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A Numerical Study of Turbulent Diffusion 

Michel Gregory McCoy 

ABSTRACT 

In this paper, the problem of the numerical simulation 
of turbulent diffusion is studied. The two dimensional 
velocity fields are assumed to be incompressible, homogeneous 
and stationary, and they are represented as stochastic pro
cesses. A technique is offered which creates velocity fields 
accurately representing the input statistics once a two point 
correlation function or an energy spectrum is given. Various 
complicated energy spectra may be represented utilizing this 
model. 

The program is then used to extract information con
cerning Gaussian diffusion processes. Various theories of 
other workers are tested including Taylor's classical repre
sentation of dispersion for times long compared with the 
Lagrangian correlation time. Also, a study is made of the 
relationship between the Lagrangian and the Eulerian cor
relation function and a hypothesis is advanced and success
fully tested. 

Questions concerning the relationship between smal.'. 
eddies and the energy spectrum are considered. A criterion 
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is advanced and successfully tested to decide whether small 
scale flow can be dotected within -the large eddies for any 
given spectrum. A ijnethod is developed to determine whether 
this small scale motion is in any sense periodic. Finally, 
the relationship between two particle dispersion and the 
energy spectrum is studied anew and various theories are 
tested. 
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1. INTRODUCTION 

The analysis of the diffusion of matter by a turbulent 
medium is of great importance to the study of thfe spread of 
bacteria and viruses, plant pollen, pollutants and radioac
tive substances. While the subject is extremely complex, 
it is possible to construct simplified situations and model 
them with the hope that they will provide information con
cerning diffusion processes. 

Assume that the two point correlation function charac
teristic of a particular flow has been determined by some 
direct means, for instance measurement or dimensional analy
sis. One would like t© construct Gaussian, incompressible, 
homogeneous and stationary velocity fields in two dimensions 
which admit this correlation function. A computational 
method whereby this inay be dene for quite complicated spectra 
has been developed, and this program will be utilised both 
to extract information concerning diffusion processes and to 
supply evidence for and against hypetheses advances u.u this 
work and by other workers in the past. 

The section which follows is concerned primarily with 
a historical survey of work done in the field of turbulence, 
the intention being to provide the reader with the necessary 
background to follow the developments in this work. Section 
three describes the mathematics sustaining the mechanism em
ployed to develop the velocity fields and provides a complete 
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description of the program. The following section employs 
the computer to study diffusion processes. Both one particle 
and two particle statistics are obtained and this information 
is used to sustain or disagree with theories developed else
where or by the author. 

In this text, if f is a random variable ([20]( (281) 
its expected value will be represented by E£ or by f, if 
there is no possibility of confusion with complex conjuga
tion. All vectors will be underlined. 

Figures (both tables and graphs) are numbered con
secutively within the section in which they are first 
described. Tables appear just below this first reference, 
whereas graphs are grouped at the end of the section. 
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2. HISTORICAL SURVEY 

2.1 History of the Problem of Turbulent Diffusion 

There is no intention here of describing more- than a 
small part of the effort directed to solving the problem of 
turbulent diffusion. Rather, only those developments which 
have a direct bearing on work in this paper will be described. 

It was Osborn Reynolds who first made an analysis of 
turbulent fluid motion late in the nineteenth century, de
fining it as the phenomenon whereby, for the addition of a 
small quantity of dye, the entire fluid rapidly becomes 
colored [3 7]. He assigned to each flow a dimensionless 
quantity called the "Reynolds Number" proportional to the 
product of a characteristic velocity and a characteristic 
length and inversely proportional to the kinematic viscosity 
of the fluid. He determined that when the Reynolds Number 
exceeded a critical value, the flow could become turbulent 
upon a slight perturbation. 

Later, in 1921, Taylor [44J was the first to view the 
subject of turbulence stochastically, to consider velocity 
fields as random functions of position and time and to attempt 
to analyze the correlation between velocities of the fluid at 
different points in space and time. He came to the remark
able conclusion that for one dimensional flow 

T~ -2— fT* 
X (T) = 2-u (0)-/ / R.dCdt (2.1) 

JO JO *• 



4 

where X{T) is the distance traversed by a particle at tire 
T and 

R = u{0) u(5) 

u2(0) 

where u(£) is the velocity of the particle at time £. He 
employed (2.1) to make predictions concerning X (t) for 
large times. This will be discussed further in §4.3. 

At about the same time, Lewis F. Richardson [33] 
developed the hypothesis that fully developed turbulence 
consisted of a continuous hierarchy of eddies of various 
orders of size and energy content, an eddy being loosely 
desribed as an organized motion on a particular size scale. 
The larger eddies would become unstable and give up their 
energy to smaller eddies. These eddies would give up their 
energy to yet smaller eddies and finally the lowest order 
eddies would dissipate the energy, this final process being 
due to viscosity. Later, in 1926 [39] , he defined the 
Distance Neighbor Function, which is basically a measure of 
the way in which clouds of marked fluid are distorted and 
extended by turbulence. This function will be described and 
utilized in 54.6. 

Taylor later proposed the study of homogeneous (inde
pendent of position) and isotropic (independent of direction) 
turbulence [45J. In 1938 ((46], [47]), he made an analysis 
of the energy spectrum function which describes the kinetic 
energy distribution over the Fourier wave number components 



of the turbulence. In fact, assuming homogeneity and iso-
tropy, one can write the correlation tensor as 

Rj.Cr) = u.(x)-u.lx+r) for all x 

velocity is 0. R.. has a Fourier transform *.., 13 i ] ' 

Rij<*> = /*<., 00 eik--r- dk 

If one writes 

where u. is the ith component of the velocity and the mean 
has a Four; 

s(k) 
where k = k and dR(k) is the surface element on a sphere 
s(k) of radius k centered at the origin, one then defines 
the energy spectrum E(k) as 

3 
E 
i=l 

E(k) = § J Vt. . 

One then has 
3 3 r<x> 

§ 2 ui<2£>:V2> = l l R i j ( 0 ) = L E ( k ) d * • ( 2 ' 2 ) 

i = l i = l 

This representation is of great importance in the develop
ment of velocity fields in §3.5 and §3.6. 

It was A. N. Kolmogorov [25] who in 1941 introduced a 
set of hypotheses concerning the small scale structure of 
turbulent motion. As Batchelor described it (12J, [4]), 



Kolmogorov, in accepting Richardson's hypothesis that the 
large eddies tend to become unstable and give up their energy 
to smaller eddies, made the observation that, the process may 
be accompanied by a statistical decoupling in which the direct 
influence of the large eddies is gradually lost as energy 
passes down to the small eddies; consequently, these small 
eddies have properties which are random and independent of 
the large scale flow. He went on to observe that assuming 
the Reynolds number were high enough these small scale move
ments would depend only upon the kinematic viscosity, v, and 
the average rate of dissipation per unit mass of the fluid, 
e. 

His second similarity hypothesis also depends upon a 
high Reynolds number. As the Reynolds number gets larger, 
it becomes possible for smaller eddies to exist, and in fact, 
most of the dissipation takes place in these very small 
eddies. There is created between the energy containing 
range of eddies and these new dissipating eddies a range 
that is characterized neither by dissipation nor by energy 
content. This is called the inertial range, and its proper
ties are determined exclusively by e. 

Since the rate of energy dissipation, e, can be derived 
from the Navier Stokes equations to be [6l 

e = 2vl k2E(k)dk , (2.3) 
JO 

one can mathematically express Kolmogorov's ranges in the 



following manner. There exist a k. and a k, such that 
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/"kl r» 
/ E(k)dk = / E(k)dk (2.4) 

Jo Jo 

and 

L k 2E(k)dk = I k2E(k)dk , (2.5) 

with k, < k_. The intervals (O.kj), (JCj.kj) and (k2,<=) are 
called the energy containing range, the inertia! subrange 
and the energy dissipation range respectively. 

A very brief description has been given of some analy
tical work done in turbulence. It is sufficient, however, 
for the purposes of this work. For a more complete descrip
tion, a study of Monin and Yaglom (34] is particularly recom
mended. Also of interest are J. H. Burgers ( 8) and P. G. 
Saffman (40]. 

2.2 Survey of Numerical Models 

There have been some successful computational approaches 
in the attempt to produce velocity fields possessing desired 
energy spectra. A common method has been to calculate the 
Fourier modes before producing real space paths. Kraichnan 
[26] developed a model for diffusion in which the velocity 
fields were nultivariate-normal, incompressible, stationary 
and isotropic. His velocity field may be written as 



N 
u(x,t) = Y V(k ) cosfk -x+u t) + — — t^ — —n —n — n 

n=l 

H 
I 
n=l 

W(k ) sinOc -x+u t) (2.6) 
— —n —n — n 

where 
V O O = C„ x * and 

w{k) = £ * k — —n —n —n 
which assures incompressibility since 

Jc„-V(k ) = k -W(k ) = 0 . —n — —n —n — —n 

The vectors l and £ are picked independently from a 
two or three dimensional Gaussian distribution and u is 

n 
picked from a Gaussian distribution with standard deviation 
u„. The vectors k are chosen from a statistically iso-u —n 
tropic distribution so shaped that the desired E(k) would 
be realized in the limit as N-»». All the parameter values 
in equation (2.6) are rechosen at the beginning of each 
realization. 

Kraichnan's simulation generally agreed with the 
Taylor picture of a diffusion process for long times 
described earlier in 52.1. The Kraichnan energy spectra 
employed were of an uncomplicated nature, for instance 

E(k) = C Q exp(d 0k - 2) 
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E()0 = C06(k-k0) 

where C_, d-, and k- are constants. 
The other Fourier model to be discussed was developed 

by Orszag [35J. He chooses £(k) and £(k) to be zero-mean, 
Gaussian, independent, real vector fields satisfying 

r(k>re(Jt*) - s lOOs-Ck') = 0 if (k * k') 
01 — P — a — p — — — 

rQ(k)re(k) = so(30sg(k') = 6a9»r2E(k)/2k2 

ra{k)sg(k') = 0 

where 
k * 2irn . 

