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ABSTRACT 

These lectures deal in an elementary way with the concept of particle 
polarization and its behaviour in the presence of electromagnetic fields. 
The first part introduces the basic notions and essential equations in a 
purely phenomenological way, beginning with spin-5 particles and then ex
tending the discussion to particles of arbitrary spin. Among the topics 
discussed are magnetic precession and the muon g-2 experiment. The second 
part begins with an introduction to non-relativistic wave mechanics, and 
then develops the quantum-theoretic interpretation of the phenomenological 
equations for particles with spin \, 1, and higher. 

SIS/jmr-rm-msv-jb 



CONTENTS 

Page 

INTRODUCTION AND ACKNOWLEDGEMENTS vii 

PART I PHENOMENOLOGICAL 1 

1. POLARIZATION OF NEUTRONS 1 
2. OTHER PARTICLES 2 
3. ONE AND MANY 3 
4. PROTONS 4 
5. MAGNETIC PRECESSION 5 
6. MOVING PARTICLES AND BOOSTED OBSERVERS 5 
7. PRECESSION EQUATIONS FOR ACCELERATED MOVING PARTICLES 7 
8. g-2 EXPERIMENT AND MAGIC VELOCITY 8 
9. HIGHER SPIN: PHENOMENOLOGICAL 9 

10. TENSORS 9. 
11. IRREDUCIBLE TENSORS 10 
12. ARBITRARY SPIN 11 
13. MAGNETIC PRECESSION FOR ARBITRARY SPIN 12 
14. CYLINDRICAL SYMMETRY 13 
15. SPHERICAL TENSORS 13 

PART II THEORETICAL 15 

1. WAVE MECHANICS 15 
2. QUASI-CLASSICAL APPROXIMATION 16 
3. SUPERPOSITION 18 
4. INCOHERENT SUPERPOSITION, OR 'MIXTURE' 18 
5. COHERENT SUPERPOSITION 18 
6. MULTICOMPONENT WAVE MECHANICS 19 



- VI -

Page 

7. QUASI-CLASSICAL APPROXIMATION 20 
8. DENSITY MATRIX 22 
9. ROTATION INVARIANCE 24 

10. SPIN I 26 
11. SPIN 1 28 
12. HIGHER SPIN 29 
13. FAST PARTICLES 30 
14. ANGULAR MOMENTUM 30 
15. STERN GERLACH SPLITTING 33 
16. CONCLUDING REMARKS 35 



- v u -

INTRODUCTION AND ACKNOWLEDGEMENTS 

These lectures are about the concept of particle polarization, and about how polariza
tion develops in the presence of electromagnetic fields. The basic notions and essential 
equations are first introduced in a purely phenomenological way, with a minimum of theore
tical interpretation. Then it is shown how these things emerge from elementary quantum 
mechanics. It is hoped that this second part will be intelligible to those who know rather 
little of quantum mechanics to begin with, and that the first part will be intelligible 
even to those who prefer to stay that way. 

On these topics I have benefited over a number of years from conversations with the 
g-2 group, especially E. Picasso. In preparing the lectures I have profited from discus
sions with the Machine Studies team; I am especially indebted to M. Bell and D. Mohl for 
reading the manuscript and pointing out errors and obscurities. 



PART I 

PHENOMENOLOGICAL 

We will start with the neutron. This is not the most interesting particle for acce
lerator designers, for it is quite hard to accelerate. But it is unstable, and polariza
tion shows up very directly and simply in the angular distribution of decay products. So 
it serves very well to introduce the basic notions. 

1. POLARIZATION OF NEUTRONS 
Suppose that we have some device which delivers neutrons. Suppose that it can be 

adjusted to deliver not more than one at a time, at (or near) some time which we can call 

t - O 
at (or near) some point which we can take as the origin of coordinates 

—A. 

r = o 
and at (or nearly at) rest 

* 
r = o 

After a time (typically of the order of several minutes) the neutron will decay, into an 
electron, a proton, and an antineutrino, 

As far as we know there is no way of preparing the neutron so that it will decay at a 
specified time, or with decay products emitted in specified directions. But by many repe
titions of the experiment, using the same procedure for preparing the neutron, we can 
obtain a probability distribution for decay times and directions appropriate to that par
ticular neutron preparation procedure. 

If, for example, an electron counter is placed in a direction k (a unit vector), then 
the probability that it goes off at time t is found to be of the form 

dW = at e ~ r t I (A + P- fe 3) (i.D 
where r - 1 is the neutron half-life (y 12 min), I is the probability that a neutron was in 
fact produced (i.e. the efficiency of the source), A and B depend on the details of the 
detector (efficiencies, solid angle) and 



- 3 -

parameters, where N is some integer. The quantity 

is called the 'spin' of the particle. For the pion 

N-1 - o, N = 1, j = o 
For the neutron 

|s/r- 1 = 3^ N * 2 , 6 = '/i 
Thus the pion is a particle of zero spin; so, for example, is the a-particle. The neutron 
is a spin-j particle; so is the proton. The deuteron has spin 1. 

The three parameters P , P , P appearing in the coefficients of the terms linear in ~ ^ *. x y z 
k , k , k , respectively, in the angular distribution of a decay product from an unstable x y z _,. 
particle at rest, are said quite generally to form the 'polarization vector' P — or the 
'vector polarization'. The extra parameters, for particles of spin greater than one half, 
appear as factors in coefficients of more complicated terms in the angular distribution, 
involving higher powers of the direction cosines k k , k . Just as the three quantities 
P , P , P together form a vector, so the other parameters are grouped together in certain 
sets called 'tensors', which we will discuss later. If any of these parameters, including 
the P, is not zero we will say that the particle is 'polarized', and otherwise that it is 
'unpolarized'. In the case of an unstable particle at rest unpolarization implies that any 
decay product is emitted isotropically. 

Note however that the terminology is not well standardized. In particular, the word 
'polarization' is sometimes restricted to 'vector polarization', the more general notion 
being called 'orientation'. 

3. ONE AND MANY 
We have been talking of one neutron, or one pion, and so on. The probability distri

butions referred to must, strictly speaking, be verified by many repetitions of the rele
vant experiment using each time one particle only. In practice, one is usually concerned 
with beams of particles, with many particles simultaneously present in the equipment. The 
application of single-particle probabilities in such circumstances depends on the hypothe
sis that the different particles are independent of one another, i.e. that interparticle 
interactions aire negligible. Then the probability that this or that happens for one 
particle should equal the fraction of very many particles for which this or that happens. 

The electric and magnetic fields acting on one particle in what follows may well con
tain contributions from the collective space charge of the beam. But when it becomes 
necessary to allow for interactions between individual partiale pairs, then the single-
particle phenomenology loses relevance. We will not consider such situations here. 
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MAGNETIC PRECESSION 

->• It is found that the polarization can be changed by application of a magnetic field B. 
- * • - » • - * • 

The component of P in the direction of B remains constant, but the part of P perpendicular 
to B rotates about the latter with angular frequency 

co = - ç B 
the positive sense being that of a right-handed screw. In vector notation 

i f = - f B X P (i.3) 
dit 

The parameter f is characteristic of the particle considered. For the proton 

where e and M are particle charge and mass, respectively. The dimensionless ratio g is 
called the g-factor. We use m.k.s. units here; in those units eB/M is the non-relativistic 
cyclotron frequency; to pass to other units just substitute your own formula for that 
frequency. 

The precession equation (1.3) applies equally to particles of higher spin. But the 
vector polarization is then not the whole story. The tensor polarization parameters also 
change, in a precise way determined by the same parameter f. We will describe this later 
for the case of spin 1, in the context of the quantum mechanical theory. For the deuteron, 
of spin 1, 

MOVING PARTICLES AND BOOSTED OBSERVERS 

So far we have considered polarization only of particles at rest — even if we con
templated detection of that polarization by acceleration and scattering. Moreover, when 
we come to the quantum mechanics we will consider only very slow, non-relativistic, par
ticles. However, knowing things about particles at rest means knowing things also about 
moving particles — even fast-moving particles — by Lorentz transformation. A particle 
which is fast in the laboratory is at rest for a hypothetical observer in suitable motion. 
According to special relativity theory she will see it behave as we would see behave a 

- * • particle at rest in the laboratory. So she can define for it a polarization P. Let us -»-adopt this same P for laboratory use. There is no objection to this if we use it correctly. 
To obtain a decay distribution, for example, the calculation could be done first in the 
appropriate moving system, and converted into laboratory language by Lorentz transformation. 

- > • 

There is a complication with this definition of P, invoking a reference system in 
which the particle is at rest: there are many such systems, obtained from one another by 
rotation. So we specify the particular system obtained from the laboratory system by 'pure' 
or 'rotation-free' Lorentz transformation — a so-called 'boost'. In the case of boosting 
in the z-direction the coordinates (t', x', y', z') used by the boosted observer are related 
to laboratory coordinates (t, x, y, z) by the familiar formulae 
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boosting, but by a combination of boost and rotation. We have to allow for this in forming 

precession equations for accelerated moving particles, as we now do. 

