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ABSTRACT

When Monte Carlo methods are applied to penetration problems,
the use of variance reduction techniques is essential if realistic
computing times are to be achieved. This paper describes a tech-
nique known as direction-dependent exponential blassing, which is
simple to apply and therefore suitable for problems with difficult
geometry. The material cross section in any region is multiplied
by a factor which depends on the particle direction, so that parti-
cles travelling in a preferred direction 'see* a smaller cross
section than those travelling in the opposite direction. A theo-
retical study shows that substantial gains may be obtained, and
that the choice of biassing parameter is not critical.

The method has been implemented alongside other importance
sampling techniques in the general Monte Carlo code SPARTAN, and
results obtained for simple problems using this code are included
in this paper.

INTRODUCTION

Importance sampling techniques enable considerable savings to be made
in Monte Carlo calculations. In tractable geometries, an adjoint transport
or diffusion calculation may be perform':! to obtain a near-optimum
importance function. In more complicated geometries, however, it is often
impossible to calculate an importance function, and a simpler approach
is required. This paper gives a theoretical analysis of a biassing system
which is suitable for shielding calculations, and which has been found very
simple to apply.

In a shielding problem, the aim of a biassing system should be to
encourage particle flights towards regions of low flux or of particular
interest and to discourage flights towards the source. In the system
described in this paper, which was developed for use in the Monte Carlo
code SPARTAN, this aim is achieved by introducing a factor on the
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material cross-section which depends on the flight direction relative to a
preferred direction. As a result of this, particles travelling in the
preferred direction see a smaller cross-section than those travelling in the
opposite direction. A theoretical study based on a notional slab system
shows that considerable gains may be achieved by this method, an'd that the
choice of biassing parameters is uncritical.

The method has been implemented alongside other variance reduction
method in the Monte Carlo code SPARTAN. A number of methods are available
for the specification of preferred directions, allowing a fixed direction,
a direction which is a function of position, or a direction which encourages
flights towards a small target region. The paper includes a brief
description of the results of some test cases using direction-dependent
exponential biassing in SPARTAN.

EXPONENTIAL BIASSING

Consider a particle travelling in a material of macroscopic cross-
section Z. The distance to first event is obtained by sampling from the
frequency function

p(x)dx = Zexp(-£x)dx (1)

In the biassed case, we sample instead from the frequency function

q(x)dx = a£exp(-aZx)dx (2)

where 'a* is a positive biassing parameter. In order to compensate for
the physical distortion caused by the introduction of 'a', we assign to
a particle suffering <m event at distance x a weight

w(x) = i e x p (-Zx(l-a)), (3)

so that

q(x)w(x) = p(x) (4)

Suppose that the particle flight path emerges from the material at
distance X. On reaching X in the unbiassed case, the neutron will have
statistical weight 1.0 (i.e. will not have suffered an event) with
probability

exp(-ZX) (5)

and zero weight otherwise. In the biassed case, the particle reaches X
with probability

exp(-IaX) (6)

and it is assigned at X a weight

exp(-Z(l-a)X) (7)
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so that the expected weight at X is preserved.

DIRECTION-DEPENDENT CHOICE OF BIASSING PARAMETER

In principle, the biassing parameter 'a', introduced in the previous
section, may have any positive value, and its value may vary from flight
to flight. A number of methods for the optimisation of 'a1 have been
proposed L1»2,3J. In this paper a method is examined in which the value
of 'a' depends on the particle flight direction. This approach seems
promising in view of the fact that the aim of importance sampling techniques
in shielding calculations is to encourage flights towards regions of low flux.

The value of fa' is calculated as

a = 1 - bu (8)

where u is the cosine of the angle between the flight path aad some-
preferred direction and b is a constant. This formula is chosen for
its simplicity; any expression which is monotonic decreasing in u and
posi.ive in the range of a could be used, and no attempt is made in
this paper to establish a 'best' formula.

In the appendix, random walk theory is applied to a slab problem
in order to find the optimal choice of b (i.e. the value of b which
minimises the variance of the estimated penetration through the shield
for a given number of particle flights). It is found that the optimal
value is only weakly dependent on shield thickness and scatter probability,
so that the method is easy to apply.

CHOICE OF PREFERRED DIRECTION

The Monte Carlo code SPARTAN, in which the biassing system described
in this paper has been implemented, provides three options for the choice
of preferred direction in any region of the system being studied.

