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ABSTRACT 

The design and evaluation of a system of coils for Improving mag

netic f ie ld homogeneity are discussed. Using only three coil-pairs 

the duration of NMR spin-echo signals from a sample of H«0 (0.7 cm. 

diameter x 0.9 cm. long) was increased by an order of magnitude. 
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IHTRODUCTION 

Prof. J. R. Singer and his research assistants, L. E. Crooks and 
1 18 

J. A. Murphy, are conducting studies on blood circulation, ' water in 
biological fluids, and leukemia using Nuclear Magnetic Resonance (NMR) 
Spin-Echo techniques in a Varlan Electromagnet. Improvements in dis
criminating between NMR signals from similar substances reouire improve
ments in the homogeneity of the magnetic field. 

This thesis is a report of the work we did to improve the homogeneity 
of the magnet in a region at the center of the magnet aperture. 

In July 1973, Prof. J. R. Singer, L. E. Crooks, and D. H. Nelson 
measured the magnetic field of the 2.50 in. gap x 11.90 in. diameter 
Varian Magnet located in Room 145 in the Hearst Mining Building at the 

2 
University of California in Berkeley. After examining the results of 
those measurements and searching the literature on magnetic field opti-

3 ii 5 

mization for NMR studies ' ' we decided to increase the volume of homogene
ous magnetic field with "electric shims" (i.e. sets of coils installed 
on the polefaces of the magnet to modify the shape of the magnetic field). 
In October 1973, in response to letters from Prof. Singer and me, 
S. A. Knight of the British Petroleum Research Center generously sent 
to us detailed instructions on the manufacture of "Golay shim Coils" 
(i.e. poleface coils constructed on printed-circuit boards) and the photo
graphic negatives that he used for producing printed-circuits installed 
in a 1.0 in. gap x 7.9 1n. diameter magnet. 
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Ouring 1974 (on a part time basis) we designed and fabricated coils, 
coil holders, and coil current controls. In December 1974, we installed 
the coils in the magnet and in January 1975,we tested the completed 
system. 

This Daper describes the coil system, the magnetic field measurements, 
and the results achieved. 
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COORDINATE SVSTEH 

Figure 1 shows the coordinate system referred tu in this work super
imposed on a drawing of the magnet. The coordinate system was construc
ted to meet the following criteria: 1) B,, the main component of mag
netic induction is positive when the magnet power supply is positive. 
2) +y Is directed upward (a convention in NMR work). 3) The coordin
ate system is right handed. 

In order to be consistent with common NMR notation, where the y-axis 
is the spinning axis, it is necessary to depart from the common labeling 
used in spherical coordinates. Therefore, the y-axis 1s the polar axis, 
e is the polar angle or co-latitude measured from the positive y-axis 
(0 <_ e <_ «), and • is the azimuthal angle or latitude measured from the 
positive z'-axis (0 <_ * <. 2»). 

Figure 2 is a photograph which shows part of the magnet. The +z axis 
is parallel to the visible surface of the magnet iron and is directed 
nominally to the right. The +x axis is directed into the magnet gan to
ward the left. 
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Fig. 2 Varian Magnet Serial No. 529 
Room 145 HesiSt Mining Bldg. , University of Cal i fornia 
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THE THEORY OF ELECTRIC SHIMS 
The practice of increasing the volume of homogeneous magnetic field 

by the judicious placement of current carrying conductors on the pole 
faces of a magnet is at least 20 years old. In 1955, F. Nelson from 

3 
Varian Associates filed a patent describing apparatus to achieve this 

<t end. And in 1958, M. Golay reported reducing inhomogeneity in a 4mm 
3 

diameter "Spun-Sample" to less than one part in 10 "with a set of 13 
homogenizing coils." In 1959, at the Third Annual Workshop on NMR and 

t EPR Spectroscopy, W. Anderson presented a significant paper on Electric 
5 

Shims. 
The latter paper states that by expanding the magnetic scalar poten

tial, », about the origin of a spherical coordinate system one can de
termine "the number of independent components in each order of a field 
derivative." Expanding the magnetic potential about the origin of the 

* coordinate system shown in Fig. 1 leads to Eq. 1. 

