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Abstract

We show that pion inclusive momentum distributions in pp- 
collisions at 90° up to FNAL and ISR energies can be accounted 
for by a hydrodynamical model, which has frame independence 
symmetry and incorporates the evaporation phenomena. Within 
our solution during its space-time development, the matter 
system only possesses a local thermal equilibrium but not a 
global equilibrium. The proper time interval needed to achieve 
this equilibrium comes out to be comparable to (with c = 1 ) 
the longitudinal dimension estimated previously based on con
siderations of quantum statistical fluctuation.
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The observed pion transverse momentum distribution, in pp 
collisions at 90® at FNAL and ISR energies, shows interesting 
trends in both its momentum dependence and its energy depen
dence. Some typical data'*' ranging from 24 to 1500 Gev incident 
laboratory energy (Ej) ace illustrated in Fig. 1. The distri
bution has a sharp dropoff in the region of small transverse 
momenta (pT). (Both and PT will be given in units of GeV.) 
As pT increases, there is a gradual flattening trend. For E^- 
dependence, one sees that the magnitude of inclusive cross 
section at any pT increases with energy. Furthermore, in the 
large p̂ , region, as the energy increases the distribution be
comes flatter and flatter in reminiscence of the so-called 
"antishrinkage" phenomena occurred in some elastic scattering 
processes.

Several authors have already observed that these fea
tures may be qualitatively accounted for by Fermi statistical 
model® or more appropriately its extension— Landau's model.^ 
Within hydrodynamical model, the space-time description of 
matter system formed in hadron collisions is in general 
divided into three distinct stages: the formation of a highly 
condensed hadronic matter system, its expansion ana the sub
sequent breakup of this system. The initial matter system has 
a high temperature which is determined by the incident energy.
As the system expands it gradually cools off. Local systems 
break up at the critical temperature, Tc ~ m, where m is the
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pion mass.
In the framework of hydrodynamical model, one attributes 

those pions with small pT to be predominantly produced at 
breakup, while those with larger pT mainly from evaporation 
during the period of hydrodynamical expansion. Since the 
initial stage is the hottest, its evaporation will contribute 
mainly to those very large momentum events. If one assumes 
either Fermi-Dirac or Bose-Einstein momentum distributions for 
the constituents of the matter system and takes into account 
pions produced from all three stages, one naturally finds a 
general flattening feature in the p^-distribution. Also, as 
the energy increases, the initial temperature becomes higher 
and higher; in turn for any given large pT, more and more 
pions will be emitted from the matter system. The larger is 
the ?T value, the more pronounced is the effect. This then 
gives rise to the observed antishrinkage phenomena. These

4points have recently been stressed by Heiko. Also, Goren- 
stein et al. 5 have made some detailed calculation on the con
tribution of evaporation based on Landau's model. They found 
qualitative agreement with the data.

Intrigued by the qualitative success of hydrodynamical 
description, we carry out a quantitative calculation on 
evaporation. The main new feature introduced in our calcula
tion is that we take into account the quantum mechanical ef
fect in the specification of the initial condition. Also, we
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base our investigation on a hydrodynamical model with the 
frame independence symmetry (FIS). The solution of this hy
drodynamical model has been proposed independently in differ-

8—11ent context by various authors. Our discussion below will
adopt the point of view of Ref. 10.

Our plan for the remaining paper is as follows. In Sec. II, 
we discuss the model considered. In Sec. Ill, we present the 
phenomenological analysis on the p^-data and discuss the im
plications of our solution in Sec. IV. Several parameters of 
the FIS solution used are explicitly given in the Appendix.
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II. Evaporation in the Hydrodynamical Model

1. Properties of matter system and possible starting points 
of thermal equilibrium.
As usual we take the point of view that immediately after 

a pp collision, a condensed matter system is formed, which may 
or may not include the initial proton(s). we assume for 
definiteness the constituents within this matter system are 
massless quarks and antiquarks.^ After local thurmal equi
librium is reached, these constituents are essentially free 
particles and assumed to satisfy the Fermi-Dirac distributions. 
In particular, for a local temperature T, the momentum dis
tribution for either quark or antiquark is given by

where p' and p* are the momentum and energy of constituents 
defined in the rest frame of local cells. We consider here 
only nonstrange quarks and take the statistical weight g = 4, 
corresponding to "up" and "down" spin-1/2 quarks. For this 
local system, one has7

4 3e = 3p = aeT  and n = aRT ,
with (2)

ae = 7ir2g/240 and an * 3gpC/4n2 .
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Here, e and p are the proper energy density and the proper 
pressure respectively and ; stands for the zeta function
5 = q(3) s 1.25^.