PRECESSION EQUATIONS FOR ACCELERATED MOVING PARTICLES 

Consider how things look to the observer 0' for whom the particle is momentarily at 

rest. If there were for her no electric field E' acting on the particle, she would of 

course write the magnetic precession equation for particles at rest 

%p' = --Ç B'x P' St' 

Let us assume that this remains true even in the presence of an electric field E', i.e. 

that there is no electric precession, as is true experimentally to high accuracy. Then the 

electric field serves only to accelerate the particle 

%W - ^ £ ' it' 
-»• • + 

Now P' is by definition also P, for we in the laboratory have agreed to accept (momentarily) 

0"s definition of polarization. But 

• * • ->• - » • - * • 

For P + <5P is defined through an observer 0" obtained from 0 by boosting, while P' + 6P' is 

defined through an observer obtained from 0' by boosting — which is not the same thing; 

as we have seen, it differs by a rotation 56'. Thus 

S"p = h~?' 4- te' x p' = SP' + 8©' x *p 

or 

bP = -(B'xP St' + ^ ( ST>x v)x P 

To obtain the relativistic precession equation in terms of laboratory time and fields 

we then substitute 

$>t'= y ( b k - c " * v - s f ) = r~x % t 

B' = Y ( B - C ~ * V - X " E ) + ( i - i r ) tr~ z-Tj. '6 v 

whence 

with 

^ = A x "P 

*•• ^ ^ " * ' * ( B - * # + J= Y~ i r x (1.6) 

The first term here, explicitly arising from the acceleration of the particle, is called 

the Thomas precession. 
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direction of motion. The observation of this development provides a sensitive measure of 

the small and theoretically interesting quantity a = (g-2)/2. This is the famous (g-2) 

experiment. 

To provide some stability for the particle orbits, in the original experiments, the 

field B was not quite uniform, and the particles oscillated about an equilibrium orbit. As 

a result, one of the main limitations on the accuracy of the experiment was the difficulty 
- > • 

of determining very well an effective average B to be used in calculating (g/2)-l from the 
- > • 

observations. To avoid this, in the latest muon (g-2) experiment the field B is uniform, 

and focusing is provided by transverse electric fields. To minimize the effect of these 
- > • 

electric fields on the precession of P, muons with a special 'magic' velocity are used so 
that the coefficient of the second term in (I.10) is very small 

( 1 - 0 - o 

corresponding to a muon energy of 3.1 GeV. This very elegant proposal is due to Bailey, 

Farley, JSstlein, Petrucci, Picasso and Wickens. 

HIGHER SPIN: PHENOMENOLOGICAL 

It has already been mentioned that for higher-spin particles the internal or 'spin' 

state is not completely specified by the three components (P , P , P ) of the polarization 

vector. Additional parameters are required to specify what is sometimes called 'tensor 

polarization'. We now go into this in more detail. 

When the particle is unstable the extra polarization parameters show up in more compli

cated angular distributions of decay products. For a particular decay product instead of 

simply 

A * & 7L ?>% 
i 

we have 

AH-^P^- , + cSTïjfejftj + D^T^l/k/k.-H • • • (LID 

The quantities k, A, B, C, D, ... characterize the measuring system, while P-, T.., T..,, .., 
1 1J 1JK 

characterize the production system. The T's are the 'polarization tensors'. We will now 

recall the concept of 'tensor'. 

10. TENSORS 

If the complete physical system is rotated — production mechanism and counting 

mechanism — the counting rate should remain unchanged, given the rotation invariance of 

physical laws. In a small rotation, specified in the usual way by a vector 69, the vector 

k suffers an increment 

* k = s e x k (1.12) 



PART I 

PHENOMENOLOGICAL 

We will start with the neutron. This is not the most interesting particle for acce
lerator designers, for it is quite hard to accelerate. But it is unstable, and polariza
tion shows up very directly and simply in the angular distribution of decay products. So 
it serves very well to introduce the basic notions. 

1. POLARIZATION OF NEUTRONS 
Suppose that we have some device which delivers neutrons. Suppose that it can be 

adjusted to deliver not more than one at a time, at (or near) some time which we can call 

t - O 
at (or near) some point which we can take as the origin of coordinates 

"r = o 
and at (or nearly at) rest 

r = o 
After a time (typically of the order of several minutes) the neutron will decay, into an 
electron, a proton, and an antineutrino, 

v e \> <— r\ 

As far as we know there is no way of preparing the neutron so that it will decay at a 
specified time, or with decay products emitted in specified directions. But by many repe
titions of the experiment, using the same procedure for preparing the neutron, we can 
obtain a probability distribution for decay times and directions appropriate to that par
ticular neutron preparation procedure. 

If, for example, an electron counter is placed in a direction k (a unit vector), then 
the probability that it goes off at time t is found to be of the form 

dw = at e ~ r t I (A + p-k Q) cm 
where r - 1 is the neutron half-life (^12 min), I is the probability that a neutron was in 
fact produced (i.e. the efficiency of the source), A and B depend on the details of the 
detector (efficiencies, solid angle) and 
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P (the polarization vector) 

is characteristic of the particular neutron preparation procedure employed. Very many 
- » • devices deliver 'unpolarized' neutrons: P = 0. But there are also special devices which 

deliver 'polarized' neutrons 

P =* ° 
Equation (1.1) shows that for non-zero polarization, and positive B, more particles 

go roughly in the same direction as P than go roughly in the opposite direction; there is 
an 'up-down asymmetry'. 

.Instead of looking at the direction of the electron, we may observe its energy; or we 
may observe the energy of the proton, or the direction of the proton, or we may observe 
both electron and proton. In all cases the probability of a particular configuration is 
found to be of the form 

dw = e~ r t I (A + p B) 

where A and B are functions of the directions and energies involved, and of counter effi-->-ciencies and geometries. But I and P are always the same, whatever one chooses to observe, 
for a given neutron preparation procédure. 

- » • It is found that |P| cannot be arbitrarily large. By redistributing some suitable ->-->- ->-
factor between P and B above, we redefine P so that its maximum magnitude is unity 

iPl $ 1 
We can say that to characterize the neutrons produced by a given device we have to 

specify not only their position and velocity, but also their 'internal state' by means of 
three parameters 

P P P -
2. OTHER PARTICLES 

The charged pion is another unstable particle (with half-life 2.5 x 10~8 sec), which 
occasionally decays in much the same way as the neutron 

V e T T <- TT" 

But in this case, for a free pion at rest, the angular distribution of the electron is 
always isotropic, however the pion is prepared. In fact, the internal state of the pion is 
not variable; it does not need three parameters to specify it, but zero parameters. 

More generally, the internal state of a given particle, as shown up by the complexity 
of angular distributions, has to be specified by 

N - 1 
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parameters, where N is some integer. The quantity 

is called the 'spin' of the particle. For the pion 

N-1 - o, N = 1, j = o 
For the neutron 

N1"- 1 =3, N - 2, d = 'A 
Thus the pion is a particle of zero spin; so, for example, is the a-particle. The neutron 
is a spin-J particle; so is the proton. The deuteron has spin 1. 

The three parameters P , P , P appearing in the coefficients of the terms linear in 
k , k , k , respectively, in the angular distribution of a decay product from an unstable 
x y z _>. 
particle at rest, are said quite generally to form the 'polarization vector1 P — or the 
'vector polarization'. The extra parameters, for particles of spin greater than one half, 
appear as factors in coefficients of more complicated terms in the angular distribution, 
involving higher powers of the direction cosines k , k , k . Just as the three quantities 
P , P , P together form a vector, so the other parameters are grouped together in certain 
sets called 'tensors', which we will discuss later. If any of these parameters, including 
the P, is not zero we will say that the particle is 'polarized', and otherwise that it is 
'unpolarized'. In the case of an unstable particle at rest unpolarization implies that any 
decay product is emitted isotropically. 

Note however that the terminology is not well standardized. In particular, the word 
'polarization' is sometimes restricted to 'vector polarization', the more general notion 
being called 'orientation'. 

3. ONE AND MANY 

We have been talking of one neutron, or one pion, and so on. The probability distri
butions referred to must, strictly speaking, be verified by many repetitions of the rele
vant experiment using each time one particle only. In practice, one is usually concerned 
with beams of particles, with many particles simultaneously present in the equipment. The 
application of single-particle probabilities in such circumstances depends on the hypothe
sis that the different particles are independent of one another, i.e. that interparticle 
interactions aire negligible. Then the probability that this or that happens for one 
particle should equal the fraction of very many particles for which this or that happens. 

The electric and magnetic fields acting on one particle in what follows may well con
tain contributions from the collective space charge of the beam. But when it becomes 
necessary to allow for interactions between individual partiale pairs, then the single-
particle phenomenology loses relevance. We will not consider such situations here. 
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4. PROTONS 

The proton also has spin \, and when prepared in some particular way has an internal 
state specified by three parameters 

P P P 
Because the proton is stable, we have nothing so direct to show up the polarization P as 
the angular distribution of decay products. But there are other ways. For example, one 
could apply an electric field, say in the y-direction, and accelerate the protons (initially 
at rest) to some given energy, and then allow them to scatter on some target which has 
cylindrical symmetry about the y-axis. For polarized protons the scattering does not in 
general have this symmetry. It has the form, where k and k' are unit vectors in the initial 
and final directions of scattering, 

C(fc-V) ± D(*-*) Vxll- P (1.2) 
where C and D are some functions of the cosine, k • k', of the scattering angle. For example, 
if we take P in the z-direction and k in the y-direction, with k' defined by polar variables 
6 and <j> with respect to k, as in the figure, the scattering distribution is 

Thus for D positive there is more scattering at given 6 towards § = 90°, than towards 
<(> = 270°, i.e. there is a 'right-left asymmetry'. When C and D have been measured with 
particles of known polarization, such a set-up serves to measure the polarization of other 
particles. 

