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ABSTRACT

An exposition and extension io given of some work of M. Bell
at CERN, involving the construction of a radially symmetric prob-
ability dpnolfty in the plane which has a given marginal density.
The problem is of importance in certain Monte Carlo procedures.
Wliilc our results arc more extensive and precise, the crucial step
relies on a remarkable integral transform discovered by Bell.

INTRODUCTION

Let Y be the set of all strictly decreasing functions y(r) on the inter-
val [0,R], with y(0) = 1, y(R) = 0, which are of class C 1 on (0,R), and F the
set of continuous functions f(r) > 0 on (0,R), not identically zero on any
subinterval, with

f(r) dr - 1 . (1)

The functions f(r) of F define a class of radially symmetric densities
p(x»y) = f</ x2 + y2) on the circle C •= {(x,y); x2 + y2 < R 2 } , in particular
it follows from Eq. (1) that

2Tf R

j j £{/ x2 + y2) dxdy - f J f(r)rdrd9 - 1
C 0 0

Let P be the set of all marginal densities

p(x) - 2 j f ( / x 2 + y2)dy (3)
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era C-SBR) for the functions f(r) of F. Finally, define Y* as the set of all
Iunee£3**s y*(r) on [O.Rj arising from the marginal densities p(x) of P by way
of the Integral transform

f /R2 - r2 .
y*(r) - 2 I p ( / r 2 + x2)d3t . (4)

0

This transform, which has the appearance of a marginal density, was introduced
and exploited by M. Bell fl], and is the key to all that follows.

Now consider the mappings

y(r) * f (r) •* p«x) • y*(r) (5)

for these sets Y, F, P, Y*, defined respectively by

f(r) - - i dy/dr2 ; 0 < r < R (6)

and Iq«. (3) and (4). It la shown belcw that y*(r) • y(r) for every y(r) in
Y, and that all three of the correspondences in (5) are one-to-one, and
onto all of the sets F, P, Y* respectively.

It follows that a given marginal density p(x) uniquely determines its
radially symmetric density f(r). It is also proved that a given continuous
density p(x) on <-R,R), which is an even function, not zero on any subinter-
val, is indeed the marginal density of some f(r) of F if and only if its Bell
transform y*(r) defined by Eq. (4) rlo strictly decreasing and of class C* on
(0,R). The unique f(r) for such a density p(x) is then explicitly construet-
ible via the mappings of (5), in the order

9U) •> y*(r) S y(r) + f (r) (7)

THE MAPPING y(r) •*• £(r)

We consider as basic here the more familiar correspondence f (r) -*- y(r)
defined on I1 to Y by the relation

r

y(r) - 1 - J 2fflf (r)rdr ; 0 < r < R (8)
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where the integral is simply the distribution function of the density
2nf(r}r on (0,R), and y, or 1 - y, plays the role of the random number in
straightforward Hontc Carlo sampling of thia radial density for r on (0,R).

Theorem 1

The correspondence £{r) •» y(r) defined by Eq. (8) is one-one on F to all
of Y, its inverse y{r) •* f(r) being given by the relation

f (r) - - i dy/dr2 ; 0 < r < R . (9)

Proof: (a) The function y(r) in Eq. (8) is veil defined on fO,R]» with
y(0) « 1, y(R) • 0, and of class C* on (0,R), since f(r) is continuous, with
Integral (1); moreover y(r) is strictly decreasing since f(r) > 0 and not zero
on any subiatcrval. Hence y(r) is in the set Y. (b) The correspondence is
one-to-one, since £ *• y and g -*• y implies by Eq. (8) that

r

£(r)rdr i f g(r)rdr . • (10)
0 0

Differentiation in Eq. (10) shows that f(r)r = g(r)r and henc.? f{r) H g(r) on
(0,R). (c> The mapping (8) carries F onto all of Y. In fact, if y(r) is a
given function in Y, then the function (6), namely

f(r) s - i dy/dr2

is well defined and continuous on (0,R) since y(r) is of class C*; f<r) > 0
and not zero on any interval Gisiee y(r) is strictly decreasing; finally we
verify the integral property (1),

R — R R

J 2nf(r)rdr - - j (dy/dr2)(2rdr) - - J (dy/dr)dr - y(0) - /(R)

- 1 - 0 - 1

Hence the f(r) so defined is in F. Finally, we see that this f(r) maps into
the given y(r) under (8), and therefore that Eq. (6) defines the mapping y(r)
-*• f(r> which is inverse to f(r) •+ y(r). In fact, we have for r on [0,R],
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r r v
1 - 1 2*f(r)rdr - 1 + I (dy/dr2)2rdr - 1 + f (dy/dr)dr

yCr) - y(0) • y(r).

