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Abstract 

Hartree-Fock calculations pertaining 
to the determinetion of nuclear binding 
energies throughout the whole chart of 
nuclides are reviewed. Such an nppronch is 
compared with other methods. Main techni
ques in UEO are shortly presented, /.-ii-anta-
50* and drawbacks of these calculations are 
also discussed with a special emphasis on 
*he extrapolation towards nuclei feu- iron 
tha stability valley. Finally, a discussion 
of some selected results from light to 
superheavy nuclei, is given. 

1. Introduction 

The atomic nucleus viewed as a .-nany 
body system, has constituted a long lasting 
intriguing problem. Having undoubtedly a 
rather waller number of particlos, it has 
however been successfully described in a 
classical or seni-classical way. For exam
ple in the liquid drop model, the binding 
energy of heavy nuclei is given with an 
accuracy of less than 1%. On the ether hand 
a nuclear shell structure which appears as 
a quantum fluctuation, was necessary to 
explain a collection of experimental facts. 
The recognition of the existence of an 
overage nuclear potential has been hindered 
for a long time by the ropulriva character 
at short range of the nucleon-nucleon force 
uncill the correct understanding of the role 
of the Paul! principle. 

The Hartree-Fock (HF) approach dis
cussed here belongs to the second alterna
tive class of models t nuclear wave functions 
are assumed to be well described by slater 
determinants built on cigenfunctions of a 
mean potential generated by all the nucléons 
through the nucleon-nucleon foice. Short 
.range correlations are approximately taken 
into account by the use of an effective 
force understood as a kind of a Brueckner 
C-matrix l> » 2> . Long range correlation 
are definitely absent. On the other hand 
pairing correlations can be handled in a 
consistent way known as the Hartrec-Fock-
Bogolyubov (HFB) method. A non consistent 
but still reasonable treatment of such pai
ring correlations consists in a BCS calcu
lation following the HF calculation. 

- The present talk pertains only to a 
review of calculations leading, at least in 
principle, to a complete description of the 
whole chart of nuclides. This excludes a 
priori all calculations based on "regional" 
forces aiai/ig at the description of à spe
cial bunch of nuclei. This will also jsora 
or less' limit our discussion to calculations 
using phenoi'iunclugical effective forces since 
the technical difficulties of sore fumiaiiten-

*) Laboratoire associé au C.'.'.K.S. 

I n section ïï we will present a gene
ral outlook on the HF method. The HF approach 
will be compared with other relevant methods 
i n section III. He wilJ especially discuss 
the 'link between IIP and liquid drop model 
calculations within the frame of the 
Strutinsky method. Advantages and drawbacks 
of the HF doterminâtion of nuclaar masses 
will be discussed in section IV. A special 
emphasis will be put on the probiem of extra
polating such calculations to nuclei f.~ from 
the stability valley. Section V will be 
devoted to a short survey of the HF tec 
logy. Finally in section vi we will give 
some selected examples of HF results. 

2, General outlook on the HF method 

2.1 Generalities -

The determination of nuclear ground 
state wave functions from the free nucleon-
nucleon interaction has given raise to an 
enormous amount of theoretical work. A first 
family of approaches is referred to as rea
listic calculations. This family itself can 
be split into two classes. In the first one 
a sort core interaction is used and the KF 
problem plus second and third order correc
tions is solved in the framework of the 
Goldstone expansion. As an^example one may 
quote the works of Maire 3' using the 
Gogny-Pires-de Tourreil interaction 4' and 
of Strayar 3 S1 using the Tabakin potential3*'. 
The other class deals with calculations per
formed along the lines of the Brueckner-
Goidstone expansion. Results of such calcula
tions for finite nuclei have been recently 
reported, sec e.g. Re£. 5|. The two previous 
types of calculations are of great numerical 
complexity. Even though they have brought a 
lot of interesting theoretical informations 
they hdve not yet clearly net with success 
in providing precise values of nuclear bin
ding energies ant? radii. 

In the second family of approaches, 
one derives from realistic nucleon-nucleon 
forces, the effective interaction in the 
framework of the Brueckner theory within 
the local density approximation (LDA). Higher 
order corrections are then included phenome-
nologically into the force, AS a consequence, 
one completely leaves out the problem of 
further corrections to HF. Such an "effec
tive force approach" have been successfully 
used e.g. by Hegele *' and by Campi and 
sprung 21 . 

For tlia sake of simplicity one has 
also considered purely phenomenological 
effective forces. The most important feature 
of the ivorc I'unuoRicnta 1 LDA approach <c.g. 



the density dependence) arc generally retai
ned. In a special case (the Skyrme force) 
it has been even possible to establish the 
connexion with the LDA 30), such phenomeno-
logicai effective forces may be classified 
by their analytical form. A first group 
refers to delta forces plus gradient correc
tive terms for the two body part supplemen
ted by a density dependent delta force, this 
group Includes the Skyrme force 6 1 and the 
modified delta interaction of Moskovski " . 
The energy density formalist1 proposed by 
Bclner and Lombard, clearly belongs also to 
this group. In the second group one rather 
considers finite range interactions for the 
two body Interaction. GaussiAns are used In 
the Gogny force 9'. Finite range and vela-
city dependence are included in the 
Kohier '«I and the Montreal force , Q'. The 
latter adds an OBEP tail on a purely pheno-
menological part, in all cases one must 
consider a two body spin-orbit force which 
is approximated In most cases by a sero 
range one 4 l T . Tensor effective forces are 
generally loft out. 