Note that once again in (1.2) we have a linear function of the components of P. This 
is quite general: the probability of some particular result of some particular experiment 
is some particular linear combination of the polarization parameters. 

This acceleration and scattering method of measuring polarization is not sensitive to 
the component (P above) in the direction of acceleration. To measure this component one 
can accelerate in some other direction. Or one can take advantage of 'magnetic precession' 
of polarization. 
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MAGNETIC PRECESSION 

•+ It is found that the polarization can be changed by application of a magnetic field B. 
- » • - * • • * 

The component of P in the direction of B remains constant, but the part of P perpendicular 
•*• 

to B rotates about the latter with angular frequency 

oo = - ^ B 
the positive sense being that of a right-handed screw. In vector notation 

d£ = - f B x P (i.3) 
dit 

The parameter f is characteristic of the particle considered. For the proton 

where e and M are particle charge and mass, respectively. The dimensionless ratio g is 
called the g-factor. We use m.k.s. units here; in those units eB/M is the non-relativistic 
cyclotron frequency; to pass to other units just substitute your own formula for that 
frequency. 

The precession equation (1.3) applies equally to particles of higher spin. But the 
vector polarization is then not the whole story. The tensor polarization parameters also 
change, in a precise way determined by the same parameter f. We will describe this later 
for the case of spin 1, in the context of the quantum mechanical theory. For the deuteron, 
of spin 1, 

U = % inTd * ^ = 1-714. 

MOVING PARTICLES AND BOOSTED OBSERVERS 

So far we have considered polarization only of particles at rest — even if we con
templated detection of that polarization by acceleration and scattering. Moreover, when 
we come to the quantum mechanics we will consider only very slow, non-relativistic, par
ticles. However, knowing things about particles at rest means knowing things also about 
moving particles — even fast-moving particles — by Lorentz transformation. A particle 
which is fast in the laboratory is at rest for a hypothetical observer in suitable motion. 
According to special relativity theory she will see it behave as we would see behave a 

- > • particle at rest in the laboratory. So she can define for it a polarization P. Let us -*-adopt this same P for laboratory use. There is no objection to this if we use it correctly. 
To obtain a decay distribution, for example, the calculation could be done first in the 
appropriate moving system, and converted into laboratory language by Lorentz transformation. 

- » • 

There is a complication with this definition of P, invoking a reference system in 
which the particle is at rest: there are many such systems, obtained from one another by 
rotation. So we specify the particular system obtained from the laboratory system by 'pure' 
or 'rotation-free' Lorentz transformation — a so-called 'boost'. In the case of boosting 
in the z-direction the coordinates (t', x', y', z') used by the boosted observer are related 
to laboratory coordinates (t, x, y, z) by the familiar formulae 
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z' = (z. - v t ) /j\ - vyc8- , y ' = y 

The generalization for motion in an arbitrary direction is 

fc' = Y(v)(t - v- r/c*-) 
(1.4) 

where 

Y(V) - (I- vVc 1) 
-«/a 

<*(v) - (rtf-) - ( ) / V 

There is a particular subtlety connected with the invocation of such boosted observers 

when the particle is accelerated. For, then, a given moving observer is only momentarily 

relevant, when the particle is at rest relative to her. Subsequently a different moving 

observer has to be invoked to bring the particle to rest, and so on. We have to enquire, 

for reasons which will appear, "How are the coordinates used by two such observers related 

to one another?". Let these hypothetical observers be denoted by 0' and 0", and let the 

coordinates they use be related to laboratory coordinates by boosts involving velocities v 

and w = v + 6v, respectively, these being the velocities of the particle when 0' and 0" are 

respectively relevant 

i 
r» = r + c*( v ) v. r v- ~ Y©0 V t 

k" = Y(ô3-)(t - w - r / c » ) 

Y" ~ f + vc(w/ i*r -r our — YÇ'vrivrt 

After a straightforward (and tedious) calculat ion one finds, to f i r s t order in <5v = w - v, 

I i t t - t ' - s a ' . f ' 
— 1 / / Vi. | -» -J "V -* 

I r" - r' + sex r - sa-1' I &£ = ^ ( s v x v ) 
(1.5) 

If we ignored w this would be just an infinitesimal boost, i.e. a pure Lorentz transforma

tion with small velocity <5u'. If we ignored 6u', we would have just an infinitesimal ro

tation. So what we have is a combination of boost and rotation. Systems of reference 

obtained by boosting from the lab. system are not obtained from one another simply by 
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boosting, but by a combination of boost and rotation. We have to allow for this in forming 
precession equations for accelerated moving particles, as we now do. 

7. PRECESSION EQUATIONS FOR ACCELERATED MOVING PARTICLES 
Consider how things look to the observer 0' for whom the particle is momentarily at 

rest. If there were for her no electric field E' acting on the particle, she would of 
course write the magnetic precession equation for particles at rest 

%p' = --Ç B'x P' st' 
Let us assume that this remains true even in the presence of an electric field E', i.e. 
that there is no eteotrio precession, as is true experimentally to high accuracy. Then the 
electric field serves only to accelerate the particle 

Stl' = ^ E ' S t ' 
-*• •+ 

Now P' i s by defini t ion also P, for we in the laboratory have agreed to accept (momentarily) 
0 " s definit ion of polarizat ion. But 

P'+S?' + Pf SP 
- > • - > • - » • - » • 

For P + <5P is defined through an observer 0" obtained from 0 by boosting, while P' + SP' is 
defined through an observer obtained from 0' by boosting — which is not the same thing; 
as we have seen, it differs by a rotation 66'. Thus 

S"p = s p» + se 1 x p' = b P' + s©' x "p 

or 

S>P = - ( B ' K P St' + ^ ( S^x v)x P 

To obtain the relativistic precession equation in terms of laboratory time and fields 
we then substitute 

%t' ~ T ( bfc - C'z nj- st") ^ Y~' S t 

B' = V ( B - c ~ * v x f ) 1- ([^ r) -vr3- -u- r l v 

whence 

with 

él = J i X ~p 

(1.6) 

The first term here, explicitly arising from the acceleration of the particle, is called 
the Thomas precession. 
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In the same way, one can obtain the acceleration in the lab. system from (1.5), using 

£"yi = y %v- + r(r-0 or" îor ïr. sv 

E ' = r ( E + ^ x B . ^ + 0-V) v~ v 'cr E 

whence, after a little manipulation, 

out riYVu ' M V ^ r/ -u-a-

This of course is just a form of the usual Lorentz equation of motion 

We can use (1.7) to eliminate dv/dt from (1.6), with the result 

(1.7) 

(1.8) 

8. g-2 EXPERIMENT AND MAGIC VELOCITY 
• * • - * • - » • - » • 

In the case of purely transverse fields (v • E = v • B = 0), Eq. (1.7) can be written 

i l = o y ,1- 7$ =_ e /"S _ _ï! ; ^2L1 \ (i.9) 

using 

and 

dLt c ' « MY\ rM o / 

(nr x E ) >< *vr = I T 1 E £ iA>Uew I T • F — o ) 

Cr1-- i ) / r " = v V c 1 

This shows that the velocity v rotates, without change of magnitude, with the relativistic 
•+ -*• 

cyclotron frequency il . The precession rate of the polarization P relative to the velocity 
v (always for v • E = v • B = 0) is then from (1.8) and (1.9) 

(1.10) 

Now for electrons and muons (g/2)-l is a very small quantity. In both cases 

Thus electrons and muons in a pure magnetic field and initially polarized in the direction 

of motion (P <* v) only very slowly develop a component of polarization transverse to the 
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direction of motion. The observation of this development provides a sensitive measure of 
the small and theoretically interesting quantity a = (g-2)/2. This is the famous (g-2) 
experiment. 

To provide some stability for the particle orbits, in the original experiments, the 
field B was not quite uniform, and the particles oscillated about an equilibrium orbit. As 
a result, one of the main limitations on the accuracy of the experiment was the difficulty 

- » • of determining very well an effective average B to be used in calculating (g/2)-l from the 
- > • observations. To avoid this, in the latest muon (g-2) experiment the field B is uniform, 

and focusing is provided by transverse electric fields. To minimize the effect of these 
electric fields on the precession of P, muons with a special 'magic' velocity are used so 
that the coefficient of the second term in (I.10) is very small 

(1-0- * — o 
corresponding to a muon energy of 3.1 GeV. This very elegant proposal is due to Bailey, 
Farley, JSstlein, Petrucci, Picasso and Wickens. 

9. HIGHER SPIN: PHEN0MEN0L0GICAL 
It has already been mentioned that for higher-spin particles the internal or 'spin' 

state is not completely specified by the three components (P , P , P ) of the polarization 
vector. Additional parameters are required to specify what is sometimes called 'tensor 
polarization'. We now go into this in more detail. 

When the particle is unstable the extra polarization parameters show up in more compli
cated angular distributions of decay products. For a particular decay product instead of 
simply 

A i- & £ P.-V, 
we have 

A+-e>£PiV, + c £ " n A \ i + D ^ T ^ ^ t . l / f e , * - • • (LID 

The quantities k, A, B, C, D, ... characterize the measuring system, while P-, T.., T.., , 
1 1J 1JK 

characterize the production system. The T's are the 'polarization tensors'. We will now 
recall the concept of 'tensor'. 

