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ABSTRACT 

The behavior of a plasma confined by a magnetic field is simu
lated by a variety of numerical models. Some models used on a short time 
scale give detailed knowledge of the plasma on a microscopic scale, while 
other models used on much longer time scales compute macroscopic properties 
of the plasma dynamics. In the last two years there has been a substantial 
increase in the numerical modelling of fusion devices. The status of Mill), 
transport, equilibrium, stability, Vlasov, Fokker-Planck, and Hybrid codes 
is reviewed. These codes have already been essential in the design and 
understanding of low and high beta toroidal experiments and mirror systems. 
The design of the next generation of fusion experiments and fusion test 
reactors will require continual development of these numerical models in 
order to include the best available plasma physics description and also Co 

increase i.he geometric complexity of the model. 

*'i'hV work was performed under the auspi. ••.• • "i.-- ;,; .::,i-..r .A. 
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INTRODUCTION 

The behavior of a plasma confined by a magnetic field is simulated 

by a variety of numerical models. Some models used on a short time scale 

give detailed knowledge of the plasma on a microscopic scale, while other 

models used on much longer times scales compute macroscopic properties of 

the plasma dynamics. All of these models are under continual development, 

but in the next few years there should be a substantial increase in the develop

ment and use of numerical models in order to meet the needs of the fusion 

power program. 

A general reference for this subject is my Scottish Universities 

Summer School lecture notes [1]. Although these lectures were given in 

1968, the discussion of mathematical models of plasma confined by magnetic 

fields is applicable, and the numerical techniques, e.g., difference 

methods for solving partial differential equations, are now widely used. 

In 1970, Volume 9 of the series of books titled "Methods in Computational 

Physics" was devoted to plasma physics [2]. Most of the booK Is devoted 

to articles on the solution of the Vlasov or collisionless Boltzmanr. equation, 

and these include the many-particle simulation techniques. There are two 

chapters on collisional plssraa models — one on the numerical solution of 

Che Fokker-Planck equation for a plasma, and one on raagnetohydrodynamic 

calculations. Another general reference is the "Proceedings of the Fourth 

Conference on Numerical Simulation of Plasmas" [31 which appeared in 1971. 

The 1973 report "The Application of Computers to Controlled Thermo

nuclear Research" [4] identified fi/e categories of computer codes used to 

model the ^aysics of fusion devices* 

1. Time-dependent macroscopic (fluid) codes. 
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2. Time-independent macroscopic codes. 

3. Vlasov and particle codes. 

4. Fokker-Planck codes. 

5. Hybrid codes. 

In later sections of this report we shall examine these problem areas in 

more detail and consider their importance to the CTR program and discuss 

future goals in each area. 

Prior to 1973,research in computational plasma physics was dominated 

by calculations t-rich particle codes used to simulate collisionless plasmas. 

With the exception of the very successful simulation of the Astron experiment 

[5 (6], the primary emphasis of these studies is to contribute to the under

standing of plasma theory particularly velocity space instabilities and 

wave-particle interactions. The contributions to the first six conferences 

on the "Numerical Simulation of Plasmas" from 1967 to 1973 are representative 

of this research. 

With the results of the 1973 and 1974 study groups [4,7], which called 

for a substantial increase in the numerical modelling of fusion devices, 

computational plasma physicists are now developing many new macroscopic codes. 

Equilibrium, magneto-hydrodynamic, and Tokaroak transport codes have already 

given much insight into the understanding of experimental results from both 

low and high beta devices. 

At the Fifth IAEA Conference on Plasma Physics and Controlled 

Nuclear Fusion Research held in Tokyo, Japan, 11-15 November 1974, there 

were a large number of papers which involved computer applications. In 

the Appendix,! give a list of papers grouped according to the categories 

above. The list is not complete because many experimental papers included 

results of numerical computations and I have only included a few of these. 
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Most of the theoretical papers involved some form of numerical modelling* 

and even those that were primarily analytical required numerical calcu

lations to implement the theory for specific applications. In His review 

of theoretical papers presented at the Tokyo Conference, Kadomtsev noted 

that in contrast to previous years most of the theoretical work was applied 

to plasma physics problems related to fusion experiments. The quality of 

the papers listed in the Appendix is, in general, very good. Some are 

applications of known methods to specific experiments, but many were ex

ploratory in nature, which is encouraging. New multi-dimensional, multi-

species codes are needed and the papers presented show a world-wide commit

ment to this goal. 

The changing emphasis in computational plasma physics was particu

larly evident at the recent Seventh Conference on Numerical Simulation of 

Plasmas held at the Courant Institute, NYU, 2-4 June 1975. Of six sessions 

there were three on MHD, and one each on particle codes, hybrid codes, and 

special techniques. 

Within a few months,volume 16 of the series,Methods in Computational 

Physics,will be published and will be devoted to "Computer Applications to 

Controlled Fusion Research." I am the editor of this volume and the chapters 

(which appear in the reference list) have been chosen to cover the first 

four categories in the above list. 
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COMPUTER MODELS OF MAGNETICALLY CONFINED PLASMAS 

1. Time-Dependent Macroscopic Codes 

The complex nature of the MHD fluid equations of motion Is such 

that our understanding of the macroscopic behavior of realistic plasma 

devices has been advanced by numerical studies of simplified fluid models. 

VJhen one considers the additional complicating features Involved In realistic 

boundary conditions, and extensions to non-axisymmetric systems, It becomes 

clear that many new phenomena await Investigation. 

The range of time and space scales of the various physical phenomena 

leads to a fairly natural division from the physics point of view—fast 

time scale and diffusion time scale. Such a division Is also natural 

from the numerical point of view as the techniques involved in the solution 

for each category are frequently different. 

a. Fast Time Scale - Magnetohydrodynamics 

Detailed comparison of experimental data from Scyllacs and pinches 

with theory, taking due account of experimental complication's (plasma 

heating, compression, progression of equilibria, stability, atomic processes, 

etc.), will depend on the development of 2-D and 3-D (two and three dimensional) 

versions of codes analogous to the 1-D Hain-Boberts code [8]. Most of the 

physical phenomena Important here lie in the fast MHD time scale (nanoseconds 

to microseconds). 

For Tokamak configurations, the corresponding effects occur on 

longer time scales, milliseconds. However, the questions of stability of 

Tokamak discharges toward MHD modes are very important. One example of 

great interest is the study of the early stages of a Tokamak discharge 
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and the formation and detraction of magnetic surfaces. Here also the 

relevant times are on the fast MHD time scale. 

The great value of computations at the compresslonal Alfven time 

scale lies in the possibility of determining the ranges of plasma parameters 

in which MHD modes (e.g., local, ballooning, kink, tearing modes) are stable, 

or sufficiently so to be tolerable. Factors which affect the existence 

and severity of such modes are discharge shape, distribution of plasma 

pressure, current and magnetic field, location of conducting walls, dissi-

pative effects in the plasma and walls, self limitation of modes from non

linear effects, possibilities for stabilization due to feedback, finite 

particle orbit size effects, etc. In addition to studies of specific 

effects, composite models will be needed in which all the effects are 

treated simultaneously and accurately to yield results with all the 

relevant physics taken into account. 

The article by Roberts and Potter [9] gives a good review of the 

role of MHD computations and discusses methods for the solution of time-

dependent problems. 1 have also written a review article for Information 

Processing 71 which considers both time-dependent ard time-independent flOj 

problems. Recent research in this area is listed in categories la,b of 

the appendix and described in three review papers [Refs. 11, 12, 13]. 