2.2 HP equations 

Given an effective interaction v, 
the HP approximation consiste in assuming 
that the nuclear ground state may be descri
bed by an independ particle wave function 
lv>. The latter is fixed by the minimisation 
of E=<*|H|*> (where H is the haniltonian of 
the system) with respect to the variations 
of |tf'>. Prom now on, we will assume for 
brevity that the effective force is only a 
two body operator, Introducing the reduced 
(one body) density matrix p, the energy Ë 
can be written as : 

?f 1|P|J> 

or equivalently if v is independent of the 
density 

Finally the density matrix t> is defined as 
a sum of projectors on a set of II aigenstates 
of K+vlol namely 

• £ H»«M 

In other words, the Slater determinant [v> 
is built out of N single particle states 
eigenfunctions ]i> of i mean one body hamil-
tonian K*vip), 

The solution» of the HP eg.(3) is 
generally obtained by iterations. Given an 
ansatz p W of o leads to a potential v(o ( o )) 
and after dlagonalisation to a new density 
matrix p' 1' and so on. Starting from a den
sity matrix p(°> obtained In a phenomenolo-
gical mean potential and asking for a rea
sonable rate of convergence for E (say less 
than 10 keV) needs generally some 10 itera
tions . 

J£ one projects the HP equation (3) 
on the x representation basis, one finds a 
set of coupled integro-dlfferential equa
tions. In the case of interactions of the 
Skyrme type, E can be expressed l 1 ' as a 
spatial integral of an algebraic function of 
two density functions p(3) and T(X) I 

/ d'x 3 t (P,T) 

H 

( 1 V * ,-w. M p { * J " <xlp|X> - V |*\(x)|* 

:jiKii> + i 2 u < k | p , t > ^ ' ^ " y I <*> $Z 
K being the kinetic energy operator and v 
the «itisyranetrised two body operator. 
With obvious short hand notations E writes 

E(p) * tr Kp + - tr tr p v p (2) 

The variation of E with respect to [*> or 
equivalently to its corresponding density 
matrix p, leads to the definition of a set 
of single particle states \\> satisfying the 
BO called HF equations : 

(K + v(p)Ji» = eA|l> (3] 

Tho HF potential vtpj is the one body reduc
tion of v defined as 

<i|v(p)|j> 
3<j|p[l> 

<*|v|i?> 

1=1 

The HF equations then reduce to a purely 
differential system of equations of the type 

f-5^5*^!^ tx) =« e, #* (x) (10) 

where alj the x dependence in the effective 
mass m x(x) and the potential v(x) is expressed 
again algebraically from the densities (6) 
and (9). It can be noted that in the energy 
density formalism of Ref. 8| , instead of 
starting from an effective force, one para
metrises directly the hamlltonian density 
defined in (7) and therefore ends up with 
the same type of HF equations (10). 



2.3 Pairing correlations 

A consistent way to Include pairing 
correlations is referred to as the Hartree-
Fock-Bogolyubov (HFB) method. It consists 
in assuming that the ground state wave func
tion is well represented as an independent 
quasi particle wave function \$>. The quasi 
particle states defined fro™ particle sta
tes by a unitary Bogolyubov transformation, 
arc determined through the minimisation of 
<*|H|*>. This can be achieved by conside
ring the reduced density matrix p : 

<i|p|j> 0|a+ mt\t> 

cal two body interaction v 1 13J specially 
adjusted to give correct pairing properties. 
In HF+RCS calculations of deformed nuclei 
using the Skyrme interaction, a further 
approximation^' has been employed **'. 
Pairing matrix elements <ii|v'|j5> are kept 
equal to G,Vii ji which clearly leaves out 
the dependence of G on the intrinsic confi
guration [e.g. on the deformation of the HF 
solution). This appears to be of some im
portance in chape transition region where 
one may hesi tate between an oblate or a pro
late solution Cor instance. Then the ques
tions arises of the choice of the G constant 
in one and the other HF local minimum 431, 

together with the so called pairing tensor 

<ifXb> <*IVj I *: 

as new variational param&teis. 

Contrarily to the HF state |*> , the 
state |»> Is not an eiqenstate of the par
ticle number operator N. Therefore in the 
variation, one must introduce a supplemen
tary condition ensuring the conservation of 
the average particle number. 

For a two body interaction, the expec
tation value of the hamiitonlan can be 

written as 

<*|H|»> = tr PK + ± tr [p v(p) + X A) (13) 

where v[p) is again the one body reduction 
of v : 

<i|v{p)|j> <*|v|4» 
3<j|p|i> 

and the gap tensor A is defined as 

<i|A|j> = 2 
3<JPtU> 

<»|v|*> 

Gogny has been the first to perform comple
te HFB calculations for both spherical and 
deformed as well as light and heavy nuclei9' 

A cheap way of including pairing 
correlations consists in doing a BCS cal
culation on the top of an HF calculation. 
The first differer.ee with IIFB lies in the 
quasi particle transformation used,the so-
called Bogolyuhov-Valatin transformation, 
which is less general than the Bogolyubov 
one. On the other hand, consistent varia
tions of the occupation probabilities and 
of ^article wave functions are not achieved 
at all. 

An other level of approximation is 
reached when instead of using gairing type 
matrix elements (defined as <iïiv;jj>) of 
the interaction v entering the microscopic 
harailtonian, one utilises other matrix 
elements. For instance, in the HF+BCS cal
culations of Refs. 81 and 12], the pairing 
p-atrix elements are computed from HF parti
cle states but with an other phénomène!ogi-

3. Rolatlon with other approaches 

3.1 Generalities 

In this section we want to discuss 
the connexion between HF calculations of 
nuclear binding energies and liquid drop or 
Stxutinsky approaches to them. We skip the 
discussion on extrapolation formulas (see 
e.g. Ref. 16)) mainly because for known nu
clei they hardly go far beyond a sinple para-
metrlsatlon of experimental fiqures, whereas 
for unknown isotopes they are a priori una
ble to predict any sudden change in the 
nuclear structure if such a transition has 
not shown up for any known nuclei in the 
neighbourhood. 