10. TENSORS 
If the complete physical system is rotated — production mechanism and counting 

mechanism — the counting rate should remain unchanged, given the rotation invariance of 
- * • physical laws. In a small rotation, specified in the usual way by a vector 69, the vector 

k suffers an increment 

s i = £e x K (1.12) 
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Sfci = 5 * e ; m *« c i a 3 ) 

where 

or in terms of components 

S 
m 

Sey„ = o , %©*,,«-&©, , *©„, ^ s e y 

s e y x ^ s e % , g© y y ^ o , 5 6 ^ = ~sex 

^e» x ^ -SG y , s e y ï =, &ex , S©* a = o 

The quantities P., T.., T.., , etc., must transform in some complementary way, so that the 

value of (I.11) remains unchanged. 

Suppose for a moment that T.. were simply a product of components of vectors A and B: 

Tu « AiBj (i.i4) 

Then 

This is just a product of scalar products, and is clearly unchanged by rotation. One can 

check that it is not necessary for T-. to be a product of two vectors for invariance. It 

is sufficient that T.. is changed by rotation as if it were a product of vectors: 

This transformation character defines what is called a 'tensor of rank 2'. In the same 

way, quantities 

T". • 
' » J K * • • 

transforming as products of N vectors are called tensors of rank N. In this language a 

scalar is called a tensor of rank 0, and a vector is called a tensor of rank 1. 

Instead of rotating the physical system one can produce the same effect on the 

coordinates of a vector (1.13), by rotating the coordinate system in the opposite direction, 

i.e. through an angle -60. Such a rotation cannot change the counting rate, and so one is 

led to define tensors as transforming like products of vectors under changes of coordinate 

system. The two approaches are quite equivalent — given the rotation invariance of physi

cal laws, the values attached to components of physical quantities can depend only on the 

relative orientation of physical system and coordinate system. 

11. IRREDUCIBLE TENSORS 

A tensor of given rank may contain, in a certain sense, tensors of lower rank. Thus 

for the tensor (1.14) of rank 2 the linear combination of components 

Z T H = Z A-, B, =• A- B 
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i s a scalar , and the three l inear combinations 

T y z - T 2 y = (A*t\ 
TEX - T x * = ( A x ~&)y 
Txy - T y x = ( A X ? ) H 

are the components of a vector. Quite generally the transformation rule (1.15) implies 
that 

is a scalar, and that the three combinations 

form a vector, where e is the alternating symbol defined by 

C A X B V = Zl e,-Jk A j B k ( I < 1 6 ) 
0-»fc 

The scalar S vanishes i f the tensor i s ' t r ace l e s s ' 

2 T j j = 0 (1.17) 
i 

and the vector V vanishes if the tensor is 'symmetric' 

TJJ * Tii (1.I8) 
A symmetric traceless tensor of rank 2 is said therefore to be 'irreducible'. More gener
ally a tensor of rank N is said to be irreducible when it is not possible to form non-zero 
tensors of lower rank from linear combinations of its components. 

The general second-rank tensor has 3 x 3 = 9 independent components. There are 1 + 3 
irreducibility conditions (1.17) (1.18). So an irreducible second-rank tensor has only five 
linearly independent components. 

A tensor of rank N has, in general, 3 components. But an -irreducible tensor of rank N 
has only 2N + 1 linearly independent components. 

12. ARBITRARY SPIN 
It is found that the internal state of a given particle is characterized by one irre

ducible tensor of each rank not exceeding some integer N. The quantity j = N/2 is called 
the 'spin' of the particle. The probability of some particular outcome of some particular 
experiment on such a particle is some particular linear combination of the components of 
these polarization tensors, which characterize the particle production mechanism, while the 
coefficients in the combination characterize the experiment in question. 
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13. MAGNETIC PRECESSION FOR ARBITRARY SPIN 

With all these extra parameters it could be feared that the influence of a magnetic 

field could be very complicated. But here is good news: all the tensors are just rotated, 

and by just the same amount. Thus in a small interval of time 6t, for a particle at rest 

S Pi ~ -Z S e i w Rw (1.19) 

and so on (for particles of spin above 1) with 

se = - -f B st 

MDreover, a moving particle can be characterized by the tensors defined in the momen

tary rest system. We are then led as before to generalize (1.19) just by taking 

£e = M. %t (i.2i) 
- > • 

with fi given by (1.6). 

The solution of Eqs. (1.19) is of the form, giving final in terms of initial quantities, 

PjCO = Z 0 , M 0 > P m « » (1.22) 
w 

7ufc) = Z Z 0 ; w(t) 0- nlt) Tm nCo) 
° w n °" (1.23) 

(and so on for tensors of higher rank, if any) where 0 is a matrix such that 

S O i j CO = 2 , & © i n O n j C t ) (i.24) 

and 

O j j G>) = S i j (I.25) 

From (1.22) then 

SP^O = Z *>oiMoo Pmco) = £ £ 6 e . n o^) pwco) = Z S e i n P.oo 

as required in (1.19). In the same way from (1.23) 

*T,jlO = 2 £ ^O i M( t>0. nCb)-r M n Co) + Z Ç O i mCt) ̂ 0 J nCb)T W MCo) 
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as required in (1.20). Thus it is sufficient to integrate the precession equation for the 
polarization vector, obtaining the solution in the form (1.21), to have the solution for 
the polarization tensors also, because the same matrix 0 is involved. 

Note that integration of (1.24), with (1.21) and (1.25), leads to a matrix 0 which is 
just a finite rotation matrix — for it is just a cumulation of infinitesimal rotations. 
Such a matrix is 'orthogonal', i.e. 

2 , o i f e o J f t ^ s ( j 

(1.26) 

and has unit determinant 

cU O - + \ (1.27) 

These are immediately verifiable at t = 0, (1.25), and one can check that they are preserved 
by the evolution (1.24), because of the antisymmetry of 9 [explicitly given after (1.13)"J. 

14. CYLINDRICAL SYMMETRY 

A special case of some importance is that in which the production mechanism has, or 
effectively has, cylindrical symmetry about some axis — say the z-axis. Then the various 
tensors P. T-., etc., must be unaltered by rotation about this axis 
along the z-axis, and is then entirely specified by the single component P . From (1.15), ->- z 

with 69 in the z-direction, the condition 6T. . 
ij traceless second-rank polarization tensor 

Clearly P must lie 
Lt P z. From (1.1 

0 dictates the following form for the 

T, xx 
yx 

where a is some parameter. 

' xy 

T 2 y 

xz 
T rz 
T-. i j j 

a/s o o 
o a/6 o 
o o a/3 

(1.28) 

It is found that this parameter varies in a limited range. 
With a suitable normalization of the definition of T 

-2. < a ^ + 1 (1.29) 

This quantity a is sometimes called 'alignment' or 'tensor polarization', in the case of a 
spin-1 particle. In that case, and with cylindrical symmetry, the parameters P and a 
are sufficient to characterize the polarization state. However, subsequent operations on 
the particle will in general spoil the cylindrical symmetry, and it is not possible then 
to discuss the evolution of P and a independently of the other components of the polariza
tion vector and tensor. 

15. SPHERICAL TENSORS 

The tensors used so far are sometimes called 'Cartesian tensors' — based as they are 
on the Cartesian components of vectors — to distinguish them from so-called 'spherical 
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N 
tensors' — which are the same thing differently presented. Instead of using the 3 Carte
sian components of an irreducible tensor of rank N, one can choose to use instead some 
(2N + 1) linearly independent linear combinations. These transform into one another, when 
a rotation is made, in a way that can be calculated from the behaviour of the Cartesian 
components. These (2N + 1) objects are said to be the components of an 'irreducible spheri
cal tensor of rank N'. 

Of course there are infinitely many ways of choosing the (2N + 1) linearly independent 
combinations. In the case of an irreducible Cartesian tensor of rank 2, a conventional 
choice for the components of the corresponding irreducible spherical tensor is 

To = jvn; a -rai;* -m TYY ; u.^ 
T-i = i T X i + i T z x i-±-Tay i--kTy ? 

T-Î. - i Txx - alTyy + i T x y +• k T y x 

This choice has the merit that rotation about the z-axis is very simple 

% T M = - t m &e T ^ (i.3i) 

For a general rotation the components transform among one another in such a way that 

2 i l ~ T m | = c o i n s - t c v \ t (1.32) 
m 

a so-called 'unitarity' transformation. For an irreducible spherical tensor of arbitrary 
rank, (1.31) and (1.32) can be arranged. For example, for a tensor of rank 1, i.e. a 
vector, one can take 

V, = - Ort-iVy)/^ 
Vo - Vz V ( I' 3 3 ) 

V-, = CV*'+ « V y ) / ^ 
Many general accounts of polarization formalism are given in the language of spherical 

tensors. Unfortunately, different authors do not always use the same phase and normaliza
tion conventions, so that care has to be taken in comparing them. 