Fixed

The preferred direction is defined by a fixed vector (u , v , w ) ,
This option is used in slab-like geometry.

Variable

The preferred direction depends on position within the region as
follows; If the particle is at (x, y, z) in Cartesian co-ordinates, then
a vector in the preferred direction is given by

(U Q, V Q , W Q ) = (ax, 3y, Yz)

for constants (a, 3, Y ) specified for that region. For example,
(a, S, Y ) = (1» 1» 0) gives a preferred direction along an outgoing radius
of a cylinder.
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Towards a Target Area

A point (x ,y ,z ) is specified, and if the particle is at
(x, y, z) then a vector in the preferred direction is given by

(V V V <xo - x, - y,

This option is used cc encourage flights towards a particular region*
such as that occupied by a particle detector.

USE OF RUSSIAN ROULETTE

Like many Monte Carlo codes, SPARTAN uses weighting in lieu of
absorption as a variance reduction device. If a particle has an event
for which the non-absorption probability is p , then, instead of continuing
with probability p , the particle continues with probability 1.0, carrying
a statistical weignt of p .

When weighting is used in lieu of absorption, the only way in which
a particle history can be terminated is for the particle to have an event
in a purely absorbing region or to escape through the boundary of the
system. In many situations, this leads to the uneconomic use of computing
time, and Russian Roulette is introduced to provide an additional means of
terminating particle histories. If a particle has a statistical weight
w which is less than a specified limit w , then with probability w/w the
particle if allowed to continue, with weight w , or else it is stopped.

When direction-dependent biassing is used, particle weights vary
as a result of the application of equations 3 and 7, and the effect of
the biassing may be reduced by Russian Roulette. For this reason, the
use of Russian Roulette is delayed until after a specified number of
events for each particle. It has been found in practice that the value
of this number is important for the successful application of the technique
to shielding problems. An appropriate value is the mean number of flights
to escape, given by equation A15 of the appendix. Figure 1 gives the
number of flights to escape per unit shield thickness (in mean free paths)
as a function of the biassing parameter b. This value, is, of course,
specific to the semi-infinite slab geometry used in the appendix, but is
a useful approximation in more general situations.

RESULTS

Figures 2 and 3 give results obtained by the us*j of direction-
dependent exponential biassing in SPARTAN. Both calculations arc of
neutron flux in one energy group in a symmetric slab, with data
approprate for thermal neutrons in sodium (figuire 2) and thermal
neutrons in water (figure 3). The results of similar calculations
without using biassing are also shown, together with the exact analytic
results for these simple problems, for reasons of clarity, error
estimates are included only near the edge of the shield. Each case was run
for a computing time of about 10 minutes.
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For transport through sodium (figure 2) in which the probability
of absorption at each event is about 0.1, biassing improves the results
throughout the shield, particularly beyonu 180 cms, where the unbiassed
solution collapses rapidly. In water, where the probability of absorption
at each event is about 0.006, a shield with the same total attenuation must
have a far greater optical thickness, so that good results are more difficult
to obtain than for sodium. Nevertheless, a substantial improvement is
obtained in the biassed case, and the collapse of the solution,
characteristic of the unbiassed calculation, is largely averted.

CONCLUSIONS

The method of direction-dependent exponential biassing has been shown
to lead to a substantial improvement in results for simple penetration
calculations. It appears that the improvement is brought about principally
through a reduction in the number of flights required for a particle to
traverse a given shield thickness. The method is used in conjunction with
weighting in lieu of absorption and the delayed application of Russian
roulette. Approximate theoretical studies indicate that the choice of
biassing parameter is not critical, so that the application of the
technique to more general problems is straightforward.

This technique, which has been implemented in the Monte Carlo code
SPARTAN, is expected to be of value in geometries where a detailed
importance function cannot readily be evaluated.,
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APPENDIX - OPTIMISATION OF THE BIASSING PARAMETER b

In order to study the effect of varying the biassing parameter b, we
shall consider the special case of a slab shield which is infinite in the
-x direction and of thickness d in the +x direction. An isotropic source
of particles is situated at the origin. Particles are scattered
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isotropically at each event, and the statistical weight of a p-rticle (which
is 1.0 at birth) is multiplied by the non-absorption probability p at each
event, as well as by any factor arising from the biassing process fthat is,
we use weighting in lieu of absorption). The physical macroscopic cross-
section of the shield material is Z. and a biassing parameter 'a' is used
to give a biassed cross-section aZ.