It has been soon realized that bin
ding energies calculated within the liquid 
drop model exhibited clear deviations from 
experimental ones. Moreover, these discre
pancies showed regularities connected with 
the location,of magic numbers. Myers and 
Swiatecki *'' have been the first to syste
matically add to liquid drop masses a speci
fic shell effect correction. Strutinsky 1 S ' 
has settled down in the HF framework a pro
per microscopic deviation of these shell 
correction energies as well as a convenient 
technical procedure for their practical com-

For brevity we skip the discussion of so 
called A constant calculations and refer to 
Refs. 14-151 for further details. In this 
connexion we would like to point out a mis
take in Ref. 14], where the variational 
equation (7.7) writes as 

5[ E-Ç=i/iv8ii' d' s- i . .!p, 1 1-i/j ,'i-
x p Ç \ . i / 2 " J = ° , 1 6' 

^rrtip.Tjd'R - £ (4Jvv"1~ni ,J (17) 

If the variation in (16) with respect to 
!•£* leads to ordinary HF equations (7-8) , the 
variation with respect to 4n^ does not give 
the BCS equations "(V-9) . Should 7.Le, in (16J 
be replaced by'Zjme^ Eq. (7-9) would be ful
filled but not Eci.T7-8). Therefore the varia
tional character of the determination of 
both occupation probabilities and wave func
tions is not ensured. 

http://differer.ee


referred to after Bethe l*r as the 
strutinsky energy theorem whereas the tech
nical recipe will be called the strutinsky 
smoothing procedure. It shoulJ be emphasi
zed that the later represents only one anong 
other possible ways of achieving the 
smoothing procedure. Moreover its proper 
foundation in terms of a semi classical 
approximation has been further established 
as we will shortly discuss it. As a whole, 
the complete approach has received the name 
of the Strutinsky method and has been wide" 
ly used, in particular for the determina
tion of nuclear masses *°I. 

3.2 The Strutinsky energy theorem 

The HP energy (2) can be considered 
as i. functional E(o) of the reduced density 
ma*rix p . The "theorem" consiste In expan
ding such a functional around a semi-classi
cal approximation p of_p. So far we reserve 
the (Jiscussion of how p" would be defined 
for sub-section 3.3 and take for granted 
that the Strutinsky smoothing procedure 
does it well fnr us. Namely we will define 
p~ as 

;u» <>i 

where thn set of (Hj) is the ordinary set 
of Strutinsky occupation probabilities21' 
defined only through the HF single particle 
energy spectrum. The expansion of E(p) 
writes : 

E(p)=E(p)+tr(K+trpv) (p-p)- ±trtr(p-p)v(p-p) 
2 (19) 

The first term is the semi-classical appro
ximation to E(p) and according to Strubinsky 
represents the liquid drop model energy. 
The second term is nothing else than the 
first order (ordinary) shall correction 
since 

tr(K + trpv)(p-ïïî = Se - Î5 

where le is the sun of HP occupied single 
particle energies and le Its Strutinsky 
.smoothed value. 

The last term of Eq.(19) has been 
assuned by Strutinsky sufficiently small to 
be neglected. 

As a matter of fact Strutinsky ' 
has not exactly proposed his theorem accor
ding to the previous lines, but in a slight
ly more Involved way. Starting from the lip 
density p, he first defines 5 as in UEO 
and then diagonalislng the mean harailtonian 
K+vtp), he gets a new density p, the smooth 
value of which is p. Finally utilising the 
Btatlonarity of E(p) around a In the space 
of normalised Slater determinants he gets 

E(n) = (15 - ±tr pvp) + (It - TÂ) 
. 2 

+ jtr tr {t<fl-o)v(5-pl - (iH»Y<0-fi11) (21} 

where the set (c) corresponds now to the 
sp8Ctrun_of K+v(p"|. Assuming with Strutinsky 
that tc-p) and tr>-5) are ot the Bane order, 
assuming also that (p*-F) is one order less, 
loads in (ZD to zero and first order terms 
identical tup to second order terns) to 
those obtained in (J9). Indeed Strutinsky 
wanted to define the first order shell 
correction from a single particle energy 
spectrum obtained in a smooth mean potential 
v(p) as the phcnomcnological potentials are, 
contrarily to the HF ones. That is why he 
has derived his theorem through auxiliary 
p" and £ densities. 

All the preceding assunptions have 
been recently numerically checked «-24I 
within the HF epproacl.. The HF solution o__ 
and energy E|p) being known, one defines ? 
according to the Strutinsky procedure then 
computus zero and firat order terms and 
therefore deduce higher order terms. 

The E{p") term has been shown to be 
qualitatively and quantitatively very simi
lar to a liquid drop energy- This is seen 
for Instance on_ftg.l where the deformation 
energy curve E(p) of the t 5 B ¥ b nucleus for 
the guadrupole mode, is reported, on the 
other hand the higher order terms in (19) 
or (21) have been found very small [see fig.2). 
A third version of the energy theorem has 
been also derived in Bef.241. It corresponds 
to a self consistent calculation of the 
density matrix labelled p. Such a calcula
tion is self consistent in the sense that Ï 
is formally identical to the o defined in 
(18) but with single particle wave func
tions eigenstates of K+v(&). This self-
conelstently smooth HF solution ia formally 
similar to an HF solution at finite tempe
rature "'. 

• Within this Last version of the 
energy theorem, the ZBXO and first order 
terms exhaust almost all the HF energy, 
leaving only less than ,6HeV for higher 
order terms. The latter is true for a sample 
of nuclei scattered on the whole chart of 
nuclides as shown on Table 1. it should be 
noticed that for nuclei as light as 1 6 O r or 
even 4 0Ca, the smallness of the corrective 
tern is also obtained, whereas for the 
ordinary versions (19> or (21) of the ener
gy theorem, first and higher order terms are 
found to be of the same order a£ magnitude. 