•(r.e,*) = ^ ^ r*p m (cose) A^ sinm* + B^ cosm* (1) 
1=0 m=0 

Theoretically, one can construct any field shape by the proper se
lection of the coefficients A m , B . m with n sufficiently large. Because 
of the orthogonality property of the terns in Eq. 1, the terms represent 
a minimum set of Independent contributions to field shape. Golay shows 

Appendix 1 presents a solution of Laplace's Equation in spherical 
coordinates based on lecture notes of Prof. «5. R. Whinnery.6 

+NMR and EPR are abbreviations for Nuclear Magnetic Resonance and Electron 
Paramagnetic Resonance respectively. 
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that it is possible to produce the terms of the series without requiring 
"boundary conditons, i.e. coils with currents, in the median plane." 
His concise statement on the determination of the coil configurations 
from the potential function is reproduced in full in the next paragraph: 

"At the pole faces there will be no discontinuity in the magnetic 
induction normal to these faces, and the boundary conditions will be 
satisfied by making the current density within the flat coil on each pole 
face proportional to and perpendicular to the projection or the magnetic 
vector on that pole face. Since this projection is the gradient of the 
potential function in the plane of the pole face, if a sheet of conduct
ing material, such as one copper sheet of photoetching laminate, is cut 
along the contours of this potential function, and if currents of equal 
magnitude are caused to circulate in each conducting band between two 
adjacent contour lines, this will generate the magnetic field deriveable 
from that particular potential function." 

The relationship between Eq. 1 and the order of a field derivative 
is illustrated by setting n = 1 and examining the resulting terms of 
Eq. 1. (Use table I, Appendix I for evaluating the Associated-Legendre 

-Polynomials). 

1 l 
• (n = l ) » ^ ]jT r* p

m (cose) [A™ sinm* + B m cosmJ (2) 
*=0 m=u 
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= r°P 0° (cose) j^A0° sin (0) + B 0° cos (0)J ( 2 c o n t i n U e d ) 

+ r ^ f c o s e ) [ A J 0 sin (0) + Bj° cos (0)1 

+ r 1P 1
1(cose) Aj 1 sin* + Bj cos* 

= B 0° + r cose Bj° + rsine Aj 1 sin* + Bj 1 cos* (2) 

Converting to rectangular coordinates (see Fig. 1 and coordinate 
system description) and computing the gradient yields Eqs. 3 8 4. 

t(n-l) = B 0° + yBj 0 + xAj 1 + zBj 1 (3) 

it = _ w --Aj 1 tx - Bj° J y - Bj 1 tz (4) 

where a a„ and a are unit "ectors • x» y» z 

By inspection H x "-A^, H '-Bj 0, and H z s-Bj 1. 

Similarly, for n = 2 the linear field gradients are Included in the 
series expansion of Eq. 1. (See Ref. 5 for a discussion on the first 

derivative terms.) E.g., Hz(n=2)= -Bj 1 - 6A 2
2 x -3^ y -(6B 2

2 -B 2°) z 

On the midplane of a magnetic dipole oriented in the z direction 
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H = 0, H = 0 . Near the midplane of a carefully constructed magnet the x y 
minor components of field are small and often can be neglected. Anderson 
presents another argument for neglecting the minor components. He contends 
that over the volume of interest the variation in the field (3'= a xH^ + 
a H' + a 2H') may be only 1/10 of the field strength ($QX a.,Hz). The 
actual field (tf = fi0 + ft') can then be expanded in the binomial series 
as follows: 

Iffl- Vf« 0
 + H z ) 2 + H x 2 + H? 

*9 •*? '2 
H 0 + Hz + Hx + V + Hz -k 
H 0 + H- (5) 

From these arguments we conclude that it is necessary only to cor
rect the z-component of magnetic field. 

Using these simplifying principles, Knight & Erskine in 1965 con
structed and tested a set of "Golay" coils designed to control x, y 

7 
and z derivatives and the "coning" distortion of H z . With only these 

8 
controls they achieved a uniformity of 1/10 over a 0.1ml. volume. We 
followed their example. 
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THE SELECTION OF ELECTRIC SHIM SHAPES 
Due to the reported success of Knight & Erskine at a higher field 

than ours and with smaller diameter pole pieces than those in our magnet, 
we decided that first order corrections would also suffice for our magnet. 
We contemplated the difficulties in 1) carrying out the computations 
described in the previous section, 2) accurately drawing the contours 
of the potential function so that "currents of equal magnitude ara caused 
to circulate in each conducting band between two adjacent contour lines," 
and 3) converting the drawing to a photographic negative or positive 
suitable for the production of a printed circuit board. 

We decided to minimize these difficulties by enlarging the negatives 
supplied by Knight to a size appropriate to the dimensions of our magnet. 
Ideally, in scaling between two electromagnets with an iron yoke one 

would scale all dimensions linearly, liie two significant dimensions in 
this case are the gap length, g, and the pole face diameter, d. 