The fields r_ and s are employed to construct 

va { k-' " P o e ' - ' t r B ( - , + r e ( " k , + i ( s e ( - , " s s { " k - , ) 1 

where 

It can be shown that 

v (k)v„<k') = 0 
a — P — 

v

aMv

B<-h) = 27r2E(k)/k2.Pa8(k) 

k av a(k) = 0 

vaOc) = (va(-k))* 
where ( ) represents complex conjugation. The actual 
velocity field is obtained by use of a fast Fourier transform 
on the series 
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u(x) = V ytkje1'-'-' . (2.7) 
k 

The parameters for calculating v(k) are rechosen for each 
realization. The velocity u(x) calculated in equation (2.7) 
is Gaussian, real, incompressible, homogeneous and isotropic. 

The two models described above involved the summation 
of Fourier type series. There is, however, another interest
ing approach developed by Patterson and Corrsin [36) in 1969. 
Their model was developed in one dimension, although it could 
be easily generalized. For each realization, a random field 
of velocities on a predetermined space-tine lattice is estab
lished . As a particle moves, it obeys the velocity instruc
tions that it finds as it arrives at lattice points. 

For example, a lattice size, for instance (M*N) is 
chosen. Then a suitably long string of random numbers, 
either +1 or -1, is chosen and these numbers are assigned 
to the vertices of the lattice. In order to induce correla
tion between different vertices in the lattice, filters are 
chosen which would create a new grid of the same size by 
assigning a +1 or a -1 to each vertex depending upon the 
arithmetic average of the values at some neighboring con
figuration of vertices of the old grid. These values are 
now assigned to the old grid. The filter operates on the 
initial grid a fixed number of times, generally three. 
If an x were to be placed at each +1 and a blank at each 
-l,the result is a patchwork of light and dark regions. 

As a particle proceeds through the graph it would 
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maintain its velocity or change course depending upon the 
instruction found at the vertex it attains. A simulation of 
inertial effects may be achieved by not allowing a particle 
to change direction until it receives a fixed number of 
instructions to do so. Patterson and Corrsin felt that 
20,000 realizations seemed adequate for a two point cor
relation function. 

There have been a few other models developed which, 
like that of Patterson and Corrsin, create particle trajec
tories directly in x space [49]. However, the model which 
will be developed in the following pages will be more closely 
related to Kraichnan's model than to these. The next sec
tion will be devoted to a description of the method and the 
underlying mathematics of this model. 
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3. THE MODEL 

3.1 Theoretical Background 

As was mentioned in §1, the major problems to be ad
dressed will consist of producing a program capable of 
creating a two dimensional velocity field which exhibits 
predetermined Eulerian statistics and of extracting from 
this model information concerning Gaussian diffusion pro
cesses. The method to be employed in this work rests upon 
a few theorems of stochastic processes which are to be 
found in Doob [15J or in Gikhman and Skorokhod f18]. They 
and some associated definitions will be presented below. 

Definition 
By a stochastic process one means a family of ran
dom variables, {u{t), teT}. 

\ 
Definition 

A stochastic process, {u(t), teR}, is said to be 
stationary if there exists a function B(t) such that 

B(t) = E(u(s+t)-u(s)) 

for all SER. B(t) is called the covariance function. 

An elementary discussion of stationary functions is to 
be found in Yaglom [52]. If, as will be assumed throughout 
this work, 
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B(O) = ; , 
B(t) may be called a correlation function. The statistics 
which will be assumed to be known about a velocity field, 
which have been determined by some direct means, are the 
function B(t). The intention is to produce a program 
capable of generating velocity fields whose statistics 
closely compare with B(t). To this end, two theorems are 
required. 

Theorem (See [15)) 
Given a process, {u(t), teR}, such that 

lim E|u(t)-u(s)| 2 - 0 , (3.1) 
t-»-s 

the correlat ion function may be expressed in the 
form 

e

2 l f i X t d F ( A ) , 
00 

where F is monotone non-decreasing and bounded. 

Theorem (See [15]) 
Every stationary process satisfying relationship 
(3.1) has the representation 

J—a 
u(t) = / e"" i A tdZ(A) (3.2) 

where Z(A) is a Gaussian process with orthogonal 
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increments, that is to say 

E(Z(a)-Z(b))(Z(c)-Z(d)) = 0 
if [a,b]r»[c,d] = 0 , 

otherwise 
E|z(a)-Z(b)|2 = F(b)-F(a) , 

where F is defined in the preceding theorem. 
The spectral, or Fourier, representation (3.2) may 
by replaced by 

u(t) = / e Z l T : U tf (X)dZ(X) (3.3) 

where Z is as before except that 

E|Z(a)-Z(b)!2 = |b-a| 

if F is absolutely continuous and 

|f| 2=F' . 

Furthermore, under these conditions, the process, 
u(t), may be represented in a moving average form. 

u < t ) • / r fMX-t)dZ(X) , (3.4) 
J— CO 

where 

E|d'J(X) | 2 = dX 

and 
r+co 

/ : 
f* ( t ) = / e 2 , l i X t f ( A ) d X 
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The stochastic equations (3.3) and (3.4) are a descrip
tion of the stochastic process u(t) which is not directly 
representable o,i the computer. The question of how one 
utilizes these representations to produce velocity fields 
on the computer which exhibit the statistics B(t) is the 
subject of the next few sections. 

3.2 The Fourier Model 

Recalling equation (3.3), 

u(t) = / e 2 l , l X tf U)dZ(A) , (3.3) 

one can compute the correlation function as 

B(t) = / e 2 l T i X t|f(A)| 2dA . (3.5) 
*J— CO 

An approach to the simulation of (3.3) might be to discretize 
as one would with a trapezoidal rule, namely 

n-fJ 2niA.t u x(t) = 2, e f(A j)(Z(X j + 1)-Z(X j)) 

where 

D=-n 

Aj = j'At 

and At is a step size. 
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Henceforth, u. (t) will be employed to represent the 
computer approximation to u(t). Also 

Zj - ( Z ( Aj+l ) " z ( * j } ) 

is easily representable on a computer since it is a Gaussian 
variable with mean zero and variance At. Thus, it can be 
generated by use of a log cosine rule [1). This rule allows 
one to compute Gaussianly distributed variables u, and u. in 
independent pairs with mean 0 and variance o in the follow
ing manner 

1 
UjU,?) = (-2ologC)2cos(27i5) 

1 
V2((,,l) = (-2alog5)2sin(2Tib , 

where £,£ are elements of a pseudo random sequence of numbers 
uniformly distributed between zero and one. 

This discretization may be carried further if t is 
chosen judiciously. Thus, 

n-1 2»ij4tj^j 
ul<St?n> - Z e f<j.At). Z j 

j=-n 
n-1 2Tri.. 0 

= 2) e " < T f((J+l-n)At))Zj 

j=0 1=-1 

for 
k = 0,1,....,n-l 
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This representation is ideal for implementation of the 
fast Fourier transform ([10], 112), [42), [43), (19)). 

The correlation function of the process is 

n-1 
B^'t) -- E(u U U ) -U^X)) = At y ^ ^ i ' A t t | f |2(^.At) . 

j=-n 

On the other hand, an application of the Poisson Summation 
Formula [17) yields 

G(t) = £ B ( t 4Tt> = &t 2 e k ' f | 2 ( V ' 
k=-a> k=-<= 

Consequently, it is seen that B.(t) is a truncation of the 
Fourier series converging to the aliased correlation func
tion, G(t), whose period i s T T • By G(t) being "aliased" 
one means that it is of the form 

G(t) = J BCt+^J 
fc=-oo 

The .Tssumption of course i a Lint the sum e x i s t s , and G(t) i s 

a p e r i o d i c funct ion wl,i«.-li J S j u s t the :;um of a l l the s e c t i o n s 

of l f . ig th r r of tho funct ion H ( t ) . Mi. jsed func t ions always 

a r i s e when one .-it t.cmpLs to disc-rot •:•:»: Krijricr i n t e g r a l s for 

computer suirai.m •'(•:,. 

Pono o b s c i v r . :.c.i\<z may lw nm.!.- .it t ; i i s p o i n t . F i r s t , 

u . ( t ) i:» a p c n . w i i r r.iniiom funci.ion of t whereas u f t ) i s 

no t . This in t rn i i ' i r cs a m.i ic>t- -i i f I i n l i y . clince p a r t i c l e s 
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wander randomly according to the velocity field, some are 
bound to wander a considerably greater distance than the 
average. Either At must be chosen so small that no particle 
will drift beyond assured limits or, if it is chosen larger, 
various gypsy particles will escape the periodic box of 
length rr with a consequent loss of statistical reliability. 
If At is chosen small, it naturally follows that n must be 
chosen large, increasing computation time. In any event, 
great caution would have to be shown in the ehoiee of at 
to minimiae both statistical irregularities and computer 
time. 

Any attempt to employ the fast Fourier transform here 
for the purposes of this work is inefficient, as use of this 
method yields velocities for 

k «• 0.1,...,n-1 . 

The method would be extremely useful in the event that one 
wished to diffuse a large number of particles simultaneously, 
but for the purposes of one or two particle diffusion use of 
this fast method would be slower than direct evaluation of 
velocities only at those points that a particle reaches as 
it moves in space and time. 

3.3 The Moving Average Method 

The difficulties raised by the Fourier representation 
above lead one to reconsider equation (3.4), 
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r r+oo 
u(t) = / f*(*-t)dZ(M , (3.4) 

with 
E|dZ(X)|2 = dA . 

Notice that the correlation function may be written as 

r+=> 
/ f*(A-t) 

J—CO 
B(t) = / f*(A-t)f*(A)dX . (3.6) 

J— oo 

A possible approach to the problem of computer simula
tion would be to discretize as was done previously, this 
time employing a midpoint rule. One would have 

n+j 
u i ( v = y , f * « x i _ A J > z i ( 3 - ? ) 

i=-n+j 

with 

and 
E|z i| 2 = At 

A j = j-At . 