3.3 Strutinsky smoothing method and semi-
classical approximations 

He are left now with the problem of 
how the Strutinsky smoothing procedure is 
related to a semi-classical approximation, 
since such an assumption has been made 
before (e.g. when considering E(p) as a 
liquid drop model energy). Such a relation 
has been extensively studied, but so far 
only for one-body hamiltonian. Among other 
approaches it is worthwhile to quote the 
partition function method developed by 
Dhaduri and collaborators 2 6 ~ " l . starting 
front the fact that the single particle level 
density is the inverse laplace transform 
of the single particle partition function 
z, they expand this functionz in powers of 
b using a general formalism due to Higner and 
Xirkvood 25). Retaining only the first terms 



of such an expansion constitutes a semi-
classical approximation to Z. By inverse 
Laplace tr ans for&ation one obtains a smooth 
level density to be directly compared with 
the strutinsky one. These two smooth level 
densities have been shown to be analytically 
equivalent in sono special cases**f.m"other 
cases, the two methods yields numerically 

the sar.e classical energies within 
•biHeV 2 6 ' , this is also true when the one 
body hamiltonian includes a spin orbit 
term 281. 

3,4 Conclusion 
The expansion of the HF energy in 

terms of the difference between the IIF den
sity matrix and its semi-classical approxi
mation seems to be rapidly convergent• Howe
ver so far the practical way this approxi
mation is made is not yst completely proven 
to be correct (even though It is likely to 
be the case) for two body (or more) hamilto
nian. Should it be correct» the validity 
of the strutinsky method as an approximation 
to the HF approach would result from the 
preceding. Nevertheless, disregarding small 
possible inaccuracies in the technical 
smoothing procedure, it should be emphasized 
that this validity has been essentially 
proven for a liquid drop model and shell 
correction energies deriving consistently 
from the same nueleon-nucLeon interaction. 
This a priori condition is of course impos
sible to establish in practical utilizations 
of the method. 

4. ftgyantages and drawbacks of HF calcula
tions of nuclear classes 

Let us start our general discus
sion of HF results by summarizing some gene
ral remarks on the main drawbacks of these 
calculations. 

The first source of systematical 
errors in such an approach is naturally to 
be found in the choice of the force itself. 
In the most fundamental effective forces of 
fiefs. 1-21 it has already been quoted that 
phenoraenelogy is not quite absent, as far 
as Inclusion of higher order diagrams is 
concerned. Moreover in these calculations as 
in the purely phencmenological ones (i.e. 
using entirely phenomenoloqical effective 
force) one must choose a priori an analyti
cal form for each part of the force, in 
particular for the density dependence (see 
e.g. the discussion of Ref. 21). The pre
ceding brings clearly into the whole approach 
a touch of arbitrariness and sometimes con
siderable limitations. This obviously hap
pens for forces as the Skyrme ones with a 
sero range for the main part of the attrac
tive force. On the other hand, in the absen
ce of explicit tensor forces* one must exert 
caution about some predicted properties of 
non spin-saturated nuclei and spin-orbit 
splittings. The latter restriction la of 
primary importance for the discussion of HF 
results obtained in the super heavy nuclei 
region. Finally, or.e should bear in mind 
that as soon as the analytical skeleton of 
the force has been choosen, one has to de-

teiminv the actual values of the parameters 
through a fit which Is always to be under
stood as a ccoproMlsc within a selected sam
ple of constraints. 

Due to its ranqe, the Coulomb 
interaction does not contribute to the total 
energy in an analytical form as simple as 
the Skyrme force does. Therefore in calcula
tions using Skyrme forces one generally ap
proximates the Coulomb exchange total ener
gy Bc.exc, within a Slater approximation 
proposed in Réf. 30| i 

The contribution of C e > c x c > tc the HF poten
tial is local and writes 

"c.»c.<*> • -' ( ; J / 3 ' v î n " 3 '»> 
Some HF calculations including such an 
approximation have been tested against 
exact calculations 3*» for light nuclei 
(from " 0 to 5 6 H i ) . Relative errors for 
Ec.exc. ranges from 5* to 91 {let us recall 
that Be exc. represents roughly (-0.76/Z2'3)* 
of the direct Coulomb energy)-

Practical resolution of the HF 
equations may lead to a systematical lack of 
binding energy. This can be first caused by 
the choice of too restrictive symmetries, 
as spherical or axial symmetry. So far the 
breaking of other symmetries, as left-right 
reflexion symmetry is generally not belie
ved to play any role in. the static descrip
tion of nuclear ground states. With the 
exception of some HF codes working within 
the spherical symmetry, DF equations are 
generally solved, as we will see in the 
next section, by diagonalisation of the HF 
hamiltonian In a truncated basis. A depen
dence of the binding energy on the parame
ters defining the basis is yielded by this 
practical way of resolution. Such a depen
dence is sometimes very important, for ins
tance is the size of the basis is small 
Isee the discussion of section 5). The 
resulting lack of binding energy will be 
called the truncation energy. The question 
then arises of how one can determine such 
an energy ? For the Skyrma force case one 
can proceed in the following way. First one 
assumes that for a given size of the basis 
the truncation energy is independent on the 
deformation. On the other hand the trunca
tion energy is known for the spherical solu
tion since a direct resolution of the HF 
liquations in the x space is available 1 1 * . 
Therefore one can in such a way estimate 
truncation energies» even foi. deformed nu
clei. In the Skyrme -case *" »*-'parameters 
have been fitted by a direct comparison bet' 
ween calculated (with truncation correction)and 
experimental "t binding energies. This was 
not the case for instance in the case of 
the Gogny force " t where no spherically 
symmetric solutions were available to esta
blish the truncation error. The parameters 
in that case have been fitted in such a way 
that nuclear sasses computed in a reasona
bly sized basis (t? major shells for s-d 



shell nuclei, ill for rare earth nuclei, 
M 3 for actiniae nuclei) fits relatively 
well with experimental ones. 