THE ITERATED MAPPING y •*• £ • p + y*

It Is obvious by definition that the correspondences f •*• p and p •*• y*
fivtn by Eqs? (3) and (4) «r« xsipsetlvtly on F to all of P, and on P to all
of Y*. Tht raaatkabla transfom (4) now sarvss to show that. In tha iterated
mapping (5), oaaiely

f (r) * p(x) •* y*(r)

vs h*ve actually costs full circle.

The corraspondence (5) takes Y into T identically, i.e.. y*(r) • y(r)
for every y^r) of Y. and hence Y* • Y. In fact, under the capping

f (r) * p(x) •• y*(r) (11)

it appeera that

y*(r) - 1 » J 2nf (r)rdr « y<*.) s 0 < r < R . (12)

Moreover, all three of the corcespo^ences in (5) are one-to-one and onto all
of the sets ?. P. Y*« respectively.

Proof: Evaluation of y*(r) in tarns of f(r) via the napping (11) ahows
that
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f/R2 - r
y*(r) - 2 j

0
X2)dx

f / R 2 - r2 . / R2 - (r2 + X2)
I dx 2 j f (/(r2 + X2) + y2)dy

- 4 I dx I f(/r2 + (X2 + y2))dy

0 00 0

where we have sec the constant R^ - E 2 • b^ temporarily. We thus obtain an
integral over the circle x2 + y2 < b2 in the first quadrant, and introducing
polar coordinates via the transformation

X » p COS ©

y • p sin 8

shows that

rr/2 b

y*(r) - A J |
0 0

p2)pdpd9

7T J ff(/r2 + p2)2pdp

Changing from p to the variable s • / r2 + p2 then yields

R r

y*(r) - J 2irf (s)sds - 1 - J 27rf (s)sds - y(r) ,
r 0
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as characterized in terms of f by Eq. (8). He have still to show that the
two correspondences in (11) are one-to-one. This will follow at once if we
prove that the net mapping f(r) •+• y*(r) induced by (11) is one-to-one. But
this is obvious from Eq. (12), since f(r) •* y(r) is one-to-one by Theorem 1.

Corollary 1

A given density p(x) on (-R,R) which is in fact a marginal density of
gone f(r) in F, uniquely determines its source density f(r) via the corre-
spondences

p(x) - y*(r) = y(r) -»• f (r)

in the explicit form

p(/r2 (13)

which thus provides the inverse of the mapping f(r) •+ p(x).

Proof: The result follows from Theorem 2, using the relations (4) and
(6).

The formula (13) is due to Bell [1].

DENSITIES WHICH ARE INDEED MARGINAL DENSITIES

A density p(x) on (-R,R) which is in fact a marginal density of some
f(r) In F certainly belongs to the cot E of continuous even functions e(x) on
(-R,R) with e(x> > 0, not zero on any sublnterval, and of course having

e(x)dx - 1

We have seen in Corollary 1 how the ancestral density f(r) may be constructed
for a density p(x) known to be marginal. There remains the problem of
determining which functions e(x) of the set E are actually marginal densities.
An answer is provided by

\
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Theorem 3

A densityefx) of the «et E is a marginal density In P if and only Iff
its transform y(r), defined on [0,R] bv_

y(r) - 2 e(/r2 + x2)dx (14)

is strictly decreasing and of class Ĉ - on (09R).

