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ABSTRACT 

Haas spectrometer measurements of he neutron 
rich sodium isotopes show a sudden increase at !'Na in the 
values of the two neutron separation energies. The spheri
cal shell model naturally predicts a sudden decrease at 
, zNa after the N = 20 shell closure, we propose that the 
explanation for this disagreement lies in the fact that 
Sodium isotopes in this mass region are strongly deformed 
due to the filling of negative parity orbitals from the 
If7/2 shell. Hartree-Fock calculations are presented in sup
port of this conjecture. 



I - INTRODUCTION 

Recont experiments performed at C.i;.u.N. have measured 
the total binding energy (B.) of some neutron rich sodium 
isotopes (1). Consequently the B. systercatics are known from 
l sNu up to **Na. This corresponds to a variation of the charge 
asymmetry parameter a <* (N-ZJ/A ranging from - 0.15 to 0.30. 
With the exception of He this interval is the largest presently 
known. The above data therefore provicu a check of the symmetry 
energy in any calculation of the nuclear ma^aes. In addition 
the two neutron separation energy B2 n exhibits a discontinuity 
at N = 19. A similar effect has long been known for isotopes 
at N = 88 and la under«tood in terms of a shape transition from 
spherical to deformed. 

Hartree-Pock (H.F. ) and H.F. + U.C.S. calculations 
performed with,the Skyrme interaction have accurately reproduced 
ground state properties of nuclei from the S-D shell to the 
actinides (2-5). The deformation energy curves of medium and heavy 
nuclei (A > 130) (5-7) are in good agreeinant with those obtained 
by phenomenological models using the Strutinsky prescrip
tion, in addition heavy ion barriers and interaction radii 
(8,9) are very similar to those of phehcmonological potentials 
adjusted to experimental data. However tuesc calculations have 
not dealt with nuclei which are very far from the valley of 
stability. It is therefore of interest to see if the above des
cription can be extended to exotic nuclei like the Na isotopes. 

In this paper we present H.F. calculations performed 
with the Vautherin-Brink version of the Skyrroe force (10,11). 
We have used two of the sets of parameters presented in Ref.12 : 
SIII and SIV which are shown in Table 1. As discussed in Ref.10, 
they give very similar predictions for B's, radii and multipole 
moments of the nuclei ''•'iig in the valley of stability. However 
they have different symmetry energies in nuclear matter : 
28 MeV for SIII and 31 MeV for SIV. It is interesting to see if 
this difference will be reflected in the calculated properties 
of the exotic Ha isotopes. 



The following section of this paper presents our method 

of calculation and discusses the approximations made. The section 

three discusses the inadequacies of the spherical H.F. approach. 

The fourth section contains results concerning ringle particle 

spectra and deformation energy curves. In section (Va) we dis

cuss binding energies and two neutron separation energies. The 

properties of the mass and charge densities are given in section 

(Vb). 

II - METHOD OF CALCULATION 

The method used to calculate the H.F. ground states is 

identical to that described and discussed in Refs. (2-4). We 

recall here some definitions and approximations involved .In our 

calculation. 

We impose both axial and reflexion symmetry so that the 

single particle wave functions can be accurately approximated by 

a finite expansion in a cylindrical oscillator basis. The basis 

is defined by two parameters b and q 

•(f) 
1 / 2 

I:.i formula (1) m is the nucléon mass, a> and a, are the frequen

cies along and transverse to the symmetry axis. The parameters 

b and q we have used for the ground-states are shown In Table 2. 

The extent of the basis is determined by including all eigen

vectors of the oscillator with asymptotic quantum numbers n, , 

n z and A satisfying : 

uz(nz+l/2) + u)±(2nx+iA|+l) s (Ï>Z u | )
1 / 3 (H+2) (2) 

The integer N characterizes the size of the basis. For q * 1 the 

basis includes the first N+l oscillator shells. A' study of the 

convergence of binding energies of light nuclei with It has been 

presented in Ref.2. It was found there that the B,' of K*Z nuclei 

was accurate to better than 400 keV with N = 10. Table 3 shows 

the B of selected Na isotopes for various values of N. The 
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conclusions of Réf.2 remain valid even for very neutron rich 
nuclei. 

