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ABSTRACT 

We present a detai led treatment of the theoret ica l and experimental 

aspects of the symmetric (e ,2e) reaction in atoms, molecules and s o l i d s . 

Two experimental arrangements are described for measuring angular 

correlations and separation energy spectra, the one arrangement employing 

coplanar and the other noncoplanar symmetric kinematics. The l a t t e r 

arrangement i s shown to be particularly suitable for extract ing structure 

information. The basic approximation, the factorized distorted-wave 

o f f - she l l impulse approximation with fu l ly distorted waves, i s shown 

to correctly describe the reaction in some t e s t cases , as does the 

phase distort ion approximation. At energies of the order of 1200eV 

the simple eikonal and plane wave approximations adequately describe 

the valence she l l cross sections for l i gh t atoms and molecules containing 

f i r s t row elements. Energy independent structure information i s obtained 

on: (a) shapes and magnitudes of the square of the momentum space wave 

functions for individual electron orb i ta l s ; (b) separation energies for 

individual ion eigenstates; (c) the characteristic orbital of each state; 

and (d) spectroscopic factors describing the probability that an eigenstate 

contains the principal configuration of a hole in the characteristic 

orbital for each eigenstate. Comparison is made with photoelectron 

spectroscopy and Compton scattering, since they separately yield some 

of the information obtained by the (e,2e) method. A brief summary i s 

given of other electron-electron coincidence experiments. 
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1.1 

1. Introduction 

During the last decade the coincident detection of outgoing 

part i c l e s resul t ing from atomic co l l i s i ons has become an increasingly 

•ore powerful and important tool for invest igat ing atomic processes. 

There are two primary reasons for this recent sharp rise of in teres t . 

The f i r s t i s the re la t i ve ly recent development of s ingle part ic le 

detection techniques for low energy e l ec trons , photons, icns or neutrals . 

The other reason i s the influx of ideas from nuclear physics , where many 

coincidence techniques with more recent paral le l s in atomic physics 

have been standard for some time. An example i s the (e ,2e) reaction, 

whose analogue in nuclear physics i s the (p,2p) reaction. These la t ter 

experiments [ 1 , 2 ] involve bombarding a nucleus with high energy protons 

and observing the scattered and ejected protons in coincidence. The 

aim i s to observe the momentum distribution of protons in s ingle part ic le 

s tates in nuc le i . The primary aim of the (c,2e) experiments reported 

here i s to extract information on the structure of the target system 

and the residual ion such as orbital momentum distr ibut ions and the 

e f fec t s of electron correlat ions . In fac t , in the short time that (e,2e) 

experiments have been carried out they have been rather more successful 

in their aim than the (p,2p) experiments. 

We define an (e,2e) experiment as an electron impact ionization 

experiment in which the kinematics of a l l of the electrons is fu l ly 

determined. We are concerned with c o l l i s i o n processes of the type 

e * M ( n ) - M ( n + 1 ) • 2e ( 1 . 

when M is some atomic target system (atom, molecule, ion or solid) 

in charge state n. In the usual nomenclature this is known as electron 
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impact io- Lration or single ionization by electron impact. If only 

the energies of the electrons are Measured, the information obtained 

is limited to the separation or binding energies of the ejected electrons. 

The experiment is then the electron scattering counterpart of ESCA 

or photoelectron spectroscopy which has greatly increased our understanding 

of the structure of natter [3-5]. If in addition the amenta of the 

electrons are measured then, under the right experimental conditions, 

detailed information can be obtained on the momentum distribution of 

electrons in the target. 

Although w». limit ourselves in this review to a detailed discussion 

of those (e,2e) experiments whose primary aim is to obtain information 

oa electron binding energies, momentum distributions,and relative excitation 

cross sections, we summarize in section 2 the various types of electron-

electron coincidence experiments which have been carried out. 

As we will show later, under ideal conditions the (e,2e) reaction 

enables direct measurements to be made of electron momentum densities 

for electrons in specific single particle orbitals. Compton scattering 

[6,7,8], high energy electron inelastic scattering [9], and positron 

annihilation [10,11] also provide a means for obtaining electron 

momentum densities. However, these latter techniques, which are 

discussed in section 3, provide only integrated momentum densities 

summed over all of the occupied orbitals. In addition to single particle 

momentum densities the (e,2e) reaction enables information on the 

correlations of electrons to be obtained from the relative differential 

cross sections for exciting different eigenstates of the residual ion. 

In section 4 we discuss the experimental principles and apparatus 

used in («,2e) experiments. The basic theory is developed in section 5. 

l.S 

The wave functions for the unbound electrons are discussed in section 6 

and in section 7 the structure information to be obtained from atoms and 

molecules is discussed. 

Approximations made in the calculation of the (e,2e) cross section 

are presented in section 8. The reaction mechanism for ground state 

transitions is investigated in the next section. The complete 

understanding of such transitions under certain experimentally-achievable 

conditions justifies the use of the approximations in section 8 in 

investigating systems whose structure is much less simple. The next 

two sections concern themselves with discovering the structure of the 

ions and of the target ground states. The case of the argon h* ion 

st?tes is taken as an example of the information that can be obtained 

on the structure of ions. Helium and H. provide examples for 

investigating target ground states since the ion states are particularly 

simple, being one electron states. 
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2. Electron-Electron Coincidence Experiments 

Electron-electron coincidence experiments fall into various 

categories depending on the scattering kinematics and on the degree 

to which the kinematics i s determined in the experiment. The scattering 

geometry in an experiment involving the single ionization of a target 

by electron impact is shown in figure 2.1. An electron with momentum 

k f l and energy E is incident on a target. The direction of the z axis 

of the fixed co-ordin-ite system is represented by kQ. Two electrons 

emerge from the ionizing collision with energies E, and E_ and momenta 

k. and k in the directions given by the angular co-ordinates (0 . , $.) 

and ( 0 B > $ D ) ' Since in the absence of polarized targets or incident polarized 

electrons only the relative azimuthal angle (•»-•») * s important, we 

can put d> = TT and $. « $ as shown in figure 2.1. This i s of course 

equivalent to the more usual convention of putting $. - 0 and $ = *-$. 

If the kinematics is fully determined then the energy and 

momentum conservation equations are respectively 

E - h * EB * Eo " e i ' i 2 A ) 

a - i o - k - i B * ( 2 - 2 ) 

where the recoil energy of the ion has been neglected for convenience 

of notation only, and the target is assumed to be initially at rest 

(i.e. thermal energies are ignored). The sum E of the final kinetic 

energies is called the total energy. The quantity e., the separation 

energy (or binding energy), is the energy difference between the 

initial state of the target and the final ionic state. The momentum 

transfer £ is the recoil momentum of the ion. This should not be 

confused with the quantity 
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which is the momentum lost by the "scat*:red" electron A, where k. > k . 
A B 

This is the momentum transfer referred to in non-coincidence scattering 

experiments, both ionization and excitation. Although in an icnizing 

collision the two outgoing electrons are indistinguishable, it is 

customary to refer to the higher energy electron as the "scattered" 

electron and the lower energy electron as the "emitted" one. 

If the outgoing electrons are detected without using coincidence 

techniques, then the electrons come from different independent events 

and the resultant cross section, differential in the direction and energy 

of one of the outgoing electrons, is referred to as the double differential 

cross section. The variation of this cross section with energy at a fixed 

angle is called the energy loss spectrum of the first kind. The energy 

loss spectrum of the second kind is obtained by integrating the double 

differential cross section over all angles. The extensive measurements 

of double differential cross sections which have been made have been 

recently reviewed by Oda [12], Opal, Beaty and Peterson [13] and by 

Inokuti [14]. 

The various cross sections which can be derived by integrating 

over certain coordinates in the (e,2e) differential cross section 

«»A «*B 

have been discussed by Ehrhardt, He&selbacher, Jung and Willmann [15]. 

On allowing for different final states of the ion this cross section, 

often misnamed the triple differential cross section, must be measured 

for points in a six dimensional space, 

Several types of experiment*; concerned with quite different aspects 

of the ionization process have taken different cuts in this space for a 

variety of target systems. 
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2.1 Asymmetric kinematics at low energies. 

The first electron-electron coincidence experiment in which the 

scattering kinematics was fully determined was that of Ehrhardt, 

Schultz, Tekaat and Willmann [16] using low energy electrons in order 

to test theoretical models for the electron impact ionization process. 

Using helium as the target they observed transitions between only the 

ground states of the atom and ion. The "scattered" (i.e. higher energy) 

electron was detected at an angle close to zero with energy E slightly 

less than E and with incident energies less than 260eV. The coincidence 

rate was detected as a function of the angle 8 of the "ejected" slow 

electron which was coplanar with the incident and scattered electron 

($ = 0). The principal results of their experiments for helium were 

that with this very asymmetric situation, the angular correlation 

exhibited two peaks. The one peak close to the direction of linear 

momentum transfer K is called the binary encounter peak. The other 

peak, called the recoil peak, is found in a direction nearly opposite 

to the binary encounter direction, and therefore it corresponds to a 

process involving the transfer of a large amount of momentum to the ion. 

The work on helium [16-18] has recently been extended to ground state 

transitions in argon [19] and to electronic ground state transitions 

in H 2 and N 2 [20], 

There have been several, largely unsuccessful, attempts to explain 

the experimental results obtained for helium by Ehrhardt and co-workers. 

Vriens [21], Jacobs [22], and Robb, Roundtree and Burnett [23] all used 

the Born approximation. Coulomb effects were allowed for in different 

ways by Salin [24], Schulz [25] and Geltman [26]. Phillips and McDowell 

[27] showed that the process in which the incident electron is captured 
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and the two atomic electrons are excited to the continuum is unimportant. 

The various calculations usually either predict the wrong ratios of the 

magnitude of the recoil peak to that of the binary encounter peak, or 

the wrong directions for these peaks, or both. These theoretical 

difficulties can be easily understood since the kinetic energy E of 

the low energy emitted electron is always quite small (< t) in these 

experiments even for incident energies of 256eV. The electron waves 

will therefore be rather severely distorted from either the assumed 

plane waves or Coulomb waves. Such experiments are therefore of very 

limited use in obtaining information on the structure of the target or 

ion states. Further this asymmetric arrangement emphasises the long 

range nature of the Coulomb interaction between the electrons, which 

tends to invalidate the binary encounter-impulse type approximations. 

Very recently the many-body Green's function theory of Taylor and 

Yarlagadda [28] has been applied in the lowest order [29?to the 

ionization of helium. Two models are considered by Baluja and Taylor, 

corresponding to "passage times" of the incident electron being either 

smaller (high energy) or greater (low energy) than the "ionization time". 

This theory, involving time concepts net measured in the experiments, 

gives an apparently better f i t to the data. 

2.2 Asymmetric kinematics at high energies. 

At high incident energies the cross section for forward scattering 

can be related to the generalized oscillator strengths f(K,E') by [30,31] 

. 4 kA 1 -,„ F , . kA(do d 2o w f(K,F/), (2.5) 
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where E ;= E -E, is the energy loss in the collision, K = k -k is 

the momentum transfer of equation (2.3), and (do/dfl)R» 4/K" is the 

Rutherford cross section. (Rydberg atomic units with 1 a.u. of 

momentum = a have been employed.) The generalized oscillator 

strength f (K,E') is defined as 

, N iK.r. 
f(K,E') * E'|«<*f| I e m ' J h . > \ 2 , (2.6) 

* * j=l x 

where ty. and * f are the initial and final target states, and r. i s 

the instantaneous position of the jth of N target electrons. The 

generalized oscillator strength may be expanded into terms of K for 
iK.r 

small K when the operator e * * is expanded in a power series of K 

around K = 0. 

f(K,E')=f ( 0 ) (E') • K 2 f ( 1 ) (E ' ) • K*f ( 2 ) (E') • . . . (2.7) 

where f (E ;) is the optical dipcle oscillator strength which is 

directly proportional to the cross section o(E) for photo absorption 

[31]. 

f L
( 0 )(E') -E'l^fljSj £,!*!>'2* ( 2' 8 ) 

Therefore for small K, that is for large impact energy E Q and scattering 

angle 9. * 0, the cross section (2.5) is proportional to the optical 

oscillator strength for the transition. For such glancing collisions 

the process is then equivalent to that produced by the absorption of 

a photon of energy E'» E -E.. (Hence the name "pseudo-photon" which 

is sometimes associated with such electron scattering experiments.) 

If the transition is to the continuum, ionization follows the inelastic 

scattering event. Van der Wiel and co-workers [32-37] have used this 

method of simulating photo-ionization, the great advantage being that 
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the "photon" energy can be easily and cheaply varied. In these 

experiments the fast forward scattered electrons were detected in 

coincidence with the slow electrons emitted at right angles to the 

beam direction. The experiments yielded binding energy spectra directly 

comparable with those obtained in photoelectron spectroscopy. Since 

angular correlations are not measured in these experiments no information 

can be extracted on the distribution of recoil momentum q. In fact, 

under the scattering conditions employed q cannot be unambiguously identified 

as th<? electron momentum. The primary aim of the experiments by Brion, 

van der Wiel and co-workers is to produce partial oscillator strengths. 

An extreme case of this technique is that of threshold electron 

detection, in which the outgoing ejected electrons of energies below 

approximately O.leV are collected over the whole angular range of 4ir 

geometry (37]. These experiments are equivalent to threshold photoelectron 

spectroscopy. The count rates are particularly favourable in this arrange

ment, aided by the large solid angle as well as the kinematical conditions. 

2.3 Symmetric geometry - Electron momentum distributions 

Since the two electrons emerging from the ionizing collision are 

indistinguishable, it is an advantage to choose the symmetric experimental 

arrangement in which the two outgoing electrons are detected at equal 

angles 6 A • 6 B • 0 and with equal energies E A - E_. This maximises 

the momentum transfer K thus ensuring close electron-electron collisions. 

This is in contrast with the distant collisions observed in the case of 

forward scattering (K * 0). 

In close collisions, if the velocity of the incident electron is 
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sufficiently great, the effect of the potential binding the other 

electrons can be largely neglected, and the collision regarded as 

one betveen two free electrons. This also applies to the final state 

since both emerging electrons have the maximum possible velocity. Both 

conservation laws (2.1) and (2.2) hold with -q being the momentum of 

struck electron before the collision and e. its binding energy. With 

this interpretation binding energies of single particle states in the 

target correspond to those values of e for which coincident electrons 

are detected. By keeping e fixed and varying the angles the distribution 

of momenta q can be obtained for an electron in a state of given binding 

energy. The magnitude of the momentum transfer is given by 

q » |(2kAcos6 - k Q ) 2 • 4kA
2sin26sin2'i<t>r. (2.9) 

In a quantum mechanical description, this momentum distribution 

would be given by the square of the momentum space wave function, 

which is simply related to the position wave function through a Fourier 

transform. According to this simple picture the (e,2e) reaction should 

be a most important tool for atomic structure determination. The extent 

to which this simple model is valid will be discussed in later sections 

in which a more rigorous theory is developed. 

There are two symmetric experimental arrangements which are 

particularly useful. The first is the coplanar symmetric geometry, 

in which E » E_, k « k_, <)> « 0 and the angle 6 > 6. > 6_ is varied 

for a given separation energy e. • E -E.-E-. The different values of 

q selected in this case are all parallel to the incident direction k . 

This is shown in figure 2.2(a) where the angle 6 is the angle for 

which q « k -k.-k- - 0. If the binding energy e. is negligible with 

respect to the total energy E « E.+E-, 6 • 45* for nonrelativistic 

kinematics. 
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In the second arrangement, the r.on-coplanar symmetric geometry, 

k » kg and 6 = 9 are a l l kept fixed and the angle $ is varied. The 

se lected values of the womentun transfer q then al l l i e in the plane 

perpendicular to k ( f i g . 2 .2b). 

K'c can also consider a third arrangement, which i s however not 

quite as symmetric as the previous two. This i s the energy sharing 

method depicted in figure (2.2c) in which the angles 9 = 6 (= 9 ) 
t\ D U 

and $ (= 0) are kept fixed and magnitudes of the final momenta varied 

about k^ = k . This means that F 2nd E are varied, although their 

sum I- has to remain constant for a given separation energy. If the 

magnitudes of k and k_ are varied by changing E to F..+/.E and E_ 
A B A A B 

E B-AE, then k A and kfi change by Ak * &F./2kA if (tt/k) 2 is small, and 

momenta q perpendicular to k are explored. In atomic units (a " ) 

the magnitude of q is given by 
q = 2Ak sine ££ sinft . (2.10) o k, o A 

The first suggestions that the (e,2e) reactions may be used to 

measure electron momentum distributions were made by Baker, McCarthy 

and Porter [38], Smirnov and Neudatchin [39], and by Glassgold [40], 

who based their arguments on earlier considerations of (p,2p) reactions. 

In a subsequent paper Neudatchin, Novoskol'tseva and Smirnov [41] used 

the impulse approximation to predict the results of experiments on atomic, 

molecular, and crystalline targets. Glassgold and Ialongo [42] derived 

a Born approximation expression for the angular correlation. Levin [43] 

used multiconfigurational wave functions to show how the effects of 

correlations may be observed in (e,2e) experiments. 

The first experiment aimed at obtaining momentum distributions 

was the coplanar symmetric (6 A = 0_, $ « 0 and F„ = E f i) experiment of 
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Amaldi, Egidi, Marconero ar.dPizzella [44]. They used high incident 

energies (- 14.6 KeV) and thin film targets and showed the possibil i t ies 

of the method although no angular correlations were obtained. By using 

an improved apparatus and a thin carbon foil Camilloni, Giardini-Guidoni, 

Tiribelli and Stefani [45] were able to measure the momentum 

distributions for electrons in the carbon Is state, but they were 

unable to resolve the 2s and 2p components of the valence shell . 

The work of Weigold, Hood and Teubner [46] showed the true 

potential of the method in studying the valence states of atoms, 

including the effects ot electron-electron correlations. The nor. 

coplanar symmetric geometry was used in this experiment. The rjvantages 

of this geometry will be discussed in the following sections. Since 

that time a series of experiments at the Flinders University Laboratory 

has extended the method to the investigation of the valence shells of 

other inert gas atoms [47-51] as well as to molecular orbitals [52-55]. 

The experiments are analysed using the distorted wave off-shell impulse 

approximation [47,48,56,57], Both the theory and some of the experimental 

results will be discussed in detail in the following sections. 

2.4 Threshold Studies. 

One experiment fal ls under this category, that of Cvejanovic and 

Read [58], who studied the electron impact ionization of helium for 

total energies E = E

A * E

B

 i n t h e range 0.2 to 3.0eV. A coincidence 

time-of-flight technique was used to measure the energy distribution 

function, which was found to be uniform in the range 0.2 to 0.8eV. 

This is in contrast ;o the well known behaviour at high energies [12] 

where the energy distribution function i s known to have a minimum at 
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E./E * 0.5, i .e . when the two outgoing electrons ihare the energy 

equally. 

At very low energies the coplanar angular correlation function 

should not depend on the individual detection angles 6 and 6 but 

only on the relative angle 6 R . By taking measurements at 0 = 180° 

and 150° they found that the width of the angular correlation function 
i. 

increased with the energy E in a way which is consistent with a E4 

dependence. 

2.5 Autoionizing transitions. 

In a recent experiment employing the (e,2e) technique, Keigold, 

Ugbabe and Teubner [59] observed autoionizing transitions from the 
1 2 1 

(2s,2p) P and (2p ) D levels of helium at incident energies of 200eV 

and 400eV and a scattering angle 0. of 10* , 0 being varied from 70° 

to 130*. Information was thus obtained on the resonance and direct 

cross sections and their interference as a function of the momentum k_ 

of the emitted (or cascade) electron for known values of the momentum 

transfer K - k -k,. All previous studies of autoionization involved 
m> mO » A r 

the integration over at least the momenta of the undetected electron, 

either the "emitted" or "scattered" electron. An additional major 

advantage of the technique i s that i t provides information which can 

be compared directly with scattering theory without incurring any 

ambiguities from normalization of the experimental data, being in 

this respect similar to the electron-photon angular correlation 

experiments [CO,61]. In this experiment i t was necessary to vary both 

EA and E g as a function of the angles 6. and 6. at each incident energy 

EQ, and therefore a large cut was made in the six dimensional space of 

the differential cross section 0, (eq. 2.4). 
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3. Experimental Techniques for Structure Determination 

In the following sections we will show in detail how the syasaetric 

(e,2e) reaction discussed in section 2.3 ran be used to directly Measure 

details of the momentum space wave functions of single particle states 

in the target as well as for determining electron correlation effects 

in both the initial target and final ionic states . Some of this 

information can be obtained by other techniques and the purpose of 

this section is tc briefly outline these techniques and compare them 

with the (e,2e) method. 

Since in the (e,2e) experiment the energies of all of the electrons 

are measured, a peak in the separation energy spectrum corresponds to * 

state of the final ion and may be related to a single electron energy 

level just as in photoelectron spectroscopy, which i s discussed in 

section 3.1. Although photoelectron spectroscopy does not measure the 

momentum distribution of the ejected electron, since the momenta are 

uniquely related t the energies, there are at present several other 

techniques which obtain information on electron momentum densities. 

These are X-ray and gamma-ray Compton scattering (section 3.2), high 

energy electron scattering (section 3.3) and positron annihilation 

(section 3.4). All these methods in common rely on the measurement 

of an extra component of the momentum present in the total momentum 

of the outgoing particles due to the ini t ia l momentum of the bound 

electron. In this process the electron i s removed from i ts orbital 

since all knowledge of i t s position must be lost. Unlike (e,2e) or 

photoclectron spectroscopy, none of these methods yield any information 

on electron binding energies. 

3.2 

3.1 Photoelectron Spectroscopy 

In recent years photoelectron spectroscopy has greatly increased 

our knowledge of the structure of matter, i t s main contribution has 

come through the measurement of the binding energies of the electrons, 

which are given by the energy differences between the incident photons 

and the emitted electrons. It has.been customary to divide the field 

into two domains depending on the source of photons, being either an 

ultraviolet (UPS) or an X-ray source (XPS or ESCA). With the advent 

of the continuously variable monochromatic sychrotrem sources such 

distinctions are no longer viable. In addition the high energy asymmetric 

electron impact ionization technique discussed in section 2.2 i s 

completely equivalent to photoelectron spectroscopy, having the 

advantage that the "photon" energy can be readily varied and at a 

cost which i s very small compared to that of constructing and operating 

a sychrotron light source in the vacuum ultraviolet and X-ray region. 

Several recent reviews of photoelectron spectroscopy exist 

[3-5, 62] . The early efforts in photoelectron spectroscopy placed 

most of the emphasis on the measurement of separation energies, but 

•ore recently i t has been shown that the large variations in the differential 

photoionization cross sections as a function of the incident photon energies 

can serve as an aid in the assignment of the spectral bands [63]. This 

i s due in part to the fact that experiments at different energies 

emphasize different electron momenta. However, as discussed later, 

our understanding of the details of photoelectron reactions i s inadequate 

to quantitatively relate structure information at different energies, 

since the apparent structure parameters are energy dependent, in 

addition the measurements of the angular distribution of photoelectrons 
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have implications for the understanding of the nature of the states 

involved in the photoioniration transition [64-66]. However, at low 

energies the inversion of the data to obtain information on the molecular 

orbitals appears to be too diff icult . This i s partially true even for 

photoionization resulting in the ejection of electrons of quite high 

energy [65]. Indeed i t is s t i l l an unanswered question at what ( i f 

any) energies of the ejected electron i t i s a good approximation to 

assume a screened hydrogenie function or even a plane wave for the 

electron. Work by Manson and Cooper [67] suggests that hydrogenic 

wave functions are a quite poor approximation even up to energies of 

10 KeV. This can be understood from the following considerations. 

The photoionization cross section i s just proportional to the 

optical dipole oscillator strength (eq. 2.8] and in the dipole length 

formulation i t i s given by (in units of a* ) 

0 \ ( M ) » 4w 2 af . ( 0 ) (E' ) - 4*2cuV|<*J Z r . | T . > | 2 (3.1) 
L 1 L t jmf*j l 

where T. and T. are the ini t ia l bound and final continuum N electron 

wavefunctions, r. are the position operators, a is the fine structure 

constant, and E'and k 2 are the energies of the incident photon and 

emitted electror. respectively. The photoionization cross section may 

also be calculated using the dipole velocity formula 

O-yC*!2) - 4w 2 af v

C 0 ) (E') - 16f2aE' |<¥ f |1 V̂  | ¥ ^ 1 2 . (3.2) 

These two formulae, as well as the seldom used acceleration formula, 

give the same result i f f i and ff are both exact [68]. The dipole 

length, velocity, and acceleration formulae emphasize respectively 

the large, intermediate, and short distances from the nucleus. The 

difference between the values obtained using the three formulae i s a 

useful indication of the errors introduced by the use of approximate 

wave functions. 

3.4 

The poorest approximations made for photoionization up to now 

are for the continuum electron wave functions X (k,r) . One would 

not expect plane waves or Coulomb waves to be a good approximation 

at low energy, where the momentum of the ejected electron is of the 

order of aQ~ . 

At energies of a few hundred eV the electron momentum is of the 

order 10 a_ . In the plane wave approximation the main contribution 

to the cross section (3.1) or (3.2) comes from the part of the bound 

state wave function within 0.1 a f l of the nucleus. At 10 keV the 

i ~ v l w , l c l 1 weeuns n i n i n one electron Compton wavelength (* 1C"2 

of the nucleus [69]. 

photoeffect occurs within one electron Compton wavelength (* IO'^SQ) 

Although the Coulomb potential at the nucleus is perhaps a good 

approximation to the actual potential felt by the electron, the 

Coulomb scattering wave function i s totally unrealistic. This can 

be understood by a WKB-type argument, realising that to reach the 

centre, an electron must pass through a potential very different 

from Ze 2 /r . 

Fig. 3.1 i l lustrates the total inadequacy of Coulomb [70] or plane 

wave approximations to x • *« have compared the phase arg x 

of an optical model wave function for 400 eV electrons on the argon 

ion (see section 6) with the pha<e of Coulomb and plane waves plotted 

against r on the scattering axis (9 = 0 ) . In this case the phase of 

both Coulomb and plane waves (adjusted to zero at the centre) is kr. 

The magnitude of both Coulomb and plane waves at 0 * 0 i s constant 

(depending on the energy and charge), but for a realist ic optical 

model wave function i t fal ls abruptly after r • 0. 

While i t i s relatively easy to calculate x for an atom, 
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i t would be extremely difficult to calculate i t accurately near 

the atomic centres in a molecule. Structure information obtained 

by photoionization on molecules must remain qualitative until this 

is done. 

Structure information is obtained by considering the relative 

strengths of the "satellite" or "shakeup" lines seen in ESCA spectra. 

These are generally explained by the use of the sudden approximation 

[71-73], In this high energy approximation the fast ejected electron 

leaves the target atom or molecule so rapidly that the other electrons 

do not have time to readjust to the resultant change in the potential. 

