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COMPARISON AND FIT OF THE W O AND SIX BAND k-p MODELS FOR 

THE BAND EDGE STRUCTURE OF Pb, Sn Te 
J-X x 

Y. Weissman 

ABSTRACT 

The band edge structure of Pbi_xSnxTe is derived 
in detail using a two band ellipsoidal model and compared 
with a more rigorous calculation based on six bands. A 
quantitative comparison is made for two values of the 
energy gap, corresponding to the cases where x-0 and 
x»0.17. It was found that, for the occupied states in 
nondegenerate materials, both models are practically 
equivalent. Discrepancies may occur only in high degene
racies or deep inversion layers. The agreement between 
both models was significantly improved by introducing an 
effective energy gap in the two band model. It is 
suggested that the. use of the effective energy gap may 
improve the agreement between the two band model and 
experiment whenever the details of the band edge structure 
enter the interpretation of the experimental results. 

I. THE £»p MODEL 

Normally in a semiconductor only a small part of the Brillouin 
zone is populated by free charge carriers. When the semiconductor is 
nondegsnerate most of the free charge carriers are within a range of 
several kT's from the band edge. In a degenerate material the 
populated region is normally larger and the corresponding band is filled 
up to the Fermi energy. Since only the populated states contribute to 
the electrical transport properties, there is much interest in the 
structure of the semiconductor band edges. For wavevectors k suffi
ciently close to the extremum wave vector k , i.e. in the region 
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usually called "parabolic", Che following relation holds: 

F&-f i [^/K*^-^ ( 1 ) 

where —% 1 is the effective mass tensor. 
1 m Jij 

In nsany materials, e.g. Ge and SI, the entire region of interest 
is parabolic. In narrow band gap semiconductors it often happens that 
free charge carriers populate states for which Eq. 1 is invalid. The 
contribution of these states to various electrical phenomena is refer
red to as "nonparabolic effects". In order to estimate these effects 
it is vital to know the dispersion relation E(k) of all the populated 
states which extend beyond the parabolic region. The k-p model ' 
is a perturbative method by which one can obtain quantitative informa
tion about both the dispersion relation and the k dependence of the 
wavefunctions of those states. 

Several k«p and band structure calculations have been performed 
for the lead chalcogenldes. A review covering experimental and theo
retical work done up to 1968 appears In Ref. 3. Very recently, much 
experimental material has been well explained by a new band structure 

(A) calculation for PbSe and FbTe . 
** **• A k'p model, taking into account the interaction between the 

conduction and valence bands and more distant bends up to terms of 
second order In perturbation theory, has been developed for Pb. Sn Te 

(5) x 

and Pb._ Sn Se alloys by J.C, Dlmnock - A similar calculation, 
taking into account third ortfer terms for the Pb, Sn Se alloy has 

^6} *~x x 
been reported by Martinez . 

In the next section we present a derivation of the simplest k'p 
band structure: the two band model . He introduce, as usual, a 
function ug(x): 

+g(x) - u£(x)-e i k # x (2) 
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where *v*(x) i» the Illoch function. The boundary condition on the 
function uf(x) is: 

uj(x) - ug(x+R) (3) 

where R is any vector of the real lattice. The function uj(x) 
(1) obeys the following differential equation 

{ |- + v + £ k-P + -^-y [ V V X P ] ,<! + ~ T T ! v v* k l"° 
m B 4m c 4m c 

2 2 W 

+ ̂  } "£<*> ' «£>«£(*> • 

Now the problem can be formulated in terms of the standard 
perturbation theory using the small parameter k-k . We divide the 
Hamiltonian in Eq. (4) into two parts: 

2 * 2 k 2 

H --|- + V + 2 . k -J + — - 5 " [VV*p]-o + - T T 2 - (5) o 2m m ex r , 2 2 2.i 4m c 

and 2 
H, - - (k-%. ) -p + ~ <k2-k ) . (6) 
1 m ex' v 2m ex 

We did not include the fc dependent relativistic correction (the fifth 
(3) term in Eq. 4) in Eqs. 5 and 6 because it is usually very small . 

We can now writs the Schroediager perturbation theory series for E(k): 

I I--I |2 < 7 ) 

l» J A^n £„(£„) -Eft) 2 m 



vhere F.„(k ) and u -r (x) are Che eigenvalues and elgenfunctions, 
£ ex ex 

respectively , of H , 

Vkex>U£k (*> " V k
e x N i ; W <8> 

ex ex 

and X - Ic-k 
ex 

The lintar term in Eq. 7 should vanish, since k is an 
extremun point. In narrow band gap semiconductors we must calculate 
the dispersion relations E (k) and E (k) of the valence and 

v c 
conduction bands, respectively, for energies of the order of the energy 
gap E measured from the band edges. For such energies the series 
in Eq. 7 clearly does not converge and we have to apply degenerate 
perturbation theory methods for all energy levels of Eq. 8 which lie 
in the E range from the band edges. As we shall nee, in the case 
of FbTe there are two degenerate pairs of levels which fall into 
that category. 