In the case of cylindrical symmetry about the z-axis it follows immediately from (1.31) 
that 

T m =. O -for W ^ O 

From (1.30) one can then infer the form (1.28) with 

T 0 = - a/v]~6~ 



PART II 

THEORETICAL 

It will not be possible here to build quantum mechanics step by step from the be
ginning. I will try only to say, in a dogmatic but intelligible way, what quantum mechanics 
is, as applied to the non-relativistic motion of a spin-0 particle, how it contains classi
cal mechanics as an approximation, and how it is modified to incorporate spin. Quantum 
theory will be considered here in the version called 'wave mechanics'. 

1. WAVE MECHANICS 

The fundamental object of non-relativistic wave mechanics is the 'wave function' 

(. t , x , y, z ) 
* 

a complex function of time t and space coordinates x, y, z. Often the space coordinates 
will be taken together as a vector denoted by r. The fundamental interpretive rule is that 

4. d*r I v|/(t, f)( 
is the probability that, in the physical situation described by \|i, the particle can be 
found at time t in the element of volume d 3r (E dx dy dz) at r. 

Thus from the outset it is admitted here that we are not able to put an elementary 
particle at a given place at a given time, but only to arrange that it will be there with 
some probability. 

The fundamental dynamical equation is the 'Schrodinger equation1. For a particle of 
charge e and mass m in an electromagnetic field described by scalar and vector potentials 
ip and A, the Schrodinger equation is 

D t ~ \ 2.n { \ "ax T/li ^ c / 

2 M I i Dy c A i "ay c / 

2 

The quantity h is 'Planck's constant' divided by 2ir: 
-2-7 

^ = 1 - 0 5 X . I 0 jprj. sec 
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The Schrodinger equation is often written just 

ift ̂  = H V̂ (ii.2) 
where H denotes the differential operator contained in curly brackets in (II.l). This 
operator is closely related to the classical Hamiltonian function 

#(t, x,y, *, |?x, K, fc) 
which determines the classical equations of motion 

The differential operator H is obtained from the classical 3& by the substitutions 

Re -» i *x ? P V ^ j >y » P ' ^ i « 

Thus the differential operator H is known as the 'Hamiltonian operator' in quantum mechanics, 
or even just as 'the Hamiltonian1. 

2. QUASI-CLASSICAL APPROXIMATION 

The quantity h is a very tiny quantity in the kind of units that are natural in every
day life 

h « 1.3 x 10" 3 7 horsepower second2 , 

or in the design of particle accelerators 

h « 6.6 x 10" 1 3 MeV nsec . 

In such circumstances it is possible to exploit the smallness of h in obtaining approximate, 
but very adequate, solutions of the Schrodinger equation. If one were dealing with what 
happens inside atoms, for example, this would no longer be true. 

These 'quasi-classical' solutions are a generalization, for the partial-differential 
equation of interest, of the familiar WKB approximations for ordinary differential equa
tions. 

Consider the form 

where S is real, and suppose that A and S remain finite in the limit !i + 0, Inserting this 
form into the Schrodinger equation,,one obtains a new equation 
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/ - " * £ + . i t 2 . ^ û - [-L ( 2 1 * . A. 2. - eAxVîS + i l __ <?A*\ 

j.-L fs«. À ^ . - cAvvai + i.2. - e£^ 

Let us regard terms containing higher powers of h as of less importance. 

The terms not containing h at all give an equation for S which can be written 

where JE is the classical Hamiltonian function. This equation is actually familiar in clas

sical mechanics as the 'Hamilton-Jacobi' equation. Suppose we define 'momenta' and 'velo

cities', as functions of t and r, by 

"3S ,_ -&Ç , -3S 

(II.4) 
. _ .£5 b - 21 U 

Then it is known, and not very hard to check, that when S satisfies the Hamilton-Jacobi 

equation, integration of the ordinary differential equations 

i = v x Ct,r) , y r v y( t > r) , 2 - V è (t,r) (ii.s) 

gives a family of solutions of the classical Hamilton equations of motion, i.e. a family of 

classical orbits. 

To find something about A. one must retain also the terms of first order in h. Then it 

is required, in addition, that 

^ = - { £ > U + *&A 

+ ̂ k\f*A + v*^A 

(II.6) 

î î " ^ "" V*^* / 1' J 

If one multiplies this by yt , adds on the complex conjugate equation, and manipulates a 

little, one obtains 

*-W + &*WX - âvMt + àv.W - o (II.7) 
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Now this is precisely the classical equation for the evolution of probability density \ji\ 2 

for a classical particle constrained to move on one of the classical orbits defined by S. 
The equation says simply that the increase of probability d 3r |y£|2 in a small volume has 
to balance against the flow of 'probability current' v \A.\2 across the bounding faces. 

Thus we see how, in the appropriate limit, the probability density of quantum mechanics 
evolves as does a probability density in classical mechanics. 

SUPERPOSITION 

The classical situation corresponding to a given quasi-classical wave function 

is a rather special one. Although the position of the particle is undetermined, with pro
bability distribution \jl\2, the velocity of a particle at a given point at a given time is 
quite definite: 

1 l * ^x. c 

The more general situation, in which the velocity also is undetermined at a given point, 
involves more than one quasi-classical wave function in various kinds of 'superposition'. 

INCOHERENT SUPERPOSITION, OR 'MIXTURE' 

It can happen (and usually does) that the physical set-up leaves undetermined the 
wave function itself, so that we have various wave functions 

<IS <h X, ••• . 

with various probabilities 

EL j D j L- j ••• • 

Then the probability density for the particle is just the average of those appropriate to 
the individual wave functions 

d. | V|/\ 4- b J 4» f" -h C I X \ % +" • ' * (II.8) 
In the quasi-classical limit we have the corresponding classical mixture. The velocity at 
a given point is then one of a number of values with various probabilities. There can be 
as many such values as required, approaching in the limit a continuum. 

In this 'incoherent' superposition, or 'mixture', the relative phases of the various 
wave functions have no effect in (II.8). 

COHERENT SUPERPOSITION 

Because the Schrodinger equation is linear, any linear combination of two solutions 

Vj/ = oC c|> + fi X (II.9) 
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where a and 3 are arbitrary complex constants, is itself a solution. This is called 'the 
superposition principle'. It is a sacred dogma of quantum mechanics that the SchrSdinger 
equation is exactly linear, so that the superposition principle is exactly true. Such a 
'coherent superposition' would arise, for example, if a quasi-classical wave 

-ts 4 = sA e 
were reflected back by a potential barrier. The second term in (II.9) would then be the 
reflected wave. 

For such a state the probability density is 

tyt = l*lM$lr+- )(MM*lV 2-Re«:*/3> <(>*x 
The first two terms are those appropriate to an ordinary mixture. But the third 'inter
ference' term is new. It is this term which gives rise to characteristic quantum inter
ference phenomena. Because of this term, the relative phase of the wave functions <f> and 
X does matter in a coherent superposition. 

When the quasi-classical approximation is applicable, 

the interference term is a multiple of 

Now because h is very small the phase factor can be expected to vary very quickly over 
space and time — unless the contrary has been very carefully contrived. So, in general, 
the interference term averages rapidly to zero and does not show up in experiments with 
ordinary space and time resolution. In practice, therefore, in quasi-classical conditions, 
a coherent superposition is usually equivalent to a mixture and the distinction is unimpor
tant. 

MULTICOMPONENT WAVE MECHANICS 

We have seen that in the limit h -»• 0 the Schrôdinger equation'can be regarded as des
cribing the classical evolution of a classical probability distribution. There is not much 
to be said of the particle to which this distribution applies: it has position and velocity. 
Nothing emerges of the nature of an 'internal state' which could show up in polarization 
phenomena. The particle has 'zero spin'. 

Now, so far, the wave function has been just a single — albeit complex — quantity. 
But in classical physics we are familiar also with multioomponent objects governed by par
tial differential equations. The electric and magnetic fields of Maxwell's equations, for 
example, are each three-component vectors. Why should not the quantum mechanical wave func
tion be a vector? Or, more generally, some kind of multicomponent object? Just such a 
development proves appropriate to describe particles of non-zero spin and the associated 
polarization phenomena. 
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Suppose then that we have to deal not with a single I(J, but with a set 

rn ' 

where n enumerates the various 'components'. 

The obvious generalization of |^|2 is 

n 

and we take this to be probability density. 

As a first approximation to the generalized Schrodinger equation, we could just suppose 
that each component satisfies the original equation 

M I t ** ^ M - ^ 
where H is just the differential operator, formerly called H, obtained from the classical 
Hamiltonian. We would then leave unchanged the classical orbits, and it is known that spin 
has indeed little effect on the motion of the particle. 

But we can suppose that there are small extra terms which couple together the different 
components 

i * ^ vy,* = He vK + Z C™ v|/n (11.10) 

where the coefficients C have to be discussed. In general they could be differential 
mn ° 

operators. But we will consider only the simplest possibility: they are just ordinary 
functions of t and r. 

7. QUASI-CLASSICAL APPROXIMATION 

Consider now, for h small, solutions of the form 

V . ( t , n « ML^) e * S C t , r ) cn.u) 

Substituting this into (11.10), the terms without h give again 

— the same Hamilton-Jacobi equation as before. So the classical orbits are not changed 
and we have the same momenta and velocities as in (II.4). 

