent at small angle*; along strings of atoms or between planes 
of atoms will be channeled along those strings or planes, if 
their transverse kinetic energy is less than the respective 
transverse potential barriers. 

In the continuum string approximation, the potential due 
to a row of atoms is considered to be uniformly smeared out 
along the row. In Lindhard's theory, the continuum approxi
mation is valid if the angle of incrience of the particle 
upon a row is less than 4'., where 

^ •" (SZ^eVdgE) 1/2 ^ 0.307(Z1Z2/dsE) ! ' (3) 
expressed in degrees and E is the energy of the incident par
ticle. W is not the quantity actually limiting the channel
ing effect. T' 3 critical angle of incidence V_ beyond which 
the distance of closest approach becomes less than the criti
cal distance r c for proper axial channeling is given by 

^c = FRS < rc / aTF J Vl ( 4> 
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The quantity S;i/2 is defined as half of the angle at the 
half minimum of the channeling dip response function. It is 
related to Vc as follows (23) 

Y 1 / 2 = 0.8 T c = 0.8 F R S (1.2u/aTF) t'x . (5) 
The static-row continuum potential function Fpg (24) is 

plotted in Figure 1. The thermal vibration amplitude, u f is 
given by the following relation based upon the Debye approxi
mation for thermal lattice vibrations 

U = 12.l({«(x)/x + l/4;/M c9) l / 2 A (6) 
where x = <V T 

0 ^ Debye temperature (0K) 
T r Crystal temperature (°K) 
*(x) = Debye function (plotted in Figure 2) 
M c = Atomic weight of crystal atoms (amu) 

and a T F is the Thomas-Fermi screening radius 
a T F = 0.4865 Z" 1/ 3 A . 

A similar expression is developed for planar channeling 
Y 1 / 2 = 0.72 F P S (1.6p/aTF, d p/a T F) Tp (7) 

and 
•tP = 0.545 (nZ 1Z 2a T F/E) l / 2 (degrees) (8) 

where Fpg is plotted in Figure 3, d p is the planar separation 
o distance, and n is atomic density in planes {atoms/(A)2}. 

The equations for the half angle are modified for the 
relativistic case by replacing the energy of the incident 
particle E by 1/2 pv where p is the relativistic momentum. 

The emulated half angle for axial channeling in the 
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Fig. 2. Graph oi the Debye function <Hx). 
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Fig. 3. Graph of the function F p s(£,n), 
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Fig. 4. Calculated half-angle t(/, for axial channeling, (ill) and (in), 
and planar channeling, (110) and (112). 



<1ll> and <110> directions of the silicon lattice is plotted 
as a function of energy in Figure 4. Also included are the 
half angles for planar channeling between (110) and (112) 
planes of the silicon lattice. 

B. Experiment 
The channeling experiments were designed to investigate 

the channeling response by measuring the intensities of charged 
particles and photons transmitted through various collimators 
as a function of the angle between the incident beam and either 
the <111> or <110> directions of single crystals of silicon. 
Honoenergetic {SB/E f. 1%) positron and electron beams were 
obtained from the Livermore electron-positron linear accelera
tor. The particles impinged upon thin (5 - to 53 - ym) sili
con crystals nounted on a goniometer capable of sweeping the 
crystal through a two-dimensional angular range in 0.04 - mrad 
steps. A plastic scintillator was suitably colliraated to 
allow separate observation of forward-transmitted particles, 
and of particles scattered into the angular ranges 0.5 to 0.6 
and 0.9 to 1.0 deg with respect to the incident beam. A thin-
walled transmission ionization chamber filled to 0.5 atm of 
xenon gas was used to observe the forward bremsstrahlung. In 
the bremsstrahlung measurements, a magnet which followed the 
crystal target swept transmitted particles away from the de
tector. The maximum angular divergence of the beam was deter
mined by the use of agitable collimation systems. For par
ticle observations, the beam collimation consisted of two 1/8-
in. -diameter aluminum collimators placed 20 feet apart, witli 
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no focusing elements between them. For the bremsstrahlung 
observations, 3/8-in.-diameter carbon collimators were em
ployed. The 3/8-in. system provided a maximum beam divergence 
of 3 mrad, of the same order as the expected half angle for 
channeling. Careful tuning of quadrupole magnets in the beam 
transport system appeared to result in beam divergences con
siderably smaller than this value, since the positron trans
mission measurements performed with either set of sollimators 
yielded essentially the same channel widths. 

C. Discussion of Data 
Curves representative of the main features of the data 

are shown in Figure 5, where the various measured intensities 
are plotted as a function of 6, the angle between the incident 
beam and the crystal direction. In all cases in the data for 
positrons, channeling produces a narrow structure in the 
curves, centered about 6 = 0 . This is illustrated in Figure 
5a for scattered 20-MeV positrons (scattered into the angular 
range 0.9 to 1,0 degrees with respect to the beam), for the 
<lll> direction of a 42 urn crystal. Figure 5b represents the 
same measurement for electrons, and a similar though much less 
prominent narrow structure appears. Both curves show other 
broader structure. Curves for forward-transmitted (6=0) 
particles have complementary shapes, as expected. 

The particle data include measurements of the channeling 
of 16 to 28 MeV positrons in silicon single crystals. In 
Figures 6 through 10, the observed positron half angles (f 3/2' 

-17-



Fig . 5. 
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(c ) Positrons 

(b) Electrons 

0 _L 
-1.5 -1 .0 ± _L 

1.0 1.5 -0.5 0 0.5 
0 — degrees 

Typical scattering response for positrons and electrons, 
(a) Scattering of 20-MeV positrons into an angular range of 
0.9-1.0° with respect to the beam, (b) Same case for 
electrons. Data are for a 42-pm Si cvystal, with 6 the 
angle between the {11l) crystallographie direction and the 
beam axis. Curves are normalized to equivalent otf"channel 
values. 