2. THE BAND EDGE STRUCTURE OF LEAD CHALCOGENIDES 
IN THE TWO BAND APPROXIMATION 

In this section we derivi in detail the approximation used extern 
sivsly by Ravich et al. in their theoretical study of transport pheno-
aena in lead chelcogenides1 . In general, 1c is different for the 
valance and conduction bands. In the lead chalcogenides the smallest 
gap between the valence and conduction bands occurs at the point L 
which is also an extremua point in both bands (in other words, the gap 
is "direct"). All energy levels at L are doubly degenerate by time 

(3) 
reversal and space inversion syametry , In the vicinity of E (L) 
and E (L) there are four additional degenerate pairs of levels . 
The approximation employed by Ravich neglects those additional levels 
and deals only with the two degenerate pairs of valence and conduction 
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band edge states. Obviously this is the simplest approximation which 
allcvtf nonparabolic effects. In addition, Ravich neglects in his 
treatment the free electron contribution to the energy. 

The explicit forms of the four basis functions are as follows : 

X + - -i (X ± 1Y) <9) 

— 2+ + /f X 

Tu„ - — Zi - J\ X + C K / 3 

u - 1R+ v 

Tu - -1R+ v 

The functions X,Y,Z are p-llke, and R Is s-like. All four 
functions, X,Y,Z and R, arc taken to be real. T is the time 

(9) inversion operator . We now diagonalize II. in the basis defined 
In Eq. 9. Since the term -j- (k - k ) is diagonal, we shall be con
cerned only with the — {-p term. There are two symmetry considerations 
involved in the calculation of the various matrix elements: a) The 
aatrlx element of T — - between two functions with the sane parity 

with respect to the reflection of x. vanishes, and b) the functions 
X,Y,Z transform into each other upon rotation of the axes by 90*, 
while R remains invariant. We sat the energy at the bottom of the 
conduction band equal to zero. Since L is an extremum, the diagonal 

ii •+• -*• matrix elements of — f p vanish: 

<uc|c-p|uc> - <Tuc|c«p|Tuc> - <uv|?»p|uv> - <Tuv|?-p|Tav> - 0 

as can be verified by direct calculation. 
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We turn now to the calculation of nondiagonal matrix element*. 

£<TuJ^V-£<^ Zt-/fx +*|?|^ 2* + i/fx-t>-

£ ( 4 <*ipi« -> - 4 < x + ipiH - ° 

and ilnilarly 

(10) 

<Tuv|p|uv> - 0 (11) 

*C ( 1 2 > 
- — - <IR|D |Z> 

v3n 

- — - <IR|P |X» 

& <IUv|?|luc> - f <iR+|p"|-| T.K/1 X +l> - ^ <«|J|-± Z> • 

(14) 

- - £ < i R | p |Z 
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*£<u IplTu > -^<iR+|p | - iz t - / |x + +> - - ^ < l R | p | / | x + » m v ' r l c ra Ji m 

l ie. 
• < i R | p | X > 

^S. x 

where we Introduced e. - — (c tic ). 
* /2 x y 

(15) 

Following Ravich et al. we introduce P and P± : 

P --~-<lR|p|z> , Pj. --£-<iR| PJx> (16) 
/3m /3u 

We can now write the Hamlltonian: 

P»C 

"l'- V , I" H > 4 r i l - 4 £ < 1 7 > 

Thi« Haniltosiian laade to the following secular equation for 
E(S) < 7>: 

[̂ Pjf + <?* + Cy) P? - E(Eg+E)j - 0 (13) 
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The two pairs of roots of Eq. 18 are doubly degenerate. Conse
quently each state near the conduction and valence band edges Is doubly 
degenerate. We should point out that the eigenvalues E'(k) of H +H. 
are given by: 

2 2 
E'(£) - E(k) + ^ ~ (19) 

The second term in the right hand side of Eq. 19 is often referred 
to as the "free electron term". In many cases the hole and electron 
effective masses are small enough to permit neglecting this term. This 
approximation, utilized by Ravich, greatly simplifies the theoretical 
treatment because the constant energy surfaces become ellipsoids, witn 
their main axes directed niong the wavevectors pointing to the points 
L. We shall, therefore, refer to this approximation as the "two band 
ellipsoidal" model. We can also cal ate the eigenvectors of Eq. 17: 

iP „ -X! ¥L . 0 , 
^ V V (E±+Eg)*<2E±+Eg)!s (E ±+E g) ' S(2E : t+E g) ' S 

(20) 