In sub-section 2,3, the limita
tion of HF+BCS calculations with respect to 
fully consistent HFD calculations have boon 
already discussed. Let us simply rqfornuia-
te that when pairing correlations are pre
sent in the way we have included them, our 
solutionsi being not cigonstatos of the 
number of particles operator, arc mixtures 
of different nuclei. This night have some 
importance in regions where any kind of 
transitions occurs where the nucléon number 
Is changed. This could be in principle 
remedied by a projection on states having 
a good number of particles but has not been 
done in the calculations reported here. 

We will now turn the discussion 
an some limitations arising from the inde
pendent particle<T quasi particle charac
ter of our an sat î (I1F, HF+DCS or HFB1 for 
the ground state wave functions. Such wave 
functions are cigenstates neither of the 
total angular momentum nor of the total 
linear momentum. Both approximations intro
duce spurious energies due to the rotation 
or to the center of mass notions, «hen the 
collective variables associated with one 
or the other mode can be easily decoupled 
from intrinsic ones (e.g. for the rotation 
In the perfect rotor case, for the transla
tion in the harmonic oscillator case) one 
knows the exact amount of energy to subs-
tract to the calculated HF mass. In that 
case this energy is for rotation *' 3 3 ' : 

E„„. « £- <5*> (24) 
rot. 2 ! 3 

and for translation 

where the expectation value are to be taken 
on the HP wave function, and where J and 
M are respectively the total moment of iner
tia and the total mass of the nucleus. Ge
nerally the correction (25) has been taken 
into account during the variation of the 
individual states, whereas the correction 
(24) has been included after variation, it 
could be added that in the calculations 
using the Skyrme force 1 2', only an appro
ximate correction energy (25) has been 
used, precisely the two body part ot P J has 
been omitted. The latter approximation has 
been tested "I a n d found to only result in 
a slight renormalisation of the parameters 
of the force. 

«ore generally, long range corre
lations are known to play an important role 
in some nuclei (as the so-called vibrational 
nuclei). Their systematical inclusion which 

Clearly all calculated spherical nuclei 
correspond exactly to Jiorc total angular 
momentum states as long as all magnetic 
substatcs of a subshsll are equally filled, 
which is generally the case. 

Is presently far beyond the theoretical pos
sibilities, would lead to a lowering of the 
calculated total energies. On the other hand 
it could be also said in other words that 
our approach is purely static. Choosing a 
set of collective variables, we assume that 
the ground state is defined as the besolute 
minimum in the, energy surface obtained by 
the variation of all the collective varia
bles. Since the inertia! parameters may in 
principle (and do in many cases) vary stron
gly with the collective coordinates, a cor
rect dynamical treatment could produce a 
displacement in the location of the ground 
state out of the statically defined one. 

For symmetry reasons, one would 
expect a list of advantages to be found in 
HF calculations of nuclear masses, at least 
as long as the list of drawbacks. This will 
not be the case, mainly since advantages are 
only relative concepts. The related approa
ches to be compared with,are the extrapola
tion formulas and the liquid drop approach 
supplemented by the Strutlnsky method. He 
have already recalled the limitations of the 
first approach, whereas we have previously 
insisted on the main problem of the second 
approach : the degree of consistency between 
parameters of its two ingredients (liquid 
drop model and shell model). On the other 
hand t\:z strutinsky method is f? ed with 
the problem of finding a correct parametri-
satic.n of the shell model for all region of 
nuclides 3 5 J and of the liquid drop model 
especially for light nuclei 3 61, Would such 
a fit be correct, again the above recalled 
inconsistency might lead to very bad results 
when the Strutinsky method is applied to light 
nuclei [e.g. * nCa 23-24]j# Moreover the 
goodness of a fit does not imply the validi
ty of extrapolation towards unknown region 
of nuclei if the correct concepts are not 
included in the theory. 

Such a perspective is proper to 
understand the relative validity of the HF 
approach to nuclear masses. We do believe 
indeed, that even though drastically appro
ximate, a solution of the many body problem 
out of a two body force provides an a priori 
correct scheme for extrapolation to unknown 
nuclear species. Such a confidence is subs
tantiated by the fact that with the Skyrme 
force one is able to reproduce rather accura
tely a lot of nuclear properties on the whole 
chart of nuclides with only 6 constant para
meters. 

If it Is apparent that HF calcu
lations provides the more fundamental prac
tical approach to nuclear nasses, it remains 
to be shown that their results favourably or 
at least equally compare with those produced 
by more phenomenological methods. This will 
be the subject of section €. However it is 
lnportant to sketch rapidly at that point, 
aor.e of the technical methods which have 
allowed the practical achievement of such 
calculations. 

5. Short survey of main techniques in use 

Two features dominate the tech
nical problems raised by the practical re
solution of the lit' equations. The first is 



the analytical form of the interaction. For 
instance* as we have seen in section 2, the 
HF equations are considerably simplified in 
the case of Skyrnc like forces. The second 
important feature consists In the symmetries 
imposed to the HP solution. In the case of 
the spherical symmetry, the angular varia
bles are trivially taken into account and 
one is left simply with a one variable in-
tegro-differential (if not purely differen
tial) system of equations. With axial symme
try one is left with a two variable problem. 

For the practical resolution 
of HF equations two main possibilities are 
offered t either, one projects these equa
tions onto the x representation or one docs 
it onto harmonic oscillator statCH. The 
first case is well suited for spherically 
symmetric solutions. Such integro-diffcren-
tlal systems have been first solved by 
Bruecknor ot al. 4?l and by Vautherin and 
veneroni a'l. with skyrtne lika forces the 
resolution of the HF differential system is 
quite easy to be achieved for spherical so
lutions ill , For deformed nuclei, the reso
lution of the IIP equations in the configu
ration space has not generally been adopted. 
On the contrary the projection onto a defor
med harmonic oscillator basis has been wi
dely used. 

