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NUMERICAL STUDY OF DRIFT-KINETIC EVOLUTION 

OF COLLISIONAL PLASMAS IN TORI* 

by 

C. 0. Beasiey, Jr., J. E. McCune,* II. R. Meier, and W. I. van Rij 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 

ABSTRACT 

Preliminary numerical results for the dynamics of toroidally 

confincd plasma?", in the drift-kinctic, Fokker-Planck description are 

discusscd. These solutions were obtained by using the techniques inherent 

to the collisional plasma model (CPM) - described in detail elsewhere. 

An initial value problem is solved in the local approximation in which 

collision* and particlc dynamics compete in a given magnetic field to 

set up a quasi-equilibrium. Both the plasma (guiding center) distribution 

function and many macroscopic quantities of interest are monitored. Good 

agreement with corresponding but more approximate theories is obtained 

over a wide range of collisionality, particularly with regard to the 

neoclassical particlc flux. Encouraging confirmation of earlier results 

for the distribution function is achieved when due account is taken of 

the differing collisionality of particlcs with differing energies. These 

initial results indicate the potential importance of certain non-local 

cffccts as well as inclusion of self-consistency between fields and 

plasma currents and densities. 

•Research sponsored by the Energy Research and Development Administration 
under contract with Union Carbide Corporation. 
* Massachusetts Institute of Technology, Cambridge, Massachusetts 
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I. INTRODUCTION 

1-9 Previous calculations of neoclassical equilibrium and transport 

made use of analytic solutions of a drift-kinetic equation in which 

the effect of collisions was included. To make analytic solution 

possible, model collision operators of varying complexity (see Refs. 1, 

6, 8 and 9) were assumed. In the early w o r k s , t h e solutions obtained 

were valid over limited ranges of collisionality. In later calcula-
8,9 

tions attempts were made to use models which permitted more general 

solutions; that is, these treatments were constructed to maintain 

validity over the entire range of collisionality. However, for this 

purpose, approximations were necessarily introduced which precluded 

the full description of the distribution function in all regimes and q 
over all particle energies. In the interest of achieving more 

completeness and accuracy, use of numerical simulation has recently been 

introduced.10 

The purpose of our present work is to use a newly developed numerical 

method which offers a distinct alternative to the above-mentioned 

numerical simulation. For convenience, this technique is referred to here 

as the collisional plasma model (CPM). The CPM enables one to study 

the neoclassical equilibrium with no approximations within the drift-

kinetic ordering. Certain special features of the method used to 

generate the results given here are described in detail in Refs. 

11 and 12. For the sake of completeness, a few of these features are 

also reviewed in Section II of this paper. 
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In the present work, we begin our calculations as an initial value 

problem in which the initial state of the plasma is described by a homo-

geneous, stationary Maxwellian distribution for each species, with 

imposed radial density gradients, a specified (model) magnetic field, and 

a given induction ring voltage. An initial temperature is specified, but 

heating of the plasma is then monitored, and the temperature varies with 

the amount of applied voltage and the degree of collisionality. Even 

though the time-dependent problem has not been treated self-consistcntly 

in this work (in that, for example, the poloida! magnetic field Bg and the 

induction electric field E^ are imposed and taken to be time-independent), 

the initial-value calculations themselves yield some interesting results. 

These will be discussed in the light of earlier initial-value MHD calcu-

lations (see Section III.A). 

At the present state of development of the theory, the time evolution 

problem is used primarily as a means of allowing our numerical model 

of a toroidal plasma discharge to evolve until a quasi-steady state, 

as defined in Section III.B, is attained. The results of such equili-

brium calculations show substantial and encouraging agreement with earlier 

6 8 9 

results; ' ' thess results will also be discussed (see Section III.B). 