We now turn to the question; at what stage is the 
thermal equilibrium of the system achieved? Fermi*" and also 
Landau7 assume that this thermal equilibrium is achieved 
while the system still maintains its initial volume. Taking 
into account the Loreatz contraction, in the c.m. system the 
initial volume at the instance, when two protons overlap each 
other, is of the order of

„ .. 2tt 1 ,2M, 1/2V1 ~ T  Z1 Wlth Z1 m SS(ST} ' (3)zn L

where M is the proton mass. With the assumed equation of 
state, the temperature of the system is given by

Tz s (m3/ira£)1/4 EL1/4 . (4)

12On the other hand, it has been pointed out that the uncer
tainty principle does not allow a system being in thermal 
equilibrium to be packed to within the alleged volume of
Eq. (3). It is estimated that the thermal equilibrium may

12be reached when the corresponding volume is

V2 = 2irz2/m2 with z2 s 0.5n (2m4H) ~1 /6  EL~1 /6  , (5)

6

where n is the quantum fluctuation parameter, which measures
14the accuracy of the quantum statistical approximation.

2. Frame independence symmetry model with quantum mechanical 
initial condition.
We mentioned earlier that we based our investigation on 

the FIS model. We recall that in contrast to Landau's model, 
the FIS model predicts11 the asymptotic behavior of the width 
of the longitudinal rapidity distribution, Ay ** Within
this model, immediately after the collision, there is a short 
period of violent acceleration alcng the longitudinal direction, 
not governed by a simple hydrodynamical expansion. Sometime 
after this violent acceleration ceases, local systems reach a 
state of frame independence symmetry with thermal equilibrium. 
Since local cells are now in motion it is more appropriate to 
use the local proper time than the c.m. time to describe the 
time evolution of the properties of local systems. Taking the 
quantum mechanical effect into account, we assume that the 
proper time t  = t2 taken for local system to reach the onset 
of FIS characterized by although z2 was originally 
estimated for a stationary system. So one has

i = t2 s 0.5n(2m4M )"1/6 E~1/6 , (6)

where15 r = Jt2 - z2.
The FIS assumed amounts to specifying the initial condition
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that at r = Tj/ vftj) = z/t and c It )̂ = const. From this 
point on, the time development of the system is governed by 
the hydrodynamical equation of motion of the ideal fluid:

aMTUV = 0 , With TUV = <e+p)uV - gVVp 
and (7)

u11 = (t/t,0,0,z/T) s (cosh a,0,0,sinh a) ,

where g°° = -g11 =1. It turns out that this equation of 
motion preserves the FIS until breakup. Due to the conserva
tion of energy,11 the c.m. rapidity of cells are confined to 
|a| < aM, where aM depends on E^ and is given in the Appendix.

3. Evaporation during the hydrodynamical expansion.
To ensure the Lorentz invariance the law of evaporation 

assumed is most conveniently stated in the rest frame of the 
cell. We assume that the number of constituents evaporated 
per unit area per proper time interval di' within a phase 
space volume d3p' for a cell with c.m. rapidity a is propor
tional to the differential proper number density of Eq. (1), 
i.e.

dN v = 2c2{^dz' + -^(6(a-aM ) + 6 (a+aM ))da}dx’f(p*)d3p' , (8) 
m

where the factor of 2 is due to the emission of both quarks 
and antiquarks. We recall that f(p') is the differential number

8

density for either quarks or antiquarks. The first term in the 
curly bracket corresponds to the area of a ring-shaped surface 
element, while the second term the areas of the two ends. For 
the latter case the quarks or antiquarks evaporated must have 
their longitudinal rapidity in the c.m. system to be equal to 
or -a„. Since we are interested in a near 90° inclusive dis- 
tribution, one can easily check that the last term gives a 
negligible contribution. From Eq. (1) it follows,