The method of 2-4 assumes the wave functions to be time-
even. For even nuclei this is realized by simultaneously filling 
time reversal pairs of single particle orbitals. Within the H.F. 
approximation this is not possible for odd and odd-odd nuclei 
liks the Na isotopes. Therefore for these nuclei we have fixed 
the occupation probabilities of the last pair of orbitals to be 
1/2. This replaces the Slater determinant by a B.C.S. wave func
tion where degenerated orbitals are equally filled*. As discussed 
in Ref. 13 this approximation will probably lead to small effects 
on ground state properties. Moreover these effects will be 
minimized by comparing isotopes differing by two mass units. 

The deformation energy curves we present have been 
obtained by a constrained H.F. calculation as in Refs. (5-9). He 
use the mass quadrupola moment 0 m as the constraint, it is 
worthwhile noticing that the empirical formulae of Ref.6 which 
determine thé optimal fcftsis parameters b and q as a function 
of Q B are not applicable to such light nuclei. Indeed they 
assume that the gross properties of the nuclear shape along the 
deformation path can be correctly approximated by those of a 
liquid drop. As will be seen in section (Vb), this is not the 
ease tor- the Na isotopes. Therefore we have determined the optimal 
values of b and q at each point of the energy curves. 

Since only the last orbitals may have non integer occupation 
probabilities and we introduce no pairing interaction we shall 
continue to refer to H.F. calculationsJ This treatment is the 
natural extension to deformed nuclei of tne filling approxima
tion (see e.g. Ref.12). However it should be noted that this 
way of describing the odd nuclei does not completely eliminate 
odd-even effects in cne binding energies. 
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Ill - SPHERICAL H.F. CALCULATIONS 

Before discussing the results of our deformed H.F. 

calculations it is interesting to look at those obtained in cal

culations where the shape of the nucleus is constrained to be 

spherical (as in Ref.12,14). In the figure 1 we show the neutron 

single particle energies obtained with the interactions SIII 

and SIV for the Na isotopes. As already noted in the case of 

magic nuclei '.12) the level density is higher for SÏII than for 

SIV. This is a consequence of the smaller effective mass of 

the latter force. We also note that the mean slope of the single 

particle energies depends strongly on the interaction. While the 

single neutron energies obtained with SIXI are rather constant 

they decrease with increasing A for SIV. As a result the Fermi 

energy of any Na isotope is nearly the same for the two inter

actions despite the different leyel densities. As the difference 

between the calculated binding energies of two nuclei is nearly 

equal to the integral of the calculated Fermi energy. Figure 1 

predicts that the variation of B will be about the same for the 

cv.'o forces. This can be seen in Figure 2a which displavs the 

two neutron separation energies versus A. The calculated curve 

snow pronounced structure associated with subshell effects. 

The mean alope for the two forces are nearly equal implying that 

the effective symmetry energies for the Na isotopes ar<» about 

the same. As volume symmetry energies differ (28 MeV for SIII 

and 31 MeV for SIV) it appears that surface symmetry effects 

have compensated. 

Figure 2a also shows the experimental values of B 2 n . 

ïney are in marked disagreement with the spherical H.F. results. 

The experimental curve monotonocally decreases from A = '1 to 

A = 30. In addition it is impossible to correlate the only 

structure in the experimental data at A = 30, 31 with any of 

the shell or subshell effects apparent on the spherical H.F. 

IV - DEFORMATION ENERGY CORVEJ 

As we have seen the expérimental discontinuity in the 

B 2 n curve cannot be explained within a spherical H.F. formalisai. 
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A similar feature appears in the rare earth region at K = 88 and 

is understood in terms of spherical to prolate shape transition. 

Indeed Nilsson's original level diagram (IS) shows the 1/2" and 

3/2" states associated with lf7/2 crossing ld3/2 le\'els at large 

prolate deformations. It therefore seens reasonable to investi

gate wether configurations involving these orbitals might be 

energetically favoured over the more usual sd shell occupation. 

Figure 3 shows the SIII neutron single particle energies 

for "Na as functions of the proton quadrupole moment. Apart for 

an overall scale shift this picture ia tht same for SIII and SIV 

and independent of A. For large prolate deformations the 1/2" 

and 3/2" levels from the If7/2 orbital do cross the 1/2+ and 

3/2+ of ld3/2 orbital, so that we are led to consider two diffe

rent prolate configurations for the sodium isotopes between 

A » 28 and A » 34. The first is obtained by the usual filling 

of the ld3/2 subshell. The second corresponds to filling the 

negative parity levels. The analogous level inversion was consi

dered for oblate deformations and the corresponding state found 

to be highly excited (> 8 HeV) and unstable (particle levels 

below hole levels). This is largely due to the proton number 

2 « 11 which favors prolate shapes. 