Although more general than those of earlier work, the results 

presented here remain subject to limitations in applicability, primarily 

because two approximations have been imposed for the sake of convenience 

in the initial studies. The first restriction is that the ion kinetics 

has not been included; the ions are simply treated here as a massive 

neutralizing background. Therefore, physical observables (heat flux, 

pressure, etc.) are not necessarily completely characteristic of tokamak 
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obscrvables. The second approximation is that of radial localization. 

The validity and limitations of this approximation are discussed in 

Sections II and III.A. 

In Section II the basic equations are discussed briefly and the under-

lying physical assumptions and their implications are described. In 

Section III.A we discuss the results of the time-dependent numerical 

calculations and attempt to relate these to various physical phenomena 

as well as to other initial-value calculations. In Section III.B we 

show results of equilibrium calculations. Results are given for cases 

with radial density gradient alone, with temperature and density 

gradients both included, and with various values of the induction vol-

tage. These results are obtained over a wide range of collisionality: 

-1 v* 100» where is defined as ^ff/^gl v
eff recipr°cal 

time for scattering particles out of the trapped region-, and is the 

electron bounce frequency. 
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II. GOVERNING EQUATIONS AND APPROXIMATIONS 

Both the time evolution of a plasma discharge in a toroidal con-

fining field and the quasi-equilibrium state to which the plasma 

evolves are governed - for sufficiently slow changes - by the drift-

kinetic, Fokker-Pl3nck equation. The underlying physics forming the 

basis for this equation has been the subject of discussion for many 

years, and increasingly sophisticated derivations have been offered, 

perhaps the most notable being that given recently by Hazeltine.1'** 

This equation, governing the (guiding center) distribution functions of 

the various species in a plasma, has been written in a variety of 

different coordinate systems, both for velocity- and configuration-space. 

For analytic studies of plasma behavior in tori, the flux-energy-

magnetic moment description has prc/ed effective and popular. However, 

for use in the CPM, in which sets of orthogonal transcendental functions 

are used in the description of velocity space, it becomes convenient 

to use scalar velocity and pitch-angle variables in the velocity-space 

description. The rationale for and characteristic features of this 

approach are described in detail in Ref. 11. The transcription from 

one coordinate system to the other is tedious but straightforward. 

(Of course, the use of pitch-angle, scalar-velocity variables does not 

preclude employing flux coordinates in ordinary space.) 

The drift-kinetic, Fokker-Planck equation in the CPM formulation 

is written out conveniently in considerable generality in Refs. 11 and 

12. In the one paper, 1 1 attention is focused on the Fokker-Planck 

collision operator in the CPM description, showing that it can, in this 
12 case, be treated exactly, while in the second paper the spotlight is 
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on the drift-kinetic version of the Vlasov operator. In Ref. 12 this 
part of the equation is treated in sufficient generality to allow for 
time-varying (self-consistent) fields and for a quite accurate descrip-
tion of the particle drifts. 

In the present paper, however, we limit ourselves to a report of 
results obtained under the restrictions listed in Section I. Since 
the ions are treated as a stationary background, we require a kinetic 
equation only for the electrons. The confining magnetic field and the 

A A 

induction electric field are given by B = Bq(£ + 9e/q)/(l + e cos 6) 
and Ej. - £v/C2TR Rq(1 + e cos 9)3, where e = assumption of a 
specified and time-invariant B is tantamount to using the Pfirsch-
Schluter divergence-free model field and actually implies the same low-B 
approximation. We also neglect Bg in the SI! * drift terms, where £2 is 
the electron gyrofrequency. In this way, the general equation in Ref. 12 
(Eq. 3,6, with V = H = G = 0, and n= B/| B| ) simplifies substantially 
and is reduced to 