Equation (3.7) may be rewritten as 

+n 
W = I f * ( A i ) z i + J -

x=-n 
and in effect the velocity at >. is the dot product of a 
vector of values of f* and a random vector. If we assume 
velocity fields to be real, as shall be done in the remainder 
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of this work, one may write the correlation function of 
u.U) as 

E , u i ( V u i ( V , : 

+n 
At £ f * ( X i - | k - j | ) f * ( X i ) ' i f l k-3l^ 2 n 

i=-n+|k-j| 
(3.8) 

0, if |k-j|>2n 

which is a midpoint rule approximation to B(|X.-X.|). As 
k j 

opposed to the Fourier process in S3.2, this time u1(t) is 
a stationary random process. 

A drawback to this representation as it stands is the 
fact that velocities are not determined except at the discrete 
points A.. However, this is easily remedied, for if 

J 

y f c < V i ' 

then the process u,(t) is defined to be 

+r» 
u4(t> - ^ **U i-{t-* i)>Z i +j 

i"-n 

Of course, there is a small penalty to pay for the added 
generality, namely some loss of ntationarity. For example, 

+n 
ux(0) = Y f*Ci*At»Zi 

i«=-n 

and 
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+n 
*1 (* 3 t } * 2 f * ( < i - - 3 > •flt)zi 

i=-n 

If the energy at the two points is compared, however, it is 
seen that 

+n 
E( U l(0)) 2 = At V f*2(iAt) j< 

i=-n 

+n 
X At > f*2<{i-.3)At) = 

i=-n 
>2 E(u(.3At))' 

This development is not important as what is crucial is not 
stationarity but that the relationship 

|B{t) - BjCf,t")| < e 

for 

|t'-t"| = t 

where B1(t*,t") is now the nonstationary correlation func
tion of the process u.(t) (see §3.4). 

The advantages of the moving average approach are 
apparent. There is absolutely no constraint on where 
velocities may be evaluated and one need only create random 
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variables as needed as the particle moves. This is a major 
programming advantage over the Fourier approach as constraints 
concerning periodicity appear to have vanished. In reality, 
periodicity remains, but it is hidden in f*. This function 
is generally obtained through the application of a fast 
Fourier transform on f and the values are stored. The 
period of i*, that is to say the aliased period with which 
one has to contend whenever a Fourier integral is discre-
tized [11], can be very large and similarly the number of 
points, N, at which one determines f* can also be large. 
This is due to the fact that the transform need only be 
done once as part of the program set up procedure. 

It must be noted that the moving average method does 
extract a penalty not encountered with the Fourier approach. 
With the Fourier method it is well known how many random 
variables are needed, but for moving averages this number 
is variable, for particles which wander far need more random 
variables than those that wander very little. With this 
consideration in mind, the question of which method is 
better for our purposes is not entirely settled. However, 
due to the ease of programming moving averages and to the 
elimination of periodic constraints it was chosen as the 
basis for simulation. 
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3.4 Accuracy 

Accuracy must be considered in two contexts when a 
stochastic process is simulated; the first is the traditional 
order of accuracy argument as applied to the correlation 
functions and the second is involved with the question of 
how accurate the approximation needs to be, considering that 
the process will only be called N times. 

The first consideration is the establishment of a 
criterion for accuracy. In some definite sense, one would 
like the process u, (t) to be close to u(t). Since u(t) is 
Gaussian, its correlation function completely determines 
the process [15]. A reasonable requirement then would be 
to ask that B.(t), the correlation function of u,(t), be 
close to B(t), the correlation function of u(t), in the 
following way, 

|B(t) - B^tJl < t (3.9) 

for all t and for some appropriate c. This, of course, 
implies that 

|E{u(t)2 - Ujft)2)! < c for all t . 

Recall that equation (3.6) determines B,(A.). For the 
arguments which are to follow assume tuat 
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t = X, 

for some k. Also temporarily assume 

|k| < 2n 

If one intends that inequality (3.9) hold, then 

r £*(\-\k)Z*\\) - At £ f*(Xi_k)f*(Ai) 
i=-n+ik| 

•' e 

for all X. . This is equivalent to requiring that 

/7-n+|k|-i)At /*-
I f»(X-X|k])f*(X)dX + I f * 

J— J(n+i) 
/*{n+|)At 

+ I f * ( x : V i , f M U 

«/l-n+Ikl-*Ut 

*{X-X|k|)f*(X)dX 
At 

- a t • 2 f * < x i - i k i > f * ( v 
1—a>|kl 

< c 

for all Xj.. Now, this inequality will hold true if the fol
lowing two inequalities 

£ 
(-n+|k|-|)At 
f*(X-Ajkj»f*(X)dX «• f(»-» | l t,lf (X)dX < I 
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and J-(n+|)At 
f*(X 

(-n+lkl-
f*(X-).jk|)f*(X)dX - At \ f*(Xi_|k|)fMXi) 

(-n+|k|-i)At i=-n+|k| 
<i 

(3.10) 

are valid for all X^ such that 

|k| < 2n . 

Assuming that f*(t) tends to zero sufficiently fast as t 
tends to infinity, a choice of n sufficiently large will 
force the first inequality above to hold true. As for the 
inequality (3.10), it is seen that the second term on the 
left-hand side is a inid-point rule approximation to the 
first term. 

It is required that this second inequality hold true 
regardless of the choice of k as long as 

|k| < 2n . 

Following Isaacson and Keller [23J, given that g is an arbi
trary twice differentiable function, there exists a (. such 
that 

I,-* 
v! 3 
g(x) - hg( X i) - 5? 9 ( 2 ,<«i) 
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where 

*i-3 <- «± i *A 

and 

x. = i-h 

One can write 

If 

then 

j g(x)dx = \ I g(x 

D = (xn+|) - (x_n-|) = (2n+l)h , 

r xn +2 +n 
I g(x)dx - h y g(xi 

**x —— i =s—n 
) < MDh _ MPh 

24h ~ 24 
i=-n 

where 

M = sup |g ( 2 ) (x) 

* ^"-n-J'V? 1 
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Returning now to the inequality (3.10), one finds that 
if one assumes 

f"P |<f*U-t)f*U)> l l )| < AeR 

for all t, and if one chooses a step size At so small that 

e MP (At)2 

2 24 

the second inequality will also hold true. 
The second possibility that 

|k| > 2n 

is still to be considered. Here we find that 

BJUJ.) = 0 

Hence, i n o rder t h a t 

|B(A k) - B 1 ( A k ) | = | B U k ) | < c , 

we need only choose n sufficiently large that 

r+a> 
I / f*(X-XJt)f*(A)d>.| < e 
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for all k such that k>2n. 
The first question posed in the introductory paragraph 

to this section has been answered. The second question 
merely asks, how small should one choose e in inequality 
(3.9)? Assume for the moment that by some extraordinary 
means one were able to simulate u(t) exactly; that is, 
assume 

ux(t} = u(t) 

2 Further, assume that Eu(t) is unknown, but that one can 
2 obtain as many realizations of u(t) through the use of the 

2 
computer obtained u.(t) as is desired. If the random 

2 
variable u..(t) were to be called only once, one could 
expect nineteen (rimes out of twenty to be within two 
standard deviations of the mean, Eu(t) , due to the 
Gaussianity of u(t) [21]. In this problem a standard 
deviation is equal to 

a = (E(u(t)2 - Eu(t) 2) 2) 2 

Evidently one realization would not be a certain method 
for determining a close estimate of the mean of a random 
variable. Instead assume that the computer were employed 

2 to realize u,(t) N different 
obtaining the random variable 

2 to realize u,(t) N different times and then to average. 
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It has been assumed that by some miraculous means 

u1(t) = u(C) , 

yet if one calls the random variable u.(t) only N times, 
one can expect to be within 2a„ units of the mean, that 

N 
is to say, 'total knowledge' of the statistics of a randon 
variable u(t) cannot be obtained through a finite nunber of 
realizations. Conversely, it is reasonable to hold that 
there is no reason to insist that the computer approxination, 
u,(t), which can only be called N times in any computer run, 
be an infinitely accurate representation of uft). Thus, it 
is not reasonable to insist that 

|B<0) - B.(0)| « -£ . 

In fact, a reasonably strict choice for c in expression (3.9) 
would be 

c = — H - . 
3-/S 

To choose e„ smaller would be to create an approximation 
whose accuracy could not be utilized over N realizations. 

Generally speaking, for the computer runs made in this 
work 



31 

E<u{t) ) « 1 

and consequent ly 

E<u(t)*) = 3 , 

toy Gauss i an i ty [ 2 8 ] . Hence, 

o = /Z , 

and so 

n 3-SS 

For a typical computer run of 2,000 iterations, 

e = .0105 . 

To conclude then, we have established a criterion for 
accuracy by insisting that the correlation functions of the 
process and the approximating process be close in an abso
lute sense, it has been shown that this sort of accuracy 
io attainable if the step size and the number of terms in 
the approximation are properly chosen. Equally important, 
we have demonstrated that the accuracy to be built into the 
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approximation should depend upon the number of realizations 
desired. 

3.5 The Two Dimensional Problem 

Before a description of the two dimensional analogue 
to the model developed in §3.3 is given, it would help to 
consider the actual' velocity field that is to be simulated. 
Two dimensional incompressible flow is characterized by the 
existence of a stream function Y(x,y,t) such that 

-§x-= uy < 3- l l a> 

g = »* O.llb, 

A¥ = -C (3.11c) 

where (u ,u ) is the velocity vector and £ is a vorticity x y 
vector, a scalar [27]. If the flow is to be stationary in 
time and homogeneous (stationary in the spatial coordinates), 
the stochastic form of the stream function is 

*"•'•" • /.:r/:v' i"w?<L )f (B,dZ(A,Y,0) 
(3.12) 
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where t and f are nonrandom functions to be deteminod, btst 
are of a nature to assure that ¥(x,y,t) is real, and 2 is 
a Gaussian process with orthogonal increments in each 
variable such that 

E(dZ(X,Y.e))2 = dXdydS 

Equations (3.11) and (3.12) lead to a representation of tie 
velocity as 

u x = f j J e 2 n l ( A x + T y + e t ,2»iYT<A.Y>fCB>«SZ(A.-,,S) 

and 

-CO —00 —00 

+00 -+«° _+«* 

u y = - f f J e 2 , r i a x + Y y + 6 t ,2*iU(A,Y)f(e)dZ(A, Y.8). 
- a —oo 

Two of the correlation functions are then 

Bxx(x,y,t) = Eux(x,y,t)ux(0,0,0) 

•fOO +00 

- 4n2 • f e 2 r i 8 tf 2( 8)d6 • J j e 2 " i i X x + ^ 

•Y2T2(X,Y)dXdY 



and 

,+=> 
B y y (x,y,t> = 4 , 2 • J e 2 l , i B t f 2 ( $ ) d e j f e 2 l , i ( X x + ™ > 

•X 2T 2(X,Y)dXdY . 