Taking the ratios of the diameters and gaps of the two magnets 
yields: 

d s/d k • 11.9/7,9 = 1.51 , g s/g k = 2.50/1.00 = 2.50 (6) 

Where the subscript, s, stands for Singer, and k, stands for Knight. We 

See Appendix II for laws for scaling for Electromagnetic models. 
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decided to compromise and make a 200% enlargement of the nagatives 
supplied by Knight. 

Knight and Erskine used the "Golay" coils to reduce the x, y and z 
derivatives of 8 , but abandoned the Golay coil set for reducing the 
coning effect in favor of two pairs of empirically derived coils 1.25 cm. 
(0.492 in.) and 2.5 cm. (0.984 in.) in radius. 

We tried coil pairs of approximately the same dimensions (1.19 cm 
and 2.46 cm radius). It turned out that the smaller coil had the more 
beneficial effect on the field shape. 
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COIL SYSTEM DESCRIPTION 
The coil system consists of two coil holders, a bipolar current 

source and controller, and interconnecting cables. Each coil holder 
houses five separately energized coils that are connected electrically 
in series with identical coils in the other package. 

Figure 2 shows the current controller and the batteries on top of 
the magnet. Figure 3 shows the Author holding the coll holders and 
Figure 4 is a closer view of the coil holders. 
1st Derivative Coils 

The coils whose purpose is to minimize 3B /ax.sB /ay, and aB /az 

(See Figures 5-8) were designed following principles outlined by Knight. 
The appropriate contours were etched on the front and back faces 

of 1 oz/ft double-sided printed-circuit-boards (0.00268 in. copper on 
each side of 0.002 in. N.E.M.A. FR4, total thickness 0.007 in. each 
board). The copper surface was gold-plated to facilitate making electri
cal connections. 

Appropriate connections through the printed-circuit (P.C.) board 
connect the front and back, thus eliminating the need for conductors 
penetrating into the region of interest and introducing undesirable 
field components. The targets seen in the figures allowed us to align 
the front and back sides of the boards during fabrication and served as 
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\ % 

Fig. 3 Author with Coil-Holders 

F1g. « Coil-Holders 
XBB 754-2804 
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fiducials for mounting the boards in the coil holders. Sheets of 
Mylar insulation, 0.005 in. thick, are sandwiched between the boards. 

Figures 5 and 6 show the front and back faces respectively of an 
* 

x - derivative coil. Note the current path- I„ enters the front face 
of the printed circuit board (arrow) and circulates In a clock-wise, 
direction to the center of the spiral where there is a connection to the 
rear face of the board. The current path continues in a clock-wise 
(viewed from the fro,...) direction, spiraling outward to a cross-over to 
the opposite half of the beard's rear face where the current is directed 
in a counter clock-wise direction, circulating to the center of the 
spiral. Finally, thera 1s a connection to the front face where the cur
rent path spirals outward, still 1n a ccw direction, to the return lead. 

The effect of a pair of x - derivative colls 1s to produce a field 
aiding the main field for x>0 and opposing the main field for x<0 (for 

*. one polarity of x - derivative coll current, I ) without changing the 
central field and without introducing other variations. 

The y - derivative coils (not shown) are identical to the x- deriva
tive coils except that 1) they are rotated 90° about the z - axis with 
resoect to the x - derivative colls; and 2) the connection leads are 

straight. 
A z - derivative coil Is shown in Figs. 7 and 8. The current cir

culation for one coil (both front and back sides) aids the main field 

The subscripts x,y,z, C and B Identify respectively the currents in 
x,y and z derivative colls and In the curvature and balance colls. 
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while the coil on the opposite pole face opposes the main field thus 
producing a z - derivative. 
Curvature Coils 

The two coil pairs that produce fields with second derivatives 
that are symmetrical about the origin were wound on the lucite forms 
shown in Fig. 9. Each coil consists of 20 turns of Nu. 28 magnet wire. 

The smaller radius coil-pair is called the curvature coil pair. Its 
effect is to produce a radial field distribution which will cancel the 
coning effect (i.e. either the "domed" or 'dishe.J" field shape inherent 

8 
in most electromagnets. ) The larger raduis coil-pair is called the 
"balance" coil-pair. The intended purpose of this pair is to return the 
central field to its uncompensated value by opposing the field of the 
curvature coils without introducing significant curvature of its own. 
Apparently, for the magnet under investigation, the radii of these coil 
Pairs are too near each other to use the balance coil for setting the 
field level. However, a specified field-magnitude may be held by making 
a minor adjustment to the main magnet coil current. 
Coil-Holders 