The init ial ly formed ionized state H* is therefore not a pure state 

of the final relaxed ion, but can be expressed as a mixture of ion 

states y. of the same symmetry including both lower and more highly 

excited ion states 

¥R(N-1) * W F ^ V ( 3 ' 3 ) 

The transition probability to any final ionic state 4* (N-l). is in 

the sudden approximation proportional to the square of the overlap 

of <Fp and ¥ R, 

p k « l < * F l v l 2 = c k 2 * ( 3 * 4 ) 

This can readily be generalised to include the possibility of 

configuration interaction in the initial and/or final states (see 

section 7). This result, applied to the (e,2e) reaction, is called 

the target Hartree-Fock approximation (7.7). It is developed in detail 

in section 7. Photoelectron spectroscopy at high energy and the (e,2e) 

reaction should therefore both see "satellite" lines, i.e. configuration 

interaction states, with the same relative intensities. This is however 
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not the case, the reason being that the photoelectron cross section is 

dominated by small distances in configuration space, or large momenta 

in momentum space, whereas the (e,2e) reaction cross section is 

dominated by the low momentum (surface) region in which the bound 

wave function is largest. 

The continuum electron wave functions are accurately known in the 

surface region, where they do not depart seriously from plane wave.*. 

In the interior the wave function is entirely different from a plane 

wave and the difference is very energy-dependent. If the energy 

dependence i s not more carefully treated than in present calculations 

[63,65,69,71,72,74,75] this will result in an apparent energy-dependence 

of the structure information. 

In section 11 the overlap integral for the case of the 

ionization of helium is shown to depend quite sensitively on the 

momentum of the ejected electron. Therefore although the overlap 

integral (eq 3.4) can in photoelectron spectroscopy serve as a guide 

to which ion eigenstates can be excited, i t is difficult to use i t in 

a quantitative way. This i s in contrast to the (e,2e) result, where 

energy independent sum rules are found to be satisfied (section 10) 

over a wide range of energies. 

3.2 Photon Compton Scattering 

An excellent review of the literature and progress up to 1972 in 

photon Compton scattering can be found in the article by Cooper [6 ] . More 

recent reviews are also available [7,8] and another comprehensive review 

here would be outside the scope ofthis article. Compton scattering i s 

the inelastic scattering of photons by bound electrons. The fact that 
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the energy distribution of the scattered photons i s Doppler broadened 

due to the init ial momenta of the struck electrons was known as early 

as 1929 [76], and despite severe limitations of equipment a good deal 

of experimental work was carried out in the 1930's. The field then 

remained curiously dormant until the 1960's when i t was revived as a 

practical tool for studying electronic structure of atomic systems 

[77-80]. Since that time the field has developed rapidly in both the 

experimental technique and the theoretical analysis of the data. 

Until quite recently the experiments were carried out using Ka 

and K„ x-rays from heavy elements and measuring the scattered line profile 

with a dispersing crystal [79] . The disadvantage of the method is that 

the scattered signal i s weak and requires the deconvolution of the KQ and 

K0 line shapes. It is also plagued by a background which is difficult 
p 

to allow for. In addition, due to the rapid increase with the atomic 

number of the x-ray photoelectric absorption cross-section, accurate 

profile measurements are possible only for materials with low atomic 

number. 

The x-ray technique has been recently largely replaced by the use 

of low energy monochromatic y-rays and high resolution solid state 

detectors for measuring the energy distribution of the scattered photons 

[81]. This method has the advantage that all the points in the energy 

spectrum, or Compton profile, can be measured simultaneously. But 

perhaps a more important advantage is that for the higher energy gamma 

rays, the ratio of the Compton to the photoelectric absorption cross 

section i s more favourable for scatterers of high atomic number. Further, 

the simplicity of the source spectrum makes deconvolution of the data and 

background subtraction relatively simple. At the higher photon energies 
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it is, however, necessary to introduce reiativistic corrections. 

Let us consider what happens in the single particle picture when 
a photon with initial energy Uj and momentum ̂ (14=1) collides with an 
electron of initial energy and momentum E and k. The final energies 
and momenta of the photon and electron after scattering are respectively 
u 2 a n d £2 a n d E f and k f = k • K, where JC = Y - Y^ On applying the 
energy and momentum conservation laws one finds that the change in energy 
of the scattered photon is given by 

K J -*» K 2 Kq 
1 2 2m m 3m m {-i'i') 

K.k 
where q • y™- • k z is the component of the electron's momentum along the 

scattering vector £, which is taken as the z direction. 

The first term on the right hand side of (3.5) is the usual recoil 

term which i s dependent only on the scattering angle. The second term is 

the "Doppler" term which connects the spectral distribution of the Compton 

scattered radiation with the momentum distribution of the ejected electron. 

The scattering vector K « kj - kg is large and acts as an amplification 

factor so that the momenta k corresponding to energies E of a few tenths 

of an electron volt can be measured. Experimentally one measures the 

energy distribution w, at a fixed angle 6, which i s made as close to 

180* as possible in order to increase the scattering vector K. 

The connection between the experimental data and the electron 

momentum distribution is through the differential cross section. Using 

the f irst Born approximation [80] the non-relativistic cross-section for 

a one electron atom can be written as 
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where ¥ , and ¥. are the ini t ia l and final state wavefunctions for 

the electron and |-nr| is the Thomson scattering cross section. 

Most interpretations of experimental data have been based on a simple 

impulse approximation which (a) ignores the binding energy of the 

ejected electron, (b) assumes that the scattering process involves a 

single electron, and (c) assumes that the final continuum state of 

the electron i s a plane wave. In this approximation, which neglects 

all commutators of the kinetic and potential energies [80,82] the 

cross section for an atom containing many electrons is simply given by 

do da 
dTfl 

where J(q), called the Compton profile, is given for each electron by 

J(q) «jp(k)dkxdky. (3.8) 

fj(q)dq - 1 (3.11) 

for each electron, the area under the Compton profile i s in practice 

normalized to the total number of electrons, thus placing the data on 

! 

) w i * 

i 
Here p(k) is the one electron momentum density and it is related to the I 
momentum and space wave functions of the electron by ' 

i 

PCW - l*(Wl 2 - YjjjjT l } * ( r ) e V i d J r | 2 . < 3' 9> j 

j 
For an isotropic system (3.8) reduces to the well known result, | 

i 

!" ! 
J(q) - 2rr p(k)kdk. (3.10) 

In the approximations used each electron i s treated independently, and 

since 
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a convenient scale, normally referred to as absolute. 

Several important differences between the (e,2e) and Compton 
profile measurements can be seen on inspection of equation (3.10). 
The first is that the Compton profile measures only the integrated 
momentum density p(k), whereas p(k) is measured directly in the (e,2e) 
reaction without making the simple impulse approximation. Therefore 
since 

Compton profile measurements must be made with a much higher degree of 
accuracy, especially for momenta q close to zero, in order to obtain a 
similar accuracy for the momentum distributions as determined by the 
(e,2e) reaction. 

The second factor is that the experimental Compton profile is a 
sum of the contributions of the individual electrons in different 
orbitals, the sum being weighted by the number of electrons in that 
orbital. In the (e,2e) reaction the momentum distribution is obtained 
for individual orbitals, which are clearly distinguished by the different 
electron separation energies. Further, the role of correlations 
(configuration interaction) can easily be determined in a quantitative 
way in the (e,2e) reaction, whereas this is not the case in the Compton 
technique. 

In principle it should be possible to separate the profile of 
each orbital by detecting the scattered Compton photon in coincidence 
with the fluorescent photon characteristic of the level under study. 
This was attempted by Fukamachi and Hosoya [83] who made such measurements 
for the Is electrons in Fe, Cu, and Ni. Their results did not agree with 
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calculated profiles. This nay be due to the accumulation of background 

coincidences caused by the ejection of K electrons by the Compton 

electrons. Such events lead to real coincidences between a fluorescent 

K x-ray and the Compton scattered photon, and these cannot be 

distinguished from the events of interest. 

3.3 High Energy Electron Scattering 

Like x-ray and Y-ray Compton scattering, the use of electron 

scattering to observe electron momentum distributions had a long period 

of dormancy after some early work by Hughes and co-workers in 1938 [84,85]. 

This early work was criticized, mainly on the grounds of multiple scattering 

[86] , because i t did not agree with the calculated distributions. The 

method has however been recently revived by Bonham and co-workers 

[9,87-90], who published the first modern high precision determination 

of a Compton profile obtained by the electron scattering technique. The 

major experimental improvement made by Wellenstein and Bonham [88] was 

to use a Mollenstedt electrostatic velocity analyzer for measuring the 

velocity of the scattered electrons. This gave an optimum resolution 

at least i\> times better than that obtainable by either x-ray or y-ray 

scattering. 

The differential cross section for scattering of fast electrons 

by a target i s given in the first Born approximation by equation (2 .5) , 

the connection between the target structural properties and electron 

scattering being contained in the generalized oscillator strength (2 .6) . 

Equation (2.5) must be corrected for exchange scattering, since the 

incident electron and target electron are indistinguishable. In an 

impulse approximation this can be achieved by replacing the Rutherford 

cross section in equation (2,5) by the Mott cross section [91] , which 
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is equivalent to multiplying the right hand side of equation (2.5) by 

, the subscript A referring again to the the term II - J L • J L 
I A "A" 

"scattered" electron. This correction is nearly independent of incident 

energy and energy loss but i t is quite strongly dependent on the angle. 

It i s unity at 0* and 45* , less than unity between these angles and 
greater than unity above 45*. 

The binary-encounter approximation can then be made [92] to 

provide a direct connection between the generalised osci l lator strength 

and the x-ray Compton profile J(q). 

J(q) « l i m i ^ f O C . E ' ) , (5.13) 

where E' as before is the energy loss on scattering. Therefore i f the 

momentum transfer K i s sufficiently large the right hand side depends 

only on the variable q. This limit i s only reached i f the momentum 

transferred i s large compared to the binding energy, and therefore 

the limiting value of K (or 6) increases with atomic number. This 

means that at present the electron scattering technique is applicable 

only to atoms smaller than neon or molecules containing no atoas heavier 

than neon. Another disadvantage i s that unless K or 6 are kept small 

the poorly understood exchange corrections become significant. For 

K < 14 a.u. the electron scattering method has an enormous advantage 

in cross sections over the photon Compton technique, the counting rate 

being greater by several orders of magnitude. Its other advantage is 

the better energy resolution, which i s typically 2-5eV depending on the 

scattering angle. 

Experimentally, as in the photon technique, the energy loss 

spectrum is measured at a given angle 6. This means that K is not 
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constant over the whole energy loss spectrum and this can lead to some 

problems. Corrections for this ef fect are considered by Lee [ 8 9 ] . For 

instance, the electron scattering data are generally normalized using 

the Bethe sum rule valid for a constant value of K: 

Jf(K,E')dE' = N, (3.14) 

where N is the number of target electrons and the integral is taken 

over the whole energy loss spectrum. The advantage of this method of 

normalization is that it is valid as long as the Born approximation is 

valid even if the binary encounter thsory fails, whereas the normalization 

(3.11) depends on the validity of the binary-encounter approximation. 

One further correction must in general be made. At the electron energies 

usually employed (20 KeV - 60 KeV) it is necessary to correct for 

relativistic effects. These corrections are quite small and present 

no problem [88,92]. 

3.4 Positron Annihilation 

When a positron interacts with a solid it is thermalized well 

before it annihilates [93] with an electron by the emission of two, 

OT much more rarely three, photons. For a positron and electron initially 

at rest, the two photons must be emitted at 180* to each other. If 

however, the initial electron (or positron) is not at rest, its momentum 

must be conserved and the angle between the two photons deviates from 

180* by 6~sin6 • k,/mc, where k, is the component of momentum of the 

annihilating pair transverse to the direction of emission of the two 

photons. Therefore a measurement of the angular correlation of the 

emitted photons can yield information on the electron momentum 

distribution. 
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The longitudinal momentum component k gives rise to a Doppler 

shift in the energy mc 2 of the annihilation photon. This Doppler shift 

AE in energy is approximately k c/2 and produces a broadening of the 

line shape. In metals the values of AE are of the order of a few keV, 

and with present techniques the experimental accuracy of the Doppler 

shift method of measuring the momenta is a factor of 10 worse than the 

accuracy obtained with the angular correlation techniques. It is 

therefore seldom used. A detailed discussion of the whole subject 

of positron annihilation in solids can be found in the reviews of 

West [10], Berko and Mader [ll]and Dekhtyar [94]. 

If the interaction between the positron and electron is neglected 

the wave function for the pair is simply the product of the positron 

wave function ti> (r) and of the electron wave function 0-(r). Then the 

pair momentum density becomes 

p' ( k ) ' T 2 i p - , / , < , i ( I } ^ ( I ) e x P ( - i t - i ) d 3 r | ' - f ? 1 5 ) 

If i^(£) is independent of jr then the momentum density becomes identical 

to the electron momentum density of (3.9). However, since the positron 

is influenced by and to some extent influences its surroundings, the 

basic problem in interpreting the angular correlation data is our ignorance 

of the positron wave function. Calculations for atoms, including 

configuration interaction [95], show that the electron orbitals i>. are 

not significantly changed by the presence of a positron. The repulsion 

of the positrons by the nuclear charge means that annihilation is more 

likely to occur with outer electrons than with core electrons. The 

core contribution can only be accurately estimated if ̂  is known 

accurately. Recent calculations of positron wave functions in crystals 

[96] have gone some way toward removing these uncertainties but the 
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problem s t i l l remains. For any solid other than simple metals the 

interpretation of the angular correlation data has to be guided by 

realistic band structure calculations. The fact that positron 

annihilation preferentially samples the least bound electrons has 

i ts advantages, and the method has been particularly successful in 

investigating the shapes of Fermi surfaces in metals. 

The positron technique is quite difficult since the count rates 

are quite low and the angles 6 - k /roc are usually of the order of a 

milliradian or two, since one milliradian equals a momentum of 0.137 a.u. 

In practice poor energy resolution and low count rates mean that the 

Doppler shift energy determination cannot be made simultaneously with 

the angular correlation measurement. Therefore the coincidence count 

rate i s proportional to 

N(k y,k z) = J p'(k)kxdkx. (3.16) 

In order to increase the number of events the geometry usually 

has a slit in the y direction of effectively infinite length. This 

means that the momenta are integrated in the y direction as well as the 

x direction and the measurements are proportional to 
00 00 

N(k z) * J | p'(k;dk xdk y, (3.17) 
_00 _00 

which is very similar to the expression for the Compton profile J(q) 

(3.8), and becomes identical to it if t|;+(r) is independent of r, i.e. 

(ZOO - P(k). 

A major advantage of the positron technique is that it is independent 

of the atomic number of the scatterer. In addition it has good resolution 
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and, because of the preferential annihilation of the positron with 

the least bound electrons, i t has become a powerful technique for 

studying the outer bands of solids. Due to the positron's affinity to 

lattice defects and structural inhomogeneities in general [97], great 

care must be taken to ensure that the sample is prepared with a low 

concentration of dislocations and vacancies. 

3.5 Summary 

The relative merits of the (e,2e) technique, photoelectron 

spectroscopy, and the various methods for measuring electron momentum 

distributions are summarized for convenience in table 3.1. Since the 

(e,2e) reaction is still in a relatively early stage of development, 

the limits presented in the table are likely to prove to be conservative. 

The factors considered are whether the technique measures individual 

separation energies, the relative sensitivity to valence states and 

core states, the method of orbital assignment, the interpretation of 

configuration interaction effects, the relation of the data to momentum 

density, energy and momentum resolutions, the suitability of different 

targets, and background problems, count rates, etc. 

The great advantage of the (e,2e) method is that the momentum 

densities can be obtained directly for individual valence orbitals p.nd 

that configuration interaction effects can be directly and quantitatively 

measured. Photoelectron spectroscopy obtains the binding energies but 

no details on the wave functions. The other methods of measuring 

momentum densities all measure integrated momentum distributions summed 

over at least all of the valence orbitals. 

The UPS technique using resonance Hel (21.2eV) or Hell (40.8eV) 
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lines has an energy resolution which is unlikely to be surpassed for 

sore time, and it is therefore most suitable for investigating the 

details of the vibrational structure of the outer states in aolecules. 

The energy resolution of the (e,2e) technique can be significantly 

improved if an electron aonochromatcr is used in the incident beae. 

In studying the electronic properties of the outer orbitals it is, 

however, an advantage to sum over all of the vibrational states (see 

section 8.6). The disadvantage of the UPS technique is the very low 

energy of the photon source. On the other hand, the high energy XPS 

technique, because of its sensitivity to core states, offers the best 

means for measuring the energies of these states and determining their 

chemical shifts. 
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4. Experimental Techniques 

4 .1 General arrangement of the apparatus 

The kinematics of the symmetric (e,2e) react ion was discussed in 

de t a i l in sec t ions 2.1 and 2 . 3 . Figures 2.1 and 2.2 summarize the 

kinematical va r i ab les which must be measured, namely the energies and 

d i r ec t i ons of the incoming and both outgoing e lec t rons Two experimental 

arrangements are used, the f i r s t is the noncoplana-- symmetric geometry-

discussed in 2.3 and the second i s the sy rme tnc coplanar geometry, 

4 .1 .1 The noncoplanar symmetric arrangement 

A schematic diagram of the noncoplanar (e ,2ej apparatus p resen t ly 

being used by us i s shown in figure 4 . 1 . An e a r l i e r version 13 described 

in some d e t a i l in reference [49] . The apparatus i s mounted on the bottoir. 

p l a t e of a metal b e l l - j a r vacuum chamber, cons i s t ing of type-304 

s t a i n l e s s - s t e e l cy l inder 76cm high and 54.5cm in diameter, sealed at 

the top and bottom to aluminium p l a t e s by means of 0 - r ings . The chamber 

i s pumped through a port in the bottom p l a t e by a 6 inch mercury di f fus ion 

pump and an assoc ia ted l iqu id ni t rogen t r a p . A valve separates the 

chamber from the l i qu id ni t rogen t r ap and diffusion pump. A second 

l iqu id n i t rogen t r a p , seldom used, i s mounted from the top p l a t e , All 

feed through*, r o t a t a b l e s e a l s , ion gauge heads , e t c . , are mounted on 

the bottom p l a t e . Base pressures of about 10" t o r r are obtained within 

one hour a f t e r the system has been at atmospheric p ressure . 

The energy of the inc ident e lec t ron beam general ly has to be well 

over 200eV, and therefore a number of commercially avai lable e lec t ron 

guns, designed for use in cathode ray tubes , can be used to provide the 

incident beam. Normally these guns are f i t t e d with i n d i r e c t l y heated 

Oxide coated ca thodes , which d e t e r i o r a t e r a p i d l y on exposure to a i r 
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after activation. It is relatively easy, however, to replace the oxide 

coated cathode with a tungsten hairpin filament, which does not 

deteriorate on exposure to air. If better energy resolution is 

required a thoriated tungsten filament or a thoriated iridium filament 

may be used. These last two filaments operate at a temperature of 

approximately 1300°K, and therefore the Maxwellian energy distribution 

of the emitted electrons is relatively small. For some gases, such as 

acetylene, it is necessary to use the iridium filament 

The final anode of the electron gun is connected to earth, the 

negative cathode potential defining the beam energy. The actual beam 

energy depends on contact potentials and the voltage drop along the 

filament which is heated by a D.C. current. In front of the gun two 

orthogonal pairs of electrostatic deflection plates are mounted. The 

deflection plate potentials are applied in such a manner as to maintain 

the plane midway between the plates at earth potential. The gun and 

deflection plates are surrounded by a stainless steel tube with an exit 

aperture to shield the interaction region from electrostatic fields and 

stray electrons. 

The Faraday cup is mounted coaxially with the gun with its aperture 

(*0.2cm) at a distance of 12cm from the gun aperture. The electron beam 

is centred and focussed by maximising the ratio of t'ne beam current through 

the aperture to the spray current collected on the aperture plate. Beam 

currents vary with the energy and age of the gun, but are generally in 

the range 10-100uA. The width of the electron beam, typically 0.1cm, 

can be determined by measuring the "spray" and Faraday cup currents as 

a function of the deflection plate voltages. The electron gun is lined 

up visually with the Faraday cup removed. 

4.3 

The target gas flows into the scattering centre through a 

stainless steel tube of inner diameter 0.25mm. The gas samples, of 

at least 99.9% purity, are first passed through a cold trap and then 

leaked into the interaction region through a variable leak valve. The 

background pressure of the order of 5 * 10"' torr in the vacuum chamber 

rises to about 7 * 10~ torr when the gas is being leaked in The 

electron beam crosses the gas beam about 2mm from the end of the gas 

inlet tube. The pressure in the interaction region is of the order 

of 10 torr. The dynamic pressure in the chamber is continuously 

monitored and remains constant to within 5%. 

Two electron energy analyzers .ire required to define the energies 

and directions of the emitted electrons. Of the many types of charged 

particle analyers available [100], those using magnetic deflection are 

unsuitable because of the problem of fringing fields. Of the electrostatic 

analyzers possessing space focussing properties, the three most commonly 

used ones are the hemispherical analyzer [101], the cylindrical analyzer 

[102], and the cylindrical mirror analyzer [103-106], These analyzers 

all possess a second order focus, that is both 3z/36 and 3 2z/36 2 are 

zero, where 8 is the entrance angle to the analyzer and z the distance 

between the source and image. The linear dispersion of the analyzer is 

defined as E 3z/3E. Although Hafner et al [107] found on comparing the 

electron optical properties of the cylindrical mirror analyzer with those 

of the hemispherical analyzer that the base resolution of the cylindrical 

mirror is somewhat greater, there is in practice very little to recommend 

one analyzer over the other. The effect of fringing fields at the 

entrance and exit apertures of the analyzers can sometimes be a problem. 

In this respect the cylindrical mirror analyzers have an advantage since 
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the electrons enter and exit through apertures in the inner cylinder, 

which is at a constant potential. 

The noncoplanar symmetric apparatus shown in figure 4.1 

is described in some detail by Weigold and Dixon [108i. The 

two analyzers are cylindrical mirror analyzers. The theory of these 

analyzers is discussed fully in references [103-106]. The lenses I. 

are retarding lenses, such as those described in ref. [109J, which 

retard the electrons to the voltage on the inner cylinder and focus 

the electrons on the entrance aperture of the analyzers, The entrance 

apertures are placed on the axis of the two coaxial cylinders forming 

the analyzers, the entrance angle being 42.3° thus giving second order 

focussing. The first stage of each lens contains collimating apertures 

and a quadrupole electrc-static deflector. The quadrupoles are only used 

during the setting up of an experiment, during actual data taking they 

are grounded, the first stage of the three stage lens being at ground 

potential. The full acceptance angle of each spectrometer is less than 

4°. The retarding lenses are used to improve energy resolution, since 

the resolution of a cylindrical mirror analyzer is a constant fraction 

of the electron energy in the analyzer. The energy resolution of both 

analyzers is typically in the range 1-1.5eV. Since the coincident count 

rate depends on the product of the energy resolutions of the two analyzers 

(see section 4.3), there is in practice a limit to the energy resolution 

desirable. 

The FWHM of the resolution function obtained in the coincidence 

experiments is the convolution of the two analyzer functions and the 

energy distribution of the electron beam. This resolution, as well as 

the separation energy scale, is measured directly by using helium as a 

calibration gas. It is sometimes mixed with the gas under study to 
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obviate problems associated with space charge and contact potentials. 

The inner and outer electrodes of each of the two identical 

analyzers are machined out of solid aluminium. Between the inner and 

outer cylindrical surfaces at the extreme ends of the analyzer are placed 

a series of logarithmically spaced concentric rings insulated from each 

other by thin mylar sheets. The arrangement is held in place by two 

steel rods insulated from the rings by cylindrical glass tubes. The 

rings are connected by a resistor chain between the outer and inner 

plates. Corresponding rings at the two ends of the analyzer are 

connected by wires in order to reduce field penetration into the 

analyze.j. The surfaces of the inner and outer plates are coated 

with fine acetylene soot to reduce secondary electron emission. 

The choice of the noncoplanar symmetric scattering geometry has 

several experimental advantages as well as the theoretical ones discussed 

later. Firstly the interaction volume is independent of angle if the 

width of the election beam is contained within the viewing angle of the 

two spectrometers. The second advantage is that only one spectrometer 

needs to be moved. In fig. 4.1 the spectrometer 2 rotates by A$ = ± 70° 

about the electron beam axis, whereas the other spectrometer is fixed. 

Thirdly, the fact that the angular correlation must be symmetric about 

<> • 0* and the single count rates must be independent of $, provides a 

very useful check on instrumental distortions. In practice the count 

rate of the fixed and movable analyzers are constant at a given energy 

if the electron current and target gas density remain constant. They 

therefore provide a monitor for the product of beam current and gas 

density. The rotatable analyzer is driven by a chain drive connected 

to a rotatable feedthrough driven by a stepping motor outside the vacuum 

chamber. 
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Due to their convenient small size, channel electron multipliers 

(CEM) are 'ised to detect the electrons passing through the exit 

apertures of the analyzers. Each CEM is mounted in an aluminium 

box behind a grid biased to prevent low energy secondary electrons 

from entering the box. The front cf the analyzer can also be biased 

to suppress unwanted electrons. 

It is most importan* to reduce stray electric and magnetic fields 

as much as possible, since any stray fields can affect the angular and 

energy sensitivity of the analyzers. Therefore the scattering region 

and all other regions traversed by the electrons are suitably screened. 

All surfaces are coated by colloidal graphite, which reduces contact 

potentials as well as the production of low energy secondary electrons. 

The earth's magnetic field is compensated by Helmholtz coils outside the 

vacuum system. In addition the vacuum chamber is lined with mu metal. 

Care must be taken to use only non magnetic materials in the construction 

of the apparatus. With these precautions stray fields within the analyzers 

and the scattering centre are less than 5mG, and they are therefore 

negligible. 

4.1.2 The symmetric coplanar arrangement 

A schematic diagram of the coplanar electron spectrometer used by 

the authors [50,108] is shown in figure 4.2. The apparatus is again 

mounted on the bottom plate of a metal bell jar vacuum system similar 

to the one employed in the noncoplanar symmetric experiments. The two 

cylindrical mirror analyzers are mounted on two concentric turntables, 

which rotate about the interaction centre. The analyzers are similar 

in construction to those described in 4.1.1, but they are mounted from 

4." 

the back rather than the front plate. They are counted at 45° to the 

horizontal base plate and turntables, the electrons entering the 

analyzers horizontally and leaving them vertically. The analyzers 

can move from 6 = •140° to 6 = -140° and are driven individually by 

to stepping motors mounted outside the vacuum syster.. The arrangement 

is quite flexible and 6 need not equal •? . For the special case of 

6. = 6„ only one stepping motor need be employed. For measurements 

at small angles the Faraday cup can be retracted pneumatically The 

Faraday cup consists of two coaxial cylinders insulated from each other. 

By measuring the ratio of currents into the two cylinders it is possible 

to align and focus the electron beam. The electron gun and deflection 

plates are again mounted inside a stainless steel cylinder to eliminate 

stray electric fields and reduce the emission of secondary electrons 

A slot, 2.5cm long and 1cm wide, in the outer electrodes of the 

analyzers allows the elastically scattered electrons to pass through 

the analyzers, therefore significantly reducing the number of secondary 

electrons produced in the analyzer. Crossed wires in the slot also 

provide an aid for aligning each analyzer with the interaction region. 

As shown in figure 4,2 a collimator and retarding lens system is 

attached to the entrance of each analyzer, The retarding lens system 

contains a set of quadrupole deflection plates. The electron lens 

system allows the electron energy to be reduced without loss of 

intensity before the electrons enter the analyzer. This allows the 

energy resolution to be increased. The acceptance angle of the 

collimator is 4°. The target gas beam enters the scattering centre 

along the axis of rotation of the analyzers through a stainless steel 

needle which terminates about 3mm below the electron beam. Molecular 



flow of the gas into the interaction region is achieved by a collimating 

aperture 1mm in diameter placed above the needle. A multichannel array 

is used when greater intensity is required. 