There are a great variety of MHD codes being developed. Within 

the fluid theory various degrees of complexity are considered. The so-

called Ideal MHD is an infinite conductivity approximation. In some models 

the pressure Is a scalar function, but in some problems it is necessary to 

consider it as a tensor with different values along and perpendicular to 

the magnetic field. The more realistic models include the transport 

coefficients, e.g., thermal conductivity and electrical resistivity, and 
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these can also be scalars or tensors. Two dimensional codes are now fairly 

standard and there are several efforts to develop three dimensional codes 

[11]. In some cases perturbation theory is used and the equations are then 

linearized and Fourier analysed in one or two coordinates. 

The choice of coordinate system varies among these codes. A fixed 

Eulerlan grid is the usual choice, but Lagrangian descriptions, particularly 

using magnetic flux surfaces as coordinate surfaces [12], are proving use

ful in certain problems as are particle-in-cell methods {14}. Zn the work 

of Brackbill [11] a moving grid is used which is not a Lagrangian grid. 

A variety of difference schemes are being tried, ranging from 

fully explicit using a Lax-tfendroff or leap-frrg scheme, to implicit 

methods employing the ADI scheme or "splitting" (the method of fractional 

time stsps). 

At Llvermore we have developed some interesting codes [15,16] to 

study resistive instabilities [17] in diffuse pinches such as the reversed 

field pinch (HFP) or Tokamak. We describe rhe linear model first. 

We describe the plasma by the equations of magnetohydrodynamics 

for a single fluid. Thermal conductivity, electrical resistivity, and 

viscosity are Included and are assumed to be scalar functions. The con

tinuity equation is 

3 t + v . (pv) - 0 (1) at 

where p and v are the fluid density and velocity. The equation of motion is 

°(fir + » • V 7 " ^ <J " B) - Vp + pv [v 2v + y ! ( » . v)j (2) 

where p is the pressure, j Is the current density, 8 is the magnetic field, 
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v is the coefficient of kinematic viscosity. The energy equation is 

- - (Y-l)pT(V. J) + K72T + (Y -1) n|j|2 .(£•;.„) 
+ ( Y - D P V [l'" v|2 + 4/3 (V . 0) 2] (3) 

where T is the plasma temperature. K is the thermal conductivity, Y is 

the gas constant, n Is the resistivity. The equation of state is p - pT 

and the Ohm's law is given by 

E + 1/c (v » B) - nj (4) 

where E is the electric field. To complete the system we take the 

following Maxwell equations 

v - . i . - i i i <5) 
C it 

V » B - 4»/c J (6) 

V . B - 0 (7) 

We can combine Eqs. (4), (5) and (6) to give 

|| - V « (v « B) -(cJ/4i)7 « (n V » 5) (B) 

The plasma equilibrium is specified by v .0 and given functions 

B , T , and p which satisfy the zero-order equations o o' o ' 

1/4.T (V « B > x 1 - v(p T ) - 0 (9) 
o o o o 

Kv 2 T + (Y -1) n (c/4n)2 (V * S ) . (V x B ) - 0 (10) o o u o 

V x (n v x B ) » o (11) 



~ - - M R ' 1/mffwaaWnjm tmi i — ^ njl<wi II I. 

VJe denote perturbed quancicles by the subscript 1. The equations for the 
first-order variables are linearized and are given by the following 

JT + v ' <Vi> ' ° ( 1 2 > 

- 9<P0T,) - '(P[t0) + P ov 1 1C3 V (V . Vj) + V 2v\| (13) 

ST, 
Po 5 T " " °o ( vl • 7- To - « ' 1 ) o o T o ( V ' V + K' 2 Tl 

+ -̂"(̂ r) [ V " V • ( V*V + n,(v«B o). (v*Bo)J ('.«) 

J - - v « ( V j x f o) - fi v , [ n 0 * » 5, + n v v x B O J (15) 

We solve the system of equations (A-; - (15) in cylindrical coordi
nates r, 8, and z. The plasma equilibrium configuration is given by 

V - 6 B (r) + Z B (r> o Go zo 

*~ " °< T » T (r), p = P„(r), n„ - n (r) 
O 0 o O O O O 

These functions are chosen to describe a particular experiment; in a toroidal 
device B„ is called the poloinal field, and B is cal'.ed the toroidal field. 60 zo 

We assume perturbations of the form 

l(tn8 + k z) 
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From Eqs. (12) - (15) we obtain seven equations for B (r,t), B (r,t), 

v (r,t), v e i (r,t), v (r,t), T (r,t>, and p, (r,t). The character of 

these partial differential equations and their associated bouti-tary condi

tions require an implicit finite difference scheme such as used to solve 

coupled diffusion equations [18], Ue solve the first six equations simul

taneously at integral time steps using a single vector difference equation 

as follows: 

for 1 - 0,1, 

(16) 

Here we use the superscript n to denote time levels, and the subscript 

j to denote mesh points in r. The vector U "s defined as 

Br. 

"1 (17) 

and A, B, and C are 6 * 6 matrices. The matrix elements of A, S, C, and 

d are given in detail elsewhere (151. The system is linear, that is the 

A, B, and C depend only on r through the zero-order functions and their 

derivatives; consequently, we can use the familiar algorithm for linear 

tridiagonal systems, i.e. let 

J J J+l j (18) 
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where the E,, FV are determined from the recurrence relations 

F n - (B 3 - C^ E ^ j ) " 1 (d* + Cj F^_ 1) (19) 

The above calculation involves inverting a 6 * 6 matrix at each mesh 

point which is done numerically. The boundary conditions at r « 0 are 

used to find E and Fft , e.g. if ve difference the equations 

(20) 3r 3r 3r 3r 

using thr. points j " 0 and J » 1 and then use Eq. (18) we have E = 1 , 

the identity matrix, and F n a 0, the null matrix. The computational pro

cedure than involves a sweep through the mesh to calculate the E's and 

F's, applying the boundary conditions in difference form at r » R , then a 

sweep back through the mesh to calculate the new U . This cycle is 

then rcpea red a pre-determined number of time steps or until a purely 

exponentially growing mode has emerged and the growth rate settles down 

to a constant value. 

Eq. (12) for the variable Oj(r,c) is not a diffusion equation so 

we solve it simultaneously, but with a separate difference equation. 

The perturbed resistivity n,(r,t) is computed from Dj, T,, and 

n(r,t) - F ( p o + P l , T 0 + T l . S 0 + t J ) 

r,,(r,t) » nfr.t) - n Q(r) 
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where F is a given function. 
The advantage of this scheme is that the difference equations are 

stable numerically, but an exponentially growing MHD instability grows 
with the correct rate. Analytic results can be obtained for the growth 
rate of the tearing mode [17] for a reversed field configuration called 
the Bessti Function Model and these agree with the numerical solution of 
the initial-value problem (ID]. 

For high-beta plasmas, D, C. Robinson [19] used the hydromagnetic 
energy principle to examine the MHD stability of diffuse pinch configurations 
for infinitely conducting plasmas surrounded by perfectly conducting walls. 
He constructed a reversed field configuration which has 8 "v 31%. This con
figuration will be referred to as the pitch and pressure model (PPM). For 
the PPM, a variety of parametric studies are performed to determine the 
specific dependence of the growth rates on the azimuthal wave number m, 
the axial wave number k , the position of the outer conducting wall R w, 
the magnetic Reynolds number S, and the value of B [15,16]. In fig. 1 
we show some typical perturbed profiles for the PPM. 