Consequently, the energy in the system may be written as 
(see equation (2.2)) 

+<* 
E = B X X ( 0 ' ° ' 0 ) + B y y < 0 ' 0 ' ° > = 4TT2 • / f 2 ( 0 ) d 8 

jf 00 +00 

\ / 
—00 — to 

(A2+Y2)T2U,Y)dXdy 

If the flow is isotropic 

T(X,Y) = T(X 2+Y 2) 

and the double integral may be computed using polar coor
dinates as 

+00 _+co 

I J (X 2+Y 2)x 2(X,Y)dXdY = I (X'+Y')x£(X,Y)dXdY = I k3T2(k)dk 
-CO — CO 

This leads to a representation of the energy spectrum (see 
equation (2.2)) 
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E<k) = y.3t2m . 

Recalling tSie re la t ionship between the stream function 

and the v o r t i c i t y , 

AY a -J 

one curt express I3£ arc 

EC 2 " f kV<<50 - f k 2lB(*>a* . 

As a consequence, by comparing with equation (2.3), cr--
can deduce the connection between vorticity and dissipation. 

In practice, once an energy spectrum has been decided 
upon, it is a simple matter to solve for i(J,il. Upon a 
choice of the function f, the problem in completely deter
mined. More will be said about specific choices of f and 
x in 64.1. 

3.6 Two Dimensional Simulation 

The one dimensional discussion in 5 3.3 can bo easily 
generalized to two space dimensions and one time dimension. 
In particular, tho velocity fields tb.H ,-itv to be goncratod 
will be approximations lo the integrals 
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/"+» /"+o> /•+» 
u x ( x , y , t ) = I I I f*(B-t)T 1*(Y-x,X-y)d6dYd>. 

(3.13) 

/"+<» r+<» /"+<» 
u ( x , y , t ) " I f f f*(B-t)x 2*(Y-x,A-y)d8dYdX 

* . A . 00 J—CD J - 0 0 

(3.14) 

in which 

E{dZ(A,Y,B)) 2 - dAdYdfl 

and £*, T , * and T , * a r e the Four ie r t ransforms of func t ions 

t o be de te rmined . 

As in 9 3 . 3 , the approximation would be 

+n +m +o 

u l K<x 3.v*i) = I X X ^ l l ' V ^ j j ' ^ 
j j = - n kk=-m l l = - o 

'2jj+j,kk+k,ll+l (3.15) 

for which 

A. = j'Ax 

Y k • K'Ay 

B x = 1-At 

and 
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E(Z -Z ) 
m,n,o p , q , r 

ilxAyAt i f m=p,n=q and o=r 

o the rwise 

Of course f* is just the Fourier transform of the func
tion f in §3.5. Similarly T.*(X,Y) and T *(X,Y) are the 
Fourier transforms of 2niYT(A,Y) and -2jriA"t (A,Y) respectively; 
T|*(*,Y) is determined by a two dimensional fast Fourier 
transform and then stored. Since T.*(x,y) = -T *(y,x), 
there is no need to compute T *(x,y). Finally, there is 
no reason to be limited to computing values of u. and u. 
at (X.#YI,»B 1)F a s th e same generalization to a finer mesh 

J K 1 

grid than (Ax,Ay,At) may be made as in §3.3. 
Now that the velocity fields have been described in 

detail, a few words will be said concerning particle motion. 
The intent is to use the Cauchy-Euler approach; thus, if 
we assume (X(t),Y(t)) to be the coordinates of a particle 
at time t, and u (x,y,t) and u (x,y,t) to be the x and y x y 
velocities of the fluid at the point (x,y) at time t, 
the advancement process may be written as [22] 

X(t+flt) = ux(X(t),Y(t),t)-fit + X(t) 

Y(t+At) = u (X(t),Y(t),t)-At + Y(t> 

Much more will be said concerning the statistics of particle 
motion in the next section. 
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4. DIFFUSION SIMULATION 

4.1 Introduction 

In the preceding chapter a method was proposed which 
produces, once an energy spectrum is selected, two dimen
sional, incompressible, stationary and homogeneous, Gaussian 
velocity fields. This chapter is concerned with the imple
mentation of this program to extract information related to 
one or both of the following questions. What is the rela
tionship between Lagrangian and Eulerian statistics and 
what is the connection between the energy spectrum and small 
scale rotation? Evidence to support hypotheses concerning 
these problems is supplied by one particle diffusion experi
ments for the former question and two particle diffusion 
for the latter. 

For the purpose of lacer discussion, a few definitions 
will be introduced, retaining the convention that u (x,y,t) 
and u (x,y,t) are the velocities in the x and y directions 
respectively of the fluid particle which is at the point 
(x,y,t) in space and time. The functions u and u above 

x y 
are called Eulerian functions as their parameters are fixed 
points in space. Some Lagrangian functions will follow. 
Unlike Eulerian functions, Lagrangian functions follow par
ticle paths. 

By X(t,x0,yQ) and Y(t,x 0,y Q), one intends the x and y 



39 

coordinates of a fluid particle at time t which at time 0 
was to be found at (t Q fy 0). The Lagrangian velocities 

u (t) = u (X(t,xn,yn), Y(t,xft,yn), t) 

and 

u y U ) * u yU<t,x 0,y 0>, YJt fx 0,y 0), t) 

are functions of t and, strictly speaking, functions of x* 
and y n, although, as the notation above indicates, the spa
tial dependence is generally suppressed duo to the statistical 
character of homogeneous and stationary flow (see 5 3.5, in 
particular equation (3.12)). It can be shown {(291, (301, 
[31)) that under suitable conditions if a flow is homogeneous 
and stationary, the Lagrangian statistics do not depend upon 
the point of origin of the particle. Thus, one can speak 
of Lagrangian correlation functions which do not employ 
particle origin points as parameters, such at 

vxxit) >= Eux<t+T)ux(it) M.laJ 

and 

U y y<t) = Euy(t+l)«y(T) (4.1b) 

for any t. Other statistics of interest are 
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EX(t) 2 « EX«t,0,Ct2 (4.2a) 

and 

EV<t) 2 * EYKt.O.O) 2 (4.2b) 

which are called the x and y dispersion. The eddy diffusion 
coefficients arc written as 

K v(t) «=• fcu <t)X«t) (4.3a> 

and 

X (t) - Eu «t)Y«t» . (4.3b> 
y y 

Sections 4.3 and 4.4 arc primarily concerned with 
Lagrangian-Euleriaii relationship*, while the later sections 
will consider energy spectrum and small scale rotaticn.il 
relationships. For these purposes, several energy sj-;ctra 
were employed, and they arc described in detail below. 

Energy Spectrum J (See figure 4.1 in $4.7, page 7E.) 

This spectrum is similar to those employed by Kraichr-an 
[26]. It is of the form 

2 
E(k» « 16w 2)t 3e" 2' , k 

http://rotaticn.il
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It is characterized by the fact that the energy containing 
and the energy dissipating eddies are not distinct. It is 
also cheaply simulated, for referring to equation (3.15) it 
is seen that the number of terms in the sum is proportional 
to (2n+l)•(2m+l). For this spectrum, n and m may be as small 
as 2, making for a product of 25. This will be compared 
with other spectra below. The crosses in figures 4.1 - 4.4 

2 .indicate the dissipation spectrum, k Elk). 

Energy Spectra II and III (See figure 4.2 in 5 4.7, page 78.) 

In 12.1 some mention was made of the Kolmogorov hypo
thesis that as the Reynolds number of a flew grows large, 
the dissipativc range and the energy containing range tend 
to separate creating a central incrtial range. Building 
such a spectrum into a computer program presents difficulties, 
but the problem may be approached by constructing a bulge 
in the tail end of the spectrum. This is seen in Energy 
Sprectrum II; Energy Sopctrum III is just a truncated version 
of II, the attempt being to determine the effects of the 
dissipative bulg? in Spectrum II. 

Energy Spectra IV and V (See figures A.3 snd 4.4.) 

Much study and speculation has been devoted to the form 
of the energy spectrum in the inertial range [4 ). A form 

E(k) = k~s 

a, < k < a-
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is often hypothesized with s generally ranging from 1. to 
4. Naturally, seme choice has to.be made regarding the form 
of the energy spectrum in the range [O.a.J, and the decision 
war to employ a truncated version of Spectrum I. Two choices 
of s are made, namely 

s = 2,3 . 

These spectra were expensive to simulate on the computer, 
due to the slowly decaying tails, which were truncated at 

* 2 - 7 . 

Unlike Spectrum I, where 

n = m = 2 

is a minimum choice, a minimum choice for Spectra IV and V 
would be 

n = m = IS, 

making these runs about forty times as expensive as the 
Gaussian spectrum. 

In all of the spectra given above 

E(k) = 2 , 

except for Spectrum III. It should also be noted that the 

i 

http://to.be
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description of the flow is not complete since the time cor
relations aro not described by the energy spectrum. Follow
ing Kraichnan [26) , the Eulerifn time correlations will be 
allowed to fall off like 

Bt(t) = e _ u , , , t . 