If the interaction region, defined by the intersect ion of the 

electron and gas beams, i s larger than the viewing angles of the analysers, 

the effective s ize of the interaction region viewed by the analyzers 

changes with the angle 6, To ensure that this is not the case angular 

distributions were obtained for each analyzer of electrons e l a s t i c a l l y 

scattered from argon at several incident energies and compared with the 

measurements of Lewis et a' [110] , Figure 4.3 shows such a comparison 

at an incident energy of 50eV- In a coincidence experiment i t i s the 

overlap between the two interaction regions viewed by the two analyzers 

which is relevant, and it i s therefore most important to have the 

interaction region within the viewing angle of each analyzer. 

The experimental arrangement used by Camilloni et al [45] i s 

similar, although rather larger in s i z e . The analyzers used by th i s 

group are hemispherical def lectors . A cryo pump placed above the atomic 

beam helps pump the target gas, which enters the interaction region 

through a multichannel g lass capi l lary tube. A thin layer of gold 

evaporated onto the glass prevents i t from being charged up by the 

electron beam. The experiment is manually controlled, the two 

spectrometers being moved independently through rotatable feed throughs, 

The incident energy used by Camilloni et al was 9.3KeV, which i s 

considerably greater than that used in the Flinders University experiments 

4.2 Detection e lectronics and measurement procedures 

The two electrons emitted in the (e,2e) reaction leave the 
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interaction region simultaneously. Many other electrons of momentum k 

and k„ are also produced in the interaction region, and therefore in 

order to select the s ignif icant (e,2e) events i t i s necessary to use 

a coincidence technique. A schematic diagram of the signal processing 

and recording electronics used by us i s shown in figure 4.4. The 

electrons passing through the two analyzers are detected by the channel 

electron multipliers (CEM). A high pos i t ive voltage is applied to the 

ta i l end of the CEM's through a res i s tor and capacitor arrangement, 

The entrance of the CEM's i s held at a negative potential suff ic ient 

to repel low energy secondary electrons without inhibiting electrons 

of the desired energy. Other types of electron multipliers can of course 

be used, the advantage of the CEM's being their small s i z e . The e f f i c iency 

of the CF.M's for detecting low energy electrons i s approximately unity [111] , 

The gain of the CEM's drops off i f the ir counting rates are too high, and 

in general i t is necessary t o operate them at l e s s than 2 * 101* pu l ses / sec . 

This is not a serious l imitation since at higher count rates the accidental 

coincidence rate becomes unacceptably high. At these count rates fatigue 

e f fec ts are not serious and do not a f fec t the measurements, although i t 

i s necessary to monitor the gain and increase the bias across the CEM's 

i f necessary. The gain o f the CEM's usually increased after exposure to 

a i r . 

The fast negative current pulses from the CEM's are coupled to two 

preamplifiers by high voltage capacitors . The output pulses of the 

preamplifiers have a fas t r i s e time (< 50ns) and a slow exponential 

decay (* 50ys) . These pulses are fed to double delay l ine (DDL) 

amplif iers, and the amplified bipolar pulses are then fed to fast 

timing discriminators which operate in the cross over pick-off mode, 

where the timing of the fast output pulse i s determined by the point 
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where the DDL pulse crosses the baseline. This method is used since 

the timing is nearly independent of the pulse amplitude over a wide 

dynamic range. If the leading edge is used to provide the timing, 

the timing depends on the rise time and amplitude of the pulse, The 

best timing can be achieved with the use of "constant fraction" 

discriminators, a generalization of the crossover pick-off technique. 

One of the fast output pulses from the timing discriminators 

acts as the start pulse to a time to amplitude converter (TAC); the 

delayed pulse from the second discriminator is fed to the stop input 

of the TAC The output of the TAC is fed simultaneously to two single 

channel analyzer (SCA) and to a multichannel analyzer which is used 

for setting up and monitoring the experiments. In general a timing 

range of 200 nanoseconds is selected. 

A time delay spectrum obtained under rather good signal to background 

conditions is shown in figure 4.5 The peak in the spectrum is due to 

pairs of electrons correlated in time, i.e. arising from the same 

ionizing event, plus a contribution from accidental coincidences, 

the coincidence background. The flat background is due to events with 

random timing; the number of such events depends on the single counts 

in the two detectors. The two single channel analyzers connected to 

the TAC have their windows set to cover the coincidence (c) and 

background (b) regions. The windov for the background SCA is generally 

chosen to be greater than the window c by a fixe:? ratio (r) in order 

to reduce errors in the background subtraction. The errors involved 

in determining the number of true coincidences are discussed in 

section 4.3. Timing resolutions are typically 3-5 nanoseconds, 

whereas the intrinsic resolving time of the electronics, obtained 
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by feeding identical test pulses to the inputs of the two preamplifiers, 

is of the order of 1 nanosecond. The resolving time depends on the CEM 

bias voltage and the amplifier noise. 

The output pulses from the two SCA's are counted by separate 

scalers connected online to a computer (originally a PDP8/L but 

presently a PDP-11). A third scaler operates in a preset mode as 

a "clock". In the noncoplanar symmetric geometry, this scaler usually 

records the singles counts from the movable analyzer, and it therefore 

corrects for any variations in the electron current and target gas 

density, as well as any very small variation in the sensitivity of 

the analyzer with the angular setting. This is possible since the 

singles count rate must be independent of the azimuth <J>, In the 

coplanar symmetric geometry the preset scaler is normally fed by 

the output from a voltage to frequency converter, the input for 

this being obtained from the ionization gauge. Thus the counting 

time depends on the pressure, which to a very good approximation is 

linearly related to the target gas density in the interaction region, 

and it therefore compensates for drifts in the target gas density. In 

practice the pressure remains very nearly constant and any long term 

variations are corrected by adjusting the flow rate through the 

variable leak valve. In this geometry it is necessary to make 

continuous recordings of the current, which can generally be maintained 

stable to within 1%. The current can conveniently be recorded by a 

current integrator which is connected to one of the online scalers. 

It would be best of course to have a separate stationary analyzer 

and detector to monitor any drifts in electron beam current and 

target density. This is however rather difficult to achieve in 

the present system due to lack of space in the vacuum chamber. 



Because or' the long run? often required to aeasure either ar 

energy spectrua or angular correlation, the data recording is fully 

automated and the arparatus car. be fully controlled by the on-line 

cor.puter, A program written in nachine language allows measurement of 

either the binding energy spectra or angular correlations. In both cases 

the full range of the apprtcriate var'able can be scanned sufficiently 

rapidly that systeaatic errors, due to long term drifts are eliminated, 

A real time display on a storage osciiioscope allows the progress of the 

experiment to be monitored in detail. The statist.cal error of each 

point can al«o be displayed. 

Thus in the binding energy mode the computer controls the energy of 

the electron beam by means of a CAMAC digital tc analogue converter which 

determines the voltage on the programmable cathode voltage supply. After 

the preset scaler has reached its preset value, the computer reads the 

counts in all the scalers and carries out the necessary arithmetic (such 

as ubtracting the background counts from the coincidence counts after 

taKing into account the relative channel widths and accumulating the 

true coincidence count rates, background count rates and statistical 

errors etc.). It then sets the new energy and resets and restarts all 

the scalers. A cumulative result of counts versus energy is thus obtained 

and displayed on the oscilloscope. The data can be printed out on a 

Teletype printer on request or after a preset number of cycles, and the 

run can be terminated at any time ar at a preset time. At any time the 

experimenter can alter parameters or ascertain their values via the 

keyboard using a simple set of commands. 

In any series of measurements the energies of the outgoing electrons 

are kept fixed. This ensures that the transmission factors of the 
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spectrometers remain constant. The separation energies are first 

determined by varying the incident energy E , then the angular 

correlations of the electrons with the various separation energies 

art measured. 

For the angular correlation measurecents the incident energy is 

adjusted to give the required sepaiation energy and the computer controls 

the angular setting of the analyzer via the CAMAC interface and stepping 

motors. In the non-coplanar geometry only one analyzer is moved, whereas 

in the cop 1anar geometry two stepping motors are required. The PDP-11 

program allows three experiments to be run online concurrently. 

Some parameters are more simply controlled externally to the 

computer. One example is the target gas flow which is controlled by 

a feedback system which monitors the ambient pressure. 

4.3 Intensities and Background Problems and Experimental Limitations 

In a coincidence experiment the most serious limitation is always 

the ratio cf the true coincidence rate N to the accidental or random 

coincidence count rate N . If the singles count rates in the two 

electron channels are N. and N D, the accidental rate N is given by 
A D r 

N r = W c <«•»> 

where the time increment t corresfonds to the window width c in figure 

4.5 of the coincidence single channel anlayzer. It is obvious that 

improving the resolving time t decreases the random coincidence rate 

N r , and therefore great care must be taken to adjust the electronics 

and CEM bias voltages to give the best possible time resolution. The 
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count rate N. in the background scaler is given by 

t. 
N b - N r ± - rN r , (4.2) 

c 

where r = t,/t = b/c is the ratio of the window widths (fig. 4.5) 

The true coincidence count rate N is given by the difference between 

unt rate N recorded in the scale c 
and the random background count rate N % 

the count rate N recorded in the scaler lookinp at the coincidence window c 

r 
Nf. 

N = N - N = N - — (4.3) 
t c r c r 

The standard deviation of this quantity is 

°t = Nc + rT N + — (4.4) 
c r 

The improvement that can be obtained if large values of r are used is 

obvious. This is particularly important if N < N , In practice a value 

of r of the order of 10 is adequate to reduce the statistical errors. 

However, in this method using two SCA's, it is important to have an 

accurate knowledge of the ratio r at all times and to be certain that 

it does not change with time. This means that it must be accurately 

measured at the beginning and end of every run. It is obvious from 

eq. (4.3) that drifts in r can seriously affect the inferred values of 

N. if N > IT. t r t 

Another approach to the problem of obtaining accurate count rates 

N has been used by van der Wie [112] and by Avida and Gorni [113]. 

The arrangement used by van der Wiel and co-workers is shown schematically 

in figure 4„6. Two different delays are used in one channel, one delay 

(delay 1) having the corrent value for true coincidences, the second 

(delay 2j for accidental coincidences only. Pulses with the two different 
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delays are then sent to the coincidence unit which also sees the pulses 

from the other electron channel. The output count rate from th is 

coincidence unit is therefore N + N = N + N • N . Since the 
c r 2 t rj r 2 

two delayed pulses are both measured by the same coincidence unit, the 

time resolution is the same for both values of delay. The random 

coincidence rate N can then be identified by passing the output of 
r 2 

the first coincidence unit as well as pulses from delay 2 to the inputs 
of a second coincidence unit, whose time resolution can be rather poorer 

than that of coincidence unit 1. This second coincidence unit passes 

only those pulses leaving coincidence unit 1 which are in coincidence 

with the pulses from delay 2, that is only the random counts N . Since 

the time resolution for N and N is the same, N = N within the 
rl r 2 rl r 2 

statistical error of N . Therefore the standard deviation of the true 
r2 

coincidence count rate determined by this method is 
\, o» • (N • N Y1 (4.5) 

t c r K 

which can be compared with equation (4.4). The advantages of using two 

single channel analyzers with a large rat.o r are obvious if the ratio r 

is accurately known and is extremely stable. Any error Ar in r leads to 

a systematic error of the order of Ar/r N in the values obtained for N . 

The singles count rates N. and N„ are very nearly equal in the 

symmetric situation E. = E f i and 6 = 0„ if the pass bands of the two 

analyzers are equal (AE « AE_) and the two solid angles are equal 

(Aft. * Afi_) Therefore the accidental coincidence rate is proportional 

to the square of the singles count rate N and it is essential to reduce 

this count rate to the absolute minimum. 

To achieve this it is necessary to eliminate all stray and secondary 
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e l e c t r o n s . I t i s therefore most important to t i g h t l y box the e lec t ron gun 

and CEM's and to prevent e lec t rons from ion g;iuge heads e tc from en te r ing 

the apparatus by means of biased g r i d s . All surfaces must be coated 

with co l lo ida l graphi te or some other mater ia l reducing secondary 

e lec t ron emission. 

When these precautions are taken the l imi t ing s ing les count r a t e 

is given by 

• ; , = n ! J'Ac •••r...'.E.t ( 4 . 6 ) 
A & ,dE, A A 

A A 

where n i s the number of t a rge t atoms in the i n t e r ac t i on region, I the 

number of incoming e lect rons per second, and d 2a/df. dll the cross sec t ion 

per uni t so l id angle and energy in te rva l for an e lec t ron to be sca t t e red 

by the t a rge t atom in the d i r e c t i o n 6 with an outgoing energy of E , 

The cross sect ion d2rr/d'.l dE i s e s s e n t i a l l y the (e,2e) cross sect ion 

in tegra ted over a l l angles G and $ and summed over a l l poss ible binding 

energies of the e lec t ron in the range 0 ^ e r E - E , since the missing 

energy F.„ i s not measured. 

The t rue coincidence count r a t e i s of course given by the (e ,2e) 

cross sect ion of equation (2,4) 

N = nl o.Afi Af2 AE.AE.. (4.7) 
t O A D A B 

Therefore the ratio of true to random coincidences is ideally given by 

- ! « S » . (4.8) 
N r ( d 2 o / d f i 4 d E J 2 n I t c 

A A 

Since the cross section d2o*/dn.dEA increases with the number of target 

electrons i t i s possible to exc i te or e ject from a target system, i t 
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becomes a limiting factor in studying the inner states of high I targets 

! 114J. Since N a nl and N /N a (nit ) , the best operating condition 

is a compromise between the rate of accumulating data and the signal to 

background ratio. The importance of having a small resolving time t is 

.ilso obvious. With present detection circuitry and CEM's this is 

approximately 5 nanosecrnds. 

The finite solid angles and energy resolution produce a spread in the 

measurement of q ("see figure 2.2), For t".E ' SeV this spread in q due to 

finite enemy resolution is less than 0.03a.u. at energies above 200eV, 

and it decreases with increasing energies (equation 2.9). However, as 

the energies and hence the momenta increase, the uncertainty in q due 

to finite angular resolution increases (eq. 2.10). At lower energies 

the angular correlation is spread over a larger range of angles, whereas 

at high energies it becomes much more sharply peaked. The choice of 

solid angle is therefore determined by the desired resolution in q, the 

count rates, and the incident energy. Since the angular correlations 

vary smoothly with energy, the effects of finite angular resolution can 

be easily and accurately allowed for in any comparison of the data with 

a theoretical calculation. 

If the electronic circuits are not carefully stabilized against 

power surges, and the cables and leads not carefully screened, it is 

possible to pick up fast oscillations in both electron channels. These 

oscillations can give rise to false coincidence events which cannot be 

distinguished from true events in some instances. Often their timing 

will be different from the true events, but if they cannot be eliminated 

by shielding it is best to artificially introduce a long dead time into 

the counting system after the TAC, Such a dead time, of the order of 

1-10msec, ensures that only the first of the rapid train of false 
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coincidences will be counted. The large dead time does not affect the 

counting of true coincidences, since this count rate is in practice 

always less than 10 pulses per second. A convenient way of introducing 

this dead time is to stretch the pulses being fed into the coincidence 

and background scalers. 

4.4 Energy Resolution 

The true to random coincidence rate (equation 4.8) is independent 

of the energy resolution, whereas the true coincidence rate depends on 

the square of the energy resolution (eq. 4.7). In principle it is 

possible to keep the coincidence rate N constant as the energy 

resolution is improved by increasing the factor nl, the product of 

the number of target gas atoms and the incident electron current. 

This, however, adversely affects the true to random rate (eq. 4.8). 

Therefore in practice there is a limit to the analyzer energy resolution 

employed in any experiment. This limit is usually of the order of or 

greater than the spread in energy of the incident electrons. If the 

•separation energies are well spaced it is convenient to use poorer 

energy resolution than if the energy structure is closely spaced. As 

discussed in 4.3 the finite energy resolution has a negligible effect 

on the resolution of q, the momentum transfer. 

For high resolution work (AE < 0.5eV) it is necessary to 

decrease the spread in energy of the incident beam. Some improvement 

can be made if the normal tungsten filament is replaced by a low 

temperature filament, such as an oxide coated cathode, thoriated 

iridium, or a dispenser cathode. This decreases the thermal spread 

to approximately 0.25eV. For energy resolutions better than this value 
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it is necessary to use a monochromator on the incident beam, Such 

monochromators have been well described by a number of authors and 

in particular by Kyatt and Simpson [115], Unfortunately the use of 

nonochromators severely reduces the incident current, and they cannot 

therefore normally be used with gas targets in the symmetric arrangement. 

They can, however, sometimes be used if asymmetric kinematic conditions 

are chosen [15] since the cross section is usually much larger under 

these conditions. 

Electrostatic analyzers such as the cylindrical mirrors are 

dispersive instruments and the distance Z from the incident aperture 

at which the electrons leave the analyzer depends on their energy if 

the electrostatic fields are kept constant. If position sensitive 

detectors are placed at the (enlarged) exit apertures of the analyzers, 

it should be possible to significantly improve the energy resrJution and 

still maintain the same data rate enjoyed with poor resolution, Channel 

electron multiplier plates can be used as position sensitive detectors 

and several methods have been developed for accurately determining the 

position of electrons incident on the plates [116,117], It is of course 

still necessary to maintain the fast timing circuitry. Online computers 

are especially useful if position sensitive detectors are employed, since 

they can carry out the necessary arithmetic for each event as the 

data is being accumulated. Such a system is presently being developed 

in our laboratory. 

4.5 Normalization of the data 

In the present work employing beam gas targets it is extremely 

difficult to obtain an accurate estimate of the target gas density and 

the volume of the interaction region. It is therefore i-npossible to put 
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the cross sections on an absolute scale. Indirectly some information 

can be obtained on the product nl if the double differential cross 

section [12,13] is known for the target being studied. To do this it 

is necessary to have an accurate knowledge of the transmission 

characteristics of both detector systems, which is a difficult problem 

in itself. The data obtained to date have therefore not been placed 

on an absolute experimental scale. 

Another problem is the normalization of data obtained at different 

separation energies e. but with the same detector energies E and E . 

To do this adequately it is necessary to know both the exact focussing 

characteristics of the incident beam in the scattering region as a 

function of its energy as well as the target density distribution. For 

incident energies about 400eV the focussing conditions of the guns used 

by us do not change significantly if the energy change is 20eV or less, 

and it then becomes possible to normalize the data obtained for different 

e.„ The error in this normalization procedure is usually less than 10% 

and it decreases with increasing energy. 

The separation energy scale is obtained by using a standard gas, 

which in our case is helium. This also gives a convenient way of 

monitoring the experimental energy resolution. The analyzers A and B 

are first set up by elastically scattering electrons of energy E. and 

E R respectively from the background gas. Helium is then introduced and 

an (e,2e) measurement made, the helium ground state transition gives the 

calibration point (e = 24„48eV). This measurement is repeated at the 

end of every run in order to eliminate the possibility of energy drifts. 

In some cases it is convenient to have a known fraction of helium in the 

target gas reservoir. 

4.2i 

4.6 Solid Targets 

Although the first (e,2e) measurements repcrted [44,45] were 

carried out using thin carbon films, all subsequent measurements have 

involved gas targets. Solid targets present separate and severe technics! 

problems. The energy resolution achieved by Camilloni -: t ~Z.r45] in their 
o coplanar symmetric arrangement was lSOeV (FNHM) for carbon foils 100A v : V 

o 
and 180eV for foils 250A thick, with the total energy E = E *E„ * 9 KcV 

This resolution is obviously not adequate for studying the outer states 

in solids. The data of Camilloni et at.did however indicate that the 

angular correlation was sensitive to the form of the carbon Is electron 

wave function. The instrumental resolution of the apparatus was of the 

order of 130eV for 9KeV electrons, and therefore considerable improvement 

in the resolution should be possible for 100A foils- This can be achieved 

by pre-retarding the outgoing electrons as discussed in section 4,1, 

The minimum thickness of a self supporting thin film a few mm in 

diameter is in practice generally greater than 100A [118] and at these 

thicknesses energy losses and multiple scattering are quite serious 

problems even for incident energies of the order of lMCcV. These problems 

decrease as the energy is increased. On the other hand as the energy is 

increased the angular correlation becomes very peaked and extremely good 

angular resolution is reauired. It is therefore doubtful if with thin 

films sufficiently good energy resolutions can be achieved to extract 

the full information on the electronic wave functions of the outer 

states (see section 8.7). Target damage presents another problem with 

thin films and it severely limits the useable beam intensity. 

An alternative approach would be to use grazing incidence (fig. 4.7). 

This is an extension of the noncoplana? symmetric geometry. The component 
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of aomentun q obtained is perpendicular to the incident direction 

(figure 2.3b). For small grazing angles (f) and with i - $_ (= '.<) 

this means that q is perpendicular to the surface. The potential 

advantages of the (e,2e) technique in measuring directional momentum 

distributions in surfaces of solids are therefore obvious. However, 

since 3, and :_ can never be :ero, it is impossible to obtain information A B 
on values of q close to zero. 

If the target is a single crystal it may be possible to adapt 

either the low energy electron diffraction (LEED) or reflection high 

energy electron diffraction (RHEED) techniques to make (e,2e) measurements 

If the incident beam is for instance perpendicular to a crystal plane 

it is possible to reflect an appreciable fraction of the incident bean 

back along the beam direction [119,120]. This beam emerging backwards 

from the crystal can initiate (e,2e) events, which can then be detected 

in either the symmetric coplanar or noncoplanar arrangement. Kith such 

an approach distortion of the electron waves nay have to be allowed for. 

In both the grazing incidence and reflected beam techniques the escape 

depth can be expected to be less than 15A for electrons of energy below 

2 KeV (see for instance references [120-122] for a discussion of 

effective escape depths). The (e,2e) technique would therefore be 

like ESCA a surface technique, and clean systems and ultra high vacuums 

would have to be employed. 

5.1 

;.. Basic Theory 

By considering analogues of d i r ec t nuclear reac t ions in the atomic-

molecular icgion, 5mi rnov and Neudatchin f39] pointed out the po ten t ia l 

.advantages of the (e,2e) technique in inves t iga t ing the e l ec t ron ic s t a t e s 

of atoms, molecules and s o l i d s . Glassgold [40] a r r ived a t the same 

conclusion by s imi la r ly considering the atomic analogue to the nuclear 

ip . J r ) r eac t ion . In a subsequent paper Neudatchin et il [41] used the 

simple impulse approximation to p red ic t the r e s u l t s of coplanar symnetric 

experiments on atoms, molecules, and very th in c r y s t a l l i n e films 

Glassgold and Ialongo [42] on the o ther hand used the Born approximation 

to derive cross sect ions in the coplanar symmetric case for one and two 

electron t a rge t atoms. Their d iscuss ions include the p o s s i b i l i t y of 

observing cor re la t ion e f f e c t s , which they conclude to be unimportant. 

Both of these groups considered that inc ident energies of a few k i l o v o l t s 

might be necessary to study valence s t a t e s . Vriens [98] a lso derived 

the cross sec t ion for the coplanar symmetric case in both the binary-encounter 

and the Born approximations, showing how the former can be derived from the 

l a t t e r . These b a s i c a l l y two body ca l cu la t ions were a l l ca r r i ed out on the 

energy shel l ( i . e . assuming e. * 0) using plane waves. The effect of 

cor re la t ions in the t a r g e t system on separa t ion energies was examined 

by Levin [43] by means of mul t iconf igura t ion expansions of t a rge t wave 

functions. Very recent ly Levin et al [99] derived some general expressions 

for (e,2e) angular co r r e l a t i ons with diatomic molecular t a r g e t s . 

Hood et al [ 4 7 ] introduced the dis tor ted-wave o f f - she l l impulse 

approximation t o describe t h e i r noncoplanar symmetric experiments. This 

theory introduces the co r rec t o f f - s h e l l kinematics for the two-body 

in te rac t ion allowing for the binding energy and momentum s h i f t s due to 

d i s t o r t i o n of the e lec t ron waves. The approximation i s developed here 

from f i r s t p r i n c i p l e s . 
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The method of the multichannel expansion [123] has been used 

successfully in atomic physics for simple scattering problems [124], 

We will apply the method formally for the (e,2e) reaction on a many-body 

system. In this way we will be able to give formal definitions for the 

quantities used in the calculation and to make explicit the approximations 

used. 

5.1 The electron-hydrogen problem. 

In order to orient the discussion, we will f i r s t consider the case 

of an electron incident on a hydrogen atom. We will consider only 

nonrelativistic energies, so that spin-orbit coupling i s unimportant 

in the absence of polarization measurements. The electron spin comes 

into the calculation only through the Pauli exclusion principle. Singlet 

states are symmetric, t r i p l e t states are antisymmetric in the space 

coordinates jr., r , . For simplicity the proton mass will be considered 

to be inf in i te . 

The Schrodinger equation for the eH problem i s 

[E - K(xx) - u ( X l ) - K(x2) - u(x 2) - v ( X l , x 2 ) ] y ( x r x 2 ) • 0 . (5 

The electron coordinates x. (i= 1,2) are the space and spin coordinates 
r., £ i # The kinetic energy operator is denoted by K, the electron-
proton potentials are u.(x.) and the electron-electron potential is 

V f X j . X j ) . 

The bound and continuum states of the hydrogen atom are denoted by 

a discrete notation ty (x) for simplicity. Sums over u are understood 

as energy integrals for positive electron energy. Alternatively we can 

make a l l s tates discrete by enclosing the system in a box, 

5.3 

The Schrodinger equation for the hydrogen atom is 

[ E . - K(x) - u(x)] *(x) = 0. 

The three-body wave function is expanded in terms of channel wave 

functions for singlet and t r ip le t scattering (denoted respectively by 

• and - ) . 

* (ii'i2 j - K l y i i ' 0 + ) ( i 2 } * v i z 5 *v ( + ) (ii } 

( 5 , 2 ) 

2 \ 
(-) ( - ) . y i p v"'<i2> - vi 2> v"Jci,) (5 ,3; 

This expansion includes the effect of the Pauli principle. Spin 
coordinates are now redundant in the notation and have been omitted. 

* 
Multiplying by 4) (r) and integrating over the appropriate electron 

coordinate, we obtain two uncoupled sets of coupled equations, one for 
singlet and one for triplet scattering . 

CE - E U - X(rj) - u(rj)] ^ ' ( r j ) 

" Ev[f A \ \W V ( l l ' J2} Vl2>] V * ^ 
4 V E " % - ev> [j d ' r 2 V r 2 ) « v

( ± ) ( r 2 ) j Vll> 
* E 

Ambiguities introduced in the definition of $ ' by the expans ion 
(5.3) are removed [125] by defining $ ' so that the third term of 
equation (5.4) vanishes. This is the term involving the overlap of the 

(+•) scattering function $ with the channel wave function \p . 