A time-dependent, two-dimensional non-linear MHD model [16] has 
been developed which includes all of the dissipative effects that are in 
the linear model. In the present version of this model we solve Eqs. (1) -
(8) for B , B , B , v , v , v , p , and T on an x.y domain, \ * x y z x y z * ' 
with periodic boundary conditions on the x boundaries and conducting wall 
boundary conditions on the y boundaries. The initial function B (y) 
reverses sign at y " 0 so we are considering a sheet pinch about y = 0. 

The eight non-linear equations are solved numerically using the 
alternating-direction implicit (ADD scheme. The Eqs. (1) - (8) in cartesian 
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coordinates can be put in conservative form using the momentum, pv, and energy, 

u - 1/2 pv 2 + pkT/m(v -1) + Bs/8it, as variables replacing v and T. It is 

this conservative form that we use in the difference equations. The eight 

equations are solved simultaneously as a vector system at e£ch time step. 

b. Diffusion Time Scale - Transport Codes 

In order to simulate the time evolution of a plasma in a magnetic 

confinement device over most of its lifetime—from tens to hundreds of 

milliseconds—a set of partial differential equations of the diffusion type 

must be solved. Typical dependent variables are the number densities and 

temperatures of each particle species, current densities, and magnetic 

fields. The transport coefficients such as thermal conductivity, electri

cal resistivity, and diffusion coefficients are obtained from the best 

available theories, e.g., neo-classical, but the codes should also have 

the capability of easily changing the form of the coefficients in order to 

develop phenomenological models or take into account results of partible 

codes. 

In the past fev years, a considerable effort has been devoted, at 

several laboratories, to the numerical solution of one-dimensional (radial) 

transport equations for toroidal plasmas 120-23]. This effort provides an 

excellent means of comparing theory with experiment. Recent developments 

of these codes have concentrated on the inclusion of neutrals and impurities 

in the models, and the use of empirical transport coefficients [20,23]. 

Excellent reviews of these models and thfir application to Tokamaks are 

given in Refs. 21 and 25. 

A typical set of neo-classical transport equations is given by 
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IT + ^ ^ > - 0 (21) 

^(!»^^Hvf" e)| =-^-v(i-f7--"t^) 
+ E j z z (22) 

^ f - H ^ M rTi)| -«A + vfe£-°-»^£) (23> 
snd the equation for B f l ( r , t ) i s 

3Ba 3E 
ê  _ z 

3t C 3r 
(24) 

where 

•m'it 

•wm° 

b ( T + T ) I|n + a b ! ! e + a b ! ^ i 
l v e i n ar 2 3r 3 3r 

+ a b JL ( £ ) ~ c E b 

B? <T„ + T , ) i | i + 8 ^ + B b ^ V n 3r ' "2 Sr ' M3 3r 

, nl / \'A . 

<-OT£-G# 31 b i 

(25) 

(20) 

(27) 
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M e I 

2 9r 3 3r J 

Q. - — ^ <T - T.) (29) Â T m. e 1 e i 

Equations (21) - <24) can be solved [24,25] by an implicit difference 

scheme of the same type that we just described for the resistive instability 

problem, but with an iteration at each time step because of the nonlinearity. 

In the next five years there will be a great increase in the use 

of these codes and considerable refinement of the models will be required. 

Other physical effects will include an increase in the number of ion species— 

e.g., deuteron, tritons, and a-particles—In order to simulate DT burning 

experiments. The effects of radiation and atomic and molecular processes 

will be included. 

The biggest change, however, and the greatest demand on the talents 

of the computational physicist and programmer will be the increase in 

dimensions required in these models. In order to realistically simulate 

actual devices with non-circular cross sections, neutral beam lines, and 

divertora, two- and three-dimensional codes will be required. 

2. Time-Independent Macroscopic Codes 

It is normally necessary to develop time-independent codes to 

support the design and operation of each major CTR experiment. These 

include codes used to compute and study prospective equilibrium plasma 

configurations and determine their stability from 6W-type calculations. 
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Experimental devices incorporating the idea of axial symmetry in 

a torus appear to be capable of plasma confinement for times which are of 

great interest. One reason for this result is the assurance of equilibria 

in such devices as predicted by MHD and guiding-center theories. Two-

dimensional models for plasma equilibria have been used to compute the 

equilibrium fields for various containment schemes including Astron [26], 

Levitron [27], Tokamak [28], and the stuffed cusp [29]. 

The equations of hydromagnetic equilibrium with a tensor pressure 

are 

j x B - dlv p (30) 

curl B - j (31) 

div B * 0 (32) 

and 
pil ~ pl p - p.I + — BB (33) 

L- B 2 

where I is the identity tensor, and B is the magnitude of the magnetic 

field. 

We consider hydromagnetic equilibria for a toroidal plasma with 

a scalar pressure. We assume that the system is axially symmetric so 

we can apply this method to the Tokamak and to configurations with floating 

rings—multipoles or the levitron. Grad [30] has given the equation for 

<Hr,z) when the plasma pressure is a function of ty 

- 0 - * £ ( ? & ) - 8 , ( * ) + rV<*> (34) 

where p(i|i), the scalar pressure, and g(i|i) - j r2B 2 are given functions, and 
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B . . I |i B - ± !*• (35) 
r r 3z z r 3r 

Eq. (34) is of elliptic type and can be solved [1} by standard iterative 

techniques such as SOR or ADI. 

Several containment schemes, including the stabilized mirror devices, 

do not possess an lgnorable coordinate, allowing a reduction of the equili

brium equations to two dimensions. Codes have been developed to handle 

the general case for open containment—a three-dimensional code that 

solves for plasma equilibria in open-field geometries, which allovs analysis 

of most minimum-B mirror systems [31,32]. 

Another important class of time-independent MHO code is designed 

to determine the stability of equilibrium configurations by calculating 

eigenvalues of the linearized equations. Recent research in this area is 

given in the Appendix and reviewed in Ref. [33]. 

3. Vlasov and Particle Codes 

Particle codes are fundamental in that they compute in detail the 

motion of particles under the influence of their self-consistent electric 

and magnetic fields, as well as any externally imposed fields. These codes 

give the most detailed results; they give phase-space distribution functions, 

fluctuation and wave spectra, and orbits of individual particles. They are 

ideal for providing detailed information on the growth and saturation of 

strong instabilities and the effects of turbulence. Such turbulence can 

give rise to important macroscopic effects—for example, the anomalous 

absorption of waves and the transport of plasma, energy, and momentum. 

Particle codes are usually classified as either "electrostatic" or 

"electromagnetic". In the first type only the self-consistent electric field 

is computed via Polsson's equation and the magnetic field Is either absent 
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or constant in time. Electrostatic codes dominated computational plasma 

physics in the early years and are covered extensively in Ref [2). Some 

very important results on collective transport across a given magnetic field 

UBing such codes in two and three dimensions are reviewed by Dawson, Okuda, 

and Rosen in Ref. [34]. 

In the last five years there has been a considerable development 

in electromagnetic codes £35,36]. They are either relativistic and fully 

electromagnetic [35], i.e, the particle equations of motion are relativistic 

and the electric and magnetic fields are obtained from the full Maxwell 

equations (wave equations) or they are in the non-radiative limit (Darwin 

model) where the equations are non-relativistic and displacement currents 

are neglected [36], Relativistic, electromagnetic codes have been important 

in the simulation of parametric Instabilities and the Astron experiment. 