The choice of u. is important, as one does not wish to 
eliminate correlations due to spatial position. Generally, 
if k. is the wave number of a typical large eddy, 

">o - 4 - 5 k o " 2 

as 

e = .01 . 

If this choice is not made for any particular run, it will 
be noted. 

4.2 A Direct Check for Accuracy 

The accuracy of the program developed is based on the 
fact that the correlation function of the machine generated 
process, B. (x,y,t) for instance, is a midpoint rule approx
imation to the correlation function, B (x,y,t), of the 
process that is to be simulated (see equation (3.8)). In 
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any event, an obvious demonstration that the velocity fields 
are accurate would be welcome, and a direct method of doing 
so exists. 

Generally, once an energy spectrum is chosen, a com
puter test is made in the following manner. The Eulerian 
correlation function B

x x< x»y»t) is determined either analyt
ically, if possible, or computationally. Then, velocity 
fields are generated at various points 

Pj = UXj,y.j,t..) | j = l , . . . , M } 

and the sums 

2 u ix ( x j ' y j 'V u ix ( 0 ' ° ' 0 ) 

• W V j ' V " i=i-

where u is the computer generated velocity field in the x 
direction and N is a number, usually about 2,000, are com
puted. An error of .03 is acceptable for 2,000 iterations, 
as 

/2 
/2000 

.032 (see §3.4), 

A few checks are tabulated below. 
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Figure 4.5 

Energy Spectrum I 
Eulerian time correlation function is 

,2 -TTt 
Bt(t) = e 

P.. = {.15j,.15j,.15j} 

N = 2,000 

PD P 0 Pl P2 P3 P4 

Bxx ( pj> 1.000 .836 .469 .140 -.024 

Blxx<V .998 .823 .468 .125 -.027 
(computer 
generated ) 
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Figure 4.6 

Energy Spectrum II 

P = {.15j,.15j,.15j} 

N «= 2,000 

Pl 

Bxx ( Pj> 

Blxx ( pj> 

po P l P 2 P 3 P 4 V P 6 P 7 

1 . 0 0 0 . 8 5 5 . 5 1 4 . 1 7 2 - . 0 3 5 - . 0 9 6 - . 0 7 7 - . 0 4 2 

. 9 7 6 . 8 1 1 . 496 • 1S9 - . 0 1 8 - . 0 8 5 - . 0 8 2 - . 0 4 1 

(computer 
generated) 

P 8 . P9 

.017 -.006 

.017 -.002 
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Fig ure 4.7 

Energy Spectrum II 

-»t2 

Bt(t) = e 2 

P. - ( . lj •Ijf •lj> 

H = 2,000 

P0 Pl P2 P3 P4 

B (P.) 

Blxx ( pj> 

1.000 .537 .168 -.011 -.039 

1.011 .563 .163 -.014 -.051 
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Figure 4.8 

Energy Spectrun IV ()c spectrum) 

8t(t) = e-«.5(.35>2t2 

Pj = {.2j..2j,.lSj} 

N = 1,000 

*i P0 Pl P 2 P 3 

Q

xx

iPo} 

B1«<V 

1.00 .69 .28 .02 

1.01 .71 .29 .00 
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Figure 4.9 

Energy Spectrum V 

B t ( t ) = e - 4 - 5 < - 3 5 > 2 t 2 

P.. = { . 2 j , . 2 j , . 1 5 j } 

N = 1 , 0 0 0 

P . 
3 P 0 P l P 2 

B (P . ) x x 3 1 . 0 0 . 5 1 .17 

B ln'V - 9 6 • « - 1 9 
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As a glance at the tables above indicates, the computer 
generated velocity fields are well within statistical error 
bounds, even for the complicated spectra, and this accuracy 
will allow us in the following section to make a study of 
diffusion processes with assurance that the velocity fields 
created are accurate. 

4.3 Examination of the Taylor Asymptotic Estimates 

It was mentioned in §2.1 that Taylor developed a pic
ture of a diffusion process for times long compared with the 
eddy circulation time [44J. Taylor's argument as generalized 
in Batchelor [3] rests upon a few assumptions. Assuming 
that differentiation may be taken through the integral sign, 
we have 

JjL EX 2(t) = 2EX(t)ux(t) = 

2E ( j u„(T)ux(t)dT) = 

Jo 2 • | uxx<C)dC , 

where v „(£) is the Lagrangian correlation function as de
fined in equation (4.1a). Consequently, one has 
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E x 2 ( t > = 2 !o r^'"" = 

2 J ^ x x ' ^ - 2 j[tCl'xx(«)« * 

This last set of equalities is due to Kainpe de Feriet [24] . 
If one assumes that as 

_fc -t- a> 

the two integrals converge, one has 

t- {^ Xx (^^ Vxx < 4 - 5 > 
where T and V are constants. Consequently, for large 
t it follows that 

EX2(t) - 2tT x x - 2V x x 

and 

K x ( t ) = Txx 

In other words, as t grows large, the dispersion should tend 
to a linear function of t and the eddy diffusion should tend 
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to a constant. The prediction was tested with several energy 
spectra in the following manner. A particle was moved by 
the velocity fields determined by the energy spectrum chosen. 
After 2,000 iterations the Lagrangian correlation function, 
the eddy diffusion and the dispersion were determined. 
These are given in figures 4.10-4.24. In all cases the 
Eulerian time correlation falls off as 

Bt(t) -ir(4.5) (.35)"2t2 

From the Lagrangian correlation function, one can compute 
T and V , and these values are compared with the eddy 
diffusion and the dispersion. Figure 4.2S below summarizes 
these results. Figures 4.10 - 4.24 can be found at the end 
of section 4, pages 80 - 89. 

Figure 4.25 

Spectrum I 
Spectrum II 
Spectrum III 
Spectrum IV 
Spectrum V 

T V 
XX XX 

2T -2V 
XX XX 

EX'(t) K(t) 

. 4 2 . 12 . 8 4 t - . 2 4 . 8 7 t - . 2 6 . 38 

.34 .075 . 6 8 t - . 1 5 . 7 1 t - . 2 0 . 3 3 

.335 . 0 9 . 6 7 t - . 1 8 . 6 8 t - . 2 0 . 3 2 

. 3 9 .105 . 7 8 t - . 2 1 . 8 5 t - . 2 7 . 3 9 

. 36 .095 . 7 2 t - . 1 9 . 7 6 t - . 2 2 . 36 

As one can easily see, while confirmation is generally 
good, the major inconsistency is that T and V generally 

XX XX 



53 

2 
underestimate the components of EX (t). This is probably 
due to the fact that in a computer simulation one is forced 
to use discrete time steps with resulting inaccuracies that 
tend to result in computed Lagrangian correlation functions 
which are less than the true Lagrangian correlation function. 

Nevertheless, agreement is quite good, and what is im
portant is that this experiment lends support to Taylor's 
hypothesis. His major supposition was that the two integrals 
(4.4) and (4.5) converge. After that the prediction must 
follow. Note that one is similarly accepting on faith that 
T and V exist when they are computed by the numerical 
process employed here. That is to say, inaccuracies in the 
approach force one at some point to truiicate the Lagrangian 
correlation function and determine that the area underneath 
is T . On the other hand, as a glance at figures 4.10 -
4.24 shows, independent of how T and V are computed, 
2 EX (t) does tend to a straight line, K (t) does give strong 

indications of constancy, and these functions have the proper 
relationship to the computed T and V leading one to 
believe the validity of (4.4) and (4.5). 

4.4 A Hypothesis Concerning Eulerian Lagrangian 
Inequalities 

As was mentioned in the introduction to this chapter, 
little is known about the relationship between Eulerian and 
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Lagrangian statistics, in particular, the functional rela
tionship between the Eulerian and the Lagrangian correla
tion functions. Speculation concerning this has led to 
hypotheses which appear to be motivated by intuition. A 
good example is reported in Corrsin (13). The qualitative 
conjecture, made by Batchelor and Sheppard in 1958, is that 

Bxx(0,0,t) < VXJt(t> (4.6) 

where as before B is the Eulerian and u the Lagrangian 
x correlations. This leads to the inequality 

B(0,0,t) = Bxx(0,0,t) + Byv(0,0,t) < P x x(t) + H y y(t) . 

(4.7) 

This conjecture rests upon the knowledge that in the Lagrang
ian case the statistic is taken frou the determination of 
velocities of the same fluid particle at two different times 
as it moves with the fluid, whereas the Eulerian statistic 
is derived from the velocities of two different fluid par
ticles,their only relationship being, like that of Tantalus 
and the hanging grapes, that they happen to occupy the same 
point at two different times. 

Attempts were made to verify the inequality (4.7), but 
the inequality did not hold true in the experiments. The 
two runs given below are summarized in figures 4.26 and 
4.27 and are good examples of this situation. 



55 

Figure 4.26 

Energy Spectrum I 

-(4.5) (-k-)2t2 -.551t2 

B(0,0,t) «= Bfc(t) = e • " = 2e 

-*(*!+*!, -.551t2 

B(x,y,t) = (2 - (x'+y )>e ^ e 

r2(t) = X2(t) + Y2(t) 

Time = t 

U (t)+u (t) Hxx wyy 
B(0,0,t) 

.2 .6 

X2(t)+Y2(t) 

B( r2(t)2,0,t) 

1 .86 1 . 5 6 1 .21 . 8 8 . 66 . 4 1 

1 .99 1 . 9 6 1 .90 1 . 8 3 1 .74 1 .64 

. 0 2 0 . 0 7 7 .165 . 2 7 7 . 4 0 8 . 552 

1 .86 1 . 5 2 1 .09 , 6 7 . 3 3 . 0 9 

.8 .9 

.26 .16 .10 .07 

1.52 1.41 1.28 1.15 

.704 .862 1.03 1.19 

-.05 -.13 -.16 -.15 



Figure 4.27 

Energy Spectrum II 
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B(0,0,t) = Bt(t) = 2e •.551t' 

B{x,y,t) determined computationally 

r2(t) = X2(t) + Y2(t) 

Time = t 

P x x(t) + li y y(t) 

B(0,0,t) 

X2(t)+V2(t) 

B({r2(t))2,0,t) 

. 1 2 .24 . 3 6 . 4 8 . 6 0 

1 .54 1 .145 . 8 3 4 .524 . 2 8 4 

1 . 9 8 1 .93 1 .86 1 .76 1 .64 

. 0 2 7 . 1 0 0 . 2 0 6 .339 . 4 8 9 

1 .44 1 .106 . 8 1 8 . 3 7 8 .164 

.72 .84 .96 1.08 

.125 .016 .010 -.056 

1.50 1.36 1.20 1.05 

.652 .822 .996 1.17 

.0218 -.118 -.19 -.20 
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Indeed it appears that the reverse inequality is the 
one that holds, for the Eulerian quantity, B(0.0,t), invar
iably dominates the Lagrangian, p (t)+ii (t) in both exam-

xx yy 
pies and all times. In fact, the Eulerian quantity becomes 
increasingly dominant as times passes, leaving, at least 
according to these experiments, doubt that inequality (4.7) 
could have general validity. 