If u is the cosine of the angle between the flight path *uid the x-axis,
then the biassing parameter 'a' is given by

a = 1 - bu (Al)

We shall treat the problem as a random walk defined in one dimension
by

x . = x + x (A2)

where x_̂  is the distance of the particle from the x = 0 plane after n events,
am
,2
and where x has a frequency function f(x) with positive mean u and variance

Values of u riid a2 may be obtained as follows. Referring to figure 4
the frequency function of £ for a given value of u is

pU|u)d£ = (l-bu)Zexp(-Z(l-bu)£)di (A3)

p(x|u)dx = p(£|u) j—|dx

= ,̂ | Z(l-bu)exp(-Z(l-bu)x/u)dx, (A4)

where x and u have the same sign. Integrating over the frequency function
of u,

f(x)dx = I exp (blx) {E1(z|x|)+bE2(z)x|)}dx

x > 0

where E.(q) is the i-th exponential integral
Direct integration yields the moment generating function of x,

* f *"
f (6)= I exp(6x)f(x)dx (A6)

J —00

Z I 2b _ e jz-bZ-6 ) \
f \ . I

Expanding in powers of 0 gives for the mean and variance of x

p * Ib J 2b" loS l"7^* - 1 f <A8^
02 . 2 ) 2-b̂
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The variable x has mean np and variance no2. As we are mainly
concerned with large values of n, we may invoke the central limit theorem
to say that x has a normal distribution, and we shall where necessary
regard f(x) as a normal frequency function.

Now let N be the number of flights to escape. We may apply Wald's
identity Le.g. reference 4, Ch.2, equ.74j;

E(exp (-ex^Jf (6)> ") = 1 (A1O)

* .
where f (6) is the moment generating function of x, as above, and E stands
for 'expected value of.

Thus ECexpC-SXjj - N log f*(9))) = 1 (All)

*
Now, log f (6), which is simply related to the cumulant generating

function of x, is equal to (treating f(x) as normal)

-U6 + ia262, (A12)

so that

Np0 - f<J2e2)) = 1 (A13)

Expanding the exponential and collecting powers of 0, (noting that
since p is positive eventual escape is certain and

we have:

E(xjj) 2r d r ) , (A14)

K(N) = d/p (A15)

E(N2) = i E(NxKT) - 4 +
 d 4 (A16)

Now, since escape is certain, and always occurs at x^ ̂  d, N and
are independent, and

E(NxN) - E(xN)E(N) = d
2/p, so that

(A18)

Now, consider a particle which escapes on its Nth flight. At each
collision, its weight is multiplied by p and by a factor given by
equation 3, which depends on the flight length and on the value of the
biassing parameter 'a*. This factor, which is not independent of N,
is not easy to calculate. He shall assume that the score arising from this
particle has the functional form

SN « r ^
1 (A19)

and we shall treat r as independent of N for the purpose of evaluating the
mean and variance of the score. Since we know that the mean score should
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be independent of b, and since r = po for zero b, we can find an appropriate
value of r for each
is described later.

s
value of r for each value of b. The calculation of the score for zero b

In order to find the mean and variance of S . we need to know the
distribution of N. The mean and variance of N are given by equations
A15 and A18, and we regard N as a continuous variable having a gamma
distribution defined on 1 < N < °°. This is somewhat arbitrary choice,
and is made only for computational convenience and because the gamma
distribution has the right type of domain. Ttujs the frequency function
of N is

f(N) = erfer < ¥ > ' ^ - n r ^ <A20>
with mean 1 + Bt and variance tB2.

In this case, using equations A15 and A18,

liN = d/jj = tB + 1 (A21)

o2 = da2/p3 = tB2 (A22)

The mean score is thus

^ d N (A23)

= (1 - 6 log r)"fc, (A2A)

after a little algebra. Similarly,

S2 = (1 - 23 log r)" t (A25)

— l£ is desirable to minimise the relative variance of the score,
(S2 - S2) 52, and also the mean number of flights u , by varying b. We
therefore seek a minimum of

^-T - l\ (A26)
1 (1-2Slog r) j

There remains the problem of finding the score for b • 0. In this
case M = 0 and the moments of N are not defined. In order to ensure
consistency in the mathematics, we introduce a second shield boundary at
x = -d, and argue on physical grounds that the score for the one-sided
shield will, for sufficiently large d, be half that for the two-sided
shield.