Parametric instabilities involve a periodic modulation of the 

plasma by an electromagnetic wave or modulated electron beam. They are 

of interest primarily as heating mechanisms. The external energy source 

("pump") drives two waves in the plasma whose frequencies and wave vectors 

add up to those of the pump. In the pseudo-quantum mechanical description, 

a pump quantum decays into two lower-frequency wave quanta. The matching 

of wave vectors and frequencies corresponds to the conservation of the 

momentum and energy of the decaying pump quantum. 

Early simulations were of the ion-acoustic decay and oscillating 

two-stream Instabilities in which the pump is a (nearly) uniform oscillating 

external electric field [37-40], This represents the electromagnetic wave 

when it has traveled Into the "critical density" surface where the laser 

frequency equals the local plasma frequency. Plasma oscillations grow and 

heat electrons by trapping or quasilinear diffusion, depending on the 
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amplitudes and spectrum of the plasma waves. This was the first heating 

process, other than collisions (inverse bremsstrahlung), considered in laser-

induced fusion, and is sometimes called "anomalous" heating. Some ion 

heating ale J can occur. Simulations are used to estimate heating rates and 

the resultant electron energy spectrum. 

Of particular interest to CTR applications are parametric processes 

in which the pump frequency is much lower, around ion wave frequencies. 

Such processes offer the possibility of heating ions in magnetically 

confined plasmas. 

Parametric instabilities also occur in underdense plasmas. One 

wave may be an electron oscillation or an ion-acoustic wave, and the other 

is an electromagnetic wave. These cases are commonly called stimulated 

Raman and Brillouin scattering, in analogy to processes in other media. 

They are of great interest to laser fusion because they may cause a large 

part of the laser energy to be lost by scattering, and because of the electron 

heating by Raman's electron decay wave [41,35]. Decay into two electro

magnetic waves is not possible in an unmagnetized plasma because frequencies 

and veve vectors cannot simultaneously be matched. Another process is 

the decay into two electron plasma oscillations, which provides an alter

native heating mechanism occurring at one-quarter critical density [421. In 

the presence of self focusing or filamentation of the laser Light additional 

decay possibilities arise [35). Simulations are used to study rates and 

efficiencies of heating, effects of density gradients, laser frequency 

bandwidth, etc. 

Superlayer [5] was the most elaborate of a series of codes developed 

to simulate the formation of cylindrical layers of relativlstic electrons 
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in the Astron experiment at Livermore. As envisioned, a number of pulses 

from an electron accelerator were to be "stacked" into one layer until 

sufficient current density was built up to reverse the direction of the 

axial magnetic field inside the "E-layer". This configuration provides 

stable confinement and heating of plasma inside the E-layer. 

The model is axially symmetric. The E-layer electrons are simulated 

by many thousands of finite-3ize superparticles, which move in the r-z 

domain and have velocity components v , v , and v . The model is reiativistic 

and the electromagnetic fields are obtained by solving four wave equations — 

three for the vector potential and one for the scalar potential. The e-layer 

current and the current induced in the resistor wires are included in the 

above field equations. The computed self-fields are added to the external 

field to give the field configuration as a function of time. 

Some features of the code itself are of interest. The fields are 

found with the aid of the potentials A and $, normally in the Lorentz 

gauge. The wave equations are integrated with an alternating-direct ion-

implicit (ADl) scheme. An implicit scheme removes a limitation on the time 

step otherwise impoBed by the small charge relaxation times of resistive 

layers in the machine. It also damps the solutions of the wave equations 

toward the potentials corresponding to the Darwin model [36], while 

retaining retardation for short time scale effects. This bridge between 

the fully electromagnetic and magnetolnductlve-electrostatic limits matched 

the phyalcal requirements of Astron, which featured rapid transients but 

no oscillatory fields (cavity modes). 

This particle simulation code Is of unique interest as a design 

tool rather than being for the study of a small scale basic plasma phenomena. 

Superlayer was used to optimize experimental parameters and try new ideas. 
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The degree of influence of the experiment and computation on each other i r 

probably unprecedented in CTR. The code work also stimulated radical re

vision of some key theoretical impressions of the stacking process. The 

Superlayer code is discussed by Brettschneider et al [5], later code work 

and detailed Astron studies are reported by Byers et al [6]. 

In the very first series of runs on the Superlayer code, a phenomenon 

of saturation of the field reversal, C> was discovered. This phenomenon was 

due to an axial lengthening during pulse stacking under charge neutralized 

conditions. This result directly stimulated other theoretical work, and 

the two together played a large part in the decision to turn tne Astron 

experiment to stacking in vacuum, which was continued for more than a year. 

This lengthening phenomenon was discovered first by the code, and only 

later was observed in the experiment. 

The code reproduced several experimental results of trapping effi

ciency in vacuum; in particular, the trapping efficiency in a particular 

magnetic well configuration was sensitive to parameter changes (resistor 

location, injection current) in the same way as the experiment, thus pro

viding the assurance of a simple explanation unrelated to difficulties 

peculiar to the experiment. 

The code results show that stacking in vacuum ultimately causes 

difficulty at sufficiently high C, in the range 0.5 to 1.0, due to increased 

radial expansion. This result is modified under conditions of partial 

neutralization, such as exists experimentally even under the best vacuum. 

Reversal is obtained starting with vacuum stacking of 1000-A 

pulses up to the point of Incipient radial loss followed by adiabatlc 

charge neutralization (which compresses the layer and nearly doubles the 



- 21 -

field reversal), but this route may not be successful when the idealized 

rode conditions are relaxed. 

The code shows that sufficiently large current (only 4 times that 

previously available in the experiment) can produce field reversal in one 

pulse (in charge neutralized environment and in a short system). This 

route does not appear sensitive to relaxation of idealized code conditions. 

4. Fokker-Planck Cpdes 

In the simulation of magnetically confined plasmas where the ions 

are not Maxwellian and where a knowledge of the distribution functions is 

important, kinetic equations must be solved. The proposition that a stable 

mirror plasma will yield net thermonuclear power depends on the rate at 

which particles are lost out the ends of the device. At number densities 

and energies typical of mirror machir.es, the end losses are due primarily 

to the scattering of charge particles into the loss cones in velocity space 

by classical Coulomb collisions. The kinetic equation describing this process 

is the Boltzmann equation with Fokker-Planck collision termd [43,44]. 

The use of this equation is not restricted to mirror systems. The 

heating of plasmas by energetic neutral beams, the therraalization of u-

particles in DT plasmas, the study of runaway eleccrons in Tokamaks, and 

Che performance of two-energy component fusion reactors are other examples 

where the solution of the Fokker-Planck equation is required (AS]. 

The problem is to solve a nonlinear partial differential equation 

for the distribution function of each eh^rg^d species in the plasma, as 

functions of seven independent variables (three spatial coordinates, three 

velocity coordinates, and time). Such an equation, even for a single 

species, exceeds the capability of any present computer so several simplifying 

http://machir.es
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assumptions are therefore required to treat the problem. Typical approxi

mations that are .-nade in present day codes are to neglect spatial depen

dence and to assume that the distribution functions are azimuthally 

invariant in velocity space (about the direction of the magnetic field). 