-18-



Fig. 6. Measured hali-angles for positron channeling In the 5-um Si 
cryscal. half-angles measured by the 0.5-0,6° annular 
collimator are Indicated by circles; those treasured by the 
3/16-inch-diaraeter direct transmission collimator, by souares. 
The 'l(l) calculated half-angJe is shown by the solid line fjr 
comparison. 
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Fig. 7. Measured half-angles for positron channeling in the 10-um Si 
crystal. Half-angles measured by the 0.5-0.6° annular 
collimator are indicated by circles: those measured by the 
3/16-inch-diameter direct transmission collimator, by squares. 
The (ill) calculated half-angle is shown by the solid lino for 
comparison, 
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Kig. 8. Measured half-angles for positron channeling in the )9-;:m 
Si crystal. Half-angles measured by the 0.5-0.6° annular 
collimator are indicated by circles; those measured by the 
3/16-inch-diameter direct transmission collimator, by 
squares. The < in) calculated half-angle is shown hy the 
••olid line for comparison. 
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80 TOO 
£ — MeV 

Fig. 9. Measured half-angles for positron channeling in Che 42-um Si 
crystal. Half-angles measured by the 0.9-1.0° annular 
collimator are indicated by the triangles; those measured hy 
the 0.5-0.6° annular collimator, by circles; those measured by 
the 7/8-inch-dianvter direct transmission collimator, by 
aauares. The 'fll^ calculated half-angle is shown for comparison. 
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Klg, 10. Measured half-angle.-i for positron channeling in the 53-..T. Si 
crystal. Hal£~3ngles measured by the 0,9-t,(J° annular 
collimator are indicated by triangles; those measured by the 
0.5 0.6° annular collimator, by circles; those measured hy 
the 3/i6-inch-diaraeter direct transmission collimator, by 
squares. The (no) calculated half-angle is shown for 
comparison, 
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as measured with Afferent collimators in front of the detec
tor are given as functions of energy for the various crystals 
investigated. The channeling response curves were determined 
by measuring the intensities r-f particles transmitted through 
the various collimators as a function of the angle between 
t;:e incident beam and either the <110> or the <111> crystallo-
graphic direction. 

The energy dependence of the axial channeling half angle 
for the unscattered transmitted positrons follows the E - l / / ' 
slope predicted by the Lindhard classical theory. Also, the 
half angle for scattered positrons as measured by the annular 
collimators (0.5 - 0.6C and 0.9 - 1.0°) generally shows an 
E~'/ 2 dependence with the exception of low energy and thick 
crystals: figure 8, 16 MeV, 0.5 - 0.6°, 19 pm; Figures 9 and 
10, 16 MeV, 0.9 - 1.0°, 42 urn and 53 um, and especially (Fig
ure 10) 0.5 - 0.6°, 53 vim. However, the magnitudes of the 
angles lie below the theoretical values. The standard devia
tions cf the measurements are very small (± 0.03 mrad), on the 
order of siF-* of the symbols representing the data points. 

For narrow direct collimators, the effect of multiple 
scattering should be less than that for scattered particle col
limators. This is because the multiple scattering distribu
tions are broad with respect to the direct collimator aperture. 
Hence, a loss in signal from the multiple scattering distri
bution due to channeling will not compensate for t' ? dramatic 
increase from unscattered (channeled) particles. This is 
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shown in Figure 11 where the maximum/random intensity ratios 
are plotted as a function of energy for several crystals. 
Dote the 10 urn crystal, 3/16-in. and 7/8-in. collimator data 
showing the decrease in intensity ratios for the larger aper
ture collimator which allows multiple scattering distribution 
losses to compensate the channeled particle signal gain. This 
is borne out by the calculated distribution in Figure 12 which 
shows the multiple scattering distribution is not significant 
beyond the 7/8-in. (0.54°) aperture except at the lower inci
dent particle energy. -"\s incident energy decreases, th<~ dis
tribution spreads beyond the 7/B-in. aperture, compensating 
losses are reduced, and the intensity ratio increases. The 
42 ^m crystal, on the other hand, has a multiple scattering 
distribution with a significant component beyond the 0.54° 
range which under channeling conditions results in higher 
7/8-in. maximum/random intensity ratios. 

In the case of the annular collimators, the channeling 
response is being sampled from the shoulders of the multiple 
scattering distribution. They are sensitive to only the loss 
in scattered particle signal due to channeling. The channel
ing response is modified by the multiple scattering distribu
tion as shown in Figure 13. Note the 42 ym crystal, 0.5° -
0.6D and 0.9° - 1.0° annular collimator data showing the im
proved minimum/random intensity ratio for the larger angle of 
scattering where the multiple scattering component is lowor. 
Also, the minimum/random intensity increases with energy as 
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100 

Fig. 12. Multi^"". scattering distributions. Angular distributions of 
multiply scattered positrons are calculated for rhe 1(i- ami 
42-i:ra Si crystals at both 16 and 28 MeV. The 0.54° ran^e 
corresponds to the 7/8-inch-di«;:iieter aperture. 
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the multiple scattering decreases. 
In both Figures 11 and 13, the data for the 19 i.m crys

tal shows its superior channeling properties and supports the 
arguments above on the influence of multiple scattering on 
the observed channeling response. The 19 pm crystal exhibited 
the highest r>axiirium/randoni intensity ratios for the unscatter-
ed-transmitted particle channeling response. Also, the 19 uni 
crystal mininum/random intensity ratios for scattered parti
cles were the lowest observed with the 0.5° - 0.6" annular 
collimator. The relatively inferior channeling properties of 
the 10 \ii?. and 5 „m crystals are attributed to warping after 
mounting the ultra-thin crystals in the goniometer. 

It is apparent that multiple scattering, not considered 
in the theory, is significantly affecting the particle chan
neling response. It tends to mask the true features of the 
particle channeling response. In addition to the above argu
ments, examination of the data in the form shown in Figure 5 
reveals that the shoulder width and enhancement (peak above 
random) increased with energy, that is with decreasing multi
ple scattering distributions. It is reasonable to assictn thi» 
strange response for low energy and thick crystals (nulud 
above) to multiple scattering effects. However, from the data 
available, it cannot be demonstrated that multiple scattering 
is the reason for all the experimental data being consistently 
below the theoretical values 

The channeling process effectively steers the particles 
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along cryst.allographic directions when the beam is incident 
within the critical angle of a principal string. This effect 
was observed when the critical angle as measured by the vari
ous direct detector collimators (7/8", 3/16", 1/8", and 1/16") 
decreased with decreasing collimator aperture. From these 
data, the actual bean divergence is estimated to be approxi
mately 3'. This is further supported by Table I which shows 
the measured half ancle for both 1/8-in. and 3/8-in. L^am 
collimators. 