In this case, we obtain

ji - 0 (A2?)

o2 = 2/(3E2), (A2S)

V
4
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and a calculation analogous to that given in equations A10 to A18 yields
the results

= d2/c2 (A29)

°N(2) = 2dLi/3°" (A30)

where the suffix 2 indicates the two-sided shield. In this case r = p ,
so the score for the one-sided shield is approximately

p ) * (A31)
s

where g and t are given by

1 + et = V N ( 2 ) (A32)

(A33)

This value of the score should apply for all b, so that from equation A24
we may write

U (1 - exp(- ±2S_£ }) jr = exp U (1 - exp(- ±2S_£ }) j (A34)

This value of r may then be used in equation A26 to estimate C.

The value of C (the parameter which is to be minimised) has been
computed for various values of the other parameters. Figure 5 gives
an example of the results obtained. These show that any value of b
larger than about 0.2 leads to a substantial reduction in C, and that
the position of the minimum is not closely dependent on p^. Similar
results apply for other values of Id.
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DISCUSSION

Kalo8: I have a number of technical questions and one comment. The com-
ment is that I am interested and a little disappointed to discover that you do
not actually reduce the variance per sample. In some naive schemes I had al-
ways supposed that this was the case, and that, in fact, what you did was sim-
ply to avoid doing unncessary work. But 1 am really surprised to discover
that the pure exponential transformation does not work, and that it does not
reduce the variance. I am really taken aback.

Bending: Perhaps I should not say that it does not improve the variance.
I think it would be more accurate to say that the bulk of the improvement is
not attained in this way. My results show that there was an improvement in
variance at first as b moved away from zero.

Kalos: It is important to note that the increase in variance that comes
from the factor 1/(1 - b) can be avoided. That is a kind of a spurious effect
that really does not have to occur. I discovered this problem in a very old
paper on importance sampling in hydrogen. In particular, you might ask your-
self what happens if b becomes one? Using your approach that would be a total
disaster. But that need not be true. It is not in the least true that when b
equals one the exponential transform necessarily breaks down. So I think you
can improve the performance of the exponential transformation by paying atten-
tion to the behavior in the limit as b goes to one. I don't suggest that us-
ing b equal to one is a good thing to do; but it is not a disaster area.

Bending: I am interested in this problem; in fact, because the equation
gives the immediate impression that b « 1 is a diaster, we have siaply elimi-
natad that case. We have deliberately run cases close to one to sse what hap-
pened. These high b's appear not to be optimum, but they do not appear to in-
dicate a total disaster.

Kaloa: Oh you cannot just apply the method as it stands with b - 1 —
that would not work.

Bending: Of course when b - 1 you run into trouble like dividing by zero,
and things like that.

Kaloa: In curved geometries what do you do? Do you chcoae a path accord-
ing to the b selected at the last flight?

Bending: Yes.

Kaloa: As you move your preferred direction changes. Do you take that
into account?

Bending: Yes, we vary the preferred direction in that the preferred
direction at one point in a given region nay be different from the preferred
direction at the next event point.

Kaloa: But you change preferred directions just as the events occur?

Bending: Yes, we do it as the events occur. We don't anticipate that in
the direction we are going the preferred direction is going to be changing.
We only consider the preferred direction at the last event point.
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Kalos: Thank you.

Steinberg: I would like to comment just a little bit on some historical
experience. About 15 years ago I was doing some one-dimensional gamma-ray
calculations, and this is how I first got into Monte Carlo. At that time we
started using the exponential transform and we quickly discovered that it
would be quite valuable to make b position and energy-dependent* In fact,
when we were doing one deep penetration problem we found that the closer you
got to the escape surface the closer you wanted b to be tc one. Soon after-
wards we decided that the "bu" term, specifically, could be replaced by an
arbitrary function. More or less, by trial and error we tried to decide on
some kind of reasonable optimum function of direction, energy, arid position;
and we found we got rery successful results in the deep penetration problem.

Bending: We haven't explored the use of formulae other than 1 - bu and
it has been obvious to us throughout that this was a totally arbitrary choice.
It was justified by the moderate gains which it produced. But we would com-
pletely accept that there is undoubtedly a lot of room for improvement here.