These assumptions reduce the number of independent variables to three— 

two velocity space coordinates, v and 6, the speed and pitch angle, and 

the time, t. Even with these basic assumptions there has been an evolu

tion of numerical Fokker-Planck calculations for the past fifteen years 

The appropriate kinetic equations are Boltzraann equations with 

Fokker-Planck collision terms, often referred to simply as Fokker-rianck 

equations: 

GHL 3f at F_ 3f 

Heru f Is the distribution function in 6-dimensional phase space for 

particles of species a, 5 is the source term, (3f /3t) ts the collision a a c 
term, and L contains loss terns. a 

The Fokker-Planck collision term for an inverse-square force was 

derived by Rosenbluth, et al [46] in the form 

x ( S \ . . ±.L !!k\+i--ii-(f JS) ( 3 7 ) 
ra \" /c S vi V" 3 v i / 2 »V vj \ a »VV ' 

where r » *IT\Z ** e V m 2 . In the present work we write the "Rosenbluth 

potentials" 

8a * ? ( r ) *n A a b A t e , ) l * ' ̂ l * ' ' ( 3 8> 
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h - L 
a b 

a+I"b Pb in A b /f.(v')|v - y*j civ' C39) 

Eq. (37) in (v,0) coordinates written in conservative form is 

3H 
3 v v 2 sine 

(40) 

where 

3f 3f 
G = A f + B -r-2- + C r ^ a a a a 3v a 39 CD 

3f 3f 
H = D f + E j-2- + F T S 5 

a a a a 3v a 06 (42) 

and 
2 3 3g 3 2g 3g 3h , 3 2g , »3<> 

a 2 Bv 3 3v^ 3v 3v v 30 2 3v36 2 

cotO * sa cote 3 s a 
V 36 2 3v3e («) 

„2 3 2S, 

3v̂  
(44) 

1 9 g a 1 »'«, 
2v 39 2 3v36 (•'.5) 

3 3
g ;, = 1 n S 5 38, 

2vz ^ 2 ) v 3v30 i 36 3 3v 230 v 2v 2 sine 
'is 
36 

+ cose _ ! a _ s i n e 

2v 2 36 2 

3h 
(46) 

USOiUfeKMifaM&M: 
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n 0 [- to 30~ + 2 3 î?J E - sii 

p = s l n 0 3 S a v sinO ^fa 
a 2v 2 -il2 2 v 9 v 

(47) 

('.-) 

The functions g and h , defined by eqs. (38) and (39J, can be 

represented by expansions in Legendre polynomials [46]. For this purpose 

we let 

t (v.p.t) - y, v,a<v,t)p.(u) 
a ]»0 J J 

where l «= cos6, and 

+1 
V a(v,t> - 2 i

2

+ - l f fatv,u,t>r\.(u'dp . 

The expansions for g and h a r e 

Sa(v,,,t) £ 
3=0 b 

\}2 

In A . B . ( v , t ) P . ( f ) 

b. ( v , y , t ) -

3-0 b 

.+ IV / < ^ 2 

"b V Z a 
3 & _ 3 L I J L \ In A a b A J

b ( v , t ) P j ( , ) 

(49) 

(51) 

(52) 

. » . 4, 1 / ( v ' ) J + 2 ( , J -
372 . . 2 / Y ( V ' ) d V ' 

V. ( v ' ) d v ' 

(53) 

(V.; 
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In the computations we take a finite number (which can be varied) of 

terms in the expansions of g and h . 

Eq. (40; is integrated using the method of splitting, or frac

tional timesteps. We first advance 

. 3f , 3G 1 a _ _1 §_ 
r at ™ 2 «v 
a v' 

using a semi-implicit difference algorithm, and then advance 

(55) 

af 3H 
r 3t 2 • <> 3 9 

a v z sin6 
(56) 

in an analogous manner. 

Eq. (55) is differenced as follows: 

fn+l fn ,n ,n+l n _n+l 
*i.1 ~ h.j _ Ai,r1+1 tj,j+l " Ai,.i-1 ri,.i-l 

r At 2v.' Av. 
3 3 

„n / t n + l f

n + l - i „ n / f

n + l f n+ l , 
B i . i + l / 2 ( f i . i + l ' tj.P B 1 . 1 - x / 2 ( t i . 1 ' ^ . . l - l ' 

A v i + l / 2 j - 1 / 2 

2v.- Av. 
J J 

C u ffn - f" ) 
*'i,.i+iui+i,i+i i-Li+r 

2/40, 

. l . l - i^n-1 , ,1-1 t i - i . . i - i ; 

2At>. (57) 

Here, f . - f (v , ,0 , nAt) , and the coe f f i c i en t ^ . . , , , i s a simple average 

The subsc r ip t "a" has a l so been dropped. ° f "S.j a " d »h±l 
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By rearranging terms, Eq. (57) may be put into the tri-diagonal 

form: 

n -n+1 . „n fn+l n -n+1 ,n ,.„, 
-"t.J fi,j +l + 8i,i fi,3 " \ t i

 £i,j"l = Vj • < 5 S ) 

We see that the terms of mixed second derivative type may not be written 

fully implicitly if we wish to maintain a trl-diagonal form. Eq. (56) is 

integrated in a similar manner, with the roles of v and B reversed. 

The two-dimensional multi-species Fokker-Plauck code is a useful 

tool for studying the physics involved in the thermalization of directed 

monoenergetic neutral beams Injected into a dense Tokamak plasma. The 

essential physics of a two-component toroidal reactor (TCT) was first 

described by Dawson, et al. [471. Variations and refinements of this 

concept were Riven by Furth and Jassby [48]. The authorized construction 

of a "breakeven" TCT experiment has given added impetus to the search 

for a detailed understanding of the plasiwa physics involved in the design 

of such a system. 

An idealized model in which the plasma is assumed to be spatially 

uniform over some finite toroidal volume allows one to analyze the system 

in terms of velocity-space variables only. In particular, electron and 

ion distribution functions are obtained from solutions of the time-dependent 

velocity-space Fokker-Planck equations. These solutions can be used to 

comuute the energy multiplication factor 

R (Energy from Fusion Reactions) ,,q-) 
" (Energy in the Injected Deuterons) 

which serves as the figure of merit for a pulsed TCT system. 
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Several features of the Fokker-rianck model are especially appro

priate for representing physically significant effects in a TCT. The non

linear nature of the kinetic equations ensures that the collisional inter

action of all species, including self-interactions, is properly accounted 

for regardless of the form of the distribution functions. Alpha particles 

and iraputiry ions are treated on an equal footing with the deuterium and 

tritium ions sii.ce there is no inherent restriction on the number of 

species which can be handled in the code. Major radius compression is 

a useful technique for supplementing neutral beam Injection in toroidal 

plasmas and the two-dimensional nature of our velocity space allows us 

to accurately account for distortions of the distribution functions due 

to this anisotropic driving force. 