The terms with one power of h give, instead of (II.6) 

^ - -{£*•*" + * « ^ 
* ^ V U - +vv^,>U ( I I - 1 2 ) 
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* 
Multiplying by Ji summing over m, adding the complex conjugate equation, and manipulating 

a little yields 

f t 2 IA.I* + Jk£ v, \Am\ - ^ 2 , VY\AS + #*L ve|AA* 

Hi" 

To interpret this as a classical probability equation, we need to have zero on the right-

hand side, or 

c - c *~ 
(11.13) 

But one can check that we need this anyway to have conservation of total probability in the 

exact quantum mechanics 

So we assume (11.13). A matrix with elements C related in this way is called 'Hermitian1. 
v ' mn ' 

Then 

If now one writes 

(11.15) 

one obtains from (11.14) 

and then from (11.12) 

Now let us introduce the notation 

dh 3 t "a* / a y * *>* 

for 'total differentiation1, i.e. differentiating not at a fixed point but at a point 

following a classical particle with velocity v. Then (11.15) becomes 

Î jpt U* = 2 Cw« Un (II.17) 

(11.16) 
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So in the classical limit the particle has now not only a position and a velocity; but 

also an 'internal state' specified by a set of numbers u . Suppose, for example, the com

ponents u are just the three components of an ordinary vector 

u , u , u x' y' z 

Suppose, moreover, that 

CtfX ~ Cyy ~ Cz£ — ° 

C y y = — C y x — 1 | D j 

C y * - ~ C j y =- l ^ I3>K 

C i X - ~Cxi — î -f B y 

(11.18) 

where B , B , B are the components of magnetic field B. Then (11.16) becomes, when trans

lated into vector notation, 

da 
olt 

= - -Ç B x u. 

This is very like the phenomenological precession equation (1.3) 

= - f 6 x P 

(11.19) 

At 
However, the wave function u must wot be identified with the polarization P, as will now be 

explained. 

DENSITY MATRIX 

We will not have room here to go into the theory of scattering, or decay, or other 

processes in which polarization shows up. We will instead be obliged to make the following 

assertion: the probability CT of some particular result, for some particular experiment on 

a particle with internal wave function u, is the absolute square of some linear combination 

of the components 
Z 

)j £"* [Xvi \ (11.20) y - i 
That probabilities emerge in this way as squares of 'probability amplitudes' is re

lated to the fundamental rule that the probability density for a particle is the absolute 

square of the wave function. That these probability amplitudes are linear in the wave 

function is related to the basic linearity of the Schrôdinger equation, i.e. the 'super

position principle1. 

Working out (11.20) 

(11.21) 
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where the matrix 

t - nrt\ ~ ^ w £-vn 

characterizes the experiment in question, and the matrix p with elements 

S*l* = U*< U * ( I I' 2 2 ) 

characterizes the particle in question; p is called the 'density matrix'. Experimental 
probabilities are linear functions of the components of the density matrix. 

More generally we are concerned not with a pure state, but with a mixture. If several 
wave functions 

u, v, ... 

occur with probabilities 

a, b, ... 

the elements of the density matrix, for (11.19), are the appropriate averages 

<?*« = a u „ u * +- fcVp.v.N - • • t n - 2 3 : ) 

The density matrix is Hermitian: 

Moreover, the definition (11.15) implies the normalization of internal wave functions 

\ - 2 , IM* = 21 iv„( l =i . - . 

(11.25) 

Then 

^1 > \v\vi ~ ' 

with wave functions of N components, the density matrix requires 

N 2 - 1 

real parameters to specify it. 

Thus in the case of an ordinary vector wave function, with three components, experi
mental probabilities would be linear in eight real parameters which specify the internal 
state of the particle. This is to be compared with the three real parameters (the compo
nents P , P , P of polarization vector) phenomenologically sufficient for what is called a 
'spin-!' particle. So the vector wave function does not correspond to a spin-J particle. 
What does? If we had some object u with just two components, the density matrix would have 

2 Z - 1 = 3 

independent real elements. That is just what is needed. We have to look therefore into 
the possibility of such two-component wave functions. 

file:///v/vi
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ROTATION INVARIANCE 

When we leave the familiar three-vectors for less familiar multicomponent objects, 
certain notions formerly dealt with in an intuitive way have to be reformulated analyti
cally. We will be specially concerned here with rotational invariance — the idea that 
physical laws are still satisfied when everything is turned round a little. 

When a small rotation 66 is performed on a physical system a vector u suffers a small 
change 

s a - rt x a ( I I i 2 6 ) 

We expect then in (11.18), for example, that u + ou will satisfy the equation with the 
rotated magnetic field 

B + *B %B - se x B 
One can check that this is so. It amounts to saying that when 5 is a vector and u is a 
vector, the cross product B x u is also a vector 

U S x a ) = £ex(B*u) 
For the generalization it is useful to put this into matrix notation. Let u denote 

the column matrix 

U 
(11.27) 

Then the rotation rule (11.25) can be rewritten 

i su - ( sex sK * 66y9y + se a s ? ) u 
where S , S , and S are matrices x y z 

s* = 
O O O 
o o -i* 
o i O 

S yx 
o © i 
o o o 

-\ o o 

**« 
O -I O 
i o o 
o o o 

(11.28) 

(11.29) 

and multiplying a matrix by a number means multiplying every matrix element, for example 

6 e x Sx = 
O O O 

o i$.e„ o _ 
We will regard the three matrices S , S , and S , quite artificially, as the components of 
a 'vector' S, so that (11.28) can be written more compactly as 

i s u = Se • sT U (11.30) 
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In the same way the precession equation (11.17) is in matrix form 

i ^ - c u 
tit 

and this is equivalent to the vector form (11.19) if we take 

C = "B • "D (H.31) 
D - ""-f S (II.32) 

for this gives the matrix elements (11.18). 

Note that the matrices S , S , S , D , D , D are Hermitian 
Jv y z Jt y Zi 

This has as a consequence that under rotation 

i 2 Itul1" = o 
and in a magnetic field 

These are necessary for consistency, because of (11.15) 

Z \u*f = 1 
Consider now the general case. Let u be a column matrix with N components. Assume a 

rotation rule 

» * * * **' * U (11.33, 

where S , S , S are some three N x N Hermitian matrices. Assume that a magnetic field 
causes the internal state to change, and that the coupling coefficients are proportional to 
the field components 

where D , D , D are some three N * N Hermitian matrices. Assume finally rotational in-
x y z 

variance, that u + <5u is (to first order in 69) a solution of (11.34) with the rotated 
magnetic field 

After a little manipulation one finds for this the following nine conditions: 
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[S*, D»>-iDy, [SytD,]= i D M [5, ,0,T- O 
where use has been made of a conventional notation for the 'commutator' of two matrices 

[Sx, D3 = 5« Dx ~ D*$x ?
 etc" (11.36) 

The conditions (11.35) are rather restrictive. Not just any six Hermitian matrices 
can be used for S and D. 

10. SPIN \ 

All solutions of (11.35) in terms of 2 x 2 Hermitian matrices are trivially related to 
the following: 

Q= - f s , s = i a di.37) 

where f is some constant, and a denotes the three 'Pauli matrices' 

* - ( : : ) • - • ( : : ) • *-c.-') (11.38) 

Apparently different solutions can be obtained just by change of variables. Thus if 
the above matrices are to be used in connection with wave-function components Uj and u 2, 
there is nothing to prevent us using instead, for example, 

u-,'= •&(** + **) •> u,!= ^( . iv -Ux . ) 

From the behaviour of u, under rotation or in a magnetic field, one can calculate the be
haviour of u'. One finds again (11.33), (11.34), (11.37), with new Pauli matrices 

Now a , rather than a , has been put in diagonal form — which is sometimes useful. Quite 
generally solutions obtained from one another in this way are said to be 'equivalent'. 
They just say the same thing with another choice of variables. 

Knowing what happens to two-component wave functions, u, v, etc., under rotation, 
consider now what happens to the elements of the density matrix (11.23) 

*- * 
^ttin * «*- W w U * -*- V>-lTwirw -*- • • • ( I I.39) 

where a, b, ... are the probabilities with which different wave functions u, v, ... occur 
in the mixture. The rotations 
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s a = - î s è - s a , %v = -i C© "s ir , • • - cn.4o) 

cause the elements of the density matrix to transform somehow among one another. In fact, 
the combination 

?'» "*" ̂ t z (11.41) 

is unchanged — is a scalar — consistent with the normalization (11.25), while the three 

real combinations 

"it = I I I - + ? i l = 2. 2 , Sx»Mrt ^MWI 
M,VI 

Py = " i ( ^ - ? « ) - 2 Z S y m n ^ n w (11.42) 
IM^ri 

I Ï >u — J-«-Î. ~ 3- 2_i ^ m n V» m 

behave as the components of a vector 

Consider also what happens to the elements of the density matrix in a magnetic field. 

Since (11.40) induces (11.43), the precession equations 

dit g - ï f t-t -u, , ̂ «ifB-Sv, 
a. 

induce 

4-f. = — -C B X "? (11.44) 

Thus in the vector P defined by (11.42) we can finally identify the phenomenological 
polarization vector of a spin-J particle. It behaves as a vector under rotation, (11.43), 
precesses in the required way in a magnetic field, (11.44), fully characterizes the density 
matrix (which has here only three independent elements), and enters linearly (like the 
density matrix elements) into experimental probabilities; moreover 

I P I ^ 1 ("•«) 
This last follows from the fact that we can apply a rotation to bring P along the z-axis, 

without changing |P|, and 

Pi ~ ?n ~ ?*•* (11.46) 

Since the diagonal elements of the density, (11.34), are positive, and add up to unity, 
(11.41), |P | S 1. 
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11. SPIN 1 

With (3 x 3) matrices we have of course the solution corresponding to ordinary vectors, 
i.e. 