Proof: If e(x) is in P, its transform y(r) in Eq. (14) coincides with
its transform y*(r) in Eq. (4) which we know is in the set Y* - Y by Theorem
2. Hence p(r) is decreasing and of class C 1 on (0,R) by definition of Y.
Conversely, suppose y(r) in Eq. (14) has the stipulated properties* for a
given function c(x) in the set E. Then clearly y(r) is Itself In the set Y,
since y(0) - 1 and 5?(R) « 0 by (14). We may therefore define for this f of Y
the functions £(s>, p(x>, y*<r> by the standard mappings of (5), i.e., with

y(r) •*• f (r) •* p(x) •*• y*(r)

By Theorem 2, this Implies y*(r) - y(r) Rnd hence we should have

= I
0

(/

where p(x) is in P. Now the even densities p(x) and e(x) on (-R,R) may be
regarded aa defining radial functions p(r) and e(r) on (0,R), and hence when
suitably renormed to satisfy the .requirement (1), as functions in the set F.
But then Eq. (15) asserts that Che radial densities so defined have a common
marginal density, and we know fit'oti the one-to-one character of the mapping
L'(r) •*• p(x) proved in Theorem 2, that this Implies p(r) = e(r) on (0,R), and
hence p(x) = e(x) on (-R,R), since both are even functions. Hense e(x) is
indeed in the set P of marginal densities.

For example, Theorem 3 shows that the functions e(x) » 1/TT(1 •• x^)
and e(x) m 2. x2 of the set E (R • 1) are not marginal densities. (Note that

both are increasing on (0,1)). The former has the transform y(r) = 1, while
the latter has a non-monotone y(r) - 3r2(l - r 2 ) 1 ' 2 + (1 - r2)3/2f with a
maximum at r • l//z .

The test of Theorem 3 may be difficult to apply In practice, rnd simple;
criteria are desirable. A trivial sufficient condition may be mentioned.
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Corollary 2

A density e(x) of. E, of class C1 o]_ (0,R), is a marginal density in P
provided e(x) is non-increasing on (0,R).

Proof: For 0 < r < s < R, one has

. / R2 . r2 , / R 2 - S2 _ _ _ _ _
| y(r) - I e ( / r2+x2)dx > I e</ r2 + X2)d

0 0

| y<G)

and the result follows from Theorem 3.

Examples 1 and 2 below exhibit marginal densities which are respectively
strictly decreasing, and constant, in accord with Corollary 2, while Examples
3 and 4, displaying such densities which are non-monotone and even strictly
increasing, show that the sufficient: condition of the Corollary is far from
necessary.

SOME EXAMPLES

We include here some examples (for the case R = 1) which illustrate
various features of the mappings (5).

Example 1

yCr) - 1 - r2 -• f (r) - 1/ir •> p(x) " J (1 - x
2 ) 1 ' 2 H- y*(r) = 1 - r2

" y(*)» pGO decreasing on (0,1).

Example 2

y(r) - (1 - r2)l/2 + f(r) - 1/2TT(1 - r2)l/2 * p(x) - 1/2 + y*(r) - y(r);

p(x) constant.

Example 3

y(r) - 1 - r* • f (r) - \ r* •*• p(x) - %ix2(l - x 2 ) 1 / 2 + j (1 - x 2 ) 3 / 2 }
•*• y*(r) » y(r); p(x) non-monotone on (0,1) , maximum at x • \I-Jl .

\
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ExaepJa 4

y{r) - i (1 - r 2 ) 1 ' 2 (2 + r2) •#• f(r) - 3r2Mu(l - r 2 ) 1 / 2 + p(x)

- | (1 + x2) •* y*(r) - y(r), p(x) increasing on (0,1).

Note that all four functions p(x) necessarily have decreasing transforms
y*(r).

The construction of f(r) from p(x) by the formula (13) is easily verified
in the above cases.

THE INFINITE CASE R « «>

The previous results for the case of radially symmetric densities on the
circle of finite radius R extend in an obvious way to such densities defined
on the infinite plane, and indeed with simpler underlying formulas. Rather
than repeat the steps in a formal way, we simply state the analogous methods
without preof.

Kc now take for Y and F the sets defined above with R replaced by (o; P is
then the set of marginal densities

p(x) - 2 j f(/ x2 + y2)dy

on (- <»,<») fOr cfoe radial function f (r) of F, and Y* the set of Bell trans-
forms

00

y*(r) - 2 f p(/r2

0

on [0,°°) arising from the densities p(x) in P. The mappings (5),

y(r) * f (r) - p( x) * y*(r)

are defined as before with (S) unchanged.

Theorem 1 on the correspondence y(r) •• f(r) then applies verbatim, as
does Theorem 2 on the iterated mapping (5).



The analogue of Corollary 1 gives the inverse of the mapping f (r) •*• p(x)
in the form

f(r) - - r JTT 12 j P(/* 2 + «2)dxl (16)
i 0

and provides the construction of the (unique) radial density with a given
marginal density p(>.) on C-00,01).