In axisymmetric toroidal systems the constants of the particle 

motion are 

mvf 
•̂ r— *= magnetic moment (60) 

rnv,! R - toroidal angular momentum (61) 

where R is the major radius of the torus. For a time-varying major radius 

we derive (v», Vj_) by taking the time derivative of these equations, ob

taining 

L L - 0 (62) 
2vi V, Vj B 

B «2 

(63) 
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and subsequently 

'1 ' + \ vi f < M > 

v„ - - v „ | (65) 

Since B is essentially just the toroidal field strength, it varies in

versely with R, yielding, 

B R 
¥ * " R (66) 

With these results the Fokker-rianck equation becomes 

|[-(i-*.!.'.).£ •*.««•- If]-(4 §f + S I - I 1 " "T s^ Z^ | V ~ + T sine cose ̂  | . ^ | + s + L (67) 

where (3f/3t) is given by Eq. (40)* For isotropic electrons we have 

3 f e ( 2 3 f e \ R f 3 fe\ + S + L . (68) 

Some special diagnostics are available for analyzing TCT problems 

and examples D£ these are given in Figs. 2 - 5 . In addition to our standard 

three-dimensional display ot the ion distribution functions in (v,0) space 

shown in Fig. 2, we obtain contour plots of the ion distribution functions 

In (v., v.. ) space as shown in Fig, 3. The (v, , Vn ) form of the dis

tribution function, when integrated over one of the velocity-space components 

is shown in Figs. 4 and 5. These distributions are defined by 
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£(v,) - I dv., f(v. , v..) , (69) (v x) - j dv„ i(vL, v 

f(v„) - 2n / vL ivL t(vL, v,|) . < 7 0 > 
0 

Other useful diagnostic quantities are the total system energy 

W s y s T(t) - Sn s(t) Ea(t) V(t) , (71) 

the cumulative energy loss 

_ > n (t) E (t) V(t) 
« L O S S(t) - S / dt ̂  f , (72) 

a *£ a 

and the cumulative fusion energy produced 

t 

Vc> f dt n D(t) n.f(c) o D Tv(t) V<t) E^. <?3) 

reaction rate parameter, averaged over the velocity distribution functions 

of the deuteron and triton components. The plasma "volume" V(t) is nor

malized to unity at t - 0 and decreases with ma or radius compression so 

as to conserve the total number of particles, N » n (t) V(t). in the 
a a 

absence of losses. 

The essential feature of a TCT reactor is the production oi fusion 

energy by an Initially energetic deuteron as it slows down in a background 

tritium plasma. In the simplest application of the Fokker-Planck code we 

initially set up a deuteron velocity distribution which approximates a 
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delta-function in energy and angle (0 Is defined relative to the direction 

oT the toroidal field) together with a Knxwelllan distribution for tritons 

and electrons. Then the evolution of each of the plcsma species Is followed 

until the system approaches thermal equilibrium, and the total enemy 

produced by D-T fusion reactions 1* noted. In thermal equilibrium, 

fusion energy Is produced at .1 constant rate (corresponding to the U-7 

plasma temperature) and the total fusion energy V (t) Increases linearly 

with time as c • •*. For two-component systens we ar. primarily interested 

in the transient contribution to the fusion energy so we subtract the 

steady-state contribution, defining 

w£(t) - « F(t) - n u n T ^ O T v j K, 

t \ ^ j 1 

UT * ( 7 4 > 

where \ 0 n r v 7 * s t n e equilibrium rate parameter for a Naxwcllian j>lasroa. 
eq. 

Then the energy multiplication factor is defined by 

.Some typical results are given in Table I, where we have used a background 

tritium plasma with n - 10 en and T - 5 kcV. In this set of runs the 

dcuteron particle density is chosen very small compared to chat of the 

background plasma so that self-interaction of the "test-particle" deuterons 

is negligible and the background plasoa is not heated significantly. The 

cnerRy multiplication factors (J* can then be compared with the calculations 

of Uawson. et al [47] denoted by F in Table I. The Q'-values are larger 

than the corresponding F-values priaarily because (}* includes the effect oi 
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dcutcron energy dispersion and finite tritium temperature in the evaluation 

of ov: 

fal Jd*2 W W °(V12> (76) 

For comparison we show results, denoted by q"t obtained by neglecting the 

finite tritium temperature in evaluating ov. The effects of deuteron 

energy dispersion and finice tritium temperature are seen to be most pro

nounced at low energies. 

Instead of simply postulating the existence of specially prepared 

ion and electron coaponents in the initial conditions for our Kokker-Planck 

runs as described in the last paragraph, it is possible to more realistically 

model the sequence of events which might occur in a pulsed TCT reactor 

by using the various source and loss and magnetic compression terms. 

Several scenarios of varying degrees of complexity have been suggested. 

A few examples of these will be described here. 

First it is necessary to precisely define the figure of merit a 

for a pulsed system. The "breakeven experiment" in a pulsed TCT is defined 

to occur during a time interval which begins when the energetic deuteron 

component and thermal tritium plasma have reached some optimum condition 

for energy multiplication, and ends at such time as the thermal energy 

in the tritium plasma falls below its "initial" value, i.e., its value 

at the beginning of the breakeven experiment. The breakeven factor Q, 

is then defined as the ratio of the fusion energy produced during the 

breakeven experiment and the "initial" energy in the hot deuteron component 

of Che plasma. 

In the simplest scenario for a TCT we assume the existence of an 

ohmic-heated 10 keV tritium plasma into which we inject 200 keV deuterons 
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for 30 msec. The deuteron beans are assumed to be Injected tangentlally 

into the torus. We assume symmetry about 6 « */2 so the use of both co-

and counter-Injected beans Is implicit in our model. The source strength 

or beam current is chosen such that the energy transfer from the deuterons 

to the tritium plasma during the breakeven experiment is sufficient to 

balance any energy losses from the. tritium plasma. The breakeven factor 

in this case is Q. - 1.08. The effect on Q of explicitly Including 

additional ion species, such as alpha particles from fusion reactions and 

impurity ions (carbon and/or oxygen), is shown in Table II. The alphas 

provide a small amount of additional plasma heating, whereas the impurities 

allow the system to lose energy faster. The effective Z of the plasma is 

defined by 

yn z2 

i-i a a En Z a a 
C77) 

where the index "a" runs over all ion species in the plasma. 

A somewhat more complex scenario for TCT operation Is indicated 

schematically in Fig. 6. Here one assumes that the beam energies and 

plasma temperatures necessary for breakeven (Q. ^ 1) are not achievable 

by "conventional" means. Major radius compression is used to boost the 

energy of both the injected deuterons and the tritium plasma. When injec

tion has been completed, the plasma system is compressed for 10 msec at 

a rate given by R/R * -40.5 sec so that the final compression ratio is 

C " 1.5. The breakeven experiment begins when the compression phase is 

completed, t = 40 msec, and ends at t = 200 msec. The time histories 

of the deuteron density and mean energy are shown in Figs. 7 and 8 where 
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che effects of Injection and compression can he clearly seen. The breakeven 

factor was Q. « 1.28 in this particular example. 

Another scenario tor TCT operation uses the major radius compression 

capability to achieve "energy clamping" of the fast deucerons. The basic 

idea is to Inject deuterons at an energy which maximizes the instantaneous 

D-T fusion reaction rate (E at 125 keV), and then supply enough energy to 

the deuterons via magnetic compression to make up for the energy transfer 

front the deuterons to the bulk tritium plasma. In this way the doutoron 

energy is "clamped" at the optimum value for fusion energy production. The 

price one has to pay for this added feature is that the compression energy 

must ultimately be supplied from an external source so the breakeven factor 

fox this scenario should be re-defined as 

0 , fusion energy, produced? . 
b (Initial deuteron energy) + (compression energy) " 

The precise form of the time-dependent compression needed to clamp the 

deuteron energy depends on the beam intensity and the background plasma 

energy loss rate (Jassby and Furth, 148]). Typically, we use che fora 

R/R = A / U + B e " t / T ] (79) 

with parameters (A, B, T) specified separately for each phase of the TCT 

scenario. A possible sequence of events for a TCT with energy clamping 

is indicated schematically in Fig, 9, and results are shown in Figs. 10 ami 

11. A breakeven factor Q, * 0.86 was achieved in this example. 

5. Hybrid Codes 

There is a need for codes which can best be described as Hybrid 

Codes; these are codes which combine the good features of fluid codes with 
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the good features of particle codes, but which can avoid soae of the 

weaknesses of each. The advantage of a particle code is that it contains 

the most complete treatment of the physics. Its disadvantage also sieos 

from this feature because It Is farced to follow the development of the 

plasma on the fastest tine scale and shortest space scale at which signifi

cant plasma phenomena occur. These scales are typically ouch shorter than 

the tine and size scale in thermonuclear plasma devises. The feature of 

fluid codes which Is attractive Is that they treat tae plasma on a coarser 

scale and hence need many fewer tine steps and spatial points; however 

the motions of certain classes of particles are often crucial. One 

example is the motion of trapped particles, which cause the trapped par

ticle instability. Further, the generation and damping of waves and the 

effectiveness of waves in causing diffusion and energy transport will 

depend critically on resonance phenomena between particles and waves. 