Steinberg: Actually once you put in a general form for the "bu", you can
show that this is equivalent, mathematically, to some biasing function in which
the exponential form happends to be the form you are using. But you can use a
different biasing function which will imply a more general form of the expo-
nent in the exponential transformation.

Bending: We are principally interested in a method which can be applied
with very little insight into the problem being solved, and without doing any-
thing like an adjoint calculation. Now, if the more general exponential trans-
formation has these properties, and can give better results without penalizing
the user, without forcing the user to really understand the method, then this
would be something in which we would be very interested. Sometimes separately,
and sometimes along with the exponential transform, we use importance sampling
based on splitting and Russian Roulette in the normal way. But we find that
splitting and Russian Roulette can give completely wrong resultss through mis-
use, more easily than our method. So, to some extent, political questions are
involved in the choice of a method.

Steinberg: Yes, I think what you are saying is that the code designer,
if he invests enough time and effort, can build in reasonably optimized impor-
tance functions for a whole wide class of problems. But unfortunately, in
really complex codes, the code designer does not have complete control over
what the code will ultimately be used for, and has to allow the user to put in
importance function for untested situations.

Bending: Yes.

Kalos: I want to point out that Steinberg's experience, although it is
very valuable, was for a one-dimensional deep gamma-ray penetration problem
and he spent a year experimentally optimizing the importance functions. I
would say that that was a discouraging report, rather than an encouraging
report, from Dr. Bending's point of view. I would like to make one technical
remark. In the criticality problem I believe that importance sampling is a
valuable technique; but the importance function that one must use is not the
probability of getting back to an important region in the current generation,
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but the probability of getting back asymptotically, after a lot of generations.
This should tend to influence your use of importance sampling to gather the
nuetrons back from the moderator.

Bending: We have found experimentally that one cannot try to push this
kind of approach too hard in criticality cctculations.

Cashwell: Now, in slab geometry presumably your preferred direction does
not change very much as you penetrate the slab. Do you have any experience in
complicated geometry where the preferred directions change rether drastically
as you go, in cases where you try to lead the particles down some tortuous
path?

Bending: We have no experience ot this sort. In fact in all the cases
we have done in any geometry the preferred direction has not changed very much
within several mean-free paths; andj I think, if one were in a situation in
which the preferred direction changed radiacally, changed by a right angle,
within rougLly one or two mean-free paths, then I think that one would find
this approach much less effective. But I am guessing. We have had no experi-
ence in that situation.

Berrut: I have a question with respect to criticality problems. It may
be that in the case of a water reflector this importance sampling is a very
good method. But in the case of beryllium or graphite or D20 reflectors, I
am not sure that this is a reasonable method.

Kalos: Did you say D2O? Well, I have absolutely no experience with such
a case, and I hesitate to speak to on this question. But I am sure that, in
principle, savings can be obtained. I can only speculate that perhaps your
negative experience is based on trying to do too much, which is easy to do.
Also, I would strongly recommend that anybody who uses biasing, splitting, and
Russian Roulette do it the way we do it at MAGI in the SAM codes, and this is
described in an appendix to my paper called, "On the Integration of the Adjoint
Gamma Ray Transport Equation." There is an algorithm there which, for the
flight, is ths minimum variance splitting and Russian Roulette scheme that one
can devise.

Gelbard: Do you have another kind of identification for that paper? Is
there a report number?

Nuclear Science and Engineering, _33_, 284 (1968). There is a lit-
tle appendix in that paper that happens to be rather clear, for a change> and
which dascribes the minimum variance splitting and Russian Roulette technique.

Gelbard: Let: me get onto a somewhat different subject. I noticed in
your last slide that the truth was pretty far outside the error bars, and I
wonder how serious a problem this is. I refer again to the problem mentioned
many times before, namely, that when you use a very severe kind of biasing it
is very difficult to estimate the error bars. I remember a case where s»ome-
body I know was doing a shielding calculation, got very nice standard devia-
tions, but later found out that hfe was a factor of 5 away from the truth. Now,
you were specifically talking about the problem of constructing a foolproof
system, and isn't this a difficulty in constructing a foolproof system? The
user has, at this point, no warning of any sort of trouble. I want to ask, in
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this connection, whether a test of normality has been tried, and whether it has
been found to be useful in giving the user a warning as to the validity of the
error estimates.