The coil-holders were machined from lucite (Fig. 10). Nylon screws 
passing through holes drilled through the centers of the targets on the 
P.C. boards hold the boards in the coil-holder. The coil-holder then 
fits tightly over the pole-tip. We had planned to use nylon stanchions 

The subscripts x, y, z, C, ;nd B refer respectively to currents flowing 
in the x, y, and z derivative coils and curvature, and balance coils. 
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to keep the coil-holders in place, but they were not needed. 
The balance-coils fit holes in the center of the coil-holders. And 

the balance-coils have holes to accommodate the curvature-coils. Again, 
we planned to secure the coils with cement but have found the tight fit 
sufficient to hold the coils in place. 
The Bipolar Current Source and Controller 

Figure 11 is a schematic of the current controller. The circuitry is 
7 

a direct copy of the Knight & Erskine control circuit except for one 
modification. We found with the selection of components specified we 
drew little current except near the ends of the ranges of the 10-tum 
potentiometer where its resistance neared that of the limitinq resistor. 

Larry Crooks modified the circuitry for the curvature and balance 
current controls to that shown in Figure 11 allowing finer control of 
those important currents. We intend to modify the remaining controls. 

Power is provided by 6 Nickel-Cadmium cells that were purchased from 
a Surplus Vendor (1.2V, 6 Ampere-Hour, rechargeable cells). 



6 l.2v/&flmp.Hr. 
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Fig, 1] Current-Controller Schematic 
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THE MAGNETIC FIELDS PRODUCED BY THE COILS 
We measured the magnetic induction contribution of each coil-pair 

on the 36 point grid described below: 
x « 0, + 0.5 1n. 
y = 0, £ 0.4 in. 
z * 0, ±0.2 in., -0.4 in. 

The measuring-system used for these measurements is described in 
Appendix III. With the point-coil positioned at each of the grid points, 
we switched the current-controller on and off with its controls set to 
maximize one current and zero the remaining currents. We recorded the 
change in flux-linkage due to each coil at each position. Current was 
measured with a Hewlett Packard, DC clip-on milliammeter Model No. 428-B, 
Ser. No. 0995A06747. 

The first-derivative coils produce magnetic fields that vary linearly 
with distance from the origin along one coordinate with negligible vari
ations in the other two directions. The measured effect at the oriqin of 
the coordinate system was less than 2.5 x 10 VnA for each of the first-
derivative coil-pairs. The normalized effects of the first-derivative coils 
are summarized in Table I. 
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Coil Magnitude, of Effect ; 

i I 
x-der1vative aB^sx i lx * 1.8 + 0.1_G oer P i 

cm ! 
i 

i 
y-derivat ive 3B / 5 y '• I « 1.9 • 0.1_G per A 

y cm 

i 
z-derivat1ve 3B /3Z -s I » Z.8 + 0.15_G per A 

em 

Table I Normalized Effects of First Derivative Coils j 

The curvature and balance coll pairs each produce fields that vary 
approximately as the square of the distance from the origin of our coordi
nate system. Because these coils are circular, their magnetic effects 
are readily calculated. For making the calcinations we used a Hewlett 
Packard Programmable Pocket Calculator (HP-65) with a 197 step program 

9 
that calculates "the magnetic-field of a circle-of-current". Figure 12 
shows the measured effects and the calculated effects due to the two coil 
pairs and their respective "Images." 

10 
Jackson shows that for the purpose of calculating the magnetic 

field in a vacuum due to a current distribution adjacent to a material 
of permeability p, the material can be replaced by the "image" of the 
current distribution. If the surface of the material is located at 
z' • 0, and the current distribution Is parallel to that surface and 
located at z" = z Q (I.e., current density » J(x,y,z' = z Q ) , then the 
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v-l material can be replaced b" the "image" current distribution J- = ^fj 

J(x,y,z' = -z„) . Far the calculated effects shown in Fig. 12, we 
added the effects of the circles of current represented by each coil to 
the effects of the image circles that represent the two pole-tips. A 
total of six circles of current were included in the calculations for 
each coil pair. The effect, in the region of interest, of the image 
from the pole-tip farthest from the coil was less than 5.0% of the total 
effect shown in Fig. 12. Images of the images were considered and were 
found to have effects less than 0.5* of the total effect, so the effects 
of the second and higher images were not included in the calculations. 