It Is clear that proper treatment of such phenomena will require some 

reasonably accurate description of the important class of particles. On 

the other hand, it should be possible to treat the rest of the plasma by 

means of fluid equations. Thus some mixed description should be effective 

and economical. 

An example of such a model is the GUIDON code [49] which is used 

to simulate the TCT. An M11D equilibrium representation of the type given 

by Eq. (34) ia combined with a particle model for the beam injected 

deuterons. We use the guiding center motion of the superparticles to 

compute their contribution to the toroidal current and plasma pressure. 

The background tritium plasma is modeled as a fluid. For various beam 

energies and peaked deposition profiles, the equilibrium vertical magnetic 



- 15 -

field and Che temporal evolution of the flux-surfaco configuration and 

radial current-density and pressure profiles arc calculated. 

Studies have been made for 80-keV and 150-keV beams (7 < 0.5) 

Injected Into plasmas of I ~ 1 MA, n ~ 5 « 1 0 i 3 cm" 3, T ~ 1 - 6 keV. 

For the case of beams Injected parallel to the toroidal current (co-injec-

tlon), the plasma surface expands somewhat, but the flux surfaces are un-

dlstorted, even when the beam-ion current Is comparable to the (ohmic) 

plasma current. The spatial distribution of the bean particles after 100 

usee Is essentially the same as the Injected distribution. 

Computations with counter-Injected beams alone indicate serious 

deformation of the magnetic surfaces, with appreciable outward drift of 

the injected particles. This behavior may be thought of as due to repulsion 

between the beam-induced current and the ohmic plasma current. When both 

co- and counter-injected beams are Introduced in equal numbers, the 

undesirable effects of the counter-injected beam alone are markedly re

duced . 

Another class of hybrid code which promises to be very useful is 

the coupling of a Fokker-Planck code to a plasaa transport (diffusion) 

code. In neutral-beam-heated Tokamaks and the two-energy-component toroidal 

fusion test reaccor there is a warm Maxvellian background plasma which can 

be described by macroscopic transport equations and an energicic species 

which should be described by the Fokker-Flanck equation. The coupling of 

these systems is by means of sources of particles and energy In the multi-

species transport code and a time-dependent Haxwelllan target plasma in 

the multi-species Fokker-Planck code. 

He have developed a new code [301 of this type. 
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The energetic beam and the hot alpha p-rticles are described by 

velocity space distribution functions, and their slowing dovn Is modeled 

numerically by a Fokker-Planck collision operator. The warn ions and 

electrons are described by s multi~fluid transport model, and the source 

profile 11(f) corresponding to bean Injection is calculated using a beam 

deposition program-

In the transport model we assume the existence of an arbitrary 

number of warm ion species described by densities n (r.t), all at the 

same temperature T.(r,t). The electrons are described by a separate 

temperature profile T <r,t), and their number density is determined by 

quasi-neutrality. Only the poloidal component of the magnetic field, 

B„(r,t), varies with time. 

The "hot" deuterium beam is described by a distribution function 

f. (v,6,r,t), where v is velocity magnitude and 9 is the pitch angle. 

The distribution of "hot" alpha particles, f (v,r,t), is assumed to be 

Isotropic in velocity space. 

Our model is described by the following equations: 

-f- ( v , e , r , t ) = W~J + H(v ,e , i : , t ) - S b ( . ( v , r , t ) - S ^ C v . r . t ) (80) 

ft ST Cr.t) - UfJ " *«>.*•*> + W'*'* (SV 

s r < r - c > + T I F ( r V ' A c ' ' - 1 ' " d" 4<«-D+> 
y fs(v,t, 
J ac 

t)dv • <5(a,a) - S „ ( r , c ) 6 ( a , i ' + ) (82) 
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|- 13/2 n T ) + - |- (rQ ) = -Q -q + E j + <) , + 0 (83) 
3t e e r 3r ^e Â ^ z z eb \ a 

fj- (3/2 r^) + i f^ (r Q i) - Qfi + Q + £ ( Q a b + Q a Q ) (84) 
a=ion 

9B n 3E 9 _ ^ 
3t C 3r (t*5) 

Here, H is the beam source profile; S , , S and S ,_ describe the D-T-a r ab aa at 
reaction; S. represents a transfer of hot "beam particles to background 

deuterium; S represents a transfer of hot alpha particles to background 

alphas; and 5(a,b) is the Kronecker delta. The term T is the particle 

flux for species "a" by the beam and alpha particles; and H j is ohmic 

heating. The fluxes are given by Eqs. (25)-(29) for the case of one ion 

species. 

The transport model is formulated in a quite general way so that 

the form of the transpcrt coefficients can be changed without modifying 

the basic structure of the code. We write 

__, . 3n, . 9T, 3T 
r = £ Dd. - i + D 1 - i + D e -S. + DZE (86) 
a *T ab 3r a 3r a 3r a z 

„ . in. . 3T. 3T 
«i" ? Lb - ^ I F ^ - I F * ^ , <"> 

. 3n . 3T 3T 
^e ^ T> 3r 3r 3r z 

E - £ K? - ^ + K 1 -ji + K e ~r-e- + K Z i ̂ -(rli. ) (M) 

[ . 3n . 3T "I 
?"b-5F+Hl^Jt Vb (90> 
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D 

j
z
 = ^T 7 i 7 ( r V • 

where "b" is summed over warm ion specitis. 

The various coefficients are chosen to agree with Connor [51] if 

more than one ion species is present, and with Rosenbluth, Hazeltine and 

Hinton [52] in the case of just one ion species. This formulation will be 

generalized at a later date to include various collisional regimes. Eqs. (32)-

(85) are differenced on a non-uniform radial mesh and Integrated in time 

using a setai-implicit iterative algorithm. 

The Eqs. (80) and (81) for the beam injected particles and alpha 

particles are Fnkker-Planck Equations given by Eq. (40). The coefficients 

in Eq. (40) depend on the Rosenbluth potentials for all species so the 

background ions and electrons ate represented as Maximilians of the correct 

density and energy given by the solution of the Eqs. (32) - (84). Eq. (40) 

is solved in the three dimensional phase space (r,v,6) using a split semi-

implicit algorithm. We have modelled the TCT with 37 mesh points in r, 

35 in v, and 11 in 8. 

<91) 

(92) 
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I 

'-• TABLE I 

COMPARISON OF ENERGY MULTIPLICATION FACTORS 

DEUTERON ENERGY (keV) Q' Q" F 

70 0.612 0.487 0.301 

110 0.996 0.946 0.644 

150 1.187 1.191 1.096 

190 1.244 1.264 1.151 

TABLE II 

EFFECT OF IMPURITIES AND ALPHAS ON Q 

PLASMA 
SPECIES Zeff <J 

e-D-T 

e-D-T-o 

e-D-T-a-C 

e-U-T-a-C-0 

I 

1 

2 

2.7 

1.08 

1.09 

0.92 

0.84 
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Computation of Tokamak Stability. 