Equation (5.4) is now rewritten in terms of diagonal and off-

diagonal nonlocal potentials V l (£i» li} a n d v
u v \£i» £2^° 



where 

V ( - V . *. = .— > -- - ' ^ ' •, ' J ' , ' - ' f . ' i v ' . T'^ fr ' i Mr -r 

'(£,) v ( r j , r : ) - J r ^ . ! 5 - ^ ' 

The rotation V : in . 5.5"1 rears 

I d ' r - v-. (Irl2- :- (I: }-

The diagonal potential contains the nuclear, screening and exchange 

terns. I ts analogue for larger atoms in the independent-particle node: 

i s the Hartree-Fock potential . The off-diagonal potential i s responsible 

for real and virtual exci tat ions of channel v , starting with channel „ 

In order to perform computations one must sake approximations that 

reduce the many-body problem to appropriate two-body problems. Sometimes 

a formal reduction to a two-body problem i s instruct ive . In the case of 

e l a s t i c scattering from the hydrogen atom in a state '• we define a formal 

optical model potential by se lect ing the equations for the channel > from 

the coupled equations (5.5) and treating them spec ia l ly . The coupled 

equations are rewritten as follows. Repeated indices are summed over. 

(*) 
We formally solve equations (5.9) for the vector $ v , 

> ( ± ) 

v 
E - e - K - V ( ± M _ 1 v . ^ 0 , ( i ) (5,10 

and substitute the solution in equation (5.8). 

JL - . - k - V. " - • . . ' * * - .__ - , - V. ' " " i " 1 V ! r - ' • : . * ' ' = r 

The forra l d e f i n i t i o n r : the o r t i ^ i l aoJe! pc ter . t i . i i for the 

. .-.anr.el '• i s 

V . l ' - - V . • • V. • ' I - • - K - V -J " J \• . ••' (5 12) 
j 

The example of hydrogen i l lu s t ra te s e x p l i c i t l y soae of the points 

that wil l be lised in our many-"oJy r .rr .a l i sc The f i r s t i s the replacentr.t 

- ' ti.i original Schrcdir.ger equation r.. .ir. t-^uivaient problec such as (5 5, 

where the wave function expar.sirr. is -rt ant isyrxsetric but the potentials f e l t 

hy single electrons ire channel-dependent an,! nonlocal The second i s the 

truncation of the set ?.5) cf couple' equations to one channel f5 11) by 

defining .in optical nrJel prtenti .'., v h . h •;• channel-dependent and 

nonlocal. The construction o: the ant I syrcnetric prohlen for the 

interaction of an electron with a aap.y-l-c ly systen is analogous to the 

hydrogen probler i f an independent-particle basis i s used. This problem 

has been formulated for example by Kalker [125] . 

5.2 (e,2e) reactions on manv-hodv svstercs. 

For the (e ,2e) re.iction we art interested in a many-body system, 

to he called the target , ant! a -ystcr resulting from the removal c f an 

electron froia the target , to he called the ion. In the experiment the 

energies of a l l unbound part ic les are measured, so that we have 

particular channels in the electron-ion subsystems. 

For th i s reason we may replace the (e ,2e) problem by an equivalent 

problem in which the electron-ion wave functions arc not antisyimnetric and 

the potent ia ls V. (i = 1,2) are nonlocal and energy-dependent. We reserve 

http://pcter.ti.ii
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the label 1 for the incident electron, allowing a nonlocal exchange 
potential for the two electrons to arise naturally in the formalism 
in analogy with (5.6). 

The (e,2e) Schrb'dinger equation is 
|E - JKj+K.,*!!^) • V 1(F 1;x 1, r.) • V 2(F.,;x, tO • v'fr) WXj.x^f.) = 0, 

13, 

where H.(£) i s the Hamiltonian of the ion with in t e rna l d e u c e s of 

freedom r,. Tlie two-electron Coulomb po ten t ia l v depends on the r e l a t ive 

coordinate r . I t includes the nonlocal exchange terra. 

The target Schrodinger equation is 

r 
= 0 , (5 ,14 ; [% - ( K 2 + H I + V ] | w > 

The e igens ta te | ;;> of the ta rge t system is wr i t t en as an expansion 

in an independent-par t ic le (S la ter determinant) bas i s |a>. 

|u> = I a ( u ) | c t > . (5.15. 

The notat ion (5.15) includes posi t ive-energy s t a t e s |u>. 

The wave function V for the eT (e l ec t ron- t a rge t ) problem (5.13) i s 

wri t ten in a multichannel expansion. 

nXj .Xj .S) = Z ^ ( x j ) |u>. (5.16J 

Coupled equations for the interaction of an electron with the target 
may be written in analogy with (5,5). 

E - e - K, - V 0 = I . V 6 . (5.17) 
y u v*u uv y v 

The coupling p o t e n t i a l s V are constructed by analogy with ( 5 . 6 ) . 

They are matrix elements of a nonlocal po ten t i a l V\ • v7 , where v' includes 

a two-electron exchange term as in (5 .6 ) , 

5.7 

V * ^ " < w ' v i * v r /' v >- ( 5 , 1 8 ) 

A formal optical-model p o t e n t i a l may be defined for e l a s t i c 

s c a t t e r i r g of an e lec t ron from the ta rge t s t a t e Jx>. 

V, « V,, • V. (E - e - K, - V ) _ 1 V , . (5.19) 

X XX AV U 1 uv y uA 

For discussion of the (e,2e) f ina l s t a t e we make analogous 

de f in i t ions for the el ( e lec t ron- ion) s c a t t e r i n g problem. 
The ion Schrodinger equation i s 

[ e f - Hj] | f ) = 0. (5.20) 

The ion eigenstates |f) are written with round brackets to indicate 
that they are vectors in a space with one less electron than the space 
for the target or el states |u>. 

Since the (e,2e) reaction leaves the ion in one of a set of eigenstates, 
but finds the target only in its ground state |g>, it is convenient to 
think of the ion in terms of basis configurations formed by coupling a 
single hole ty. to a basis configuration |6> of the target system. 

S IjB tjB £ ) cj*B*jV- (5.21) 

The coupled configuration is a linear combination of product configurations 
with coupling coefficients C. e, which ensure that the basis configuration 
belongs to the same irreducible representation r of the point-group of the 
ion as the eigenstate |f ) . The subscript r will be suppressed where this 
causes no confusion. The appropriate sums over the indices in the sets j 
end 6 which label vectors in the representation are implied by the repeated 
indices. This formalism will be explained further in sections 7 and 8 on 
structure, where antisvmmetrization will also be discussed. For an atom 
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it means that each basis configuration must have the same total angular 

momentum and parity Jw. 

The multichannel expansion of the el states |i.> is 

|u> = lf/^M(x2)\f'). (5.22) 

According to (5.15) and (5.21) the part ic le - ion description of |u> is 

related to the hole-target description of | f) by 

The coupled equations and optical model potentials for the el system 

are defined by 

E - £ f - K2 - V f f ] $ f

( v ° = I f / ^ f V f f , < t > f /

( v 0 , (5.24) 

V f = V f f • V f f / / (E - e f - K2 • V ^ / ) " 1 V f / f . (5.25) 

5.3 Approximate optical model potentials and distorted waves. 

In the case of an electron incident on a closed-shel l atom in i t s 

ground s t a t e , an approximate semiphenomenological, local,energy-dependent 

optical model potential has been constructed from the Hartree-Fock wave 

function by Furness and McCarthy [126] , Another potential has been derived 

by Byron and Joachain [127] from an expansion to second order in the 

interpart ic le potent ia l s . Both potent ia ls give excellent f i t s to e l a s t i c 

scattering data at incident energies above about lOOeV. Thus the ground 

state optical model i s understood su f f i c i en t ly for computation. 

The object of our formal development i s to reduce the (e,2e) amplitude 

for an N-electron system to one involving wave functions computed in optical 

model potent ia ls (distorted waves) and the structure wave functions of 

quantum chemistry. 

5.9 

For the (e,2e) reaction we are interested in two eT channels, the 

target ground s tate channel |g> and a channel in which the target 

eigenstate |UJ> represents an ionized system with well-defined energy 

and momentum. We therefore truncate the set (5.17) of eT coupled 

equations to two channels ju> and |v>. 

[E - e - K, - V ]$ = V <J • V « , o*v, (5.26) 
u 1 up u uv v pa r o ' * 

[E - e - K, - V ]0 = V $ • V ^ i , o*v», (5.27) 
v 1 w v yu u \xy ? 

[E - E - K. - V ]0 = V $ • V $ , po^JV. (5.28) 
p 1 pa a pu u pv v' 

Equation (5.28) i s formally solved for $ . 

• • [E - e - K. - V I " 1 [V <J> • V 4) ] . (5.29) 
a p i oo DU u pv r v "• J 

The solution i s substituted for each a into equations (5.26) and (5.27) 

to give 

[E - E - K, - V ] i, = V A 

;u V C5-30) 
[ E - E - K, - V ] <f> . V A 

V 1 VV J *v v u VU' 

where 

. -1 
Vuv * Vpv * V E - e p " K i " V V ^ ; PC*UV, 

- < y | v 1 V | v > * z p o ^ v < y | v 1 . v ' | p > 

x < p | 1 | a x a | v , V |v>. 
E - V K r v r v ' 

(5.31) 

The diagonal element V is simply the opt ical model potential V 

for the e l a s t i c scattering of part ic le 1 from the target in state |u>, with 

the channel v eliminated from the def in i t ion . 

At this stage we make approximations that depend on the experimentally-

observed fact that e l a s t i c scattering i s much more probable than non-e las t i c . 
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This amounts to the approximation of weak coupling between channels. 

Ke neglect one non-elastic channel v in comparison with all the others. 

In this approximation 
V * V . (5.32) 

w u 

The optical model potential felt by particle 1 may be written as t v r 

sum of V and a residual term v , which is responsible for exciting 

non-elastic channels by changing the state of the ion. This mechanism 

is called core excitation. 

The off-diagonal element V may now be approximated by retaining 

the small core-excitation potential v in the leading term of the 

expansion (5.31), but not in the second term. 

V a <u|v +V |v> • I . <y|v/ |o> 

x <p| 1 loxolv 7 |v>. (5.33) 
E - (KJ+KJ+HJ+V^- .V ) 

Here we have replaced the quantity e multiplying | p> by i t s Schrbdinger 

operator from (5.14). 

Once again we neglect two channels V and v in comparison with all 

the others. With this approximation we use closure to obtain 

Vm, ~ ^ 1 vjv> • <vW + v7 v / |v>. (5.34) 
E - R ; T 

The primed notation H'_ signifies the inclusion of the two-electron 

exchange potential. 

We now return to the truncated equations (5.30) for the channels u 

and v, for which we have approximated the potentials V . These equations 

are approximately solved for <J> by again assuming that the coupling between 

channels p and v is weak. The first of equations (5.30) is approximated by 

defining a distorted wave which has the nonrelativistic form of a spatial 

function multiplying a spin function Xi^GD. 

5.11 

( • ) , _ . . , m r^ ( 5 - 3 5 ) w • v <£i5 *; / 2 ®. 

E - Gu - K i - \u *i 
( + ) a o (5.36) 

It is not necessary to keep the spin function in the notation until we 

explicitly discuss spin multiplicity. It is therefore temporarily suppressed. 

The electron functions $ are then approximated by substituting (5.35) in the 

second of equations (5.30) 

* s V X , ( + ) . (5-37) 
V E-6-K.-V V U l 

V 1 VV 

This g-ves us an approximation for the multipole expansion (5.16) of the 

eT wave function ¥. The expression is not explicitly antisymmetric 

because of the inclusion of exchange terms in all the potentials. 

5.4 The (e,2e) scattering amplitude. 

The scattering amplitude for a reaction is defined by partitioning 

the Hamiltonian thus, 

H e T = K • V (5.3S) 

(+) 
and defining a wave function * by 

p'-K *W » 0. (5-39^ 

The superscripts + and - refer to ingoing and outgoing boundary conditions. 

The scattering amplitude M is then given by 

M . < » ( - V | * ( * ) > , (5.40) 

where the potential term V i s of short range. 

We are not able to define a short range potential in the (e,2e) 

problem, where al l final-state potential; are Coulomb potentials at large 
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d i s tances . The p a r t i t i o n wil l be defined so tha t the e l ec t ron -e l ec t ron 

po ten t ia l v i s the main part of I'. We must then optimize the 

experimental condit ions by requir ing tha t the highest poss ib le 

momentum components of v are most important, since t h i s implie; the 

c loses t poss ib le c o l l i s i o n s . 

We p a r t i t i o n the Hamiltonian in a d i s to r t ed wave represen ta t ion by-

introducing an a u x i l i a r y centra l po t en t i a l V, ( r . ) . 

K = K, * K, • li + V_ • V,, 

V = \J • V. - V,. 1 d 
(5.41) 

The K operator now separates in the coordinates x. and (x_,£) 

• ( - )(x 1,x 2,0 = x/'^Xj)!^, (5.42) 

where the e l s t a t e |<*J> i s the experimentally-observed f ina l s t a t e . 

For the eT wave function V we are able t o use the approximation 

(5.37) in the multichannel expansion (5 .16) . 

<<*>.*,<* V . i . ^ 1 ( • ) 

E-e -K,-V 
v 1 vv 

V X , l»> (5.43) 

The (e,2e) amplitude may now be written with the aid of the eT 

Schrb'dinger equation (5.13). 

M * <x1
(")|<u)| E - (Kj • K 2 • hj • V 2 • V d ) M ^ > . (5.44) 

Substituting (5.43) in (5.44) gives two terns, the first of which vanishes 

by the orthonormality of the el states |u> and |u>. The second tern 

reduces, using (5.14) applied to the state <u|, to 

M - ^ l E - e B - K , - V d | 
E-e -K.-V, u 1 u> 

V » ( * } > (5.45) 

s . n 

This expression is now simplif ied by exerc is ing our choice of th< 

auxi l ia ry d i s t o r t i n g po ten t i a l V,. Choose 

v d a V : -

The (e,2e) amplitude now reduces to 

M = • - , / " ) - - ^ i v • xJ * </ — v " u > : Y . ( + ) > . S. 
1 . ^ 1 

eT 
The experimentally-measured f ina l s t a t e \L> cons i s t s of the ion i: 

an e igens ta t e ;f) and a d i s t o r t e d wave x? with outgoing boundary 

condi t ions . In the weak coupling approximation > 7 ' ; s a n e l a s t i c 

s ca t t e r ing function computed in the op t i ca l model po t en t i a l V o f ( 5 . - 5 ; . 

U> = > M ( x , ) ! f l . '5. 

The i n i t i a l t a rge t s t a t e ju> i s the ground s t a t e ig^ . 

I t i s now poss ib le to reduce the expression (5.47) for V to a form 

containing only two-body wave functions and operators by making further 

approximations. 

The denominator of the Green's function in (5.47) wi l l f i r s t be 

approximated by neglec t ing the differences v between the rea l nonlocal 

po ten t i a l s v and V- and energy-deperdent c en t r a l d i s t o r t i n g po t en t i a l s 

Vj and V"r 

We neglect the state-dependence of V. and V. , s e t t i n g them both 

numerically equal to V, a t the appropriate e l r e l a t i v e energy. 

The th i rd term of (5.47) i s now 

V - W ^ k f l v ' L - _ v'|g>!x1

(+)>. (s 

* E-(K 1*K 2*Hj*V 1*V 2*v') 

If the distorted waves on the left of (5.49) could be commuted with 
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the factor v frl so that the Green's function could operate or. then d i re t l v , 

an enormous s impl i f icat ion would occur. 

He can achieve this approximately by making a Taylor expansion o'" 

the p o t e n t i a l s about the ccntre-of-irass coordinate £ , where 

Ii = £ * 1 1 • 

r n = R - T r . ;5.5<\i 

Keeping only the f i r s t order terras the Schrodinger equation for the 

f ina l d i s t o r t e d wave x. (r,)>-, ' ( r , ) i f ) becomes, for incident energy 

E0« 

!E 0 - f K ^ K ^ V j C r p - V ^ r ^ H j ) ! y ^ " 1 ( r ^ x ^ 0 (* 2) I f) 

J-), Eo " 0 ;

r ' S * v i ( S * v 2 ( S ' H i ) i , ( 'we(r ) i f ) = o, r 5. s i: 

where 

Is - <vw X ( _ ) (K f R) = 0 , 

i> ! - K. • ( _ ) ( k . r ) = 0, 

e f - H j I fl - 0, 

p 2 • s 2 = E Q - E f , 

_2 _ "ft v 2 -2 _ * r 2 
4m 

l*¥li'W> Is <ii*2>- (5.52) 

For equal electron energies in the f inal s t a t e , f i r s t order terms in 

the Taylor expansion of the potentials vanish, leaving only second and 

higher order terms in the gradients. I f v i s of suf f i c ient ly short range 

(or, since i t i s a Coulomb potent ia l , i f the experiment requires the 

highest possible momentum components of i t ) , one expects gradient terms 

5.15 

to be ine f fec t ive , since the volume of space where the gradient 

terms are s ignif icant i s small. 

Kith the approximation (5.51) the term (5.49) reduces to 

< X 1

( - ) | < X , ( " ) K f | v ' — i V | g > | X / * > > . (5.53) 
p*-ICr-v' 1 

and the (e ,2e) amplitude becomes, s e t t i n g 

v

w - v » (5.54) 

M • < X 1

( " ) l < X 2

( _ ) ! ( f | v • T M ( p 2 ) ! g > | x 1

( * ) > , (5.55) 

where T.,(p 2) i s the two-body Coulomb t-matrix [128] including 

exchange (Mott scat ter ing) . 

Equation (5.55) i s the distorted-wave o f f - s h e l l impulse approximation 

for the (e,2e) reaction. It describes two possible mechanisms for 

removing the electron from the target . The f i r s t term in 5 describes 

shake-off by core-exci tat ion, s ince the potent ia l v produces i n e l a s t i c 

scattering of part ic le 1 from the ion. The second term describes 

removal of the electron by direct c o l l i s i o n with the incident e lectron. 

An estimate of the order of magnitude of the f i r s t term of (5.55) 

wi l l be discussed in section 10. It i s neg l ig ib le for incident 

electron energies higher than about lOOeV. 

The approximations used for computing the second term wi l l be 

discussed in section 8. 

5.5 Discussion of approximations. 

The principal approximation in deriving (S.47) i s that non-elast ic 

channels are weakly coupled to e l a s t i c channels. The experimental 

j u s t i f i c a t i o n for th is i s the smallness of i n e l a s t i c (discrete f inal 



state) cross sections re lat ive to e l a s t i c . An ine las t i c scattering 

calculation with this approximation i s called the distorted-wave 

Born approximation. Calculations in th i s approximation by Sawada, 

Purcell and Green [129] have been quite successful for ine las t i c 

electron scattering from atoms. 

In neglecting v in the second term of (5.33) we have assumed that 

its effect i s very small. This wi l l be veri f ied in section 10. 

The Taylor expansion necessary to reduce (5.47) to (5.55) has 

been discussed after equation (5 .52) . I ts va l id i ty depends on the 

short-range approximation for v. 

The value of the multichannel method i s that i t gives us a 

definition of the optical model potent ia ls to be used for calculating 

the distorted waves. By keeping the many-body degrees of freedom 

in the derivation, we can see where the fact that the ion i s not an 

inert system affects the calculat ion. It does so through the optical 

model potentials V. and V- and the core-excitation potential v. 

The potential for the incident distorted wave \ . i s exact ly the 

optical model potential for the e l a s t i c scattering of an electron 

from the ground state of the target , i f we neglect the f inal channel UJ. 

The potential V- for X* describes e l a s t i c scattering in the 

final channel w. Since th i s i s an ionized channel, there i s no way 

of verifying a potential experimentally. It would help i f we could 

calculate the opt ical model potent ia l exact ly . We cannot go this 

far, but we can develop an energy- and state-dependent paraaetrization 

that has essent ia l ly no free parameters and te s t i t on different atoms 

at different energies. This i s discussed in section 6 .1 . In fact 

the model f i t s such data exce l l en t ly . 

5 .1? 

In our parametrized optical model the presence or absence cf 

one electron makes a negl ig ible difference to the distorted wave :r 

'he interaction region. At f i r s t sight this statement seers tr ĉ 

wrong, because i t makes the difference between charged and uncharge ! 

boundary conditions. However, for short-ranged potent ia ls the 

integrand i s s ignif icant only in the region where the initially-bourui 

eiectron is l ike ly to be found. In this region computer calculation* 

with charged and uncharged boundary conditions have shown that the 

optical model wave function i s insens i t ive to the overall charge ^l'~>0'.. 

The potential V_ for X? describes e l a s t i c scattering cf an 

electron by the ion in i t s final s ta te ' f ) . For the above reasons 

i t i s set numerically equal to V. in the actual experimental s i tuat ion , 

in which the outgoing electrons are detected with equal energies . 

The key approximation in the reduction of (5.47) to (5.551 and in 

equating the potentials V and V_ i s that the electron-electron potential 

v(r) i s of short range. This i s c learly incorrect . We can only 

minimize the e f fec t of th i s error by choosing the experimental condition^ 

to be such that glancing c o l l i s i o n s (lopg range, small momentum transfer) 

are as unimportant as poss ib le . For this reason we always choose the 

energies of the outgoing electrons and the angles £ with the incident 

direction made by the ir paths to be equal. This i s cal led symmetric 

geometry. 

Even in this geometry, i f we make the angles 6 smaller we have lower 

energy in the e f fec t ive e lectron-electron c o l l i s i o n . The e f f ec t ive 

range of the potential i s then larger. 

It i s to be expected from the j u s t i f i c a t i o n given that the 

approximations involved under the heading of weak coupling of channels 
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arc reasonably val id . However i t i s unk .cn under what k i n e - a t x 

conditions the short-range approximation for v breaks down. 

An :rrcrtar.t part cf the experimental program ha, been to investig-.r. 

different kinematic conditions in order to pinpoint, i f poss ib le , t!.. 

rar.ge cf val idi ty cf the apprcxi Eat ions. 

b . l 

t*. The optical Model for electron e l a s t i c scattering on ators 

Essential quantit ies for the understanding and calculation of *':.;• 

e,2e) reaction are the optical nodel potentials for e l a s t i c scattering. 

!r. this section we discuss the derivation of a practicaliy-applic.<.Klc 

optica! aodel potential and i t s range of v a l i d i t y . 

The quantit ies actual ly used in the (e ,2e) calculat ion are the 

ptical nodel wave functions. Ke discuss the va l id i ty of approxir.r-t icr.--

to the wave functions, which simplify the (e ,2e) amplitude to the sta^e 

where a confutation is practicable. Inert gas ators are used a> exarr'' 

. .1 The optical nodel potent ia l . 

tee approximate the many-body wave function for the ground state 

of an inert-gas atom by the independent-particle model. The s ingle -

particle orbi ta l s c . ( r ) are calculated by the Hartree-Fock irethod n."i~. 

The independent-particle wave function is a deterninant for N electr~r. 

occupying tht N orbi ta l s that are lowest in energy. For an atom the 

orbital label i includes the principal quantum number n and the anguin: 

momentua quantuK numbers I, j and n. 

A set of coupled equations may be derived for scattering from an 

inert gas by analogy with the hydrogen atom problem in section 5 .1 . 

The ground s ta te potential [132] i s 

Vii'lP 'J 
I t 2 

iiri2" 
(f>.D 

http://unk.cn
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6.2 

The potential V' is due to the charge i'i strihution while V p is the 

nonlocal exchange potential. 

In order to obtain a local optical model potential for easy 

application to computation of the (e,2e) reaction, we construct the 

equivalent local potential for V by the method of Perey and Buck rl 

The ground state equation (6.1) is written in the forn 

lv 1,3. 

—1~»2 

The right hand side of (6.~1 is expanded about J-J in a Taylor 

scries putting 

i' r., - r 
*>> mi. mi 

the i n t e g r a t i o n v a r i a b l e i s chanped to rj , and t h e i n t e g r a t i o n i s 

performed f o r m a l l y . 

r - W + 1i v 2 O l ' r ^ 

-k . ' i i - ( r . ) 4. l i - r 

t 3 e 2 

d r —- exp 

= .'ne^^frp 
V , + 7 . 

( ( > . ' • ' . 

(6 .5 ) 

The o p e r a t o r s V, and V o,. ? r a t e r e s p e c t i v e l y on iji.* and <)>. 

We make t h e a p p r o x i m a t i o n t h a t a t h igh enough energy V i s 

n e g l i f b l c i n compar ison w i th 7 , s i n c e ty. i s a much smoother f u n c t i o n 

than i4). 

Assuming tb - e i - an equivalent local potential 1). , we have 

V ^ ( r j ) -•• r ; - v c " ".. 0 ( r j ) (6.6) 

6.3 

S u b s t i t u t i n g ( 6 . 6 ) i n t o ( 6 . 5 ) w i th n e g l e c t of 7. g i v e s , in t h e 

case of a c l o s e d - s h e l l t a r g e t , 

2m : ( r l } 

I 
W<ii> 

-i 2 * 2 
2Te n _ , 2 „ A , • 

2w(F-V, -U ? ) Z i * i + Vc\^ll>' 'C " 1 / 

This g ives a q u a d r a t i c e q u a t i o n f o r U whose s o l u t i o n i s 

JL = I E - V c - { ( r - V c ) S a 2 > 2 | , 

where 
4^e 2 -h 2 

i ' r r 

(6. 

(6 .8 ) 

(6 .9 ) 

The ground s t a t e p o t e n t i a l ( 6 . 1 ) i n f a c t g i v e s very good f i t s t o 

the shapes of e l a s t i c s c a t t e r i n g d a t a and i s not s e r i o u s l y i n c o r r e c t 

for a b s o l u t e magni tudes [ 1 3 4 ] . F i g s . 6 . 1 and 6 ,2 show exac t ground 

s t a t e c a l c u l a t i o n s by Walker [ 1 2 5 ] (dashed c u r v e s ) compared t o d a t a 

a t 400eV and 200eV. We have used t h e l a r g e atom xenon t o i l l u s t r a t e 

the o p t i c a l mode l , s i n c e i t s s t r o n g p o t e n t i a l p r o v i d e s a s t r i n g e n t 

t e s t of t h e o r y . 

Of c o u r s e , s i n c e n o n e l a s t i c r e a c t i o n s a r e p o s s i b l e , i t i s n e c e s s a r y 

to i n c l u d e an imag ina ry p o t e n t i a l in t h e o p t i c a l mode l . Th i s te rm 

d e s c r i b e s e x c i t a t i o n s of open c h a n n e l s . I t i s t h e imag ina ry p a r t of 

t h e second term o f t h e o p t i c a l model p o t e n t i a l ( 5 . 1 2 ) . Expanding t h i s 

term in a s p e c t r a l r e p r e s e n t a t i o n , app rox ima te e v a l u a t i o n g ives an 

imaginary p o t e n t i a l o f t h e form 

k F vT = - r . \ i w . £ I 3-1 j [ E - V c ( r ) J 2 J 
<US (6 .10) 

where k outer shells contribute to the reaction. Since cross sections are 

not very sensitive to details of the shape of the absorptive potential, 
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we usually choose only the orbital of highest energy, so that there 

is one parameter W. The parameter W is adjusted to fit the total 

nonelastic cross section (comprising ionization and inelastic scattering). 

It is not a free parameter. The form (6.10) is physically reasonable. 

The imaginary potential, which is proportional to the probability of a 

real excitation, is proportional to the electron density times the 

local Rutherford cross section. 

The real part of the excitation term of (5.12) corresponds to virtual 

excitations of open and closed channels. This term can be evaluated to 

second order in the potentials [127] f yielding a dynamic polarization 

term, which tends to the static polarization term for large r. 

The optical model of Furness and McCarthy r126] uses the static 

polarization term 

V p = Y/(r2+dJ ) 2 (6.11) 

for r outside the atomic charge density, and a cut cff at the surface, 

to whose position the cross section I" insensitive. 