A density e(x) of the set E> defined as before with R replaced by %
is found to be a marginal density iff its Bell transform

y(r) - 2 I e(/ r^ + xZ)dx ; 0 < r < <»

0

is strictly decreasing and of class C 1 on (0,»), just as in Theorem 3, and
the non-increasing property on (0,°°) of a class C^ function e(x) suffices to
identify it as a marginal density.

W.J conclude with two illustrations of Eq. (16).

Example 5

For Che normal density

1 -r/2on (-e0,0"), (16) yields the ancestral radial density f (r) • -=~ e on (0,<»)

(it had better)), with the accompanying density

P(x,y) -f(/x2 + y2) - i e
 2

on the entire plane.
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Example 6

Froa (16), one finds that the Cauchy density p(x) - i M l + x2) on
(-00,00) is the marginal density of the less well known radial function
f(r) - / Z)3/2

Note that the functions p(x) in both examples have decreasing Bell trans-
fer tea on (0,o°), as required by Theorem 3.
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DISCUSSION

Kalco: It looks EO nc as though the problem that was originally put was
that of inferring the radial distribution of aoae quantity frou measured line
integrals. Is fchafc correct? If you have, for example, a plasma which is
known to be radially sycaefcrie and you ceasurc the density, with a laser for
exazple, along a line, then p of x is precisely such a line integral. You now
are asked to infer the radial distribution of the density of the plasma, which
is the y or r. So this is the sort of problen you are talking about. Now
this problem is one that I have been acquainted with for a long time. Sonte-
tise around 1960 a catheaatician by the naae of Mort Slater solved a more gene-
ral problea, Which I don't think he was the first one to solve. The problem
can be formulated as follows: x and y have scze unknown distribution, p of x
and y." Given the ability to measure line integrals as a function of distance
of closest approach and angle, how do you infer p of x and y? He showed that
it was possible to do this, and that the solution involves an Able integral
equation. So there Is still nore that can be done with the problem you posed.
I den't think that his proof was ao elegant and ua clcareut as youra, but there
io taore here to bo dined»

G&xstiticll: Well, I an glad that you told so because obviously, with a
result like OURS, we certainly felt there had to bo a lot of work that had been
done en this problem, work that we wore not aware of. Our analysis started,
Qicply, as an ateccpt to understand what went on in the Bell paper. This was
dene by Slater?

Raisei Slater, Mort Slater. I don't know if he published this in any
natheaatical journal. I know of Slater's work only through a memorandum at
United Nuclear Corporation. It wac cade the basis of a device for measuring
densities by gacna-ray transmissions and was actually applied to the measure-
neat of the density distribution of space capsules.

Caotasell: I sec, very interesting.

Covcyou: The radial distributions you arc talking about here are in two
dimensions?

Caahacll: Two dimonslons, right.

Coveyou: I am going to stick my nock out here. Can you find any one-
ditnensioncl distribution which is not a marginal of a radial distribution? I
have a feeling that any one-dimensional function which is a distribution is
the marginal distribution of some radial distribution, and I think that la
true regardless of the number of dimensions,.

Coehwell: You don't believe my necessary and sufficient conditions?

Coveyou: No, I think that you could find a case where they were not
satisfied.

CoBhuell: But ttusre are examples in my paper.

Coveyou: Examples of one-dimensional distributions which are not margi-
nal distributions of any radial distribution? My original intuitive feeling



is that simply any one-dimensional distribution (any one-dimensional distribu-
tion that is syrrjr.etric, of course) has got to bo the marginal of seme radial
distribution. New you can find functions which do not satisfy your condition,
but are they distribution functions?

C.'.cknell: Can you produce the radial distribution for any given one-
dirciisional function?

CoveuQu: I think I can write down a formula for it. In fact* I. suspect
that r.:ore than this is true, that if you take any two dimension numbers, one
waller than the other, and take a distribution in the smaller-dimensional
space, then you can represent it as a marginal distribution of a radial dis-
•.•iDution in the larger dimensional space. I don't see how it can fail. I
think you czn write down a formula for it.

Ccs'tiuicll: I would be very interested in seeing it.