Moore: It is our experience, in shielding calculations in general, that
it is very easy to generate error bars which are not in any physical sense a
realistic estimate of the error. We don't find thz'c this is necessarily asso-
ciated with a particular biasing scheme. It seems to be a property of deep
penetration calculations in general. We have put some effort into this prob-
lem, but have not succeeded in finding a method of interpreting results which
will guarantee that the error bars are reasonable. In fact, we have done what
you suggested. We have put in some forms of normality testing and what we find
is that, in shielding in particular, there are quite often situations in which
the normality test indicates that the results are not good, when in fact they
are quite satisfactory. But, when the results are not satisfactory, then
almost universally the normality test tells us that they are not satisfactory.

Gelbard: What test do you use?

Bending: It is a Shapiro-Wiikes test based on the order statistics.

Coveyou: I am a little puzzled by all this because I have always been of
the opinion that these distributions, except in very rare cases, are just not
normal, and that the whole theory that is used to calculate confidence inter-
vals and so on just simply does not apply here.

Kalos: That is a different question;

Coveyou: I knowt but the point here is that there is a simple way to get
error estimates which are rigorous.

Kalos: But it is conservative.

Coveyou: Yes, very conservative, just Chebycheff's inequality. If the
error bars calculated from Chebycheff's inequality do not lie near a known
truth, then you know that something is wrong.

Gelbcccd: But I think you are liable to have a very bad psychological
effect on the user if you quote such conservative error bars.

Coveyou: I am not entirely sure that the effect is bad if you warn the
user his bad results are bad.

Gelbard: I mean that it may have a bad effect, from the public relations
point of view, if you quote errors which are so conservative that they unneces-
sarily discourage the user.

Coveyou: Well, you can explain what they mean. These are not error bars.
These are not 95% confidence intervals for normally distributed samples. You
can say what, the error bars mean in terms of probability.

Gelbcccd: Incidentally a remark was made to the effect that this behavior
is characteristic of shielding problems and I wanted to say that I agree. But
I think that the reason this is characteristic of shielding problems is that,
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if you do no biasing, practically no particles get through. Then you are cer-
tainly in trouble. And if you do biasing then the biasing gets particles
through, but your sample distributions are non-normal.

Kaloe: I cannot agree with the thesis that pathological confidence in-
tervals are characteristic of biasing schemes. No biasing is also a biasing
scheme. When a biasing scheme gives trouble it means that you need better
biasing. I think normality is almost a sufficient but not a necessary test.
Anyway, I would like to suggest a more practical approach. That is, that with-
in practical limits, you vary the b's and see what happens in a practical prob-
lem. You instruct the user to run his problem twice with different b's and
see what the differences are. This would be very illuminating.

Bending: There is one thing we try to do to avoid trouble. We use
Russian Roulette to terminate histories when we are not interested in them any
longer. But we delay the application of Russian Roulette until the particle
has had at least yn flights, where yn is the mean number of flights to escape;
and preferably we allow it to have rather more than this many flights before
we apply the Russian Roulette. We do this when the situation is such that one
can calculate yn, and then add something as a safety margin. We find that
under such circumstances we normally do not run into serious problems with
error bars being unrealistic. But this tends to be, to some extent, a
slightly handwaving exercise in that it is only easy to use such an approach
in a one-group slab shield. On the other hand,,- in a problem configuration
with any degree of complexity, it becomes difficult to insure that one actually
has an appropriate value for yn, unless one puts in a lot of conservatism in
which case the program runs more slowly. But we have found that if one's pn's
are sufficiently high, if you force the neutron to continue so that, virtually,
its only way to terminate its history is to physically escape from the systsas,
then in general, this avoids the problem of uninterpretable errors.

Gelbard: Is it correct, as Coveyou suggested, that you almost never find
that the normality test is satisfied?

Bending: This is to a great extent true, and this is vhy I said that versr
often the results which the normality test throws out are, in fact, physically
acceptable. I have toyed with various ideas which should enable one to draw
conclusions :',~. i series of results which are manifestly not drawn from a nor-
mal distribution, but I have not succeeded in finding a scheme which does bet-
ter than simply to give you a warning and tell you that something is wrong. I
would value someone else's experience in interpreting results which are obvi-
ously drawn from a very strongly skewed distribution.