I- + 3t 
2 2 

A V ( 1 + cos A ) 0 3 „ v cos a n — 5 C x v B, 

A + n 

2 fl B " £ C 

v2 sin a £ £_ A 

' 2 B" VB a " 5T \ n 

5 e 

• Sf 
(II.1) 

f = C f . v 

The electron guiding center distribution f(x, v, a, t) is expanded 
as suggested in the CPM description (Eq. (4.3), Ref. 12) so that Eq. 
(II.1) becomes a matrix equation for the time evolution of the various 
amplitudes making up f. 
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In the present study a radial localization approximation is further 

imposed on Eq. (II. 1). Specifically, we assume that 

f(r, 9, v, a, t) = N o ( r ) [ £ i £ l ] 3 / 2 2 ( 9 , / p v , a , t), (II.2) 

where p = M e / k T Q , and N q and T o are the t = 0 electron density and 

temperature, respectively. We further specify the radial gradients 

r/N o(dN o/dr) and r/T o(dT o/dr) entering in Eq. (II.1) as parameters 

related directly to moments of f. More precisely, to the extent that 

J by assumption has no explicit r-dependence, Eq. (II.2) implies f 

to be (approximately) a local Maxwellian, provided we take N and T to 

be the local density and kinetic temperatures at t = 0. Then, neglecting 

3*f/dr, 3£/3r is entirely specified when dN Q/dr and dT Q/dr are, and the 

kinetic equation can then be solved locally as long as f remains approxi-

mately a local Maxwellian. 

The price paid for this localization is that f, and hence various 

observable quantities, has an inherent error proportional to the non-

Maxwellian part, or, alternatively, to the difference at each (r, 6, t) 

between N and the actual local density and between T and the actual o o 
local kinetic temperature. Physically, the idea of treating the plasma 

locally arises from the notion that communication is much more rapid 

along field lines than across them, and for this reason individual flux 

surfaces (when they exist) tend to be isolated. It is true that transport 

(inter-particle transfer) of virtually all quantities of physical interest 

is much less restricted parallel to B than across it. But even in the 

time-independent problem, nonlocal phenomena arise, at the very least 

as the result of the radial component (more precisely, the component 
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aligned with of the momentum balance equation. A familiar example 

of this type of phenomenon, even in the completely static case, is the 
14 Shafranov shift, which relates the distortion of flux surfaces to the 

pressure gradient and plasma-loop inductivity in a finite-0 analysis. 

Thus, when the plasma currents and magnetic field are coupled self-consis-

tently, the shape of the flux surfaces depends not only on the pressure 

gradient but also on the total current flowing within ip, and in this 

sense is non-local. 

Of course, in the present study, using a fixed model field, the 

above phenomenon is not included and we expect that the time-independent 

pressure balance within such an approximation can again be interpreted 

locally. For this and other reasons, our time-asymptotic results ought 
6 8 9 

to be satisfactory and comparable to earlier work, ' ' at least within 

the applicability of the use of the model B-field. By contrast, the 

CPM time-dependent analysis, at its present stage of development, is 

very likely to be much more affected by the local approximation. This 

possibility is discussed in Section III.A in the light of our actual 

initial-value results. 

As we shall see, the extent of the errors involved with the local 

approximation depends on the time scales involved and on the physical 

quantity of concern. In the high collisionality regime, in which f is 

constantly driven toward a local Maxwellian, we might at first expect 

the approximate replacement Eq. (II.2) to apply best. The same argument 

would lead one to suspect that conservation laws involving lower moments 

might be better satisfied than those involving higher moments, since 

low-energy particles (of higher collisionality) are more important in 

the former than in the latter. 
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On the other hand, in the time-dependent problem, the plasma 

dynamics intrinsically involves non-local effects, not only through 

the radial momentum equation, but also through the angular momentum 

balance. Roughly, the angular momenta on different flux surfaces are 

coupled both through cross-field mass flux and also through centrifugal 

and coriolis forces. This can lead to the development, for example, 
15-19 19 of poloidal spin-up; this phenomenon is non-local and has its 

own characteristic time scale. 