The experimentally-determined s ta t z jo lar izabi l i ty is y. The 

range parameter dQ is defined b;, 

At the energies under consideration (about lOOeV to lOOOeV) the 

only important r e l a t iv i s t i c effect is the addition of a Thomas [137] 

spin-orbit coupling term. This term makes practically no difference 

to differential scattering cross sections although i t of course produces 

the correct spin polarization. Polarizations are not measured in (e,2e) 

experiments and the spin dependence of the optical model will be ignored, 

6.5 

It has been included for completeness in recsnt optical model 

calculations for e las t ic scattering [138], 

Typical f i t s to e las t ic differential cross sections are i l l u s t r a t e 

in f igs . 6.1 and 6.2. 

6.2 Optical model wave functions. 

In order to uevelop an understanding of e las t ic scattering wave 

functions that will help in making useful approximations, they have 

been computed at various point ' in the atom by adding the contributions 

from al l the par t ia l waves. 

Wave functions are plotted in terms of real functions, magnitude 

and phase at the point r , defined as follows. 

X ( + V , £ ) = !x C + ) (£ , r ) | exF 
1 

i * ( k , r ) j . (6,13) 

The phase <t(k,r) for 200eV electrons on Xe is plotted in fig. 6 3 

on a section through the scattering axis. Contours of equal phase are 

shown at intervals of IT/2. Rotation of the figure about the scattering 

axis gives the surfaces of equal phase or wave fronts. 

For plane waves they appear in the figure as parallel straight 

lines perpendicular to the scattering axis. The optical model wave 

function is distorted from the plane wave form principally by the 

fact that the local wave length is shorter in the region of stronger 

attractive potential, Note, however, that the effect of the deep 

Coulomb potential in the centre is not enough to cause severe qualitative 

distortion. This lends credibility to the general idea that large 

potential gradients have small effects. 
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The d i s t o r t i n g effect cf an overal l Coulomb charge, as e x i s t s for 

e lec t ron- ion s c a t t e r i n g , i s almost imperceptible on such a f i g u r e . 

6 .3 The eikonal approximation to d i s to r t ed waves. 

The shape of the phase p lo t s such as f i g . 6 .3 suggests 

approximations to d i s to r t ed waves t ha t have the important feature 

of reducing the (e,2e) amplitude to a for^i tha t renders computation 

p rac t i cab l e . 

The most important observation i s t h a t , in the r a d i a l region 

where valence e lec t ron wave functions have t h e i r main e f f e c t , the 

phase contours are roughly p a r a l l e l and equally-spaced l i k e a plane 

wave with an e f fec t ive propagation constant <• 

X ( + V , r ) £ exp(-vkR)exp i ( l+e* iv )k - r , (h.14) 

K = (l+0+iY)k. (6.15) 

The phase modification parameter 8 represents an aver<-»?» change of 
wave length in the relevant region. The attenuation parameter y 

represents loss of flux due to excitation of nonelastic channels. 
The model wave function is normalized so that its magnitude is 1 at 
a point R on the atomic surface, just before the beam enters the 
interaction region. This function does not represent the distorted 
wave at all points r, but it is a good model at points inside the 
interaction region where the integrands of reaction amplitudes are 
significant. 

The approximation (6.14" is called for our purposes the eikonal 
approximation. Its parameters may be .leti-rmined by fitting wave 
function plots like fig. 6.3. 

6.7 

A good idea of the gnrrgy dependence of the parameters 8 ?nd y 

*ay be obtained by s u b s t i t u t i n g the function ( ( .14) in the one-

diaensional Schrodinger equation for the local wave funct ion . 

[W * fir O V + i N ) J e x p ^ i ( l + e * i Y ) k x = °- (6.16) 

Here V and W are the magnitudes of the average real and imaginary 
potentials in the relevant region of space. A binomial expansion, 
valid for E > lOOeV, yields 

8 • iy = (V*iK)/2E. (6.1V) 

The approxisate values found for argon, krypton and xenon are [139] 

V - 10-40eV, W •» 10eV. (6,18) 

6.4 The phase-distortion parametriration of distorted waves 

The eikonal approximation of section 6.3 cannot fit elastic 
scattering, since it represents the phase of the distorted wave 

X (j^r) vtrY poorl) in the central region where the potential factor 
is very large in the integrand of the scattering amplitude 

r -ik'.r . . 
f(k',k) = - 2 - d 3r e * V r ) x l + J ( k , r ) . (6.19) 

It is possible to parametrize the phase of the distorted wave 
in such a way that the wave fronts in plots like fig. u.3 are quite 
well reproduced. 

| X
C ± ) ( £ , r ) | - exp(-YkR*Yk.r)' 

argx ( ± )(k,r) « [l+aexp(-r/a)]k.r±$exp(-r/a). (6.20) 
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The dotted l ines in f ig . 6.3 show the wave fronts computed with the 

following set of parameters f n 200eV electrons on xenon. 

y = .027, a = i . 6 1 . a = .57A, * = 1.72*. 

The fit to elastic scattering cosputed with these parameters is shown 

in fig. 6.4 fcr 20CeV and 400eV electrons on xenon. The 400eV parameters 

are 

y - 0.0125, a = 1.42, a = .4SA, $ = l.Slir. 

One would expect t'.ie phase-distortion approximation to be better at 

forward angles than backward, since i t ignores re f l ec t ion . The 

parameters have therefore been chosen t o f i t at forward angles in 

f ig . 6 .4 . 

7.1 

7. The atomic and molecular structure problem 

7.1 The relationship of orbi ta ls to structure wave functions. 

The structure of an atomic or molecular system i s described by 

i t s energy eigenvalues and i t s eigenstates expressed as expansions using 

independent-particle basis states jo>, which are determinants of s ing le -

part ic le orbitals v ( x , ) . In the atomic case , for example, the set of 

numbers j specifying the orbital cons is ts of the principal quantum number n 

and the angular momentum quantum numbers i, j and m. 

For the uncharged target system in the (e ,2e) reaction Ke use t^c 
expansion 

For the ion that remains after the reaction the eigenstate i s 

+ expressed in terms of a basis consist ing of a s ingle-hole orbital , . ' 

coupled to independent-particle configurations |8>. Each configuration 

i s defined by i t s set of orbital occupation numbers. 

'V • V j . m 

Vj8(%a*jV. f 7 # 2 ) 

The coupling notation means that each basis vector i s a nornalized 

sua of product functions with generalised Clebsch-Gordan coef f i c i ents 

C. „ that ensure that the basis Amotion belongs to the same irreducible 

representation r of the molecular point group as the eigenstate | f ) ( 140"| 

The appropriate sums over indices labe l l ing vectors that span the 

representation (projection quantum numbers for atoms) are implicit in 

the notation. Pointed brackets are used for target e igenstatcs and 

round brackets for ion e igenstates . We omit e x p l i c i t reference to rhe 

representation r when no confusion a r i s e s . In the case of atoms, r i s 

character!zed by the total angular momentum and parity JIT. 
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We wi l l be Mainly concerned with c losed-shel l targe t s , that i s 

ones where a l l the orbitals up to the Fermi energy are fu l ly occupied 

in the leading term |0> of ( 7 . 1 ) . The basis configuration |o> i s the 

Hartree-Fock configuration i f i t i s determined by the lowest possible 

minimum of the variational integral <OJH|0>. 

For a c losed-shel l target the generalized Clebsch-Gordan coef f ic ient 
-1 /2 

^irO "' ^'^ * s n

r

 O T - e r 0 » where n i s the dimension of the representat 

r. The term containing the H.rtree-Fock configuration is 

i f the orbital c i s occupied in |0>. Otherwise i t i s ic-ro. 

We ca l l ^ the characterist ic orbi ta l of the ion eigenstate | f ) . c 

In the independent part ic le model i t i s the orbital from which the 

electron was removed to form the ion s ta te | f ) . 

The Hartree-Fock technique determines the orbi ta l s ; . . The 

Hartree-Fock orbitals for the ion ground s t a t e are not exactly the 

same as for ion excited s ta tes or for the target ground s t a t e . The 

overlap has been calculated in some cases [141] and i s usually over 90* 

for valence orb i ta l s . For our purposes we eliminate orthogonality 

problems by defining a l l s ing le -par t i c l e orbi ta ls to be those of the 

target ground s t a t e . 

The meaning of an orbital provides a conceptual question, s ince any 

linear combination can represent the system with proper choice of 

coe f f i c i ents . Is an orbital just rr. art i fact of a structure calculation? 

The Hartree-Fock def init ion provides unique orbitals apart from a unitary 

t rans format ion. 

If the target i s not a c losed-shel l system i t may be possible t o 

couple more than one hole orbital \\>. to the target ground s tate |0> to 

ion 

7.3 

form an ion s tate | f ) . For example in the atomic case we can couple a 

target with tota l angular momentum and parity 1+ to p « / 7 , V-ZIJ o r fq/T 

holes to form an ion s tate in the representation y -. In such cases there 

is more than one characteris t ic orb i ta l . 

The coef f ic ients in equations (7.1) and (7.2) are cal led CI 

(configuration interaction) c o e f f i c i e n t s . They express the degree to 

which electrons are correlated due to residual interelectron forces . 

7.2 The overlap function 

The (e,2e) amplitude (5.55) in the distorted-wave o f f - she l l impulse 

approximation may be considered as a d'Storted-wave transform of the 

funct ion 

( f | v • y p

i ) | g > . (7.4) 

We ignore the core-excitat ion potential v, pending our demonstration 

that i t i s neg l ig ib le . The ion eigenfunc:ion | f ) does not depend on the 

electron coordinates in the Coulomb T-matrix and may therefore be 

commuted through i t to give 

T M ( p 2 ) ( f | g > . P . S ) 

The function (f |g> i s the overlap function. It i s a function of 

the space and spin coordinates x_ of the part ic le that i s removed from 

the target to form the ion. 

Orthonormality of the independent-particle configurations |o> 

ensures that , for a c losed-she l l target , 

1/2 
The factor n comes from the antisymmetrization. It i s discussed in 
section 8. 
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If we make the approximation that the ground state of the target 

i s accurately represented by the Hartree-Fock configuration |0>, we 

have 

( f |g> = t c 0

( f ^ c ( x 2 ) . 

Ke ca l l this the target Hartree-Fock approximation (THFA). 

In th i s approximation the (e ,2e) amplitude depends d irect ly on 

the orbital it (x) and may be considered as a means of measuring i t . 

In eauation (7.7) we have replaced the sum over s ingle-hole 

quantum numbers j by a s ingle set c for one characterist ic orb i ta l . 

This i s not s t r i c t l y correct i f there is s ignif icant configuration 

interaction in the ion between independent-particle basis configurations 

that do not involve core exc i ta t ion . In an atom correct choice of the 

s ing le -part ic le potential ensures that there i s no interaction between, 

for example. I s , 2s and 3s holes in a ground-state core. However in 

certain molecules such as CO there is th i s type of interact ion. The 

sum over j must then be retained. For eigenstates in which mo,-e than 

one orbital i s s ignif icant without involving core excitat ion there i s 

no one characteris t ic orb i ta l . We wi l l keep this in mind when necessary. 

The (e ,2e) cross section in approximation (7,7) i s proportional 

s <o 
c 

t ( f ) l 2 

cO 

This quantity is called the spectroscopic factor for the characteristic 

orbital ^ in the ion state |f). The (e,2e) experiment may be considered 

as a means of directly measuring the CI coefficients t fl for the ion. 

7.3 The sum rule for spectroscopic factors 

by the orthonormality of the basis functions for the ion state |f ) 

7.S 

- obtain the following expression for the CI coef f ic ient t . ^ f e s 

a c losed-shel l target f r o . equation ( 7 . 2 ) . ^ 

* j + * ! s > i r ! f ) . 

Using the closure relation 'or ion eigenstates jf) w e have 

V c ( f ) - f K / t 
rf(t*c txHpiflcfi * + x ' 0 > 

c 

(-.9) 

'".10) 

This sum rule provides an important check on determinations of (e,2e) 

cross sections for di f ferent ion s ta tes belonging to the same 

representation r, but s p l i t by configuration interact ion. I t s main 

use i s the fact that the sums of spectroscopic factors for a l l s ta tes 

f belonging to the representation r must be the same *or a l l r. 

7.4 The s ing l e -par t i c l e energy eigenvalue. 

The s ingle part i c l e eigenvalue c for the ion i s defined as the 
. s t a t i o n , a l u e o f t h e i M , H a . i l t o n U n , „ t h e j n d i p ( i ( ( | < p i r i . i c 

state involving a hole * + . 
c 

" (l^H^^H)' 
Expanding (7.11) in ion eigenstates |f) and |f'), using the ion 

Schrodinger equation (S.20), the orthonomality of ion eigenstates, and 
equations (7.8) and (7.9), we have 

£c - V * c t , , l 0 > ] r l f ' , ( f / l H i i f ) f 4 * c + , , l 0 > J J 
f c f 

(Ml) 

(7.12) 
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The single particle eigenvalue for a closed-shell target is 

the centroid of the energy eigenvalues for all the states |f) belonging 

to the representation r, weighted by the spectroscopic factors. 

7.5 Ground state correlations in the target 

In principle the (e,2e) reaction may be considered as a probe, 

not only for correlations in the ion, but also for correlations in 

the ground state of the target. 

The overlap function (f|g> for the full expansions (7.1) and 

(7.2) i s 

(f | g > - n U2Z. a <*>t4

 ( f ) C . * . . t 7 ' 1 3 ! 

r 1 6 r j o a jo jrorj* 

In addition to the characteristic orbital $c there are 

contributions from other orbitals i|». for which the sets of quantum 

numbers j , a, r obey the selection rules. 

If the Hartree-rock configuration a * 0 is dominant (as i t is 

for all systems so far studied), the coefficient a a i s snail for a * C 

and the contribution from -j>. for j * c i s small. For situations where 

the coefficient C yQ is not zero, i t i s usually impossible to observe 

the contribution from j # c in comparison with that for j - c. 

There are situations where the coefficient C - i s zero. The 

ion state | f ) does not then contain any of the orbitals iK that 

are occupied in the target Hartree-Fock configuration |0>. In such 

cases the (e,2e) cross section i s sensitive to ground state correlations, 

indicated by a for a * 0. Examples are the ionization of ground state 

helium leading to the excitation of the 2s and 2p states of the helium 

ion. 

8.1 

8. Calculation of the (e,2e) cross section. 

Application of the Npller scattering formula [143] to the 

nonrtlativistic (e.2e) problem [144] yields the following expression 

for the differential cross section. 

d'o 2ir m 2m1
 fr. = ,l/2 r , u | 2 

where m is the mass of the electron, the kinematic symbols are defined 

in f ig. 2.1 , and the symbol E indicates an average over ini t ia l 

degenerate states and a sum over final degenerate states. 

The (e,2e) amplitude in the distorted-wave off-shell impulse 

approximation i s 

M - < X A

C " V ' } | ( f | v • T M (p 2 ) | g > | X ( )

( + ) >. 

The distorted waves x are normalized to plane wave flux. 

8.1 The knockout term. 

The second term of (8.2) i s the knockout term. It is expressed 

in terms of the antisymmetrized two-body t-matrix in coordinate space 

as 

M - Ald'^ld'^ld'^d'^x/-^^^),^-)*^^) 

- < r , | T M ( p a ) | r « ( R ^ R ) E . o a a

( « ^ i a ^ C j r o * j ( x 2 ) x 0

W ( k 0 , r 1 ) . (8.3) 

Spin coordinates are not displayed explicitly. Since spin-orbit 

coupling is a small enough effect at nonrelativistic energies to be 

ignored in the distorted waves, they are simply products of space and 

spin functions. Orthonoraality of the spin functions results in selection 

rules for spin projections. 

(8.1) 

(8.2) 
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The energy at which the Coulomb t-matrix is computed is given 

by (5.52) as 

p! - s I vt.l 
The operator A rejresents overall antisymmetrization in all 

coordinates. The functions |f) and |g> are internally antisymmstrized. 

That is to say they are linear combinations of Slater determinants. 

They differ by one electron in the characteristic orbital. The number 

of electrons in this orbital for a closed shell target is n . 

Foi a closed-shell target normalization and antisymmetrization of 

the overlap function (f|g> introduces a factor n in the (e,2e) 

amplitude. This is discussed fully by Austern [145]. Normalization of 

an antisymmetrized wave function involving particles in the continuum 

is defined so that the flux for the antisymmetrized wave function is 

the same as that for the product wave function before antisymmetrization. 

For targets that do not have a closed-shell structure, antisymmetrization 

introduces more-complicated factors. They have been discussed by 

Austern [145]. 

(8.4) 

8.2 The eikonal approximation. 

The expression (8.3) involves a 12-dimensional integral, whose 

dimensions can be reduced somewhat by angular momentua algebra, but 

which is s t i l l far too complicated for evaluation by computer. It is 

greatly simplified by the use of the eikonal approximation (6.14) for 

the distorted waves. In this approximation M factor!zes as follows. 

M- < ^ A - 5 B ) | T M ^ l i A - t B l 2 ) l^3 )>(2 1 r ) - 3 / 2 n r

1 / 2 

x V a ( i ) t j a C % 4 d , r ^S'DV^' 
(8.5) 

8.3 

where the first factor includes the integration over spin coordinates 

and 

« * *o * £A " V ( 8 - 6 ) 

•Jj - ( l * B ^ i Y j ) k j . J - A, B, 0. (8.7) 

It has been determined numerically that angular correlation 

curves are given adequately for realistic values of 6 and Y by setting 

ic a k (8.8) 

in the first (t-matrix) factor. It is sometimes sufficient to make 

this approximation also for the second factor (Fourier transform of the 

overlap function), provided the amplitude is multiplied by an attenuation 

factor F, where 

F - exp [-(v0k0R0 • y A k A R A • v ^ R , ) ] , (8.9) 

and the R. factors are the normalization radii of (6.14). The momentum 

q is then the recoil momentum of the ion. 

In the eikonal approximation (8.5) the (e,2e) cross section is 

directly proportional to the square of the momentum-space wave function 

A (q) of the characteristic orbital ib (r) if we make the target Hartree-Fock 
Cm C » 

approximation (7.7). 

By varying the angles 6 or $ of the outgoing electrons it is 

possible to vary the ion recoil momentum q and thus span the range of 
m 

q for which the momentum orbital • (q) is sufficiently large for 

significant counting statistics. 
The shape of the (e,2e) angular correlation is characterized by 
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8.3 The factorization approximation. 

At energies high enough for the eikonal approximation to be 

approximately valid we can relax this approximation, keeping only 

one major feature of i t , the factorization of the amplitude (8.3) into 

a t-natrix factor and a distorted-wave transform of the overlap function. 

The resulting approximation i s the factorization approximation. 

(8.10) 

This approximation depends also on the absence of spin-orbit 

coupling in the optical-model wave functions. 

For closed-shell targets the incoherent sum and average indicated 

in (8.1) by Z amounts to an average over the init ial electron spin 

projections p . , a sum over final electron spin projections u and vi

and a sua over u , a quantum nuaber indicating a particular vector in 

the representation r to which the final ion state belongs. In the atomic 

case u i s the projection quantum number corresponding to the total angular 

momentum J. 

E av = 7 r y 0 y A p B u r . (8.11) 

In the factorization approximation the f irst three sums are taken 

up in the f irst factor of (8.10), which becomes the half-off-shell analogue 

of the Mott scattering cross section. Antisymmetrization and normalization 

of the second factor in the amplitude (8.10) produces a factor n in 

the amplitude, where n f i s the multiplicity of the representation r Cl'Sl. 

In the factorization and target Hartree-Pock approximations the cross 
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section for a closed-shell target, including full antisymaetrizaticn, 

i s 

2 
d 3 o 2n a 2m3 ,_ r ,1/2 2me< 2irn 

exp(2wri)-l 

J 1 + ___1 1 1_ 
W - k P * |k'*kP " Ik'-kl2 |k'*k| 

cos 
' ^ t | 2 

n In 
k'*k 

|k'-k| 2 

* Z^ljd^X'W'^B^ 

where 

** c (r)Xo { + ) ( i 0 .r ) | 2 , 

n - meV^V, 

fc'-hm-S.'-
The distorted waves, expanded in partial waves, are 

X

( + ) ( k . r ) - 4irE^i*exp(io£)U£(k,r)Y | iB*(£)Y£j | |(r), 

X (" }*(i.r) - 47 fE^i^exp(i^)u £(k,r)Y £ j B*(k)Y^(r), 

The radial partial waves u^ are solutions of 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

The Coulomb phase shift appropriate to the charge product in each 

two-body subsystem is a». 
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The eikonal approximation is introduced into (8.12) by replacing 

the distorted waves by 

X (* J(£,r) = exp(-vkR) exp[i(l*B*iv)k-r] . 

X ( _ )*(k,r) * exp(-ykR) expj-i(l*e*iY)k-r|. (8.16) 

The validity of the eikonal approximation can be checked by comparing 

calculations of (8.12) with the phase-distorted waves (6.20) and the 

eikonal distorted waves (8.16). If the eikonal approximation is 

satisfactory for this purpose, we can have soae faith in the separation 

of (8.3) to give (8.10), which ia exact in the eikonal approximation. 

The comparison is shown in fig.8.1 for 400eV (e,2e) on xenon in coplanar 

symmetric geometry. 

It i s possible to find physically-reasonable parameters E, y, R 

for which the angular correlation peaks occur in the same places for the 

two approximations. 7 i s larger for the 5s orbital since the 5s orbital 

emphasises a region of smaller r and larger V than the Sp orbital. The 

theories agree best for 0 5 45°. 

Coplanar symmetric geometry provides the most stringent test of the 

factorization and eikonal approximations, since the off-shell Coulomb 

t-matrix element varies most rapidly over the experimental range of q. 

Fig.8.2 compares the two approximations for noncoplanar symmetric 

geometry, where the Coulomb t-matrix element i s essentially constant 

over the relevant range of q. 

8.4 The cross section for atoms. 

The most exact computable form for the (e,2e) amplitude in the 

target Hartree-Fock approximation i s (8.12). To include target ground 
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state correlations, or situations where there i s not just one 

characteristic orbital, one generalizes the overlap function from 

(8.17) 

»e simplify the discussion, in order to emphasize the main points, 

by evaluating (8.12) in the eikonal approximation for a closed-shell 

atom. 

The factor that depends on the nature of the target is 

x * c ( T ) X o W ( i 0 . r ) | l 

* S c \ n

V I W V 2 | « ' ' e x p ( i q . r ) * c ( r ) | 2 , 

where the attenuation factor F is given by (8.9) and 

The spin wave functions have been included in the Mott scattering 

t-matrix factor. 

In the case of atoms the characteristic orbital i s given by 

(8.18) 

(8.19) 

(8.20) 

where the spin-orbit coupling i s expl ic i t ly expressed by a Clebsch-Gordan 

coefficient. The set of quantum numbers u r expressing the degeneracy of 

the representation r is siaply the projection M of j . 

Making a partial wave expansion for the plane wave factor, (8.18) 

reduces to 
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0 T - S c

( f ) FE M | (2ir)"V24ir^|rdrj£(qT)urtZ(r) 

• S c ( f ) ™ | i f " » ^ ( V ) V f r ) | a - ( 8 ' 2 1 ) 

where 

Using the addition theorea for spherical harmonics and the orthogonality 

relations of the Clebsch-Gorden coefficients, we have 

Since the closed-shell target has J*0, the ion total angular noaentun 

J is equal to the orbital angular aoaentua j . 

In experiaents to date (e,2e) cross sections for different ion 

states have been aeasured relative to each other, but one overall 

noraalizing factor has been oaitted. 

The quantity to be calculated for coaparison of cross section ratios 

i s , for closed shell atoas in the eikonal and target Hartree-Fock 

approximations, 
n 

(8.24) 

Full implementation of the generalization (8.17) in the eikonal 

approxiaation involves SUBS of siailar ceras with coefficients given by 

a structure calculation. 

The iaportant features illustrated by (8.24) are that o R is, to a 

good approxiaation, proportional to 
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1. The square of the aoaentua space characteristic orbital with 

respect to the aaasured recoil aoawntua q, 

2. The spectroscopic factor for die ion state |f) to contain the 

characteristic orbital f , 

3. The deeeneracv n - 2J*1 of the ion state |f), 

4. The square of the half-off-shell Mott scattering t-aatrix. 

Only feature 1 is aodified by the introduction of aore exact 

distorted waves. Features 1 and 4 are aodified by the relaxation 

of the factorization approxiaation, a calculation that is at present 

impossible without the eikonal approxiaation. 

••5 Core excitation for atoas. 

Thus far we have calculated only the knockout tern of (8.2). 

The core excitation tern is 

\ ' <3^ C" >X B
C" 51Cr|v|*>|x 0

C* )>- (8.25) 

Making the expansions (7.1) and (7.2) for |g> and |f), we have 

\ • < x A

( - ) x B

( - ) | r j a e « o

( g ) t j B

( f ) c j r 0 * j < P | v | a > | x o

w

> . ( 8 . 2 6 ) 

In order to calculate ML, one requires the aatTix eleaents of the 

potential v which produce excitation of the target. Rather than coapute 

these a»trix eleaents froa a aodel, one can find then numerically in 

certain cases froa structure inforamtion Obtained by application of 

the (e,2e) knockout aechanisa to experiaents. This aethod will be applied 

in section 10 to show that ML; is in fact saall, 

8.6 The cross section for Molecules. 

The analysis for aolecules is siailar to that for atoas except 
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that the factor analogous to (8.18), that is the factor in the cross-

section that depends on the nature of the target, includes an average 

over degenerate states of the target. Since the target gas is at a 

finite tenperature T, the target is in one of an ensemble of rotational 

states given by the Boltzaamt distribution. The sun over the set of 

quantun nunbers u describing degenerate final states is generalised 

to 

°T " FriMJC,l'M'lC.V'.u Z"W-E I/W3|(2»)" V 2|< ,«w»(ia-l)('lt>l a. 

(8.27) 

The quantun nunber u now describes degeneracies only in electronic 

states. The total angular aonentun quantua number of a nolecular state 

i s I and i t s projection quantun nunbers on the space-fixed and body-fixed 

z axes are respectively M and K. The energy of a state with total 

angular nonentun ! i s E.. The partition function i s Z. It i s assuned 

that vibrational states are not excited in the target gas. The set of 

vibrational quantun nunbers describing the ion state i s V*. Prined 

sets of quantun nunbers denote ion states. 

Molecular wave functions are described in the Born-Oppenheiner 

approximation. 

If* = |Ug(r',p ,.R /} S 0(lf )Dj[(n)> 5 |O|lKT,0>. 

|f) 5 |U£(p',R') S^(R') tj'fVo] S |F) | l ' t f l f ,V>. (8.28) 

We have specialized to the case of axially-symnetric nolecules to 

i l lustrate the theory. In nore general cases appropriate linear 

coabinations of rotation functions D,^ nust be wed. 
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The Born-Oppenheiner wave function involves separation of 

electronic states U , U, froa ini t ia l and final vibration-rotation 
I I' 

states S y D^ and S ,̂ D ,̂ K , . 

The electronic and vibrational wave functions are given by 

structure calculations in terns of coordinates described with reference 

to a convenient set of body-fixed axes, denoted by primes. The 

rotational coordinate* 3 are the Euler angles of the body-fixed 

systen in the space-fixed system. 

The coordinate of the electron in the characteristic orbital tj. 
c 

is r*. The coordinates of electrons in orbitals coanon to molecule 

and ion wave functions are collectively denoted by p' . The coordinates 

of the N nuclei are collectively denoted by 9?. 