Positron channeling can be used as an orientf iior. tech
nique by rappino the najor planes of the crystal as shown in 
Figure 14. This planar map was constructed from large angle 
!10J) scans made using the 0.5 - 0.6: annular detector colli
mator with 28 MeV positrons incident upon the 5 um crystal. 
The stereogram of the crystallographic direction -111- shown 
in I'iguri; 15 wis uacd to interpret i igure 14. The energy de
pendence of the planar channeling half angle is given in 
Ficuro 16. These values are corrected for *.ĥ  an^le between 
the scan direction and the planes involved. ror the perpen
dicular (112) case and the moderately oblioue (130) cases at 
60', there is good agreement with the u _ ;/- dependence pre
dicted by Lindhard for planar channeling. The disagreement 
as to magnitude may be due to the breakdown of the classical 
approximation [see above). 

The electron particU- data do not tiyree with expectations 
based on earlier electron-channeling v.ork done at lower 
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TABLE L 

Dependence or String Channeling Critical Angle On Incident Beam Collimation 

Detector Colliraatic Measured Half Angles 

Collimator 

3/16" 
0.5-0.6 dec 
0.9-1.0 deg 
0.5-1.0 dea 

- :-.ercfy 

: 5 MeV 

: ? MeV 

:s MeV 

: s Mev 

Crys ital 

53 ,JH1 

53 ,m 
53 lint 

53 urn 

1/8" Beam 
Collimation 

3/8" Beam 
Collimation 

4.7' 4.8' 
6.5' 6.6' 
6.3' 7.3' 
6.3" 6.7' 
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Fig. 14, Planar channeling rr.ap of the 5-jra Si crystal. Long range 
scans form the data set which allows the mapping of major 
planes intersecting the principal crystal direction (111) . 
This mapping technique was used to accurately orient the 
crystal in the coherent bremsstrahlung experiment. 
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2.0 

D 

Fig. 16. Measured half-angles for positron planar channeling in the 
5-um Si crystal. The measured values were corrected for the 
angle between the scan direction and the planes involved. 
Half-angles for (110) planes are indicated by crosses; those 
for (112) planes, by circles. The calculated half-angles 
for planar channeling are shown for comparison. 
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energies (6). However, the response function does agree with 

results at comparable energies i{7), (8)], where broail shoul

ders and a central dip were observed for electron channeling 

in singie crystals of MgO. Although none of the scattered-

electron response curves had strong enough central dips to 

accurately neasure a half angle, the widths of the shoulders 

tracked very well with the positron data. Also, the shoulder-

peak separation distance follows an Z"-'1 energy dependence 

as shown in Figure 17 for the 42 :.n silicon crystal. 

The bremsstrahlung data for both positrons and electrons 

show several interesting 'eatures, The upper curves in Figures 

18 and 19 correspond to unfiltered bremsstrahlung detected by 

the ionization chamber. The positron data show the charac

teristic channeling dip; this was expected since bremsstrai-. -

lung production is a snall-inpact-parair.eter phenomenon. in 

addition, curves for both positrons and electrons show a broad 

structure rising above the off-channel values. When a 1/16-in. 

lead absorber was placea between the target and the ionization 

chamber the broad structure was essentially eliminated, indi-

catina that it rosult.-, fr-.n \-,w->n> n / p •) i <. * •,!,••: <i i •(. 7; 

The narrow channolin'! dip for {.'.-. i i r-,i •: i . :.'ill ...,-, ., . i r, , 

1/2-in. lead absorber, as shown in Figure 18 bj the high-

eneray portion { v 1 KeV) of the bremsstrahlung spectrum is 

thus clearly influenced by the channeling uhenomenon. 

For a given bonbarding energy and crystal, the broad 

structure associated with low-energy photons is similar in 
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30 40 
E — MeV 

60 70 80 90 100 

Klg. 17. Measured shoulder peak-to-peak distance for electron channeling 
response In the 42-„:n Si crystal for the U.9-l.0° annulnr 
collimator. The E curve fits t-'ie first three points. 
Tne 28"MeV data point cannot be considered reliable because 
the response curve was not symmetric. 
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-0.5 0 0.5 

8 — degrees 

Fig. 18. Typical forward bre^sstrahlung response for positrons. 
(a) Forward brer.sstrahlung detected by the ionization ;. ::•:•,er, 
for 28-MeV positrons incident on a 53-, "T Si crystal; '• i tie 
angle between the beam axis and the (11()) -rystallograph ic 
direction. (b) Similar data, but with a 1/2-inch lead absorber 
between the crystal and the detector. Curves are normalized 
to equal off-channel values. 
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-0.5 0 0.5 
8 — degrees 

Fig. 19. Typical forward bremsstrahlung response far electrons. 
(a) Forward bremssstrahlung detected by the ionization chamber, 
for ZS-HeV electrons incident on a 53-jjtn Si crystal; 9 is the 
angle between the bean axis and the {110} crystallographic 
direction. (b) Similar data, but with a 1/2-inch lead 
absorber between the crystal and the detector. Curves are 
normalized to equal off-channel values. 
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width to the broad structure seen in the particle-scattering 
experiments. This, together with the absence of residual 
broad structure in the curves for filtered bremsstrahlung 
suggests that these effects might be related. In the case of 
particle data for positrons, however, one could be observing 
the "shoulders" that normally are seen in channeling measure
ments and that are attributed to an increased probability for 
small-irpact-parameter events. The shoulders are more promi
nent and narrower for higher incident particle energies, con
sistent with this interpretation. However, this type of in
teraction normally would not be expected to result in prefer
ential production of lew-energy bremsstrahlung photons. The 
aopearance of the low-energy bremsstrahlung structure in the 
region of alignment of the beam with the periodic structure 
of the crystal suggests strongly the presence of coherently 
produced bremsstrahlung. 
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III. COHERENT BREMSSTRAHLUNG 

The term coherent bremsstrahlung refers to the nature of 
the interaction between the charged particle and several atomic 
scattering centers in a row. The greater the number of atoms 
coherently generating the photon, the greater will be the en
hancement cf photons of that energy above the incoherent back
ground. While the energy and angle of incidence of the charged 
particle generally determine the degree of enhancement, the 
reciprocal lattice geometry of the crystal primarily controls 
the energy at which photons will be enhanced. 