Thus, competing with the argument that higher collisionality 

improves the local approximation (as we use it), by keeping the 

distribution closer to a local Maxwellian, is the fact that cross field 

diffusion is more rapid at the higher v^'s than at lower ones, thus 

leading to the idea that a given flux shell will be more isolated, 

dynamically, for the banana regime than for the Pfirsch-Schluter regime. 

If the local approximation is in fact a good one, i.e., if both 

arguments above were to turn out to operate in our favor, then taken 

together, they could suffice to justify the use of localization over a 

very wide range of v^, indicating at the same time its limitations and 

how and when it might break down. In this connection we remark that 

insofar as f itself is well calculated on a shell, the corresponding 

fluxes ( r , Q r , etc.) will also be well calculated; however, quantities 

such as <N> , <T> , etc., will tend to be less accurate since they de-

pend in part on a radial derivative which has been neglected. 
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The localization restriction is presently in the process of being 

relaxed in the CPM, and eventually it will clearly have to be removed 

entirely if we wish to be certain of a completely reliable description 

of the actual time evolution of a toroidal discharge toward its time-

asymptotic state. 
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III. NUMERICAL RESULTS 

In this section we discuss results obtained by the means described 

in Section II for both transient phenomena and for various physical 

quantities in their eventual quasi-equilibrium states. These numerical 

results have been obtained over a wide range of collisionalities, 

from v* = 0.1 (banana regime) to v* = 100 (Pfirsch-Schliiter regime). 

The value of v* = .1 indicates, of course, that a typical trapped 

particle can successfully traverse its bounce (or banana) orbit roughly 

ten times before being effectively scattered out of that orbit by par-

ticle-particle interaction. Conversely, a value of = 100 indicates 

that a par» *.cle that would be trapped in the absence of collisions has 

very little chance of traversing its assigned bounce orbit before 

being scattered away by its neighbors; correspondingly, we expect the 

distribution to show very little structure identifiable with particle 

trapping in this case. 

Although it is very well known, it bears repeating here that even 

at high collisionality (e.g., v* = 100) the actual mean-free-path 

based on 90° Coulomb scattering for a freely circulating thermal 

particle at or near fusion temperatures is so long that such a particle 

would actually travel completely around a typical tokamak several 

times before being scattered. This fact calls into doubt the very 

concept of transport coefficients (resistivity, viscosity, thermal 

conductivity, etc.). We are somewhat redeemed in their use for the 

present application, however, by the fact that trapped particles are 

extremely important, and that these particles experience an exaggerated 
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effect of collisions. We are further helped by the fact that many 

present methods of starting up toroidal discharges present us, at 

least initially, with distributions which are approximately Maxwellian. 

Finally, with regard to the very important cross-field transport, it 

is not really the classical Spitzer mean-free-path, but rather the 

mean gyro-radius, which is representative of the inter-particle communi-

cation length, and this in turn establishes cross-field transport of 

macroscopically observable quantities. For this reason, it turn:, out 

to remain useful to think in terms of transport phenomena, at least 
20 in the cross-field sense, even at low collisionality. 

A. Transient Phenomena 

Our original intention in studying the initial value problem 

described earlier was simply to use it as a numerical method of allowing 

a toroidally-confined plasma to achieve a quasi-steady state. In this 

scheme the time-asymptotic states calculated by the code are then to 

be taken to represent the tokamak equilibria which are to be perturbed 

later for stability studies, particularly in the nonlinear analysis 

of trapped-particle modes. However, this time-dependent work itself 

provides a considerable amount of useful information concerning the 

gross dynamical behavior of a toroidal plasma discharge as it develops 

in time. This information can be analyzed in the light of various 

theoretical treatments, which have become available over the past 
15-18 

several years, of the initial value problem for a toroidal 

discharge, particularly at moderate to high collisionalities. Conversely, 

the transient results obtained in this way are expected to be very 
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useful in guiding the much more difficult treatment of the corresponding 
21 

initial value problem at low collisionality. 