Assuming though, that one would like to make some state
ment about this problem with the inequalities pointed as in 
(4.6) or (4.7), one can make the following argument. Let 2 2 
X (t) and V (t) be the dispersion in the x and y directions 
respectively. One intuitive possibility might be that 

where 

B((X2(t))2, (Y 2(t)) 2, .) = B((r 2(t)) 2, 0, t) 

r2(t) = X2(t) + Y2(t) 

and the result is 

B((r2(t))2, 0, t) < li (t) + P (t) (4.8) — xx yy 

This statement is much weaker than (4.7), but a glance at 
figures 4.26 and 4.27 tend to substantiate inequality (4.8). 
However, even in accepting the validity of (4.8), its use
fulness is questionable, as the lefthand side incorporates 

2 Lagrangian data, namely r (t) , while the -/hole point of the 
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inequality (4.7) has been to make some guess about Lagrangian 
statistics given Eulerian statistics. In the preceding sec-

2 tion, the Taylor argument yielded values for r (t) for long 
times. 

r2(t) = 2t{T + T ) xx yy 

2 
Perhaps this representation of r (t) could prove useful m 
equation (4.8) if an estimate for T and T can be found 

xx yy 
by some means. In any event, these two experiments seem 
to indicate that the reverse inequality 

B(0,0,t) > UXJt(t) + Pyv(t> 

is valid, at least for *:he energy spectra employed here. 

4.5 Small Scale Motion and Rotation 

Billows are generally observable in cumulous clouds. 
They are clearly attached to the main body and are of the 
same matter, yet they appear to pursue a temporary and some
what independent circular existence. Presumably, this is 
the manifestation of small scale rotation that exists within 
the otherwise organized large scale and lon<-, time motion. 
It is reasonable to believe that this small scale agitation 
is due to the character of the energy spectrum at the high 
wave numbers; that is to say, the shape of the graph of the 
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energy spectrum must in some way decide whether or not small 
scale circulation will be visible and consistent in time. 

That the high wave numbers are very active in influenc
ing the flow is beyond question. Clear evidence ot this may 
be seen in comparing the Lagrangian correlation functions of 
various flows with related energy spectra. For instance, 
Energy Spectra I and II differ mainly in the fact that II 
is modified from I by the addition of a dissipative bulge 
in the high wave number end of the spectrum. See figures 
4.1, 4.2, 4.10, and 4.13. Both spectra are normalized to 

P x x(0) + U y y(0) = 2 . 

The Lagrangian correlation function for Spectrum I falls 
off far more slowly than the correlation function for 
Spectrum II, hinting that in the second flow there is some' 
action which tends to randomize or in some way disturb time 
correlations in the flow. The effect is even more apparent 
in a comparison of the Lagrangian statistics of Energy 
Spectra II and III. See figures 4.2, 4.13, and 4.16 in 54.7. 
Spectrum III is just a truncated version of Spectrum II, with 
only abouT 80% of the total energy of Spectrum II, the in
tention being to create two different velocity fields with 
identical large scale statistics but witU different high 
frequency ranges. The results are interesting in that the 
Lagrangian curve for Spectrum III initially begins below 
that of spectrum II due to an inherent lack of energy. 
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However, by time 

t = .2 

the two curves nearly merge, appearing to indicate that 
after a suitable period the high frequencies do not act 
on the average to affect the Lagrangian correlation func
tion noticeably. 

This Lagrangian analysis clearly indicates that the 
high wave numbers are important for the small scale flow. 
But this only leads us to the question, how does thu dissi-
pative section of the energy spectrum affect small scale 
flow? Does it tend to be circular, or in any way periodic, 
or is it totally disorganized? A first step in attacking 
this question might be the following dimensional argument. 
For each wave number k of the energy spectrum, E(k), one 
associates an organized motion on a size scale k~ and an 
energy proportional to E(k). If the motion were periodic, 
the period would be proportional to l/k/E(k) and the fre
quency, f(k), would be proportional to k/E(k). Conse
quently one would have 

f(k) 2 = ck2E(k) , 

with c a proportionality constant. 
Large scale motion is characterized by the fact that 

the period of these large eddies determines the correlation 
time of the entire flow. Consequently, for small scale 
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agitation to be visible, that is measurable, it must occur 
in a time scale significantly smaller than the correlation 
time. In other words, the condition that small scale move
ment be visible would be 

JtgE(ks) > k2E(kj) 

where k and k. are typical wave numbers of small and large 
eddies respectively. Clearly, it is difficult to detect 
motion on a particular size scale; however the above inequal
ity may be generalized to 

I k2E(k)dk « / k2E(k)dk (4.9) 

where k, represents the smallest of the large eddies and 
k the largest of the small eddies, of course, inequality 
(4.9) does no more than to represent the condition predicted 
by Kolmogorov as the Reynolds number of a flow grows large 
(see §2.1, equation (2.5)). Thus as the Reynolds number 
increases, the small scale eddies should become detectable 
regardless of the character of the large scale flow. How
ever, inequality (4.9) does not claim that small scale flow 
must be in any way consistent or periodic. 

This discussion may be summarized with a number of 
questions. First, how can one detect small scale motion 
within large scale flow? In a situation where (4.9) holds, 
is there significant small scale motion? If this is so, is 
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it characterized by a consistent spin of a time length com
parable to or greater than the time scale of the large 
eddies? 

Needless to say, a variety of means have traditionally 
been employed to examine these quet-ions, including two 
particle dispersion graphs, Richardson's Distance Neighbor 
Function and two particle Lagrangian correlation functions, 
all to be discussed later. There have also been various 
analytical attacks, including that by Batchelor [ 5 ] , On 
the other hand, one can make a statistical study Of the 
angular movement of two particles. To this end, the fol
lowing parameters were computed. 

(1) At each time step, i, the average angular change, 
A6-, and the average absolute angular change, 
|A6.|, were determined. Figure 4.28 demonstrates 
how these parameters are computed. Note that they 
depend upon the size of the time step. 

(2) For each time step, the angular sum 

i 
A(i) = J A e j ' 

j=l 

the absolute value of A(i), 

CCi) = |A(i)| , 

and the sum of the absolute values of the angles 
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i 
D(i) = 2 , A e j ' 

3=1 
are computed. For all the runs made, A(i) and 
A8. were found to be near zero, as expected. 
Naturally, C(i) and D(i) are of great interest as 
they provide a mechanism whereby one can define the 
terms angular agitation and spin. One can begin 
by defining the quantity 

E (i, = DOi^Oi ^ 
D(i) 

Since the velocity fields are turbulent, it is 
not possible that 

D(i) = 0 

for this would indicate that particle pair motion 
was parallel. If 

E(i) = 0 

one can say that particle motion is characterized 
only by spin up to i time steps. If 

E(i) = 1 

the particle pair motion is characterized only by 
angular agitation. Values of E(i) between 0 and 1 
indicate greater or lesser degrees of spin and 
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angular agitation. Finally, the quantity D(i) is 
also important as a measure of the order of mag
nitude of eddy motion on the size scale in question. 
Both E(i) and D(i) taken together provide a measure 
of spin or of angular agitation and of their mag
nitude. 

(3) For each iteration, whenever 

C(i) > ir 

for at least one i, the fact is noted as it indi
cates that two particles have reversed their orig
inal orientation. 

The first experiment involved a comparison between 
velocity fields determined by Energy Spectra II and III 
{see figures 4.2 and 4.3). Two particles were placed at an 
initial separation of .1 which was assumed to be well within 
the size of the small eddies active in Spectrum II. The 
program was run twice, once for each spectrum and for 
twenty-five time steps with each time step of duration .03. 
Clearly inequality (4.9) is satisfied by Spectrum II, and it 
is not satisfied by Spectrum III. Runs were made out to 
1,000 iterations. The results are to be found in figures 
4.29 and 4.30, at the end of section 4. 

Figure 4.29 gives the average of the absolute value of 
the angular change per time step, |A8.|, for each spectrum. 
The angular change for II is at least twice that for III. 
Figure 4.30 graphs both C(i) and D(i) for both spectra. 
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Naturally D(i) for Spectrum II dominates D(i) for III. This 
is just a representation of the fact that 

/ k2E(k)dk >> I k2E(k)dk = 0 . 

Spectrum II Spectrum III 

In other words, motion on a size scale of .1 is far more 
apparent in Spectrum II. Besides the magnitude D(i) dis
cussed above, there is also the question of the character 
of the small scale flow. Here too the spectra differ 
markedly. As an examination of Figure 4.30 shows. Spectrum 
III is characterized by a slow but consistent spin. In 
fact E(i), the measure of the degree of spin versus angular 
agitation, does not become larger than .1 until 

i > 20 

or 

t > .6 . 

On the other hand, if one considers Spectrum II, recalling 
that it is characterized by more small scale movement than 
Spectrum III, it is clear that movement is of a disorganized 
nature. For instance, 

E(i) > .1 

for 

i > 4 

that is 
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t > .12 , 

and by the time that 

i = 20 

one has 

E(i) = .45 . 