D = - -Ç S 
where f is some constant, and S given by the matrices (11.29). There are then 

(with j = 1) independent real elements in the density matrix. This defines the quantum 
mechanics of spin-1 particles. 

Again one can ask how the elements of the density matrix rotate into one another. In 
this case the three combinations 

P* = -* (?,*-?*.) = S - S u i S*.», u , -i ( n ' 4 7 ) 

again form a vector, which is again called the polarization vector. In fact, reverting to 
ordinary vector notation, it is just 

in terms of individual wave functions u, v 

Again the magnetic precession of individual wave functions, 

(11.48) 

implies the precession of the polarization 

— = ~ f "B X "P (H.49) 
<Afc 

Again the components of P enter linearly into experimental probabilities. But now 
there are also terms involving, instead of P, another five linearly independent combinations 
of density matrix elements. Under rotation these five transform into one another in a way 
defining what is called an 'irreducible tensor of rank 2'. We will say no more about it. 

Although P is no longer sufficient by itself to determine all density matrix elements, 
and experimental probabilities, it is sufficient to solve (11.49) to know what happens to 
the density matrix as a whole in a magnetic field. Suppose we have the solution of (11.49), 
for polarization at time t in terms of polarization at some initial time 

P„CO = Z 0 „ f c ) PrtCo) (11.50) 

Then from (11.48) 
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u„co = Z oM r tw u„(0, 1̂ ,10= S c w o u r ^ , . . . 

with the same coefficients 0. It follows that for the density matrix elements 

we have 

<?„.*•> = 2 2 , o ^ t o o„„,<*> <?„,,„, ( I I 5 1 ) 

This is an example of a general rule, for all spin, that the solution for the polarization 
gives the solution for the whole density matrix. 

To show that once again 

I P I < 1 (11.52) 
by rotating P to be along the z-axis, it is convenient to change variables to diagonalize 
S . The new variables 

z 

u6 = a , 

bring S into the form 
\ o o 
O o o 
o o -I 

and the expression for P becomes, in terms of the corresponding new density matrix (with 
index summations over the values +, 0, - ) , 

W , w (11.53) 
= < ? + * - <?--

Then (11.52) again follows. 

12. HIGHER SPIN 

Higher-spin particles are represented by (2j + 1)-component wave functions, with 
corresponding matrices S and 

O = - f S 
One can always use variables so that one component, say S , is diagonal: 
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o 3-1 

i-J o 
o -i j 

(11.54) 

The density matrix has 

(2-4+1} ~ 1 
linearly independent elements, three of which can be taken as the components of the polari
zation vector 

P = (i* ? - ?-) / ' (11.55) 

These components do indeed behave as a vector under rotation. The polarization vector pre-
cesses in a magnetic field in the familiar way, and is bounded in length by unity. It is 
sufficient to know over some interval how the polarization vector has been rotated to know 
also, by a generalization of (11.51), what has happened to the density matrix as a whole. 

FAST PARTICLES 
We have considered here only non-relativistic quantum mechanics. However, once one 

has the concept of density matrix for a particle at rest it can be generalized to a fast 
particle by reference to the observer momentarily moving with the particle. The result is 
that the polarization vector is governed by the relativistic precession equation (1.6), and 
the behaviour of the density matrix as a whole is determined accordingly. 

ANGULAR MOMENTUM 
Nothing has been said so far to make intelligible the use of the word 'spin' in con

nection with the internal degrees of freedom of particles. To this end something will now 
be said about angular momentum in quantum mechanics. 

In quantum mechanics (and indeed in classical mechanics) the conservation of angular 
momentum is closely related to rotational symmetry. This is an example of a very general 
relation between symmetries and conservation laws. 

We have already been much concerned with rotational symmetry in setting up the general 
theory. For simplicity we chose to discuss the symmetry of the quasi-classical precession 
equation (11.17) rather than the basic Schrodinger equation (11.10). But discussion of the 
latter would have yielded the same results. The slight technical complication that we were 
avoiding is the following. When the system is rotated not only does a given vector rotate, 
e.g. 

SB = t>e * B (11.56) 
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but the point for which it is relevant, r, is also rotated 

S r = € © K "r (11.57) 

So if B' is the new field we have 

B ' C t , r + S© x r ) « B ( t , r ) + & e x " B t ^ r ) (II.58) 

or 

B 'O. f ) = B(t,r) i- ie x BCt.r) - %eKr-J> BCt.f) ( n 5 9 ) 

where the symbol (3/3r) denotes the three differential operators (3/3x), (3/3y), (3/3z) 

considered as tlie components of a vector. Similarly for a multicomponent wave function 

with rotation matrices S, in matrix notation 

y'(.t,"r) = vV(t,r) -i Cô-S v|/(t,r)~ &6xr-|u\V(t,r) (11.6O) 

The second term here arises because we ask what happens at a point fixed in space. We did 

not need such a term when considering u, (11.30), at a point transported by the rotation, 

in fact on a given classical particle. 

The new wave function i|/ should solve the Schrodinger equation with the new magnetic 

field B'. It is found that this is so when the matrices involved satisfy the conditions 

(11.35). 

Consider now the situation when there is no external magnetic field, when the system 

under study (in this case a single particle, but the argument works also for many-particle 

systems) is quite isolated and does not interact with anything else. Then ̂ ' is a solution 

of the same Schrodinger equation as \p, and because of the linearity of that equation another 

solution is 

i M V - v ) = £©• ( r x ^ + * s) vy (11.61) 

This leads, as we will see, to a certain conservation law. 

We start from the simplest conservation law of quantum mechanics: 'conservation of 

norm' 

t-t [#*!. *:*. 
(11.62) 

The integral in question is just the probability that the particle is somewhere, and this 

does not change with time in non-relativistic quantum mechanics; particles are not created 

or destroyed. One can check the conservation directly by differentiating under the inte

gral sign, using the Schrodinger equation to calculate the time derivatives of \|i and <jj , 

doing a little partial integration, and using the hermiticity conditions (11.13). Now if 

ty and <j> are two solutions, the combination 

ot V|/ + (h <̂> (II.63) 
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is another solution, for arbitrary complex constants a and 6, so that 

Ik [ #* Z (<** */ + JS^X*^" * *+•) = © •J n 

Since this is true for arbitrary a and 3, 

and, which is more interesting, 

ft [à?r Z VÎ +n * ° (11.64) 
The integral here is called the 'overlap' integral, or 'inner product', of ty and <J>. The 
overlap of two solutions of the Schrôdinger equation is constant in time. 

If we take for the second solution (j), in (11.64), the object (11.61), and note that 
the resulting conservation law holds for arbitrary 69, we conclude that the three compo
nents of the vector 

f<A*r { 7L f* ?«jh Y. + *2 Vt C vfc, \ (II.65) 

are conserved. 

To interpret this result consider what it means in the quasi-classical limit, taking h 
small and 

vhv = A cu e. ̂  S 

Only the first term of (11.65) survives for h -»• 0. It gives 

where p is the classical momentum. Here we have precisely the classical average angular 
momentum for the classical particle with probability distribution \A\2. For this reason, 
the quantity (11.65), which is accurately conserved for an isolated system again in quantum 
mechanics, is again called the mean or 'expectation value1 of angular momentum in quantum 
mechanics. 

The second term in (11.65), specifically associated with the multiplicity of wave 
function components, i.e. with internal degrees of freedom, goes away in the limit h •*• 0. 
For a particle of spin j it can be shown to be bounded for normalized wave functions between 

± j h 

for x, y, and z components separately. While for a given particle, with given j, it 
vanishes for h -»• 0, one can also consider a limit in which j increases as h decreases, so 
that this extra term in the angular momentum remains finite. There is then an extra con
tribution to the angular momentum, in addition to the usual classical expression. One is 
obliged to say of the classical particle that, in addition to the angular momentum due to 
its velocity, it has an extra intrinsic angular momentum, i.e. it spins. The two terms in 
(11.65) are therefore referred to, respectively, as orbital and spin angular momenta. 
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The spin angular momentum for quasi-classical wave functions is 

where <P) is the mean value of the polarization (11.55). Thus the spin angular momentum is 

directly related to polarization. The precession of polarization in a magnetic field 

çLË - _ ^ B X P 
d t . - - • (11.66) 

can then be regarded as caused by a torque exerted by this field on the spinning particle, 

which can be understood by attributing to the particle a magnetic moment of f times the 

intrinsic angular momentum. The maximum mean value of any component of this angular momen

tum is j h, and conventionally 

f j h 

is called the magnetic moment of the particle in question. 

Equation (11.66) is of course perfectly good, both phenomenologically and quantum 

theoretically. The classical picture that we have just associated with it is useful for 

suggesting terminology, and is not entirely misleading as to what is going on. But it has 

to be used with caution, as we will now see. 