C.g d3p'
dNeV = ^ 2 ^ dZ'dT' exp(p'/T) + 1 * (91

We suppose as usual that within the matter system
quarks and antiquarks are moving freely as noninteracting
p a r t i c l e s . T o  describe evaporation we invoke usual con-

17—19finement mechanisms for quarks. The assumed intuitive
picture of interactions among quarks and antiquarks are as 
follows. As soon as a quark escapes from the matter system, 
the energy stored in the space between this quark and a cer
tain antiquark within this system increases rapidly. So the 
field flux between the quark and antiquark pair acts like a 
"rubber band”. "Tension" builds up quickly. It eventually 
forces the antiquark to join the initial escaping quark. 
Averaging over the original isotropic momentum distribution 
of this antiquark partner, th*: mean meson momentum of the 
eventual quark-antiquark pair will be approximately the same
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as the initial quark momentum. We ignore the smearing due to 
the folding of the antiquark distribution and identify ap
proximately the quark momentum p' to be the momentum of the 
eventual pion. Since the evaporation effect of interest is 
mainly in the region where p1 >> m, the energy of this even
tual pion, E1 = p'. Hereon we take Eq. (9) to be the corre
sponding pion momentum distribution.

We make use of the kinematic relations;

v = y> + a , P.J. = pT , dz'dT' = d z d t  = TdadT 

and (10 }

= dyd p,T

where (o,E) and y are the c.m. four-momentum and c.m. longi
tudinal rapidity and y* stands for the pion longitudinal 
rapidity in the rest frame of the cell. The c.m. rapidity of 
the cell as before is a.

We make use of Eq. (A-6) to change variable from t to T. 
Now Eq. '.9) can be rewritten as>

E do . dNeV _ „ . g fT c ”Tcosh(y-a)QN v r c r H m_cosh(y-a)
^ ^  = xixL n da ^ P ^ c o i h F - j 7 f T +r

2C,ab2m3 , rTl r'XM nucosMy-a)
T T77- ^  d“ expl«y»shly-«>/T|+l3gc « »c * -H

4C2Pb2m3 E*/4 2 r“ni
3g?2 °M 'C InVyCosh (y-a) 1 n=l

10

where
2 2 1 / 2  jnTcosh(y-or) n^cosh(y-a)

— (in + p,p) t xc _ ip * ^2 31 rp
c 2

3nd n, m ‘12>
5 , 5 (xcn) (x2n)

Fn = -5 e3‘P<-3'cn) ‘ in! exp(~x2n) .n m=U

And a is the inelastic cross section, which is taken to be 
independent of E^.
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III. Phenomenological Analysis on p^-Distribution

The inclusive pT~distribution is contributed by pions 
from all three stages:

I. production at breakup,
II. evaporation during hydrodynamical expansion, and

III. emission during the violent acceleration stage. 
Thus we write

cd 3ij _  d 3o _  d 3o , d 3o + d3°
d 3p dyd2pT dyd2pT dydzp 

I 1
dy d 2pT

II III
(13)

d3c

The contribution from the first region is given by

iHpCosh (a-y)

10

dyd p
N f M nyrosh (a-y)

= Cl°2oî -{.a da explm^cosh (a-y)/Tcl - 1 (14)

where
N = b££/4 with b r 3,0 GeV-- . (A-4)

Note that at breakup the Bose-Einstein distribution for pions 
is used. For present case of interest, we set y = 0. Thr. 
contribution of region II is given by Eqs. (11) with V.i) > 
again with y = 0.

In order to compare the relative amount of evaporation be
tween regions II and III, we assign the same law of evaporation

12

to region III as for region II, except for a possible differ
ence in the coefficients of evaporation. Furthermore, we 
approximate the total contribution in this interval by that 
of an effective rest system with some mean longitudinal dimen
sion and mean temperature. For this approximate system, the 
corresponding expression analogous to Eq. (9) is given by

— ^2— | « C,o(22T_) — % --------------- , (15)
dyd pTJ 2n tn exptnvp/T) + I

where we take for definiteness,

i - (Z1*z2)/2 and T « (Tj+T^/Z . (16)

It turns out, our fits are not too sensitive to the specific 
mean values assumed.