*= (ft. . . . . ^ ) . (8-29) 

The distorted-wave transform factor in the (e,2e) amplitude 

(8.5) may be written 

Hj. « <l'M rK',V / |(2Tr)' 3 /' 2 |d ,r exp(iq/r) (F|G>|lMK,0>. (8.30) 

Here (F|G> i s the overlap function for the electronic wave functions only. 

The (e,2e) experiment does not normally resolve rotational or 

vibrational bands based on a given electronic state. Hence the target-

dependent factor in the differential cross section i s (8.27). 

For a particular in i t ia l angular momentum I the average over 

degenerate MK states i s 

Oj « (2I*l)" 1E y E I / | f | c / v y E M K <IMIC,0|fd , r 1 exp(4 3 .r 1 )<G|F)|l / M'K / ,V y >(2 1 T)' 3 

x <I' tf r/ ty | |d»r 2 exp(io t.r2)(F|6>|lWC,0>. (8.31) 
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This expression is simplified by applying the closure relation for 

final rotation-vibration states. 

Oj « (ZI+ir^^lMK.OlCZTO-'lfd'r exp(i%.£) ^F|G>| 2 | IMK,0>. (8.32) 

For the ground state of target vibrations we retain the assumption that 

vibrations and rotations are uncoupled. This assumption is not necessary 

for the general validity of (8.32) as far as ion states are concerned. 

We can thus use the sum rule 

rK» DMK ( f t )' 2 = 1 ( 8 - 3 3 ) 

in (8.32), and express the rotational integral over Q explicitly. 

°I a ^ M
< 0f(« l f i( 2 l ,)' 3l|d 3r exp(i£.r)(F|G>|2|0>. (8.34) 

The integral indicated by the Dirac brackets is an average over the 

ground state of target vibrations. Note that this expression is 

independent of the total angular momentum I of the molecule. 

The molecular independent-particle states |a> which define the 

basis for the electronic eigenstates |F) and |G> are expressed in terms 

of the LCAO (linear combination of atomic orbitals) picture. Each 

molecular orbital ij>. (r^B7) in the determinant |a> is written as a sum of 

terms centred at each atom centre R/ each term having angular properties 

given by a spherical harmonic Y- (jr-jR'). 

*s C J )^-^% ( 5 )(r)y £ B(l). (8.36) 

In general the electronic eigenstates JF) and |G> are given by 

structure calculations as configuration interaction expansions of the 
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forms (7.2) and (7.1) respectively. In this case the ove.lap function 

i s given by (7.6). 

^ i ^ " V « ( C ) t j « C F ) c j ™ * j ( ^ R , ) - ( 8 - 3 7 ) 

For illustration we will make the target Hartree-Fock approximation 

for closed shell molecules. Antisymmetrizing the overlap function we 

have in this case 

A(F|G> = n r

1 / 2 t c 0 ° \ ( r ' , R / ) . (8.38) 

In the eikonal approximation the cross section depends on the 

Fourier transform of this function, expressed for the present purpose 

in terms of the space-fixed coordinates r,R. 

E s (2ir)- 3 / 2 jd*r e x p ( i a . r ; ^ { c ) ( r - R s ) = E ^ s ( 5 ) e x p ( i 3 . R s ) , (8.39) 

where 

• S<S) " ( 2 * ) " 3 / 2 f d 3 r e x p ( l j . r ) * s

( c ) ( r ) 

v * m ( S ) W * (?) i * j r * d r j £ ( q r ) u ^ ( s ) ( r ) . (8.41) 

We now evaluate the integral over the Euler angles & in (8.34) 

for the equilibrium values IT of the vibrational coordinates R. Rather 

than make the difficult transformation to the space fixed system from 

the body-fixed system, in which the molecular orbital i s given by a 

structure calculation, we will proceed in an equivalent way. We assume 

that the body-fixed system is held stationary, so that 

r 7 * r, 

R ' - R„ (8.42) 
mi mi' 
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and the integration is performed over all directions of q. 

The equilibrium value of the target-dependent factor (8.34) is 

r' 

W V m ^ V m ' ^ ^ 1 ^ 

lslJv£}\2 * ^ ^ t W / ^ X ^ t J 

* v<J , ) #(q)vj,^(q) (2l*l)(2X+l) 
4tr(2*'*l) 

1/2 
e * t f e « ? V ; , « > - (8-<3) 

The differential cross section for the (e,2e) reaction MI a 

closed shell , rigid nolecule in the eikonal and target Hartre* -Fock 

approximations i s 

0 ' l< kA-Wl T

M (Ji l iA-iBl 2 ) lT<V3)>l 2 S c C F ) VE' ( 8 ' 4 4 ) 

where o is given by (8.43). 

This expression may be generalized by replacing the single molecular 

orbital <J» (r,lT) with the configuration-interaction ove.-lap (F|G> of (8.37). 

For certain simple molecules, electronic functions have been determined 

variationally as functions of the vibrational coordinates R. In such 

cases it is possible to calculate the vibrational integral (8.34) explicitly. 

Since it is the lightest molecule, the necessity of performing the 

vibrational integral may be tested by the case of H.. Detailed 

calculations [ 54 ] have shown that the shape of the (e,2e) angular 

correlation for H, is the sane for the vibrational integral as for 

the calculation using the equilibrium value of R. 
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8.7 Theory of (e,2e) on solids. 

The (e,2e) reaction has not yet been performed on valence 

electrons in solids. There i s no experience of the use cf the eikonal 

approximation for the reac ion mechanism or of possible corrections to 

i t . As discussed in section 4.6 electrons of relevant energies, some 

hundreds of eV, are strongly attenuated in solids, so i t i s expected 

that the reaction will only observe wave functions for electrons in the 

first few atomic layers. In this respect i t is similar to the XPS [3-S] 

and LEED [120] techniques. 

The reaction, however, has enormous potential for discovering 

properties of electron wave functions in sol ids. As in the case of 

atoms and molecules, much experience will be required to identify 

kinematic regions where simple reaction approximations are valid. 

Possibil it ies are that surface wave functions can be studied and that 

the energy-dependence of the electron attenuation may enable differences 

between surface and bulk wave functions to be identified. The study of 

wave functions of molecules adsorbed on surfaces i s a distinct 

possibil ity. 

The maximum information will be obtained i f i t i s possible to 

measure fairly directly the Fourier transforms of electron wave functions, 

as in the cases of atoms and molecules. The theory of this possibil ity 

has been outlined by Levin, Neudatchin and Smirnov [146] for single-

particle orbital* in crystals. We will confine our discussion to the 

single-particle approximation. 

The main difference between the (e,2e) reactions for solid and 

gas targets i s in the kinematic relationships. For a gas the differential 

cross section is governed by the energy-conserving delta function of 
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equation (2.4 ) , confining it to discrete separation energies r, 

with almost unrestricted recoil momentum q. For a solid the cross 

section is governed by the dispersion law for each band a. 

e ( a ) * e W ( k ) . (8.45) 

Only one value of the electron quasimomentum k in the first 

Brillouin zone is allowed for each separation energy for a particular 

band. 

The Fourier transform * k (q) of the band wave function V. (r) 

with respect to the recoil momentum q is 

* k

( 0 ) ( 3 ) * ( 2 w r V 2 f d » ™ 1 S - ¥ k

( o ) f c ) . (8.46) 

The single-particle wave function satisf ies the Bloch relation 

"Fk

( a )(r*R) * exp( ik .R)Y k

( a ) (r) , (8.47) 

where 1R is one of the lattice vectors. 

The cross section in the plane-wave approximation is proportional 

to 

l * k ( 0 ) ^ | 2 - Z a B V . B l * x ( a ) ^ | J . IMS) 

where B is a reciprocal lattice vector. The sun over a occurs when 

bands are not resolved. 

A primary use of the (e,2e) reaction is for Mapping the dispersion 

law (8.45), since the cross section is finite only for 

S - k * B . (8.49) 

For a fixed energy, therefore, the cross section Mill be finite 

at a discrete set of values of q with an envelope given by (8.48). 
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A small change in energy will observe the momentum-space wave 

function of the band at a different set of q values. 
•* 
(a) The coordinate-space wave function ¥ i s written as an 

expansion in terms of orbitals ip ni type n for atoms of type s 

centred at R. . 

O a ) ( r ) = Z. B ( c t ) exp(ik.R. )* C(r-R. ) . k — jns ns r v ^ . - js nsV-»js (8.50) 

The coefficients B ' are determined for each band orbital a by a ns 

structure calculation. The shape of the envelope (8.48) will be a 

sensitive test of this determination i f the success of the reaction 

for molecules can be repeated. 

The direction of q should be chosen as one of the Wigner axes 

in the reciprocal latt ice , so as to simplify the band structure for 

the particular direction. 

Neudatchin and Zhivopistev [147] considered the information that 

could be obtained on the Mahan-Nozieres edges [148,149] and their plasmon 

sate l l i tes if a deep hole i s created in a solid by the (e,2e) reaction. 

The degenerate gas in the outer bands is polarized by the sudden 

appearance of the fixed deep hole, and this influences the deep-electron 

spectral weight function Z(e). In the plane wave approximation the (e,2e) 

cross section is proportional to 

-a n (e-e -nEj 
l^(q) | 2 Z(e) - | ^ ( a ) | 2 r S _ - « ° P i tt (8-51) 

n (£-e o-nE p) 

where $<(<l) is the wave function of the deep hole, E the plasmon energy, 

£ the threshold energy, e the separation energy of the knocked out 

electron, a is a constant depending on the plasmon energy and momentum, 
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and 6 i s the unit step function. The orthogonality catastrophy 

contribution [150] to the exponent is given by 

a = 2 Z (2j*l) U ] , (8-52) 
j - 1 < > 

where 6". is the Fermi energy phase shift for an electron experiencing 

the potential of the deep hole. In general a < 1 and this results in 

threshold singularities. In order to be able to see details of the 

spectral weight function energy resolutions of the order of 0.5-1.0eV 

are required. The separation (E ) of the plasmon satellite peaks is, 

however, much larger and should be observable with much poorer resolution. 

Holes in the conduction bands should permit the investigation of 

plasmeron states which appear as singularities in both q and c in the 

general electron spectral weight function [151]. Since the plasmeron 

states are separated froa the bottom of the conduction band by an energy 

approximately equal to the plasnon energy, it should be possible to 

investigate then with rather poor energy resolution (AE * 5 eV). 

Only two (e,2e) experiments have been carried out with solids, both 

using thin films and the coplanar symmetric arrangement. The first is the 

original experiment of Caadlloni et al [45] using a self supporting carbon 

foil [see section 4.6]. They were able to obtain angular correlations for 

the C(ls) hole, the energy resolution (AE * 130eV FWHM) being too poor to 

resolve any valence structure. The C(ls) angular correlation was in good 

agreement with the plane wave calculations using Roothaan wave functions 

[152], The total energy E was 9 KeV. 

Very recently Kzasilnikova and Persiatseva [153] announced results 

obtained at 10 KeV for the angular correlations of electrons knocked 

out of Is oxygen and carbon orbital* using collodion, [CLH.O-CONOJ 3J n, 
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and carbon films respectively. Over the limited region of q space 

measured, the angular correlations are in agreement with plane wave 

calculations using either Slater type or Hartree-Fock wave functions 

for the ejected electrons. Because of theooor energy resolution 

(<* 140eV) no information was obtained on the valence states. 
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9. The reaction aechanisa. 

Before we can draw conclusions about structure information obtained 

froa the (e,2e) reaction, we must understand the reaction mechanism 

sufficiently. This aeans that we aust find an approxiaation for the 

(e,2e) aaplitude that produces energy-independent and internally consistent 

structure inforaation. The crucial test for internal consistency is the 

sua rule (7.10) for spectroscopic factors. 

9.1 Noncoplanar syaaetric geometry for atoas. 

The reaction is first studied on atoms, since the optical model gives 

us an extreaely good description of the distorted waves x (£•?) i n o u r 

basic approxiaation (8.3). 

In the eikonal approxiaation (8.16) the matrix eleaent (8.3) 

factor!zes into the product of the Mott scattering t-aatrix and a 

distorted-wave transfora. If this approxiaation is valid, the analysis 

of the reaction becomes very staple, since i t i s easily applied also to 

molecules. 

The simplest eikonal approxlaation is the plane wave or Born 

approximation, in which distorting potentials are treated as negligibly 

saall compared with the relevant continuum energies. 

Fig. 9.1 shows the distribution of recoil aoaentua q for the (e,2e) 

reaction on helium, leaving the ion in i ts ground state [47,154]. The 

shape is consistent at energies ranging froa 200 eV to 1200 eV. The 

Hartree-Fock wave function of Fischer [131] fits the data within experimental 

error, using the plane wave approxiaation. The average potentials are too 

small in these cases for the eikonal paraaeters 3 and y to have any effect 

on the angular correlation shape. 

9.2 

Fig. 9.2 shows that the shape of the moaentua distribution for 

the argon ground state (3p) transition is also well fitted by the saae 

model over the range 400eV to 1200eV. Differences at low q for different 

energies are attributed to finite angular resolution , which has been 

folded into the theoretical curves. 

Fig. 9.3 shows the plane wave approximation applied to the case 

of argon, with the ion in the 29.3eV (3s) [46,48,154] state. This curve 

is indistinguishable at 800eV from a curve calculated [155] using the 

fully-distorted waves (8.14). The states near 40eV give an identical 

curve (fig. 10.3). 

Once again the Hartree-Fock wave functions f i t excellently within 

experimental error with the possible exception of the very large q range 

for 3s orbitals. We can conclude that cross sections in noncoplanar 

symmetric geometry, where the Mott scattering t-matrix is essentially 

independent of q, are genuinely proportional to the squared overlap 

function. 

We might be tempted to consider the eikonal approxiaation as 

sufficient on the basis of the shape f i ts . The crucial test i s , however, 

the sua rule (7.10). In the case of argon we can compare the sua of the 

spectroscopic factors for all the states having 3s as the characteristic 

orbital with those for the 3p orbital. In fact the 3p orbital is not 

split among several eigenstates (apart froa spin-orbit splitting), so we 

may call its spectroscopic factor unity and find the suaaed spectroscopic 

factors of the 3s states by comparing experimental ratios. The sua of the 

3s spectroscopic factors in the eikonal approxiaation at 400eV is 0.65. 

The discrepancy must be attributed to the fact that the 3a orbital 

occupies a region of space somewhat closer to the centre of the atom 
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than the 3p orbital, so that the average distorting potentials, 

particularly the iaaginary potential which affects the Magnitude rather 

than the shape of the cross section, are larger. 

In the eikonal approxiaation with a constant average iaaginary 

potential W, the aagnitude of the cross section is proportional to the 

square of the factor F of (8.9). The distortion parameters 6 and y are 

too saall to affect the shape in the noncvplanar symmetric geoaetry. 

The exponent of this factor is proportional to E . However the 

iaaginary potential itself decreases with increasing energy, so the 

effective distortion decreases rather aore quickly as the energy increases. 

At 1200eV the sua of the 3s spectroscopic factors has risen to 0.7S, but 

the situation is still not satisfactory for argon or for heavier atoas 

where distortion is aore important. 

The distribution of recoil aoaentua q for the (e,2e) reaction on the 

heavy atom xenon leaving the ion in ts ground and several excited states has 

been measured by Weigold, Dey and Di: n [154] and is shown in figure 9.4. 

At 400eV the shape of the 5p~ ground state transition is very well described 

by the factorized distorted wave iapulse approxiaation with phase distorted 

waves (8.10). The waves are identical to those used to fit the 400eV ,. ,lanar 

xenon data (sec. 9.2). It is also well described oy the eikonal approximation 

(dashed curve) with the paraaeters of figure 8.1. The plane wave theory 

(dotted curves) does not give as good a fit to the data at 400eV, but it 

does give a very good fit to the data at 1200eV, an energy at which the 

distortions of the electron waves should be less iaportant. The finite angula 

resolution has been folded into the theoretical curves. The Hartree-Pock 

wave functions of Froese-Fischerf 131] are used in the calculations. 

Figure 9.4 also shows the distorted-wave factorization approxiaation with 
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phase distorted waves (solid corves), the eikonal approxiaation, and the 

plane wave approxiaation (dotted curves) applied to the case of xenon with 

the ion in its first excited state (e » 23.4eV), as well as in soae higher 

excited states (e * 28.5 and 32.5eV). The experiaental results!154] give 

identical shapes in all three cases, and are well described by the curves 

calculated for the ejection of a 5s electron from xenon using the Hartree-Foek 

wave functions of Froese- Fischer! 131]. At 400eV the fully distorted wave 

calculation gives a better fit to the data than either the plane wave or eikonal 

calculations for q > la.u. However, at 1200eV the plane wave curve gives a 

very good fit to d»ta. 

The crucial test between the fully distorted, eikonal and plane wave 

theories is, however, the sua rule (7.10). We can coapare the sua of the 

spectroscopic factors for all the states having 5s as the characteristic orbital 

with those for the 5p orbital. Sine* the 5p~ orbital is not split, among 

several eigenstatesf 50, 154], apart froa spin orbit splitting, we can take its 

spectroscopic factor as unity. The suaaed spectroscopic factors of the 5s" 

states can then be found by coaparing experiaental ratios. Weigold et al[ 154] 

find that in the plane wave approxiaation this is 0.54 ± 0.08 at 400eV, whereas 

in both the eikonal approxiaation and the factorized phase-distorted approxiaation 

the suaaed 5s spectroscopic factor is 1.05 ± 0.08 at 400eV. 

The fact that the suaaed 5s spectroscopic factor obtained using the eikonal 

approxiaation is in agreeaent with the expected value of unity, is due to the use 

of larger distorting potentials for the aore tightly bound 5s orbital (caption 

fig. 8.1). As the energy increases these differences should becoae less 

significant. This is born out by the result at 1200evt 154], where the 

spectroscopic factor in the plane wave approxiaation has risen to 0.75 ± 0.08. 

Clearly, at energies below approxiaately l200eV, we require a better 

description of the distortion than the siaple eikonal approxiaation with the 

saae distortion paraaeters for the different orbitals in order to properly 

coapare valence states of the heavier atoas with different characteristic orbitals. 
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The simplest eikonal approxiaation is quite satisfactory for q-distribucio-

shapes in noncoplanar syaaetric geoaetry. We have shown in figs. 8.2 and 9.4 

that it does not differ appreciably in this respect froa the next-aost 

sophisticated distortion aodei, the phase distortion approxiaation, even for 

xenon. It is therefore satisfactory also for coaparing states in the saae 

representation and thus obtaining relative spectroscopic factors. 

It is easy to adjust W for s- and p- orbitals to obtain a correct 

coaparison of aagnitudes. The fact that the saae distortion parameters are 

used for coplanar and noncoplanar cases, figs. 8.1 and 1.2, is satisfactory. 

However, froa the point of view of thoroughly understanding the reaction 

aechanisa, we aust relate W to elastic scattering in soae direct way. 

This cannot be done, since the siaple eikonal approxiaation is unsatisfactory 

for elastic scattering. The phase distortion approximation (6.20) can be 

related directly to elastic scattering, as can of course the fully distorted 

waves (8.14). 

9.2 Coplanar syaaetric geoaetry for atoms 

The coplanar symmetric geoaetry is a audi stricter test of our under

standing of the reaction than noncoplanar syaaetric geoaetry. This is 

because the Mott scattering t-matri\ varies quite rapidly with the angle 0 

for a constant total energy, so that the factorizttion approximation (8.10) is 

less reliable. For small 6 we also have the situation where the relative 

two-electron energy in the t-matrix is quite low and the basic approxiaation 

that the potential is of short range aust become suspect. 

For this strict test of the whole theory we have considered the case of 

xenon, the largest atom that has been studied. The distorted waves calculated 

in the phase distortion approximation fit elastic scattering excellently and 

so may be considered as a sufficient model for the investigation of (e,2e). 

9.6 

Figs. 9.5 and 9.6 show the coaparison of the factorization approximation 

with phase-distorted wmves to the 400eV coplanar symmetric data for Sp and 5s 

orbitals in xenon!1561 • While a detailed fit is not obtained, and small 

angles 6 are not at all satisfactory, yet the aain features, the position and 

ratio of the peaks, are quite well reproduced. The 5s spectroscopic factors 

with this theoretical interpretation sua to 0.91 ± 0.1. At 800eV the 5s 

spectroscopic factors sua to 1.4 t 0.4. 

The factorization approxiaation is further tested in fig. 9.7 where the 

SOOeV coplanar symmetric data for argon are compared to calculations [ 155] 

using the fully partial-wave-expanded distorted waves (8.14). The shape fit 

is excellent. 

From these comparisons we any infer the basic validity of the whole theory. 

In the case of larger atoas the eikonal approxiaation is sufficient, except for 

coaparison of magnitudes of cross sections for ion states with different 

characteristic orbitals. Early indications from the few calculations presently 

available are that the factorization approximation with fully distorted waves 

is excellent. 

9.3 Noncoplanar syaaetric geoaetry for small wolecules 

In the case of small aolecules we do not yet have a satisfactory 

relationship of distorted waves to elastic scattering. We aust therefore 

examine the validity of the plane wave theory or the siaple eikonal approxima

tion, in which soaa account is taken of absorption of electrons into unobserved 

channels. Since the eikonal distortion parameters 6 and y are small for 

first-row atoas, they have a small effect on q-distributions. For constant 

Y the absorption factor F of (8.9) is essentially constant for all the ion 

states for a given target at a given total energy. Since only relative cross 

sections are measured, the plane wave theory, then, is the best we have at 

present. 
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Fig. 9.8 shows the sinned cross sections for each orbital of CO 

compared with the plane wave theory at 400eV and 1200eV 1157]. Both shapes 

and relative Magnitudes are reasonably satisfactory, particularly for 

q < 1 a.u. The case CO has been chosen because it is the most thoroughly 

investigated so far. 

The 5a orbital of CO is clearly identified experimentally and may be 

used as a reference orbital in the same way as the p orbitals of the inert 

gas atoms. Taking the 5a spectroscopic factor as unity, the summed 5a 

spectroscopic factors improve from 0.86 ± 0.1 to 0.95 ± 0.1 when the energy 

changes from 400eV to 1200eV. 

We conclude that the plane wave theory is adequate for comparison of 

different ion states in both shape and magnitude at energies of the order of 

1200eV for small molecules. 

10.1 

10. Structure of ions 

Since the (e,2e) reaction observes the spectrum of eiger.atates of 

the residual ion, i t must be considered as a method for analysing the 

structure of the ion. If departures from the target Hartree-Fock 

approximation (7.7) are experimentally unobservable, then i t i s purely 

a method of ion analysis. In this i t has the same objective as ESCA. 

The quality of detail and the cross checks of interpretation available 

with (e,2e) are described in this chapter. 

The sum rule (7.10) for spectroscopic factors tests the target 

Hartree-Fock approximation, since i f the coefficient aQ in the 

target ground state expansion (7.1) i s less than one, the sum of 

spectroscopic factors for states with the sane characteristic orbital 

is less than one. 

In this chapter we i l lustrate structure information that has been 

obtained for some closed shell atoms and molecules by nonccplanar 

symmetric (e,2e) analysis, making the target Hartree-Fock approximation 

(THFA). 

10.1 (e f2e) analysis for the j * structure of the argon ion. 

The structure of the argon ion has been very thoroughly analysed 

by the (e,2e) method. It provides an excellent introduction to the 

method. 

Tfca valence electrons in the argon ion are responsible for states 
1 3 1 

of JTT • » - , y - and » • , whose characteristic orbitals are respectively 
3pi/2' 3 p 3 / 2

 a n d s * i / 2 ' P r M W l t experiments do not resolve the spin-orbit 
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splitting in the 5p shell. The states that have been observed are shown 

in figure 10.1 where the differential cross section at 4> « 0* and 10* 

is plotted against the separation energy 

ef" W V ( 1 ( M ) 

for a total energy E « E«*E

B * 400 eV. Figure 10.2 shows a similar 

spectrum obtained at E - 1200 eV. 

The validity of the THFA may first be tested by observing the 

distribution of recoil momentum q for each state. Momentum distributions 

(fig. 9.2) show immediately that the least-bound states, two unresolved 

states at 15.76eV, are the only ones belonging to the 3p orbital, and 

that the distribution is excellently and sensitively fitted by the 3p 

Hartree-Fock orbital [131]. Since the presence of ground state (or ion) 

correlations would give more states in these representations, we believe 

the THFA within experimental error. The spectroscopic factor S is 

therefore one for each 3p orbital. 

Four states belonging to the * • representation are observed. 

The arrows in fig. 10.1 at 29.3, 38.6 and 41.2eV show the known 

positions of the 3s3p6, 3s 3p43d, and 3s23p44d j * ion states. (Here each 

state is labelled by the configuration with the largest CI coefficient.) 

They are in excellent agreement with the observed peaks. The arrow at 

43.4eV indicates the threshold for double ionization. The energy of the 

highest energy peak is very close to this threshold value. The dotted 

ar-ow at 3©.5eV indicates the position of the j * 3s23p44s ion eigenstate. 

There is obviously very l i t t le , if any, excitation to this state. 

The first test of the THFA is to see whether the q-distributions 

have identical shapes for all four states. Figs, 9.3 and 10.3 snow that 

they do and that the shape i s given by the 3s Hartree-Fock orbital. 

10.3 

The spectroscopic factors for the » • states are therefore given 

by the ratios of cross sections. There is one unknown multiplicative 

factor in the experiment, since only relative cross sections are measured. 

However, since we know that the spectroscopis factor S, is one for each 

3p state, we can determine the 3s spectroscopic factors absolutely by 

comparing ratios of 3s and 3p cross sections. For each <«-+ state |f), 
0(exp) a(th) 

3p 3s 

The theoretical cross section ratio i s given by (8.10). Cross sections for 

3p-.2(n »2) and Sp*^^"*) a r e *<Wed. 

The spectroscopic factor of course depends only on the structure of 

the target and the ion and not on accidents of the reaction. It is an 

excellent test of the whole analysis to show that i t is independent of 

q and of the total energy E. It is obviously independent of q, since 

the THFA theory f i ts experiment at all q. Spectroscopic factors at 

different energies, determined by the Flinders University group, are 

shown in table 10.1. They sum to one provided the theory involves at least 

the phase-distortion approximation of section 6.4. 

Recently Giardini-Guidoni et al [1581 at an energy E - 2500eV, and 

with an energy resolution of approximately 4eV, also observed higher excited 

ionic states. Their ratio of 1:0.5210.10 of the e • 29.3eV peak strength 

relative to the summed strengths of all the higher excited states is 

in agreement with the results at lower energy in table 10.1. 

The spectroscopic factor SJ- ' is the square of the CI coefficient 

t ^ in the expansion (7.2) of the ion eigenfunction | f ) . Configuration 

interaction expresses correlations between independent-particle wave 

functions, and correlations are meaningful only if the uncorrected 
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functions are well-defined. The (e,2e) reaction very sensitively 

selects the best characteristic orbitals for the valence states of 

argon. It is very significant that this experimental definition of 

the orbital coincides with the Hartree-Fock definition. Our discussion 

of configuration interaction is therefore on a sound experimental basis 

and does not rest on belief in a particular Hartree-Fock calculation to 

provide the independent-particle basis |a>. A different basis would of 

course require different spectroscopic factors. 

In fact the target and ion Hartree-Fock orbitals are not identical, 

so spectroscopic factors strictly depend on which set is used for the 

basis . Overlaps of target and ion Hartree-Fock orbitals computed by 

Larkins [159) are shown in table 10.2. The assumption of orthonoraality 

is valid within experimental error. 