One of the main technical 
problem is the computation of the two body 
matrix elements v for such basis states 
labelled <p^. Consider such a matrix element 
in the one dimensional case as 

<ij|v|W>=Jsî*(xi)^^îïvtxi-Xïï^k(xj) 

^(Xîjdxidxi (26) 

There are two methods to evaluate the inte
gral (26). One consists in changing the 
product iPi(Xi)tfj(xi) by a Mo'«hinsky trans
formation into states whose arguments are 
<XI+XJ)//3 and Od-Xz)//? 54-55I # T h e fiame 

is done for tfv (Xi)ipj_(xi) and then the center 
of mass variable integration is readily 
done to yield a simple integral in the 
relative variable. This integral Is given 
analytically if the force is e.g. gaussian 
or has a zero range character. For more 
complicated forces as the coulomb one one 
is lead back bo the gaussian case by simple 
integral representations 5 : >J. An alternative 
nethod to compute (26) has been proposed 5 6 J 

and recently widely extended 5 7'. It consists 
in using the property of a product of two 
harmonic oscillator wave functions which can 
be written as the following restricted sun : 

-1/4 

•4 
i ! j 1 k I .-«Va 

U+J-kljCi+k-j). (j+k-l), 

2 2 * 2 

% M 
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((i+j+k) - even ) . 
Furthermore if v is a gaussian, one uses an 
integral equation transforming / v(X|-x*> 
rfxi)dxi into a harmonic oscillator wave 

function <p{uxi),a being rrclatej to the 

width of the gaussian. The remaining Inte
gral for the xt variable is then trivial' 

It should be emphasized that the 
method of projection onto an harmonic oscil
lator basis implies the use of truncated 
basis. As veil known this introduces for a 
given size of the basis a dependence of the 
HP solution on the basis parameters, i.e. 
for the axial symmetry case the two frequen-
ciea MI and u z or equivalently q*u>i/uiz, 
b-^muB/h (with u\'u)'u2). In the spirit of 
the HF variational method, one searches for 
the lowest possible energy and.therefore 
tries to minimize E[jp(b,q) viewed as a func
tion of b and q. The result of such a two 
dimensional minimization is reproduced in 
Fig. 3 for the 2"Cra deformed nucleus *", 
whereas in Fig.4 the variation of EHFJi

b'c,ïa) 
is given for the spherical nucleus - » nCa"' _ 
The similar behaviour of E(|F<b] for various 
effective interactions can be noticed. 

6. Discussion of some selected HF results 

Binding energies of some spherical 
nuclei obtained in the effective force cal
culations of Hegele *' and of Campi and 
Sprung 2> are displayed on Tables 2 and 3. 
Calculated values and experimental ones 4 4< 
are in reasonable qualitative agreement. In 
Table 2, the résulte of an approximation 3 0 1 

to the calculations of Negele are also repor
ted. Such an approximation is obtained by 
expanding the density matrix in order to 
produce a total HF energy given by an equa
tion similar to Eq.[7), thus carrying most 
of the numerical simplicity of the Skyrme 
like forces. As seen on Table 2, the results 
obtained in this approximation (OHE) are 
found in better agreement with experimental 
figures' than those obtained in exact calcu
lations <DDKF). However it should be raen-
tionned that the effective force used in DHE 
had not the same phénoménologie*1 correcting 
part than the one included in ODHF. On Fig.5 
binding energies of even tin isotopes calcu
lated 5°I with the effective force of Campl 
and Sprungi arc compared with experimental 
ones " 1 . Pairing correlations are included 
in a UF+BCS way for neutrons. The reproduc
tion of known masses is found excellent. 
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Gogny has been the first to per

form HFB calculations which are complete in 
the sense that no restricted (at least in 
principle) space is used for the variation 
of the quasi particle states and no kind of 
inert core is introduced. Such calculations 
have been extended in the whole chart of 
nuclides for spherical and axially symmetri
cal nuclei. Table 4 illustrates one of the 
main feature of such calculations. Splitting 
the KFB energy into two parts, one E H stem
ming from the HF potential v(p) and the 
other Ep fron the pairing gap tensor A, one 
finds that the introduction of pairing corre
lations increases E H and decreases Ep, resul
ting as expected in a lowering of the total 
energy. For all calculated nuclei the abso
lute value of the difference between calcu
lated and experimental masses **> lies wi
thin 0 and 5 Hev, Such a statement however 
is simply indicative since one Bhould been 
in mind the problem encountered in that case 
with tho truncation energy as recalled in 
section 4. 



With simple phcnomenological 
forces as the Sky m e force, one can rather 
cheaply perform a lot of HP calculations 
assuming the spherical symmetry far the 
solutions. The results for binding energies 
obtained with the Skyrme SIH force are 
summarized on Fig.fi. The solid lino corres
ponds to results obtained for nuclei located 
along a path in the N-Z plane, wiggllaq 
accross the stability valley, In region were 
nuclei are known to be doforced, the assump
tion of spherical symmetry leads to a lack 
of binding. For some nuclei, deformed ground 
states are available «#&1-521 , Estimating 
the truncation error as sketched in section 
4,one yields agreement with experimental 
masses * ' botter by far. As a rcsult.cal-
culatcd binding energies disagree by less 
than 5 MeV on the whole chart of nuclides. 
Rather similar results are obtained for 
spherical HP solutions obtained in the so-
called energy density formalism B | . Figure 
7 shows the results of the latter calcula
tions for the determination of the neutron 
and proton drip lines 53J t jt should be stressed again that such calculations assu
me spherical symmetry and therefore Bight 
be corrected for specific deformation 
effects. 