A. Theory 
The conventional theoretical treatr.ient of coherent brems-

strahlung in single crystals is based upon the Born approxi
mation (25, 26, 10, 17) and computer programs following that 
approach are used widely to predict photon spectra at high 
relativistic energies {27, 23, 29). The effects of photon 
collimation and multiple scattering are included in the cal
culations (Figure 20). However, tho relative contri!jii'î n 
of the second Born approximation \>f':ninf.; ftnu\i-tr-ti,\ <• 1-. i !•• 
contribution from the firm, ior very smn I I .iri'iW<n t,| hn-i 

dence (30). This should result in an increase in the coherent 
bremsstrahlung intensity for positrons and a decrease for elec
trons. Additionally, channeling of relativistic positrons and 
electrons (5, 7, 8, 31) may affect the phenomenon. This has 
not been included in any theory to date. Axial channeling of 
positrons tends to Keep the particles mmntr rror: tin: H I i u.g:;, 
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tig. 2u. Calculated cone rent brensstrahlung speccra. Intensity as j 
function of relative energy x = k/> for 28-MeV beam incident 
along a (110) plane, 50.5 minutes of arc from the (ill) 
direction. The solid curve is based simply on the Born approxima
tion (see Appendix B ) , while the dashed curve takes into account 
both collimation and multiple scattering in addition. 
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thereby reducing the probability of close encounters resulting 
in coherent b reins strah lung. Electron channeling, on the other 
hand, incrsases the probability for close encounter interactions. 

The validity of the Born approximation fcr the treatment 
of coherent bremsstrahlung has been discussed by several au
thors (25, 10, 32, 33, 30). In general, the Born approxima
tion begins to fail for high atomic numbers, photon energies 
near the high frequency limit, and low incident electron ener
gy. Schiff (32) pointed out that even for small Z the phase 
change of a wave function of an electron passing through a 
crystal can be very large. Hence Bloch wave functions are 
more appropriate than plane wave functions when treating co
herent bremsstrahlung. Ferretti (25, 33) predicted that, for 
unitarity reasons, at very high energy, the Born approximation 
has to break down completely. He later (34) proposed a method 
for calculating coherent bremsstrahlung which is valid when 
the energy of the photon is very small compared to the inci
dent particle energy. Unfortunately, the treatment is valid 
for positrons only, AkYiiezer et al (301 show that at small 
angles of incidence the kmeraatical restrictions inipo.scU by 
the allowed crystal recoil momenta lead to an increasrd rela
tive contribution from the second Born approximation. Since 
that term is first order in Z, the contribution represents a 
potential means for discriminating between positron and elec
tron coherent bremsstrahlung. 

The relative contribution of the second Born approximation 
becomes appreciable at low relativistic energies. For 28 MeV 
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positrons incident at l'1 from a major axis of a single crystal 
of s.'licon, the second approxination has a relative contribu
tion of 

(14) (0.0072) = 1 2 ya T Fe- (55.8) (50) (.0175)' 
where a is the fine structure constant and -\ is the; incident 
particle angle. This effect may bo observable. However, 
channelina may also affect the coherent bremsstrahlung pro
duction process. It might be useful therefore to select a 
random, asymmetric angle of incidence for the positron and 
electron beams so that channeling effects are eliminated. 
While an exact treatment cf the intensity of coherent brems-
strahluno is lacking, certain qualitative features such as 
the energy of the peaks can be easily interpreted in terms of 
the kinimatical limitations introduced by the reciprocal lat
tice. The energy of the peaks can be determined front the fol
lowing approximate formula (k<<,, . -.-1) 

X -• JL. . x -• 2 y q - ~ q ? (9j 
y 1 + 2yq1 

'..f.re k js t-' >• s'o'ny of the photor., . is the energy c~ t'.:c 

incident particle, r- ±s the longitudinnl riomentuir. transfcrr: t 

to the crystal, -u.d q. is the transverse momentum transferred 
to the crystal. 

?ha transverse momentum term in this equation produces 
the curvature of the "momentum pancake" (10) so prowinent at 
lower energies. It also results in the appearance of fine 
structure energy peaks superimposed on a large broad peak 
representing a row of reciprocal lattice points compounding 
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their contribution to the coherent bretnsstrahlung. The fine 
structure results from pairs of reciprocal lattice points with 
equivalent q on a row of lattice points all with the same q.. 
Such a condition results from the symmetry obtained when the 
particle beam is incident at a small angle with respect to any 
major axis alon'j any majo.' plane. It is obvious that beam 
divergence and multiple scattering will determine whether it 
will be possible to resolve such structure. Increasing the 
incident energy is not useful (in this regard) since the fine 
structure coalesces to a single peak representative of a "flat 
momentum pancake." This effect must be investigated at lower 
energies with small beam divergences and ult_ra-thin crystals. 
The effective beam divergence ?eff is a function of collima-
tion (measured by $ ) «nd multiple scattering (measured by J ), b ms 
i.e. 

*eff = K + -mP>' / 2 < 1 0 ' 
so that for a collinear beai-. o f f "* * /v where t is the 
crystal thickness. Yet, the curvature which determines the 
fine structure separation AE- varies as , - 1, hence the experi
mental resolution of the fine structure AE f /ip ,, is propor
tional to t" l / 2. 

Photon collimation or so-called second collimation (35) 
causes the coherent bremsstrahlung peaks to become narrower, 
approaching line spectra as the collimator angles are reduced. 
Additionally, this reduces the incoherent part, thereby im
proving the signal to noise level. However, for low 
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relativistic energies, where curvature becomes significant, 
the net result will be to separate the fine structure into 
individual lines (neglecting beam divergence and multiple 
scattering). 

Thus, for positrons and electrons incident at small angles 
with respect to major directions in single crystals, we should 
expect competing trends from channeling and the second Born 

approximation. As the angle of incidence is decreased, the 
intensity of coherent bremsstrahlung will increase for posi
trons until channeling becomes significant. Axial channeling 
half angles £or silicon single crystals are on the order of 
two milliradians for incident particle beams with energies in 
the tens of fleV. It is reasonable for relatively thin crystals, 
5 to 50 um, to exhibit strong channeling response in particle 
beams with divergences of about one milliradian. Once the 
particle beam is incident within the angular range for chan
neling, a strong reduction for close encounter interactions 
should result for positrons. However, electron channeling 
keeps the particle near the atomic string, thereby, increasing 
that particle's probability of undergoing close encounter 
interactions. It is also worth noting that electrons channel 
in an oscillatory manner around one atomic string making them 
very susceptible to thermal and zero point motion while posi
trons channel /relatively long distancon unporturbed by l-itti'-r 
motion. 
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d (z) s & 

i'"ig. 2T. Experimental apparatus. The liiyii-current electron beam frô i 
the Cirst accelerator section (1) strikes the 0.25-cm-thick 
tungsten positron converter (2), producing in turn 
bremsstrahlung and positron-electron pairs in the converter, 
which are captured in the next accelerator section. By 
selecting the phase of the radiofrequency power to the 
subsequent accelerator sections O ) to he either the same as 
or opposite to that i". the first section, either electrons or 
pusitrons are accelerated in the rest of the nachine. The 
charged-particle beax is energy-analyzed, transported to the 
expori-iental '.vorj, and focused i-.tn 1 -eirly par.-!! lei K M -
hv the bending (5) ar..! tocusin.: fil -;:r;Tiet5. The nn.i] v.-e.! 
Kp.-ra t!ien inpvi^es or. the thin =i î-T/lo-c-rvsf .il 
hrercsstrniiluii,, car ;et (h) , ;mJ ! n> L I'.iiisiiti t ted UL\I:II i . 
swept out of the 0 J line of sis-hr with the sweeping iirn'm-r t •). 