(E9-2) W. J. Sharp and J. C. Taylor, Computer Simulation of 

HgTX Experiments by the MIMTOK Codes E. P. Eutt, C. W. Gofers, 

R. F. Gribble, Li Yin-An, A. A. Newton, D. C. Robinson, A. J. L. 
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Beta Plasmas (1975), paper B1.9 to be published in Plasma Physics 

17. II. P. Furth, J. Killeen, and >!. N. Rosenbluth, Phys. Fluids 6_, 439 

(1963). 

18. R. D. Richtmyer and K. W. Morton, "Difference Methods for Initial-

Value Problems," Interscience, John Wiley, N.Y. (1967). 

19. D. C. Robinson, Plasma Phys. JL3, 439 (1971). 

20. 0. Dllchs, H. r. Furth, and P. II. Rutherford, in Proc. Third Intern. 

Symp. Toroidal Plasma Confinement, Max-Planck-Institut fiir Masma-

physik, Carchinfi, 1973, paper B10-1. 



- 47 -

21. P. M, Keeping, R. C. Grimm, and J. Killcen, in Proc. 5th European 

Conf. on Controlled Fusion and '.'lasma Physics, Crenoble, France. 

TO, CEA Grenoble. 

22. F. L. Hinton, J. C. Wiley, D. F. Ddchs, H. P. Furth, and F. I!. 

Rutherford, Phys. Rev. Letters 29, 698 (1972). 

23. J. T. [logan and R. A. Dory, in Proc. 5th European Conf. on Con

trolled Fusion and Plasma Physics. Grenoble, France. 1972. CEA 

Crenoble. 

24. J. T. Hogan, Multi-Fluid Tokamak Transport Models, in Methods in 

Computational Physics (Academic Press, liew York, 1975), Vol. 16, 

Chapter IV. 

25. M. L. Watkins, :t. H. Hughes, P. M. Keeping, K. V. Roberts, and 

J. Killeen, ICARUS—A One-Dimensional Plasma Diffusion Code, in 

Methods in Computational Physics (Academic Press, Mew York, 1975), 

Vol. 16, Chapter V. 

26. D. V. Anderson, J. Killeen, and M. E. Rensink, Phys. Fluids JJ>, 

351 (1972). 

27. S. Fisher and J. Killeen, Phys. Fluids U, 1240 (1971). 

28. J. D. Callen and R. A. Dory, Phys. Fluids 15_, 1523 (1972). 

29. J. Killeen and K. J. Whiteman, Phys. Fluids j>, 1846 (1966). 

30. H. Crad, Phys. Fluids 10, 137 (1967). 

31. D. V. Anderson and J. Killeen, J. Comput. Phys. 10, 133 (1972). 

32. Brendan McNamara, Equilibria of Magnetically Confined Plasmas, in 

Methods in Computational Physics (Academic Press, New York, 1975), 

Vol. 16, Chapter VI. 



- 48 -

33. R. C. Crlran, J. M. Greene, and J. L. Johnson, Computation of the 

Magnetohydrodynamic Spectrum In Axisymmetric Confinement Systems, 

in Methods in Computational Physics (Academic Press, New York, 

1975), Vol. 16, Chapter VII. 

34. J. M. Dawson, H. Ofcuda, and B. Rosen, Computer Simulation of 

Collective Transport in Plasmas, in Methods in Computational 

Physics (Academic Press, New York, 1975), Vol. 16, Chapter VIII. 

35. A. B. Langdon and B. Lasinski, Electromagnetic and Relativistic 

Numerical Models of Plasmas, in Methods in Computational Physics 

(Academic Press, Hew York, 1975), Vol. 16, Chapter IX. 

36. C. W. Nielson and H. R. Lewis, Particle Code Models in the Non-

Radiative Limit in Methods In Computational Physics (Academic Press, 

New York, 1975), Vol. 16, Chapter X. 

37. W. Kruer, P. Kaw, J. Dawson and C. Oberman, Phys. Rev. Letters 2£, 

987 (1970). 

38. W. Kruer and J. Dawson, Phys. Fluids 15, 466 (1972). 

39. J. S. DeCroot and J. I. Katz, Phys. Fluids 16, 401 (1973). 

40. S. E. Bodner, G. F. Chapline and J. DeGroot, Plasma Phys. ̂ 5_, 21 

(1973). 

41. D. W. Forslund, J. M. Kindel, and E. L. Lindman, Phys. Rev. Letters 

30, 739 (1973). 

42. W. L. Kruer and J. M. Dawson, Phys. Fluids 1^, 1003 (1971). 

43. J. Killeen and K. D. Marx, The Solution of the Fokker-Planck 

Equation for a Mirror-Confined Plasma, in Methods in Computational 

Physics (Academic Press, New York, 1970), Vol. 9, pp. 421-489. 



- 49 -

44. A. H. Futch, Jr., J. P. lloldren, J. Killeen, and A. A. Mlrin, 

Plasma Pliys. 14, 211 (1972). 

45. J. Killeen, A. A. MirIn, and M. K. Kensink. The Solution of the 

Kinetic Equations for a Multi-Species Plasma, in Methods in 

Computational Physics (Academic Press, New York, 1975), Vol. lb. 

Chapter XI. 

46. H. N. Rosenbluth, W. M. MacDonald and D. L. Judd, Phys. Rev. 107, 

1 (1957). 

47. J. M. Dawson, 11. P. Furth, and F. 11. Tenney, Phys. Rev. Letters 

26, 1156 (1971). 

48. H. P. Furth and I). L. Jassby, Phys. Rev. Letters 32, 1176 (1974). 

49. Thomas H. Johnson, Guiding-Center Simulation of Toroidal Plasmas, 

Ph.D Thesis, University of California, Davis, Lawrence Livermore 

Laboratory Report UCRL-51725, 1974. 

50. A. A. Mirin, J. Killeen, K. D. llarx, and M. L. Renslnk, "A Radial 

Transport/Fokker-Planck Model for a Tokamak Plasma" Proc. 7th 

Conf. on Numerical Simulation of Plasmas, (1975) Couraut Institute. 

51. J. W. Connor, Plasma Physics, li_, (1973). 

52. M. H. Rosenbluth, R. D. Uazeltine and F. L. Hinton, Physics of 

Fluids, 15, 116 (1972). 



FIGVJRI". CAPTIONS 

Figure- 1. Perturbed profiles for the rPtt with ra = 1, R,̂  = 2, kz = -1.2, 
n = 1.7 x I O ^ / C T ^ , \ = 18.5 eV, E = 2000 gauss. 

Figure 2. Deuteron Velocity Distribution for Steady-State Tangential 
Injection in TCT. 

Figure 3. Contour Plot of the Ucuteron Distribution in (v^, v B) 
Velocity Space. 

Figure 'i. Distribution o£ Perpendicular Velocities. 

Figure 5. Distribution of Parallel Velocities. 

Figure C. Schematic of Simple Scenario for a Pulsed TCT. 

Figure 7. Deuteron Density Behavior in Simple TCT Scenario. 

Figure 8. Deuteron Mean Er.ergy in Simple TCT Scenario. 

Figure 9. Schematic of TCT Scenario with Energy Clamping. 

Figure 10. Deuteron Density Behavior in Clamping Scenario. 

Figure 11. Deuteron Mean Energy in Clamping Scenario. 
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