Present results for the transient problem are summarized in 

Figs. 1, I and 3. Figure 1 shows plasma behavior at high and low values 

of vt. Tq has been kept constant, but Nq differs for different vt, as 

indicated. In Figs. la-Id, time development of high-temperature discharges 

is illustrated in these various cases for situations with radial density 

gradients only, and with radial density and temperature gradients working 

together. In Figs. 2a and 2b a lower temperature case is shown for 

v* = 100 with r/NoCdNQ/dr) = -2. Time development of this discharge 

is compared for two situations, without and with an applied ring voltage. 

Figure 3 shows a comparison of times to attain equilibrium with different 

effective Z for the ions. 

The reader will note that the time plots are giyen in units of 

collision time at differing so that corresponding points on the 

abscissae of the various graphs represent different real times. A use-

ful rule of thumb, however, is provided by noting that if a nominal 

experimental-duration time is taken to be 50 msec, then the time to 

attain quasi-equilibrium (defined in Section III.B) is always someviat 

longer than, but nearly equal to, only one such experimental-duration 

time. The quantities monitored on the graphs are the radial mass 

flux, Tr; the radial heat flux, the parallel current density J||; 

the fractional tenqperature change ^Te= (T - To)/To; and the poloidal 

and toroidal mass-flow velocities Vq and V^. All quantities are flux-

surface averaged with the exception of Vfl and V , which are calculated 



14 

at the outside of the torus (8=0). The units in terms of which the 

quantities are measured are Nq / 3/p for and Jy, 1/^p for Vg and V^, 

and (3/2)M N y ? for Q . e o T 

It will strike the reader immediately that, for several of the 

cases shown, a variety of time scales is present. The early, fastest time 

scale occurring for each v^ is evidently the time required for the 

initial Maxwellian distribution to make its preliminary adjustment to 

the particle trapping occurring in competition with collisions. The 

fact that this initial time is about the same proportion of the overall 

transient required in establishing the quasi-equilibrium (compare 

Figs, la-b with Figs, lc-d) is consistent with the definition of v^ 

and/or with the relative importance of the trapped particles in the 

various regimes. This phenomenon is readily interpreted locally, i.e., 

as one occurring on an essentially isolated flux shell. It has nothing 

to do with the overall dynamics of the discharge as discussed, for 

example in Ref. 15, for high Indeed, it is much ?oo fast, and 
21 

requires a kinetic theory treatment. 

In Fig. la, however, additional time structure is evident in the 

later phases of relaxation toward quasi-equilibrium. The question 

arises at once as to whether these time scales can be explained at 

high v* in terms of available dynamical theories such as those cited 

(Refs. 15-18). The absence of any comparable time structure in Fig. lb, 

in which an initial temperature gradient has been specified but other-

wise all conditions remain the same, suggests an alternative explanation, 

to be discussed below. 
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One way of checking whether the time scales evident in Fig. la 

are true dynamical ones is to compare Figs, la and 2a. These two cases 

are comparable in every respect, except that Tq has been changed by 
2 a factor of % 30 with v* held constant. Since v. scales as N /T , N * * o o o 

3 
changes between the two figures by a factor of ̂  10 . Now, the dynamical 

1/2 times in the theories of Refs. 15-18 scale as T /N , whence these o o 
3/2 time scales, in units of the electron-ion collision time T . PV' T /N ) , ei o o 

should appear with a Tq scaling in comparing Figs. 1 and 2. Clearly, 

this is not the case. Instead, the time scales remain the same in units 

of T .. This strongly suggests that the time structures we see in 

our transient calculations are all (local) flux-shell readjustment times, 

just as was the fast transient. We believe the time structure in Fig. la 

is governed by the time required for the heat-flux vector, Q, to come 

to a quasi-equilibrium with the plasma. [it clearly has difficulty in 

doing so when no initial temperature gradient is present (Fig. la vs 

Fig. lb).] 