The collimated beam of forward bremsst rahlung photons i--
detected with trie Nnl(Tl) photon spectrometer (8). 
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Silicei 
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Fig. 22. Collimation. system. The graphite collimator limits the 
charged-particle beam diameter at the position of the last 
quadrupole focusing sagnet. The lead collimators Unit the 
part of the silicon crystal viewed by the photon spectrometer 
as well as the angular divergence of the forward brerasstrahlun^ 
beam. 
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B. Experiment 
The experimental procedures for the observation of coher

ent bremsstrahluna (36) veie similar to those of the channel
ing work (Section II.). The apparatus is shown in Figure 21. 
Positron and electron beams of energy 28 MeV were obtained 
from the Livermore electron linear accelerator, energy analyzed 
with a bending-r:iagnet-and-slit system to an energy spread of 
less than l%r collimated in such a way that the beam was near
ly parallel (see below) when it was allowed to strike a 5 um 

thick single crystal of silicon. The charged-particle beam, 
after having passed through the crystal, was bent down at a 
4 5 angle by a sweeping magnet into a 3 m iong dumpnole under
ground, at the end of which it was monitored by a plastic 
scintillator detector. The forward beam of bremsstrah lung 
photons produced in the silicon crystal was itself collimated 
(see below) and viewed with a 12.5 cm dia. by 15 cm thick 
*IaI(Tl) photon spectrometer positioned 5 m downstream from the 
silicon crystal. The 1,25 cm dia. silicon crystal was cut so 
that the short dimension (5 vm) was nearly parallel to the 
<111? crystallographic direction, and was mounted on a gonio
meter capable of rotating the crystal through a two-diwensional 
angular range in 0.04 mrad steps. 

The collimation system, which limits the momentum trans
ferred by the incident charged particle to the crystal lattice, 
is shown in Figure 22. The maximum (full angle) beam diver
gence allowed was 4 r.irad, corresponding to an optimum (full 
angle) divergence of half this value. However careful tuning 
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of quadrupole magnets in the beam transport system resulted 
in a bean quality which was considerably better than these 
geometrical limits. This was borne out by the observation 
that positron-transmission measurements performed both with 
this set and with a much more restrictive set of collimators 
yielded essentially the same apparent channel widths. The 
upstream 1.6 cm dia. carbon collimator was selected to reduce 
the bremsstrahlung yield from that background source. Although 
the silicon crystal target was 1.25 cm in diameter, the down
stream 0.5 cm diameter lead collimator and the 45 cm thick, 
0.95 cm diameter lead collimator positioned directly in front 
of the :JaI detector allowed it to view only the central area 
of the silicon target. 

The orientation of the ningla crystal noun ted in this 
goniometer was determined by the channeling response of trans
mitted positrons. The single crystal was initially grown and 
prepared with the -111"- direction nearly normal to its sur
face. It was mounted on the inner gitnbal ring of the gonio
meter and adjusted until the crystal showed no optical distor
tion. A positron rapping was performed to locatr- the siring 
position and the (110) planes. This was accompli shod hy 
measuring '.he transmitted positron beam with a plastic- «;t-in-
tillator JS I 'unctijn of the gun±u;in.:t.'.ir settings, -i'-; ,;-"'. 
discussed in Section II, a.-" observing the large increase in 
the transmitted positron intensity when the crystal was swept 
through a channeling direction. This technique allowed the 
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crystal to be oriented to within 0.1 nrad, an uncertainty much 
smaller than the probably beam divergence involved. 

The electronics and data-recording equipment were straight
forward. The amplified output signals from the Mai spectro
meter were split and fed both to a 1024-channel pulse-height 
analyzer having a threshold for valid events (well above noise 
level) corresponding to 162 KeV photons and to a single-channel 
analyzer having a threshold of 12.5 HeV for normalization pur
poses. Both analyzers were gated by a trigger pulse from the 
linear accelerator so that events occurring from cosmic rays 
and other machine-off bacKground sources were reduced to a 
negligible rate. The counting rate of stored pulses was moni
tored and used to hold the beam intensity at a (low) constant 
level, so that pile-up corrections were small (<3%K A ? ; ,Na 
y-ray source was used to calibrate the energy scale. The ac
celerator was operated at 360 Hz (1 JS oulses); the experi
mental runs each were a few hours long, during which the 
counting rate never exceeded 10 sc::-1. 

Eight kinds of data runs were taken, for both incident 
positrons and electrons and for each of four orientations of 
the target crystal: on-channel, on-shoulder, compound, and 
random. In the on-channel position, the particle beam was 
collinear with the -:111> string direction (within the limits 
of divergence of the beam). The on-shoulder spectrum was 
measured with the particle beam incident along a (11 J) plane, 
15 minutes of arc from the string direction. In the compound 
position, the particle beam was incident along a 1110) plane, 
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50.5 minutes of arc from the string d Lroction. Finally, the 
random-position spectra wore measured at an orientation selec
ted far from the string direction and major planes. The elec
tron beam intensity was about three times as great as the 
pos: ron bean intensity. Four electron spectra were measured 
with a high-energy-level (̂ 12.5 MeV) normalization of 15K 
counts and one compound spectrum '..-as normalized to 33K counts. 
Four positron spectra were measured with a high-energy-level 
normalization of 5K counts and one compound spectrum was normal
ized to 10K counts. 