Within our approach, C^a, C^d and Cy> are adjustable 
parameters which govern the normalization of contributions 
from the threo regions, while the slope of these contribu
tions are controlled by the temperature Tc : m, the tempera
ture ranging from T2 to Tc, and T. Through a crude fit to the 
data at 1477 GeV, we fix the normalization coefficients to be

M .4
CjO = 145.8 mb GeV J , Cj3 = 0.61 mb , and C^o = 1.4 x 10 mb

(17)
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and the quantum fluctuation parameter of Eq. (5), - = 1.2.
The inclusive p^-distribution at other energies are 

parameter free predictions of our model. The comparison be
tween predictions (solid curves) and the data together with 
the original tit at 1477 GeV are illustrated in Fig. I.
Notice that gross features of the distributions, both pT~ 
dependence and the antishrinkage phenomena are reasonably 
well reproduced. The dashed curves illustrated in Tig. 1
correspond to another solution, where a different prescrip-

20 — tion for the mean values, z* and T* are used.
For completeness, we illustrate here the energy depen

dence of some characteristic temperatures and longitudinal 
dimensions of the matter system of the present solution. The 
E^-dependence of the temperatures T^» Tj and V is shown in 
Fig. 2a and correspondingly the longitudinal dimensions z^, 
z2 and z are in Fig. 2b. In order to see the relative mag
nitude of z^ and r,, we introduce the ratio a * aj/ij, which
is also included in Fig. 2b. Notice at 24 GeV, R ; 1, while

3 1/3at 10 GeV, R : 4. As a function of energy, B gre-ws like E£' .
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IV. Discussion

The most striking feature in the present solution is 
the fact that the evaporation in region ill is strongly sup
pressed. This is reflected in the smallness of the ratio

C3/C2 : 2.3 x 10'4 , (18)

Since in our fit the coefficient Cj is sensitive only to the 
large p^-behavior, the lack of those expected large prevents 
from region H I  suggests that the corresponding system must 
not he in thermal equilibrium with the alleged temperature 
ranging from Tj to T^.

Clearly immediately after the collision, the momenta of 
constituents are mainly directed along the longitudinal direc
tion. It takes some finite time for them to acquire certain 
transverse momenta and eventually to reach a state of local 
thermal equilibrium. At this latter stage their momentum 
distribution is isotropic in the rest frame of local cells.

The extremely small ratio of Eq. (18) suggests that 
events in region III should thus be associated with the 
individual large transverse momentum collisions of tte con
stituents instead of evaporation of local cells, so our 
solution gives the picture that the local thermal equilibrium 

begins to set in at the c.m. time tj. At this point the 
longitudinal dimension of our matter system is z2» which es
pecially at high energies is considerably larger than the
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initial longitudinal dimension z^ (see Fig. 2b). In fact 
within our model, the achievement of thermal equilibrium 
occurs only at the local level and its onset is governed by 
the local proper time t^, comparable to the quantity z2 given 
in Eq. (51.

The space-time development of the matter system of our 
present solution for positive z at 1477 GeV is depicted in 
Fig. 3. The characteristic dintension of the initial systesn 
are Zj. ' GeV ^ an<* fĉ e transverse radius m 1 i 7,14 GeV
This initial state immediately undergoes a violent accelera
tion, the period of which is illustrated schematically as the 
dark area. The mean longitudinal dimensions 2 of Eq. (16), 
and z* given in Ref. 20 for this acceleration period are also
indicated in the figure. As this acceleration ceases at the

-1 -25proper time t2 = 0.6 GeV (4 x 10 sec), the local frame 
independence symmetry sets in. The subsequent hydrodynamical
expansion of the system is indicated by the qrey area. At

-1 -23the proper time t - tc : 21 CeV I1,4 x 10 sec), the
breakup occurs. From the point of view of the c.m. frame, 
this breakup first happens at the center where t * r .
Notice at this very moment when breakup begins, the longitudinal 
dimension of the matter system in the c.ra. frame has z = 21 GeV 1. 
This longitudinal dimension is about three times as large as 
the transverse dimension -m-1 assumed. As the c.m. time fur
ther increases, the matter system is further elongated and the

16

decay occurs for larger and larger values of a. Eventually 
the decay process ends at the c.m. time t = 703 GeV 1 (4.6 x 
10-22 sec). This corresponds to the point P in the figure.