The prolate parts of the deformation energy curves for 

the isotopes A =27, 29, 31, 33 and 35 are shown in Fig.4 for 

the interaction SIII with N - 6 (see Sg.2). Similar results are 
. ; • -*:' • • £ • • • • 

obtained with SIV. The different segments correspond to various 

possible occupations. These curves indicate the probability of 

a transition to a large prolate deformation between A = 31 and 

A • 32. The competition of this very deformed configuration with 

the nearly spherical solution is certainly a phenomenon typical 

of light nuclei. It is not related to the shell effect which 

explain the fictsion isomers of thé actinide region. In these 

nuclei the stabilization tends.to occur when the shape of tNe 

nucleus looks Like an ellipsoid with axis ratio q •»> 2 (16). 

Indeed our calculation of IJ,*Pu with SIII (5) gave an optimal value 

of q - 1.3, (8 • 0.65). The-second minimum of heavy Na isotopes 

is not as deformed (6 = 0.4). Its existence strongly depends on 

the spin-orbit force which brings the If7/2 orbital close to the 
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id. •.,. Furthermore we recognize that the relative inportance of 
î aoh nucléon is larga in such light nuclei. Therefore when the 
;)ijti/ii Fermi level is roar a prolate orbital like the f 220] V 2 " 
cne last protons can counterbalance the average tendancy against 
deformation. 

V - PROPERTIES OF GROUND-STATE SOLUTIONS 

a) vocal binding energies ; In Table 4 and Figure 5 we present 
a comparison between the calculated 

:nass defects of the Sodium isotopes and the experimental values. 
The iiioan curvacure of the data is correctly reproduced by both 
interactions. This curvature is not solely due to symmetry energy 
eriii.es because of the changing A along the curve. Since the 
Duidi.ig unergijs calculated viith Sill and SIV show similar 
average behavior with A (12) any difference in the curvature 
muse be due to a difference in symmetry properties. The curvature 
is ^waller with Si'V than with SIII implying that the symmetry 
energy in Sodium nuclei is slightly larger with SIII. This result 
is opposite to that found in nuclear matter (see introduction) 
indicating that symmetry energy terras associated with the finite 
size are very iiapor.ant. 

The experimental curve in Figure 5 shows odd-even effects 
iftost easily seen in th*s region 22 < A < 27. A less pronounced odd-
even effect also appears on the calculated curves. But the 
co.iii-ai'idon is not significant because our calculations do not 
xnciUJe the proton-neutron pairing effect which may be important 
-a tnis mass region. 

Figure 2b shows the two neutron separation energies. 
Tiiv. JIXI curve reproduces the data for A between 23 and 30. In 
contrast the SIV curve exhibits a slope discontinuity at A = 25 
v-iiicn does not appear in data. Furthermore the rotational 
corrections discussed below accentuate this discrepancy which is 
u w to the low level density. For this reason from now on we shall 
^uncentrate ou SIII. 

http://eriii.es
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The large disagreement that we have at A - 3l can be 
explained by including rotational zero point energy. This energy 
ia likely to be a smooth function of the deformation and so 
unimportant for the B2n ot moat of the isotopes we consider (see 
quadrupole momenta In Table 6). On the other hand "Na is 
nearly spherical «nil* 2 ,Na is strongly deformed. This should 
lead to a significant correction to B2n- The same phenomenon 
appears again at A «31. 

In order to estimate the magnitude of these corrections 
we have calculated the rotational energy correction AE^ in the 
following simple approximation 17) 

AE k - 3j <J2> (3) 

where 3 ia the moment of inertia and <J2> is the average value 
of the total angular momentum. In table 5 we give the values 
<J2> corresponding to our H.F. solutions. The moments of inertia 
have been estimated using the ri^ld body assumption. Because rigid 
moments are generally larger than experimental values they will 
result in lower bounds to the rotational energy corrections, in 
table 6 we see that <J2> and CJty values grow rapidly at the 
beginning of the isotope series then decrease slowly from i*Na 
to ' lNa. Here they jump due to the shape transition appears. 
As can be seen in figure 2c the agreement is noticeably improved 
(solid line). We have also shown the dotted curve which is 
obtained assuming that the shape:. transition occurs 
at .A* 32 as is predicted by. the simple H.F. calculations 
(see chapter IV). /is is shown in figure 6 this would require.us 
to take the nearly spherical solution as the ground state of 
9'Ha although It ia unfavored by 1.3 fyeV after rotational correc
tions. The same consideration lead us to choose the less defor
med solution as the ground state of "Na. 