C. Discussion of Data 
The results are shown in Figures 2 3-26. Figure 2 3 shov;s 

the unnormalized photon spectra for the four positron runs, 
and Figure 24 shows those for the electron runs. The an-
shoulder spectra (Figures 23b and 2< .) and the on-channol spec
trum for electrons (Figure 24a) shov tho enhancement o r lov.'-
energy bremsstrahlunj (relative to the random spectra shown 
in Figures 23d and 24d) expected from the results of the chan
neling experiment. Since the positrons, being positively 
charged, are repelled from the lattice sites (the atomic nuclei) 
when the beam is directed along the string direction, brems-
strahlung production in general is inhibited for this case, 
the coherence effect is suppressed, and hence the spectrum of 
Figure 23a Joes not show any significant low-energy enhance
ment. Indeed, the present collimatior. assured that hhf nnxi-
uura bean divergence still lay within the channeling half angle 
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which was measured for this crystal in the channeling experi
ment. Therefore, one can assume that the positrons were well 
channeled and only dechanneled positrons contributed to the 
bremsstrahlung production, resulting •' n a photon spectrum com
parable to the one for random orientation of the crystal. 

The low-energy bremsstrahlung enhancement can be seen 
more clearly in Figure 25. Hero are plotted the normalized 
differences between the spectra of Figures 23b and 23d (Fig
ure 25a), Figures 24b and 24d (Figure 25b), and Figures 24a 
and 2<Jd (Figure 25c}, These normalizations equated the number 
of counts above 12.5 MeV for the various pairs of runs, on 
the reasonable assumption that all coherent effects in the 
high-energy regions of the bremsstrahlung spectra are negli
gible. The shoulder position was chosen to investigate the 
bremsstrahlung spectra for particles in the angular range 
where the "shoulders" of the channeling response are promi
nent. The low-energy bremsstrahlung enhancement for on-
shoulder incident positrons (Figure 25a) exceeds that of the 
comparable electron data (Figure 25b). This could be explained 
by taking into account the secorid-Uorn-approximation for those 
two cases. The influence of axial channeling is dramatized 
by the large low-energy enhancement for on-channel electrons 
(Figure 25c) ; presumably this results from the electrons being 
attracted to the string of atomic nuclei, as contrasted with 
the case Cor positrons. 

The photon spectra for the cases when the orientation 
of the silicon crystal, relative t-> tho direction of the 
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incident beam, was adjusted for compound interference are 
shown in Figures 2 3c and 24c. Both these spectra contain a 
striking peak near 500 KeV, although the peak is at least 
twice as prominent in the positron data (Figure 2 3c). The 
kinematics of coherent bremsstrahlung results in the prediction 
of a clustering of coherent bremsstrahlung strength near 
0.5 MeV for the compound interference position chosen here 
for study, in agreement with these results. Although the 
charged-particle beam optics were not precisely the same for 
the two cases, it still is likely that channeling, with per
haps some contribution from the second-Born-approxiraation ef
fect, account for the relatively greater enhancement of the 
coherent peak in the positron data. However, the quality of 
the data is insufficient to draw any conclusions regarding 
the expected fine structure (see Section A. above). 

We also notu that for the shoulder position a coherent 
bremsstrahlung peak should occur at 130 !:aV and higher order 
peaks approximately at integral multiples of this energy. 
However, the lowest-order shoulder peak is below the threshold 
set on the Sal detector and the higher order peaks are too 
weak to be discernable. Higher ordar peaks also should occur 
in the compound position spectra. Such peaks are preJicteJ 
to lie near 1.1 MeV and 1.7 MeV, but should have intensities 
much smaller than the one near 0.5 MeV. Figure 26 shows the 
data up to 4 MeV for those spectra; it rioos not appear that 
these or any other higher-order peaks have been observed. Also, 
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in both the shoulder and compound positions planar channeling 
might have some influence on the data but no apparent effect 
is discernable (the (110) planar-channeling angles are approxi
mately 1/3 of the <111> axial-channeling value), 

A scaling law appropriate for small angles of incidence 
would vary from 

k = Y 2 at low T (v < 100) 
to 

k " Y at high Y (̂  GeV) 
-It larger angles of incidence, the scaling law approaches 

k a Y 

For fine structure, the scaling law has the form 
k * Y

x > 2 

which leads to the coalescing of the fine structure into a 
broad peak as the curvature of the momentum pancake is reduced 
(as the incident energy increases). 
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IV. CONCLUSIONS 

The channeling of 16 to 28 MeV positrons in single crys
tals of silicon has been observed to follow the behavior pre
dicted by the Lindhard theory quite well. Specifically, the 
energy dependence of the measured widths was in accordance 
with the theoretical prediction. The measured half angles 
for the positron axial channeling dips were about 20% to 30% 
lower than expected. The best agreement was for the scattered 
particle response; however at lower energies and thicker crys
tals, multiple scattering effects were evident. Additionally, 
planar channeling of positrons was observed and makes it pos
sible to orient the crystal by mapping the major planes. 

The electron channeling response has a central dip sug
gestive of spiral motion about the atomic rows due to conser
vation of both transverse and angular momenta. The energy 
dependence of the half-widths indicates that the response has 
the sane E - 1 ' 2 forn. as the Lindhard theory, which is consis
tent with the idea that a critical angle for electron channel
ing exists independent of the actual mode of the particle 
trajectory. 

The forward bremsstrahlung intensity has oeen established 
as an observable of the channeling phenomenon. Enhancement 
of the low-energy portion of the bremsstrahlung was observed 
with ?-joth positron and electron beams incident along the crys
tal axes. It has now been shown clearly that the low-energy 
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component is due to coherent bremsstrahlung. The spectral 
shape of the low-energy component has been examined and a 
specific peak of coherent brercsstrahlung for a compound-inter
ference direction has been observed. The position of this 
peak is consistent with first-order theory within the experi
mental accuracy of the measurement. 

It is clear that certainly channeling and perhaps the 
validity of the first Born approximation must be considered 
when studying coherent bremsstrahlung generated by relativis-
tic positrons and electrons in the MeV region. The data 
gathered from this experiment highlight the significance of 
the former and suggest the investigation of the latter with 
more high-resolution experimental measurements. 
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APPENDIX A 
Silicon Lattice Structure 

The tetrahedral bonding of silicon ato^s leads to a dia
mond lattice structure for the crystalline form of silicon as 
depicted in Figure Al. Crystalline silicon has a lattice con-
stant (a) of 5.43 A and a nearest neighbor distance of 2,35 A. 
In normalized units these values are 1408 ..nd 608 respectively 
(h/2ir = c = m = 1). The major intersecting planes in the <111: 
and <110> directions are shown in Figure A2 and Figure A3, 
respectively. For the continuum string potential employed in 
the Lindhard equation, the interatomic string distance d must 
be averaged along crystal directions where the atoms are not 
uniformly separated. As a result in the <110> direction 
d = a = 3.S4 A corresponding to the actual separation, 
s 2 

whereas in the <111> direction, d = _ _ a = 4.69 A. These 
s 2 

values correspond to 992 and 1216 in normalized units. The 
actual separation along the 111 direction alternates between 

? a and 1 3 a. Also since silicon has a diamond lattice 
4 4 
structure the planfr separation for (1Z0J planes is given by 
a/4, and a/12 for (112) planes. 