Figure 13 summarizes three sets of average-radial-profile data for 
the magnet. Curves 1 and 2 represent the approximate field shape adjust
ment required in order to flatten the field near the origin of our coordi
nate system (i.e., the negative of the measured radial distributions of B ). 
Curve 1 was derived from a plot of the magnetic field in the median plane 
of our magnet made at Varian Associates in October 1960. The 1960 data 
measured with B2(0,0) = 9.4 kG were scaled to B 2(0,0) = 2.34 kG by multi
plying by the ratio of the fields at the origin. Curve 2 summarizes the 

2 
July 1973 magnetic field measurements referred to earlier. 

Curve 3 in Fig. 13 summarizes the measured magnetic-field shape which 
optimized the NMR Spin-Echo signal as described in the next section. 
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IHPROVEMENT IN HOMOGENEITY BASED ON 

N.M.R. SPIN-ECHO SIGNALS 
t12 * 

Farrar and Becker define T, , the free-1nduct1on-decay time-constant 
in the presence of magnetic-field inhomogeneity, by Eq. 7. 

1/T2* « 1/T2 + YAB 0/2 (7) 
T» = transverse or spln-snln relaxation time. 

(For water in equilibrium with the oxygen in the 
n ." 

atmosphere at 25 C : T, % 2 sec) 
Y = magnetogyric ratio (For Hydrogen Y * 2.675 x 10 (radians/sec 

per Gauss) 
AB 0= inhomogenelty 1n the region of interest of the D.C. 

magnetic-flux-density. (Gauss) 
* A measure of T- is a sensitive Indication of the field homogeneity 

for T- « 2 sec. 
Solving for AB-, using the values above for T, and Y yields Eg. 8. 

5 n T, . T, 5 2.0 . T 7 

AB n = ^ x -i 4- = 3.75 x 10 % (Gauss) (8) 
u Y T T T 

l 2 Ig l 2 

Farrar and Becker use 4H» which is numerically equal to A B Q in a vacuum 
in the electromagnetic system of units (emu). 
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L. E. Crooks (Fig. 14) supervised the N.H.R. spin-echo measurements 
used for the calculation of T, . The N.H.R. spin-echo measurement system 
is described in detail elsewhere. The N.H.R. probe used for these measure
ments (Figs. 15 and 16) was designed and fabricated by Crooks. The 0.7 cm 
diameter x 0.9 cm long receiver coil was positioned at the origin of our 
coordinate system with its axis along the x-axis. The saddle shaped trans
mitter coil (2.5 cm diameter x 5.0 cm long) was positioned with its axis 
along the y-axis of our coordinate system. 

Our procedure was to vary the current in each of the electric-shim 
coil-pairs while observing the spin-echo signal for an increase in signal 
width. When we varied the x, y, and z gradient coil currents, we only 
observed decreases in the signal width for both polarities of current. We 
conclude that the first derivatives at the origin were negligible for the 
uncorrected field. 

Figure 17 is a record of the Improvement we observed in field homo
geneity with various combinations of correction coil currents. The half-
amplitude width of the envelope of the signal is a measure of T- . 
Table II summarizes T, and the respective values of AB Q for ths four cases 
shown in Fig. 17. 

AB Q/B 0 

(per unit) 
1.4 x 10" 6 

3.0 x 10" 7 

2.1 x 10' 7 

1.3 x 10" 7 

Fig. * 
T 2 

(msec.) 
AB Q 

(Gauss) 
17 a. 22 3.4 x 10" 3 

17 b. 100 7.1 x 10"" 
17 c. 144 4.8 x 10"" | 
17 d. 220 3.0 x 10"" j 

Table II Homogeneity Derived from T„ 
I 
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F1g. 14 Lirry Crooks vltti Coil-Holder* 

Fig, 15 NHR Probt (Asurtiltd) Flo. 16 NHt Probt (SMpla • Rtcclvtr r*ovtd fron tr*n»1tttr 

XBB 754-2911 
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a. Uncorrected Signal I c * -6 .0, I B • *24.0 

I, - 0.0 (mA) 

c. I c - 6 . 0 , I B - 424.0 

I, « 1.5 (mA) 

d. I c - 17.2, 1 B 

1 , - 1 . 4 (mA) 

XBB 7 5 4 - 3 3 0 1 

F1g. 17 Effects of Selected Current Distributions on 
the Period of N.M.R. Spin-Echo Signals 

1 • 0.30 A., B (0,0) • 2340.0 Gauss, Sweep Rate • 20 nsec/dlv.. Vert. Sens. • IV/cm. 
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A study of Fig. 17 and Table II leads to the conclusion that most of 

the improvement was due to the circular-correction-coil currents I c s I B 

(A factor of 4.5 in signal width as determined from Fig. 17b). Another 
factor of two improvement was achieved by adjusting the z - derivative 
current, I (Fig. 17C). Once again no improvement was observed when we 
varied either I or I . x y 

The maximum signal width was observed (Fig 17d) after we reversed the 
polarity of both I and l„ and readjusted the relative magnitudes of these 
currents. This effect was expected, because the curvature and balance coils 
are connected in series opposition. (When I > 0, and the curvature-coil -
pair produces a "domed" field; I., <_ 0, and the balance-coil Dair produces 
a "dished" field, or none at all). 