A measurement of. the mass of "Na would be a very 
useful check of our picture of Ma isotopes since the predictions 
is that i.he B 2 n value is below 5 HeV. In fact we have found 
that the neutron drip line occurs, at ' 'Na., 



b) Nuclear densities and moments : In Table 6 we give the 
calculated values of the 

mass and charge quadrupole moments as well as the values of the 
deformation parameter fS, of the liquid drop with the same r.m.s. 
radius and mass quadrupole moment, it is likely that the large 
deformations in the neutron rich isotopes as large as those 
found along the valley of stability persist in the neighbouring 
elements. Calculations to verify this are in progress. 

The values of proton (B 2 p) and mass (02m' deformation 
parameters of a given isotope can be very different. This is 
particularly striking for the isotopes preceding the transition 
region where the ratio f^iZ^m i s c l o B e t o *-•*• T h i s phenomenon 
is remarkable since Skyline H.F. calculation in r+her regions of 
the periodic table including such neutron rich nuclei as '5°Ce 
have always led to ratios close to unity. This behavior is 
probably related to the fact that we have a very large neutron 
excess in a light nucleus. This result implies that phenomeno-
logical calculations should allow for different neutron and 
proton deformation parameters in this region. 

Figure 1 presents two examples of the monopole part 
of the density distributions (protons and neutrors) calculated 
using the SIII interaction. The addition of nine neutrons to 
2 3Na produces a siz able effect on the diffuseness of the proton 
density because the extra neutrons are largely outside the 
protons. Of course the small increase in proton deformation 
parameters between 2 3Na and 3 2Na also contributes co the increase 
of diffuseness. 

The only available data is for the nucleus J'Na and 
has been obtained by both elastic electron scattering 18) and 
muonic atoms 19). The r.m.s. charge radius is r"ound to be 
< r c > 1 / / 2 = 2'9 4 ±0-06 fm- Our calculated value (including proton 
finite size and center of mass corrections) is <rf_>l/2 « 3.07 fm. 
This result is consistent with the somewhat large radii calculated 
for other S-D shell nuclei with SIII 2). Since the other Na : 
isotopes are unstable and generally short lived (except for "Na 
Tl/2 = 2.58 years) direct measurements of their absolute charge 
densities will be very difficult. In contrast the isotope shift 
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ô<r'> can be measured by t;»e doppler-free laser spectroscopy 

ii.echort already employed in the exotic Hg isotopes 20) . In figure 

8 we have plotted the variation o-£ <r* > (relative to the 
isovupa î aNa) as a function of the mass number A. We also give 

results of the spherical constrained B.F. calculations (dashed 

line). This second curve shows practically no structure because 

of the filling approximation used in the 

spherical H.F. calculations. The spherical H.F. radii are 

approximated by an A 1/" (a=6) law which is the result of two 

opposite effects. The edition o.c neutrons causes the proton 

orbitaia to becoir.o more uound fcr.us decreasing the proton radius. 

On the other hand the strong n-p interaction pulls the proton 

outwards. The second affect is generally found predominant (see 

e.tj. Kef.21) so that charge i/adius increases with N. However for 

nuueron deficient'. Na isotopes the first effect is the more 

in ,;ox uau t as the laut occupied proton orbital ld5 ,., becomes 

nearly unbound. The structure of the solid curve (deformed H.F. 

calculations) is therefore essentially due to the deformation 

effects. Comparison of 'fable 5 and Figure 6 showB a clear 

correlation between the eiiançjdS in 8 2 and the changes in radii, 

further ax̂ erjno.itiil work uu isotope shifts would therefore 
[-•_:oiiue a çju.-J tc^c of tne e.;iafcencts of a shape transition at 