On the other hand, it must be noted that C(i) for II doas 
dominate C(i) for III, indicating that the great D(i) dom
inance of II, though very much disorganized, does tend to 
carry along C(i) with it. This is further substantiated by 
the fact that 10% of the particle pairs rotated at least IT 
radians consistently in one direction in the time span of 
the experiment for Energy Spectrum II whereas only 1.2% did 
for Spectrum III. 

For comparison, the experiment was repeated, except 
that this time the initial particle separation was .6 rather 
than .1. Furthermore, the time step was .1. Figures 4.31 
and 4.32 at the end of section 4 summarize the results. 
Reasonably enough, Figure 4.31 indicates that the angular 
agitation for II still dominates III, but to a lesser degree 
than in Figure 4.29. That this is so is due to the action 
of the small eddies, but in a way far different from the 
preceding experiment. There, one small eddy was active in 
affecting both particles simultaneously. Here the particles 
find themselves too far apart for this to occur; rather, 
each particle is being agitated by different small eddies. 
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Figure 4.32 tends to confirm this. Note that C(i) for 
Spectrum II is nearly equal to C(\) for III indicating that 
the dominance of D(i) in Spectrum II is due to disorganized 
angular agitation. In other words, each of the two particles 
in Spectrum II is influenced by a different small eddy, of 
a size less than .6; consequently it appears that the small 
eddies of Spectrum II have an effective size less than .6 
and greater than «1. For this run, about 10.0% of the par
ticle pairs rotated more than it radians for II whereas 11.5% 
did for III, essentially the same. 

One can draw the following tentative conclusions from 
these two experiments. First, the bulge in the dissipation 
spectrum of II greatly increases the angular agitation of 
two particles initially placed at a strategically close 
distance; this often translates into a measurable spin which 
can be detected, although this spin appears to be a by
product of disorganized small scale eddy motion of a partic
ular size scale that occasionally takes on a circular nature. 
Second, if particles are placed at a range greater than the 
size of the effective dissipative eddies, the angular agi
tation which remains is due to separate eddies acting on 
different particles, and what spin is encountered is due 
to the large scale flow only. 

Another test was made employing Energy Spectra IV and 
V. Recall that IV possesses a k~ spectrum while V has a 
-2 
k spectrum. The initial particle separation was as before. 
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.1. The time step, however, was chosen to be .05 rather 
than .03. The results presented in figures 4.33 and 4.34 
are in the same character as the earlier runs. Since, for 
Spectrum v, one has 

f k2E(k) = 4.66 

and for Spectrum IV one has 

f* 2E(k) = 1.37 
one would expect the curve for Spectrum IV to dominate in 
Figure 4.33. Figure 4.34 shows that once again angular 
agitation dominates consistent spin, and that what consis
tent spin is found seems to be purely a by-product of some
what unorganized small scale agitation. Spectrum V found 
22% of the particle pairs turning consistently at least IT 
radians, whereas Spectrum IV found only 14% doing the same. 

Early in this section, the point was made that a neces
sary condition for the existence of measurable small scale 
motion is the validity of inequality (4.9). It was also 
noted that the inequality said nothing about direction of 
spin and that the inequality is more a measure of angular 
agitation rather than spin. Both sets of experiments have 
confirmed this. In fact, the following sets of inequalities 
hold. 
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Spectrum V II IV III 

4.7 > 3.1 > 1.38 > .47 

D(i) > D(i) > D(i) > D(i) 
IV IV IV IV 

C(i) C(i> C(i) C(i) 

C(i) is always dominated by and carried ilong by D(i). As 
was expected, the Kolmogorov inequality (4.9) is definitely 
not sufficient to assure consistent small scale spin of 
several revolutions in a period of tine less than the 
Lagrangian correlation time. This is confirmed by the 
dominance of D(i) over C(i) and by 'he insignificant num
ber of particles that rotated more than 2it radians. 

What is necessary is the development of a program 
capable of accurately representing energy spectra which 
asymptotically approach zero as k tends to infinity. This 
would allow for tests in which particles have a very small 
initial separation. Furthermore, another, more powerful, 
criterion than inequality (4.9) needs to be developed that 
can differentiate between spin direction. Nevertheless, 
it is clear that inequality (4.9) establishes a necessary 
condition for significant small scale measurable circula • 
tion. 

I k2E(K) 



4.6 Two Particle Diffusion 

In the preceding section efforts were made to study 
what basic conditions ere necessary to create small scale 
flow which is perceptible and to see whether such motion 
could ba deemed periodic or of a circular nature. In this 
section no attempt will be made to examine «ddies directly; 
instead the effect of small scale motion on diffusion will 
be studied. It has been long believed that an eddy of wave 
number k is most effective in causing diffusion of particles 
that are separated a distance of 1/k [13], The assumption 
is that the larger eddies impart roughly the same velocity 
to both particles, so they are of little help in the dif
fusion process, while the very small eddies do not possess 
sufficient energy to diffuse the particles when compared 
to the actions of eddy k. As a by-product of the experi
ments made in the preceding section, some evidence was 
found that strongly supports this hypothesis. 

Let (X.(t) ,Y..(t)) be the position of the ith particle 
at time t. Then 

lit) 2 = (X1(t) - X 2(t)) 2 + (Yjft) - Y 2(t)) 2 

'.s the two particle dispersion at time t. Richardson [39] 
developed the concept of the Distance Neighbor Function.. 
which provides supplementary information to the dispersion, 
l(t) . Without describing this function, d(t,s), in detail, 
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as it is described in [391 and in [16], one can say it is 
a function of two variables where t is time and s is a num
ber between 0 and 1. The function d(t,s) is then the 
smallest distance for which (100s)% of all the particle 
pairs are less thari d(t,s) apart at time t. When d(t,s) 
is approximated on the computer, it generally is a non-
continuous step function. 

Recall that in the preceding section runs were made 
comparing spectra II and III, where initial particle pair 
separations were either .1 or .6. It was hoped that par
ticles at an original separation of .1 would be affected 
and diffused by the small eddies in Spectrum II and that 
the particles with an original separation of .6 would not 
be so affected. Figures 4.25 and 4.26 give the experi
mental results for Spectra III and II where initial par-

""5 1/2 tide separation was .1. The dots represent (1 (t)) ' , 
the dashes represent d(t,.5) and the crosses represent 
d(t,.9) for all the graphs to follow. We can see how 
enormously the small eddies aid diffusion if we consider 
the situation at time 

t = .7 . 

For Spectrum II, one has 

1 
(1 2(.7)) 5 = .37 , 
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d(.7,.5) = .21 , 

and 

d<.7,.9) = .6 

whereas for Spectrum III 

1 

(12(.7))2 = .26 , 

d(t,.5) = .16 , 

and 

d(t,.9) =- .36 . 
Yet when the experiment is repeated, this time giving the 
particle pairs an initial peparation of .6, one finds that 
the small eddies are useless in aiding diffusion. For 
instance, one has for Spectrum II 

1 

<12(.7))2 = 1.81 , 

d(.7,.5), = 1.48 , 

and 

d(.7,.9) = 2.93 

while for Spectrum III one has 
1 

(12(.7))2 = 1.82 , 
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d(.7,.5) = 1.53 , 

d(.7,.9) = 2.89 ' . 

So there is essentially no difference. A full account is 
to be found in figures 4.27 and 4.28. 

In these experiments and in all others performed it was 
consistently found that 

1 
d(t,.9) > (l 2(t)) 2 > d(t,.5) . 

This observation was made by Esposito [16]. Judging from 
these experiments and the confirmation that they seem to 
give to the theory that an eddy of wave number k is most 
effective in diffusing particles at a distance of about 
1/k, it would seem reasonable that for particles with an 

_2 initial separation of .1 Spectrum V, (k ), should dominate 
_3 Spectrum IV, (k ), in diffusivity. Figure 4.29 graphs 

2 1/2 (1 (t)) ' for both of these spectra. The crosses represent 
_2 

the k spectrum. • 
Some attempts hax-e been made by workers in this field 

2" 
to determine l(t) from other functions. For instance 
Brier [ 7] attempted to reduce the two particle diffusion 
problem to a one particle Lagrangian problem. One can easily 
give a short summary of the argument. Assume two particles 
are released. Let the velocity of the ith particle during 
the rth time step be u .. Then, the total distance traveled 

ri 
by the ith particle in •. unit time interval? is 
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Let 

Then 

X . = u, . + ••• + u • ni li ni 

l l - ( Xnl - X n 2 ' 2 

Xn = X0 + ( ull + ••' + "hi' " ( u12 + ••' + un2> 

and one has, 

n n 
Jn = 4 + 2 2 <urlutl + Ur2 ut2> 

= 1 t=l 
n n 

Thus, 

~ 2 2 2 UrlUt2 + 2 1 0 { 2 url " I u r 2 } 

r=l t=l r=l r=l 

1 n " l S + 2 { 2 2 Rrf I 2 rV 
r=l t=l r=l t=l 

where 

url utl = ur2 ut2 = Rrt ' 

which is the Lagrangian correlation function,and 

url ut2 = utl ur2 = t Rr ' 

a cross correlation function. 
Thus, if .R is known, all that has to be determined 

is the Lagrangian correlation function to determine the two 
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particle dispersion l(t) . In fact, Brier makes the follow
ing assumption 

i Rj = 1 R1 Rlj Rli 

where ^R, is obviously the value of the Eulerian correlation 
function at the inital particle separation distance. In 
other words, the assumption i.s that the cross correlation 
function depends only upon the original separation of the 
two particles and the Lagrangian correlation function. 

In particular, if this assumption were true/"then 

2 
i Ri ~ 1 R1 Rli * 1R1 l Ri = l Ri * 

In fact, numerical experiments performed indicate that .R. 
dominates .R. for j?*i. An example of this situation is 
given in Figure 4.40 where Spectrum I is employed. This 
evidence indicates that two particles tend to maintain a 
high degree of correlation as they move in space. Reduc
tion of a two particle problem to a one particle problem is 
likely more difficult than one would hope. 
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Figure 4.40 
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Spectrum I 
time step .06 
initial particle separation .2 
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4.7 Graphs for Section £ 

This section contains those figures that are graphs 
to which there was reference in 54.1 - 4.6. 