A further check is available. This is the comparison of the 3s 

single-particle energy eigenvalue e, , given by (7.12) t with the 3s 

Hartree-Fock eigenvalue. The experimental value is 34.0tl.0eV compared 

with the Hartree-Fock [131] value of 34.8eV. (Corresponding figures for 

3p are 15.76eV and 16.1eV.) 

We have now shown how the basic data for a particular representation 

(in this case * • ) **• derived and verified by (e,2e) analysis. These 

data are tour energy eigenvalues and four spectroscopic factors in the 

case of the argon ion. 

We describe now the use of these data in attempts to describe the 

whole 2+ structure in the form of matrix elements of the Hamiltonian. 

These matrix elements have an important use in verifying that core-

excitation tens in the reaction mechanism are negligible. 

10.5 

In order to compute the core-excitation term (8.26) it is necessary 

to know the relevant matrix elements <0|v|ot> for excitation of the 

target state \$> from the target state |o> by electron scattering. 

We make a simple structure model [160] for the three *• states lowest 

in excitation in order to obtain empirical values of the matrix elements. 

The core in this interpretation is the target. The ion is regarded as 

a hole in either the ground state or an excited state of the target. 

In setting up the model we make the hypothesis that only quadrupole 

core excitations are probable. This hypothesis has some a priori appeal, 

since quadrupole core vibrations are the simplest form of collective 

excitation, involving no expansion or contraction of the system. The 

idea is strengthened by examining the significant cuifigurations (7.2) 

in a CI calculation by Luyken [161] using the same basis configurations, 

in which the CI coefficients were chosen to fit data from photon 

spectroscopy. In addition to the principal configuration (i.e. a 3s 

hole coupled to the Hsrtree-Fock ground state of the target), the only 

numerically significant ones involve an nd hole coupled to a quadrupole 

excitation. A collective picture for the core excitations makes it 

possible to take into account possible coherent excitation of many 2+ 

target configurations. 

The Hamiltonian matrix is diagonalized in a basis described in 

terms of the quantum numbers of the hole and the quadrupole oscillator 

as 
|3s.0>, |3d,2>, |4d,2>. 

The |4s,0> configuration is found to have no effect on the 

diagonalization. 

In the eapirical model the Hamiltonian matrix is written in terms 

http://34.0tl.0eV
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of the six aatrix elements of table 10.3, each treated as a parameter. 

The six experiaental numbers, three energy eigenvalues and three 

spectroscopic factors, enable the six Matrix elements to be detersined 

(possibly not uniquely). The diagonal elesent <3S,0|H|3s,0> is 

determined immediately, since it is the 3s single-particle eigenvalue 

(7.12), which has been shown to be consistent with the Hartree-Fock 

value 34.8eV. Other partial constraints are rough knowledge of the 3d 

and 4d single-particle eigenvalues from photon spectroscopy. The other 

two diagonal elements must consist of these single-particle values added 

to the energy required for the quadrupole vibration. 

An empirical solution that satisfies all the constraints quite well 

is given in table 10.4. The empirical matrix elements are compared in 

table 10.3 with some of the matrix elements computed by Luyken [ J^J]. 

The ground state eigenvector for the empirical solution is compared 

in table 10.5 with the one calculated in a similar basis by Luyken. 

The qualitative similarity of the two solutions is quite evident in 

tables 10.3 and 10.5. 

The analysis adds credibility to the hypothesis that quadrupole 

core excitations are preferred ir. atoms. 

The empirical matrix elements have been used by Janus and McCarthy 

E160] in the eikonal approximation for the (e,2e) core-excitation matrix 

element (8.26). Values for this contribution to the cross section are 

two orders of magnitude less than those for the knockout term. This is 

to be expected in the absence of a resonance in the eT channel [160] at 

(e,2e) energies. Under resonance conditions it is possible that the 

Green's function term of (5.47) could be dominant as it is for the 50 MeV 

(pt2p) reaction [1*2], 

10.7 

10.2 Structure of other inert gas ions 

The (e,2e) reaction has elucidated Much information about the inert 

gas ions in addition to argon. Analyses similar to that for argon have 

been performed on other gases with the following results , which are 

summarized in tables 10.1 and 10.6. 

Helium. The helium ion i s of course a single-particle system so 

that no correlations can be observed. As has been discussed in section 

9, the Hartree-Fock orbital describes the q distribution within experimental 

error. 

Neon. Only three eigenstates are observed in the valence region at 

400eV (f ig . 10.4). The ----and » - states corresponding to 2pj« 2 and 2P3/2 

orbitals (unresolved) and the * • state for the 2s, ._ orbital appear to 

be pure independent-particle configurations within experimental error. 

2 4 1 1 excitation of the 2s 2p 3d » • ion eigenstate (e = 60eV) with a relative 

At 1200eV Weigold, Dey and Dixon [154] have recently observed the 
2 4 1 1 excitation of the 2s 2p 3d » • ion eigenstat 

spectroscopic strength of only 0.038±O.011. 

In terms of configuration interaction the purity of the •»•• state 

at e • 48.5eV i s easily understood. As in argon there are no configurations 

of the correct parity, that can be reached by low-eneTgy quadrupole core 

excitations, for mixing with the |2p,0> configuration. Since there i s no 

2d configuration, there i s no analogy with the » • states of argon, where 

|3e,0> can mix with |3d,2>. It i s not surprising, therefore that the 

i * state i s almost pure |2s,0>. The measured angular correlations are 

in agreement with the calculated angular correlations using target 

Hartree-Fock wave functions [49,50]. 

Krypton. The krypton (e,2e) results reported by Weigold et at. [493 

show that the 4p orbitals are again characteristic of only one state each, 

so that S.„ • 1. 4P 
There is much interaction in the even parity states. The « • state 
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with lowest energy stands out from the others in fig. 10.4, but is by no 

•cans dominant in strength. The 4s orbital is spread among unresolved 

*» ion states froa 29eV to 44eV in excitation. Angular correlations have 

been aeasured to check that til states above 27eV have 4s character (49) . 

The Hartree-Fock orbitals again fit the q-distributions. The completeness 

of the interpretation is again checked by verifying that the Hartree-Fock 

energy is close to the c«ntroid of the widely-spread -=+ eigenvalues. 

Xenon. The 5p orbitals were observed in coplanar and noncoplanar 

symmetric geometries respectively by Ugbabe, WeigoId and McCarthy (50] and 

Weigold, Oey and Dixon [ 154] to again belong to pure states so that Sc n " 1. 

The spin orbit splitting of l.ldV between the 5 p J / 2 ion ground state and the 

Sp.J* ion state has recently been observed by Weigold et al. [ 154] and by 

Hood [ 163] at an energy of 400eV. Weigold et al. find that the ratio of the 

cross section leading to the Sp-y. t 0 t n*t leading to the 5 p 1 / 2 ion state is 

1.97 t 0.09, in agreement with the predicted ratio of 2 (8.23). The 

measurement of Hood is also consistent with the ratio of 2. 

Strong configuration interaction involving the 5s orbital is present. 

The 5+ state of lowest energy (fig. 10.4) contains only 34% of the *• 

spectroscopic factor sin rule. States in the r+ representation extend from 

23eV to over 45eV [ 154], As is shown In figure 9.4, Hartree-Fock orbitals 

again fit the measured q distributions at the different separation energies 

[50,154]. Other verifications of the interpretation check as for krypton. 

In the light of these results there is not much sense in the practice 

common in ESCA interpretation, of choosing one state belonging to a 

representation as the state with the principal (hole coupled to 0* core) 

configuration and describing the others as "satellites". 

10.9 

There is a correct physical interpretation of the single-particle 

separation energy. It is the centroid of all the states belonging to the 

sane representation. Evidence also points against the "shakeup" (aonopole 

excitation) interpretation of configuration interaction in valence orbitals. 

Quadrupole core excitations with exajjkition energy of a few eV are possible 

in argon, krypton and xenon ions, where the *•• states are split significantly. 

No significant splitting is observed in neon, where monopole excitations 

are possible. A detailed ./'adrupole excitation model fits details of the 

(e,2e) analysis for argon. 

10.3 Comparison with XPS data 

It is interesting to compare the (e,2e) results with photoelectron 

spectroscopy data, since it is commonly assumed (72,75] that the photoelectron 

cross sections at high energies should also be proportional to the square 

of the overlap integral between the initial target and final ionic states 

(equation 3.4). As discussed in section 3.1 there is, however, a large 

difference between the (e,2e) and photoelectron techniques. Whereas the 

(e,2e) experiment eaphasizes the outer region where the wave functions 

have their maxima, high energy photoionization picks out the high momentum 

components of the wave function, being dominated by the region very near to 

the nucleus where the continuum wave functions are not well represented by 

siaple models. This is the region where the dipole acceleration formalism 

should be used to calculate the cross section, rather than the standard length 

and velocity approximations (equations 3.1 and 3.2 respectively). The 

acceleration formalism is seldom used becuise of the known inaccuracies of the 

wave function. There have been very few comparisons of cross sections 

calculated by all three approximations, 

Very recently, however, Pindzols and Kelly [164] investigated in 

detail the acceleration, velocity, and length valance subshell photo-
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ionization cross sections in argon. As well as carrying out calculations 

using Hartree-Fock wave functions and continuum wave functions calculated 

in the Hartree-Pock potential, they obtained first order electron 

correlation corrections to the Hartree-Pock approximation by means 

of a many-body perturbation technique. Their results show that the 

acceleration form of the dipole operator gives results which, in the 

Hartree-Pock approximation, differ by an order of magnitude from the 

velocity and length results, these latter two being in rather better 

agreement with each other. They further show that correlation effects 

are quite different for the three operator formulations. It is therefore 

obviously rather doubtful if quantitative information on correlations can 

at present be extracted from photoelectron spectroscopy data. 

Spears, Pischbeck and Carlson (165] reported satellite structure in 

the X-ray photoelectron spectra of the inert gases. Their results for the 

ionization of the outer s sub shells are compared with the (e,2e) results 

in table 10.1. All the data are normalized to a total strength of unity. 

The neon XPS data are taken from Wuilleumier and Krause [ 166) and only 

in this case is there agreement between the XPS and (e,2e) data, neither 

showing any significant configuration interaction in the Ne 2s* hole 

state. 

For argon, krypton and xenon, however, there is a marked disagreement 

between the (e,2e) an I XPS results. The (e,2e) results at 200, 400, 800, 

and 1200eV were obtained at Flinders, while the 2500eV data were obtained 

at Frascati (158]. The (e,2e) data are independent of energy, and as 

discussed earlier in this section the spectroscopic factors sum to unity 

within the experimental errors. The photoelectron data of Spears tt al. 

1165) show a much smaller configuration interaction contribution, implying 

that electron correlations arc less important near the nucleus. It is 

difficult to check if all the hole strength has been observed in the 
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photoelectron spectroscopy experiments. This is particularly severe 

in the case of xenon, where Spears et at. see a large peak (approximately 
6 half the strength of the Ss5p peak) it t * 29eV. This peak could be due 

to configuration interaction in either the 5s" or 5p~ states, and explains 

the large range of strengths shown for Xe in table 10.1. 

10.4 Diatomic molecules 

Hydrogen. The simplest diatomic molecule is H.. Since H* is a one 

electron system, there are no electron correlations in the hydrogen molecuis 

ion. The (e,2e) reaction on H- (and D_) is therefore discussed in section 11, 

which deals with configuration interaction in target ground states. As can 

be seen from inspection of figure 11.3, the noncoplanar symmetric angular 

correlation for the (e,2e) reaction on H- and D. is very well described by 

the plane wave theory when a sufficiently accurate CI target wave function 

is used [ 54]. 

Carbon Monoxide. The carbon monoxide ion has been studied in the 

symmetric noncoplanar geometry at both 1200eV and 400eV 1157,55]. Figures 

10.5 and 10.6 show the observed differential cross section at various 

angles • plotted against the separation energy e at 400eV and 1200eV 

respectively. The 400eV data concentrates on the peaks at low separation 

energy, which correspond to ionization from the So, ltr and 4a orbitals. 

The arrows in figure 10.6 indicate the separation energies of the 5c, ITT, 

4a and So orbitals, which are measured to be at 14.5, 17.2, 20.1 and 38eV 

respectively, in good agreement with the vertical ionization potentials 

observed in XPS [4,168] with the Hell PES results (169). 

The width of the peak at 38eV is considerably broader than the 

experimental energy resolution of 3eV FWHM at 1200eV. This resolution is 

too poor to resolve the So, lir, and 4a states, which can however be clearly 

resolved at 400eV. The dominant low energy peak at • • 0° i* the 5a, 
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with the 4o and 1* conponents increasing significantly with increasing 

6 (i.e. with increasing q). 

Considerable structure can be seen both below and above the 3o 

peak at 3e>V, thus signifying the presence of significant electron-electron 

correlation effects. Satellite structure has also been observed in XPS 

(4,168] and vacua ultraviolet photoelectron spectroscopy (169) in the range 

of separation energies 22-33eV, but the structure tends to be nasked by 

large background due to inelastic scattering. The (e,2e) data is free 

fron such probleas because of the low pressures used and the added 

constraints of the coincidence technique. Son* structure in the range 

22-35eV has also very recently been observed by Haanett, Stoll and Bxion 

in an asyanetric (e,2e) experiment, designed to stellate PES with the 

absorbtion of a 4SeV photon 11701. The details of the structures observed 

in all these PES experiments differ considerably fron the symmetric (e,2e) 

results, which is not surprising considering the large kincmatical 

differences between the "PES" and (e,2e) arrangements. 

Banna and Shirley (168] suggest that most of the satellite structure 

observed by then should be associated with the outer three levels. 

Angular correlations carried out in the (e,2e) experiment 11571 at 

e • 28, 32, 43, SS and 60eV show, however, quite conclusively that most 

of this structure is associated with the more deeply bound 3a orbital. 

In fact, the 3o orbital shows a considerable amount of configuration 

interaction, only 69% of its strength being in the brood peak at 38eV, 

10% of its strength being in the range 27-33eV, and 21% in ion states 

with separation energies of 45eV and above. 

These experimental results agree quite wall with the recent CI 

calculations of CO by Bagus and Viinikka (1??), although the calculations 
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do not extend as high in separation energies as the (e,2e) measurements. 

The CI calculations show that of the three H* states of CO* (3c'1, Aa'1 

and So" ) only the 3c" is significantly split, with approximately 64* of its 

strength in a number of closely spaced ion states with calculated separation 

energies of the order of 42eV, compared with the experimentally observed 

peak at 3SeV. 

The 27-33eV (3o" ) structure in CO is quite musual, since it 

corresponds to CI states with energies below that corresponding to the 

nain So hole configuration. It is often mistakenly assumed that CI 

states must lie on the high energy side of the state with the main hole 

strength. This confusion is mo doubt in part due to the common use of 

the misleading terminology of "shake-up" or "monopole excitations", which 

imply a two step process leading to the excitation of states with greater 

separation energy. 

The noncoplanar symmetric differential cross sections for the 

So, 4o~, 3o and 1* orbitals are plotted as a function of the recoil noaentua 

q in figure 9.8. The 400eV and 1200eV cross sections are in good agreement 

with each other in both shape and relative magnitude, except for the 

relatively deeply bound 3o" orbital. In this case the 400eV cross 

section is a little too small, the 3o" spectroscopic factor being only 

0.86 t 0.1 relative to the So' spectroscopic factor of unity. However, 

at 1200eV the summed 3a spectroscopic factor becomes unity to within 

the experimental error, and in figure 9.8 the 400eV 3a' data have been 

arbitrarily normalized to the some relative magnitude as tht 1200eV data. 

All the data, as well as the theory, are relative to the So* ground state 

transition. 

Also shown in the figure are the plane wave calculations using the 
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wave functions of Snyder and Basch [1421 . The agreement in both shape and 
magnitude between the observed and calculated cross sections is quite 
satisfactory, especially at q * 1.2 a.u. The 3o~ cross section shows a 
significant deviation between theory and experiment at high q, the 
experimental cross section being somewhat greater than the calculated 
one in 'hat region. 

Nitrogen. The electronic structures of N~ are very similar to 
those of 00, the molecules being isoelectronic. The 3o , lit , 2o and 
2a states have all been observed in a 400eV noncoplanar symmetric (e,2e) 
experiment 155,1721, with separation energies of 15.5, 16.8, 18.6 and 37eV 
in good agreement with the XPS vertical ionization potentials [4,168], 
and in reasonable agreement with the Hell PES results (169). 

Figure 10.7 shows the separation energy spectrum at $ = 0" in 
the neighbourhood of the 2 o ~ state [55,172]. Structure can be seen 
both below and above the 2 a ' state at 37eV, with a significant 
contribution (* 20%) of one or more states with e * 42eV. The angular 
correlation at e • 42eV is found to have the same shape as that at 
e > 37eV, showing that this structure is associated with the 2a ' orbital. 

8 
This deeply bound valence orbital is therefore significantly split into 
a number of CI states, similar to the result found for the corresponding 
orbital (3a"1) in CO. 

Harnett et al. [170] observe some structure on the high energy side 
of :he 37eV 2o " state similar to that shown in figure 10,7. They 
also observe significant structure on the low energy side (e * 28eV), 
which is not observed in the symmetric (e,2e) reaction. The PES data 
[4,168] also shows some structure in the range e • 25-35eV, but once again 
background effects could contribute significantly to the PES results. 

10.15 
Figure 10.8 shows the 400eV noncoplanar differential cross sections 

for the 3o , lit , 2a and "i orbit&ls of N, plotted against the recoil g u u g 2 
momentum q. Also shown in the figure are the plane wave calculations 
using the wave functions of Snyder and Basch (142] . The agreement between 
theory and experiment, in both shapes and magnitudes is quite satisfactory 
for the three outermost orbitals. Although the shape of the calculated 
20 cross section agrees well with the data, the experimental cross section 
is found to be considerably smaller than the calculated one. 

A similar discrepancy was round in the case of the 3c orbital for CO 
at 400eV, the correct cross section being obtained at 1200eV. For these 
significantly more tightly bound states absorbtion of the electron waves 
obviously plays an important role at 400eV. Absorbtion reduces the cross 
section but has a negligible effect on the shape of the synmytric nonccplanar 
angular correlation (see section 9.1). 

The 3o angular correlation (fig. 10.8) shows a significant deviation 
between theory and experiment (open circles) in the range of q between 0.6 
and 1.1 a.u. The calculated cross section drops more rapidly with q and 
then flattens out at higher q. Levin et al. [99] have also calculated the 
(e,2e) form factor for the 3o orbital of N,, using the on-shell plane wave 
impulse approximation. Using the wave functions of Cade and Sales and of 
Ransil {173], they obtain cross sections very similar to that obtained by 
us using the wave function of Snyder and Basch. 

10.5 Polyatomic molecules 
Methane. The methane molecule was among the first to be studied 

using the (e,2e) technique [53]. More recently it has again been 
investigated using the noncoplanar symmetric (e,2e) reaction at 400eV 
[55,172]. Figure 10.9 shows the separation energy spectrum for CH., 
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with peaks due to ionization fro* the It, and 2a. orbitals being clearly 

observed. The separation energies of these peaks, 14.5eV and 23.3eV 

respectively are in good agreement with the PES data (175]. In addition, 

a third peak is seen with separation energy of 31 ± O.SeV. 

Figure 10.10 shows the differential cross sections observed for these 

three peaks plotted as a function of the recoil momentum. The angular 

correlation for the 2a* peak is the same as that for the peak at 23.3eV, 

and it therefore must belong to the 2a," orbital. The sussed 2a. 

spectroscopic factor *t 400eV is 0.84 t 0.08 relative to a It," spectro

scopic factor of 1. Therefore at 400eV absorbtion aay again be relatively 

•ore iaportant for the aore tightly bound 2a. orbital, the shape however 

being very well described by the plane wave theory. 

The strength of the 2a j~ peak at 31eV is 0.16 t .04 times the 

strength of the main 2a " peak at 23eV. This peak has very recently 

also been observed in an asymmetric (e,2e) experiment simulating PES 

at 35eV and 40eV [ 176]. Although the statistics are relatively poor, 

these workers also see some evidence for structure at e * 28eV. No 

definitive assignment of these structures could be made in the PES 

simulation experiment. The (e,2e) angular correlations, however, show con

clusively that the structure at 31eV is a CI state belonging to the 2aj" 

orbital. By observing the appearance potentials of H ions in the electron 

impact ionization of CH., Appell 1177] found that some ionization proceeded 

through an ion state at e * 31eV. She assigned this state to the (1* 2) 

(3aj) configuration of CH*. 

Methane has also recently been studied at 400eV using the coplanar 

symmetric geometry (178]. Although the energy resolution in this experiment 

is rather poor, some structure is observed at e > 30eV. 
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The It. angular correlation is much more sensitive than the 2a. 

to the details of the wave function, the angular correlation being 

a sensitive function of the molecular geometry. The molecular geometry 

changes considerably on ionization, the CH. ground state being almost square 

coplanar ( 174]. The sensitivity of the angular correlation to the wave 

function was discussed in some detail by Hood et al. [ 53] , who showed that 

minimal basis STO wave functions give an extremely poor representation of 

the data. On the other hand, figure 10.10 shows that the wave function of 

Snyder and Basch [ 142] gives a reasonable fit to the data. The agreement 

improves at low q when the finite experimental angular resoluticn is allowed 

for. 

Levin and Pavlitchenkov [ 179] allow for angular momentum transfer 

in the multipole expansion of the cross section, and using a minimal basis 

STO wave function obtain signifit-rMy improved fits to the It- data compared 

with the calculations of Hood et al. [53]. 

Ammonia. This molecule, isoelectronic to CH., has been studied in 

the coplanar symmetric situation [ 178} and quite recently also in the non-

coplanar arrangement [180]. 

Figure 10.11 shows the separation energy spectrum obtained at 
o o 

$ » 10 by Hood et al. [ 180]. In this experiment 0 » 45 , whereas for 

most of the other noncoplanar data reported in this article 6 = 42.3 . 

Three peaks can clearly be seen, corresponding to the ejection of 

electrons from the 3a., le, and 2a valence orbitals of NH-. The data 

show a long tail on the high energy side of the peak at 27.8 ± 0.2eV, 

suggesting that at least one additional electronic ion eigenstate is 

excited. Similar structure extending to a separation energy of nearly 

50eV is seen by Giardini-Guidoni et al. [178], although their energy 

resolution is considerably poorer. 
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The angular correlations obtained at separation energies of 11.0, 

16.5 and 27.8eV are shown in figure 10.12 plotted as a function of the 

recoil aoaentua q. The differential cross section is coapared with the 

momentum distributions calculated using the wave functions of Rauk et al. 

[ 181] and in the case of the outer 3a. orbital with the minimal basis STO 

wave function of Palke and Lipscomb [ 182]. The calculated cross sections 

have been integrated over the very large acceptance angles of the spectro

meters (± 8 ) and in each case arbitrarily normalized to the experimental 

data. The wave functions of Rauk et al. use a basi« of 91 Gaussian 

functions, including polarization functions on both N and H. The agreement 

with the 3a. orbital data is, however, rather poor. It is nevertheless 

much better than the agreement obtained with the minimal basis wave function 

(182], a result which was also observed for the ground state transition in 

CH. [ 53]. The discrepancy may be due to the neglect in the calculations 

of significant changes in the molecular geometry on ionization, the ground 

state of NH, being planar (183]. The le and 2a. momentum distributions are 

on the other hand well described by the wave functions of Rauk et al. 

Hood et al. find that the shape of the peak at 27.8eV, including the 

structure extending to above 31eV, is independent of the angle $ and 

therefore of the momentum q. Thus all of this structure must be assigned 

to the 2a. orbital. The resulting 2a. orbital energy, defined as the 

centroid of the observed distribution of separation energies, is 

29.8 ± 0.4eV. 

Water. The separation energy spectrum obtained for water at 

400eV and $ » 10 is shown in figure 10.13 [184]. Pour peaks can clearly 

be seen at separation energies of 12.6, 14.7, 18.4 and 32eV, corresponding 

to the ejection of electrons fro* the lbj, HJt lb, and 2a. valence orbital*. 

These separation energies are in good agreement with the vertical 
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ionization energies observed in PES 14,1831 and in a simulated PES (e,2e) 

experiment {36]. 

Considerable structure can be seen in H.O, as for its isoelectronic 

partners CH. and NH., for separation energies greater than the peak 

attributed to the most deeply bound valence orbital. Angular correlations 

show that the structure is again associated with the deeply bound orbital, 

the 2a. orbital in this case. 

The angular correlations for the ejection of electrons froa the four 

valence orbitals of H,0 are compared in figure 10.14 with the momentum 

distributions calculated using the plane wave theory with the wave functions 

of Snyder and Basch (142]. The agreement is quite poor except in the case 

of the lb- orbital. The maxima in the calculated cross sections for the 

3a. and lb. orbitals are in good agreement with the measured maxima, but 

they occur at much higher q values. This could again be due to changes in 

molecular geometry on ionization [ 183] . 

The absolute magnitude of the observed 2a. cross section is considerably 

smaller than the calculated plane wave cross section. This is most likely 

due to absorbtion, which could again be significant for the most deeply 

bound valence state at 400eV. 

Ethane. The molecule ethane consists of two methyl groups joined 

together. This removes the degeneracy of the lt 2 orbital of methane which 

splits into three orbitals (le . 3aj , and le u). The 2a 2 orbital of 

methane splits into two (2a 2 u and 2a. ) . These five orbitals are 

indicated in figure 10.15, which shows the separation energy spectrum 

obtained in the 400eV (e,2e) reaction on C 2H f e at $ « 10° [185]. The 

three lowest orbitals are not resolved, and it is necessary to deconvolute 

the spectra using the known experimental energy resolutions and the 



10.20 

positions and widths of the peaks as determined in high resolution PES 

work [4,175,186]. Even the very high resolution PES work (186) cannot 

resolve the le and 3a. orbitals, since their structures overlap 

considerably. The separation energies of the 2.U (21eV) and 2a. (24.7eV) 

peaks agree well with the PES results (4). 

The noncoplanar symmetric angular correlations obtained for electrons 

ejected from the le , le , 2 a 2 u and 2a. orbitals at 400eV are compared 

with the plane wave calculations in figure 10.16 (185]. The wave functions 

used to obtain the calculated momentum distributions are those of Snyder 

and Basch [ 142]. The overall agreement between theory and data is quite 

good, both in magnitude and shape. 
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Table 10.2 Overlaps of target and ion orbitals for argon computed by 
Noble [155] from the Hartree-Fock orbitals of Larkins 
[1593. Ion orbitals »n denoted by priaes. 

<3p|3p'> * .9999 

<3p|2p' > - .0027 

<3s|3s'> * .9999 

<3s|2s /> - .004S 

<3s|ls'> - .0001 

Table 10.3 Hamiltonian matrix elements for the * • states of the 

argon ion which give the empirical (EMP) solution of 

Table 10.4. The column headed LUY gives the matrix 

elements computed by Luyken [161] by f i t t ing photon 

spectra and transition rates. 

Matrix Element 

<3s,0|H|3s.0> 
<3s,0|H|3d,2> 
<3s,0|H!4d,2> 
<3d,2|H|3d,2> 
<3d,2|H|4d,2> 
<4d,2|H|4d,2> 

EMP 

34.8 
3.2 
3.6 

36, \ 
2.0 

39.6 

LUY 

33.3 
5.3 
3.7 

39.4 

43.1 

Table 10.4 Diagonalization of the Hamiltonian for the » • states of 
the argon ion. The columns headed EMP refer to the 
empirical "collective" model for the three lowest 
eigenstates. The columns headed EX give experimental 
values. The figure in parentheses i s the s tat i s t ica l 
error in the last figure. 