"itfu. 
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TABLE CAPTIONS 

Table 1 : Parameters of the Skysme Irteractions SIII and Siv 
Notations and units ate those of Réf. Il) 

Table 2 : Optimal basis parameters used In H.F. calculations 
of the ground states of sodium isotopes 

Table 3 : Convergence of the totnl binding energies of some 
sodium isotopes as a function of the size of the 
basis 

Table * s Calculated and experimental (1,22) mass defects 

Table 5 i Expectation values of the total angular momentum 
and estimates (see text) of the rotational zero 
point energy 

Table - 6 « Mass and charge quadxupole moments in fm2. 
• ,^ The mass and charge deformation parameters are 

also given. 
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to *i t 2 t) xo W 

SIII -1128.75 395.0 -95.0 14000.0 0.<5 120.0 

SIV -1205.6 765.0 35.0 5000.0 0.05 150.0 

TABLÏ 1 

A bfm-i q A bfm- 1 q 

19 .135 1.28 27 .618 1.23 

20 .645 1.3 28 .612 1.19 

21 .65 1.37 29 .604 1.16 

22 .65 1.37 30 .598 1.09 

23 .632 1.34 31 .57 0.98 

24 .632 1.27 32 .56 1.32 

25 .632 1.2 33 .557 1.34 

26 .625 1.2 34 .55 1.24 

35 .55 1.16 

TABLE 2 

TABLE 3 



u. 

A S-III S-IV Exp. 

19 9.65 10.12 12.98iO.07 
20 4.02 6.03 6.84±0.04 
21 -2.01 - 0.31 -2.18 
22 -5.93 - 3.43 -5.18 
23 -9.59 - 7.32 -9.53 
24 -9.74 - 6.61 -8.42 
25 -10.37 - 7.22 -9.36 
26 -8.79 - 5.79 -6.90+0.02 
27 -7.13 - 5.09 -5.62+0.06 
28 -2.82 - 0.98 -1.14+0.08 
29 1.30 2.33 2.65+0.10 
30 6.47 6.71 8.37+0.20 
31 11.42 10.45 10.60+0.8 
32 17.63 16.33 16.4 ±1.1 
33 23.20 20.31 -
34 29.82 25.66 -
35 35.70 30.19 "* 

TABLE 4 

• ! 
i 

[ 
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A < J 2 > i Erot 

19 8.29 2.07 
20 15.23 3.35 
21 18.92 3.78 
22 20.04 3.81 
23 19.07 3.24 
24 18.44 2.95 
25 11.43 1.82 
26 • 11.86 1.78 
27 12.93 1.81 
28 12.84 1.67 
29 12.04 1.44 
30 10.89 1.31 

- -31-,' • 8.07 0.89 
32 ' .; 32.18 3.22 
33 33.62 3.02 
34 31.47 2.82 
35 27.18 2.45 

TABLE 5 

I 



1 

1 6 . 

A Qm *2m r - — 
°P 62p 

19 33.72 .172 25.80 .212 
20 59.68 .276 36.89 .296 
21 86.55 .364 46.55 .365 
22 93.42 .368 47.28 .369 
23 101.14 .373 48.33 .374 
24 83.82 .296 40.67 .319 
25 64.90 .221 32.63 .259 
26 66.86 .213 32.04 .252 
27 74.88 .223 33.51 .260 
28 69.59 .196 31.42 .242 
25 64.30 .170 29.45 .225 
30 45.61 .115 22.91 .175 
31 148.78 .350 50.56 .390 
32 174.12 .367 55.89 .396 
33 198.37 .394 60.37 .421 
34 177.25 .339 53.90 .376 
35 154.77 .286 • 47.23 .330 

TABLE 6 



FIGURE CAPTIONS 

Figure 1 : Spherical H.F. single particle spectra 

Figure 2 : Calculated and experimental two neutron separation 
energies 

Figure 3 : Defoimed H.F. single particle spectrum of s ,Na 

Figure 4 s Prolate parts of deformation energy curves of five 
Ha isotopes 

Figure 5 ;• ' Experimental and calculated mass defects 

Figure 6 : The effect of rotational corrections on the choice 
Of the ground state of 3 lNa 

Figure 7 : Monopole part of proton ^dashed line) and neutron 
(solid line) densities of 2 ,Na and , 2Na 

Figure S s Spherical and deformed H.F. isotope shifts. 
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