Gelhca-d: In cases where you don't use biasing, but are examining an
unlikely event, characteristically you tend to underestimate the probability
of that event. Now, there was a suggestion here that by varying b you would
see whether you are in trouble or not. I am wondering whether, with exponen-
tial biasing, you have any such a characteristic behavior. In the cases which
you described, when the truth was outside your error bar, you tended to be be-
low the truth. If that is true characteristically, then varying b will still,
certainly, give you some information. But you might vary b and find what looks
like a satisfactory situation, when in fact, with all the b's you have tried,
your answers are systematically low. So there is still some danger. There
does not seem to be any really decent way around this problem. I mention this



312

again in connection with the desire to make Monte Carlo foolproof. It seems
to me that this is still a nonfoolproof aspect of Bending's method, and of just
about any method designed to do this sort of difficult problem.

Kalos: It is easy to construct hypothetical problems in which this scheme
will make unlikely the most important events. Consider any situation with a
strong and important minimum in the cross sections at an energy well below the
energy you are starting at. By biasing forward you are not giving the neutron
the time it needs to slow down into the minimum and then stream through the
window. You need an energy biasing but, in fact I think that this exponential
biasing scheme even goes slightly in the wrong direction in such a situation.
It is not, necessarily, absolutely worse than no biasing at all but I think
that it goes in the wrong direction.

GeZbcwd: In some cases you may know that there is some special reason
why you should not use a particular biasing scheme. On the other hand, you
may not be aware that there is a very important cross-section window in your
problem, in which case you might systematically get the wrong answer by using
the biasing, and not realize that you are doing anything wrong.

Bending: In the kind of situation that you are speaking of, where the
systematic error is induced by a particular form of the cross sections, I sus-
pect that there would be no statistical effect which could be picked up by any
statistical test, whether a normality test or any other kind. This would be a
particularly difficult problem to detect.

Gelbard: Now I want to turn to a different subject. Yesterday I was
arguing that Monte Carlo methods ought to be exact. But, if one is willing
to accept approximations, then how useful are albedo methods to get rid of the
problem of the reflector? If you have a regularly shaped outer boundary, and
the core is very large, it would seem that you could just replace the reflec-
tor by an albedo, and this has in fact baen done. Has anybody any feeling
about the utility of this method? In a thermal reactor the Monte Carlo treat-
ment of the reflector does take an awfully long time.

Whitesides: We have used this approach quite extensively in the KENO pro-
gram, generally for rectangular reflectors. We assume that the particle comes
back in at the point that it leaves the system, and to make this approximation
reasonable the reflector boundary must be large. In the simplest form of the
albedo method we do not account for corners, although we have actually treated
corners, using two-dimensional DOT calculations to generate the albedo infor-
mation.

Gelbard: Normally, you would get the albedo information from ANISN?

Whitesides: That is correct. We ruii a series of ANISN calculations.
For every energy group we compute the albedo for various incoming angles. We
assume that the incoming and outgoing flux can be considered azimuthally sym-
metric, and find that the rectangular boundary of the core does not have to
be very large to make this approximation almost exact. But I want to point
out that this method is f>niy valid in certain special cases. To use it to
treat reflectors with complicated shapes is not very practical.
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Gelbard: Well, how about moving the albedo surface out into the reflec-
tor? Perhaps a mean free path or so out?

Whiteeides: That helps, but also limits the savings.

Kalos: Do you think half a mean-free path might work?

White8ide8: I guess we actually used a mean-free path or two and felt
that we had to move the boundary into the reflector by at least that much. Do
you think that is too much?

Coveyou: Isn't that just a geometrical question? The point is that you
ought to use as little of the reflector as you can to get a regular boundary
around the pseudo-core. How far you move the boundary cannot have any physi-
cal significance.

Kalos: It can, because of the approximations you are making. You are
returning each reflected neutron exactly at the point where it entered the
albedo boundary, instead of smearing the reflected neutrons over a mean-free
path or so.

Whitesides: That is right.

Gelbard: Let us say that the geometry of a boundary is roughly cylindri-
cal, but has corners. You can ask how far out in the reflector you have to get
before the flux distribution in the reflector really has cylindrical symmetry.
If you can go out a mean free path, and if the effect of corners has worn off
in that the flux is azimuthally symmetric, then at that point you could safely
put an albedo boundary.

Whitesides: Actually what we prefer to do in the reflector is to use
Russian Roulette and splitting, with importance functions generated by ANISN
slab calculations. We feel that this approach works much better than the
albedo method if you have got to move the boundary into the reflector.