Eit^nvalue (ev) Spectroscopic Factor Eigenvectors (EMP) 

EX EMP EX EMP |3s,0> |3d.2> Ud.2> 

29.3 30.4 .58(5) .54 .734 -.533 -.422 
3S.6 38.8 .23(3) .24 .494 .144 -.207 
41.2 41,2 .13(1) .22 .466 -.207 .883 
43.6 .06(1) -

10.23 

Table 10.5. The eigenvector for the 29.3eV state of the argon ion 

calculated by our empirical model (EMP) and by a CI 

calculation of Luyken [161] (LUY). 

EMP 

LUY 

3s, 0> 

.734 

.788 

|3d,2> 

-.533 

-.556 

|4d,2> 

-.422 

- . 2 6 4 

Table 10.6. Spectroscopic analysis of valence s-states in inert 

gas ions by (e,2e). Hartree-Fock eigenvalues are quoted 

from Froese-Fischer [131], 

Atom Lowest-energy eigenstate Single-particle state 

Eigenvalue (eV) Spec. Factor Eigenvalue H.F. Eigenvalue 

He 24.5 1 24.5 25.0 

Ne 48.5 0.961.01 49.0 52.4 

AT 29.3 0.5810.04 34.0H.0 34.8 

Kr 27.4 0.3010.04 33.4±0.7 32.1 

Xe 23.3 0.3410.03 27.U0.6 25.7 
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11. Configuration interaction in target ground states. 

Large overlap functions, and therefore large (e,2e) cross sections, 

result froa the excitation of ion states corresponding to orbitals that 

are occupied in the target Hartree-Fock configuration. However there are 

finite overlap functions 

for which \J>. is not occupied in the target Hartree-Fock configuration. 

For closed shell target systems such overlap functions are small because 

the Hartree-Fock configuration i s usually dominant in the target, so that 

• *^ is small. They may be identified by their q-distribution, which 

corresponds to one or more orbitals • , , and does not resemble that for 

neighboring ion states whose characteristic orbitals are occupied. (e,2e) 

cross sections for such ion states are very sensitive functions of the 

target CI coefficients a *•*'. 
a 

There is one target atom for which the ion structure is so simple 
that such states can be unequivocally observed. This is the case of 
helium. For the hydrogen molecule, target configuration interaction 
has been taken into account in the computation of several terms of the 
expansion (11.1) for excitation of the ground state by (e,2e). In addition, 
the excitation of higher excited ionic states shows the definite influence 
of configuration interaction in the target ground state. 

11.1 The n-2 states of the helium ion. 

The helium ion is a one-electron system. Its states are therefore 
known exactly. In the THFA there is zero overlap for the excitation of 
any state other than an s-state, since only Is orbitals are contained in 
the target ground state configuration. There is non-zero overlap for the 

11.2 

2s state of the ion, since the single-particle potentials for the ion and 

atom are different. 

The 2p-state of the ion, however, cannot be excited by (e,2e) 

unless there is an admixture of a configuration in which the 2p state 

is occupied in the target. 

Due to the very small fine structure splitting, the 2s and 2p states 

cannot be experimentally resolved. Their excitation has been observed 

[ S I ] in a coplanar symmetric (e,2e) experiment. Figure 11.1 shows the 

separation energy spectrum obtained at E « 800eV and q • 0. 

The CI wave function cf Joachain and Vanderpoorten [187] for the 

helium atom ground state was used in calculating the overlap functions 

for Is, 2s and 2p ion states. The Is overlap function was found to be 

indistinguishable from the Hartree-Fock orbital. 

Table 11.1 shows the comparison of theory and experiment for the 

cross section for the summed 2s and 2p states expressed as a percentage 

of the cross section for the Is state at different angles e. The overlap 

of the 2s ion orbital with the target Hartree-Fock function gives quite 

unacceptable cross sections, whereas the CI wave function, which includes 

s and p configurations, i s correct within experimental error. The cross 

section in the THFA decreases with increasing angle as i t does from an 

f-orbital, while the cross section for the CI wave function increases 

due to the addition of the contribution from the 2p orbital. 

The excitation of the n«2 helium ion states has also been observed 

in the photoionization of helium. The ratio of cross sections leading 

to the n»2 states to that leading to the ground state falls from 

approximately 0.09 near threshold to approximately 0.05 [188-191] for 

incident photon energies above a few hundred electron volts. At the 
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higher energies the measured ratio is found to be approximately independent 

of the energy and very nearly equal to the calculated asymptotic value 

of 0.048 [192]. This ratio is significantly larger than the ratio found 

in the (e,2e) measurements. Since the asymptotic photoelectron cross 

sections correspond to the removal of electrons of very high q, i t is 

interesting to note that the (e,2e) cross section ratios when plotted 

as a function of q approach the high q photoelectron ratio (figure 11.2). 

Also shown in the figure are the calculated q dependent ratios using 

the correlated target wave function of Joachaih and Vanderpoorten [187]. 

The two photoelectron data points at q • 2.7 a.u. [189] mi 

q * 4.1 a.u. [190] Mere obtained at relatively low photon energies 

(lSleV and 278eV respectively). The energy difference of 40.8eV between 

the electrons leaving the ion in the ground state and those leaving -he 

ion in the n«2 states is therefore an appreciable fraction of the outgoing 

electron energies, producing a considerable difference in respective q 

values. This is shown by the error bars in the figure. In addition at 

such low energies and with such a large difference in separation energies, 

energy dependent effects could be quite significant and i t i s a poor 

approximation to ret ;ent the electron waves by plane waves. The 

agreeaent of these two points with the calculated (e,2e) cross section 

ratio curve is therefor* surprisingly good. 

11.2 The hydrogen molecule. 

For the hydrogen molecule ion we haw a simple wave function, that 

of Guillemin and Zener [ 193], which obtains the correct binding anergy 

within 0.05%. Me may regard the (e,2e) reaction as a test of aodels for 

the target ground state wave function. 

11.4 

This molecule provides another test, namely a test of the expression 

(8.43) far the cross section, where the vibrational integral of (8.34) 

mas been replaced by the equilibrium value R of the vibrational 

coordiaate R. Am experimental test of the approximation, carried out 

by Day «t al [S4], i s to compare the cross sections for H. and D_, since 

the vibrational structure of these molecules i s entirely different. 

Fig. 11.3 shows that there i s no measurable difference. 

For die H- molecule we have used the CI wave function of McLean, 

Keiss and Yoshiaime [1*4], which is given numerically as a function of 

R. The vibrational integral was performed, and gave an angular 

correlation identical with the one for R * R to within 1%. 

Fig. 11.3 also shows the comparison of angular correlations for 

H2 and D2 calculated with the CI wave function [194] and with the THFA 

using the function of Snyder and Basch [142]. The experiments [54] 

confirm the value of the more-detailed calculation. 

Recently Weigold, Dixon and Day [195] observed the excitation of 

higher excited states in the hydrogen molecule ion. Figure 11.4 shows 

the separation energy spectrum obtained at E * 1200eV and q * 0.7 a.u. 

The excitation spectrum shows that the cross sections for exciting the 

2pa , 2pv and 2s0 states are vary small compared to the lso ground 

state transition. The Frank-Condon overlaps for these states are 

indicated by the dashed lines in the figure. The 2p»u state, which 

is excited to a significant degree, can only be excited through 

configuration interaction contributions in the targrt state. 

Neigold «* al find that the ratio of the cross sections leading 

to the higher excited states relative to the lso ground state increases 
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with increasing q, as was the case for helium. The cross section for 

separation energies between 30 and 45eV is O.038±0.OO2 of the ground 

state cross section at q * 0.7 a.u. and 0.02310.002 at q * 0.3 a.u. 

Measurements of Compton profiles by high energy electron scattering 

with 1% statistical accuracy agree with calculations using correlated wave 

functions for He and H. [89]. In the case of He better agreement i s 

obtained with a correlated wave function than with the Hartree-FocV 

wave function. 

11.6 

Table 11.1. The summed cross section for the excitation of the 2s 
and 2p states of the helium ion by a coplanar symmetric 
(e,2e) experiment, expressed as a percentage of the cross 
section for the excitation of the Is ion state [SI] , The 
columns are headed EXP (experimental value), THF (target 
Hartree-Fock model), CI (configuration interaction model 
[1871 for the target). The figure in parentheses i s the 
stat ist ical error in the last figure. 

8 EXP THF CI 

45* .72(4) 2.75 .67 

49' .97(10) 2.07 .88 

S3* 1.54(30) 1.94 1.74 
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12. Summary and Conclusions 

We have described in some detail the symmetric (e,2e) reaction in 

which the incident electron experiences the Baxiaua momentum transfer. 

The basic approximation, the factorized distorted-wave off-shell impulse 

approximation with fully distorted waves, correctly describes the 

reaction in the cases where i t has been checked. The coplanar geometry, 

where the Mott scattering t-matrix varies sharply with the angle 9, 

provides a more stringent test of the theory than the noncoplanar 

geometry, where the t-matrix is essentially independent of the angle <t>. 

The factorization of the matrix element is more likely to be a poor 

approximation in the coplanar case. 

The phase-distortion approximation has been used to check the most 

difficult case, the low energy (400eV) reaction on the heavy atom xenon, 

both in the coplanar and the noncoplanar geometry. The sum rule for 

spectroscopic factors is satisfied for the valence shell in both cases, 

and the shape of the cross sections i s very well described by the 

approximation, especially in the noncoplanar case. In order to satisfy 

the sum rule, a real ist ic distortion model must be used. 

The eikonal approximation i s realist ic in that i t f i ts shapes well 

and for reasonable parameters i t also obtains the correct relative subshell 

(or valence orbital) cross sections. Unfortunately i t s parameters cannot 

be directly related to e last ic scattering. Hence relative magnitudes for 

different orbitals cannot in general be compared in detai l , especially 

for high Z targets at low energies, although the magnitudes of CI effects 

within a given orbital are well described by the approximation. The phase 

distortion parameters are, on the other hand, directly related to elast ic 

scattering. 

12.2 

For light atoms and molecules containing first row elements, 

the distorting potentials are so small relative to the unbound particle 

energies that in the noncoplanar situation the plane wave approximation 

is adequate at 1200eV both for shapes and relative magnitudes, 

Ne therefore understand the reaction me danism well enough to determine 

structure information uniquely. The understanding is confirmed by the 

energy independence of the structure information. The structure information 

is: 

1. Shapes and magnitudes of |$(q)| for individual electronic orbitals. 

2. Separation energies for individual ion eigenstates. 

3. Identification of the characteristic orbital for each ion eigenstate. 

4. Spectroscopic factors describing the probability that an eigenstate 

contains the principal configuration consisting of a hole in the 

characteristic orbital coupled to the ground state of the target. 

5. Separation energies for individual electronic orbitals. 

6. Electron correlation effects in target states in transitions to 

ion eigenstates closely orthogonal to the target eigenstate. 

We have also compared the (e,2e) reaction with photoelectron spectroscopy 

and the measurement of Compton profiles (table 3.1). The latter technique 

suffers from the severe disadvantages that it obtains only integrated 

momentum distributions summed over all of the occupied orbitals. Although 

PES does rot measure momentum distributions, it does measure the separation 

energies to individual ion eigenstates. In the high energy region where 

it might be possible to extract energy independent structure information, 

PES yields data only on the high q region, that is the region very close 

to the nucleuj. The (e,2e) technique is on the other hand sensitive to 

the whole of the atomic or molecular volume. 



12.3 

The extraction of structure information from the (e,2e) experiments 

has already yielded new information about atoms and molecules. Firstly the 

measured orbitals correspond within experimental error to the Hartree-Fock 

orbitals of the target in the case of inert gas atoms. It is very 

satisfactory that the experimental and theoretical definitions of the 

orbitals agree so closely, since this enables configuration interaction 

coefficients (and in particular spectroscopic factors) to be uniquely 

defined. For molecules the target Hartree-Fock orbitals do not f i t data 

so closely in some cases. This could be due to (a) inaccurate Hartree-

Fock calculations, (b) ground state correlations in the target or (c) 

change of shape of the molecule on ionization, which would necessitate 

computation of the full ion-molecule overlap. Investigation of these 

points i f proceeding. 

The successful completion of the sum rule for spectroscopic factors 

for each orbital confirms the entire theoretical interpretation, in 

particular the validity of the spectroscopic factors themselves, which 

are thus correctly determined for the first time. PES measurements of 

spectroscopic factors, using plane or Coulomb wave interpretations, are 

inconsistent among themselves and different from the (e,2e) values. 

Use of the spjctroscopic factors in determining single particle 

energies gives quite close confirmation of Hartree-Fock values. 

The unequivocal assignment of ion eigenstates to irreducible 

representations of the point group of the system i s made possible by 

observing the shapes of q distributions for each eigenstate and confirmed 

by completing the sum rule. Many eigenstates, particularly the highly 

excited ones, have been observed for the first time, and these and many 

others have been assigned to representations. The qualitative agreement 

with a configuration interaction calculation for CO promises confirmation 
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of such calculations or incentive for adding configurations. 

Ground state correlations have been probed successfully in uncharged 

systems. In the case of helium a detailed configuration interaction 

calculation is confirmed. 

Although detailed structure information presently obtained by the 

(e,2e) reaction has been limited mainly to atoms or molecules which can 

be studied in the gaseous phase, some work has been carried out on solids, 

In the near future there should be rapid developments in the investigation 

of surface properties by means of the (e,2e) technique. 
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14.1. 

Figure Captions 

Fig. 2.1 The scattering kinematics in the (e,2e) reaction. The incident 
and outgoing momenta are k Q and k., k_ respectively, and 9. 
and 6. are the angles with respect to the incident direction, 
the angle $ aeasuring the deviition from the coplanar situation. 

Fig. 2.2 Three possible symmetric kinematical arrangements: 
(a) the coplanar symmetric geometry which aeasures components 

of q • k. - k. - k„ along with the incident direction; 

(b) the noncoplanar symmetric geometry which measures components 
of <j perpendicular to the incident direction, and 

(c) the constant angle energy varying method which again measures 
momenta q perpendicular to k.. 

The angle 6. is the angle for which q - 0. For separation 
energies e small with respect to the total energy E, 6. * 45*. 

Fig. 3.1 The magnitude (a) and phase (b) of the optical model wave 
function for 400eV electrons scattered by the argon ion 
(solid curves). The quantities are plotted as a function of 
radius r for 0 - 0 . The dashed curve is the phase of a plane 
or Coulomb wave (adjusted to zero at r • 0) of the same energy. 

Fig. 4.1 Schematic diagram of the noncoplanar electron coincidence 
spectrometer. 1 is the fixed cylindrical mirror analyzer; 
2 movable analyzer; 3 electron gun; 4 deflection plates; 
5 gas inlet; 6 Faraday cup; 7 retarding lenses; 8 channel 
electron multipliers; 9 rotating feedthrough. 

Fig. 4.2 The coplanar electron coincidence spectrometer showing side 
and top elevations. 1 is the electron gun mount; 2- the 
shielding ring; 3- Gas inlet for molecular beam; 4- retract
able Faraday cup; S- collimators, quadrupole deflectors, and 
retarding lens system; 6- cylindrical mirror analyzers; 
7- turntables; 8- gears; 9- channel elect-on multipliers; 
10- rotating feedthroughs; 11- port to liquid N, trap and 
diffusion pump. 

14.2. 

Fig. 4.3 The differential cross section for the elastic scattering of 
SOeV electrons from argon obtained with the two coplanar 
electron analyzers (f i l led and open circles) compared with the 
data (crosses) of Lewis et al I 110]. 

Fig. 4.4 Block diagram of coincidence and data, processing electronics, 

Fig. 4.5 Multichannel analyzer spectrum showing time delay between start 
and stop inputs on the time to amplitude converter and the 
windows of coincidence (c) and background (b) single channel 
analyzers. 

Fig. 4.6 Block diagram of electronics for the simultaneous measurement 
of true and accidental coincidences with the identical time 
resolution [ 112) . 

Fig, 4.7 Kinematical arrangement using grazing incidence. The angle the 
incident beam makes to the surface is 6; 6 and 6„ are the 
angles of the emitted electrons relative to the incident 
direction , and 4>. and 4>R the angles of the emitted electrons 
out of the plane defined by k. and the line perpendicular to 
k~ and parallel to the surface. 

Fig. 6.1 The angular distribution for 400eV elastic electron scattering 
on xenon. Thn data are those of Jansen and de Heer [135] (f i l led 
circles) , which are measured on an absolute scale, and 
Buckman and Teubner [136] (c irc les) , which have been normalized 
at forward angles. The soli , 4 line is the optical model of 
McCarthy, Phillips and Turnbull [138]. The dashed line is 
the ground state calculation of Walker [125]. 

Fig. 6.2 The angular distribution for 200eV elast ic electron scattering 
on xenon. Details are the same as for fig. 6 .1 . 

Fig. 6.3 Surfaces of equal phase (wave fronts) for the optical model 
wave function (solid lines) and phase-distortion model (dotted 
lines) for 200eV electron scattering on xenon ions. 
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The figure is a section of the axially-symmetric wave function 
through the scattering axis. The incident direction i s 
awards. Nave fronts are plotted at intervals of O.Sir in 
phase. The size of the atom is indicated by dashed lines 
at the radii for (reading towards larger radii) the last 
node in the 5p wave function, the last peak of the Sp wave 
function, the density to be 10% ox i t s maximum value. 

Fig. 6.4 The phase-distorted eikonal approximation for elast ic electron 
scattering on xenon at 200eV and 400eV. The potential i s the 
optical model potential of McCarthy, Phillips and Turnbull 
[138]. The parameters of equations (6.20) are given in the 
text. The data are those of Jansen and de Heer [135]. 

Fig. 8.1 The (e,2e) reaction on xenon at 400eV in coplanar symmetric 
geometry computed in the factor!zed distorted-wave off-shell 
impulse approximation with the phase-distorted waves (6.20) 
(solid line) and the eikonal approximation (8.16) (dashed l ine) . 
Para>->ters of the eikonal approximation are V • 32eV, W - 8eV (5p 
orbital), V -40eV, f - 15eV (Ss-orbital), R - 3.8 a.u. The 
arbitrarily-normalized plane wave approximation i s shown by 
the dotted l ine . 

Fig. 8.2 The (e,2e) reaction on xenon at 400eV in noncoplanar symmetric 
geometry. Details of the computation are the same as for 
fig. 8.1. 

Fig. 9.1 The distribution of recoil momenta q frr the helium ground state 
transition in the noncoplanar symmetric geometry at 200eV 
(fi l led c irc les ) , 4O0eV (open c irc les ) , SOOeV (crosses) [47] 
and 1200eV (triangles) [154]. The curve i s the plane wave 
theory using the Hartree-Fock wave function of Froese-Fischer 
[131], 

H.4. 

Fig. 9.2 The distribution of recoil momenta q for the argon ground 
state (3p) transition in the noncoplanar symmetric geometry 
at 400eV (triangles), 800eV (crosses) {46,47] and 1200eV 
(open circles) [ 154]. The curve is the plane wave theory 
using the Hartree-Fock wave function of Froese-Fischer [131]. 

Fig. 9.3 The distribution of recoil momenta q for the 29.3eV (3s) 
transition in argon at 400eV (triangles), 800eV (crosses) 
[46,48,154] and 1200eV (filled circles) [154]. The curve 
is the plane wave theory using the Hartree-Fock wave function 
of Froese-Fischer [131]. At 800eV this curve is indistinguishable 
from that using the fully distorted waves (8.14) [155] computed 
in the optical model potential of McCarthy, Phillips and 
Tumbull [ 138] . 

Fig. 9.4 The distribution of recoil momenta q for the (e,2e) reaction on 
xenon at 400eV (open circles) and 1200eV (filled circles) leaving 
the ion in its ground state (5p ) and in its first excited state 
(5s" ) , as well as in higher excited states with separation 
energies of 28.5 and 32.5eV (5s" ) [154]. The solid curves are 
calculated using the factorized distorted wave off-shell impulse 
approximation with the phase distorted waves (8.10), the dashed 
curves using the eikonal approximation with the parameters given 
in the caption for fig. 8.1, and the dotted curves using the plane 
wave approximation. The Hartree-Fock wave functions of Froese-
Fischer [131] are used in the calculations. Where the dashed curve 
is not shown separately it is nearly identical to the solid curve. 

Fig. 9.5 The 400eV coplanar symmetric experiment on the ground state 
(5p) transition for xenon [ 156]. The curve is the phase-
distortion approximation (8.10), (6.20). 

Pig. 9.6 The 400eV coplanar symmetric experiment on the 23.3eV (5s) 
transition for xenon [ 156]. The curve is the phase-distortion 
approximation (8.10), (6.20). 

Pig. 9.7 The 800eV coplanar symmetric experiment on the 29.3eV (3s) 
transition for argon [156]. The curve [155] is the fully-
distorted-wave factorization approximation (8.10). The optical 
model potential of McCarthy, Phillips and Tumbull [ 138] is used 
for the distortion. 
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Fig. 9.8 Sunned cross sections for each orbital of CO compared with the 
plane wave theory at 400eV (filled symbols) and 1200eV (open 
symbols). The orbital wave functions are those of Snyder and 
Basch [ 142J . 

Fig. 10.1 The differential cross section for the 400eV (e,2e) reaction 
on argon at $ = 10 and 0 plotted against separation energy 
e [ 154]. The arrows at increasing separation energies indicate 

2 c & 2 1 
respectively the positions of the 3s 3p , 3s3p , 3s 3p 3d, 

2 4 3s dp 4d ion states and the threshold for double ionization 
of argon, the ion states being labelled by the configuration 
with the largest CI coefficient. 

Fig. 10.2 The differential cross section for the 1200eV (e,2e) reaction 
on argon at $ • 6 plotted against separation energy e [ 154]. 

Fig. 10.3 Recoil momentum distribution for different *•• ion states and 
continuum ion states (e > 43.6eV) in the noncoplanar symmetric 
(e,2e) reaction on argon at 1200eV (filled circles) [154], 800eV 
(crosses) [46,48,154], and 400eV (triangles) [46,48]. 

Fig. 10.4 The differential cross section for (e,2e) on each of the inert 
gases of section 10.2 plotted against separation energy c. 

Fig. 10.5 The differential cross section for the 400eV symmetric (e,2e) 
reaction on CO at $ » 0 and 10 plotted against the separation 
energies [157]. The arrows at 14.5, 17.2 and 20.1eV indicate 
the vertical ionization potentials of the So, lir and 4a orbital*. 

Fig. 10.6 The differential cross section for the 1200eV symmetric (e,2e) 
reaction on CO at $ » 0° and 8 plotted as a function of the 
separation energy [ 157]. The arrows with increasing energy 
indicate the positions of the So, Iff, 4a and So orbitals 
respectively. 

Fig. 10.7 The differential cross section for the 400eV symmetric (e,2e) 
reaction on N, at 4> - 0 plotted against the separation energies 

-1 in the region of the 2o state [55,172]. 

14.6. 

Fig. 10.8 The 400eV (e,2e) nonccplanar differential cross sections for 
each of the valence orbitals of N„ (open circles -3a , closed 

2 g' 
circles -2a , triangles lir and 2a ) plotted as a function of the 
recoil momentum q compared with the plane wave theory [172] . 
The orbital wave functions are those of Snyder and Basch [ 142] . 

Fig. 10.9 The differential cross section for the 400eV symmetric (e,2e) 
reaction on CH. at $ = 10 plotted against the separation 
energy [ 55,172]. 

Fig. 10.10 The 400eV noncoplanar (e,2e) differential cross sections for CH. 
with separation energies corresponding to the lt 2 (crosses and 
triangles) 2a. (closed circles) and 2a' (open circles) peaks of 
fig. 10.9 plotted a~. a function of the recoil momentum q. The 
curves are calculated with the plane wave theory using the orbital 
wave functions of Snyder and Basch f142]. The data are from 
[55,172] except for the triangles which are taken from [53] . The 
2a. and 2aJ theoretical curves have been multiplied by 0.84 in order 
to align them with the experimental points. 

Fig. 10.11 The differential cross section fo: the 400(e,2e) reaction on 
NH at $ = 10 (6 = 45 ) plotted against the separation energy [ 180]. 

Fig. 10.12 The differential cross sections [180] for the ejection of electrons 
from the three valence orbitals of NH compared with the momentum 
distributions calculated with the plane wave theory using the 
wave functions of Raufc et al.[ 181] (solid curve) and Palke and 
Lipscomb [ 182] (dashed curve). 

Fig. 10.13 The differential cross section for the 400eV (e,2e) reaction 
on H,0 at $ - 10 plotted against the separation energy [ 184]. 
The data points above e = 25eV are plotted on a separate ;cale. 

Fig. 10.14 The noncoplanar differential cross sections [184] at <.00eV for 
the ejection of electrons from the lbj, 3a., lb. and 2&1 orbitals 
of H 20 compared with the plane wave calculations using the wave 
functions of Snyder and Basch [ 142] . 



14.7. 

Fig. 10.15 The differential cross section for the 400eV (e,2e) reaction on 
CJL at 0 »10 plotted against the separation energy (185]. The 
separation energies corresponding to the ejection of electrons 
froa the various valence orbitais are indicated by the arrows. 

Fig. 10.16 The 400eV noncoplanar differential cross sections for the ejection 
of electrons froa the le (triangles), le (crosses), 2 a 2 u (filled 
circles) and 2a. (open circles) orbitais plotted as a function 
of the recoil noaentua q (18S) . The solid lines are the 
calculated cross sections using the orbital wave functions of 
Snyder and Basch (142] . 

Fig. 11.1 The differential cross section for the 800eV coplanar symmetric 
(e,2e) reaction on heliua at 6 • 45 plotted against separation 
energy [51]. The separation energy for the transition to the 
Is He ground state is 24.6eV and that for the n=2 first excited 
states is 65.4eV. 

Fig. 11.2 Ratio of differential cross sections for ionization of He 
leading the n*2 (2s+2p) and to the Is He states plotted as a 
function of q, the aoaentua transfer to the ion. The filled 
circles are the (e,2e) results of ref. [ 51], the open symbols 
are photoionization data: open circles ref. [ 189] triangles 
ref. [ 190] and squares ref. [ 191]. The curve is the calculated 
result using the correlated He wave function of Joachain and 
Vanderpoorten [ 187]. 

Fig. 11.3 The noncoplanar syaaetric differential cross section for 
(a) H 2 at 1200, 600 and 300eV and (b) D 2 at 600 and 1200eV 
plotted as i function of q I 54]. The full curve in both cases 
is obtained by using the configuration interaction H. wave function 
of McLean, Weiss and Yoshiaiae [ 194] and the ion wave function of 
Guilleain and Zener (193]. Also shown (dashed line) are the 
cross sections calculated with the wave function of Snyder and 
Basch [ 142]. 

14.8. 

Fig. 11.4 The differential cross section for the 1200eV (e,2e) reaction on 
Hj at • • 7.5 plotted as a function of separation energy 1195] . 
Besides the ground state transition (Isa ), transitions to higher 
excited ion states can be observed. The solid curve is a least 
squares fit to the data points using the calculated Frank-Condon 
overlaps (dashed lines) for the 2pa , 2prr and 2so states. 
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