Note in Fig. lb that the mass flux Tr levels off to a nearly constant 

value very quickly after the initial fast transient. In view of the 

fact that these calculations are made with a given magnetic field and 

essentially with a constant temperature or energy density, this result 

is consistent with the known results for mass flux diffusion corresponding 

to the Pfirsch-Schluter phenomena associated with the basic toroidal 

geometry. In that sense, therefore, the quick flattening of is a 

verification of the accuracy of the computer program. Also, i comparison 

of rr for the low and high temperature Pfirsch-Schluter results verifies 

that it scales properly, which in the units used is simply as TQ. 
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For our calculations, a quantity of great importance is the heat 

flux vector. The reader will note that its behavior is quite different 

both in time and in terms of its asymptotic value depending on whether 

or not an initial temperature gradient is present; significantly, this 

fact is true for both large and small values of v*. This demonstrates 

that the heat flux is sensitive to the temperature gradient and is in 

this sense determined at least time-asymptotically by a transport 

phenomenon even at low collisionality. It is further evident that the 

heat flux vector has great difficulty in coming to equilibrium with 

the plasma when no initial temperature gradient is provided. Consistent 

with our interpretation, given above, of the observed time variations being 

local, in the sense already described, we believe that the time structure 

evident in Fig. la is to a large extent simply imposed on the other 

quantities through the time variation of as it seeks an equilibrium 

with the discharge. This seems to be verified in Fig. lb. 

Finally, we note that Figs, lc and d are also consistent with our 

interpretation of the observed time variations being strictly local 

readjustment times on an isolated flux shell. At low collisionalities 

such times scale with the bounce time, or, in units of T ., directly 

proportionally to \>+. Since this time is faster than the collision time, 

the time to attain equilibrium is independent of dT/dr and depends 

on the time needed for collisions to ameliorate the fast transients. 

The effect of the modest ring voltages which have been applied 

in some cases is consistent to the extent that it leads to an increase 

in the total current flow (especially the current flowing parallel 
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to the magnetic fieJd) and the temperature• Figure 2b shows this 

heating occurring when a ring voltage is applied. Because of the 

almost linear dependence of T on time, this plasma appears to be 
© 

in a runaway state. The phenomenon of joule heating cannot be ade-

quately studied locally, since it is influenced by radial temperature 

gradients and heat fluxes, which also depend strongly on ion dynamics. 

In addition, the fact that collisionality is a strong function of 
22 

temperature strongly affects the study of the heating problem. 

Furthermore, the voltage which would, in the real experiment, drive the 

current necessary to establish the poloidal field is not, in these calcu-

lations, consistently connected with that poloidal field; i.e., Maxwell's 

equations have not been self-consistently applied. In order to do 

this we would require a self-consistent calculation of the time-varying 

magnetic field as related to the actual current flowing through the 19 
plasma. This self-consistent initial value problem has been shown to be 

important for high collisionality. 

In order to make our calculations self-consistent, we see that 

we not only need to include the time variation of the magnetic field, 

which is related, of course, to the current induced in the plasma 

by the ring voltage, but we also need to relax the local approximation. 

To make the problem numerically tractable, we must allow for variation 

in the temperature consistent with development of a heat flux and with 

the joule heating occurring when a ring voltage is applied. In our 

plans for including this temperature consistency we must also include 

a variation of v* during the time evolution of the plasma discharge. 
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Nevertheless, the present results provide useful insight into the 

temporal behavior of toroidal plasma discharges and in fact suggest 

methods by which a self-consistent calculation can be carried out. 

Perhaps more significant for our present circumstances, however, is 

the fact that we expect the quasi-equilibrium, discussed in the next 

section, to be valid, even though the initial transient by which it is 

obtained is almost certainly not completely self-consistent. This is 

because we have chosen our initial values of density, temperature, vt, 

the relevant gradients, etc., as well as the confining magnetic field, 

to be consistent with their expected equilibrium values in the time-

asymptotic state. 