Equation 9 describes the envelope of a theoretical model of free in-
1 lit 1 6 

duction decay signals that has been considered valid in a gradient field.' 

"<!)-« Si" l$fi O) 
V = Amplitude (Volts). 
K = Constant that includes the magnitude of the total magnetization 

Vector and the gain of the electronics. 
it 

y = Magnetogyric ratio, 2.675 x 10 (radians/sec per Gauss). 
T s Time measured from the location of the apex of the curve. (Sec.) 
g = Gradient (Gauss/cm). 

2a = Effective length of the N.M.R. receiver coil, (cm.) 
V(T = 0) = K; the expression K sin x/x has its second maxinum.of magnitude 

0.22K, at x = 4.49 radians. On close examination of the signals shown in 
Figs. 17a and b, we notice that the envelopes of the signals do have second 
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maximums with amplitudes approximately 1/5 of the T = 0 amplitude. 

We estimated the location of the second maximums and calculated ga 
for the two cases. (See Table III.) The values for ga are in rough 
agreement with the values of &Bg based on Eq. 7. I have not found a 
precise definition of the "inhomogeneity of the magnetic-flux-density" 
(a8 0 in Eq. 7). 

Location of . 
Fig. 2nd peak ga -JY B 0 (Table 1) 

(sec.) (Gauss) (Gauss) 

17a 3 
+ 32 x 10 5.3 x 10" 3.4 x 10' 3 

17b + 86 x 10" 1.96 x 10" 7.1 x 10"" j 
—1 - — - J 1 

Table III Comparison of Homogeneities 
Based on Eqs. 7 8 9 
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DISCUSSION 

A system of coils is a convenient and versatile method of in
creasing the volume of homogeneous field in an electromagnet. In less 
than two hours of tuning and evaluation, we achieved the results recorded 
by the photos in F1g. 17. The spin-echo signal duration, T, , was in
creased 10 times, from 0.022 to 0.220 seconds. 

We expect this system to provide satisfactory optimization over a 
wide range of field levels and sample sizes in the magnet for which it 
was designed. In addition, the system probably could be adapted to 
other electromagnets or permanent-magnets with cylindrical pole tips. 

Further improvements in the quality of N.M.R. signals in our magnet 
8 17 

probably can be achieved by spinning the sample about its axis. ' 
As noted earlier, most of the observed Improvements were due to the 

circular currents. If one wanted to try to improve the quality of his 
N.H.R. display in another magnet, he night 1) Wind several circular 
coil-pairs of different radii, 2) Attach the coil pairs to the pole-
faces of his magnet, symmetrically with respect to fjsch the magnet and 
his N.H.R. sample, and 3) Examine the variation of his N.H.R. display 
as a function of the coll currents. 
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Appendix I 

SOLUTION OF LAPLACE'S EQUATION IN SPHERICAL COORDINATES6 

For a current free region the magnetic scalar potential, *, satis-
Laplace's equation, 

given by Eq. 1. (A1.01). 
fles Laplace's equation. Laplace's equation in spherical coordinates is 

19 

,2, 1 _L f «-2M. ) + l . i _ (sines*. V 1 a 2* = 0 (Ai.oi) 
1 2" 
8 3* 

A standard method for solving partial differential equations is to 
assume a product solution of the form of Eq. 2, where R, P, and 0 are 
each functions of a single variable as indicated. 

t(r,e,*) x R(r)P(e) Q U ) (A1.02) 

Substituting Eq. 2 into Eq. 1 and rearranging produces Eq. 3. 

a Q , „_ sirTe a I r aR sine a tine 3P (A1.03) 
# " - — T T a r [ Wj — T - » i { ae j 

Now the expression on the lef t side of Eq. 3 is a function of $ 

only, while the expression on the right side of Eq. 3 is a function of 

the variables r and e. These expressions can be equal to each other for 

arbitary values of the independent variables r, e, and*only i f the 
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expressions are independent of r, 8 and • (i.e. are constant). Setting 
2 

the constant equal to -m gives us Eq. 4. 

2" /Q = -m 2 (A1.04) q 
Substituting Eq. 4 Into Eq. 3 and rearranging produces Eq. 5. 