0 LVSf . L* _ _ i ^ 
' UE ±+E gJ ' ( E + « )'"<2E++E I1* ' (E +E )'«(2E++E ) h 

where E + are the two possible energies corresponding to c . In the 
case of PbTe two important experimental facts do not fit the two 
band ellipsoidal model: a) The longitudinal effective mass for elect
rons and holes is too great to justify the noglect of the free electron 
term and b) the respective effective masses of electrons and holes 
differ considerably, while t'ae two band ellipsoidal model predicts 
equal effective masses for electrons and holes. Nevertheless, the two 
band ellipsoidal model was used extensively to interpret experimental 
transport phenomena in all lead chalcogenides^ . 
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3. COMPARISOS BETWEEN THE TWO BAND ELLIPSOIDAL AND SIX BAND MODELS 

Since much theoretical vork has been done with the two band 
ellipsoidal model , it is of Interest to compare this model quantita
tively vith a more exact one. In order to obtain hotter agreement we 
used the appropriate experimental effective masses in the two band 
ellipsoidal model, wherever required. This adds a phenomenological 
element to the calculations, since, as mentioned above, in the two 
band ellipsoidal model the effective masses of holes and electrons are 
equal. For comparison we chose the results of Dimmock , performing 
calculations for PbTe and Pb „, Sn .. Te. The only difference 
between the calculations for the two materials is in the different 
values of their energy gaps E . In the calculations we use atomic 

2, g units: fi - 2m - e /2 - 1. The energy unit is 1 Ryd = 13.6 eV. The 
experimental effective masses are as follows : 

m. - 0.012 m, = 0.011 
jc lv 
m„ - 0.12 m„ » 0.165 
|c |v 

(21) 

The effective masses are related to the constants P. and P. 
through the equations 

m l 2 Jl • m|l 2 „2 

The energy gaps of PbTe and Pb „, Sn 1 7 Te were taken as .014 and 
• o J • i / 

0.008, respectively. To sum up, we obtain the. following dispersion 
relations in the two band ellipsoidal model: 
a) for the conduction band: 

E(E + E) - 0.58 p 2 + 0.058 k 2 (22) 
g z 
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b) for the valence band 

E(E +E) - 0.636 o 2 + 0.045 k 2 (23^ 
g z 

where p • k + k' . x y 
Dinmock's dispersion relation is : 

(E-1.81 k2+3.38 p2)(E+E +0.87 k2+7.23 t>2> - 0.033 k2+0.536 o 2 (24) z g 2 I 

Equation (24) yields both Che conduction and valence bands simultaneously. 
Figures 1 and 2 show equal energy contours in k-space of valence and 
conduction bands for both materials. The equal energy contours referred 
to by Ravich et al. were calculated using dispersion relations 22 and 
23. 

An important quantity related intimately to the band structure 
is the density of states function. In general, for a given dispersion 

2 2 h relation E - E(k ,p), where p • (k + k ) , the number of states 
D(e) per unit volume in the range e from the band edge is given by 
the following formula (assuming no "hills" or "valleys") 

?«.»«<E> k,(p|t) P,m,„<£> 
i B ( E ) - - S ^ 2irpdp-2 dk - " V pk(p,e)dp (25) 
4 ( 2 T T ) 3 1 I z n 2 > z 

The factor -r appearing on the left-hand side of Eq. 25 is needed 
because of the existence of four equivalent L points in the first 
Brillouin zone. The quantity k (p,e) appearing in the integrand is 
an inversion of the dispersion relation e - e(k ,p) and the quantity 
p (e) is an inversion of e » c(0,p ). For Dimmock's dispersion max 'max r 

relation the integration must be carried out numerically, but for the 
two band ellipsoidal model there is a well known analytical formula . 



16 32 
p(xK>s> 

Fig. 1. Equal energy contour* of the band edges of FbTe (Eg-.014). the fine 
contour i» .003 Ryd off the band edge and the others are .006 Ryd 
apart, a) conduction band; b) valance band. 

Two band ellipsoidal model Disauck's model 

pUtol P(xtO') 
Fig. 2. Equal energy contours of the band edges of P b g 3 Su.u Te («,". 

The first contour is .001 Kyi off the band edge and'the others 
a) conduction band; b) valence band. 