B. Neoclassical Equilibria 

As stated before, the equilibrium calculated here is really a 

quasi-equilibriura in which the only change is a slow radial diffusion. 

Since, for a given radial density gradient, this diffusion is propor-

tional to the number density, the diffusion will result in an exponential 
2 2 dependence of N^ on time. Therefore, % (Jin Ne)/^t will approach zero. 

This also implies that T , the radial flux, becomes almost constant in r 
time. We use either of these two criteria to determine whether we have 

indeed reached a quasi-equilibrium. 

past work has tended to divide the regimes of collisionality into 

high (Pfirsch-Schluter), medium Cplateau) and low (banana). As far 

as characteristic behavior goes, there are really only two regimes: 

high and low collisionality. The remaining regime is simply a transition 

between the two limiting regimes. (It might be remarked that this transi-

tion regime - the most difficult to handle analytically - is easiest to 
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treat numerically.) In discussing our results, we concentrate princi-

pally on the limiting cases. 

We have systematically studied equilibria (over all collisionalities) 

in a number of different cases, four of which are discussed here; these 

cases are characterized by specifying that 

1) radial density gradient exists alone, 

2) radial density and temperature gradients exist together, 

3) a radial density gradient and an induction field (E_) exist 

together, 

4) a radial density gradient exists alone with high-Z ions. 

In showing distribution functions f which are almost entirely the 

initial Maxwellian, the Maxwellian component f should be subtracted from m 
the entire distribution. All figures will therefore show the difference 

£ = f - f . These functions £ are shown in three-dimensional plots in 

Figs. 4 and 5 for high and low collisionality both without and with 

a radial temperature gradient. The vjj axis is in the direction of the 

magnetic field t. The Vj_ axis origin is on the side with the largest 

function value, in the center of the Vy axis. It should be remembered 

that this £ represents a slice through a cylinder in velocity space, and 

that to understand the figures in terms of the particle density at a 

given (V||, Vj_), one must multiply £ by v sin a. 

In the case in which there is only a radial density gradient, the 

dominant characteristic of f is that it produces a current which varies 

as cos 0. However, we find that this current is not produced by a 

shifted Maxwellian; this can be verified by a detailed examination of the 

Fourier components of the F. amplitudes (see Eq. (4.3) in Ref. 12) and 
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by the 9—dependence of macroscopic observables. Moreover, the picture 
A O 

of f at 9 =90 (Fig. 4a) clearly shows a non-Maxwellian perturbation 

corresponding to a local decrement in temperature. We conclude that 

the flow (which at 9 = 0 ° and 9 = 180° is anti-parallel and parallel 

to 1}, respectively) is characterized more by gradients than by a drift 

of purely collisional particles. 

Just as particles at sufficiently high energy behave collisionlessly 

in the collisional regime, so low energy particles in the collisionless 

regime must behave collisionally. The difference is that in the colli-

sional regime, these anomalous particles are a vanishingly small part 

of the Maxwellian tail, while in the banana regime, they occupy the part 

of velocity space which is most heavily populated. Therefore, for 

9 such that the collisional and collisionless particle currents are 

in opposite directions (6 = 180°, inside of torus) the distribution 

function must exhibit a great deal of structure, as is shown in Fig. 4b. 

We may compare this result with results from earlier and more approxi-9 
mate calculations. The calculations of Tsang and Callen apply to a 

high-Z equilibrium in the Pfirsch-Schluter regime for = 100 and 

are shown in Fig. 6a, while those of Rosenbluth, Hazeltine, and Hinton^ 

are applicable to the banana regime for \\ = 0 and are shown in Fig. 6b. 

When a radial temperature gradient is present as well as a radial 

density gradient, the equilibrium distribution has considerably differ-

ent characteristics (see Figs. 5a and 5b and compare with Figs. 4a and 4b). 