I _i r 2 l i - m 2 '•_ _i sine 3? (A1.05) 
R ar L ar J " 7772. " Pslns 38 (_ 38 J 

The expression on the left 1s a function of r while the expression 
on the right is a function of e, so for equality to hold the expressions 
must be constant. Setting the constant equal to t (l+ 1) produces Eq. 6 
and Eq. 7. 

1 d ]ri dR I = l(l+ 1) (A1.06) 
W d7 [•'*]• 

[sine dP = -t{t dTj m 2 + 1 d I sine dP I = -t(l+l) (A1.07) 
7 ^ PsTnT He" ~ 

2 Making the substitutions x = cose, dx = -sinede, and sin e = 
l-cos28 = 1-x2 in. Eq. 7 yields Eq. 8 
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p>£] •[*•»-_£] d |(l-x*) dP | + | *(i+l) - _nT | P = 0 ; x = cose (A1.08) 

Equations 4, 6 and 8 are plain differential equations which have the 
20 21 

solutions shown in Eqs. 9. > 

Q = A'sinm* + B'cosm* (A1.09a) 

R = C'r £ + D' r *** + 1) b) 

P = E-P t
m(x) + F'Q t

m(x) ; x = cose c) 

Substituting the equations 9 into Eq. 2 yields the most general 
solution to Laplace's Equation (Eq. 10). 

*(r,e,+) 'JA'sinm* + B'cosm«> C'r 1 + D'r ~<* + 1' j 

E'P^cose) + F-Q^cose)! (Al.io) 

If the origin is included in the problem D = 0. Similarly, if the 
polar axis is included in the problem F » 0. The problem we are con
cerned with in this work includes both restrictions so the solution re
duces to that shown 1n Eq. 11. 

*(r,e,*) * r ^ V o s e ) A ^ slnm* + B^cosn* (Al.ll) 
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P is called an Associated Legendre Polynomial of the first kind, 
order m, degree a. The polynomials in cose can be determined by recursion 

21 
formulas. The f i r s t few polynomials are listed in Table I . 

Po(z) = 1 
Pi(z) = z = cos 0 
pj( 2 ) = (l - g*)t = S in 0 
Pt{z) = *(3z2 - 1) = i (3 cos 20 + 1) 
P\{z) = 3(1 - s2)*2 = | sin 20 
P\(z) = 3(1 - 22) = | ( 1 - cos 26) 
p3(z) = | (5 2 3 - 3z) = | ( 5 cos 30 + 3 cos 8) 
P\(?) = 1(1 - « 2) J(52 2 ~ 1) = f (sin 8 + 5 sin 30) 
P\{z) = 15(1 - z*)z = ¥(cos 0 - cos 30) 
Pliz) = 15(1 - 22)3 = ^ ( 3 sin 8 - sin 30) 
PA[z) = |(352 4 - 3022 + 3) = ^ ( 3 5 cos 40 + 20 cos 20 + 9) 
P\(z) = T(1 - 22)»(723 - 32) = TST(2 sin 20 + 7 sin 40) 
P\(?) = ¥ ( 1 - «2)(7z2 - 1) = H ( 3 + 4 cos 20 - 7 cos 40) 
P\(z) = 105(1 - z*)*z = ±¥-{2 sin 20 - sir. 40) 
P\{z) = 105(1 - 2 s ) 2 = - ^ ( 3 - 4 cos 20 + cos 40) 

Table AI-I 
Associated Legendre Functions 
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Appendix II 

SCALING LAWS FOR ELECTROMAGNET MODELS 
The laws of scaling are covered under the general theory of Model-

22 ing. The scale factors which can be chosen arbitrarily are called 
fundamental scale factors. The number of fundamental scale factors is 
identical with the number of fundamental dimensions necessary for a 
complete dimension system. Four fundamental dimensions form a comnlete 
dimension system for the field of electro magnetism exclusive of thermal 
phenomena. 

We are interested in scaling length, and because of the non-linear 
nature of ferromagnetic materials, we want magnetic induction the same 
in the model as in the full scale magnet. For simplicity, we choose 
the conductor material and geometrical shape the same in the model as 
in the full scale magnet. 

Equations 1 - 4 constitute a sufficient set of independent model
ing relations for an electro magnet that contains ferromagnetic material. 

B m(H m) - B(H) (A2.01) 
p 0 = p (AZ.02) 
d = d (A2.03) 
ra 
* m • kl (A2.04) 

m Subscript denoting a model parameter 
B Magnetic induction (Eq. 1 emphasizes the fact that 8 depends on 

the magnetic field intensity, H 
p Rosistivity of the current carrying conductor 
d Density of the material involved 
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l Linear dimension (e.g. pole tip diameter, distance between pole 
tips, etc.). 

k Linear scale factor. 