The determination of ground 
state properties needs sometimes a correct 
knowledge of the deformation energy curves* 
This is particularly the cas? of the so-
called shape-transitional nuclei like the 
Cadmium isotopes calculated " ' with the 
Skyrme SIII force whose results are repor
ted on Fig.6. Indeed one has to decide 
wether the ground state has an oblate or a 
prolate shape. No real choice is left in 
fact and one takes generally the solution 
yielding the lowest Up energy, but this is 
not free of all the questions raised in 
sections 2 and 4 {pairing treatment, dyna
mical effects, imposed symmetries, rotatio
nal spurious energies,...). However such 
calculations provide rather useful infor
mations, in particular they ascertain the 
"soft" character of such nuclei. 

In the HP calculations of neu
tron rich sodium i:vatopes of Ref.46|, not 
only binding energy systematica has been 
fairly accounted for, but also a hint on 
the possible deformation behaviour of such 
isotopes has been proposed. The prolate 
side of deformation energy curves calcula
ted with the Skyrme SXII effective force 
are displayed in Fig.9. Inspecting Fig.10, 
one clearly sees that for N«20 a negative 
shell effect should occur for a rather lar
ge (e^.4fQp^50fm ) deformation, its origin 
is simply related to the crossings of 
lf7/2 and ld3/2 subshells. In fact one 
sees on Fig.$ the appearance at such a de
formation of a secondary minimum for the 
3 1Na isotope. For this particular isotope 
the more deformed minimum lies higher in 
energy but correcting approximately (as 
written in (24)) for the spurious rotatio
nal energy makes the noru deformed state 
more bound than the other minimum. This is 
summarized on Fig.ll together with other 
useful informations, The experimental re
sults of Ref.Sfil have been displayed in the 
fora of the two neutron separation energies 
B2 n- The most striking fact is the raise 
of the quantity »2 n tor A«31. As In other 

nuclear regions, this could be related to a 
sudden change of deformation, such an expla
nation iu substantiated by the calculâtional 
results of ReE.46l as demonstrated in Part 
c) of Fin.U. Part a) displays quite a nice 
example of possibly misleading agreement 
between regional calculations and experimen
tal results. Assuming spherical symmetry, 
HF results (with the Skyrme sill force) 
}ust fit the B2 n systematica in the vicinity 
of the 3 1Na nucleus. In fact it is purely 
coincidental as the bad results for lower 
value of H demonstrate. On the other hand 
It is interesting to notice the discrepancy 
between spherical solutions obtained with 
Skyrme SIII and SIV forces compared with 
their overall agreement when deformation is 
allowed. This example clearly indicates that 
one should exert caution before concluding 
from a too restricted sample of calcuLational 
evidence. 

The stability of superheavy ele
ments is known to be related to negative 
shell effects at sphericity producing a 
trap in the continuously decreasing liquid 
drop deformation energy. On Fig.12 the de
formation energy of one possible candidate 
298iH is displayed. It has been calcula
ted 4 7J with the Skyrme Sill force and 
exhibits a first fission barrier which is 
lower than those obtained within the 5tru-
tinsky method 59-611, predictions of beta 
and alpha decay properties have been a!so 
derived from calculated HF masses with the 
help of some simple approximations. They 
are generally, as for the fission mode, 
more pessimistic than those calculated.in 
more phenomenological approaches ->9,32J . 
Finally an example of spherical single par
ticle spectra near the Fermi level for some 
superheavy nuclei is displayed in Fig.13. 
The proton number 2*114 and to a lesser 
extent Z=12Q and 138 together with the 
neutron numbers N*164 and 228 are found to 
be possible candidates for a sufficiently 
negative shell effect. One interesting de
tail lies in the fact that the gaps are 
self-consistently dependent on the filling 
of levels. For instance, in 2 9 2114 the gap 
at N«1B4 is 2.2 MeV and only 1.6 MeV in 
298H4, or in 34812Q the gap at 2»120 is 
1.4 MeV and only ,7 MeV in 3n4l20. This is 
of course of seme importance to our problem 
and it is to be considered when appreciating 
the results obtained from phenoraettological 
mean potentials. However as previously said, 
in that case the predicting power of all 
calculations (including HF) is greatly di
minished a priori by the absence of an ex
plicit tensor force. 

7. Conclusion 
It was the aim of this review to 

show how Car HF determinations of nuclear 
masses have reached both in '̂ hc technologi
cal aspects and in the precision of x. -jults. 
it is fair to conclude that for known iiuclei 
they produce results which are in general 
as good as those obtained by more phencne-
nological approaches, whereas for unknown 
nuclei they provide a convenient tool for 
extrapolation. 

Calculations within the iir appro-

http://Fig.fi


xlmation constitutes therefore a convenient 
tool for tho study of nuclei Car from sta
bility, nothing more than a tool but quite 
an effective one which has already provided 
promising results. 
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Nucleus 

- i (£— - 126.8 
-_ 

Ë 4Ei (c) SEiIE) JEsIc] «Eiir» Nucleus 

- i (£— - 126.8 
-_ 

122.1 - 122.7 - 4.7 - 5.7 0 . 0 1.6 

4 0 c a - 339.6 - 337.5 - 338.1 - 2.7 - 4.8 0 . 5 3 . 3 

s S l - 479.9 - 473.7 - 471.5 - 6.9 - 5.5 0 .6 5 .1 

9 ° Z r - 779.2 - 774.3 - 775,7 - 5.5 - 5.U 0.6 2 .3 

n 4 s „ - 960.» - 961.1 - 961.3 0 . 5 0 . 1 0 .2 0 . 8 

1 6 8 ï b - 1352.2 - 1349.6 - 1349.9 - 3.0 - 4.3 0 . 3 2 . 0 

2 0 8 p b - 1625.1 - 1606.6 - 1607.1 - 19.2 - 20.6 0 . 5 2- 3 

Tabic 1 i First order JEi and higher order 5E a shell cotrcctions calculated from^HF solu
tions obtained with the Skyrme force (set of parameters SIIï). The labels c and e refer 
respectively to the version (211 of the Strutinsky energy theorem and to the one derived 
in Rcf. 24|, For comparison, the two smooth energies E and E (corresponding in that order 
to the two previous cases) are also reported along with the MF reference energy Ei|f. calcu
lations were performed at the ground state deformations. Energies are given in MeV. 