One of the main differences is the difference in increase of temperature 

on the shell. With no radial temperature gradient there is a small 

overall increment of temperature on the shell, although there is actually 
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a local decrement at the top and bottom of the torus. With a tempera-

ture gradient, the flux-surface average temperature is larger by a 

factor of 30, and the temperature everywhere increases. This is true 

for all collisionalities. The phenomenon shows up in the distribution 
A /N 

function as a decrease of f near zero velocity and an increase of f at 

moderate velocity. It is observed most clearly (Fig* 5a) in the 

Pfirsch-Schluter regime, where the simple cos 8 dependence of J|| no 

longer obtains. It is further observed for = 0.1 (Fig. 5b) with the 

vanishing of the low-energy spike at 9 = 180°. The further observation 

that this equilibrium is attained much more quickly (see Fig. lb) than 
when dT /dr = 0 indicates that a plasma with dT /dr < 0 is closer to o o 
an equilibrium than a plasma with an iverted or neutral radial tempera-

ture profile. This is further supported by the inward direction of the 

heat flux vector when dTQ/dr = 0, indicating that the plasma is 

attempting to establish a state where dT0/dr < 0. 

In the calculations described above, we have kept Tq constant as 

v* becomes large. For v* 'v 13 this corresponds to a tokamak-like 

density, but for v* ^ 100, the density becomes unrealistically large. 

A more physical density obtains in this latter case if we take T q = 30 eV. 
/s We find that while the magnitude of f varies with density and temperature, 

A 

the shape of f is independent of these quantities, but depends only on 

v*. Thus, the case for Tq = 30 eV and = 100 yields three-dimensional 

plots identical to Fig. 4a. 

If we now include a ring voltage, we see the expected effects on 

both parallel current and temperature. In an actual experiment, the 

plasma current, and hence Bfi, would be self-consistent with such a ring 
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voltage. For our purposes, we simply look at the effect during the time 

evolution, and in equilibrium, of a constant E^. We do this for a 

moderate-temperature (To = 30 eV) highly collisional (\>* = 100) plasma. 

(Studies at other give essentially the same result.) There is, of 

course, not much heating unless the electric field energy is comparable 

to the plasma energy. As the plot of 6Tg vs V shows (Fig. 7), the 

joule heating certainly does occur. A similar plot of J||vs V shows 

the strong effect of V on the parallel current. This current and the 

heating are apparent in the distribution functions shown in Fig. 8. 

In a real tokamak, the ions would have an effective charge which 

is greater than unity. We have studied such a case, again in the high 

collisionality regime. The physical effect is that the electron-ion 

collision frequency is enhanced, and equilibrium is attained much 

faster (see Fig. 3). Otherwise, as before, the characteristics of 

the equilibrium distribution are the same as those of other v^ = 100 

cases. 

We may compare our calculations with the results of previous 
8 9 calculations by Hazeltine and Hinton and Tsang and Callen by plotting 

Fr(v*) f°r the three sets of calculations (Fig. 9), where the units 

of rr are those of Ref. 8. The earlier and more approximate results 

are shown to be in good agreement with the present results. 
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IV. CONCLUSIONS 

The most important conclusion, which must be underscored, is that 

the present numerical procedure has been shown to be a viable method 

for calculating plasma equilibrium. In addition, the treatment of the 

initial value problem has yielded some new insights into the buildup 

of a tokamak equilibrium, even though some important physical effects 

may have been omitted. 

Calculations are now underway to study the areas that must be 

listed as weaknesses in the present results. These areas are listed 

below. 

1) Inclusion of ion dynamics in equilibrium calculations, 

especially to study the heat flow problem. 

2) A study which includes the radial dimension and a time-

varying temperature, to 

a) verify or debunk the localization assumption, and 

b) study equilibrium buildup correctly. 

3) Inclusion of a self-consistent magnetic and toroidal electric 

field to provide a rigorous and correct study of a tokamak 

equilibrium. 

4) Inclusion of self-consistent electric fields to study the 

dissipative trapped-electron instability. 
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