Dinmock's nodal 

008). 
are 

.002 »yd apart. 
Two band ellipsoidal nodal ; 
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Inserting Into this foraula the values of the corresponding effective 
masses for PbTe, w« obtain: 

a) for the valence band: 

D(s) - 0.00160 c 3 / 2(l + y - ) 3 / 2 

g 
(26) 

b) for the conduction band: 

D(e) - 0.00165 e 3 / 2 ( l + § - ) 3 / 2 

E g 
(27) 

A plot of the Integral density of states functions for both models is 
given in Fig. 3 for PbTe. 

4x1(5* 

E(xKf) 
Fig. 3. Integral sojMltr of s ta tes Inaction for PbTe. a) conduction bands 

b) valeace bans. I - 0.014 kyd 

TMS baas e l l i s e e i e a l msaal ; — Diaawck's model 
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4. A NUMERICAL FIT OF THE TWO BAND ELLIPSOIDAL MODEL 
TO DIBMCCK'S MODEL 

In practice. Dimmock's model Is quite difficult to handle. 
Interpretation of aiaple physical quantities involves manipulation of 
rather cumbersome expressions, oftsn requiring the use of a computer. 
Analytical expressions for transport coefficients, analogous to those 
derived by Ravlch et al., cannot be obtained. Under normal circum
stances the populated region extends several thousandths of a Ryd from 
the band edges. Inspection of Figs.l .ind 2 reveals that in this region 
both models ace in fair agreement, and thus the simpler expressions 
of the two band ellipsoidal model may be used to estimate the non-
parabolic effects. In this section we present an attempt to improve 
formally the agreement between both models. This can be accomplished 
by modifying physical constants to "effective" values. 

In the two band ellipsoidal model we have three physical constants 
at our disposal: m, , m , and E . We have chosen to modify E 

11 * 8 * g 
only, and to choose values m. and m.. which match the corresponding 
effective mass values at the band edges in the Dimmock model. The 
band edge is the region most heavily populated by charge carriers, 
and this matching guarantees that both models coincide at the band 
edge region regardless of the value of E , the "effective E ". The 
effective masses at the band edges in the Dimmock model can be calcu
lated by solving approximately the dispersion relation 24. When 
=- •* 0, we have 

(E-1.81 k2-3.38 p 2) E « 0.033 k 2 + 0.536 p 2 C28) 

(29) 
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Therefor*. Cor the conduction band Che effective •»•>••.••» are: 

4».^2aa + 1 .8i , - L _ . 2 ^ 3 6 + 3 > 3 8 (30) 

On the other hand, when • " •» 0, we have 
E+E 
E 
f 

-E C-c+0.87kJ + 7.23oZ) = 0.033k? + 0.536P2 (31) 

where s - -(E +E) 

( ^ H ^ f t ^ + H ' 2 ™ 
Therefore, Cor Che valence band the effective Basses are: 

4 - . <L|33 + 0.87 , 4 . . 0,136 + 7.23 (33) 
8 " 

The fitting procedure la a* follow*: An energy E is chosen 
which define* the.ration in the Brillouin zona to be fitted. Next the 
quantities k, and P are fouud fro* the relations: 

23 M 

V w o. E
8> " ». (34) 

E^O, pm, Ef) - E a (35) 
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where E_Ck_, p, E ) la the two band ellipsoidal aodel dispersion 
relation. Tha quantity we would like to alniaiz* with reapect to u 
la: 

P k 
Ku.E .Ej - I dp j dk j,(E R(k i,c,»)-E D(k i,p,E g)) i (36) 

where E_ ia Dlaaock'a dlaperalon relation and u atanda for E in 
E_. Tha integral on the right hand aide wae approximated by a sum 
over a denee net of points evenly spread in the integration area. 

<u-VE.>" ^r\j[k*.i'V^-V k.t'Vv] ( 3 7 ) 

Tha minimisation of I(u,E,E ) with respect to », holding E and 
E constant, yields a relation: 

E* - E*(E ,E ) (38) 

* whjre E ia the value of u which minimizes I(u.E ,E ). C g « 
As written explicitly in Eq. 38, the value of E depends both 

on B and E . Tha choice of E should be baaad on tha physical 
conditions; in degenerate Material, E should be chosen in the 
vicinity of tha Feral energy, and in nondegenerate asterial E should 
ba of the order of several kT's. In Tablaa 1-4 we preaent numerically 
calculated values of the function E (E .E) for valence and conduction 
bands and for two values of E : 1) E - .018 Ryd and 2) E - .030 Ryd. 
Tha aaount of iaprovwwnt is Indicated by the para»atar r; 