The reciprocal lattice of silicon is similar to two face 
centered cubic lattices displaced along the diaqonal of 
(1/4 1/4 1/4) as depicted in Figure A4. The structure factor 
for the reciprocal lattice points has the values 64, 32 or 
zero as shown by the (110) planar Map along the -:111> direc
tion in Figure A5. A convenient reciprocal lattice dimension 
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is the distance between consecutive planes normal to a prin
ciple lattice direction, in Figure A5, the distance between 
consecutive (111) reciprocal lattice planes, A j ^ is given by 

1 2» 
Alll = /J a 

which for silicon = 2.58 x 10~ 3 in normalized units. These 
reciprocal lattico planes are indexed beginning at the origin 
with 1 = C, 1, 2, etc. as depicted in Figure A5. Figure A6 
is a map of the 1 = 0 (111) plane in the silicon reciprocal 
lattice. 
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Fig. A-1. Silicon crystal structure. Solid circles are either at 
corners or face-centeredj open circles are on body diagonals. 
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(110) 

(110) 

( 1 1 0 ) 

Fig. A-2. Major intersecting planes in the (11^ direction. 
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/ / ° 

Kig. A-3, Major intersecting planes in the ',110) direction. All listed 
planes are Perpendicular to the face of the figure. 
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<no> 

Fig. A-4. Reciprocal lattice of silicon. Solid circles represent 
lattice points with structure factor of 64; crosses, structure 
factor of 32. 
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012> 

k Ul s/3 a 

• — ~ < M ? > 

Fig. A-5. Map oE reciprocal lattice (110) plane. The (110) plane is 
deEined by the (l 11) and {112/ direction? in the reciprocal 
lattice. 
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Fig. A-6. Map of reciprocal lattice (111) plane. The 1 = 0 (111) plane 
of the reciprocal lattice contains the origin and is normal 
to the (ill) direction and the (112) and (110) planes. 
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APPENDIX B 

Coherent Bremsstrahlung Computer Program 

In the phenomenon known as coherent bremsstrahlung, the 

interaction involves discrete values of allowed lattice recoil 

momenta which are restricted to reciprocal lattice vectors ac

cording to the Bragg condition for coherent reflection. Indeed, 

the reciprocal lattice itself represents the classical array 

in momentum space of allowed lattice recoil momenta for any 

coherent interaction whatsoever. The interference effects 

associated with coherently produced bremsstrahlunq can be ex

plained by examining the momentum vector diagram with the re

ciprocal lattice as a basis. The reciprocal lattice of sili

con is discussed in Appendix A. 

Consider an incident particle with momentum P 1 . We want 

to determine all possible momentum vector combinations which 

lead to the generation of a photon with momentum k" collinear 

with P^. From energy conservation, we know that for relati-

vistic particles 

Y , m c J = 7 ; > m c z + ( h / 2 - ) k c + c £ o r (Bl) 
x 2M ' 

in normalized units, neglecting the last term 

Yl = Y2 + k • < B 2 > 
For momentum conservation we have 

V i '. I--l/2v|) = q cose + y •> ' ' "J- •'••" 2 >'",so- + k (fll) 
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where q = lattice recoil momentum, 
S = angle between q and y,r 

a = angle between Yn and Y?> 
and 

q s inB = Y 2 ( l - l / 2 T 2 ) s i n a . (B4) 

We d e f i n e 

q, = q cosfl , (B5a) 

q 2 5 q sinfi , (BSb) 

and 

Q -" ( { Y 2 d - 1 / 2 Y = >> 2 - q'2)l/2 

= Y2(l-l/2Y|)cosa , (B5c) 
then we make the following approximation, 

Q = Y 2(1-1/2Y2> ( l " q | / f Y | d - l / 2 Y 2 > 2 J j l / 2 ( B 6a) 

Q = Y 2 d - 1 / 2 Y | ) [ l - q 2 / ( 2 Y | ( l - l / 2 Y 2 ) 2 } J (B6b) 

Q - Y 2 ( 1 - 1 / 2 Y £ ) U - q\/2y\} . (B6c) 

We can t hen e x p r e s s momentum c o n s e r v a t i o n as f o l l o w s , 

Vx(l-\/2l\) - Y2(1-1/2Y*) (l-q|/2Y2) - k = ^ . (B7) 
Rearranging and simplifinq yields. 

1 + q| 
1/Y-. + 2qx 

Then using ener.jy conservation we get, 

fr
 Y l ( 2 T l q l " q 2 } k = - — 

I + 2vx q i 

(B8) 

(39a) 
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= X = ili Ii_ . (B9b) 
^ 1 + 2 7 ^ 

This equation represents the lower boundry of the momen
tum pancake and thereby determines the maximum value for k of 
coherent bremsstrahlung generated with q, and q 2 at 7, inci
dent energy. The minimum value for k generated by any fixed 
q and Yi will be set by the collimation of the photon beam. 
This results physically from restricting the emission angle efc 

in the experiment. Thus, the coherent peak will have a baud-
width given by (35), 

*coll - 1 + ^ W 

where , 
2 > l q l " q2 

(BID peak 1 + 2y1q1 

and * is the collimation angle expressed ir> units of Yi - 1. 
Collimation also reduces the intensity of the incoherent 

background, since the angular distribution is of the form 
4k ^ k 

d 0 ( 9 k ) = c ( i + ^ Z ) 2 ; $ k = Y 6 k (B12) 

and collimation to an angle 9 gives a reduction by the factor 

f = ^3 = . (B13) 
f da 1 + $* 
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The integration of the coherent differential cross-section 
has been treated extensively (17, 35, 37). The result for the 
intensity spectrum, with both coherent and incoherent contri
butions, takes the form 

-jj-gjT- = tl + ( l - X ) 2 } ^ + fj} - §<1-X}{^ + V*} (B14a) 

where 
2 ^ = - ^ - I | S < g ) | 2 e - A 9 F(g 2) 

6<g^ + g^ 
{g, +• 9 (g-cosa + g 3 s i n a ) } i 

¥° = 3 l 2 l \ l E l S ( g ) | * e - A 9 2 F ( g * ) . 