With these choices of fundamental scaling factors the dependent 
scaling factors can be derived by dimens-'onal analysis. Some of the in
teresting dependent scaling factors are derived below. 

It is interesting to note that although the power in the model varies 
linearly with the scaling factor, k, the power density in the model is 

2 
proportional to the reciprocal of k . Under the above assumptions cool
ing problems control the lower limit of the scale factor of an electro 
magnet model. 

2 3 
Area and Volume Am = k A , V_ = k V 

D 

Magnetic Field Intensity H = — = - = H 

m ' m 
H = S. = i 
m v v 

Current Density J = vxH m = £ vxH = £ 

Current I = J A = i k A = kl 
m m m k 

Resistance R =. Os^ = fi£i * £ 
m Am tt * 

Power P m = 1 ^ = k

2 t 2 i . k P 

Power density Pm kP P 
m 

Weight Wm * d v = d k \ = k3W 
m mm 
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Appendlx III 

COIL/INTEGRATOR MAGNETIC FIELD MEASUREMENT SYSTEM 
The January 1975 measurements of the 12-inch Varian Magnet, Model 

No. V-4012A, Ser. No. 529 were made with the equipment listed in Table 
A III - I. 

The Electronic Integrator (see Fig. A III - 1) is a design that re
flects many years of experience with the development of electronic inte
grators at Lawrence Berkeley Laboratory. "This design incorporates care
ful guarding, isolation, and simplification of the summing-junction. 

DEVICE IDENTIFICATION AND NOTES 
Electronic Integrator 

Point-Coil 

Flux Standard 

x-y Plotter 
Bias Box 
D. C. Milliammeter 

Positioner 
Coil Positioner 

LBL Model '71, Ser. No. 8, LBL Drwg. No. 6V1763, 
R7 * 51.1 x 10.0 (a) (nominal) 

.6 
CI » 0.20 x 10.0 (F), (nominal) 
Output Attenuator Setting = 582 

LBL, Coil No. B-145, 
2 

Area, nA * 5370 cm 
Resistance, Rcoil * 2.30 x 10.0 (n) (at 25°C) 

LBL SLFS No. 39, LBL Orwg. No. 5V4994 
* ' 0.00952 (Volt-Seconds) 
Mosely Model No. 7000-AR, Ser. No. 709-01034 

LBL Drwg. No. 5V8032 

Hewlett Packard Clip-on, Model No. 428B, 

Ser. No. 099SA06747 

LBL 2-Dlmensional, Precision Lead-Screws 

LBL 16 1n. Linear Positioner 
Table A I I I - I Equipment List 
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Fig. ft III - 1,Electronic Integrator Block Diagr*n 
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Ws use Teflon dielectric capacitors to achieve low leakage and low temper-

23 
ature coefficient of capacitance. 

Figure AIII-2 shows the point-coil positioned in the magnet gap. The 

point-coil is a cylindrical coll with dimensions chosen such that the flux 

linking the coil is approximately proportional to the magnetic induction 
2>t 

at the geometrical center of the cylinder. The coil is enclosed in an 
epoxy cube 1.20 cm on a side. 

The Flux-Standard is a portable, secondary-standard of /Vdt used for 
determinining the operational time constant of the integrator. ::A repro
ducible /Vdt pulse is generated by reversing the magnetization of a temper
ature-controlled, temperature-compensated toroidal-core transformer."' 

The core of ribbon-wound Deltamax is normally saturated in one direc
tion by current in the primary winding. When the primary current is re
versed, an accurately reproducible flux change links the output winding 
(secondary). In 1967, Macondray claimed accuracies of 0.03% for the /Vdt 

25 
pulses generated by the flux-standards. Six individual units have been 
calibrated several times. The results dre in agreement with Macondray's 
claims. 

The point-coil was positioned on grid points in the magnet coordinate 
system with the positioner shown in Fig. AIII-3. A 16-in. linear coil 
positioner was mounted on a 2-dimensional positioning frame, so the coil 
could be extended Into the magnet gap as shown in Fig. AIII-2. 

For measuring separate and combined effects of the electric-shim 
coil-currents, we positioned the coil and measured changes in flux-linkage 
as we switched the electric-shim current controller on and off. 
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Fig. A I I I - 2 Magnet (lap with Coil-Holders Instal led 
(Fleld-Measurement-Calt fn Pap} 

F1g. A I I I - 3 Three-Dimensional Coil-Positioner 
for Magnetic Measurements 

XBB 7 5 4 - 3 1 8 1 
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