15. STERN GERLACH SPLITTING 

Consider a neutral particle moving in a magnetic field. Because of the absence of 

charge the Schrôdinger equation is very simple 

'**VL = C H < ~ * * s - u w (11.67) 

where H is obtained in the usual way from the classical Hamiltonian 

P. tr,K) = "£VaM (11.68) 

Suppose that over the region where ty is important B, to a good approximation, is entirely 

in the z-direction. Then only the matrix S is required and by a suitable choice of 

variables it takes the diagonal form 

/ 

S Ï 
i i-i o 

\ -j 

Labelling the components of ip by an index m such that 

rw = - j , i - j , • - • J - I , i 

the Schrôdinger equation becomes 
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^ = {He- w*tB a} y m (II.69) 

a set of decoupled equations for the different components. 

Let us now do something slightly inconsistent; let us, despite the factor h in the 
second term of (11.69), regard it as arising from an addition to the classical Hamiltonian. 
It is precisely as if to the classical kinetic energy has been added a potential energy, 
different however for different components m. If we look for separate quasi-classical so
lutions for the various components 

•2- Ç 
VA A 

then different classical orbits will be appropriate for different components, because of 
the different potential energy functions. If B is inhomogeneous, then the various orbits 
will be deflected, to a degree proportional to m, in the direction of decreasing potential 
energy. 

Suppose that we have a wave packet initially of the form 

whose amplitude A is small except in the immediate neighbourhood of the x-axis, and which 
moves along that axis with velocity v. Suppose it encounters a magnetic field which, over 
the relevant region of space, is in the z-direction and increases rapidly in that direction. 
Then the wave packet separates into 2j + 1 different packets, in each of which only one 
u is not zero, and where that u has the same value as for the initial packet. Thus the m ' m r 

particle goes in one of 2j + 1 discrete directions with relative probability u . More ge
nerally, if we are concerned with a mixture, the relative probability of the nr" direction 
is the corresponding diagonal element p of the density matrix. 

The above reasoning is not quite convincing, because a term of order h has been treated 
as a classical potential. It must be carefully checked that other quantum corrections to 
the purely classical motion do not wipe out the effect predicted. For charged particles 
the complete story is indeed found to be rather complicated. But for neutral particles the 
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above considerations prove justified. Theoretically a beam of neutral particles should 
split as described. Experimentally this was indeed found to be so in the classical Stern 
Gerlach experiment. The experiment is not easy, for it is necessary to use such strong 
gradients and large drift spaces that a term of order h shows up on the macroscopic scale. 

The deflection of a neutral particle by an inhomogeneous magnetic field is classically 
intelligible when the particle is attributed a magnetic moment. A magnet in an inhomoge
neous field suffers a net force. If the magnetic moment is made proportional to the spin 
angular momentum, they will both precess about the field direction, so that on average the 
magnetic moment will reduce to its projection in that direction. The deflection of the 
particle is then a measure of that projection. The fact that the possible deflections form 
a discrete rather than a continuous set would then indicate, on this naive classical pic
ture, that the projection in a given direction is somehow 'quantized1, the allowed values 
of the projection of spin angular momentum being 

Although this is not very classical, it is still visualizable. The problem arises when one 
tries to visualize it as holding for projection not just in one direction, but in all di
rections simultaneously. For there is nothing special about the z-direction. Application 
of an inhomogeneous field in any direction splits the beam into 2j + 1 components. Thus it 
is not very sensible to think of the probability p , that the particle is deflected into a 
particular direction, as the probability that already, before application of the magnet, it 
was in one of a limited number of possible states. Conventional terminology however, un
fortunately, often reflects such a picture. In such terminology, for example, the polari
zation in the z-direction for a spin-! particle 

is often referred to as the difference between 'the probability of spin up' and 'the pro
bability of spin down'. 

16. CONCLUDING REMARKS 

It remains to remove an impression of arbitrariness that may have been left by these 
arguments. Why, in adding coupling terms to the Schrodinger equation (11.10), did we con
sider only terms linear in the magnetic field? Why not involve also the electric field, 
and higher powers of both fields, and field gradients? It is, in fact, very likely that 
there are indeed such terms in addition to the simple ones already considered. But it is 
also likely that they are rather small. There are symmetry arguments to show that the 
electric field cannot play the same role as the magnetic. And practical fields are rather 
weak and rather homogeneous, on the relevant scales, so that higher powers of field 
strength, and field gradients, are relatively unimportant. 

The scale relevant for homogeneity is presumably set by the size of elementary par
ticles, which for various reasons are attributed diameters of some 10" 1 5 m. Laboratory 
fields are unlikely to vary much over such distances — even when Lorentz-contracted by 
transformation to a system moving with the particles. The fields are indeed rather homo
geneous on the relevant scale. 
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The relevant scale of field strength is also determined somehow by the internal 

structure of the particle considered. Without going into details we can try to make a 

guess using dimensional arguments. The rest mass of the proton, 1 GeV, divided by the fun

damental charge e and the characteristic length 10" 1 5 m gives a characteristic electric 

field 

JO 
~ id , s w**rt ( I I > 7 0 ) 

The deuteron (a loosely bound proton-neutron pair) is rather larger than the proton, say by 

an order of magnitude, and the small binding energy (̂  2 MeV) might be more relevant than 

the large rest mass (y 2 GeV). So for the deuteron the characteristic electric field 

might be 

Itf'^efre ' (11.71) 

From these electric fields we obtain magnetic fields by dividing by c = 3 x 10 8 m/sec: 

B ^ , o ' b t o U (lo" q'ft*$0 ( n 7 2 ) 

for proton, and 

& ->- 10 -be<.U U û g»w«*y (II.73) 

for deuteron. 

In a circular accelerator, the magnetic field is typically about 1 T. For a proton or 

deuteron of about 100 GeV, transformation to the rest system gives magnetic and electric 

fields of order 

E" -v, c B ~ l o ' ° VoL+s / w i e - t r e 

which are many orders of magnitude smaller than (11.70), (11.71), (11.72), (11.73). The 

practical fields are indeed rather weak on the relevant scale, and the first-order terms 

would be expected to be very much the most important. 

Why not involve the electric field as well as the magnetic? Indeed it is very likely 

that as well as the magnetic precession there is a small electric precession, so that a 

more complete equation would be 

^ - " ~ ( U + a | ) X P (11.74) 

where d like f is some constant characterizing the particle considered. For a particle of 

spin j ' 

d j h 

is called the electric dipole moment, just as 
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f j h 

is called the magnetic dipole moment. 

However, the electrical term in (11.74) violates the principle of reversibility in 
time. This principle asserts that if at some instant all velocities are reversed, and 
corresponding changes made in other physical quantities, the system should retrace its 
history — in the reversed sequence. With the reversal of velocities, and therefore of 
currents, the magnetic field changes sign, while the electric field does not: 

6 —• - B , E —* **" E (11.75) 
Now one readily sees that if P(t) solves Eq. (11.74) with the field B(t), then 

± H"*) (II.76) 
solves it with the field -B(-t). [Actually it is the minus sign that should be taken in 
(11.76), because P, related to an angular momentum, should change sign with reversal.~\ 
However, the addition of the E term, because of the opposite sign to B in (11.75), spoils 
this. So reversibility requires d = 0. 

In fact it is known that nature does not quite respect the principle of reversibility 
in time. It is known to fail, but only at the level of so-called 'superweak' interactions. 
So d can be expected to be very tiny. 

A similar argument can be given using the principle of symmetry with respect to inver
sion in space. There also E and B go with opposite signs, and only B would be permissible 
in (11.74). But inversion symmetry is known to fail ('parity is violated') already at the 
level of 'weak' interactions. So the argument from time reversal is stronger. 

The most accurate experimental information on the magnitude of d is for the neutron. 
The limit on the neutron electric dipole moment is 

çJL i tt < S * \ 0 ~ ^ VM.e,4-r-e 

There is no reason to expect the electric dipole moment of the proton to be much larger. 
Remembering 

and taking E ̂  cB, the electrical term in (11.74) is some nine orders of magnitude less 
important than the magnetic. 

One might ask finally, why not terms non-linear in ? in (11.74). But the linearity 
in P is quite directly related to the linearity of the underlying Schrôdinger equation in 
the wave function. This linearity, the 'superposition' principle, is a sacred dogma of 
contemporary quantum theory. We will not question it here. 

When we have decided finally that the important term on the right-hand side of (11.74) 
should be just linear in P and linear in B, it must indeed be a multiple of B x P — for 
that is the only vector linear in each of the given vectors. Apart from the single constant 
f, which has to be taken from experiment, the arbitrariness has all gone. 
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The basic result, (1.6) or (1.8), is due to L.H. Thomas, Nature 117, 514 (1926), and 
Phil. Mag. 3_, 1 (1927). Equivalent results have been rederived repeatedly, from a pheno-
menological equation for the particle at rest, as here, or from an explicit classical dy
namical model, or from a relativistic wave equation. This last approach is described, and 
many references given for all approaches, by L.G. Suttorp and S.R. Groot, Nuovo Cimento, 
Ser. X, 65A, 254 (1970). A particularly famous phenomenological treatment is that of 
V. Bargmann, L. Michel and V.L. Telegdi, Phys. Rev. Letters 2_, 435 (1959); this approach 
is particularly helpful for those intimidated by the explicit use of Lorentz transformations, 
but familiar with the tensor formulation of special relativity. An extended account of it 
is given by R. Hagedom in his book 'Relativistic kinematics1. 