Figure A.1 
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Figure 4.10 
i. Lagrangian correlation function 
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Figure 4.11 
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Dispersion vs. time 



Figure 4.12 
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Figure 4.13 
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Figure 4.14 
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Figure 4.15 
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Figure 4.16 
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Figure 4.32 
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5. CONCLUSION 

The branch of fluid mechanics called turbulence is of 
such difficulty that the most one can hope to dc is to make 
models of simplified problems with the hope that these will 
yield information useful in more general situations. The 
work presented here made the assumption that the velocity 
fields are Gaussian, homogeneous, stationary and isotropic. 

Not only are the statistical solutions to the Navier 
Stokes equation known not to be Gaussian [ 9 J, but also the 
model presented here to create Gaussian fields, while accur
ate and seemingly more capable of simulating complicated 
energy spectra than earlier programs of other workers, is 
not capable of accurately simulating very complicated spectra 
such as a k spectrum where s is allowed to be very large. 
The reasons for studying models of a velocity field such as 
the one we considered are first that these models can be 
generalized, that is they can be considered as a first term 
in a Wiener Hermite expansion ([SO], [51], [48], [32], [33], 
and [141). Second, within its limitations this program can 
still provide valid information concerning diffusion pro
cesses. 

To this end, we have succeeded in supplying evidence 
that Taylor's classical picture of a diffusion process for 
times long in comparison with the Lagrangian correlation 
time is reasonably accurate and his assumptions are probably 
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correct. Some evidence has been supplied to demonstrate 
that the Lagrangian correlation function does not dominate 
the Eulerian correlation function, B(0,0,t), contrary to 
the assumption of Batchelor. Furthermore, if x and y are 
chosen in a particular manner, numerical evidence was 
supplied to the effect that B(x,y,t) is in fact less than 
the Lagrangian correlation function. 

As far as two particle diffusion is concerned, a method 
was presented to measure statistically two particle rotation 
as a means for determining the small scale rotation which 
occurs within the large scale movement. Also, a necessary 
condition was given for small scale agitation and rotation 
to be detectable within large scale movement, and as far 
as was possible, numerical evidence was supplied to support 
this condition. Finally, it was shown anew that a relation
ship between two particle dispersion and the Lagrangian cor
relation function, if it exists, is not easily analyzed. 

Within some general limitations a program has been 
presented which has guaranteed accuracy. It is hoped 
that the method will be generalized and prove valuable in 
further developments of knowledge in the area. 
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[11] Cooley, J. W., Lewis, P. A. W., and Welch, P. D., 
1967, "Application of the F.F.T. to Computation of 
Fourier Integrals, Fourier Series, and Convolution 
Integrals", IEEE Transactions, AU-15, p. 79. 

[12] , 1969, "FFT and Its Applications", IEEE 
Transactions, £-12, p. 27. 

[13] Corrsin, S., 1961, "Theories of Turbulent Dispersion", 
Mecanique de la Turbulence, (Coll. Intern, du CNRS 
a Marseille), Paris, Ed. CNRS. 

[14] Crow, S. C , and Canavan, G. H., 1970, "Relationship 
Between a Wiener-Hermite Expansion and an Energy 
Cascade", Jour. Fluid Mech., £1, part 2, p. 387. 

[15] Doob, J. L., 1953, Stochastic Processes, John Wiley and 
Sons, Inc., N.Y. 

[16] Esposito, B. A., 1973, "Numerical Simulation of Tur
bulent Diffusion", doctoral dissertation, N.Y.U. 

[17] Feller, W., 1966, An Introduction to Probability Theory 
and Its Applications, Vol. II, John Wiley and Sons, 
Inc., N.Y., p. 592. 

[18] Gikhman, I. I., Skorokhod, A. V., 1969, Introduction to 
the Theory of Random Processes, W. B. Saunders and 
Co., Philadelphia. 

[19] Gentleman, W. M , and Sande, G., 1966, "Fast Fourier 
Transforms for Fun and Profit", AFIPS Fall Joint 



106 

Computer Conf., V. 29. 
[20] Gnedenko, B. V., 1962, The Theory of Probability, 

Chelsa Publ. Co., H.Y. 
[21] Hammersley, J. M., and Handscomb, D. C , 1964, Monte 

Carlo Methods, John Wiley and Sons, Inc., p. 19. 
[22] Hurewicz, W., 1963, Lectures on Ordinary Differential 

Equations, M.I.T. Press, Cambr., pp. 1-14. 
[23] Isaacson, E., and Keller, H. B., 1966, Analysis of 

Numerical Methods, John Wiley and Sons, Inc., N.Y., 
p. 316. 

[24] Kampe, J., De Fgriet, 1939, "Les Fonctions Algatoires 
Stationnaires et la Th^orie Statistique de la 
Turbulence Homogdne", Ann. Soc. Sci. de Brux., 59_, 

p. 145. 
[25] Kolmogorov, A. N., 1941, "The Local ftr'cture of Tur

bulence in Incompressible Viscous Fluid for Very 
Large Reynolds' Numbers", C. R. (DUK.) Acad. Sci. 
U.R.S.S., 30 (4), p. 301. 

[26] Kraichnan, R. H., 1970, "Diffusion by a Random Velocity 
Field", Phys. o'f Fluids, 13 No. 1, p. 22. 

[27] Landau, L. D., and Lifshitz, E. M., 1959, Fluid Mechanics, 
Pergamon Press, London, pp. 22-23. 

[28] Loeve, M., 191*0, Probability Theory, 2nd Ed., Princeton 
Univ. Press, D. Van Nostrand, p. 211. 

[29] Lumley, J. L., 1957, "Some Problems Connected with the 
Motion of Small Particles in Turbulent Fluid", 



107 

doctoral dissertation, The John Hopkins Univ. 
[30] , 1962, "The Mathematical Nature of the 

Problem cf Relating Lagrangian and Eulerian Statis
tical Functions in Turbulence", M^canigue de la 
Turbulence, (Coll. Intern, du CNRS a Marseille), 
Paris, Ed. CNRS. 

(31) , 1967, "An Approach to the Eulerian -
Lagrangian Problem", J. Math. Phys., 2 No. 2, 
pp. 309 - 312. 

[32J Meecham, W. C., and Siegel, A., 1964, "Wiener Hermite 
Expansion in Model Turbulence at Large Reynolds 
Numbers", Physics of Fluids, Vol. 7, No. 8. 

[33] Meecham, W. C., and Dah-Teng Jeng, 1968, "Use of the 
Wiener Hermite Expansion for Nearly Normal Turbu
lence", J. Fluid Mech., Vol. 32, part 2, pp. 225 
- 249. 

[34] Monin, A. S., and Yaglom, A. M., 1965, Statistical 
Fluid Mechanics, Vol. 1 and Vol. 2, MIT Press, 
Cambridge. ' r 

[35] Orszag, S., 1969, "Numerical Methods for the Simulation 
of Turbulence", Physics of Fluids, Supplement II, 
12' P- 257. 

(36] Patterson, G. S., and Corrsin, S., 1966, "Computer 
Experiments on Random Walks with both Eulerian 
and Lagrangian Statistics", in Dynamics of Fluids 
and Plasmas. Pai, S. I. (ed.), Academic Press, N.Y. 



108 

137J Reynolds, O., 1883, "An Experimental Investigation of 
the Circumstances which Determine Whether the Motion 
of Water Shall be Direct or Sinuous, and the Law 
of Resistance in Parallel Channels", Phil. Trans. 
Roy. Soc. London, 174, 935. 

[38] Richardson, L. F., 1922, "Weather Prediction by 
numerical Processes", Cambr. Univ. Press, London. 

[39) , 1926, "Atmospheric Diffusion on a Distance 
Neighbor Graph", Proc. Roy. Soc. Alio No. 756, 
p. 709. 

[40] Saffman, P. G., 1968, "Lectures on Homogeneous Tur
bulence", Topics in Nonlinear Physics, Springer, 
N.Y. 

[41] , 1969, "Application of the Wiener - Hermite 
Expansion to the Diffusion of a Passive Scalar in 
a Homogeneous Turbulent Flow", Phys. of Fluids, 12 
(9). 

[42] Singleton, R. C., 1967, "Methods for Computing the 
Fast Fourier Transform with Auxiliary Memory and 
Limited High Speed Storage", IEEE Transactions, 
AU-15, p. 91. 

143] , 19S7, "On Computing the FFT", Comm. of the 
ACM, 10, p. 647. 

[44] Taylor, G. I., 1921, "Diffusion by Continuous Movements", 
Proc. London Math. Soc., 20. (2), p. 196. 

[45] , 1935, "Statistical Study of Turbulence", 
Parts 1 - 4 , Proc. Roy. Soc., 2j), p. 421. 



109 

[46] , 1938, "Production and Dissipation of Vor-
ticity in a Turbulent Flow", Proc. Roy. Soc., 20, 
p. 421. 

[47] , 1938, "The Spectrum of Turbulence", Proc. 
Roy. Soc. A, 1_64_, p. 476. 

(48) Thiebaux, M. L., 1972, "Wiener - Hermite Expansion 
Applied to Passive Scalar Dispersion in a Non-
Uniform Turbulent Flow", Jour. Atmos. Sci., 2!> 
(3), pp. 510 - 516. 

(49] Thompson, R., 1971, "Numeric Calculation of Turbulent 
Diffusion", Quart. J. Roy. Met. Soc, 97, 93. 

[50] Wiener, N., 1939, "The Use of Statistical Theory in 
the Study of Turbulence", Fifth International 
Congress for Applied Mathematics, John Wiley, N.Y. 

[51] , 1958, Nonlinear Problems in Random Theory, 
M.I.T. Press. 

[52] Yaglom, A. M., 1965, An Introduction to the Theory of 
Stationary Random Functions, Prentice Hall, Engle-
wood Cliffs, N.J. 