Nucleus >•» « C a "iSr 2»8 p b 

Exp 7.98 B.55 B.71 7.87 

DDHF 7.59 7.99 8.33 7.83 

DME 7.99 8.82 B.97 g.cs 

Table 2 s Comparison of experimental **l 
and theoretical binding energies per par
ticle expressed in MeV. The Kegele force 
was used for KMIF results 1' and its ap
proximation by, Ncgele and Vautherln for 
DME results 3 0 i . 

Nucleus 
i 6 o 4 0 c . « C a 9°Zr 2°8I>b 

Exp 7.98 8.55 8.87 B.71 7.87 

DDHF 7.68 8.33 8.40 8.63 7.87 

Campi and Sprung force *> 

Nucleus " G G 
1 1 4 s „ " • t o 1 2 2 S » 

- E H F 
601.7 968.4 looi.a 1017.9 

-h, 17.0 11.1 11.4 11.9 

-*« 590.4 939.1 993.2 1023.6 

" *HTB 
607.4 970.2 1004.6 1035.5 

Tabic A : Calculated binding energies in HFB 
calculations of Gogny 9>. Energies are given 
in HeV. The subscript :IF refers to HF calcu
lations and HFB to HFB calculations. The HFB 
energy is split into two pieces : E|j where 
enters the HF potential v(pf, E p where enters 
the pairing gap t«nsor A (see forciula (13) 
of tho text). 
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Figure 3 t Example of a two parameters optimization of the HF energy E, for a typical 
decerned nucleus i9> . Basle parameters b and q are defined in the text and energies E 
are expressed in HeV. The Skyrme SIII force has been used. 

figure A : Example of a one parameter 
optimization of the HF energy E for 
the *°Ca nucleus **9|. The solid lines 
correspond to the Gogny force " , 
the dotted line to the SJcyrme SIII 
force 1 2l and the dashed one to the 
OME approximation 3 0 ' o f the Negele 
force *'. The numbers N refer to the 
aise of the spherical harmonic oscil
lator basis (N«n means n+1 major 
shells included In the basis). The 
lineal)"» refers to a calculation in 
the x space l l ï . Energies computed 
with different forces have arbitrary 
origins and are expressed in HeV. The 
parameter b is defined in the text. 
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Figure 5 : Comparison o£ experimental 
ana calculated 5 0> binding energies per 
particle for tin isotopes. Spherical symme
try has been, assumed. The GO force of Cotnpi. 
and Sprung 2 I has been used. Energies are 
plotted against the nucléon number A. 
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Figure 6 : Comparison of energy differences between calculated 
and experimental 4*1 binding energies. The skyrme Sill force has 
been used. The solid line has been obtained along some paths 
aceross the stability valley and with spherleal symmetry assumed. 
Dots correspond to energy differences corrected for the deforma-
tion energy {a.d. shell nuclei : 51J , rare-earth nuclei : 52], 
actiniae nuclei 46)). Energy differences defined as ABsBUaic-B-vp» 
are plotted against the nucléon number A. 
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Figure 7 i Structure of the nuclson drip lines for ligh<: and medium soherical nuclei 5 3 1 . Full 
circles indicate the last doubly even stable nuclei. Open circles denote the last even-Z odd-N 
stable nuclei on the proton side and the last even N odd-z stable nuclei on the neutron side. 
Stars indicate the first unstable nuclei for odd-z on the proton side and for odd-N on the neu
tron side. The thick lines indicate the position of the magic numbers t the dotted lines show 
the semi-magic numbers. 

Figure a t Deformation energy curves as a 
function of mass quadrupole moment for 
some Cadmium isotopes. Calculations*5' have 
been performed with the Skyrme SIII force. 
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Figure 9 ; Deformation energy curves as a 
function of proton quadripole moment for 
some odd sodium isotopes. Calculations 4°> 
have been performed with the Skyrme SIII 
force. 
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Figure 10 : Single particle nea-
tron spectrum of 3 JHa as a func
tion of the proton guadrupcle 
montent (prolate part only). For 
the spherical symmetry case, 
levels are labelled by nlj whe
reas for deformed states they 
are referred to by (1*. Calcula
tions i6> have been performed 
with the Skyrme SIII force. 
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4el 561 Figure 11 •• caparison of calculated " ' and experimental " ' two neutron, separation ener-
llii », , as a function of the nucléon number K. Calculations have been performed with SIII 
I n d S l K l active forces. Part a) of the figure is obtained when the spherical ey™etry « 
imposed, rtrt b) when déformation is allowed. I,, part c) the solid line represents the 
calculated B 2 n after rotation energy correction as defined In the formula (24) of the text. 
The dashed line Is the same as in Part b). The dotted lin; correspond» to B 2„ energies not 
corrected for rotation energy but obtained when the more defonned minimum is used in tne 
computation of B2„ in the "Sa region (see text). 
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Figure 12 s Fission barrier of the Z 5 6114 nucleus expressed as 
a function of the naBB quadrupolc moment. Calculations • 1 have 
been performed with the Skyrme sill force. 
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Figure 13 : Calculated single particle spectra near the fermi level of same super heavy 
nuclei. Calculations 4 7> have buen perfûrmed with the Skvrme SIII force. have buen performed with the Skyrme SIII force. 