(B14b) 

a 
g <Bl4c) 

| 5 2 ( g | + g2) (g^+e ( g 2 c o s a + g s i n a ) - 6} 

{ g 1 + 9 ( g 2 c o s a + g 3 s i n a ) } " 

^ = 4 + 4/|(l - e" A g 2) F(g!) (g - 6 ) J g dg (B14d) 1 c 

^ = -i2- + 4/»<l - e" Ag 2) F(g'-) • ^ 3 j 

• {g2- 661n(g/<5) + 36' - -JAl_}g dg (B14e) 
<3 

where the sum is over all values of reciprocal lattice 
vectors g with 

9 1 + e ^ 2

C O S a + 93sina) > * (B15a) 

i x L 6 = - ^ — 2££h (B15b) 
^ Yl 1 - X 

peak 
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Wc note that 
5 5 the minimum recoil, (B16a) 

S(g) = the crystal structure factor, <Bl6b) 
e _ A g = the Debye-Waller factor, (B16c) 
P(g2) E the atomic form factor, {B16d) 

5 = the polar angle with respect to g,, (Bl6e) 
a = the azimuthal angle with respect to g,. (B16f) 

Also we note 

k dc = I = I c + I L (B17) 3 0dk 

fhere "c" and "i" refer to the eoherenc and incoherent con-
tibutions to Equation B17. The incoherent contribution can 
be determined by numerical integration of li and fi which 
depend weakly on 6 and as a good approximation can be eval
uated at { = 0 (35). 

The form of the coherent contribution can be simplified 
by the approximation that g, = 0. This limits the treatment 
to the first plane of the reciprocal lattice. Now we note, 
for 

T E 8/6 ; 6 << 1 (Bl8a) 
with the condition, 

g2cosa + g-jSina > T _ 1 (B18b) 
we obtain 

' l ( 6 ) = 3 ( 2 T ' I J H s(9H 2e- f t9 ZF<g') 
5 *> 

(B19a) 
(g^cosa + g^sina) 
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g 
icosa + g^s ina - T ' ) 

19b) 

^ t 6 ' - VIZ* 115(g) 1 2e-A^Ftg 2) • * t T a g 

g 2 ( g 2 c o s c ' + ^ s i n a - T ' ) 

( g 2 c o s a + g , s i n a ) 

We next investigate the formulation under the condition of 
equality for Equation B18b, 

g2cosa + g-jSina = T' 1 (B20a) 
which occurs at a peak discontinuity in the spectrum given 
by 

- (B20b) 

indicating that X k is a function of 3 and T. At the dis
continuity, '•?•, vanishes and we have 

l C ( W > = -.j.fit.Xp^-ilUi-istgJlU-^F^) gJ (B2la) 

where 

-'^eak' = { 1 + ( 1 " ̂ peak'^tl - W ) / X p e a k (321b) 

Since T is determined by a, T ' CX s- ) varies with " and 
a for fixed Yi a n ^ the optimum intensity is dependent upon 
the reciprocal lattice structure. Ic(XT;iea)<.) measures the 
relative contribution of points along the rows orthogonal to 
a in the first plane of the reciprocal lattice structure. 9 
will determine the total intensity since it sets 8 once T is 
fixed by a. An equivalent development which includes polar
ization is given elsewhere fl7,35). 

The foregoing theory ii based upon the first Born approx-
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imation and is considered valid for high energies, i.e. 
Y, >> 1 and yJt k >;• 1. The present development restricts 
itself to the first plane of the reciprocal lattice and does 
not properly treat photons with energies of the order of 
k = 1 where significant contributions to coherent brentstrah-
lung are observed at low relativistic energies. These limi
tations deal with the absolute intensity of the coherent 
bremsstrahlung and do not impair one's ability to calculate 
the qualitative features of the spectra, namely the position 
and structure of the peaks resulting from the kinematics. 

Calculations based on the present theory are adequate to 
investigate the qualitative shape of coherent bx.emsstrahluna 
spectra. A program written by Schwitters (27) for evaluating 
experiments in the Gev range at SLAC and CEA has been modified 
for use at lower relativistic energies. The essential modifi
cation was to introduce the curvature term in the kinematics 
and allow an independent calculation of the multiple scatter
ing angle since that parameter increases with decreasing ener
gy. Both first (beam) and second (photon) collimation has 
been included with revised algorithms to account for the in
ability of a discrete computer calculation to represent a fin
ite band smaller than the energy increments used in the pro
gram. Multiple scattering is treated by "rocking" the crystal 
about the incident particle direction and weightir.g the re
sults of separate calculations at different mesh points by a 
normal distribution function related to the mean multiple 
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scattering angle. The size of the multiple scattering nesh 
can be varied to trade-off computer running time for accuracy 
of the simulation. The program contains fundamental constants 
and data which enable the user to compute coherent bremsstrah-
lung from diamond, beryllium, or silicon single crystals. 

Four input 'ata cards are used to run the program: 
Card 1 Format Q8A4) 

Name Self Explanatory 
Card 2 Format (II, F9.4, 5F10.4) 

NCRSTL 1 - Diamond 
2 - Beryllium 
3 - Silicon 

EGEV Energy in GeV 
UP SLAC Code (Set at 0) 
THICK Crystal Thickness (mi.7s) 
ANG SLAC Code (Set at -1) 
U Second cc^limation angle in units 

of y'1 

SI Mean multiple scattering angle in 
units of y 1 

Card 3 Format (3F10.4) 
A Euler angles of target in crystal 

holder (degrees) 
B Same as above 
C Sane as above 
NPL Major face of the crystal 
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Card 4 Format (4F10.4) 
THV Vertical angle of incidence for beam 

striking target in crystal holder (mrad) 
THH Horizontal angle of incidence for beam 

striking target in crystal holder (mrad) 
THVO Set to zero 
THHO Set to zero 

Additionally, by changing program cards, the following 
optiM'S are available: 

For a 3 x 3 multiple scattering mesh 
DATA HHINT/3/.XHSD/1./ 
DATA NVINT/3/,XVSD/l./ 

For a 9 x 9 multiple scattering mesh 
DATA NHINT/21/,XESD/2./ 
DATA NVINT/21/,XVSD/2./ 

For no multiple scattering 
DATA NHINT/2/,XHSD/0/ 
DATA NVINT/2/.XVSD/0/ 

The size of the reciprocal lattice scan can be changed 
Kw setting NSCAU to the desired value (the maximum Miller in
dex of interest). 

A listing of the program is available in the library-
storage system of Lawrence Livermore Laboratory under the 
name NULTSC. 
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