I (V'i'V 
I(E*,K g,E m) 
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TABLE 1: Conduction band, E • .030 

3 * 3 
V V r 

1 2.03 2.79 
2 4.03 2.81 
3 6.03 2.84 
4 8.01 2.86 
5 9.99 2.88 
6 11.96 2.91 
7 13.92 2.93 
8 15.87 2.95 
9 17.82 2.97 
10 19.77 2.99 
11 21.72 3.01 
12 23.67 3.02 
13 25.61 3.04 
14 27.56 3.05 

TABLE 2: Valence bai.d, E - .030 m 

3 * 3 E xlO 8 E xlO g r 

1 1.23 4.33 
2 2.44 4.27 
3 3.64 4.20 
4 4.81 4.13 
5 5.98 4.05 
6 7.12 3.98 
7 8.26 3.90 
8 9.38 3.83 
9 10.50 3.75 
10 11.60 3.68 
11 12.70 3.62 
12 13.78 3.55 
13 14.86 3.49 
14 15.93 3.43 
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TABLE 3: Conduction band, E - .018 

3 * 3 E xlO J E XlO B r 

1 1.45 2.60 
2 2.93 2.63 
3 4.42 2.65 
4 5.93 2.68 
5 7.45 2.70 
6 8.99 2.72 
7 10.55 2.74 
8 12.11 2.76 
9 13.69 2.78 
10 15.27 2.80 
11 16.87 2.82 
12 18.48 2.83 
13 20.10 2.85 
14 21.73 2.87 

TABLE 4: Valence band, E - .018 in 

E xlO 3 

B 
* 3 E xlO S r 

1 1.03 1.23 
2 2.06 1.33 
3 3.11 1.44 
4 4.15 1.55 
5 5.19 1.66 
6 6.23 1.76 
7 7.27 1.86 
8 8.31 1.95 
9 9.34 2.03 
10 10.38 2.10 
11 11.41 2.16 
12 12.44 2.21 
13 13.47 2.25 
14 14.50 2.28 
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In order to illustrate the effect of the optimization en the 
band »tructure, ue have plotted in Figs. 4 and 5 the sane equal energy 
contour* which appear in Figs. 1 and 2, substituting F. for E . 

5. DISCUSSION 

The calculation presented in this report can be used to estimate 
the difference between predictions based on the two band ellipsoidal 
modal on one hand and Diamock's on the other. This ia important from 
the practical standpoint , since calculations with the six band model 
almost always require computer programs, while the other model yields 
simple, analytical formulas. The first step in making such an estima
tion should be the determination of the electron states involved in 
the physical phenomena being examined. In transport phenomena the 
states involved are those which are populated by the free charge 
carriers. In nondegenerate samples those states lie within a range of 
the order of kT from the conduction and valence band edges. Since 
one atomic energy unit (Rydbrrg) is 13.6 eV, at the typical temperature 
of 100'K, kT <>. 6xl0~ Ryd. Inspection of Figs. 1-5 shows Chat both 
models are practically equivalent in that range. Thus, the two band 
ellipsoidal model is an excellent approximation in the study of trans
port phenomena in nondegenerate samples. The situation is nor. much 
different in degenerate material since the Fermi level is usually not 
beyond the range of several kT's from the band edges. 

Consequently, the difference between the two models can be 
significant only in the study of surface phenomena where deep inver
sion or accumulation layers may be present. A method to extend the 
range of applicability of the two band ellipsoidal model by introducing 
the effective band gap E was presented in Sec. 4. By doing this 
we take into account the influence of the more distant bands and the 
free electron term on the band edge structure. 
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PUK?) P{*\0') 

Tit- 4. Equal energy contour* with effective energy gap for PbTe 
a) conduction band; b) valence band. 

Two band ellipsoidal model with effective energy 
Dlaaock'a modal 

(E g-.014). 

gap 

JC a -

20 10 20 0 4 (2 
PUK?) PUK?) 

Fig. 5. le«el eaergy eMteere with. effective energy «»P far J» , , S» , , T« (E -.008). 
a) cemamctlea bane; b) veleaee bend. - 1 7 • " « , " " " ' • 
— — torn fcaae allty—laal aeaal wick effective energy gat 
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E was determined by a nuaerlcal fit of the two band ellipsoidal 
model to Diamock's eodel in a certain region of the Brillouin zone. 
It can be determined alternatively by fitting various physical quanti
ties, such as the effective masses, density of states, etc. Each * 
procedure may yield slightly different values for E . However, it is 
likely that the use of E will reduce the discrepancy between the 
values obtained for any physical quantity derived from the band edge 
structures of both models. 
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