COVCJOU: Another coiunenfc is that I think this has been done in one
vetrsuu three. Isn't this what is usually called the fllizzard
, or uc:r.cthin{* of the sort? And I believe that case, the transfor-

:i<t Ian frc.-i one dirr.einuioin to throe dimension, is discussed in Feller. I
Lir'iV. I h.jvo seen it there, either that or something that is very closely
• c i j i <_'«].

".alas: Suppose the one-dimensional function is 0 at the origin and rises
i : increases. How can that be the marginal distribution of a radial distri-
u"on function? It is out of the question.

Coocyoj.: The density may have to be decreasing.

-'ilos: That is right.

S:jjiz:ax>ij of Subsequent Diseusoion: CasbweJl pointed out, and discussed,
zounteryxanples in hia paper, i.e. examples ef cne-ditnensional distribution
functions which are marginal distributions of any radial distribution.

I am curious whether Bell said anything about where he encoun-
tered this problem?

Caskwe'll: Very little is said in the paper but it is apparently in con-
nection with a beam of particles.

Gelbavd: That is essentially wha*" Mai Kalos said.

Cashwetl: It is what Kalos said. They had a projected density and wanted
to infer the radial density function.

Gelbard: Dr. Borgwaldt wanted to make some points on another subject.

Boi'gWaldt: Bob Gast asked to hear from other people how they are dealing
with the eigenfunction strategy. I will try to explain the scheme we are imple-
menting now. We have decided to have a fixed, rather small, number of fission
neutron sites with varying weight. I think that, if we had a stochastic
operator, we could perform an eigenfunction iteration with a single neutron.
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Now, our operator is not stochastic, so what we are trying to do is to modify
the operator in such a fashion as to give it a more stochastic character. We
are trying to decouple the source iteration procedure from the estimation pro-
cedure. We are trying to develop an estimation procedure which uses each
source neutron site once, and only once as a contributor to an estimate, and
to estimate errors along the lines which Kalos has explained. The source it - 3-
tion procedure we are developing is a random walk in a 4 * n dimensional spar. ,
where n Is the number of the fission neutron sites and 4 is the number oc t
coordinates. This randon walk procedure is formulated as a controlled proce
dure where the control parameter is the sum of the neutron weights. We tiy LO
control this process in such a fashion that the total neutron weight of the.
n fission neutrons is equal to one. And, on the other hand, we try t formu-
late the process in such a fashion that this control of the neutron \»\ •: s
will not lead co a bias which is higher thai that which we can tolerate. The
control procedure will hopefully show when the neutron number in our < ̂ lc ila-
tion is too snail, because then the controller will hunt. We are usir a
United controller which will warn us when the requirements for contr ire
too high OR account of the low number of neutrons. Essentially wha1 re
doing la fchia. If wo have, let us say, 100 neutrons, we start them one after
another. If 83 neutrons are sufficient to create a new generation o; 100 new
uourcc aitea, tlien we prevent the remaining 15 neutrons from creating progeny,
but they are used for the estimation procedure. The difference between these
nuxbors, 100 and 85, is used to create a new weight for the follow-, neut.vn
generation, for giving a weight to the new generation. On the otb-.»r nanc', if
we start the 100 neutrons and still have a deficit in progeny, we start - few
neutrons a second time. These additional starters are not used for the esti-
mation procedure, but only for creating progeny. We hope to be able to prove
that this scheme will have a bias which is a second-order effect,- that the
first-order effect will cancel out. The implementation has not yet been com-
pleted. Our first tests show that this method works quite nicely, but I still
have to add seme minor corrections. The complete scheme which wi.l guarantee
that each neutron is used once and only once, for estimation is not yet in
operation, but our remaining problems are simply programming problems.

Kalos:
that right?

By a second-order you mean a bias that is of order 1/n2? Is

Borgwaldt: Yes.

Kalos: That would be very nice.

Getbard; But you don't mean to assert that your scheme would be unbiased
in the limit where you used only one history per generation?

Borgwaldt: I would say that one cannot use such a scheme on a one-neutron
basis. That is clear. But I believe that with such a procedure the number ol
neutrons can be significantly smaller than the 500 neutrons mentioned by Gast.
But I must concede that the situation in a large thermal reactor is different
from the situation in a fast reactor. We are thinking about 50 to 100 neutrons
per generation in fast criticals, like the ZPR-348, for example.