Lastly we remark that in the present evaporation calcula
tion, we employed a perturbative treatment. We assumed that 
the e v a t - i o n  does not disturb the FIS solution in any sig
nificant way. One can easily check that as energy increases, 
the relative contribution of evaporation to the total pion 
production becomes more and more important. It turns out that 
for example at 1477 GeV and pT = 0 the contribution of region
II is about 17% of the cross section. At 10® Gev for example, 
region XI contributes about 42% of the corresponding cross 
section. Beyond this latter energy, presumably one must ex
plicitly deal with the nonperturbative treatment.

This work was initiated when one of us (CBC) was visiting 
the Institute of Theoretical Physics, University of Warsaw.
He thanks J. Werle, G. Bialkowski and S. Pokorski for their 
hospitality and useful discussions. We also benefitted from 
discussions with S. Frautschi, M. Gell-Mann, R. Hwa and
G. Sudarshan. Special thanks to G. Wilk, who participated 
the initial stage of the present work.
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Appendix: Determination of -tc, and T2

The FIS solution8-10 gives the reciprocal law of expan
sion:

n = SqRgtv = ^sl£. , (A-l)
T  T

and a plateau for the cell longitudinal rapidity distribution

S? * -T V c  for lal * °M and ux = “y = 0 '
(A-2)

= 0 otherwise,
or

N = -2— n t  aM • (A-3)m2 c c M
3 3With Tc « m, one finds nc = 3 7 m • °n tlie other hand, we take 

from the data.

N - bE^/4 , with b = 3.0 - (A~4)

From (A-3) and (A-4J,

m2b el/4m b _ (a -5Jc a»ne

18

In general, we have

,1/4
m2b El (A-6)
2nan aMT3 *M

To determine one needs to evaluate the inclusive energy 
sum rule with pion inclusive momentum distribution based on 
the step function longitudinal rapidity distribution of cells 
(see Eos. (14; and (A-2)). Unfortunately even at the highest 
energy available, the central plateau does not dominate the 
observed inclusive distribution. At present energy, the en
ergy sum rule only provides the relevant energy dependence up 
to a multiplicative constant. So we write,

/ °M cosh a da =  n „ T „  sinh aM  • (A-7)da _2 " c Mu m

From Eqs. (A-3), (A-4) and (A-7) we arrive at the transcen
dental equation:

sinh a
- = F-eM 4 . (A-8)

L

where F is a parameter. We take the experimental effective
value a„ = 4.2 at E, = 1477 GeV. This gives F = 0,13. For/I L
E. = 1067, 500, 293 and 24 GeV, from (A-8), we obtain re- 
b
spectively = 4.1, 3.9, 3.7 and 2,8. From Eq. (A-6). we
take t = as yiven in Eq. (6) and obtain

T2 = Witb a2 - 'a^ 1/3# l/18 (A'9!
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Fig. 1

Fig. 2

Pion inclusive transverse momentum distributions. 
The solid curve at 1477 GeV is our fit to the data. 
Those curves at other energies are two sets of 
theoretical predictions (see text). Data points 
in the small pT region: ■  are at E^ ~ 1477 GaV, 
from Banner et al. (Ref. lb); JL are at E^ - 24 GeV, 
from Blobetal et al. (Ref. lc). In the large pT 
region, data are from Biisser et al. (Ref. la) .
Points with ^  are at = 293 GeV, y  at 500 GeV,
•  at 1067 GeV and A  at 1477 GeV.

a. Energy dependence of some characteristic tem
peratures of the matter system.

b. Energy dependence of some characteristic 
longitudinal dimensions of the matter system, 
where R = zj/z^
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Figure Captions

Fig. 3 A schematic illustration of the space-time develop
ment of the matter system considered at E^ = 1477 
GeV, for z > 0.
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